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TO DAVID MUMFORD, 
Mi;NTOR, 8i;Ni;FAlTOR, AND FRl!;ND 



Initial Conditions 

$16H ... ALL THO$G 
FORMULA$ ... tALWW$ 
1$ BA$G17 ON $0MG 
8(;AUTIFUI.. ID(;A~, 
BUT THG PAYOFF 1$ 
IN THG FORMULA$! 
THI$ BOOK WILL BG 
FULL OF 'GM, TOO ... 
$0RRY! 

OPGN A FGW tALtULU$ 
BOOK$, ANl7 YOU'LL $GG 
$0Mr;THIN6 $TRAN6G: 
THGY ALL l..OOK Al..IK(;!! 

$0 HGRG ANl7 NOW I OFFGR AN IRONll..AD 
GUARANT(;(;: THI$ tALtUW$ BOOK WILL BG 
DIFF(;R(;NTU! 

THG $AMG PA6GFUL$ OF 
FOR/t\Ul..M, THG $AMG 
$r;T OF TOPIC~, MO$T
LY, ANl7 GVGN THG $AMG 
FONT! THGY ALL W(;IGM 
A TON, TOO ... 

ON THG OTHGR HANl7, I WANT TO U$G MY 
PGN TO GXPLAIN THG BRILLIANT ANl7 GLG6ANT 
THINKIN6 BGHINl7 ALL THO$G GQUATION$ ... 

FOR ONG THIN&, IT 
170G$N'T WG16H VGRY 
MUtH ... PW$, JU$T 
LOOK AT THG FONT! 

' 



Chapter -1 
Speed, Velocity, Change 

8A$1l 117!;A ://:1 

lAL.lUL.U$ 1$ TH!; MATH!;MAT1l$ OF lHANG!;, AN17 lHANG!; 1$ 
MY$T!;RIOU$. $OM!; THING$ GROW IMP!;Rl!;PTIBL.Y ... OTH!;R$ ZOOM ... 
HAIR GROW$ $1..0WL.Y ANl7 1$ $U1717!;NL.Y lUT ... T!;MPi;RATUR!;$ RI$!; 
ANl7 FAL.L. ... $MOK!; lURL.$ THROUGH TH!; AIR ... PL.ANi;T$ WH!;!;L. 
THROUGH $PAl!; ... AN17 TIM!;, TIM!; NGV!;R $TOP$ ... 



TMINK MARD ABOUT lMANb!;, AND YOU MAY R!;AlM $OM!; PRbTTY $TRANb!; l0Nll..U$10N$. IN 
ANll!;NT bR!;!;l!;, FOR i;XAMP!.!;, zc;No OF 'L'A TMOUbMT ABOUT lMANb!; AND lONVINl!;D 
MIM$i;l.F TMAT /AOTION IS 1/APOSS18Lc;. Mi; Ri;A$0Ni;D l.IKi; $0: 

MOTION 1$ A lMANbi; OF 
P0$1TION OV!;R TIMI;. 

TM!;Ri;FOR!;, TM!;Ri; 
lAN si; NO /AOTION 
AT ANY IN$TANT. 

a---
rQ=--. --· -' .___:..: .. .. 

~ 

TM!;Ri;FOR!;, 
MOTION ~u;v,R 

TAK!;$ Pl.Ali;! 

2 

AT ANY INSTANT, NO 
lMANb!; OF P0$1TION 
TAK!;$ Pl.All;. 

BUT TIMI; 1$ A 
$Ulll;$$10N OF 
IN$TANT$. 

1-U;Y! MOW 
DID I bbT 

OV!;R M!;R!;? 



0 
0 
0 

ISAAl N~ON Af\117 
GoTTFRUsP LG18NIZ 
L.OOK,17 AT Tl-I' PROS!.~ 
T!-11$ WAY: ~i;f\I TMOUGM 
A MOVlf\IG lA"1f\!Of\18AL.L. 
GO!;$ f\IOWM!;R' If\! Af\I 
lf\1$TAf\IT, $TIL.L. IT MA$ 
SO/AETMING TMAT 
lf\1171lAT!;$ MOTIOf\I. 

If\! Tl-I!; I.AT!; 1600$, ROUGML.Y 2,000 Y!;AR$ AFT!;R Z!;t-10, 
TWO OTM!;R GlJY$ MA17 A 171FF!;R!;f\IT 117,A. 

AlTUAL.L.Y, I MAl7 Tl-I' 
117!;A Af\117 YOU $TOI.!; IT! 

YOU TOOK mi; WOR17$ 
RIGMT OUT OF /AY MOUTM ... 

WMAT IT MA$ 1$ VGLOllTY, A f\IUMS!;R. YOU MIGMT $AY TMAT ~!;RY OSJ!;lT lARRI!;$ AROUt-117 
Af\I lf\IV1$18L.!; Mi;T!;R TMAT R!;A17$ OUT Tl-I!; 08J!;lT'$ $pi;i;17 Af\117 171R,lTIOf\I AT AL.I. TIM!;$. 

If\! OTM!;R WOR17$, W!; lAf\I IMA6.lf\li; 
TMAT ~!;RYTMlf\IG MA$ A $ORT OF 
SPGGPO/AETGR, JU$T L.tK!; Tl-I' Of\!!; 
If\! A lAR ("C.l!;PT TMAT TM1$ $P,~17-
0Mi;T!;R lf\1171lAT,$ 171R,lTIOf\I TOO). 



A PRITTY $1-!ARP 117GA FOR NGWTON ANl7 
l.G18NIZ TO l-IAVG l-IA17, tON$117GRINb Tl-IAT 
$PGG170MrrGR$ WOU1.17N'T 8G INVGNTGl7 
FOR ANOTl-IGR 200 YGAR$ Yrr ... 

MOW 17117 OUR TWO 
bGNIU$G$ brr Tl-IG 
117GA? TO AN$WGR 
Ti-11$, t.rr'$ GXP!.ORG 
A tAR'$ $PGGl70MrrGR 
RGAl71Nb. 

AtTUAl.l.Y, WG WANT A Vc;l-Oll/A~c;R, NOT A $PGGl70MrrGR. A VGl.OtlMrrGR l.OOK$ JU$T 
1.IKG A $PGGl70MrrGR, GXtGPT Tl-IAT IT ATTAtl-IG$ A /AINU~ ~IGN TO Tl-IG $PGGl7 Wl-IGN Tl-IG 
tAR 1$ 8AtKINb UP. VGt.OtlTY 1$ Tl-IG NGbATIVG OF Tl-IG $PGGl7 Wl-IGN YOU bO IN RGVGR$G. 
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TO APPR!;llAT!; Tl-I!; DIFF!;R!;Nl!; BbTW!;!;N SP!;!;D AND V!;L.OllTY, IMAG>IN!; A lAR MOVING> FORWARD 
FOR ON!; HOUR AT A ST!;Al7Y RAT!; OF ?O KM/HR, TH!;N TURNING- AROUND AND lOMINb BAlK (IN 
A "N!;bATIV!; DIR!;lTION") FOR ANOTH!;R HOUR AT TH!; SAM!; SP!;!;D. 

0 10 1.0 

0 10 1.0 

TH!; SP(;(;D IS ALWAYS ?O KM/HR, AND TH!; lAR 
TRAV!;LS A TOTAL DISTAt.lt:(; OF 100 KM: ?O KM 
bOINb OUT AND ?0 KM lOMINb BAlK. TH!; DISTANl!; 
IS TH!; SP!;!;D TIM!;S TH!; !;LAPS!;D TIM!;: 

TOTAL DISTANl!; ,. SP!;!;D · !;LAPS!;D TIM!; 

:: (?0 KM/HR)-(2 HR) 

:: 100 KM 

?O 

?O 

40 

40 ?O 

TH!; AV(;RAG(; SP(;(;D IS mi; TOTAL 
DISTAt.lt:(; DIVJD!;D BY TH!; TIM!;. 

TOTAL DISTANl!; 
spi;i;D ,. 

AV !;LAPS!;D TIM!; 

100 KM ,. t;O KM/HR 
1. HR 

BUT IN T!;RMS OF V(;LOCITY, TH!; lAR 
MOV!;S AT ?O KM/HR TH!; FIRST HOUR, AND 
AT -?0 KM/HR TH!; S!;lOND HOUR. THE 
TOTAL t:MAt.lG(; OF POSITIOt.l IS Z(;RO
THi; lAR !;NDS WH!;R!; IT START!;D! 

ITS AV(;RAG(; V(;LOCITY IS TH!; t:MAt.lG(; OF 
POSITIOt.l DIVJD!;D BY TH!; !;LAPS!;D TIM!;. 

lHANb!; OF POSITION 

!;LAPS!;D TIM!; 

JN THIS lAS!;, 

0 KM 
v - --

AV - 1. HR 0 KM/HR 



IN $YMBOL$: IF t1 AND t 2 AR(; ANY TWO 
TIM(;$, AND AN OBJ(;lT 1$ AT P0$1TION 
s1 AT TIM(; t1 AND AT P0$1TION s2 AT 
TIM(; t 2 , TM(;N TM(; OBJ(;lT'$ AV,RAG' 
V'~OllTY OV(;R TM(; TIM(; INT(;RVAL 
gi;rwi;i;N t1 AND t2 1$ 

OR 

•• WMAT DO(;$ IT M(;AN WM(;N D(;LTA'$ V(;l.OllMIT(;R R(;AD$ 100 KM/MR? FOR ON(; TMING, IT MU$T 
M(;AN TMAT IF $M(; W(;R(; TO MOLD M(;R V(;l.OllTY P'RF'cr~Y ~T,ADY, TM(;N $M(; WOULD 6-0 
100 KM IN ON(; MOUR, RIGMT? (D(;LTA MA$ MOUNT(;D A lLOlK ON TM(; ROOF FOR CLARITY.) 

IF I $TART M(;R(; 
AT NOON ... 

AND W(;'D GO 200 KM IN 
2 MOUR$, '50 KM IN MALF AN 
MOUR, 100t KILOM(;T(;R$ IN 
t MOUR$ ... A FORMULA TMAT 
$MOULD WORK (;V(;N FOR 
~MORT TUt\' INT,RVA~~. 
AT A P(;RF(;lTLY $T(;ADY 
100 KM/MR, D(;LTA GO(;$ 
1 KM IN 1~0 MOUR ('36 $(;l

OND$), 0.1 KM IN 0.001 MOUR 
('3.6 $(;lOND$), AND 0.001 KM, 
ON(; Mi;T(;R, IN 0.00001 MR, 
OR 0.036 $(;lOND$. 

I ARRIV(; M(;R(; 
AT ON(; O'lL.OlK! 

~~'----
(; R .. . L.OGllAL, 

I GU(;$$ ... 

6 

tz-t1 
(HOUR$) 

10 
9 
? 
1 

O.? 

0.1 
0.01 
0.001 
0.0001 
0.0000001 

Sz -s1 
(KILOMh"r!;;R$) 

1000 
900 
'500 
100 
'50 
10 

1 
0.1 
0.01 
0.00001 



THAT'$ IF TM(; Vf;L.OllTY Rf;MAIN$ Pf;RFf;lTL.Y $Tf;Al7Y ... BUT IN TM(; Rf;AL. WORL.17, Vf;L.OllTY 
lMANb(;$ A$ A lAR $L.OW$ DOWN ANl7 $P(;(;17$ UP. WHAT 170(;$ TM(; Rf;Al71Nb Mf;AN TM(;N? 
(NOW $!-!(;'$ Al717(;17 A Vf;l.OllMbT(;R UP TOP A$ Wf;L.L..) 

TM(; AN$Wf;R 1$ A L.ITTL.r; $UBTL.f;: YOU'Vr; $UR(;l.Y NOT1lf;17 THAT OV(;R A V'RY SMORT Tl,\\!; 
P'RIOD, A $Pf;f;170Mblf;R DO,SN'T lMANG' ,\\UlM. r;vr;N IF YOU FL.OOR IT, v 1$ Nf;ARL.Y 
lON$TANT OV(;R A TIM(; $PAN OF, $AY, 1 I ?00 $(;l. A PHOTO TAK(;N WITH A $MORT (;)(.PO$UR(; 
WOUL.17 $MOW A Vf;L.OllMbT(;R IMAb(; WITH VIRTUAL.LY NO BL.UR. 

TM1$ WA$ Nf;WTON'$ AN17 L.f;IBNIZ'$ 

Basic Idea: 
lALlULAT!; ™' RATIO (s2 - s1)/(t2 - t1) 

OV'R A V!;RY SMORT TIM' INT,RVAL. FOR 
AL.L. INT(;NT$ ANl7 PURPO$(;$, TM1$ RATIO 1$ 
TM(; Vf;L.OllTY AT TIM(; t 1 (ANl7 AL.$0 AT ti, 
TM(;Y'R(; $0 ll.0$(;!). 

7 



TO PUT IT ANOTHr;;R WAY, A 8017Y'$ INSTANTAN(;OUS Vf;L.OCITY 1$ CL.0Sf;L.Y APPROXl
/MT(;D SY ($z - $1 )/(ti - t1) WM(;N ti.- t, IS S/AAL.L.. (YOU MIGHT WONl7f;;R HOW 
Nf;;WTON ANl7 l..f;;ISNIZ THOUGHT THf;;Y MIGHT AlTUAL.L.Y Mf;;A$URr;; A lHANGf;; OF P0$1TION 
ovr;;R A TIM(; INT(;;RVAL. OF, $AY. 0.00001 $f;;l., BUT Nr;;vr;;R MINl7 THAT!) 

ARRM(;FFF! 
IT'$ THr;; 

PRINllPl..f;; 
OF THr;; 
THING ... 

SlJT Nf;;WTON ANl7 L.f;;ISNIZ WANTf;;l7 MOR(; THAN AN APPROXIMATION: THf;;Y WANTf;;l7 TH(; 
Vf;l..Ol1TY'$ f;XACT VAL.U(; ... ANl7 WHAT'$ MOR(;, THf;Y $H0Wf;l7 HOW TO Gr;T IT! FORGr;;T 
Mf;A$lJRf;;Mf;;NT: THf;Y lJ$f;17 /AATM, A Nf;;W KINl7 OF MATH THf;;Y INVf;;NTf;;l7 f;;$Pf;;l1AL.L.Y FOR 
TH(; PlJRPO$f;;. 

AN 17 Wf;' I.I.. lAL.L. 
IT FL.UXIONS! 

wr;; lAL.L. IT CAL.CUL.US. 



IF A BODY'$ POSITION DGPGND$ ON TIMG AllORDING TO $0MG FORMUL.A, THGN lAL.lUl..U$ 
POP$ OUT A NGW, GXAlT FORMUL.A FOR THG V'LOCITY AT ANY TIMG. 

THI$ $GGMGD $0 MAGllAL. THAT MORG THAN A FGW PGOPL.G FOUND IT $U$Pll10U$ ... WGIRD ... 
BA$GD ON $TRANGG, UNFOUNDGD A$$UMPTION$ ... $0MGHOW ... WRONG ... 

YOU'RG AL1'\0ST 
DIVIDING BY ZGRO! 

(L.GIBNIZ'$ APPROAlH $GGMGD G$PGllAL.L.Y Fl$HY: HG WA$ HAPPY TO 
DIVIDG ON~ THING BY ANOTHGR NOT ONL.Y WHGN Tl-IG QUANTITI~$ 
WGRG $MAL.I., BUT AL.$0 WHGN THGY WGRG "INFINITGL.Y $MAL.I." BUT 

NOT ZGRO, WHATGVGR THAT MGANT.) 

9 



F1$HY FOUNDATION$ OR NOT, lAL.lUL.U$ WORKi;D, AND IT WORKi;D si;AUTIFUL.L.Y. IT WA$ 
AMAZINbt..Y i;FFi;tT1vi;. IT PRODUti;D Ri;$Ul.T$1 

A$TRONOMY, 
lOMMUNllATION$, 

i;t..i;tTRlllTY, 8101.0b Y, 
tHi;Ml$TRY, Mi;tHANll$, 
$TATl$Tll$, lOMPUTi;R 
$lli;Nti;, P$YlHOL.ObY, 

i;tONOMll$ ... 

i;vi;NTUAL.L.Y, THi;Y i;vi;N F1Xi;D THi; FOUNDATION$, MORi; OR t..i;$$ ... UNFORTUNATi;t..Y, wi; 
L.AlK THi; $PAti; TO i;XPL.AIN FUL.L.Y HOW THI$ WA$ DONi;, OR TO Di;$tR1si; THi; TROUst..i;-
$OMi; 1$$Ui;$ RAl$i;D BY lAL.lUL.U$ ... L.i;T'$ JU$T $AY THAT $OMi; OF zi;NO'$ $U8TL.i;Tli;$ 
Ri;MAIN A lHAt..t..i;Nbi; TO THI$ DAY .. . 

Hi;Y, MAN, 
YOU WORRY 
TOO MUlHI 

10 

Yi;AH, CMONI 
WHATi;vi;R 
WORK$ ... 



Chapter 0 
Meet the Functions 

IN WHllH Wb l.bARN $0Mi;THING ABOlJT Rbl.ATION$HIP$ 

Wb BbGIN WITH ONb OF THb MO$T BbAlJTIFlJI. AND 
FRlJITFlJI. IDbM OF MODbRN MATHbMATll$: THb 
FUNCTION. i;vbRYfHING IN THI$ BOOK Wll.1. Sb 
ABOlJT FlJNlTION$. $0 ... WHAT'$ A FlJNlTION? 

lJM ... I 
GlJb$$ I AM? 

11 

WHOOF ! I THOlJbHT 
YOlJ $AID FRlJITFlJI. 
AND BbAUTIFlJI.! 



A FUNCTION 1$ A $ORT OF INPUT-OUTPUT pc;v1cc; OR NUMec;R-PROt;c;SSoR. A FUNCTION 
(CAI.I. IT f) !;;AT$ AN17 $Pf;;W$ NUM8f;;R$ IN A $P!;;CIFIC WAY. FOR r;;ACH NUMS!;;R f;;AT!;;N (CAI.I. IT x), 
f OUTPUT$ A $ING!.!;;, UNIQU!;; NUMB!;;R, f (x), PRONOUNC!;;l7 "!;;FF OF !;;CK$." f 1$ 1.IK!;; A RU!.!;; 
THAT TRAN$FORM$ x INTO f(x). IN GO!;;$ x, OUT C0Mb$ f(x). 

170N'T WORRY ... IT'$ 
Cl.!;;AN, A8$TRACT, 
NUM!;;RICAl. OUTPUT ••. 

IF YOU 170N'T 1.IK!;; YOUR OUTPUT Fl.OATING AROUN17 IN TH!;; AIR 1.IK!;; $WAMP GM, THbN 
THINK OF NUMB!;;R$ A$ I.YING Al.ONG A I.IN!;;. IN THAT CA$!;;, YOU CAN IMAGIN!;; A FUNCTION f 
f;;ATING NUM8f;;R$ FROM ON!;; I.IN!;; ANl7 Mf;;Rf;;l.Y POINTING TO TH!;; lORR!;;$PONl71NG OUTPUT 
VAi.Ur;;$ ON TH!;; OTHbR I.IN!;;. 

f (x) 

12 



FOR !;XAMPL(;, A tAR'$ P0$1TION s 1$ A FUNtTION OF TIM(; t. YOU tAN THINK OF s A$ 
R!;ADING TIM(; (OR !;ATING IT A$ INPUT!) FROM A TIM!;LIN(; AND POINTING TO TH(; tAR'$ 
P0$1TION s(t) ON TH(; TRAtK. 

t 

More Examples: 
ATMO$PHf;Rll PRf;$$URf; 
17f;Pf;N17$ ON AL..TITU17f;: 
AT f;AlH AL..TITUl7f; A, 
THf;Rf; 1$ A 17f;FINITf; 
PRf;$$URr; PCA). TH(; 
FUNCTION P (;ATS AL..Tl
TU17f; ANl7 OUTPUTS 
PRf;$$URf;. 

170N'T TAL..K 
WITH YOUR 

MOUTH FUL..L... 

ON A $TRAIGHT MOUNTAIN TRAIL, ALTITUD(; 1$ A 
FUNtTION OF P0$1TION ALONG TH(; TRAIL. !;AtH 
P0$1TION x HA$ A UNIQU(; ALTITUD(; A(x). 

ACx) 

1'3 

AS A SPHf;RllAL.. BAL..L..OON INFL..ATf;$, ITS VOL.UM(; 
1$ A FUNCTION OF TH(; RAl71U$. f;AlH RA171U$ r 
17f;Tf;RMINf;$ A UNIQUf; VOL.UM(; V(r). 



IN Tl-lb bXAMPl..b OF Tl-lb $PHbRllAI.. 8Al..1..00N, Tl-lb VOl..UMb FUNlTION V WA$ lAl..lUl..ATbD 
FROM Tl-lb RADIU$ r SY MbAN$ OF A FORMUL.A: 

V(r) = 41Tr; 
? 

TO FIND Tl-lb VOl..UMb A$$0llATbD 
WITH A PARTllUl..AR RADIU$, $AY 
r : 10, Wb INPUT, OR PL.UG IN, 
THAT NUM8bR IN Pl.Alb OF r: 

VC10) : 41TC10); = 
? 

~ 4,100.79 ... 

(Tl-lb $16-N "~,, MbAN$ "1$ 
APPROXIMATbl..Y bQUAI.. TO.") 

4000 
--1T 

? 

lU8b THI$ AND 
MUl..TIPl..Y Tl-lb lAN I U$b A 

Rb$Ul..T SY ( 4rr/3)! lAl..lUl..ATOR? 

IMPORTANT: Tl-lb l..bTTbR$ Wb A$$1bN TO Tl-lb FUNlTION AND VARIA81..b DON'T MATTbRI 
l-lbRb ARb THRi;b FORMUl..A$ THAT Al.I.. DbFINb Tl-lb $AMb FUNlTION 8blAU$b THbY PRODUlb 
Tl-lb $AMb OUTPUT FOR ANY blVbN INPUT. THbY Al.I.. Db$lR18b Tl-lb $AMb RUl..b. 

V(r) = 41Tr; 
? 

f(t) : 47Tt3 
? 

47TU3 
g(u) = -

? 

NOTl·UNG! $0 YOU 
WON'T MINl7 IF I lALL 
YOU "Mi;LONMi;At7"? •.• 

14 



l-lbRb 1$ A $1..IGHTL..Y MORb lOMPl..llATbl7 
h(x) 

bXAMPl..b. $UPP0$b h 1$ GIVbN SY THI$ " 
FORM UL.A: -? Vi 

h (:>c:) : v :>c: 2 - 1 -2.9 v1A1 

-2.0 v6.a4 
Wb lOMPUTb A FbW VAl..l>b$ ... 

fi 
h(1)::: ~ ::: 0 0 

h(2)::: ~::: {:; 0 

h(..ff)::: ~ ::: 2 
V3 

2 
(;Tl ... 

? Vi 
ANl7 lOMPll..b A l..ITTl..b TASl..b. IT'$ 
FUL..l.. OF GAP$, SUT YOU lAN Fll..l.. IN (;Tl ... 

MANY Ml$$1NG VAl..l>b$... bXlbPT ... 

Wl-lbN :>c: 1$ Si;TWbbN -1 ANl7 1, Tl-lb bXPRb$$10N IN$117b Tl-lb $QUARb ROOT $1GN 1$ 
NbGATIVb: x2 - 1 < 0. IN Tl-IAT lAS!;, h(x) 1$ UNt:>EFlt~u;p, SblAU$b NbGATIVb NUMSbR$ 
HAVb NO (RbAl..) SQUARb ROOT. i;vbRY INPUT AllbPTbl7 SY h MU$T HAVb A VAl..l>b blTl-lbR 
~ 1 OR S -1. NOTHING bl..$b 1$ Al..l..0Wbl7! 

-4 -? -2 

GIVbN ANY FUNlTION, IT$ 
DOMAIN 1$ Tl-lb $(;T OF 
Al..l.. NUMSbR$ Wl-lbRb Tl-lb 
FUNlTION 1$ 17bFINb17. A 
FUNlTION f Wll..l.. AllbPT 
INPUT$ ONL.Y FROM WITHIN 
IT$ 170MAIN. 

-1 

AK! IT'$ A 
17bAl7 ZONb! 

0 2 

ANYTHING 
bl..$b 1$ 

IN171Gb$T1Sl..b! 

4 



W(; lJ$lJAL.L.Y D(;$lRIB(; A FlJNlTION'$ DOMAIN IN T(;RM$ OF INTERVAL.S OF NlJMB(;R$. 
blV(;N ANY TWO NlJMB(;R$ a AND b, WITH a<b, W(; lJ$(; THI$ NOTATION: 

(a, b), TH(; OP(;N INT(;RVAI.. SbTW(;(;N 
a AND b, M(;AN$ AL.I.. TH(; NlJMS(;R$ 
1..YINb SbTW(;(;N a AND b (;.XCl..UDING 
TH(; (;NDPOINT$ a AND b. 

a b 

(a,b) 1$ AL.I.. x WITH a<x<b 

[a, b ], THE; ll..~(;D INTE;RVAI.. SbTW(;(;N 
a AND b, ME;AN$ AL.I.. THE; NlJMS(;R$ l..YINb 
SbTW(;(;N a AND b INCl..UDING TH(; 
(;NDPOINT$. 

a b 

[a, b] 1s AL.I.. x WITH asxsb 

AN "INFINIT(; INTE;RVAI.." R(;F(;R$ TO AL.I.. THE; NlJMS(;R$ bR(;ATE;R THAN SOME; NlJMS(;R c. WE; 
WRIT(; THIS AS [c, oo) IF c 1$ INll..lJD(;D AND (c, oo), IF NOT. $1Mll..ARl..Y, ON THE; L.E;FT ARE; 
(-oo, d] AND (-oo, d). THE; INFINITY $1bN oo DO(;$ NOT R(;PR(;$(;NT ANY NlJMS(;R; IT'$ 

$1MPl..Y A lONV(;Nl(;Nl(; TO S(; lJ$(;D IN SITUATION$ l..IK(; THIS. IT 1$ NbV(;R INll..lJD(;D IN ANY 
INTE;RVAI.., S(;lAlJ$(; 1$ ISN'T A NlJMS(;R! 

d c 
.................. !llllm .. )-~r-~~~"T"'"" ................................... . 

(-oo, d) 1$ AL.I.. x WITH x < d 

IN T(;RM$ OF INT(;RVAI..$, THION, THIO DOMAIN OF 

h(x) '° ~ 1$ bVIORYTHINb OUT~ID(; 
THIO INTIORVAI.. ( -1, 1 ). 

-1 

[ c I 00) 1$ AL.I.. x WITH c s x 

THIO DOMAIN OF g(x) :: ~ 1$ AL.I.. x *- 0. 

(DIVIDINb SY 0 1$ FORSIDDION.) 

0 

THIO DOMAIN OF P(x) :: x 2 + '3 1$ AL.I.. 
RIOAI.. NlJMSIOR$ WITHOUT RIO$TRllTION. 

16 



NOW RITURN TO OUR IMAb!; OF A FUNlTION PllKING UP INPUT? FROM ON!; NUMS!;R LIN!; ANl7 
POINTING TO OUTPUT? ON ANOTH!;R NUMS!;R LIN!;. 

IF wi; LIK!;, wi; lAN LIT THI; FUNlTION'7 lARTOON SOl7Y FAD!; AWAY ANl7 lONl!;NTRAT!; ON 
THI; AlT OF POINTING. 

IN THI? Vl!;W, A f (d) IT'? THI; 

FUNlTION 17 ?IMPLY !;77!;NTIAL 

A lOL.L.,CTION OF YOU! 
ARROW~ POINTING f(b) 
FROM ON!; NUMS!;R a 
LIN!; TO ANOTH!;R. f (a) 
A 71NGL!; ARROW 
!;Mj;RG!;7 FROM b 
!;AlH x IN THI; 

f (c) 

DOMAIN OF f ANl7 
POINT? TO THI; c 

VAl.U!; f (x). d ! 

xj- f(x) 

17 



NOW I.~'$ PL.AY WITM 
T!-10$(; ARROW$. MM ..• WMAT IF I 

TURN ON(; OF Tl-!(;$(; 
I.IN(;$ $117(;WAY$? 

WM(;N TM(; FIR$T I.IN(;, OR AXI~, 1$ TURN(;D $117(;WAY$, wi; CAN Vl(;W A FUNCTION A$ A GRAPM. 
TM(; INPUT$ x AR(; ON TM(; MORIZONTAL. AXI$, TM(; OUTPUT$ y AR(; ON TM(; V(;RTICAL. AXI$, 
AND A80V(; (OR 8(;1.0W) ANY POINT a ON TM(; x-AXI$ wi; PL.OT A POINT (a, f(a)), WITM 
y-toORDINAT(; (;QUAL. TO TM(; VAL.U(; OF TM(; FUNCTION f AT a. 

nu; GRAPH 
y :=. f(x) 

y 

I _. _______ .. _ 

f(a) 

I 
I 
I 
I 
I 
I 
I 
I 

NOT(; TMAT TM(; 
ARROW$ AR(; 

$TIL.L. 1.URKING IN 
T!-11$ PICTUR(;! 

TM(; CURV(; CON$1$T$ OF AL.I. POINT$ (x, y) WITM y "' f(x), A Pl-IRA$(; wi; A88R(;VIAT(; 
SY $AYINb "TM(; GRAPM y :: f(x). n 
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f(x) ::::. x 

0 

-1 

-2 

-3 

-4 -1---
ARROW,, 

h (x) ::::. "2 

3 

2 

0 

-1 

-2 

-3 

ARROW,, 

3 

2 

0 

-1 

-2 

-3 

-4 

4 

3 

2 

0 

-1 

-2 

-3 

GRAPH 

GRAPH 

9 (x) ::::. 2.x 

0 0 

-1 ~-1 

:: ~~:: 
ARROW,, 

THAT ARROW 
THING CAN 

Gr;T AWFULLY 
Mr;,,,,y.,, 

GRAPH 

F(x) = TH(; L.ARG(;,,T INT(;G(;R (WHOL(; NUMB(;R) S: X, 

,,OMr;TIM(;,, WRITT(;N [x]. (,,0 [?] :. ?, [?.7] = ?, 
[-1.6] = -2, [-0.~J = -1, (;Tl. 

THI,, LA,,T WM AN r;XAMPL(; OF A 
FUNCTION THAT HA,, NO FORMUL.A 
IN TH(; U,,UAL ,,r;N,,r;. 

ARROW,, 

-
i 

r 
~1-~·----t--~-------r-~---t···· 

I 
--?· 

- I 
i 

GRAPH 

19 

I HAT(; TO T(;L.l. 
YOU THI,,, 60NICK, 
BUT IT lOMr;,, UP 
IN PHY,,ll,,. 



Add, Multiply, Divide 
FUNlTION$ lAN gr; lOM81N(;D IN VARIOU$ WAY$, JU$T A$ NUM8(;R$ lAN. IF f AND g HAV!; 
OV(;Rl..APPING DOMAIN$, W(; lAN ADD, MUL.TIPL.Y, AND DIVID(; TH(; FUNlTION$ WH(;R(;V(;R TH(;Y 
AR(; BOTH D(;FIN(;D. THI$ PRODUl(;$ N(;W FUNlTION$ f + g, fg, AND f/g (A$ l..ONG A$ W(;'R(; 
lAR!;FUL. N!;V(;R TO DIVID(; BY Z(;RO). 

(f + g)(x) ::. f(x) + g(x) 

(fg) (x) ::. f (x) g(x) 

WANT TO 
lOM81NIO 
OUTPUH? 

(f/g)(><) ~ f(,,)/g(") WOPT WH'°O g(><) ~ O. ~-

TH(; GRAPH OF f + 9 lAN gr; 8Ull..T 
FROM TH(; GRAPH$ OF f AND 9 BY 
ADDING TH(; y-tOORDINAT!;$ AT !;AlH 
POINT x IN TH(;IR lOMMON DOMAIN. 

y = x + x2 

IN G!;N(;RAL., TH(; GRAPH$ OF 
PRODUlT$ fg AND QUOTl!;NT$ fig 
AR(; NOT $0 (;A$11..Y $(;(;N IN T!;RM$ 
OF f AND g. U$UAL.l..Y TH(;Y MU$T 
gr; lAL.lUL.AT!;D POINT BY POINT. 

TH(; DIFF(;R!;Nlr; gr;rwr;r;N TWO FUNlTION$ 
lAN gr; Vl$UAL.IZ(;D A$ TH(; DIRf;lT(;D Dl$TANl(; 
gr;rwr;r;N TH!;IR GRAP!-1$. 

20 



The Elementary Functions 
NOW THAT Wb'Vb lOVbRbli' $0Mb BA$1l lli'bA$ ABOUT FUNlTION$, I.~'$ R~lbW A FbW 
lOMMON bXAMPL.b$, FUNlTION$ TO Wl-llll-I Wb WIL.L. RbFbR THROUGHOUT Tl-lb RbMAINli'bR 
OF THI$ BOOK. 

YOU L.oOKbD 
$0 ... li'IFFbR!;NT 

IN PR!;-lAL.l! 

Tl-lb$b FUNlTION$ ARb 
lAL.L.bli' bl.bMbNTARY 
FUNlTION$, BblAU$b, 
L.IKb ll-lbMllAL bl..bMbNT$, 
Tl-lbY lAN Bb lOMBINbli' 
IN AN INbXl-IAU$TIBL.b 
VARlffi OF WAY$ •.• 
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Absolute Value 
CAL.CULU$ 1$ ABOUT APPROXI
MATION$, AND nu; A8SO~UT(; 
VA~U(; FUNCflON Mi;A$UR(;$ 
MOW CL.0$(;1..Y ON(; NUMB(;R 
APPROXIMAT(;$ ANOTM(;R. 

TM(; AB$0LUT(; VALU(; OF x, 
WRITT(;N Ix I, 1$ Di;FIN(;D BY 

lxl = x IF x 2: 0 

lxl = -x IF x SO 

TM1$ FUNCTION N(;V(;R 
M$UM(;$ N!;GATIV(; VALU(;$, 
AND lal : I-al FOR ANY 
NUMB(;R a. 

140W PO 
YOU L.IKE; 

PE;AL.1 NG> IN 
A8~0L.UTE;~? 

y = lxl 

'3 

2 

0 

-1 

-2 

-'3 

RE;L.ATIVE;L.Y 
wi;i..i... 

'3 

2 

0 

-1 

-2 

-'3 

YOU CAN TMINK OF lal M TM(; (P0$1TIV(;, AB$0LUT(;) PISTANC(; OF a FROM 0 ON TM(; 
NUMB(;R L.IN(;, AND la - bl -= lb - al A$ TM(; PISTANC(; 8'1\Y(;(;N a AND b. 

!al 

a 0 

IF c 1$ ANY NUMB(;R, AND r > 0, TM(;N AL.I.. TM(; 
NUMB(;R$ x WITM Ix - cl S r FORM AN INT(;RVAL. 
C(;NT(;R(;D AT c WITM "RADIU$" (MAL.F-1..(;NGTM) r. 

r r 

c-r c x c+r 

Ix - cl s r 

22 

a 

la - bl 

b 

IT'$ NOT MARD TO $(;(; TMAT FOR 
ANY TWO NUMB(;R$ a AND b, 

la +bl s lal + lbl 

FROM WMICM, BY $UB$TITUTING 
b = c - a, wr; t;.r;r 

le - al 2: lei - lal 

FOR ANY TWO NUMB(;R$ a AND c. 



Constants 
IF C 1$ ANY FDC.f;D NIJM8f;R, TMf;N TM(;Rf; 1$ A Vf;RY $1MPL.f;-MIND(;D FIJNlTION f Df;FIN(;D 8Y 
f(x) : C FOR AL.I.. x. NOT MIJlM OF A FIJNlTION, YOIJ MlbMT $AY, 81JT IT 1$ A FIJNlTION! 
IT$ bRAPM 1$ TM(; HORIZONTAL. L.IN(; y : l. AL.I.. ARROW$ POINT TO TM(; $AM(; NIJM8f;R. 

y:C 

0 

Power Functions 

c 

nll$ FUNlTION 
171;$lR181;$ 6-0ING 
NOWH!;RI;! 

s(t)-= C 

2 '3 17 n Tl-!(;$(; AR(; TM(; FIJNlTION$ WITM FORMIJL.A X, x , x , ... , x , ... X ••• WM(;R(; n 1$ A 
P0$1TIV(; INT(;t',.f;R. WM(;N n 1$ !;V!;N, Tl-!(;$(; FIJNlTION$ AL.I.. MAV(; 80WL.-$MAP(;D bRAPM$, 

8f;lAIJ$(; (-x)" : x". P0$1TIV(; AND Nf;GATIV(; INPIJT$ "L.ANl7" m ™' $AM(; PL.Alf;. IF n 1$ 
ODD, TMf;N (-x)" : - (x"), AND TM(; bRAPM$ 8f;ND DOWNWARD ON TM(; 1..f;FT. 

THI; HIGH!;R THI; POWl;R, 
THI; FA$Tl;R THl;Y GROW! 

-1 - - -1 

-Z" 
g(x):: "3 " -9 

23 



Polynomials 
WG ADD lON$TANT$ AND MUL.TIPL.G$ OF POWGR FUNlTION$ TO MAKG POl.YNO/AIAl.S, 
WHllH HAVG FORMUL.A$ L.IKG 2x2 + x + 41 OR x1i; - x14 - 9x. THG lON$TANT FAlTOR$ 

ARG lAL.L.GD THG POL.YNOMIAL.'$ COEFFICIENTS, AND THG L.ARGG$T POWGR OF x 
WITH A NON-ZGRO lOGFFlllGNT 1$ lAL.L.GD THG POL.YNOMIAL.'$ DEGREE. 

Q(x) -=- -x + 9 HA$ DGGRGG 1 

AL.GG8RA TGAlHG$ U$ THAT A POL.YNOMIAL. P 
OF DGGRGG n HA$ NO MORG THAN n ROOTS, 
MGANING NUM8GR$ "1• Xz, ... Xm, WHGRG 
PCxi) -=- 0. 

WG'L.L. AL.$0 $GG THAT THG GRAPH OF ANY 
POL.YNOMIAL. ZOOM$ OFF TO INFINITY (GITHGR 
P0$1TIVG OR NGGATIVG) A$ x GOG$ OFF TO 
THG L.GFT AND RIGHT WITHOUT 80UND$. 

THI$ MGAN$ THAT THG GRAPH OF AN 
n TH DGGRGG POL.YNOMIAL. lRO$$G$ 
THG x-AXI$ NO MORG THAN n TIMG$. 
IN FAlT, WG WIL.L. $GG THAT THG 
GRAPH HA$ AT MO$T n - 1 "TURN
ING$" WHGRG IT lHANGG$ FROM 
Rl$1NG TO FAL.L.ING OR VllG VGR$A. 

24 

Wt;L.L .. , AWAY FROM 
{;Vt;RYTHlfllG {;!..${;, 

AfllYWAY. 



~egative Powers 
THb$b ARb THb FUNCTION$ 

1 
f(X) "" n , n "" 1, 2, 3, ... 

" 
THbY ARb Al.$0 WRITTbN 

f(x) "" x-n 

NbbATIVb POWbR FUNCTION$ ARb 
17bFINbl7 FOR AL.I. x * 0, AND, 
l.IKb THb P0$1T1Vb POWbR$, THblR 
GRAPH$ DfFFbR 17bPbN171Nb ON 
WH~HbR n 1$ 01717 OR ~i;N. 

Fractional Powers 
1 !'f":": 

IF n 1$ A P0$fTIVb INTbbbR, "" MbAN$ THb nni ROOT OF "· v" . 
THb FRACTIONAL. NOTATION 1$ U$b17 TO MAKb THI$ FORMUL.A WORK: 

( ..,-n1 )n 1.n 
"' "" xn "" " 

1 1 

n IOVGN: DOMAIN OF xn 1$ AL.L. x ~ 0 n ODD: DOMAIN OF xn 1$ AL.L. RGAL. NUMBGR$. 

THbRb CAN Bb NbbATIVb FRACTIONAL. POWbR$, TOO. 

YOU'RG JU$T A$ 
GOOD A$ ANY 

OTHGR NUMBGR ... 

_1. 1 
y """ "3 ""-1 x3 



Rational Functions 
nu;$(; AR(; FUNCTION$ blV(;N 
BY RATIOS OF POL.YNOMIAL.$ 

RCx) .,,. PCx) 
Q(x) 

fl.l(;Y AR!; D!;FIN(;D WM(;R(;V(;R 
Q(x) * 0. FOR !;XAMPL.(;, 

" y: --":2._ 1 

'X. 
T(x) .,,. - 2- 1 'X. 'i: :I: 1 

'X. -1 

W(; MAV!; TMR(;(; THING$ TO $AY ABOUT RATIONAL. FUNCTION$. FIR$T 1$ THAT YOU CAN $KIP 
THI$ $!;CTION AND M!;AD FOR PAG!; 29 IF YOU WANT TO ... 

$(;COND, W(; CAN A$$UM(; THAT P MA$ L.OW!;R D(;bR(;(; THAN Q. IF IT DO(;$N'T, YOU CAN DO 
L.ONG DIVl~ION OF POL.YNOMIAL.~* TO MAK!; P/Q L.OOK L.IK(; 

P. (x) + R(x) 
, Q(x) 

WM!;R(; fl 1$ A POL.YNOMIAL., 
AND R, fl.I(; R!;MAIND(;R, 1$ A 
POL.YNOMIAL. WITH D(;bR(;(; 
L.OW(;R THAN THAT OF Q. 

MAI Tl-10$!0 PAGIO
$KIPPIOR$ ARIO WING> 
TO Ml$$ TMIO FIR$T 
TURN$ OF TMIO 
AL.Gj;IJRA lRANKI 

*IF YOU'VIO NIOVIOR 170NIO I.ON/; 171Vl$10N OF POL.YNOMIAL.$, IT'$ JU$T L.IKIO I.ON/; 171Vl$10N OF NUMSIOR$, 
ONL.Y IOA$1IOR. L.OOK IT UP $0MIOWMIORIO; YOU'L.L. L.IKIO IT! 
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THIRD, ANY RATIONAL. FUNlTION lAN Bl: 
WRITil:N A$ A ~UJA OF $1MPL.l:R "PARTIAL. 
FRAlTION$n OF THI:$!; TWO KIND$: 

a 
OR 

(x+p)" 
bx+c 

2 m' (x +qx+r) 

WHl:RI: a, b, c, p, q, AND r ARI: l0N
$TANT$, AND n AND m ARI: P0$1TIVI: 
INTl:t71:R$. IN OTHl:R WORD$, THI: 
Dl:NOMINATOR$ ARI: POWl:R$ OF FIR$T
OR $1:lOND-Dl:6.Rl:I: POL.YNOMIAL.$. 

THI$ Bl:lOM1:$ U$1:FUL. 
L.ATl:R, WHl:N WI: DO 
INTl:t7RATION. 

FINDIN(7 THl:$i; lON$TANT$ lAN Bi; Ml:$$Y 
IN PRAlTlll:-FOR $TARTl:R$, YOU HAVi; TO 
FAlTOR Q(x)-BUT Hl:RI: ARI: TWO 
l:XAMPL.1:$ TO $HOW HOW IT WORK$. 

Example: suPPo$i; 

" F(x) :::. 2 
(x -1) 

FIR$T WRIT!; IT A$ 

NOW Li;T'~ PUT 
THI~ CRANK IN 
MOTION ... 

THI: FIR$T FAlTOR lAN Bi; Rl:DUll:D BY I.ON(;. 
DIVl$10N: 

( " ) 1 -- :::.--+1 
x-1 x-1 

PLUt7t71Nt7 THAT IN AND l:XPANDINt7 t71VI:$ 

(-1 + 1 )(-1 ) ;::. _1_ + _!_ 
x-1 x-1 (x-1)2 x-1 

JU$T A$ PROMl$1:D-NOTHINt7 BUT lON$TANT$ 
IN THI: NUMl:RATOR$ OF FRAlTION$ WITH 

Dl:NOMINATOR$ OF THI: FORM (x+p)". 
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Example: 
-2x2 + 7x - ? RCx) "" __ '3 __ _ 

x + 1 

THb FIR$T $TbP 1$ AL.WAY$ TO FACTOR THb 
DbNOMINATOR. RblAL.L. FROM AL.GbBRA: 

x'3 + 1 = Cx + 1)Cx2 - x + 1 ). 

NOW, A$$UMb THbRb 1$ AN AN$WbR. 

AL.WAY$ A 
GOOD IDbA 

IN AL.GbBRA! 

IT WOUL.D L.OOK L.IKb THI$: 

Ax+8 
+ 

c 
x+ 1 

Wb W1$H TO $01.Vb FOR A, 8, AND C. 
lOMBINING THb FRACTION$ ON THb RIGHT 
PRODUlb$ THI$ NUMbRATOR: 

CA + C) x2 + CA + 8 - C) x + C8 + C) 

THI$ SblNG THb $AMb A$ THb NUMbRATOR OF 
THb ORIGINAL. FRACTION, Wb MU$T HAVb 

A+C=-2 
A+8-C=7 
8+C=-? 

20 

THb$b ARb THRbb bQUATION$ IN 
THRbb UNKNOWN$. Wb DO $0Mb 
AL.GbBRA AND FIND ... 

A ::: 2 , 8 ::: 1, AND C ::: -4, $0: 

RCx) "" 2.x + 1 + ~ 
x 2 - x + 1 x + 1 

YOU lAN lHblK THb AN$WbR BY 
ADDING TOGbTHbR THb$b FRACTION$, 
WHllH $HOUL.D lOMBINb TO GIVb THb 
ORIGINAL. FUNlTION. 

AND NOW FOR $0MbTHING YOU WON'T 
WANT TO Ml$$ ... THI$ NbXT FUNlTION 
WIL.L. RbAL.L.Y GROW ON YOU ... 



Exponential Functions Cffi~~ 
(;XPON(;NTIAL. FUNCTION$ AR(; ~~{ 
GIV(;N BY FORMUL.A$ L.IK(; Tl-II$: 

NOT IF I CAN l-l(;l.P IT! 
W(;'R(; l-IAVING RABBIT 
$T(;W TONI GI-IT ... 

f(x) -:: a" 

l-l(;R(; Tl-I(; "BA$(;" a 1$ FIX(;D, 
AND Tl-I(; (;XPON(;NT x VARI(;$. 
BY CONV(;NTION, W(; A$$UM(; 
a > 1 . Tl-I(;$(; FUNCTION$ 
D(;$CRIB(; C(;RTAIN KIND$ OF 
GROWTl-I (POPlJL.ATION 
INCR(;A$(;, FOR (;XAMPL.(;). 

AMONG AL.L. P0$$1BL.(; BA$(;$ a, MATl-l(;MATICIAN$ $1Nbl.(; OlJT ON(; A$ (;$P(;CIAL.L.Y "NATURAL.." 
Tl-II$ NlJMB(;R, KNOWN A$ e, I-IA$ A D(;CIMAL. (;XPAN$10N Tl-IAT B(;GIN$ L.IK(; Tl-II$: 

2.7102010204?904?23?'3602074713?26624977?72470936999?9?7496696762772407663 

03?3?47?94?71302170?2?1664274274663919320030?9921017413?96629043?72900334 

29?260?9%307301323206279434907632330290007?319?2?1019011?730341079307021 

?4009149934004167?092447614606600022640001604774110?374234?442437107?39077 

744992069??1702 761030606261331304?030007? 2044933026%0297 606 7371132007093 

2070912744374704723069697720931014169203601902??1?1006?74637721112?23097044 

2?0?69?369677070?4499699679460644?490?90793163600923009079312773617021?42 

4999229?763?140220026909?193660033102?2006939049646?10?02093923902940079 

3320%2?0944311730123019706041614039701903767932060320237646400429?311002? 

20702?090194??01?3017%717%13320690112?0996101001?930416903?1?90000?19?4?0 

07273066730?0942207922049909200600?02?749279610404190444363463244960407? 

6023'362402 704197062320900216099023?30436994104914631409 640?462? 

31?2096103690000707016760396424370140?92714%3?4906130 MOR(; OR 7?0?101 

1?74770417109061060739696??212671?46009?703?03?4021234 L.(;$$... 10601701 

2100%2700023?19303322474?01?0?39047304199?7777093?03 

076966403???707162260447162%0790026?170713419?12466?201030? 212'3667719432 

?27067?390??0944096970964097?4?910%9%30023637016211204 \:-"'~ 77427220 

36409613422?1644?0101024423?2940636372141740230093441247 \. r 963?7437 

02637??29444033799001612?492270?092?7702?6209262264032 ~ 62779?33 

06%640162772?16401910?90049164499020931?0%60472?0027 706310641??19 

%?32442?069029469?93000191?290721172?%347?4639644791 

06290496791207406070?0409?0?067174790?46677?7?7320?601 

3340?392200011370630094?%060016674001690420??004033 
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WIO CAN $IOIO WHY e 1$ NATURAL. BY THINKING 
ABOUT COMPOUND INTj;Rj;~T. IMAGINIO A 
G>IONIOROU$ BANK (!) 1$ PAYING> ANNUAL. INTIORIO$T 
OF 100% ON YOUR $AVING-$ ACCOUNT. 

BUT NOT 6'0017 IONOUG>H, YOU COMPL.AIN: YOU 
WANT YOUR INTIORIO$T COMPOUN17IOl7 ,¥.ORj; 
OFTj;N. YOU A$K THIO BANK TO Al717 ON ?0% 
bVIORY $IX MONTH$ (100% PIOR YIOAR TIMIO$ HAL.F 
A YIOAR), FOR THI$ YIOAR-ION17 1701..L.AR TOTAL.: 

C1 + i) + iC1 + i) ::. 2.2? 

$1MIL.ARL.Y, IF YOU COMPOUNl7 PAYMIONT$ 
AT 100% TMRi;b TIMIO$ A PIOR YIOAR 
YIOAR, YOUR TOTAL. AFTIOR ONIO 
YIOAR (THRIOIO PAYMIONT$) 1$ 

$(1 + 1.)3 
'3 2 

IF COMPOUN17IOl7 n TIMIO$ '3 
PIOR YIOAR, YOUR YIOAR-ION17 4 
TOTAL. WOUL.17 BIO 

? 
$(1 + .! )n n 

AN17 YOU 17IOC117IO TO FIN17 OUT 
100 

JU$T HOW MUCH MONIOY THI$ 1000 
WOUL.17 BIO! U$1NG YOUR 
CAL.CUL.ATOR, YOU FINl7: 

IF YOU $TART WITH $1, AT THIO ION17 OF THIO 
YIOAR YOUR ACCOUNT WOUL.17 HAVIO 170UBL.IOl7 
TO $2. PRIOTTY G-00171 

$1 + 100%·($1) ::. $2 

NOW YOU 170 A L.ITTL.IO ARITHMIOTIC: YOU 
NOTICIO THAT 

(1 + i) + 40 + 4) ::. (1 + 4) 2 

AN17 THIO NIOXT TIMIO INTIORIO$T 1$ Al717IOl7, YOUR 

1701..L.AR TOTAL. WIL.L. BIO (1 + 4)3, NIOXT TIMIO 

(1 + 4 )4, NIOXT TIMIO (1 + i )? ... 

TOTAL. AFTIOR 
1 YIOAR THIO TOTAL. 

APPIOAR$ TO BIO 

(1 + 1)1 $2 APPROACHING e ::. 
1701..L.AR$. 

(1+1 )2 
2 

::. $2.2? 

(1 +1.)? 
'3 

:::: $2.37 

(1 +1.)4 
4 

:::: $2.44 

(1 +1.)? 
? 

:::: $2.49 

(1 ..1....) 100 + 100 :::: $2.70? ... 

1 1 1000 
( +1000) :::: $2.710 ... 
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IF n 1$ V!;RY, V!;RY L.ARG!;, YOU t:::AN TMINK OF YOUR MON!;Y A$ S!;ING t:::OMPOUt-117!;17 
CONTINUOUSl-Y, Al-I- TM' Tl/A,. IN TMAT lA$!;, YOUR TOTAL. SAL.At.It:::!; AT TM!; !;ND 
OF ON!; Y!;AR WOUL.D si; 'XACTl-Y e POl-1-ARS. 

ON!;, TWO, TWO $!;V!;NTY, 
TWO $!;V!;NTY-ON!;, TWO 
$!;V!;NTY-ON!; At-117 !;16-MT 
T!;NTM$ ... 

TM!; NUMS!;R e 1$ NATURAL. S!;t:::AU$!; t:::ONTINUOU$ t:::OMPOUNDING 1$ NATURAL.: IT DO!;$N'T 
D!;P!;ND ON ANY PARTlt:::UL.AR UNIT OF TIM!;. 

WMAT'$ $0 
$P!;t:::IAL. ABOUT 

A Y!;AR? 

TM1$ AL.$0 $MOW$ TMAT e 1$ TM!; MO$T YOU t:::AN P0$$1SL.Y MAK!; IN A Y!;AR FROM 
ON!; DOL.L.AR AT 100% INT!;R!;$T! 

M!;Y! TM!;R!;'$ ONL.Y 
$2.7192919294790472 

M!;R!;! I 'V' SliliN 
~MORTlMANGliDll! 
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Wb tAN U$b nib FORMUL.A (1 + ~ )" TO tAL.tUL.ATb e. 
AL.GbBRA Tbl..L.$ U$ Wb tAN b.XPANl7 THAT BINOMIAL. A$ 

( 1 ) n (n-1) 1 n(n-1)(n-2) 1 n(n-1)(n-2)(n-'3) 1 
1+n- + ·-+ ·-+ ·-+ .. ·+ 

n 2 n2 1·2·'3 n3 1·2·'3·4 n4 n" 

WHbN n 1$ VbRY L.ARGb, THb FRAtTION$ 
(n-1)/n, (n-2)/n, ITt. ARb VbRY NbARL.Y 
bQUAL. TO 1, $0 Tl-lb bARL.Y TbRM$ ARb 
VbRY NbARL.Y 

1 1 1 1 1 1 
+ + 2 + ~! + 41 + ~! + ... 

WHbRb, IF m 1$ ANY INTbGbR, ml MbAN$ 
Tl-lb PR017UtT 1 ·2·3· ... ·m. 

NOW IF Wb IMAGINb n GROWING "TO ex>," Wb tAN tONtl..Ul7b THAT e 1$ GIVbN BY A $UM 
WITH AN INFINIT' NUMBbR OF TbRM$: 

e :; 1 + 1 + ! + ~ 1 + ~1 + ~ 1 + ... + ~ 1 + 

AND $0, IN FAtT, IT 1$. 

$1GH ... WHAT A 
BbAUTIFUL., BbAUTIFUL. 

FORM UL.A. 

HOW tOMb YOU 
NbVbR $AY 

THAT TO Mb ... ? 
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BblAU$b OF THI$ NUMBbR'$ 
$Pbl1AL., NATURAL. $TATU$, FROM 
NOW ON Wb WIL.L. RbFbR TO nib 
FUNtTION exp, 17bFINbl7 BY 

exp(x) : e" 

A$ nu; b.XPONbNTIAL. FUNtTION. 
l/< 1$ Tl-lb $UM YOU WOUL.17 HAVb 
AFTbR x YbAR$ IF ONb 1701..L.AR 
WbRb tOMPOUN17bl7 tONTINUOU$L.Y 
AT 100% PbR YbAR. 



900 

000 

700 

600 

?00 

400 

300 

200 

100 

~XPON~NTIAL. FUNlTION$ GROW RAP117L.Y Wini x. 
f(x) :::. 2", FOR ~XAMPL.~, 170U8L.~$ (;V~RY TIM~ 
x 1NlR~A$~$ BY 1: 

e" GROW$ (;V~N FA$T~R, A$ YOU lAN ~A$1L.Y 
lAL.lUL.AT~. A POW~R FUNlTION L.IK~ g(x) :::. x 2 , 

SY lOMPAR1$0N, FAL.L.$ FAR S~HINl7. 

x e" x2 

0 1.0 0 

1 2.7103 ... 1 

2 7.'309 ... 4 

'3 20.007 ... 9 

4 74.60 ... 16 

7 140.41... 27 

6 403.4'3 ... '36 

7 1096.6'3 ... 49 

0 2900.94 ... 64 

IF a 1$ TH~ NUMS~R WITH ea:::. 2 

(a z 0.69'3, A$ YOU lAN lH~lK ON 

YOUR lAL.lUL.ATOR), TH~N e" 170USL.~$ 
WH~N(;V~R x 1NlR~A$~$ SY a: 

e(x+a) :::. e"ea :::. 2.e" 

AND IN PARTllUL.AR, 

4 6 7 



IF r 1$ ANY P0$1TM; NUMS!;R, Tl-l!;N 
Tl-I!; FUNCTION h(x) "" er" 1$ AN 
!;XPON!;NTIAL. FUNCTION, S!;CAU$!; 

Tl-I!; !;XPON!;NTIAL. WITl-I SA$!; er 
(NOT!; Tl-IAT er > 1). IT 
INCR!;A$!;$ FA$T!;R Tl-IAN exp(x) 
IF r > 1 AND $1..0W!;R IF r < 1. 

+ I 
t 
J 

L..AR&!;R r 

$MAL..L..!;R r 

e-r" D!;$CRIS!;$ 
$UCl-I Pl-l!;NOM!;NA 
A$ RADIOAtTIV!; 
D!;CAY, Wl-l!;R!; Tl-I!; 
Dl;CRl;ASI; IN 
RADIATION 1$ 
PROPORTIONAL. TO 
Tl-I!; AMOUNT OF 
RADIOAtTIV!; 
MAT!;RIAL. PR!;$!;NT, 
RATl-l!;R 1..IK!; 
COMPOUND 
INT!;R!;$T IN 
R!;V!;R$!;. 

y "" er" 

-r >1 

-r"" 1 
r < 1 

!;ITl-l!;R WAY, 
IT G.ROW$! 

PUTTING. er" IN Tl-I!; D!;NOMINATOR CR!;AT!;$ 
A FUNCTION 

( ) 1 -r" fx -= - -= e 
er" 

Tl-IAT Dti;$ OUT A$ x G.ROW$ L.ARG.!;, 1.i;., 
IT 1$ AL.WAY$ P0$1TIV!;, SUT IT l-l!;A17$ 
IN!;XORASL.Y TOWARD Z!;RO. Tl-I!; L.ARG.!;R r 
1$, Tl-I!; FA$T!;R Tl-I!; FUNCTION Dti;$ OUT. 

AL.WAY$ lilYIN&, 
N(;Y!;R lili;Alil. 

IT'$ A$ IF Tl-I!; SANK TOOK 
AWAY l-IAL.F YOUR MON!;Y 
!;V!;RY $IX MONTI-I$ ••• 
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Circular Functions 
OUR FINAL t;L.t;Mt;NTARY FUNCTION$ ARt; 
fl.It; CIRCULAR, OR TRIG FUNCTION'S: 
TH(; 'SIN(;, l0$1Nt;, TANGt;NT, AND 
$t;lANT. TH(;$(; Dt;$lR18(; PROl(;$$(;$ 
THAT GO 8AlK AND FORTH, UP AND 
DOWN, IN AND OUT, l..IKt; TID(;$ AND 
YO-YO$. 

THt;-St; FUNCTION'S ARI$(; t;ITHt;R IN llRll..(;$ OR RIGHT TRIANGL.t;S. Ht;Rt; IS A llRll..t; OF RADIUS 1, 
lt;NTt;Rt;D AT TH(; ORIGIN. St;GINNING ON TH(; x-AXIS AT (1, 0), A POINT P = (Xp, yp) ORBITS 
lOUNT(;Rll..OlKW1$(; AL.ONG TH(; RIM. YOU lAN $(;(; A RIGHT TRIANGL.t; WITH HYPOTt;Nt;U-St; OP. 

-1 

-1 

TH(; ANGL.t; e (GRt;t;K L.ITTt;R "THt;TA") Si;TWt;t;N OP AND THt; x-AXIS IS Mt;ASURt;D IN "NATURAL" 
UNIT'S, NAMt;LY THt; l,.l;NGTM OF ™' ARC TRAVt;L.t;D SY P. THt;'St; UNIT'S ARt; lAL.L.t;D 
RAPIAN~. $1Nlt; THt; llRll..t;'S llRlUMFt;Rt;Nlt; IS 1..rr, P TRAVt;L.$ 1..rr RADIAN'S IN ON(; 
lOMPL.t;Tt; llRlUIT. 'SMAL.L.t;R ANGL.t;S ARt; PROPORTIONAL., AND MOVING ll..OlKW1$t; GIV(;$ 
Nt;GATIV(; ANGL.t;S. WHt;N P D(;$lRl8(;$ MOR(; THAN ON(; llRlUIT, THt; ANGL.t; e 1$ > 1.rr. 

TO HONOR SOM(; Dt;AD 
WHIT(; GUY'S. GOT A 
PROSL.t;M WITH THAT? 



nu; Sit.I(; AND '~IN(; OF e AR(; TH(; y AND x lOORDINATG$, RG$PGlTIVGL.Y, OF THE: POINT 
P = (xp, yp). THE: TANG!;NT OF e 1$ THE: RATIO YP /xp• WHGN Xp*O· 

COS e : Xp 

sine = yp 

t e sine 
an = --

cos e 

(YOU MAY HAVE: 
L.GARNGD FROM THE: 
ANllGNT bRGGK$ 
THAT sine = y/r, 
SUT HGRG r = 1.) 

THE: $ING AND l0$1NG 0$lll..L.ATG SGTWGGN -1 AND 1, RGPGATINb THGM$Gl..VG$ GVGRY 2TT RADIAN$. 
THE: TANl?GNT RGPGAT$ AFTGR GVGRY TT RADIAN$. THE: TANl?GNT ZOOM$ OFF TO INFINITY AT THE: ODD 
HAL.VG$ OF TT, WHGRG THE: l0$1NG 1$ ZGRO. 

-TT 

I 
y=cosx 

WE: WIL.L. AL.$0 
OUA$10NAL.L.Y 
MGNTION THE: 
sr;cANT OF e' 
WHllH 1$ THE: 
RGllPROlAL. OF 
THE: l0$1NG, 
17GFINGD WHGN 
cos e * o. 

-TT/2 

sece = -
cose 

TTl2 

TT 

I 
y =sin x 

-TT/2 TT/2 

PYTHAl?ORA$ b1VG$ U$ THI$ 
HlbHL.Y U$GFUL. GQUATION 

WHllH Al..$0 AMOUNT$ TO 

sec2e = sin2 e + cos2 e 

cos2e 



ON!; WAY TO VISUALIZ!; mi; SIN!; AND lOSINJ; IS 
TO IMAblN!; nu;; POINT p IS A W!;IGlff B!;ING 
SPUN AROUND AT n1i; !;ND OF A 1-Mi;TJ;R ROPJ;. 

J 
/ 

x-&UY si;i;s mi; W!;IGHT START AT i;yi; L!;V!;L, 
mi;N BOB UP AND DOWN, UP AND DOWN, UP 
AND DOWN. HJ; si;i;s TH!; y-VALUJ;S, OR SIN!;. 

THIS lLJ;ARLY SHOWS WHY TH!; SIN!; AND 
lOSIN!; HAV!; IDJ;NTllAL GRAPHS, J;XlJ;PT 
THAT ON!; IS DISPLAlJ;D SID!;WAYS BY ¥· 

cos e: since+¥) 

ALSO, SINlJ; cos(-8) "' cos e, 

cos e : sin ( ¥ - e) 

AND 

sin e : cos ( ¥ - e) 

IMAblNJ; TWO OBSJ;RVJ;RS Vl!;WING mi; llRlLJ; 
!;DGJ;-ON. ON!; LOOKS ALONG THJ; x-AXIS, AN17 
mi; OTHJ;R LOOKS DOWN mi; y-AXIS. 

'37 

y-GIRL, LOOKING DOWN, si;i;s (;XACfl..Y mi; 
SAM!; BAlK-AND-FORTH MOTION, J;)(.l!;PT mAT 
THJ; W!;IGHT START AT THJ; TOP OF ITS lYlLJ;. 
SHJ; si;i;s TH!; lOSIN!;. 

AND, AS I HOP!; YOU'VJ; ALR!;ADY LJ;ARNJ;t? 
SOMJ;WHJ;RJ;, mi;Ri; AR!; lOUNTLJ;SS OTH!;R 
TRIGONOM!;TRll ID!;NTITl!;S: 

sin CA+ 8) : sin A cos 8 + sin 8cos A 

cos CA + 8) : cos A cos 8 - sin A sin 8 

sinie "'° 1 - cos 2e 
2 

cosie "'° 1 + cos 2e 
2 



ANOTM(;R SA$1l lli'!;A: 

Composing Functions 
$0Mr;TIM(;$ ON(; FUNlTION 1$ "PL.UGG!;li' INTO" 
ANOTM(;R FUNlTION. FOR !;XAMPL.(;, ON P. 17, 

h(x) ::. V x 2 - 1 

1$ TM(; R(;$UL.T OF PL.UGGING TM(; VAL.Ur; OF 
f(x) ::. x 2 - 1 INTO TM(; $QUAR(; ROOT 
FUNlTION g(u) ;::. {U. FIR$T wr; (;VAl..UAT(; 

x 2 - 1 AN!i' TM(;N TAK(; TM(; $QUAR(; ROOT. 
f 1$ lAL.L.(;17 TM(; INSID' FUNlTION, AN!i' 
g 1$ TM(; OUTSID' FUNlTION. 

Example 1: Example 2: 
FCx) ::. tan 2 x + tan x + 1 6(x) ::. ex 

2 

FIRST FINl7 tan x, Tl·l(;N PL.UG 
INSll7r; FIJNlTION: 

IT INTO g(y) ::. y2 + y + 1. u(x) ::. x2 

nir; INSll7r; FIJNlTION IS 
OIJTSll7r; FIJNlTION: f (x) ;::. tan x AND TH{; OUT-

s117r; FIJNlTION IS g. wr; WRITr; v(t) ::. et 

F(x) : g(f(x)) G(x) : v (u(x)) 

WMAT'$ MAPP!;NING M!;R(; 1$ TMAT ON(; FUNlTION'$ 
OUTPUT S!;l0M(;$ ANOTM!;R FUNlTION'$ INPUT. TM(; 
FUNlTION g "!;AT$" TM(; OUTPUT OF TM(; FUNlTION f. 

RA171lAL. 
SIGN OF A 
171 FFr;Rr;NT 

KINl7 

Example 3: 
U (x) ::. tan ( x 2 + x + 1) 

INSIDr; FIJNlTION: 

g(x) ::. x2 + x + 1 

OIJTSIDr; FIJNlTION: 

f(e);::. tan e 

/.l(x) : f(g(x)) 

Rr;L.AX ... T1-1r;sr; 
AR{;N'T 80DILY 

FIJNlTIONS ... 



IN bFFbCT, Tl-lb ARROW OF f 1$ FOl.l.OWbD SY Tl-lb ARROW OF 9: 

-
x •• 

~ ~" q(f(x)J 

f(x) 0 

h : X - f(X) - g(f(X)) 

Wb CAI.I. Tl-lb FUNCTION h Tl-lb COMP~ITION 
OF 9 AND f, $0M~IMb$ WRITTbN 9°f. NOTb 
THAT Tl-lb INSID' FUNCTION IS ~AL.UAT'D 
FIRST. IT$ ARROW 1$ ON Tl-lb L.,FT. Al.$0 

NOTb THAT TM' ORD'R MATT,RS. IN b!;N
bRAI., 9°f * f 0 9. IN bXAMPl.b$ 1 AND ? ON 
Tl-lb PRbVIOIJ$ PAl?b, FOR IN$TANCb, 

f(g(x)) ::. tan Cx2 + x + 1) 

* tan 2 x + tan x + 1 ::. g(f(x)) 

YOIJ CAN bVbN HAVb A CHAIN COMP0$bD OF MANY FIJNlTION$. WHY NOT!? 

COMP0$1TION l.bAD$ $TRAl6'HT TO 

Fractional Powers 
SY COMP0$1NG f(x) ::. x~ WITH g(y) ::. ym, 
Wb CAN DbFINb FRACTIONAL. POWbR$ OF x: 

FIR$T TAKb Tl-lb nTH ROOT AND THbN Tl-lb 
mTH POWbR, OR VICb VbR$A. (l-lbRb Tl-lb 
ORDbR OF COMP0$1TION D0b$N'T MATTbR.) 

?9 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 

' ' 



~u;XT BIG IDj;A: 

Inverting 
Functions 
$0Mi;TIMj;$ WHj;N wi; tOMP0$j; 
TWO FUNCTION$, A $TRANGi; 
THING HAPPj;N$: NOTMING! 

Example: 1F 

WHAT'$ WRONG WITH 
DOING NOTHING?* 

f(x) : xt AND 9(y) : y 3 THj;N 
1 3 

h(x) : 9(f(x)) : (x3) : x 

PL.lJG " INTO 9°f, AND OlJT t0Mj;$ "AGAIN. h tlJSj;$ THi; i::usi; ROOT, $0 IN THi; j;ND 
THI$ toMP0$1TION D0j;$N'T DO ANYTHING! 9 "lJND0j;$" THi; i;FFi;tT OF f. 

AL.L. THAT WORK ... 
AND FOR WHAT? 

IN WORD$, 9(x) 1$ "THi; NlJM8j;R WH0$j; i::usi; 1$ x." wi; oFTi;N WANT TO KNOW THI$ 
KIND OF INFORMATION ••• $lJtH THING$ A$: 

THi; NlJM8j;R WH0$j; $QlJARi; 1$ 4 J 
THi; NlJMSi;R WH0$j; $1Ni; 1$ ~{2. 

THi; NlJMSi;R WHO$i; i;XPONi;NTIAL. 1$ 2 

OR, IN $YM80L.$, 
WHAT NlJM8j;R x, 
e, OR t $0L.Vj;$ 
THi; j;QlJATION$: 

*Wlfl..f A TIP OF THIO HAT TO THIO lH11'll0$IO PHIL..o$0PHIOR ZHUA1'1&ZI I 
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BUT TM(;R(;'$ A lOMPL.ltATION .•. IT UNFORTUNAT(;l.Y MAK(;$ NO $(;N$(; TO A$K FOR "TM(;" 
NUMB(;R WM0$(; $QUAR(; 1$ 4, B(;tAU$(; TM(;R(; AR(; TWO OF TM(;M, 2 ANl7 -2. 

YOU'R(; NOT 
V(;RY W(;l.l.-

17(;FI N (;17, 
AR(; YOU? 

TM(; $IN(; 1$ r;vr;N WOR$(;. TM(; ANGL.(; 
1T/4 $01.V(;$ TM(; (;QUATION: 

sine -:::. t:ifi 

BUT $0 170 A I.OT OF OTM(;R ANG!.(;$: 
?7T/4, -?7T/4, 97T/4, 117T/4, r;Tt. 

sine; :1: 27Tn) = 4:¥'2, n = 0, 1, 2, ?, ... 

sin( ~1T :1: 27Tn) = 4:¥'2, n = 0, 1, 2, ?, ... 

IN OTM(;R WOR17$, TM(;$(; FUNCTION$ MAV(; /AANY ARROW$ L.AN171NG ON TM(; GIV(;N NUMB(;R. A 
VAL.Ur; OF TM(; FUNCTION G(;N(;RAL.L.Y tOM(;$ FROM MANY 171FF(;R(;NT VAl.U(;$ OF x. 

MOW ANNOYING 1$ TMAT? 

f(x)= x 2 g(e) -:::. sine 
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8UT NOT AL.I.. FUNlTION$ 
ARG l..IKG THAT: A 
FUNlTION 1$ lAL.L.Gl7 
ON,-TO-ON' IF NO 
TWO OF IT$ ARROW$ 
L.AN17 IN THG $AMG 
PL.AlG. IN $YM801..$, IF 
a * b, THGN f(a) * f(b). 
GAlH VAL.UG OF f 1$ THG 
Hf;Al7 OF ONL.Y ON' 
ARROW. 

I N~GR 
RGPGAT 

MY$Gl..F! 

a ~------~l f(a) 

I 
.I 

b ------....._~f f(b) 

f 
L 

IF f 1$ ANY ONG-TO-ONG FUNlTION, WG lAN MAKG A NGW FUNlTION, r1. "f-INV,RS,,'' 
THAT UNAM81t7UOU$1..Y lJN170G$ THG AlTION OF f SY R,V,RSING ITS ARROWS. THG 170MAIN 
OF THG INVGR$G FlJNlTION r 1 1$ AL.I.. THG VAL.lJG$ A$$UMGl7 8Y f, ANl7 FOR ANY NUM8GR 
f(X) IN IT$ 170MAIN, r 1 1$ 17GFING17 8Y 

YOU'RG A 
8AlKWARl7 
$ORT OF 
FUNlTION, 

AR(;N'T YOU? 

8GlAU$G r 1 R~GR$G$ THG ARROW$ OF f, f 08VIOU$1..Y R~GR$G$ THG ARROW$ OF r 1 

TOO-IT'$ MUTUAL.! $0 IT FOL.l..OW$ THAT 

THG TWO FUNlTION$ ARG INVGR$G$ OF 
GAlH OTHGR! ORl7GR 170G$N'T MATTGR. 

GITHGR WAY, 
WG lAN 

AllOMPl..1$H 
NOTHINt?! 
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WHAT FIJNlTION$ AR!; ON!;-TO-ON!;? FOR OIJR 
PIJRP0$!;$, IT Wll.L. 81;; FIJNlTION$ THAT AR!; 

increasing or decreasing. 
wi; Di;;FIN!; A FIJNlTION TO si; INlR,ASING, OR STRICT~Y 
INlR,ASING, IF TH!; VAL.IJ!;$ f(x) RI$!; A$ x DO!;$. THAT 1$, 
GIV!;N ANY TWO POINT$ a AND b IN TH!; DOMAIN OF f, 

IF a < b, TH!;N f(a) < f(b). 

f 1$ STRICT~Y D'lR,ASING IF a < b IMPL.11;;$ THAT 
f(a) > f(b).* 8i;;lAIJ$!; OF TH!; IN!;QIJAL.ITY, 'V'RY 
INlR,ASING FUNCTION IS ON,-TO-ON,, AND $0 1$ 

!;V!;RY D!;lR!;A$1NG FIJNlTION. 
TMi; VOL.UMi; OF A $PHi;Rf; 

1$ AN 1NlR~$1NG 
FUNCTION OF RA~IU$ 

AN 1NlR!;A$1NG FIJNlTION HA$ A GRAPH THAT GO!;$ IJPHIL.L. A$ TH!; VARIASL.!; MDVI;$ TO THj; 
RIGHT. A D!;lR!;A$1NG FIJNlTION GO!;$ DOWNHIL.L.. 

J 

1NlR!;A$1NG 

1 

IN T!;RM$ OF ARROW$, AN INlR!;A$1NG FIJNlTION'$ ARROW$ N!;V!;R lRO$$, 8i;;lAIJ$!; TH!; VAL.IJ!;$ 
f(x) K!;!;P GOING IJP TH!; I.IN!;. A~~ A D!;lR!;A$1NG FIJNlTION'$ ARROW$ lRO$$ i;AlH OTH!;R! 

*Nori; THAT A FUNlTION f 1$ INtRi;A$1NG IF AN~ ONLY IF -f 1$ ~i;tRi;A$1NG. 



$1NtE; At-I 1"1tR!;A$1"1t'7 (OR 17!;tR!;A$1"1t'7) FU"1tTI0"1 1$ 0"1!;-T0-0"1!;, IT MA$ At-I 1"1V!;R$E;! 

Little Example: 
f (X) "' 'X.? 1$ 1"1tR!;A$1"1(7. 
IT~ 1"1V!;R$!; 1$ 

1"1 f7E;"1!;RAL., g('X.) "' x" 1$ 
1"1tRE;A$1"1b FOR A"1Y ODD 
1"1i!;b!;R n, At-117 TM!; 
1"1V!;R$E; 1$ 

~ 
"3 I 

Y"''X. t---
~ 

l 
I 

TM!; 1"1V!;R$!; ARROW$ 
POl"1T FROM y TO x! 

Big, Important Example: Natural Logarithm, 
Inverse of the Exponential 

PROOF: IF a < b, TM!;"1 

b e Cb - a) 1 - "'e > ea 8!;tAU$!; b - a > 0, $0 

IT$ 1"1V!;R$!; FU"1tTI0"1 1$ tAL.L.!;17 TM!; NATURAL 
LOGARITM/A, WRITT!;"1 In ("!;L.L.-!;"1"). 

TME; 170MAl"1 OF In 1$ CO, oo) OR ALL P~ITIV' 
NU/A8,RS 8!;tAU$!; r:? A$$UME;$ AL.L. VAL.U!;$ 
bRE;AT!;R TMA"1 Z!;RO, * At-117 

*$0RRY, BUT YOU'RE; MKE;li' TO TAKE; THI$ ON FAITH IN THI$ BOOK. 
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!;;XPON!;;NT$, YOU $1-!0UL.D R!;;lAL.l., 
B!;;l-IAV!;; T!-11$ WAY: 

Tl-!(;$(; IMPL.Y Tl-I(; FAMOU$ l.OG 
FORMUL.A$ Tl-IAT U$(;D TO Bl;; $0 
IMPORTANT FOR MANAGING BIG 
lAL.lUL.ATION$ BAlK IN Tl-I(; DAY 
B!;;FOR(; M!;;ll-IANllAL. AND (;l.(;l
TRONll lOMPUT(;R$, Wl-l!;;N 
(;V(;RYTl-llNG WA$ DON(; BY MAND. 

In (xy) = In x + In y 

In xP = p In x 

AND IN PARTllUL.AR, Wl-l!;;N p = -1, 

In .!. = In x-1 = - In x x 

BY MAND? 
WI-IA-? 

l.OOK UP "l.OGARITl-IM" 
ONL.IN(; TO FIND OUT Wl-IAT 

l'M TAI.KING ABOUT ... 

Tl-I(; L.OGARITl-IM !;;NABI..(;$ U$ TO (;)(PR(;$$ OT!-lGR 
!;;XPON!;;NTIAI..$ IN T!;;RM$ OF "Tl-I(;" !;;XPON!;;NTIAL. 
WITl-I BA$(; e. TAK!; 2'\ FOR !;;XAMPI..(;. U$1NG> A 
lAL.lUL.ATOR, YOU lAN FIND AN APPROXIMAT(; 
VAl..U(; FOR In 2: 

In 2 :::: 0.693 ... * FROM Wl-lll!-1: 

R(;Pl.Al(; 2 BY ANY NUMB(;R a > 1 AND Ti.ti; 
!;;XPON!;;NTIAL. A(x) = a" lAN Bl;; !;;XPR(;$$(;D 
$1Mll.ARL.Y: 

toNtL.U$10N: ,V,RY 
'XPON,NTIAI- FUNCflON 
CAN '' 'XPR,SS'D AS e rx 
FOR SOM' NUM9,R r. 



Graphing Inverses 
W''V!; $bi;N l-IOW INV!;R$!;$ 
L.OOK IN T!;RM$ OF ARROW$: 
r 1 $1MPL.Y TURN$ AL.I. THI; f 
ARROW$ AROUND. l-IOW DOI;$ 
T~I$ L.OOK ON A GRAPH? 

JU$T FL.IP 
$OM!; OF 

THI;$!; 
AROUND ... 

AND ... UM ... 

ON THI; GRAPH y ::. f(x), FOL.I.OW AN ARROW FROM A POINT x TO f(x) ::. y. THI; INV!;R$!; 
FUNlTION r 1 RbV!;R$!;$ THAT ARROW, $0 r 1 (y) ::. x. 

y "" f(") 

Wl-IAT HAPP!;N$ IF WI; 
i;XlHANG!; x AND y? 

NOTHING 
TOO 

lHAOTll, 
I HOPI; ... 

y 
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I 
I 
I 
I 
I 

' 
""" r1<y) 

THAT 1$, IF WI; U$i; THE 
V!;RTllAL. y-M1$ FOR THI; 
IND!;P!;ND!;NT VARIA81..i;, 
THI; GRAPH x ::. r 1Cy) 
1$ 11:>,NTlt:Al.. TO THI; 
GRAPH y::. f(x)! 

UNFORTUNAT!;l..Y, WI; 
lU$TOMARIL.Y PUT THI; 
IND!;P!;ND!;NT VARIA81..i; 
ON THI; MORIZONTAl.. 
Ml$, NOT THI; V!;RTllAL. 
Ml$. WI; WANT THI; 
GRAPH y::. r 1Cx), NOT 
x::. r 1Cy). 



IF A POINT (a, b) 1$ ON THb GRAPH y::. f(x), THbN (b, a) 1$ ON TMb GRAPH y ::. r 1Cx). 
TMb POINT (a, b) 1$ TMb RbFl..blTION OF TMb POINT (b, a) ACRO$$ TMb l.INb y ::. x, $0 TM!;; 
GRAPH y ::. r 1 (x) 1$ TMb /AIRROR 1/AAG!; OF TMb GRAPH y::. f(x) RbFl..blT"7 AlRO$$ Ti.lb 
l.INb y::. x. 

y 
y::.f(x) 

HbRb ARb TWO bXAMPl..b$: ASOVb, TMb 
GRAPH y ::. x3 AND IT$ INVbR$b TMb 
llJSb ROOT, AND ON TMb RIGHT TMb 
$1JPbR-IMPORTANT NATURAL. LOGARITHM 
AND IT$ INVbR$b TMb bXPONbNTIAL.. I 

~' I 
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Wbl.l., THAT'$ NOT DbPbND$ ON 
$0 SAD TMbN, 1$ IT? WHO'$ l.OOKINt7 

y =- e" 

IN TMb MIRROR ... 

e0 =- 1 
In 1 ::. 0 

y =- In x 



lAN Wt; lfl!Vt;RT A FUflllTIOfll THAT 1$ fllOT Ofllt;-TO-Ofllt;, THAT GO(;$ UP AfllD DOWN? IF MAfllY 
ARROWS l..AfllD AT A POlfllT y, WHllH Ofllt; DO wi; R!;V!;R$!;? mi; AN$W!;R 1$: PllK WHllHt;Vt;R 
ON(; YOU 1..IKt; AfllD IGfllORt; TH(; Rt;$T! 

ON(; $Y$Tt;MATll WAY TO DO THI$ 1$ TO FL.IP 

ONl..Y ARROWS ORIGlfllATlfllG Ofll AN INT,RVAL. 
WMbRb ™' FUNcrloN IS ONE-TO-ON,. 
FOR t;XAMPI..(;, f (x) =- x 2 1$ lflllR(;A$1fllG (AfllD 
$0 ON(;-TO-Ofllt;) Ofll THt; lfl!Tt;RVAI.. [O, oo). 

Ri;¥(;R$1fllG Oflll..Y THt; ARROWS THAT START 
THt;Ri; MAK(;$ Afll lf11Vt;R$t; 

r 1Cx) =- fX 

THAT AL.WAY$ G1Vt;$ THt; NON-NEGATIVE 
SQUAR' ROOT. THt;fll FOR AL.I.. x~ 0, 

fCr1Cx)) =- x 

r 1 (f(x)) =- x ("10 fllt;GATIV(; x Al..l..OWt;D!) 

THIS WORK$ FOR AfllY 
FUNlTION f: RESTRlcr 
ITS POi\\AIN TO Afll 
lfllT(;RVAI.. WHt;Rt; f 1$ 
1NlR(;A$1NG (OR 
Dt;lR(;A$ffllG), AND ON 
THI$ INTt;RVAI.., f HAS 
AN INVt;R$t;. 
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I KfllOW WHllH 
Ofllt; I l..IK!; ... 

SORRY. 
WITHOUT 
A SUNNY, 
I DOfll'T 

lARt;. 



Second Big, Important Example: 
Inverse Circular Functions 
THI; $IN!; ANl7 l0$1NI; W0881..!; lJP ANl7 170WN, lJP ANl7 170WN ... 8lJT ON $OM!; $HORT 

INT!;RVAI..$, TH!;Y AR!; 1NlR!;A$1NG! L.i;T'$ lONl!;NTRAT!; ON THI; $IN!;, 8i;lAlJ$!; THI; l0$1Nb 
WORK$ i;XAlTL.Y THI; $AM!; WAY. YOU lAN $!;!; THAT THI; $IN!; 1NlR!;A$!;$ ON THI; INT!;RVA~ 

( -¥, ¥] WH!;R!; IT$ VAL.lJ!;$ RI$!; FROM -1 TO 1. 

y = sin x 
y 

R!;$TRllT!;l7 TO THAT INT!;RVAL., THI; $IN!; HM 

AN INV!;R$!; FlJNlTION, lAl..l..!;17 THI; ARlSIN,, 

WITH 170MAIN [ -1, 1] . THI; ARl$1Ni; AL.WAY$ 

TAK!;$ ON VAL.lJ!;$ 8ITW!;!;N -rr/'2. ANl7 rr/'2.. 

$lJlH A 
L.ITTI..!; 

170MAIN ... 

y ::. arcsin x 

1T 
2 

WHY 1$ IT lAl..l..!;17 THI; ARl$1N!;? 8i;lAlJ$!; IT'$ THI; ARl l..!;NGTH lORR!;$PONl71NG TO A 
GIV!;N $IN!;. 

IF sin e ::. y TH!;N e ::. arcsin y 

e 1$ AN ANGL.!; WHO$!; $IN!; 1$ y. THI$ ANGL.!;, 

8i;ING M!;A$lJRi;l7 IN RAl71AN$, 1$ Tl-IE l..!;NGTH OF 

TM!; lORR!;$PONl71NG ARl ON TM!; lJNIT llRll..!; 

($!;!; P. 3?). OTH!;R ANGI..!;$ HAV!; THI; $AM!; $IN!;, 

BlJT e 1$ TM!; ONl-Y ANGI..!; Bi;TW!;i;N -rr/'2. ANl7 

rr /'2. WITM sin e ::. y. 
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y=sinB 
8::.arcsin y 



T!-11$ CHAPTj;R'$ FINAL. FUNCTION Wll.l. gi; n1i; INVj;R$j; OF THi; TANGi;NT FUNCTION, 
f (x) ::. tan x. THi; INVj;R$i; 1$ KNOWN A$ THi; AR'CfANG,NT FOR THi; $AMi; 
RGA$0N THi; INVj;R$i; $1Nj; 1$ CA1.l.j;l7 ARC$1Ni;, ANl7 1$ $YMS01.1Zj;l7 A$ arctan x. 

z :. ylx :. tan e 
e :. arctan z 

FIR$T wi; HAVj; TO CH00$j; A PART OF THi; 
TANGj;NT'$ 170MAIN WHi;Ri; THi; FUNCTION 
1$ INCRi;A$1NG. Hi;Ri; THi; OPj;N INTj;RVAl. 

(-¥, ¥) $j;RVj;$ THj; PURP0$j;. 

THi; TANGi;NT'$ VAL.Ui;$ RANGi; ovi;R Al-I- R''Al- NUM9,R'S, 1.i;., THi; "INTj;RVAl." (-oo, oo), 
$0 THi; ARCTANGj;NT'$ DOMAIN 1$ (oo, oo). THi; FUNCTION 1$ 17j;FINj;l7 i;vi;RYWHi;Ri;, BUT IT$ 
VAL.Ui; Al.WAY$ l.lj;$ gi;TWi;i;N -TT/2 ANl7 TT/2. 

y 

y ==- arctan x 
1T 
2 

- -!- - - - - - - - - - - - - -

' 
y ==-tan x : 



THI$ lOMPL.~b$ OUR TOUR OF THb i;1..i;Mi;NTARY FUNCTION$! wi;vi; $i;i;N POWbR FUNlTION$ 
(P0$1T1Vb, Nb6'AT1Vb, ANl7 FRAlTIONAL.), THb i;xpoNi;NTIAL. AND IT$ INVi;R$i; THb NATURAL. 
L.06-ARITHM, AND THi; llRlUL.AR FUNlTION$ AND THblR INVi;R$i;$. NOT $0 MANY, Ri;AL.L.Y ... 

A Nlti;, 
MANA6'bA8L.i; 
Mi;NA6'i;Rri;! 

$$T! $TOP THAT, 
YOU TWO ... 

8UT OF lOUR$i;, WHi;N YOU A1717, MUL.TIPL.Y, DIVIDi;, ANl7 l0MPO$i; THi;$i; 8A$1l IN6'Ri;Dfi;NT$, 
YOU lAN MAKi; MON$Ti;R$ L.IKi; THI$: 

AND WHAT ARi; wi; 
$UPPO$i;17 TO 170 
WITH THi;M? 

lAL.lUL.U$, 
NATURAL.L.Y! 



Problems 
D(;$lRIB!; n1i; DOMMI OF !;AlH 
OF TH!; FOL.I.OWING FUNlTIONS: 

1. Q(t) ; 
1 - 2t 

..; 2.b - 1 
2.. f(b) ; -----

(b-4)(b+9) 

1 
~. M(x) = 1 - lxl 

tan e ?. gCe) = --ez - 1T 
9 

6. A(x) = (1 - e2''Y1 

7. T(u) = (1 - e 2 uf 112 

9. f(x) = In (1 + x2 ) 

9. icx) = In Cln x) 

H!;R!; 1$ TH!; GRAPH OF A FUNlTION y -= f (x), A POINT c 
ON TH!; x-AXIS, AND A POINT d ON TH!; y-AXIS. 

10. DRAW TH!; GRAPHS 
OF TM!;$!; FUNlTIONS: 

a. g(x) = f(x - c) 

b. h(x) = f(x) + d 

c. u(x) = 2.f(x) 

d. m(x) = f(2.x) 

e. v(x) = -f(x) 

f. Tex) = f(-x) 

11. H!;R!; AR!; SOM!; lOMPOSIT!; FUNlTIONS. ID!;NTIFY TH!;IR 
INSID!; AND OUTSID!; lOMPON!;NTS AND WRIT!; !;AlH GIV!;N 
FUNlTION IN TH!; FORM u(v (x)) (OR u(v (w(x))) IF 
N!;l!;$$ARY). 

a. h(x) = 2. cos;>( 

b. h(x) = V ln(x2 - 1) 

c. h(x) = 4e3" + e2" + 6e" - 99 

12.. SHOW THAT FOR ANY NUMB!;R c, A POl.YNOMIAl. P(x) = b0 + b1 x + b2 x2 + ... + bnx" lAN 

Al.SO Bl; WRITT!;N P(x) = a0 + a1(x - c) + a2 (x - c)2 + ... + an(X - c)" WH!;R!; a0 = P(c). 
SHOW THAT an * 0 IF bn * 0. 

1~. L.i;T'S D!;FIN!; A FUNlTION f ON 
TH!; OP!;N INT!;RVAL. (-1, 1) l.IK!; THIS: 

f(x) = (x + 1)2 FOR -1 < x ~ 0 

f(x) = x 2 - 1 FOR 0 < x < 1 

a. 1$ f AN INlR!;ASING FUNlTION 
ON IT$ WHO!.!; DOMAIN? 

b. 1$ f ON!;-TO-ON!;? 

c. DRAW TH!; GRAPH OF f AND 
1n INV!;R$!; r 1• 

14. SHOW THAT 

arctan x = arccos ---
-{1+7i 

= arcsin __ x __ 
..f1+7i 

(HINT: DRAW A TRIANGL.!;.) 

1?. IF YOU HAV!; A0 DOI.I.AR$ TODAY, AND IT lOM

POUNDS $0 THAT YOU HAV!; A(t) = A0 ert DOI.I.AR$ 
AFT!;R t Y!;ARS, HOW I.ONG DO!;$ IT TAK!; TO DOUB!.!; 
YOUR MON!;Y? (r 1$ ASSUM!;D FIX!;D.) 



T1-1b L.A$T Cl-IAPTbR WA$ 
ABOUT FUNCTION$ "$1TTING 
$TIL.L.," $0 TO $PbAK. 
GIVbN A POINT x, Wb 
FOL.L.0Wbl7 IT$ ARROW TO 
Tl-lb L.OlATION OF f (x). 

Chapter 1 
Limits 

A BIG 117bA ABOUT $MAL.I. Tl-llNG$ 

a 

f (a) 

NOW CAL.CUL.U$ INTR017UCb$ A NEW IDEA: NOT JU$T Tl-lb VAL.Ub OF A FUNCTION AT A 
POINT a, BUT Wl-IAT f(x) L.OOK$ L.IKb VERY, VERY CL.OS&; TO a. IN FACT, Wb MAY Bb 
INTbRb'7Tbl7 IN Tl-lb'7b VAl.Ub$ AT NbARBY POINT$ x bVbN Wl-lbN f 1$N'T 17bFINbl7 AT 
Tl-lb POINT a!! 

a+ 0.000001 

a 

a - 0.000001 

BUT Wl-IY? 
JU$T $AYIN' ... 



WHY? TH!; R!;A$0N 
GO!;$ SAlK TO 
NGWTON'$ ANl'7 
L.!;18NIZ'$ 11'7!;A 
ABOUT V'L.O(;ITY. 
($(;!; PP. 7-9.) 

IT PL.!;A$!;$ M!;, 
YOU AGAIN TO 

$!;!;, FRAUL.!;IN! 
A . \ 

TH!;IR 11'7!;A, R!;M!;MS!;R, WA$ THI$: IF s(t) 1$ P0$1TION AT TIM!; t, ANl'7 a 1$ A MOM!;NT 
IN TIM!;, TH!;N WH!;N t 1$ Ni;AR a, TH!; V!;L.OllTY AT TIM!; a 1$ V!;RY lL.0$!; TO TH!; 
"171FF!;R!;Nl!; QUOTl!;NT" f?(t). 

C?Ct) "" s(t) - s(a) 
t-a 

C? 1$ A FUNCTION OF t THAT 1$ 
NOT 1'7!;FIN!;l'7 AT t "" a, BUT I~ 
17!;FIN!;l'7 WH!;N t 1$ N'AR a. A$ 
t Gi;T$ ll..0$!;R TO a, wi; !;XP!;lT 
f?(t) TO APPROAlH TH!; IN$TAN
TAN!;OU$ V!;L.OllTY AT a. W!;'L.L. 
WANT TO WRIT!; 

v (a) ~ Um P(t) 
t-+a 

a 

TM!; KllK L.A$T(;l7 M(;R(; 
MIL.L1$(;lON17$, BUT IT 

l'RTAINLY MA17 vr;r..ot1TY. 

v(a) 

-~~ .. ~ 
~ 

• ---



FOR i;;XAMPLi;;, IT $0 MAPPi;;N$ TMAT ON A RAMP $i;;T AT AN ANGLi;; OF $LlbMTLY MORi;; 
TMAN 11.77 Di;;GRi;;i;;$, A FRllTIONLi;;$$ vi;;1-11tLi;; $TARTING FROM Ri;;$T AT s : 0 WILL ROLL 
DOWN AllORDINb TO TMi;; FORMULA 

l?(t) b1Vi;;$ i;;vi;;RY APPi;;ARANli;; OF APPOAlMINb A LIMIT OF 6 A$ t-3. 

6.01 

3.01 

2..99 



MAYSIO YOU $Tll.l. 170N'T QUITIO 
SIOL..llOVIO IT. YOU lHAl.l.IONblO MIO TO 
MAKIO l/(t) IOVION ll.OSIOR TO 6, 
WITHIN 0.000001, SAY. THAT 1$, 
YOU RIOQUIRIO 

I All!OPT THIO lHAl.l.IONblO. FIR$T, I RIOWRITIO THIO IOXPRI0$$10N 
SY l.ITTINb h ~ t - '3 OR t ~ '3 + h. THION 

11/(t) - 61 < 0.000001 

AN17 I OSSIORVIO THAT AS I.ONG. A$ h 1$ NON
ZIORO AN17 lhl < 0.000001, THION IT 
FOi.i.OW$ THAT, $1Nll0 f?(t) ~ 6 + h, 

lf?(t) - 61 ~ lhl < 0.000001 

I $ATl$FY YOUR 17IOMAN17 AbAIN: A$ 
I.ONG. A$ h 1$ NON-ZIORO AN17 

lhl < 0.0000000001 

Tl.tj;N, A$ Asovi;, 

I Cl/Ct)) - 61 ,,. lhl < 0.000000001 

OR, IF YOU l.IKIO, 

?.9999999999 < l/(t) < 6.0000000001 

6h + h2 

h 

,,. 6 + h WHION h ::/= 0 HM! TRUIO 
IONOUG.H •.• 

SUT YOU'RIO A PIOR$1$TIONT $0-AN17-$0 .•• YOU 
lHAl.l.IONblO MIO AG.AIN: NOW YOU WANT l/(t) 
WITHIN 0.0000000001 OF 6. 

l'VIO bOT A 
Mil.I.ION OF 'IOMI 

YOU 1710l117IO YOU WANT IT IOVION ll.0$IOR, 
SUT YOU 170N'T WANT TO $TAN17 AROUN17 
FIOI0171Nb MIO $MAI.I. NUMBIOR$ Al.I. 17AY ... 

l'M PRIOTTY $URIO 
I HAVIO BITTIOR 
THING.$ TO 170 .•• 



$0 YOU GIVb Mb A GENERAL. CMAL.L.ENGE: "IF I OFFbR YOU ANY $MAL.I.. NUMSbR-lAl..I.. 
IT £, Tl-lb GRbbK l..ITTbR bP$11..0N "-lAN YOU MAKb P(t) WITHIN £ OF 6 SY MAKING h 
$MAL.I..? lAN YOU FORlb IP(t) - 61 < £?" 

YbA!-1 ... 

6 CAN YOU? 

6 - £ 

$1MPl..bl I KNOW THAT P(t) ::. 6 + h Wl-lbN h * 0, $0 I AN$WbR Tl-lb ll-IAl..l..bNGb SY $AYING, 
"l..bT lhl < e." 

NOW YOU'Rb $AT1$Flbl71 I'Vb 
$1-!0WN THAT P(t) lAN Sb MADb 
WITHIN A HAIR OF 6, NO MATTbR 
HOW $1..bNDbR Tl-lb HAIR!!! 

"IT'S TRA171TIONAL.. SORRY! 

IF It - ?I ::. lhl < e, 

TMEN IPCt) - 61 ::. 

IC6+h)-61=

lhl < e. 

AND I'Vb MbT YOUR ll-IAl..l..bNGb. 

UM ... lAN Wb 
NOT TAl..K 

ABOUT HAIR? 



SY NOW, YOU MAY 81; COfllVlfllCl;17 THAT A FUNCTION R!;Al.l.Y CAfll APPROACH A l.IMIT AS x-a, 
!;Vi;fll IF mi; FUNCTION ISfll'T 17i;Flfll!;17 AT TH!; POINT a ITS!;l.F. bRAPHICAl.l.Y. IT l.OOKS l.IK!; 
THIS: Hm f(x) =- L. Mi;AfllS THAT TMG GRAPM y : f(x) MGADS FOR TMG POINT (a, L). i<-a 

IT MAY W088l.i; Al.ONb THI; WAY, SUT IT 
R!;Al.l.Y 1701;$ HOM!; lfll Ofll (a, L.), lfll THI; 
$i;fll$!; THAT IT bi;TS WITHIN ANY TlfllY 
CIRCI.!; AROUf\117 (a, L.) Af\117 STAYS TH!;R!;. 

l.IMITS ARI; i;$Pi;CIAl.l.Y i;ASY Wl-l!;N f IS Oflli; OF OUR Gl..G,\\GNTARY FUNlTION~, POW!;R 
FUfllCTIOfllS, CIRCUl.AR FUfllCTIONS, i;XPOfll!;fllTIAl.S, ANl7 Tl-l!;IR lf11Vi;R$!;$. WH!;N ON!; OF TH!;S!; 
FUfllCTIONS IS 17i;Flflll;17 AT A POlfllT a, mi; bRAPH 6'01;$ Wl-l!;R!; IT OUbl-IT TO bO, NAM!;l.Y 

lim f(x) :: f (a) 
;ie-a 

FOR INSTAfllC!;, 

lim ?Ox =- 100 
"""""2 

lim cos e =- 0 
e~rr/2 

TO Flf\117 TH!; l.IMIT AT a, JUST 
Pl.Ub a lfllTO TH!; FUNCTIOfll! 



AL.MO$T r;\'f;RYTMING (;I.$(; YOU 
Nf;f;l7 TO KNOW ASOUT 1...IMIT$ 
1$ $UMM(;17 UP IN TM(;$(; 

Basic Limit Facts: $UPPO$(; c 1$ A coN$TANT, ANl7 f ANl7 9 AR(; rwo 
FUNCTION$ 17f;FIN(;l7 AROUNl7 a*, WITH 

lim f(x) =- L. ANl7 lim g(x) =- M 
x-a x-a 

TM(;N 

1 a. FOR ANY a, lim C ::. C 
"-a 

b. lim C f(x) =- C lim f(x) 
x-a x-a 

C. lim (f(x) + C) =- lim f(x) + C 
x-a x-a 

2. lim (f(x) + g(x)) =- L. + M 
"-a 

3. lim (f(x) g(x)) =- L.M 
"-a 

4. IF L. * 0, TMf;N lim 
"-a f(x) L. 

IN $MORT, YOU CAN TAK(; TM(; l...IMIT OF $UM$, PR017UCT$, ANl7 QUOTl(;NT$ Tf;RM SY Tf;RM 
(WATCHING OUT FOR Zf;RO 17f;NOMINATOR$), ANl7 toN$TANT$ "PA$$ THROUGH" TM(; l...IMIT 
$YM80L.. 

TM1$ MAK(;$ 
I.IF(; ~0 MUCH 

f;A$1f;R!! 

Example: FOR ANY a * 0, 

"Wb'LL usr; "li'bFINbl7 AROUND a" M $MORTMANl7 FOR "17bFINbli' ON AN OPbN INTbRVAL lONTAININ/7 
a, r;xcr;PT P0$$18LY AT a ITSbLF." 



ACTUAl.L.Y, THi;Ri; ARi; A 
Fi;v/ MORi; THING$ TO 
K~OW ABOUT l.IMIT$ ... 

TO Bj;GIN WITH-TH!; PRj;ll$j; !7j;FINITION OF A l.IMIT! TO 
UN!7j;R$TANl7 THI$, L.i;T'$ R!;Vlj;W WHAT HAPPj;Nj;!7 ON PAbj;$ 
% ANl7 '57 WITH THi; FUNCTION (;>(t) N!;AR t ::. ?. 

lAN YOU MAKG IT WITHIN 0.0001? 

WITHIN 
0.000000001? 

IN G!;N!;RAl. Tj;RM$, IT W!;NT THI$ WAY: YOU lHAl.l.!;NGj;!7 M!; TO lONFINj; l?(t) WITHIN A 
TINY INT!;RVAl. I AROUN17 L. BY MAKING t ll.0$j; TO a. TH!; "RA171U$" (HAL.F-l.j;NGTH) OF THAT 
INTj;RVAL. wi; CAl.l.!;17 e, j;P$1l.ON. YOU !7j;MAN!7!;17 THAT I MAK!; L. - G < l?(t) < L. + G. 

a 

GIVj;N THAT lHAl.l.!;NG!;, I R!;$PON!7j;!7 BY FINDING AN 
INTj;RVAl. J AROUN!7 a, WITHIN WHllH THI$ WA$ TRU!;: 

IF t 1$ IN J, THGN (;>(t) 1$ IN I. 

L. 

I 
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AT THAT POINT, YOU lONti;17i;17 
THAT THi; l.IMIT Rj;Al.l.Y WA$ L.. 



Wb lAN bXPRb$$ TM1$ WITM FORMUL.A$, TOO. I.~'$ U$b f FOR TMb FUNlTION ANl7 x FOR 
TMb VARIASL.b IN$TbAl7 OF P ANl7 t, ANl7 l'L.L. IL.L.U$TRATb IT WITM A bRAPM, $0 YOU lAN $bb 
TM1$ PR0lb$$ IN TWO 171FFbRbNT WAY$. TMb MbANINb 1$ 117bNTllAL.-ONL.Y TMb L.ANbUAbb 1$ 
171FFbRbNT. 

OM, bRbAT ... 
YOU'Rb bOINb 
TO MAKb Mb 

Al7MIT 17bFbAT 
TWll'? 

$0: GN!;N ANY g > 0, YOU ll-IAL.L.(;NG(;l7 M(; 
TO MAK(; lf(x) - L.I < g, 1.i;., TO G(;T mi; 
GRAPl-l WITl-llN Tl-11$ $TRIP AROUNl7 /..: 

IF I lAN Rb$PON17 TO AN g 
lMAL.L.bNbb WITM A S TMAT 
MAKb$ TMAT L.A$T "IF ... TMbN" 
TRUb, TMbN YOU AbRbb TMAT 

lim f(x) :::. L.. 
ic-a 

61 

Wbl..L., IT'$ 
FOR, UM ... 
TMbM ... 

I R(;$PON17(;17 w1rn A P0$1TIV(; NUM8(;R s 
(Tl-IAT'$ mi; RAl71U$ OF mi; INT(;RVAL. J) 
WITl-l Tl-II$ PROP(;RTY: 

IF Ix - al < S, TMbN lf(x) - L.I < e. 

AS$0l..UTbL.Y I 
I l7bl117bl7 TO 
TAKb IT A$ A 

VllTORY! 



H'Rb, THbN, ARb TWO WAY$ 
TO bXPRb$$ THb FORMAL. 

Definition of the limit: $UPP0$' f 1$ A FUNlT10N DbFINj;D AROUND 
POINT a (THOUGH NOT Nj;lj;$$ARIL.Y AT a IT$j;l..F). THj;N TO $AY f MAS TMc; 1..1/t\IT I- AS " 
APPROACMc;S a Mi;AN$: 

Al..G1;9RAI(; Vl;R~ION: 

FOR i;vi;Ry e > 0, THi;Ri; i;X1$T$ A 
NUMBj;R o > 0, $UlH THAT IF 
Ix - al < o THi;N lfC") - L.I < e. 

a-S a+S 

INTl;RVAI.. Vl;R~ION: 

FOR i;vi;RY OPi;N INTj;RVAL. I AROUND L., 
THj;Rj; 1$ AN OPj;N INTj;RVAL. J' AROUND 
a, $UlH THAT IF " 1$ IN J', THj;N f(") 1$ 
IN I. 

Ot.I THE; lt.IT!;RVAL. J, 
f(x) IS "TRAPP!;D" OR 

"lAb!;D" IN I. 

- - - - . L.+e a 

- - - - - . L.-e 

a 

AL.THOUGH I PRi;Fi;R THi; INTj;RVAL. PllTURi;, 
n1i; AL.Gi;BRAll Vj;R$10N 1$ THb ONi; YOU $i;i; 
IN AL.I.. THi; Tj;XTBOOK$, THi; oNi; Rj;llTj;D IN 
A MANTRA-1..IKj; DRONi; BY Gj;Nj;RATION$ OF 
lAL.lUl..U$ $TUDj;NT$, UNTIL. IT j;ITHj;R $INK$ 
IN, OR j;l..$j;, YOU KNOW, IT D0j;$N'T. 
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"FOR i;¥j;RY 
j;P$11..0HHMMMM ... " 



TO $(;(; MOW Tl-I(; D(;FINITION 
WORK$, L.bT'$ PROV(; $OM(; 
OF TM(; SA$1l L.IMIT FAlT$ 
ON PM.(; 79. 

lJ.l(;lK 
TMIS 
OUT! 

FOR ,;v,;RY (;P$1L.ON, Tl-l!;R(; 
(;X1$T$ A D(;l.TA •.• FOR bV!;RY 
,;PSl~ON, TJ.l(;R(; (;X1$T$ A 
D(;L.TA ••. FOR bV(;RY (;P$1L.ON, 
TJ.l(;R(; ,;.x1srs A D(;l.TA .•. 
FOR bV(;RY .•. 

Limit Fact 1 b. 1F Um fCx) = /.., TMr;N Um c fCx) = CJ.. w1-1r;N c 1$ A tON$TANT. 
x-a x-a 

PROOF: GIV(;N e > 0 (Tl-IAT'$ MOW 
TJ.1(;$(; PROOF$ A~WAYS $TART), wi; 
MOP(; TO FIND A NUMS(;R S > 0 
$Ull-I Tl-IAT IF Ix - al < S, TJ.l(;N 
ICf(x) - C/..I < e. wi; NOTll(; Tl-IAT 

I Cf Cx) - CJ.. I = ICll f Cx) - /..I 

$0 IF 

e 
lfCx) - /..I< -

ICI 

wi; $!-IOUL.D GbT Wl-IAT wi; WANT. SUT 
lAN wi; TRAP f(x) IN Tl-IAT £ !ICI 
INT(;RVAL.? AN$W(;R: OF COURS,; w,; 
CAN! SY D(;FINITION OF Tl-I(; l.IMIT, W(; 
lAN TRAP f(x) IN ANY $MAL.I. INT(;RVAL. 
SY U$1NG $OM(; SOR OTJ.l(;R ... TJ.11$ 1$ 
TM(; K(;Y TO Tl-I(; WI-IOI.(; lONl(;PT! 

$0 TAK(; S $Ull-I Tl-IAT 

e 
IF Ix - al < S, TJ.l(;N lf(x) - /..I < -

ICI 

IN Tl-IAT lA$(;, IF Ix - al < S, TJ.l(;N 

ICfCx) - C/..I = ICI lfCx) - /..I 
e 

< ICI- = e 
ICI 

$0 Cf(x) 1$ lM.(;D WITHIN e OF C/.., AND 
TM(; PROOF 1$ lOMPL.bT(;. 

Q. -(;.-D(;(;Dl.Y
DUM-D(;-D(;(; I 



$0MG FURTHGR L.IMIT FAlH DGPGND ON THG FOL.L.OWINb PRGL.IM
INARY THGORGM, OR L.GMMA, A$ MATHGMATlllAN$ WOUL.D lAL.L. IT. 

Lemma 1: $UPPO$G Hm f(Y.) .,,. Hm g(x) .,,. 1... 
x-a x-a 

IF I 1$ ANY OPGN INTGRVAL. AROUND J.., THGN THGRG 1$ A SINGLI; 
OPGN INTGRVAL. J AROUND a ON WHllH ~OTM f(x) AND g(x) ARE; 
TRAPPGD IN I. 

PROOF: BY DGFINITION, THGRG 1$ AN OPGN INTGRVAL. Jf 
AROUND a WHGRG f(x) 1$ lONFINGD TO I, AND ANOTHGR 

(P0$$1BL.Y DIFFGRGNT) OPGN INTGRVAL. J9 AROUND a WHGRG 

g(x) 1$ lONFINGD TO I. 

THGN THG INT!;R~r;cnoN OF Jf AND Jg, THAT 
1$, AL.L. POINT$ lOMMON TO THG TWO INTGRVAL.$, 

1$ AL.$0 AN OPGN INTGRVAL. J AROUND a. IF X 1$ 

IN J, THGN BOTH f(x) AND g(x) ARG IN I, AND 

THG PROOF 1$ lOMPL.bTG. 

Lemma 2: $UPPO$E; Hm f(x) .,,. Hm g(x) .,,. o. niE;N 
x-a x-a 

Hm f(x)g(x) : Hm f(x) + Hm g(x) : 0 
x-a x-a x-a 

PROOF: blVGN £ > 0, BY L.GMMA 1 THGRG 
1$ AN INTGRVAL. J AROUND a $UlH THAT IF 
x 1$ IN J, THGN 

£ £ 
lf(x)I < 2 AND lg(x)I < 2 

IF X 1$ IN J, THGN, 

lf(x)+g(x)I s lf(x)l+lg(x)I < ~ + ~: £ 

£2 
lfCx)g(x)I : lf(x)l·lgCx)I < 4 < £ 

AND THE; PROOF 1$ lOMPL.bTG. (WG A$$UMGD 
£ < 1 HGRG, BUT THAT'$ O.K.) 
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wi;;; L.GAVG l..IMIT TMG PROOF OF FAlT$ 1a AND 1 c A$ AN GA$Y GXGRCl$G FOR YOIJ, 
RGADGR ••• A$$1JMING TMGM TO BG TRIJG, WG NOW PROVG FAlT$ 2 AND 3. 

Limit Fact 2. 1F Hm fCx) = L. AND Hm gCx) = M, TMGN 
x-a x-a 

lim (f(x) + g(x)) = L. + M 
IC-a 

PROOF: APPL.Y L.GMMA 2 TO TMG FIJNCTION$ f - L. 
AND g - M. TMG$G BOTM MAVG l.IMIT 0 A$ X--+a, BY 
FACT 1c. $0 

0 = lim ((f(x) - L.) + (g(x) - M)) BY L.GMMA 2 
IC-a 

= lim ((f(x) + g(x)) - CL. + M)). 
IC-a 

= [lim (( f(x) + g(x))] - (L. + M) BY FAlT 1c, $0 
IC-a 

lim ((f(x) + g(x)) = L. + M. DONG! 
IC-a 

Limit Fact 3. 1F Hm f(x) = L. AND Hm g(x) = M, TMGN 
x-a x-a 

lim (f(x) g(x)) = L. M 
IC-a 

PROOF: AGAIN APPL.Y L.GMMA 2 TO TMG FIJNCTION$ f - L. AND g - M, 
WMICM BOTM MAVG l..IMIT 0 A$ X--+ a. 

0 = lim [(f(x) - L.) (g(x) - M)] (BY L.GMMA 2) 
IC-a 

:: lim [f(x) g(x) - l-g(x) - Mf(x) + l-M] (JIJ$T AL.GGBRA) ,._a 

Q. i;;;. DOODL.Y-DGG! 

= lim f(x)g(x) - lim L.g(x) - lim Mf(x) + L.M (BY FACT$ 2 AND 1a) 
x-a x-a x-a 

= lim f(x)g(x) - L.M - L.M + L.M 
IC-a 

= lim f(x)g(x) - L.M, $0 
IC-a 

lim f(x)g(x) = L.M. DONG AGAIN! 
IC-a 

(BY FAlT 1b) 

Tl-H;; PROOF OF l..IMIT 
FAtT 4 1$ 1..1;;FT TO 
nu;;; PR08l..{;M $i;;;T$ ... 



More Limit Facts ABOUT P0$1T1Vb (ANt7 NbbATIVb) FUNlTION$ ANt7 n1i;1R 
L.IMIT$, Pl.U$ $0Mi;THINb i;1,.$i; TO lMbW ON .•. 

Sa. 1F Um fCx) = L. > o, TMi;N f(x) > o 
ic-a 

ON $OMi; INTi;RVAL. j AROUNt7 a. 

PROOF: L.i;T I si; ANY OPi;N INTi;RVAL. TMAT 
lONTAIN$ /.. BUT i;Xt:L.Ut7i;$ 0. SY THi; t7i;FINITION 
OF A l.IMIT, TMi;Ri; 1$ AN INTi;RVAL. j AROUNt7 a 
ON WHllM f(x) 1$ AL.WAY$ IN I. $1Nli; I 
lON$1$T$ i;NTIRbl..Y OF P0$1T1Vb NUM8i;R$, mi; 
PROOF 1$ lOMPL.i;Ti;. 

Sb. IF /.. < 0, THbN THbRb 1$ AN INTbRVAL. 
AROUND a ON WHllH f (x) < 0. THI$ 

FOL.L.OW$ SY APPL.YINb ?a TO -f. 

Sc. 1F f(x) ;;:: o FOR AL.I. x oN $OMi; 
INTbRVAL. AROUNt7 a, THi;N Um f(x) ;;:: 0 

ic-a 
(IF THi; l..IMIT i;X1$T$). 

PROOF: IF THi; L.IMIT wi;Ri; Ni;bAT1vi;, 
THbN SY ?b, wi; lOUL.t7 F1Nt7 AN INTi;RVAL. 
AROUNt7 a WHi;Ri; f(x) WA$ Ni;bAT1vi;, 
lONTRARY TO mi; HYPOTMi;$1$. 

Sd. $AMi; A$ ?c, WITM ;;:: Ri;PL.Ali;t7 
TMROUbHOUT SY :5 . 

NOTi;: wi; lAN NOT lONlL.Ut7i; THAT A 
P0$1T1Vi; FUNlTION MA$ A P0$1T1Vb 1..IMIT, 
ONL.Y A NON-Ni;bATIVb l.IMIT. FOR i;XAMPL.i;, 

1$ AL.WAY$ P0$1T1Vb, BUT 

Hm f(x)=O. 
ic-o 
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" TRAN$1.ATION OF ?a: A FUNCTION 
WITH A P0$1TIV(; LIMIT AT a MU$T 
S(; P0$1TIV(; N(;AR a. 

a 



AND FINAL.L.Y, Tl-11$ TMTY R!;$UL.T: 

Sandwich Theorem: 1F gCx) s fCx) s hCx) FoR At..t.. x 1N $OMi;; 1NTi;;RvA1. 
AROUND a, AND lim g(x) ::. lim h(x) ::. /.., TH!;N lim f(x) ::. /.. AL.$0. 

x-a x-a x-a 

M THI; 8R!;AD 
GO!;$, $0 GO!;$ 
THI; PA$TRAMI! 

PROOF: GIV!;N ANY lHAL.L.!;NG!; 
INT!;RVAL. I AROUND /.., OUR 
H!;L.PFUL. L.i;;MMA 1 $AY$ TH!;R!; 1$ 
AN INT!;RVAL. J AROUND a WH!;R!; 
90TM g(x) AND h(x) ARI; 
lONFIN!;D TO I. 

FOR !;V!;RY x IN J, TH!;N, f (x) 

MU$T AL.$0 81; IN I, 8!;lAU$!; f(x) 
L.11;$ gi;;rwi;;i;;N g(x) AND h(x). 
THI$ Mi;;AN$ lim f(x) ::. /... 

:ic-a 

ON A GRAPH, YOU $!;;!;; HOW f 1$ 
$ANDWllH!;D 8!;TW!;!;N 9 AND h, 
AND $0 1$ $QU!;!;Z!;D TOWARD 
THI; POINT (a, /..). 

y:.h(x) 

y:.f(x) 

y:. 9(x) 
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g(x) 



WHOO! AL.L. THAT 
TH!;ORY! lAN WI; 

TAKI; A BR!;AK NOW? 
Yi;$... L.i;T'$ TAKI; 
A $HORT, lJM, 
INT!;RVAL. ... 

THI; $ANDWllH TH!;OR!;M GIV!;$ lJ$ OlJR FIR$T $lJRPRl$1NG R!;$lJL.T INVOLVING AlTlJAL., lJ$i;FlJL. 
FlJNlTION$. L.!;1"'$ lOMPAR!; AN ANGL.i; WITH IT$ ~INi;. 

AN ANGL.!; e (IN RADIAN$!) 
1$ THI; L.!;NGTH OF THI; 
ARl IT $W!;!;P$ OlJT IN A 
lJNIT llRll.!;, WI-Ill.I; sin e 
1$ THI; V!;RTllAL. l.!;G OF 
THI; TRIANGL.!; OAP. A$ e 
$HRINK$, THI; ARl 1$ L.!;$$ 
llJRV!;D, $0 THI; D1$lR!;P
ANlY BbTW!;i;N $IN!; AND 
ANGL.!; $l-IOIJL.D Bl; L.!;$$. 
WHAT HAPP!;N$ WH!;N 
e-o? 

IT'S $0 1-!ARD TO 
%!; ... IOVt;RYTl-llNb 

1$ $0 SMAL.L. ... 

e 

A 



IN FAlT, TMf;Y Bf;lOMf; INDl$TINblJ1$MABL.f;. wr; NOW $MOW THI$ f;)(lf;L.L.f;NT Rf;$lJL.T: 

Um sin 9 :: 1 Q' 
e-.o 9 

PROOF: $lJPPO$(; TM(; ANbL.(; llJT$ TM(; llRlL.(; AT POINT Q. 
f;)(Tf;ND TM(; I.IN(; OQ TO TM(; POINT Q' DIRf;lTL.Y ABOV(; P', 
WM(;Rf; TM(; llRll..f; MIT$ TM(; x AXI$. TMf;N OP "" cos e, 
QP = sin e, AND OP' = 1. g-

Bf;lAlJ$(; TM(; TRIANbl..(;$ OPQ AND OP'Q' 
AR(; $1MIL.AR, IT FOL.I.OW$ THAT 

P'Q' "" P'Q' "" PQ "" sine 
OP' OP cose 0 cos e 

::s 

.5 
"' 

p P' 

NOW TM(; AR'A OF TM(; $f;lTOR OP'Q 1$ $1MPL.Y e/1. (IN RADIAN$, Rf;Mf;MBf;R!), $0 TM(; 
ARf;A$ OF TM(; $MAL.I.. TRIANbL.f; OPQ, TM(; $f;lTOR, AND TM(; L.ARbf; TRIANbL.f; OP'Q' FORM 
THI$ $ANl7WllM OF INf;QlJAL.1Tlf;$: 

1 • 1 1 sine 
-sin ecos e < -e < ---
2. 2 2 cos e 

DIVIDING BY ~sin e (WMllM 

1$ NOT Zf;RO!) b1Vf;$ 

e cose < < --
sine cose 

TURNING (;Vf;RYTMINb ON IT$ Mf;AD 
R(;Vf;R$(;$ TM(; INf;QlJAL.1Tlf;$: 

sine cose < < --
e cose 

Q-E
DOODL.Y

D(;(;! 

A$ e-o, TM(; POINT P $I.ID(;$ TOWARD P', $0 cos e (AND Mf;Nlf; 1 /cos e) BOTH MAV(; 

L.IMIT f;QlJAL. TO 1. TMf;Rf;FORf;, BY TM(; $AN17WllM TMf;ORf;M, $0 DO(;$ (sin e)/e, AND 
Wf;'Rf; DON(;! 

69 



Limits at Infinity, Infinite Limits 
$0Mi;T1Mj;$ IN t::At..lUL.lJ$ Wj;'Rj; INTj;Rj;$Tj;D IN Vj;RY L.ARGi; THING$ A$ wi;1..1.. A$ Vj;RY $MAL.I.. 
0Nb$. wi; MAY, FOR bXAMPl..j;, WANT TO $TUDY HOW A FUNt::TION SbHAVb$ IN Tl-lb L.ONG 
RUN, A$ "x-+ oo." HbRj;'$ ONb THAT APPROAlHb$ A L.IMIT OF ? A$ x GROW$ L.ARGb. 

- - ---------? 

1J =--
x2 + 2. 

$0Mi;T1Mb$ A FUNlTION "SL.OW$ UP TO oo• 
AT A POINT a, MbANING Tl-lb VAL.Ub$ OF f (x) 
GROW WITHOUT SOUND A$ x-+a. HbRb'$ ONj; 
THAT SL.OW$ UP Nj;AR x ::. 2: 

1 
f(x) """ 

(X - 2.)2 

Wb $AY THi; L.IMIT 1$ INFINITll:, AND Wb WRITb 

Um f(x) 
x-2 

TO INFINITY 
AND Bj;YOND, 
j;M, GONlt::K? 

:: 00 

T$K ... 
TMAT'$ JU$T 

FOR lARTOON 
lMARAlTIOR$ ... 
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IT'$ 
l!ORTAINLY 

GOIN(;. 
t;OM'

WM'R, ... 



nu; PR!;;l1$!;; M!;;ANINb 
OF lim f (x) = oo 1$ 

"~a 

TM1$: blV!;;N ANY L.ARb!;; 
NUMB!;;R N, TM!;;R!;; 1$ 
AN INT!;;RVAL. J AROUN!7 
a $UlM TMAT f(x) > N 
WM!;;N!;;V!;;R x 1$ IN J, 

RIOMIOMBIOR, bOINb "TO 
INFINITY" RIOAl..1..Y MIOAN$ 
bOINI? AWAY FROM 
IOVIORY OTHIOR NUMBIOR! 

a 

t 
I 

I 
N 

wi;; lOUl..17 JU$T A$ wi;;1..1.. ~A.Y 

TMAT FOR i;;vi;;RY INT(;RVAL I 
AROUND oo, TM!;;Ri;; 1$ AN 
INT!;;RVAL. J AROUN!7 a $UlM 
TMAT f (x) 1$ IN I WM!;;NIOV!;R 
X 1$ IN J, 

$0UN17$ FAMIL.IAR ... 

IN A $!MIL.AR WAY, A FUNCTION'$ "L.ONb-T!;;RM" B!;;MAVIOR lAN $0Mi;;TIM!;;$ si;; 17!;;$lRl8i;;!7 A$ A 
l..IMIT A$ X-+ oo. FOR i;;XAMPI..!;;, ™' FUNlTION g(x) : 1 /x 1$ !7!;;lR!;;A$1Nb, ANl7 IN FAlT, IT 
bi;;T$ ARBITRARIL.Y ll..0$1;; TO Z!;;RO A$ X bROW$ WITMOUT 80UN!7. WI;; WRIT!;: 

Um ! = 0 
.ll:-ooo "' 

MAYS!; BY NOW YOU KNOW TM!; 
MANTRA TO !7i;;FIN!;; lim f(X) : L.: 

"-co 

FOR !;;Vi;;RY INT!;;RVAL. I AROUNl7 I.. 
(l.i;;., FOR !;;Vi;;RY e>O), 

TM!;;R!;; 1$ AN INT!;;RVAL. J AROUN!7 oo 
. (1.i;;., IOV!;;RYTMINb bR!;;AT!;;R TMAN $OM!; 

NUMB!;;R N) $UlM TMAT 

IF x 1$ IN J (x > N), TM!;;N f (x) 
1$ IN I ClfCx)-L.I < e) 

- --- - -~~---;,,;;;;;,,;;;;;.;;;;;;..=.;;;;;;;,,,;;;;;;;;;..;;;;;;;.,;;.;;;;;;;..;;;;.;;;;;;.;;;;.;;;;;.;;;; - . 

N -------- 1·-------=-~ 
WMION X> N, f(x) 1$ WITMIN g OF TMIO 1..IMIT. 
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Polynomials at Infinity 
W~ ll.OSG THIS lHAPTGR BY SHOWINI? HOW POL.YNOMIAL.$ /?ROW AT INFINITY. IN GFFGlT, A 
POL.YNOMIAL. OF 17Gl?RGG n GROW~ A~ IT~ L.EADIWG TERI" anxn AS x- oo. ALL. THG 
L.OWGR-ORl7f;R TGRM$ BGlOMG RGL.ATIVGL.Y NGl?L.11?181..G. 

YOU'RG 
Bf;NGATH 
NOTllG ... 

Polynomial growth theorem: suPPosG PCx) ANl7 QCx) ARG Po1..YN0M1A1..s 
OF 17Gl?RGG n ANl7 m, Rf;SPGlTIVGL.Y: 

PCx) "'" anxn + an-1 "n-1 + ... + ao 

Q( ) b m b m-1 b ( b 0) 
X "'" m X + m-1" + ... + 0 an• m * 

THGN 

1 . P(x) an 
• IF n ::. m, THGN hm -- ::. 

"-co Q(x) bn 

2. IF n < m, THGN lim P(x) ::. 0 
"-co Q(x) 

IN MATH$P(;AK, WE; SAY TH(; 
POL.YNOMIAL. OF Hll?H(;R 
17E;GR(;(; DO"'INATi;~ THE; 
POL.YNOMIAL. OF L.OW(;R 
17(;GR(;(;. 

3. IF n > m, ANl7 an ANl7 bm HAVG THG SAMG 
$1/?N (I.(;., BOTH + OR BOTH - ), THGN 

l . PCx) 
1m -- ::. oo 

"-co Q(x) 

Examples: 

lim ?x2 + x + ?O 
"-co 2x2 + 900x + 1 

AN17 -oo WHGN an AN17 bm 
HAVG OPP0$1TG $1/?NS. 

? 
::. 

2 

(NUME;RATOR ANli' li'(;NOM
INATOR HAVE; THE; SAME; 
li'(;GR(;(;, 2.) 

lim 4?0x4 + 0x"3 + ?O ::. 0 
(17E;GR(;(; OF NUME;RATOR 
IS l.(;$S THAN 17(;GR(;(; OF 
li'(;NOMINATOR.) 

"-co "9 + " + 1 
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PROOF OF 1: A$$UM{; n -=- m. 8{;lAU${; A POl..YNOMIAI.. MA$ A FINIT{; NUMS{;R OF ROOT~. 
Q(x) :1= 0 WM{;N x 1$ 1..ARb{; {;NOUbM, $0 TM{; FUNlTION PIQ 1$ D{;FIN{;D ON AN INT{;RVAL 
AROUND oo. TM{;N FOR l..ARb{; x W{; lAN WRIT{; 

an-1 ao 
P(x) P(x)/xn 

a+- + ... +" n X x 
::. ::. 

Q(x) Q(x)/xn 
b bn-1 bo 
+- + ... +---n n 

x x 

NOW W{; lAN TAK{; TM{; l..IMIT T{;RM SY T{;RM M x- oo, 
AND $1Nl{; bV{;RYTMINb 6>0{;$ TO Z{;RO {;Xl{;PT an AND bn, 
TM{; R{;$Ul..T FOl..1..0W$. 

1 1$ A lON${;QU{;Nl{; OF 1. IF n < m, $AY, TM{;N FOR l..ARb{; {;NOUbM x, 

P(x) 

Q(x) 

anxm + ... + aoXm-n 
::. xn-m -------

W{; JU$T $MOW{;D TMAT TM{; 
${;lOND FAlTOR MM TM{; 
FINIT{; l..IMIT an lbm A$ 
x- oo. $1Nl{; lim x"-m ::. 0, 

;i<-oo 

TM{; PRODUlT MM l..IMIT 0. 
PART ~ 1$ PROV{;D IN MUlM 
TM{; $AM{; WAY. 

TM{; lM{; Q(x) ::. 1 IMPl..1{;$ TMAT ANY POl..YNOMIAI.. P (I.{;., TM{; NUM{;RATOR) MA$ 
AN INFINITc; ~l,\\IT A.T INFINITY. POl..YNOMIAI..$ lAN'T 0$lll..l..AT{; (W0881..{;) FORbV{;R, 

8UT MU$T ZOOM OFF bV{;NTUAl..l..Y. 

lim P(x) ::. 00 IF TM{; l..{;ADINb lO{;FFlll{;NT 1$ P0$1TIV{;. 
;i<-oo 

lim P(x) ::. - oo IF TM{; 1..{;ADINb lO{;FFlll{;NT 1$ N{;bATIV{;. 
;i<-oo 



No Limit 
Fl NAL.L.Y, I MAV(; TO I..~ 

YOU IN ON A L.ITTL.(; 
$i;lR~ ... $0M~IM(;$, 
TH(;R(; 1$ NO L.IMIT ... 

FOR l:XAMPI..(;, N"TM(;R TM(; $1NI: NOR TMI: l0$1N(; MM A L.IMIT A$ X--+ oo. BOTM FUNCTION$ 
0$lll..L.AT(; Bi;;TWl:(;N -1 AND 1 FOR(;Vl:R A$ x 6-~$ L.ARb(;. blV(;N ANY $MAL.I.. lMAl..l..(;Nb(; 
l~T(;RVAL. AROUND ANY NUMBl:R, TMI: VAl..U(;$ sin x AND cos x R(;P(;AT(;DL.Y 1:$lAP(; TMAT 
l~T(;RVAL.... AND $0 Nl:ITM(;R FUNlTION lAN APPROAlM A L.IMIT A$ X--+ oo. 

IT 1$ Al..$0 P0$$1BI..(; FOR A FUNlTION TO 
MAVI: NO L.IMIT AT A FINITI: POINT a. TM(; 
MON$T(;R 

g(x) =- sin(~). x-:1=0 

WIG-bl..(;$ UP AND DOWN (;V(;R MOR(; WIL.DL.Y 
A$ x-0. 9 MA$ NO L.IMIT AT x =- 0. 

74 

I 

POINT$ OUT$117(; I 

BUT TM(;$(; "BAD DOG-$" AR(; RAR(;, AT 
L.(;A$T IN TM1$ BOOK. lAL.lUL.U$ 1$ AL.I.. 
BA$(;D ON TAKING TMING-$ TO TM(; L.IMIT, 
$0 W(;'l..L. Bl: L.OOKINb AT FUNlTION$ 
WM(;RI: TM(; L.IMIT (;X1$T$ ... YOU lAN 
(;XPl:lT NOTMINb BUT GOOD DOG-$ FROM 
NOW ON. 



AND FINDINb L.IMIT$ 1$ !;A$Y, OFT!;N !;NOUbH. 
A$ wi; $AID ON PAb!; 70, FINDINb Hm f(x) 

"-a 
OFT!;N INVOL.V!;$ NOTHINb MORI; THAN 
Pl.UbblNb a INTO f: & 

l . sin x 
tm--

"-o " 

l . PCx) 
tm-

"-oo Q(x) 

UM ... I 
WOUL.DN'T ... 

Hm .! : _!_ 
X-+9 X 9 

Hm sin e : sin 4 
9 ..... 4 

AND $0 ON ... 

BOTH OF THI;$!; FUNCTION$, NOT lOINllD!;NTAL.L.Y, ARI; QUOTl!;NT$ ... THI; D!;NOMINATOR 6-01;$ 
TO Z!;RO OR INFINITY ... NO WOND!;R TH!;Y'R!; lHAL.L.!;NblNb! YOU lAN'T $1MPL.Y Pl.Ub IN!! 

010 WIL.L. 
DO THAT 
TO YOU ... 

IN THI; N!;XT 
lHAPT!;R, wi; 
L.OOK AT 
NOTHINb BUT 
L.IMIT$ OF 
QUOTl!;NT$ ... 



Problems 
FINC7 THG l.IMIH: 

1. lim 3x 
X--+2 

2. lim C?x + C), CA lON$TANT 
x-2 

x3 +x+1 3. lim----
x-00 4x3 + 17 

3 2 1 4 l . x + x + . 1m .., 
x--+-oo 9x~ + 9 

?. lim 2ln t 
1:-e• 

6 l. cos x 
. 1m-

x-oo x - 1 

1 l . x 2 + x - 2. 
. im----

x-+1 X - 1 

HINT: $U8$TITUTG y :: 1/(x - 1) ANC7 FINC7 THG l.IMIT A$ 
y- ex>. Al.TGRNATIVGl.Y, I.GT h :: " - 1 ANC7 FINC7 THG 
l.IMIT A$ h-0. 

n i· sin 2x 
u. im---

x ... o x 

HINT: U$G A TRIG IC7GNTITY FOR sin 2.x . 

9 l . sin x 
. 1m-

x ... o x2 

10. lim x sin c.1) 
X--+0 X 

HINT: U$G THG $ANC7WllH THGORGM. 

11. ON p, 19, wi; C7GFINGC7 THG FUNlTION f(x) :: [x] TO si; THG WHOl.G NUMSGR PART OF "· 
THAT 1$, THG l.ARGG$T INTGGGR S x. HGRG 1$ THG GRAPH OF THG FUNlTION g(x) :: " - [x ]. 
C70G$ lim (x - ["]) GX1$T? HOW ASOUT lim (x - [ x J) FOR ANY I NTGGGR n ? 

x-2 x-n 

IF WG APPROAlH n FROM THG l.(;FT, g(x)-1. IF WG APPROAlH n FROM THG RIGMT, g(x)-0. 
THI$ $UGGG$T$ THG IC7GA OF HAVING RIGMT-MAND ANC7 !.(;FT-MAND 1.1,Y.IT~. 1:70 YOU THINK THI$ 
1$ A GOOC7 IC7GA? MATHGMATlllAN$ 1:70 ... ANC7 THGY WRIT!; THGM l.IKG THI$: 

lim g(x) TH{; l.IMIT FROM TH{; l.GFT. 
x-a-

lim g(x) TH{; l.IMIT FROM TH{; RIGHT. 
x-a+ 

OPTIONAi. PROSl.GM: 
WORK OUT THG 

C7GTAI l.GC7 C7GFI NITION$ ! 

11. SUPPO$G f 1$ ANY FUNlTION, 
WITH lim f(x) :: 1- ANC7 1- ,,,_ 0. 

13. $HOW THAT THIS IMPl.IG$ THAT IF X 1$ IN J, THGN 

X--+a 

U$1NG THG C7GFINITION OF THG 
l.IMIT, PROV!; THAT THGRG 1$ AN 
OPGN INTGRVAl. J AROUNC7 a 
SUlH THAT IF X 1$ IN J, THGN 
lfCx)I > IL./21. 

I _1_ - ]_I < 2lf(X) - L.I 
f(x) L. L.2 

$HOW HOW THI$ IMPL.11;$ THAT 

1 

L. 
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Chapter 2 
The Derivative 

PICKING UP $Pf;f;l7 

Now wr;; coMr;; To n1r;; Mf;ART oF CALCUL.U$: A FUNCTION'$ RAT(; OF CMANGr;. A$ AN 
f;XAMPL(;, TAK(; TM(; FUNCTION s(t) ::. t2·, WMICM 17f;$CRl8f;$ A CAR ROLLING DOWN A RAMP. 

r;;vr;;RY8017Y 
Rf;Al7Y? 

wr;; CAN $(;(; TM(; FUNCTION s IN AT Lf;A$T TWO WAY$: 

1. s (;AT$ INPUT$ t FROM A 
TIMf;LINf; ANl7 POINT$ TO 
TM(; CAR'$ P0$1TION s(t) 
ON TM(; TRACK. 

77 

2. TM(; GRAPM y ::. s(t), IN TMI$ 
CA$(; y ::. t2, A PARABOLA. 

s(t) 

t 



H'R' AR' THR'' WAY$ 
TO THINK OF TH' C.AR'$ 
V'l.OllTY IN T'RM$ OF 
TH' FUNC.TION s. 

1. IN TH' TIM,1.IN' PIC.TUR,, IT 
1$ $1MPl.Y TH' V'l.OC.ITY OF TH' 
FUNC.TION'$ ARROW~U:AD A$ IT 
MOV,$ Al.ONG TH' s AXI$! TH' 
ARROWH,AD C.OINC.ID,$ WITH TH' 
C.AR, $0 n1'Y HAV' TH' $AM' 
V't.OC.ITY. 

t 

2. AT TIM' t ::. a, ™' V'l.OC.ITY v (a) 1$ 

( ) l . s(t) - s(a) 
v a ::. 1m 

t-a t - a 

A$ W' $AW ON PAG' ?4. TH' AVGRAGG 
V't.OC.ITY ON TH' INT,RVAI. (a, t) AP

PROACH,$ TH' INSTANTANGOUS V'l.OC.ITY 
A$ TH' TIM' INT,RVAI. G~$ $HORT'R AND 
$HORT,R. A$ 8,FOR,, w' $~ h ::. t - a 
AND R'WRIT' TH' DIFF'R'NC.' QIJOTl,NT: 

s(a + h) - s(a) 

h 

TH'N TH' 1.IMIT TAK,$ TH' FORM 

I' ) r· s(a + h) - s(a) v\a ~ tm 
1i-o h 

IN™' C.A$' AT HAND, WH'N s(t) ::. t2·, w' 
C.AN AlTUAl.1.Y ~Al.UAT' THI$ 'l<PR,$$10N: 

. (a + h)2 - a2 
v (a) = hm ----

h-o h 

l . a2 + 1..ah + h2 - a2 
::. 1m ~------

h-o h 

= lim C2a + h) 
h-o 

..,. 2.a 
THI$ 1$ TH' CAR'$ 
V'l.OC.ITY AT TIM' 
t::. a. 
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3. ON nu; GRAP!-! y ::. s(t), 
Tl-It; V!;l.OllTY v (a) AT TIMI; a 1$ 
Tl-It; SL.OPI; OF TMli: GRAPM AT 
t: a. 

L..fN!;$ HAV!; 
$L..OP!;$, I KNOW, 
BUT CURVb~? I 

DON'T swi;vi; IT! 

TRY WAL.KING UP ON!;, 
Tl-l!;N T!;l...l... Mi; THAT ... 

T!-11$ 1$ TRUt; 8!;lAU$t; Wt; 
Dli:FINI; Tl-It; $1.0Pt; OF A 
lURV!; A$ Tl-Ii; 1..11'\IT OF 
$I.OP!;$ OF I.IN!;$. Tl-I!; RATIO 

s(a + h) - s(a) 

h 

1$ Tl-I!; $1.0P!; OF Tl-I!; I.IN!;, 
OR CMORD, JOINING TWO 
POINT$ ON Tl-I!; lURV!;: 
P::. (a, s(a)) At.Iii' 
Q::. (a+h, s(a+h)). 

s(a+h) 

s(a) 

I 
I 

I 
I 

s(a) r 
l 

t 
a 

s(a + h) - s(a) 

h 

··-··-·······•-··············· ·······----····-•·······---······-· 

a a+h 

A$ h-0, Q $1..1171;$ TOWARli' P, At.Iii' Tl-I!; $l.OP!;$ OF Tl-It; ll-IOR1i'$ PQ, PQ', PQ", i;Tl., 
APPROAll-I A L.IMITING VAL.Ut;, Wl-llll-I Wt; INTt;RPRi;T M Tl-It; SL.OPI; OF TMli: CURVI; AT Tl-Ii; 
POINT P. IF s(t) ::. t 2 , wi; JU$T FOUNli' Tl-IAT Tl-!1$ $1.0P!; 1$ v(a) ::. 2.a. 

a 
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v (a)::. $l...OP!; OF 
TAN6!;NT L..fN!; TO y::. s (t) 

AT t::.a. 



DO YOU Rf;Al..IZf; WHAT wr;vr; JU$T 
Df;RIVf;D? OUR Rf;$Ul..T 1$ TMAT TMf; 
$1..0P!; OF TMf; GRAPH y :::. t2 AT 

™' POINT (a, a2 ) 1$ 

2.a 
NO MATTf;R WHAT VAL.Ur; OF a. 

y 

$1Mll..AR Rf;A$0NING FIND$ TMr; $1..0Pf; OF TMr; GRAPH OF ANY POWER FUNCflON y :::. tn 
(n Bf;ING A P0$1T1Vf; INTf;Gf;R) AT A POINT P :::. (a, an). A lMORD Bf;TWf;f;N P AND A 
Nf;ARBY POINT Q :::. (a + h, (a + h) n) MA$ $1..0Pf; 

DOf;$ TM1$ MAVf; A l..IMIT A$ h-+ 0? 
BY Al..G!;BRA, wr; lAN f;X.PAND: 

WMf;Rr; TMf; l0f;FF1llf;NT$ Ci AR(; lON$TANT$ 
INVOl..VING POWf;R$ OF a. $UBTRAlTING an AND 
DIVIDING BY h, Wf; Gr;T 

(a + h)n - an n-1 C h C h2 hn-1 :::. na + 2 + '3 + ... + 
h 

AL.I. Tf;RM$ AFTf;R TM(; FIR$T MAVf; 1..IMIT 0 
A$ h-+0, $0 

(a + h)n - an 
Hm-----h-o h 

00 

NOT(;: TMf; Vf;RY 1..A$T 
$Tf;P U$f;D l..IMIT FUT 1: 

TM(; l..IMIT OF A $UM 1$ 
TM(; $UM OF TM(; l..IMIT$! 



A$ WG'VG JU$T $GGN, T!-11$ $1..0PG lAN BG INTGRPR~Gl7 A$ A Vbl..OllTY. FOR GXAMPL.G, IF A 
ROlK~ lAN BL.MT Al-IGAl7 $0 FA$T Tl-IAT s(t) "" t 7, Tl-IGN AT ANY TIMG a, Tl-IG ROlK~ I-IA$ 
VGL.OllTY v(a) "" ?a4. 

a s(a)::o a? 

-2 -32 ?C-2)4 ::o C?H16) ::o 00 

-1 -1 7(-1)4 ::0 7 

0 0 7(0)4 ::0 0 

1 1 7·(1)4 ::0 2-
2 '32 z 16 

3 243 7·('3)4"' (7)·(01)"' 407 

OR, IF g(t) ""t4 , Tl-IGN v(a) ""4a3 

FOR ANY a: 

a g(a) v (a) ::o 4a3 

-10 10,000 4(-10)3 ::0 -4,000 

-2 16 4(-2)3 ::0 -32 

-1 4(-1)' ::0 -4 

0 0 (4)(0) ::0 0 

1 1 4(1)' ::0 4 

2 16 4(2)' ::0 32. 

10 10,000 4(10)3 ::0 4,000 

Bl 



SO WMY ISN'T V A 
FUNlTION OF t? 

R!;AD!;R, IT IS! wi; K!;PT SAYING "FOR ANY TIMI; a," SUT wi; lOUL.D 
JUST AS W!;l..l.. MAY!; SAID "FOR ANY TIMI; t." Y!;l..OllTY, AFT!;R Al.I..., 
IS 08YIOU$1..Y A FUNlTION OF TIMI;: AT ANY TIMI;, TM!; C.AR (OR 
ROlKbT) MAS A V!;l..OllTY ! IN FAlT, wi; MAY!; NOW PROYi;D TMAT IF 
TM!; lAR'S POSITION AT TIMI; t IS t", TM!;N IT~ Vi;LOCITY AT 
TMAT TllM;, v Ct), IS ntn -1. 

t 
t 

v 

l'M A 
FUNlTION 

TOO! 

wi; MAY!; D!;RIY!;D A N~ FUNcrloN FROM s: TMIS D!;RIV!;D FUNlTION, OR Dl;RIVATIVI;, 
GIV!;S TM!; SL.OP!; OF TM!; GRAPM y "' s(t) AT !;AlM POINT t, A SL.OP!; !;QUAL. TO TM!; 
yi;L.OC.ITY AT TIMI; t. 

v (t) = Sl..OPi; OF 
GRAPM AT t 

+-#----~, ·---~----"'~-------------------1-

t 

y = s(t) 
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THI$ Dj;RIVj;D FUNCTION 1$ $0 A$TOUNDINGL.Y AND WIDj;L.Y U$j;FUL., IN CONTj;XT$ FAR Sj;YOND 
CAR$ ROL.L.ING DOWN RAMP$, THAT IT Dj;$j;RVj;$ IT$ OWN NAMi;, Dj;FINITION, AND NOTATION: 

The Derivative 
Defined: 
IF f 1$ ANY FUNCTION, AND x 1$ ANY 
POINT IN IT$ DOMAIN, mi; DbRIVATIVb 
OF f, WRITTj;N f' AND Rj;AD "i;;FF
PRIM(;," 1$ TH(; FUNCTION Di;;FINj;D SY 

f'(x) :: Hm f(x + h) - f(x) 
h-o h 

FOR i;ACH x WH(;Rj; THI$ L.IMIT i;;X1$T$. 

THI$ 1$ "ONLY" TH(; 
Ci;;NTRAL. lONC(;PT OF 

CAL.CUL.U$!!! 

FINDING THi; D(;RIVATIV(; f' 1$ CAL.L.j;D DIFFbRbNTIATING THi; FUNCTION f. f'(x) 1$ THi; 
$1..0Pj; OF THi; GRAPH y :: f (x) AT THi; POINT (x, f(x)). FROM NOW ON, wi; Dl$Pj;N$j; 
WITH THj; 1..rni;R v FOR Vj;L.OCITY, AND WRITj; s'(t) IN$Ti;AD. IN THI$ Nj;W Tj;RMINOL.OGY, 
THi; Rj;$UL.T$ OF THi; PRj;y10U$ PAGj;$ ARi; KNOWN A$ THi; POWbR RULb: 

KIND OF 
A $1MPL.i; 

FORMUL.A ••• 

TMAT'~ WMAT 
/t\AK(;~ IT ~O 

lOOLll! 

YOU CAN j;A$1L.Y CHi;CK THAT IT 
At;.Rj;j;$ WITH WHAT wi; FOUND 
WHj;N n :: 2. WHAT D0j;$ IT $AY 
WHj;N n :: 1? WHj;N n :: O? 



K~OWING THb DbRIVATIVb OF f(x) = X', wi; Al..$0 IMMbDIATbl..Y 
K~OW THb DbRIVATIVb OF ANY POL.YNO/t\IAL. I THANK$ TO 

Derivative Fact 1: Sums and 
Constants are Easy! 

1 a. IF C 1$ A lON$TANT AND f 1$ A FUNlTION WITH 
Di;RIVATIVb f', THbN (Cf)' = Cf'. TAKING THi; 
DbRIVATIVb "PA$$i;$ THROUGH" A lON$TANT. 

1 b. IF f AND 9 ARi; TWO FUNlTION$, THi;N 

(f +g)' = f' + g'. 

THi; DbRIVATIVb OF A $UM 1$ THi; $UM 
OF THi; DbRIVATIVi;$. 

WOUL.17 YOU 
L.IK!; TO $!;!; 
nti; PROOF? 

Cf+ g)'(x) = 

THi;$i; FOL.L.OW FROM 
L.1/t\IT FACf~ 1b AND 2 
ON pA(;.i; ?9. 

l . f(x+h) + g(x+h) - (f(x) + g(x)) 
tm = 

h-o h 

l . f(x+h) - f(x) t· tm + tm 
h-o h h-o 

f'(x) + g'(x) 

THI$ Mi;AN$ wi; <'.'.AN DIFFi;Ri;NTIATi; 
(TAKi; THi; DbRIVATIVb OF) A POL.Y
NOMIAL. oNi; Ti;RM AT A T1Mi;. 

g(x) = x9 + x9 + 2x2 g'(x) = 9x9 + 0x7 + 4x 

f (x) = ?x4 + 6x2 + 7 f'(x) = 12x~ + 12x 

NOT!; THAT THIO 
17GRIVATIV!; OF ANY 
lON$TANT 1$ ZIORO! 
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g(x+h) - g(x) 

h 

y = c 
HA$ $1..0Pi; 

AL.WAY$,. 0 



Real-Life Example: 
I $AAl Nt;WTON 1$ BOUNCING ON A Vt;RY 
$PRINGY TRAMPOL.INt; WITH A Mt;MSRANt; 
1 Mt;Tt;R OFF TM!; GROUND. IF IT FL.ING$ 
1$AAl UPWARD AT AN INITIAL. Vt;L.OllTY OF 
100 Mt;Tt;R$ Pt;R $1;lOND, ntt;N Ml$ 
Mt;IGMT s ASOVt; TMt; GROUND (Vt;RTllAL. 
P0$1TION, WITH UPWARD St;ING TM!; 
P0$1T1Vt; DIRt;lTION), Mt;A$URt;D IN 
Mt;Tt;R$, 1$ GIVt;N SY 

s(t) = 1 + 100t - 4.9t2 

MOW FA$T 1$ Mt; MOVING AFTt;R 
10 $1:lOND$? IN WHAT DIRl:lTION? 

Solution: T1-1i; Dt;R1vAT1vi; oF s 
GIV!;$ TMt; Vt;L.OllTY AT ANY TIMI;. 
DIFFt;Rt;NTIATt; s Tt;RM SY Tt;RM: 

s'(t) = 100 - (4.9)(1.t) 

"' 100 - 9.0t M/$t;l 

THAT 1$ TM!; Gt;Nt;RAL. FORMUL.A FOR 
N!;WTON'$ Vt;L.OllTY AT TIMI; t. PL.UG 
IN t "'10 $1;lOND$ FOR TM!; AN$Wt;R: 

s'C10) = 100 - (9.0)(10) 

"' 2. Mt;Tt;R$ Pt;R $1;lOND. 

TM!; P0$1T1Vt; Vt;L.OllTY Mt;AN$ Nt;WTON 
1$ $TIL.L. GOING UP AT THAT TIMI;! 

WHOA! AFTt;R 
10 $t;lOND$? 

THAT 1$ lAL.lUL.U$
$TRt;NG TM t;L.MTll ... 



L.c;T'$ PAIJ$b MbRb A MOMbNT TO lONTbMPL.ATb TMb DbRIVATIVb ... AL.I. TM0$b PAGb$ 
ABOUT L.IMIT$ WbRb JlJ$T A L.bAD-IN TO TM1$ ONb KbY IDbA, TMb $1MPL.b AL.T OF 
lROWNINb AN f WITH A L.ITTL.b TllK MARK, OR PRIMb. 

IT WA$ TMb FIR$T SRIL.L.IANT IN$16'MT OF NbWTON AND L.blSNIZ TO $bb THAT TM1$ DbRIVATIVb 
FlJNlTION lOlJL.D MAVb A $1MPL.b AND bXAL.T FORMIJL.A, WMllM, WITH A $TR0Kb, lJNL.OlK$ TMb 
$blR~$ OF MOTION AND lMAN/?b. TAKb THAT, ZbNOI 

... 

TMb IL.L.lJ$10N 
OF MOTION 1$ 
OVbRWMbL.MINbl 

AND AL.TMOlJl?M NbWTON MAPPbNbD TO Sb TMINKINI? ABOUT VbL.OllTY WMbN Mb DRbAMbD lJP 
Ml$ "FL.lJXION$," TMb DbRIVATIVb'$ IMPORTANlb bXTbND$ FAR SbYOND VbL.OllTY. 

Rbl?ARDL.b$$ OF WHAT f AND x 
$TANl7 FOR, TMb FRAlTION 

f Cx + h) - f(x) 

h 

1$ THb lMANl?b IN TMb VAL.lJb OF 
f RbL.ATIVb TO A $MAL.I. lMANbb 
IN THb VARIASL.b x. IN TMb L.IMIT, 
TMbN, f' 1$ TMb IN~TANTAt·U;ou~ 
RATE OF lMANG' OF f WITH 
Rb$PblT TO x. 

06 

lHANG~ IN X 

x+h 

f'(x) :::: lHANG~ IN f(x) 

lHANG~ IN X 

lHANG~ 
IN f (x) 



For Example: 
$UPP~' $OM' Fl.lJID 1$ Fl.OWINb INTO OR OUT 
OF A $TORAc7' TANK. IF V(t) 1$ TH' VOi.UM' 
IN 1.IT,R$ PR,$,NT AT TIM' t MINUT,$, TH'N 

V'Ct) :::. Um vet+ h) - VCt) 
h-o h 

1$ TH' (IN$TANTAN,OU$) RA1'; OF FL.OW, 
M~$UR'D IN 1.IT,R$ P'R MINUT,. 

NOT': THI$ 1$ NOT 
V'l.OllTY, B'lAU$' 
IT DO,$N'T R'F'R 
TO P~ITION! 

MANY R~l.-WORl.D FUNlTION$ D,P,ND ON 
VARIABI.'$ OTH'R THAN TIM,. FOR IN$TANl,, 
AIR THIN$ OUT AT HlbH'R Al.TITUD,. IF P(x) 
1$ TH' PR,$$UR' AT Al.TITlJD' X, TH'N 

P'( ) t· PCx + h) - PCx) x :::. tm 
h-o h 

1$ TH' RAT' OF 
lHANb' AT 
Al.TITlJD' X OF 
PR,$$UR' P'R 
UNIT OF 
Al.TITUD' 
(PA$lAl.$ P'R 
M~,R. $AY), 
TH' $0-lAL.L.'D 
PR(;~UR(; 
GRADtr;NT. 
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IF C(t) 1$ TH' l~T OF 1.IVINb AT TIM' t, 
TH'N 

C'Ct) :::. lim CCt + h) - CCt) 
h-o h 

1$ TH' RAT' AT WHllH TH' l~T 1$ 
lHANc71Nc7 AT TIM' t. 

A $TRAlc7HT ROAD c70'$ INTO TH' MOUNTAIN$. 
IF A(x) 1$ TH' Al.TITUD' AT P0$1TION X, TH'N 

A'(x) :::. lim ACx + h) - ACx) 
h-o h 

1$ TH' AlTUAl. $1.0P' OR GRAD(; OF TH' 
ROAD AT POINT X. (TH'R' AR' NO UNIT$, 
$1Nl' W' HAY' DIVID'D M~'R$ BY M~'R$. 
bRAD' 1$ U$UA1.1.Y blV'N IN P'Rl,NTAb' 
T'RM$.) 



NOW W(;'R(; R(;Al7Y TO $TART 171FF(;R(;NTIATING 
TH(; (;L.(;M(;NTARY FUNCTION$, BUT FIR$T ... 

A Mote on Motation (Leibniz-Style) 
WRITING f' FOR TH(; 17(;RIVATIV(; OF f 
MAK(;$ TWO THING$ CL.(;AR: 

a) TM(; 17(;RIVATIV(; 1$ A FUNCTION 

b) f' 1$ 17(;RIV(;l7 FROM TM(; FUNCTION f 

BlJT YOU'LL. OFT(;N $(;(; TM(; 17(;RIVATIV(; 
WRITT(;N IN AN (;NTIR(;L.Y 171FF(;R(;NT 
WAY, L.IK(; THI$: 

dy 

d" 
OR 

df 

T!-11$ W117(;L.Y U$(;17 NOTATION (;MPMA$1Z(;$ 
OTM(;R A$P(;CT$ OF TM(; 17(;RIVATIV(;: 

c) IT$ ORIGIN A$ A QUOTl(;NT 

d) TM(; VARIASL.(; x WITH R(;$P(;CT TO 
WHICH TM(; 17(;RIVATIV(; 1$ TAK(;N 

Wl-IY $0 
MANY 

171FF(;R(;NT 
$YMBOL..$? 

1-!(;Y, TM(; 17(;RIVATIV(; 1$ A 
ROCK $TARI IT CAN MAV(; 

A$ MANY A$ IT L.IK(;$! 

L.(;IBNIZ INV(;NT(;l7 TM(; dyldx $CRIBBL.(; SA$(;17 ON THI$ 171AGRAM. D..x, PRONOUNC(;l7 "17(;L.TA
(;K$," M(;AN$ TM(; CHANG(; IN x, OR WHAT W(;'V(; S(;(;N CAL.LING h. D..f OR D..y 1$ TM(; 
R(;$UL.TING CHANG(; IN TM(; VAL.U(; OF TM(; FUNCTION, I.(;., D..y :: f(x + D..x) - f(x). TM(; 
$YMBOL. D.. (GR(;(;K CAPITAL. 17(;L.TA) $IMPLY M(;AN$ "TM(; CHANG(; IN •• ." 

l Tl-I(; $L.0P(; OF fl.I(; l Cl-IORl7 1$ TM(;N 

~1 

I 

D..y 

D..x 

6.y 

17(;l.TA! Wl-IY, 
Tl-IAT'$ MY 

NAM(;! 

WMAT AN 
A$TOIJN171Nb 
tol Nll 17(;Nl(;. 



IN TM1$ NOTATION, Wb WOlJL.D WRITb: 

dy b.y 
::. lim OR 

dx 6.x-o b.x 

df b.f 
::. lim 

dx 6.x-o b.x 

l.blSNIZ Sbl.lj;VbD TMAT dx AND dy 
WbRb $0Mb KIND OF "INFINITbl.Y 
$MAL.I.." VbR$10N$ OF b.x AND b.y 
AND TMAT TMb DbRIVATIVb WA$ TMb 
QlJOTlbNT OF TMb$b "INFINITb$1MAL.$." 

WMAT A Wt;IRl7, UN
Nt;lt;$$ARY 117{;A! 

WM{;Rt;'l7 YOU Gt;T IT? 

YOU MAY{; AN 
INFINIT{;$1MAL. 
IMAGINATION ... 

Al.TMOlJbM TM1$ IDbA WA$ i;vbNTlJAL.l.Y ASANDONbD SY MO$T MATMbMATlllAN$, IT'$ 
AlTlJAL.l.Y PRbTTY Mbl.PFlJL. TO TMINK OF TMb DbRIVATIVb, FOR Al.I.. PRACTICAL. PlJRP0$b$, 
A$ A l.ITTl..b SIT OF y DIVIDbD SY A l.ITTl..b SIT OF x ... 

TMb l.blSNIZ WAY 1$ OFTbN MORb lON
VbNlbNT -SbblNNINb NOW, A$ Wb WRITb 

d~ Cx"), d~ (sin x), AND d~ Ce'') 

TO RbFbR TO TMb DbRIVATIVb$ OF TMb 
INDIVIDlJAL. FlJNlTION$. IT'$ bRbAT NOTATION! 
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170GGON{; lURVt; 
l..OOK$ PRt;TTY MUlM 

l..IK{; A $TRAIGMT l..IN{; 
FROM UP ll..0${; 

ANYWAY ... 

AR{; YOU A 
MATM{;MATlllAN OR 
A $Tt;NOGRAPM{;R? 

$0 ... ARb Wb RbADY TO FIND ddx (sin x)? 



tRAt-IK IT UPI Derivative of the Sine: 

d~ (sin 6) = cos 6 

PROOF: BY 1n;FJNITION OF nu; Df;RJVATJVf;, nlf; 
$JNf;'$ Df;RJVATIVf; 1$ 

sin ( e + h) - sin e 
(1) lim -------

h-o h 

IF nlf; 
LIMIT 
f;XJ$T$. 

f;XPANDING sin ( e + h) BY A TRIG IC71;;NTITY, TJ.lf; 
NUMf;RATOR Bf;l0Mf;$: 

(sin ecos h + sin h cos 8) - sine 

$0 TJ.lf; DIFFf;Rf;Nlf; QUOTJf;NT IN (1) 1$ 

e sin h . e cos h - 1 
(2) cos -h- + szn h 

IN Tl-If; LA$T lJ.IAPTf;R, Wf; $J.10Wf;D TJ.IAT 

l. sin h 1 1m --= 
h-o h ' 

$0 TJ.lf; LIMIT OF (2) A$ h-+0 WILL Bf; 

( ... ) e < . e) 1. cos h - 1 
7 cos + sm 1m ---

h-o h 
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y : cos " 

NOW Wf; $J.IOW THAT Tl-If; 
LA$T FAlTOR 1$ Zf;RO. 

l. cos h - 1 
1m---

h-o h 

Bf;lAU$f; 

cos h - 1 : ( cos h - 1 ) ( cos h + 1 ) 
h h cosh+1 

cos2 h - 1 - sin2 h 

h ((cos h) + 1) h (cos h + 1) 

,,. ( - sin h ) ( sin h ) 
h cos h + 1 

cos h J.IA$ LIMIT 1 A$ h-+ 0, $0 Tl-If; 
PRODUCT J.IA$ LIMIT 

(-1)(0) = 0 A$ h-+O. 
2 

PUTTING Tl-IAT INTO ("3) GJVf;$ TJ.lf; Rf;$ULT. 

Hm sin(e + h) - sine ,,. cos 6 
h-o h 



WMAT TM1$ $AY$: TO FIND TMJ; SL.OP(; OF TMJ; $1NJ; C::lJRVJ; AT A POINT x, L.OOK AT TMJ; 
VAL.U(; OF TMJ; C::0$1NJ; TMJ;RJ;. 

$LOPJ; > 0, l0$1NJ; > 0 

$LOPJ; = 0, l0$1Nt;; = 0 

NOTJ;: WMJ;RJ; A FUNCTION 
1$ INlRJ;MIN/7, IT$ GRAPH 
MM $LOPJ; ~0! 

WMJ;RJ; TMJ; $1NJ; 1$ INC::RJ;A$1NG AND IT$ C::lJRVJ; 1$ Rl$1NG (Br;;TWJ;J;N -rr/2 AND rr/2, $AY), 
IT MA$ P0$1TIVJ; $1..0PJ; AND TMJ; C::0$1NJ; 1$ P0$1TIVJ;. WMJ;RJ; TMJ; $IN!; 1$ DJ;C::RJ;A$1NG AND 
IT$ C::lJRVJ; 1$ FAL.L.ING, TMJ; $1..0PJ; 1$ NJ;GATIVJ; AND $0 ARJ; TMJ; VAL.lJJ;$ OF cos x. 

Derivative of the Cosine: 
.!!!.... (cos 6) = -sin 6 
d6 

TMJ; DJ;RIVATIVJ; OF TMJ; C::0$1NJ; 1$ TMJ; NJ;GATIVJ; OF 
TMJ; $1NJ;. 

RATMJ;R TMAN $lJFFJ;R MORI; TRIG TORTlJRJ;, L.r;;T'$ $1MPL.Y NOTIC::J; TMAT TMJ; C::0$1NJ; C::lJRVJ; 1$ 
IDJ;NTIC::AL. TO TMJ; $IN!;'$, BlJT $MIFTJ;D TO TMJ; L.J;FT BY rr/2. TMJ;RJ;FORJ;, TMJ; C::0$1NJ;'$ 
DJ;RIVATIVJ; MlJ$T BJ; TMJ; 'OSIN(; ITSGL.F, $MIFTJ;D OVJ;R ANOTMJ;R rr/2 TO TMJ; L.J;FT! 

TMAT, IN TlJRN, 1$ TMJ; 
$IN!; $MIFTJ;D L.J;FTWARD 
BY A FlJL.L. TT lJNIT$, OR 
sin (x + TT). TM1$ 1$ TMJ; 
$AMJ; A$ -sin x, A$ TMJ; 
GRAPM MAKJ;$ C::L.J;AR (OR 
YOlJ C::AN WORK OlJT WITM 
TRIG IDJ;NTITIJ;$ OR ON 
TMJ; lJNIT C::IRC::L.J;). 

y = cos(x + ¥) 
= -sin x 

" 
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y =sin x 

I 

\ 
y =cos x 



Derivative of the 
Exponential: 
nu; $IN!: ANl7 l0$1NI: ARI: !:All-I OTl-ll:R'$ 
17i;;RIVATIVI:$ (IJP TO A MINIJ$ $16.N, ANYWAY). 
THI: !:XPONl:NTIAL.'$ 171:RIVATIVI: 1$-ITS!;l-f! 

d " " -e :: e 
dx 

THI$ FOL.I.OW$ FROM Tl-II: l:QIJATION e"+h : e"eh 
ANl7 Tl-II: 171:FINITION OF Tl-II: 171:RIVATIVI:: 

ex+h - e" 
Hm---

. e"eh - e" 
= hm---

h~o h h~o h 

l. " eh - 1 = 1m e --
h~o h 

( eh - 1 ) = e" Hm --
h~o h 

Rl:lAL.L. FROM Tl-II: lOMPOIJN17 INTl:R1:$T 
171$llJ$$10N ON PA6>1: ?0 Tl-IAT e z (1 + h) 11h 

Wl-ll:N h 1$ $MAL.I... (Tl-llNK OF h A$ 1/n IN 
Tl-II: ORlblNAL. !:XAMPL.I:.) RAl$1Nb BOTl-I $1171:$ 
TO Tl-II: hTl-I POWl:R GIVI:$ eh z 1 + h, $0 

:z (1 + h) - 1 : 1 
h 

Tl-IAT 1$, Tl-II: L.IMIT OF T!-11$ RATIO 1$ 1 
A$ h--+ 0, ANl7 $0 Tl-II: 171:RIVATIVI: 1$ 
e"· (1) : ex. 

Tl-II: RAT!; OF INCR!;AS!; OF Tl-II: !:XPO
Nl:NTIAL. FIJNlTION fxp (x) : ex 1$ !:QIJAL. 
TO Tl-II: VAl-U!; OF Tl-II: FIJNlTION AT Tl-IAT 
POINT!! 
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SL.OP!: AT x: 3 
= e 3 "' 20.0 

SL.OPl:11 AT x: t 
= e'i "' 4.7 

SL.OP!: AT x: 0 
= e0 : 1 



THI$ MAY $GGM lOMPL.GTGL.Y BIZARRO, A SIT OF MATHGMATllAL. MAGIC, OR GI..$(; 
THG OPP0$1TG-WHO KNOW$? MAYS(; THGRG AR(; PL.GNTY OF FUNlTIOt-1$ THAT 
HAVG THGM$GL.V(;$ A$ 17GRIVATIVG ... 

WGL.I.. ••• NO, TH(;R(; ARGN'T. 
TH(; GXPONGNTIAL. </< At-117 
IT$ l0t.1$TANT MUL.TIPI..(;$ 
Aex ARG THG ONl.Y 
FUNlTIOt-1$ WITH THI$ 
PROPGRTY. (YOU'L.L. PROV(; 
THI$ YOUR$GL.F A$ AN 
GXGRl1$(; ON P. 160.) 

$Gl0Nl7, IT'$ NOT RGAL.L.Y THAT WGIR17, WHGN YOU THINK ABOUT lOMPOUt-117 lt.IT(;R(;$T. THE 
INTl;Rl;ST ADDl;D Pl;R Yl;AR 1$ A FIXG17 PERCENTAGE OF THG AA\OUNT OF MONGY IN THG 
AUOUNT. 

IN OTHGR WOR17$, THG 
RATI; OF 'MANGI; IN 
VAL.UG, It.I 1701..l.AR$ P(;R 
YGAR, 1$ PROPORTIONAL. 
TO TH(; VAl.UI; IT$GL.F. IF 
TH(; INTGRG$T 1$ lOM
POUt-117(;17 lONTINUOU$1..Y, 
WG $HOUL.17 GXPGlT THAT 
THG INSTANTANl;OUS 
RATI; OF 'MANGI; OF 
THG VAL.UG V 1$ 
PROPORTIONAL. TO V: 
V'(t) ::. CVCt) FOR 
$0MG l0t.1$TANT C. 

YOU $1:!0? WMION TMIO INTIORIO$T RATIO 1$ 
100% PIOR YIOAR, TMIO WN$TANT 1$ 1, ~------..... 
PROVll7!017 t 1$ MIOA$lJRIOl7 IN YIOAR$. 
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I $Tll.L. TMINK 
TMIO SANK OWi:$ MIO 
$0.00000000127 ... 



Derivatives of Products and Quotients 
TAKING 17!;RIVATIV!;$ OF $UM$ ANl7 lON$TANT MUL.TIPL.!;$ 1$ $TIL.L. !;A$Y: JU$T GO T!;RM SY 
Tj;RM. ($!;!; PAG!; 94.) FOR !;XAMPI.!;, 

d~ (';x2 + sin x) ::. 10x + cos x 

d~ ( e" + cos x - 1. sin x) ::. ex - sin x - 1.cos x 

8UT-

Derivative Fact 2: Products are Trickier 
n1i; 17bRIVATIV!; OF A PR017UlT f9 1$ 
MO$T !;MPl-IATllAl.l.Y NOT Tl-I!; PR017UlT 
oF T1-1i; 17i;R1vAT1vi;$. T1-1i; PRoPucr 
RUL.b 1$: 

(fg)': f'g + fg' OR 

.!l(fg) 
dx 

: f dg + g df 
dx dx 

TO $i;i; Wl-IY T!-11$ 1$ TRUi;, L.i;T'$ IMAGIN!; f(x) ANl7 9(x) A$ Tl-I!; $117!;$ OF A R!;lTANGl.b 
WITl-I ARbA f(x)9(x). Tl-l!;N A $MAI.I. ll-IANG!; h IN x PR017Ul!;$ ll-IANG!;$ l::::..f AN17 D..9 IN 
f ANl7 9, Tl-IAT 1$, f(x + h) ::. f(x) + l::::..f ANl7 9(x + h) ::. 9(x) + D..9: 

f(x) l::::..f 
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+ b..fb..g 

$UBTRAtTINb f(x)g(x) FROM BOTM $1171;$ 
AN17 171Vll71Nb BY h b1V!;$ 

b..(fg) 

h 

TM!; L.A$T T!;RM MA$ 1.IMIT 0 B!;t::AU$!; IT 
APPROAtM!;$ O· (g'(x)) A$ h-+O, $0 TM!; 
1.IMIT OF TM!; $UM 1$ 

lim b..(fg) = f(x) b..hg + g(x) b..hf 
h-o h 

= f(x)g'(x) + g(x) f'(x) 

1.!;IBNIZ WOUl.17 $AY TMAT 

d(fg) : fdg + gdf 

IN TM!; 1.IMIT, TM!; 
"171FF!;R!;NTIA1." OF fg
TM!; TINY BIT Al717!;17 TO 
fg-t::ON$1$T$ OF TM!; 
TWO $1171; $TRIP$ OF 
$1Z!; f dg ANl7 9 df, 
WMll.!; TM!; t::ORN!;R 
Pl!;t::!; OF $fZ!; dfdg 
1$ N!;bl.lblBl.!;. 

------1 lORNIOR R!OlTANGL.IO 

Q.l;.l).t 
Q.l;.l).t 

f 

9 

df 



IN OTHGR WORD$, TO 
DIFFGRGNTIATG fl.I!; PRODUCT 
OF TWO FUNCTION$, MULTIPLY 
TH i; FIRST FUNCTION BY TMG 
Dj;RIVATIVG OF Tl-IG $GlOND, 
MIJLTIPLY TMG $GCOND 
FUNCTION BY THG DGRIVATIVG 
OF Tl-IG FIRST, AND ADD fl.I!; 
TWO NlJMBGR$ TOGGTl-IGR. 

Examples: 

WMICM DO 
YOU PRGFGR, 
WORD$ OR 
FORMULAS? 

1. .E....cx2e"):: c.E....cx2 ))e" + x 2 .E....(e") 
dx dx dx 

= '2."e" + " 1 e" 

2.. d~ (sin e cos e) :: ( d~ (sine)) cos e + sine d~ (cos e) 

= cos 1 9 - sin 19 

'3. ddt (sin2 t) :: ft ((sin t)· (sin t)) 

:: sin t cos t + cos t sin t 

= '2.sin t cost 

TO DIFFGRGNTIATG TMG PRODUCT OF MORG TMAN 
TWO FUNCTION$, FOLLOW TMG SAMG SORT OF RULG: 

(fgh)' :: fgh + fg'h + fgh' 

FOR IN$TANC!;, 

d~(xsinxcosx):: 1·sinxcosx + xcosxcosx + xsinx(-sin x) 

:: sin ;(COS" + ;((cos1 " - sin1 ") 
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BIRDSGGD! 
BIRDSGGD I 

CRANK! 
CRANK! 



Derivative Fact 3: Quotients are Weird. 

3a. IF f 1$ DIFFj;Rj;NTIASL.j; AT x AND 

f(x):/=.0, n1i;;N 1/f 1$ AL.$0 DIFFj;Rj;NTIASL.i;; 
AT x, AND 

WHi;;Ri;; DID THAT MINU$ $16.N toMi;; FROM? 
Wj;L.L. ... f 1$ 1NlRj;A$1Nb WHj;Ri;;\lj;R 1/f 1$ 
Dj;lRj;A$1Nb, AND Viti;; vi;;R$A, $0 THj;IR 
Dj;RIVAT1Vj;$ MU$T HAVi;; OPP0$1Tj; $16>N$ AT 
ANY POINT. 

IT'$ $1MPL.Y AL.bj;SRA: 

______ ,,. 
f(x + h) f(x) 

OR 

-~f 

f(x) f(x + h) 

f(x) - f(x + h) 

f(x + h) f(x) 

DIVIDINb BOTH $1Dj;$ SY h AND TAKINb THi;; L.IMIT A$ h-0 b1Vj;$ THi;; Rj;$UL.T.* 

3b. Quotient Rule: 1F f 
AND 9 ARi;; BOTH DIFFi;;Ri;;NTIASL.i;; AT A 
POINT x, AND g(x) * 0, THi;;N fig 1$ 
DIFFj;Rj;NTIASL.i;; AT x, AND 

f , f'(x)g (x) - f (x)g'(x) 
( n) (X) : 

:i g(x)z 

THI$ FOL.I.OW$ SY TAKINb THi;; 
Dj;RIVATIVj; OF THi;; PRODUCT f· (1 /g) 
AND APPL.YINb 3a. 

y~-1-
f(X) 

*NOT' THAT w' MAV,N'T li'IVl!i',17 SY Z'RO ANYWM'R' 1-1,R,: f(x+h) * 0 WM'N h 1$ $MAL.I.. 
'NOU6-M, 8,lAU$' f(X)*O, AN!i' f(x+h) 6-~$ ARBITRARILY ll .. 0$, TO f(x). 
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Example: Negative Powers 
WH!;;N f(x) =- 1/x'1 =- x-n, rni;;N THE; 

FORMUL.A $AY$ 

.!i.. ex-") =- d ( 1 ) 
dx dx x" =-

d --(x'1) 
dx. 

f(X) f'(x) 

1 1 - - "2 " 
1 2. 

"2 - "3 
1 3 --"3 x" 

1 4 --
x" "? 
1 ? 

OR 

-n 

f(x) 

"-1 

"-2 

"-3 

"-4 

"-? 

"-/, 

f'(x) 

-x -2 

2. -3 - " 
3 -4 

- " 
4 -? - " 
? -6 - " 
6 -7 - " 

"? - x" !;;Tl. 

N'GATIV' POWbRS FOLLOW TM' SAJI..' 
POWbR RULb AS POSITIVb POW,RS: TO 
171FFE;R!;;NTIATE;, MAKE; THE; i;;XPON!;NT A 

lOl;;FFlll!;;NT ANl7 RE;17lJl!;; THE; POWE;R SY 1: 

WHi;;THE;R p 1$ A P0$1TIV!;; OR NE;G-ATIV!;; 
INT!;;6-!;;R. W!;;'L.L. $!;;!;; IN THE; NE;XT lHAPTE;R 
THAT THI$ RlJL.E; WORK$ FOR FRAlTIONAL. 
POW!;;R$ A$ W!;;L.L.. 

Example: Tangent 
Function 

PROOF: wi;; APPL.Y THE; QUOTIE;NT 
FORMUL.A TO 

t e sine 
an =- --

cose 

HE;RE; f =- sin 8, 9 =- cos 8, $0 

f'9 - fg' -
92 

cosecose - sine(-sine) 

cos2 e 

cos2 e + sin2 e 

cos2 e 

MY H!;Al7 1$ SlJR$TIN6> 
WITH 17i;;RIVATIVE;$!! ..-....----.. 

YE;AH, 1$N'T 
IT GR,AT?? 



$0M!;;ON!;; ONl!;; $AID THAT TM!; PURPO$!; OF $ll!;;Nl!;; 1$ TO $AV!; U$ FROM UNN!;l!;$$ARY 
THINKING, AND THAT'$ WHAT lAL.lUL.U$ DO!;$. HAVING ONl!;; P!;Ni;TRAT!;D TM!; MY$T!;RI!;$ OF 
L.IMIT$ AND lMANG!;, lAL.lUL.U$ POP$ OUT A SUNlM OF $1MPI..!; FORMUL.M D!;$lRISING TM!; 
RAT!;$ OF lMANG!; OF lOMMON FUNlTION$. MAL.F TM!; $USJ!;lT 1$ USING TM'S' FORMULAS! 

WHAT'$ TM!; 
OTM!;R MAL.F? 

.E... c-.11) :: n ..,n-l 0 1 ,, dx ;c "' n "" ' :1: ' :1: ""• ... 

d 
dx (~) "" ~ 

d:sin x = cos x 

d . 
dx cos x = -szn x 

ddx tan x = sec2 x (cos x * 0) 

fx CC) :: 0 IF C 1$ lON$TANT 

(Cf)' :: Cf', C A lON$TANT 

(f + 9)' :: f' + 9' 

(f9 )' :: f'9 + f 9' 

(-f )' -- f'9 - f9' 
9 92 

WM!;R!;V!;R 9(x) :1= 0 

A GOOD L.1$T, SUT $TIL.L. Ml$$1NG A Fi;w ... wi; lAN'T yi;r DIFF!;R!;NTIAT!; A 'O"'POSIT' 
FUNlTION, NOT i;vi;N ON!; A$ $1MPI..!; A$ h(x) :: e2x ... NOR INV,RS' FUNlTION$ $UlM 
A$ TM!; L.OGARITMM, ARl$1N!;, AND ARlTANG!;NT ... THO$!; lOM!;; IN TM!; N!;X.T lMAPT!;R ... 
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AND TM!;N 
ON TO TM!; 

PROMl$!;D I.At.ID 
OF PRAlTllAL. 
APPL.llATION$ ! 



BUT FIRST, Wl-IY NOT 170 $0MIO 

Problems? 
Flt-117 nu;; 17GRIVATIVG~ OF rnr;; GIVGt-.1 
FUNlTIOt-.1$: 

1. f(:i<) ::. :i<3 + ?:i< + 1 x + 1 6. RCx) ::. 

2.. f(:i<) ::. :i<3 + ?:i< + 1,000,000 

3. PCx) = Cx2 + 1) -1 
1. u(x) = 

x - 1 

cos x 

e" 
729x 11. Q(x) = -----

x3 - x2 - x - 1 

4. g(x) = 7 9. v(t) = sect COS p + peP 
12.. FCp) ::. ---

P10 + p-2 
7 ?. h(x) = cos x - - 9. FCx) = 
y; 

13. A PROJGlTll.G l-IUR!.Gl7 $TRAIGl-IT UPWARl7 
FROM GROUt-117 l.GVGL AT At-I lt-.llTIA!. VG!.OllTY 
OF v0 M/$Gl HA$ At-I Al.TITU17G AT TIMG t OF 

A(t) ::. -4.9t2 + Vot 

a. IF A BAL.I. 1$ Tl-IROWt-.1 
VGRTllA!.l.Y AT At-I lt-.llTIA!. 
VGl.OllTY OF '30 M/$Gl, 
WHAT 1$ IT$ VG!.OllTY 
AFTGR '3 $Gl0t-.117$? 
AFTGR 7 $Gl0t-.117$? 

b. Tl-IG FA$TG$T AN 
Ut-.IAll7G17 l-IUMAt-1 lAt-.1 
Tl-IROW A BAL.I. UPWARl7 
1$ AROUt-117 47 M/$Gl. 
G$TIMATG HOW HIGH THG 
BALL. WI!.!. GO, At-117 l-IOW 
l.Ot-.IG IT TAKG$ TO 
RGTURt-.1 TO GARTH. 
(I-lit-IT: VG!.OllTY 1$ 
PO~ITIVG BGFORG Tl-IG 
TOP At-117 t-.IGGATIVG 
AFTGRWARl7.) 
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14. A TRAIL. l.GAl71t-.IG lt-.ITO A MOUt-.ITAlt-.1 RAt-.IGG 
HA$ Al. TITUl7G 

A(x) ::. x + 0.?$in x MGTGR$, 

WHGRG x 1$ Tl-IG HORIZOt-.ITAL. 171$PL.AlGMGt-.IT 
FROM Tl-IG TRAl!.l-IGAl7. 

a. WHAT 1$ THG $LOPG OF rnr;; TRAIL. AT 
x ::. 1T MGTGR$? AT x ::. 27rr MGTGR$? 

b. 170G$ TH(; TRAIL. GVIOR GO 170Wt-.IHl!.l.? 
17RAW A PllTURG OF THIO TRAIL.. 

~~t~""'-. q~'~. 
~. 

~ ' ~· 

U$G rnr;; 17GFlt-.llTIOt-.I OF rnr;; 17GRIVATIVG TO 
$HOW Tl-IG FO!.l.OWlt-.IG: 

1?. IF f 1$ lt-.llRGA$1t-.IG Ot-.1 At-I lt-.ITGRVA!. 
(a, b), At-.117 x 1$ At-.IY POlt-.IT It-I rnr;; 
lt-.ITIORVA!., THGt-.1 f'(x) ~ 0. 

16. A FUt-.llTIOt-.1 f 1$ lA!.l.Gl7 "1,t.I IF 
f(-x) ::. f(x) FOR At-.IY x. Tl-IG l0$1t-.I(;; 1$ At-I 
GXAMPLG. f 1$ ODD IF f(-x) ::. -f(x). Tl-IG 
$1t-.llO 1$ At-I IOXAMPL.IO. 

$1-!0W Tl-IAT At-I GVGt-.1 FUt-.llTIOt-.1 HA$ At-I 01717 
17GRIVATIVG, At-.117 Vil(; VIOR$A. 



Chapter 3 

Chain, Chain, Chain 
lOMP0$1T!; FUNCTION$, !;L.!;PHANT$, Mil!;, AND FL.!;A$ 

Now wi;·Ri; ON A Ro1.1. ... 
OR MAYS!; IT'$ A CRAWL. ... 
A FORM UL.A CRAWL.... $0 
L.i;T'$ K!;!;P CRAWL.ING, 
$HAL.I. W!;? THI$ lHAPT!;R 
S!;GIN$ SY FINDING TH!; 
D!;RIVATIV!;$ OF AL.I. TH!; 
R!;MAINING !;l.!;M!;NTARY 
FUNCTION$, AND Nil!;, 
$IMP!.!; FORMUL.A$ TH!;Y 
AR!; ... 

TH!; K!;Y TO D!;RIVING TH!;$!; FORMUL.A$ (AND MUCH !;!.$!; S!;$1D!;$) 1$ $0Mi;THING lAL.L.!;D 
TH!; CMAIN 1wu;. W!;'L.L. $TART SY $AYING WHAT IT 1$, TH!;N W!;'L.L. U$!; IT, AND FINAL.L.Y 
W!;'L.L. !;XPL.AIN WHY IT'$ TRU!;. 
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TH(; CHAIN RUL.(; 1$ A PROl(;!7UR(; FOR 
171 FF(;R(;NTIATI Nb lO/APOSIT' FUNCTION$, 
FlJNCTION$ MA!7(; BY Pl.UbblNb ON(; 
FlJNCTION INTO ANOTM(;R. [-sr;r; PP. 
30-39.] FOR r;XAMPL.(;, 

MGR(; TM(; IN$117(; FUNCTION 1$ u(x) "" 2.x, 
WMIL.(; TM(; OUT$117(; FUNCTION 1$ v(u) "" eu. 

The Chain Rule: 
TO DIFF(;R(;NTIAT(; A COMPO'SITION h(x) "" v (u(x)), FOL.I.OW 
TH(;$(; $T(;P$: 

1. DIFF(;R(;NTIAT(; TM(; IN$117(; FUNCTION. 
THAT 1$, FINl7 u'(x). 

2. TR(;ATINb TM(; (;NTIR(; IN$117(; FUNCTION 
u A'S A VARIABL.(;, l71FF(;R(;NTIAT(; TM(; 
OUT$117(; FUNCTION WITH R(;$P(;CT TO u: 
1.r;., FIN17 v'(u). 

3. MUL.TIPL.Y TM(; R(;$UL.T$ OF 1 ANl7 2.. 

4. FINAL.L.Y, R(;Pl.Al(; u BY u(x) IN v'(u). 

IN 'SYMBOL.$, 

h'(x) : u'(x) · v'(u(x)) 

I DON'T N(;(;l7 A 
KGY, I N(;(;lil, UM, 
FORMUL.A ... 

6-0017. T!-11$ 1$ 
Tl-I(; K(;Y TO Tl-I(; 
FRIDb(;, TOO ... 
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THI$ PROBABL.Y L.OOK$ WOR$(; THAN IT 
R(;AL.L.Y 1$. IN (;$$(;NC(;, fl.I(; CHAIN RUL.(; 
$1MPL.Y 'SAY'S TO MUL.TIPL.Y TM(; !7(;RIVATIV(; 
OF TM(; IN$117(; FUNCTION BY TM(; 
!7(;RIVATIV(; OF TM(; OUT$117(; FUNCTION. 



Example: A$ ASOV[;, $UPPO$[; h(x) "" e2". wr; GO $T[;P gy $T[;P: 

1. u'(x) = 2 

1. v'(u) = eu 

3. TH[; PRODUCT 1$ 2eu 

4. wr; R[;PL.Atr; u SY uCx) = 2x 
TO G~ TH[; FINAL. R[;$UL.T: 

Example: G(x) "" sin (x2 ). TH[; 
IN$117[; FUNCTION 1$ u(x) = x 2• TH[; 
OUT$117[; FUNCTION 1$ v (u) "" sin u. 

1. u'(x) = 2x 

1. v'(u) = cos u 

3. TH[; PRODUCT 1$ 2xcos u 

4. WRITING u(x) = x 2 FOR u GIV[;$ 
TH[; D[;RIVATIV[;: 

l'M TIR[;D OF 
S[;ING TR[;AT[;D 

l..IK[; A YARIASI..[; ... 

10'3 

R[;M[;MS[;R: AL.WAY$ TR[;AT 
TH[; [;NTIR[; IN$117[; FUNCTION 
A$ A VARIASI..[; IN $T[;P 2!! 

One More Example! 
f(X) "" (2X'3 + 3)13• 

IN$117b FUNCTION: u(x) "" 2x'3 + 0. 

OUT$117b FUNCTION: v (u) = u 13 

f'(x) = u'(x)g'(u) 

= C6x2 )(0u 7) 

H[;Rr; TH[; CHAIN RUL.r; I..~$ U$ 
DIFF[;R[;NTIAT[; A MON$T[;R 24TH-
17[;GR[;[; POl..YNOMIAI.. WITHOUT 
HAVING TO [;XPAND IT FIR$T. 



Derivatives of Inverse Functions 
nu;; lHAIN RlJL.(; lAN AL.$0 H(;L.P lJ$ FIND 
THE;; D(;RIVATIV(; OF AN INV(;R$(; r 1 WH(;N 
W(; KNOW TH(; D(;RIVATIV(; OF f. 

Example: $lJPPO$(; u(x) :: vx OR x4, TH(; INV(;R$(; OF v(u) :: 1.1 2 • 

TH(;N Ti.H; lOMP0$1TION f(x) :: v (u(x)) :: x, $0 OSVIOlJ$L.Y, 

f'(x) :: 1 

SUT TH(; lHAIN RUL.(; 6>1V(;$ ANOTH(;R 
FORMUL.A FOR f'(x): 

f'(x) :: u'(x) v'(u(x)) 

/ 
KNOWN UNKNOWN 

KNOWN 

1 

NOW 171Vfl7(; SY 2.xz TO $01.V(; 
FOR TH(; D(;RIVATIV(;: 

d 1 1 
-(xz) "" --
dx 2xt 

OR 

(;RHM ... WHAT HAP
P(;N$ H(;R(; IF ON(; 
FAlTOR 1$ O? 

W!-11,;N 
;t( * 0!! 
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AH (;M... lOlJG>H I ... 
JlJ$T A$$lJM(; IT 

1$N'T, OKAY? 



YOU lAN RUN THROUbH nu; SAME; si;-r OF 

STE;PS FOR u(x) :: x11" ANl7 v (u) :: u" : 
THE;N f(X) :: v(u(x)) :: x, ANl7 so 

:: u'(x)v'(u(x)) PROV117E;17 v'(u(x) * 0 

1/ n-1 
:: u'(x)·n(x ") SO 

1/ 1-n 1 - n u'(x) :: 1 (x ") :: 1 x-n-n n 

1 l - 1 :: nX" 

IF x * 0 

WHAT WE; JUST 17117 FOR x~ AN17 u\ WE; CAN 
170 FOR ANY PAIR OF INVE;RSE; FUNlTIONS f 
ANl7 r1: TO FINl7 cr1r, THE; 17E;RIVATIVE; OF 
THE; INVE;RSE;, IN TE;RMS OF f': 

x "" fCr1Cx)) 

"" d: CfCr1 (x)) 

:: cr1)'(x). flr1(x)) $0 

1 

IF f'Cr 1 (x)) * 0 

Hi;Ri;'$ HOW IT L.OOK$ ON A GRAPH. si;tAU$i; THi; INVj;R$i; $WITlHj;$ x AND y, THi; $1..0Pj; 
6.y/6.x OF THi; GRAPH OF f si;toMi;$ 6.x/t:::..y ON THi; GRAPH OF r 1• YOU HAVi; TO lHMi; 
AROUND THj; GRAPH A SIT TO FIND THi; RIGHT POINT AT WHllH TO i;vAL.UATi; cr1r ... SUT 
DON'T WORRY! $00N Wj;'l.L. $i;i; A DIFFi;Ri;NT DIAGRAM THAT MAKj;$ THING$ MUlH ll.j;ARi;R. 

$L.OPi; .,. cr1)'(a) "" .!.. "" - 1-m f'(b) 

wHi;Ri; b "" f-1 (a) 

FOR NOW, L.i;T'$ JU$T U$i; THi; FORMULA SL.INDL.Y, PL.UGGING IN INVj;R$j; FUNlTION$ TO FIND 
THj;IR Dj;RIVAT1Vj;$. THi; $1MPL.ll1TY OF THi; Rj;$UL.T$ MAY $URPRl$j; YOU ... 



w' APPl.Y nu;; INV!;R$!; D!;RIVATIV!; FORMUl.A TO Tl-IR!;!; FUNlTION$: Tl-I!; 1-0GARITM/A, Tl-I!; 
ARl~INE, AND Tl-I!; ARCTANGENT. 

d 
dx In " ::. e In " 

2. f(u) ::. sin u, r 1Cx) ::. arcsin x. f'Cu) ::. cos u 

cos (arcsin x) 

cos u ::. V 1 - sin2 u $0 

cos (arcsin x) ::. V 1 - sin2 (arcsin x) 

MOW DO wi; i;vAt.UATi; TMi; l0$1Ni; 
OF arcsin x? SY Ri;Mi;Msi;RINb 
TMAT sin2 u + cos2 u ::. 1. 

NOTi; TMAT IT WA$ O.K. TO TAKi; TMi; P0$1T1Vi; $QUARi; ROOT Mi;Ri;: VAl.Ui;$ OF TMi; ARl$1Ni; 1..1i; 

Si;TW"N -rr/1. AND rr/'2., AND ON TM1$ INTi;RVAL TMi; l0$1Ni; 1$ P0$1T1Vi;. 

3. f(u) ::. tan u, r 1 (x) ::. arctan "· f'(u) ::. sec2 " 

Tl-I!; TRlb ID!;NTITY sec2 x ::. 1 + tan2x b1V!;$ 

sec2 (arctan x) ::. 1 + tan2 (arctan x) ::. 1 + x2 !!! 

-d arctan x::. d~ x 1 + "2. 
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MIND-
806-bLINb, 

AR!;N'T TMi;Y? 



IT'$ V!;RY $TRANb!; ••• TRlb FUNlTION$ ANt7 
(;)(PON!;NTIAL.$ TAK!; Tl-l!;IR t7!;RIVATIV(;$ 
FROM AMONb Tl-l!;M$!;1..V(;$ ••• BUT Tl-l(;IR 
INVli:RSli:S l-IAV(; t7(;RIVATIV(;$ MAt7(; OF 
0Rt71NARY POl..YNO,\\IAl..S ANt7 SQUARI; 
ROOTS. HOW t71t7 TMAT l-IAPP(;N? d . 1 

d.., arcszn x = -;:::::=== "' v 1 - x 2 

..E....arctan x = - 1-
dx 1 + "2 

THI; L.OGARITHM'$ t7(;RIVATIV(; 1$ P(;Rl-IAP$ MO$T $URPRl$1Nb: x-1 l.OOK$ l.IK(; Tl-I(; t7!;RIVATIV(; 

OF A POW(;R FUNlTION. BUT Tl-lb POW(;R RUI..(; d: (xn) : nxn -l lAN PROt7Ul(; t7(;RIVATIV(;$ 

ONl..Y WITH (;XPON(;NT$ OTMli:R TMAN -1, $1Nlb d: (x0 ) : 0. 

Tl-lb NATURAL. L.Ob P(;RF(;lTL.Y 
Fil.I..$ THAT ON(; I-IOI..(; IN Tl-lb 
POW(;R l.1$T: 

f(X) 

"2 

" 
"o"' 1 

In " 
"-1 

x-2 

brl. 
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f'(x) 

2.x 

1 

0 

"-1 
-x -2 

2. -~ - " 



Examples of Derivatives Found by the Chain Rule: 

1. hfa:) = xW, m AND n INT(;6'(;R$. 
m 1 

x" = <x"r. so 
1 1 1 

1"1$117(; FUNlTION: u(x)=x" , u'(x)=Axn.-

OVT$117(; FUNlTION: v(u)=um, v'(u)=mum-l 

m (Ll+m-1) = -X n n n 

m 1L1 
== -x" n 

Y(;$$!! TH(; 
POW(;R RUL.(; 

AGAIN! 

2. f(x) = arctan(3x) 

IN$117(;: u(x) = 3x, u'(x) = 3 

OUTSll7(;: v(u) = arctan u, v'(u) = 

f'(x) = u'(x)v'(u(x)) = 3 
1 + u2 

1 + u2 

1 + (3x)2 1 + 9x1 

3. g(x) = f(ax), a A lONSTANT 

INSl17(;: u(x) = ax, OUTSll7(; f, SO 

g'(x) :: af'(ax) 

4. F(x) = V 1 - x 2 

1"1$117(;: u(x) = 1 - x2 , u'(x) = -2x 

OUTS117(;: v (u) = u & , v'(u) = ~u-& 
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F'(x) = -2x · <!u-&) = -2x<!)(1 - x 2 )-& 

-x 

v 1 - x1 

5. G(x) = In (x2 + x) 

IN$117(;: u(x) = x2 + x, u'(x) = 2x + 1 
OUT$117(;: v (u) = In u, v'(u) = 1/u 

G'(x) = (2x + 1)(1/u) 

2x + 1 

"1 + " 

6. P<t) = (2 + t + 2t°3) c;;6 

IN$117(;: u(x) = 2 + t + 2t'3, u'(x) = 1 + 6t2 

OUT$117(;: v(u) = u?/6 , v'(u) = Z.u-116 
6 

P'(t) = <1+6t2 )(Z.u-116 ) 
6 

:: i (1 + 6t2 ) (2 + t + 2t3)-116 

J • U(x) = (f(x))" FOR ANY 171FF(;R(;NTIABL.(; 
FUNlTION f, ANY RATIONAL. n 

IN$117(;: f(x), 17(;RIVATIV(; = f'(x) 
OUTSll7(;: v (u) = u", v'(u) = nu" - 1 

U'(x) = f'(x)(nu"- 1) 

= n f'(x)(f(x))" -t 



Wb MAVb NOW FOUN17 17bRIVATIVb$ OF Al.I.. TMb bl.bMbNTARY FUNCTION$ ... FROM TMb$b Wb CAN 
BUll..17 TMb 17bRIVATIVb OF ANY FUNCTION MAl7b BY Pll.ING UP TMb bl.bMbNTARlb$ BY COMBI
NATION$ OF Al7171TION, MUL.TIPL.ICATION, 171V1$10N, ANl7 COMP0$1TION. Wb'Rb bMPOWbRbl7! 

1!1' 
~ 

ANl7 Yb$, Wb 170 KNOW MOW TO 171FFbRbNTIATb CMAIN$ l.ONGbR TMAN TWO FUNCTION$: 
JU$T MUL.TIPl..Y Al.I.. TMb 17bRIVATIVb$! 

d dv du dy dx 
dt v(u(y(x(t)))) ... du dy dx dt 

OR, IF YOU PRbFi;R TM!; OTMbR NOTATION: 
IF f(t) : v (u(y(x(t)))), TM!;N 

f'(t) : x'(t)y'(x(t))u'(y(x(t)))v'(u(y(x(t)))) 

Three-function example: 
d 2 2 2 

dx sin (e" ) : 2xe" cos (e" ) 

(INNbR: u(x) : x 2 , Mll7171..i;: v (u) : eu, 
OUT!;R: g(v) : sin v) 
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AR' YOU R'A!7Y 
FOR TMIS? 

x+h 

" 

f -

h 

f(x+h) 

6.f 

f(X) 

R~'MS,R, Wb $TIL.L. 
MAV,N'T $MOWN WMY 
TM!; CMAIN RU~i; IS 
TRU!;! TO $bb THI$, 
L.~'$ L.OOK AT Tl-lb 
D'RIVATIV' IN ™' 
PARAL.L.,L.-AXb$ PllTURb 
OF A FUNCTION f. 

UM ... WM'R''D 
Tl-lb D'RIVATIV' 
GO, ANYWAY? 

WHAT 1$ 6.f lh IN THI$ 
PllTUR'? ON Tl-lb L.'FT 
AR' ™' POINT$ x AND 
x + h, AND ON TM' 
RIGHT AR' Tl-lb "TAR
G~" OR "IMAbb" 
POINT$ f(x) AND 
f(X + h). 

M'Rb, TM,N, Tl-lb DIFFbRbNl' QUOT"NT l:l.f/h 1$ A SCA~ING FACTOR THAT MUL.TIPL."$ Tl-lb 
AMOUNT h TOG~ 6.f. 

THI$ FAlTOR MAY 
'NL.ARGb, $1-!RINK, 
AND/OR INV'RT Tl-lb 
$PAlb SbTWbbN Tl-lb 
POINT$ x AND x + h. 
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I 
I 

6.f 
0<- <1 

h 

6.f 
-<O 

h 



WMAT MAPPGN$ A$ h-O? IT 1$N'T GA$Y TO $GG... (;VGRYTMING 1$ $0 $MAL.I. ... $0 I.GT'$ 
TAL.K ABOUT SMAL.L.NE~ ... 

$MAL.I.NG$$ 1$ 

REL.ATIVE... $0MG
TMING 1$ $MAL.I. ONL.Y 
IN t::OMPARl$0N WITM 
$0MGTMING GL.$G. NGXT 
TO AN EL.EPMANT, A 
MOUSE 1$ $MAL.I., BUT 
TMAT $AMG MOlJ$G 
IN$PIRG$ AWG IN A 
FL.EA ... TMG MOlJ$G, 
MGANWMIL.G, $GG$ TMG 
FL.GA A$ $MAL.I., WMIL.G 
TO TMG GL.GPMANT A 
FL.GA 1$ lOMPL.GTGL.Y 
SGNGATM NOTllG. 

''' 
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IT'~ nu; $AMi; WITl-I NUMsi;R$ ... wi; WANT TO Tl-llNK OF ORl71NARY NUMSbR$, l.IKb a ANl7 
f(a), A$ bl.bPl-IANT$, PART OF THb MAtRO-WORl..17. (I KNOW, Tl-lbY lAN gi; zi;Ro $0MbTIMi;$, 
SUT NOT U$UAl..l.YI) 

nu; INlR!;M!;NT h 1$ A$$UM!;D TO gi; $MAL..L.. 
lOMPAR!;l7 TO AN !;L..!;PHANTIN!; NUM8!;R L..IK!;, 
SAY, 1 . IN b!;N!;RAL.., W!;'L..L.. lAL..L.. $0Mi;THING 
A ,Y.OU~{; IF IT SHRINKS WITH h, THAT 1$, IF 

lim (MOU$i;) "" 0 
h-o 

$0 h2 , h"3, AND h "3/2 AR(; AL..L.. FL..!;A$. 
IOV!;NTUAL..L..Y, AS h-+0, TH!;Y AL..L.. L..OOK 
$MAL..L.. lOMPAR!;D TO h. 

h3/2 
lim - "" lim h112 ::. O 
h-o h h-o 

) 

l 
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A MATH!;MATllAL.. Fl.{;A 1$ $0Mi;THING SMAL..L.. 
IOV!;N lOMPAR!;D TO h. FOR IN$TANl(;, h2 1$ A 
FL..(;A : IF h "" 1010 , TH!;N h2 ::. 1010 OF 1010 , 

AS $MAL..L.. lOMPAR!;D TO h AS h 1$ TO 1. W!;'L..L.. 
lAL..L.. $0Mi;THING A FL..i;;A IF 

lim Fl.bA "" 0 
h-o h 

FROM TH(; D!;FINITION$, IT FOL..L..OW$ 
IMM!;DIAT!;L..Y THAT 

Fl.i;A 1$ A MOU$i; 
h 

h · (MOU$i;) 1$ A Fl.i;A 



NOW l.(;T'? WRITb Tl-lb DbFINITION 
OF Tl-lb DbRIVATIVb IN Tl-lb?b 
ZOOl..OGllAL. TbRM?: 

lim 6.f : f'(x) 
h~o h 

lim ( 6.f - f'(x)) : 0 
h~o h 

MUL.TIPl..YING SOTl-l ?IDb? SY h GIVb? 

6.f : hf'(x) + h·MOU?b 

(/ 

?O ~ 
er 

6.f : hf'(x) + Fl.EA 

TWO Mil(;, 
ID(;NTllAL 

SUT FOR A 
LOWLY 
FL(;A ... 

I lAL.l. Tl-II? l.A?T bQUATION Tl-lb FUNDAA\ENTAl. EQUATION OF CAl.CUl.US. ('lOUR$(;, 
NOSODY (;L$(; DO(;?, $0 DON'T (;)(P(;lT TO sr;r; IT ON n1r; T(;$T ... ) I l.IKb IT SblAU?b bVbRYTl-llNG 
IN IT I? ~MAL.I..: IT GIVb? U? A "MOU?b-?lAl..b" VlbW OF FUNlTION? ON VbRY ?l-IORT 
INTbRVAL.?. IN FAlT, I l.IKb IT ?O Wbl.l., I'M GOING TO WRITb IT AGAIN, RbAl..l.Y l.ARGb: 

ON A GRAPl-l, IT MbAN? Tl-II?: 

A l.ARGb 
bQUATION ABOUT 
?MAL.I.. Tl-llNG?! 

A? h G(;T? ?MAL.I.., Tl-lb 
Dl?lRbPANlY SbTWbbN Tl-lb 
lURVb y : f (x) AND IT? 
TANGbNT l.INb 8bl0Mb? 
NbGl..IGISl..b, A MbRb Fl.bA
?MAL.l. lOMPARbD TO h. IF Wb 
ZOOM IN ll..O?b bNOUGl-l, IN 
OTl-lbR WORD?, TME CURVE 
8ECOMES VllrrUAl.l.Y 
INDISTINGUISMA81.E FROM 
A STRAIGMT l.INE. 

--~~~h~~~~--
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IN TH(; PARAL.L.(;L.-AX(;$ Vl(;W, IT M(;AN$ TMf$: IN TM(; L.IMIT, A$ h-+ 0, wi; tAN R(;PL.At(; TM(; 
$t'.AL.1Nf7 FAtTOR ~f/h BY f'(x). TMAT 1$, TM(; FUNtTION f SlAL.'S A SN.L.L. lMANG' IN 
" 9Y A FAcroR OF f'(x), A$117(; FROM A Dl$lR(;PANlY TMAT B(;lOM(;$ N(;f7L.lf71BL.(;. 

lAN BIO 
ll?NORIOl7 A$ 

h-+01 

\ 
~f :: f'(x)h + FL.(;A 

TM1$ IMM(;171AT(;L.Y $MOW$ WMY AN INV(;R$(; FUNtTION'$ 17(;RIVATIV(; 1$ WMAT IT 1$: TM(; 
INV(;R$(; r 1 Rs;v,RS'S TM' ARROWS OF f. WMAT(;V(;R $l:AL.1Nf7 1$ 170N(; BY f 1$ 
UNSlAL.'D BY r 1• 

f $lAL.(;$ A $MAL.I. lMANf7(; IN t BY A 
FAtTOR OF f'(t) (A$$UM(; f'(t) :/= 0) 

R(;V(;R$1Nf7 TM(; ARROW$ TM(;N 
"UN$tAL.(;$" BY A FAtTOR OF 1/f'(t). 

h f 6.f 

t ~------..... .... f(t) 

~f :: f'(t)h 

BUT TH(; 17(;RIVATIV(; 1$ TM(; $l:AL.1Nf7 FAtTOR! $0 TM(; 17(;RIVATIV(; Cr1)'(x) MA$ TO B(; 
1/f'(t), ANl7, $1Nt(; t :: r 1 (x), wi; f7(;T TM(; FORMUL.A OF PAf7(; 107: 

114 

k 



FOR nu; lHAIN RULi;, THi; PICfURi; 1$ $1MILAR. NOW wi; HAvi; TWO FUNlTION$ u ANl7 v. 
THi; IN$117i; FUNlTION u 1$ ON THi; Li;FT, $1Nti; IT lOMi;$ FIR$T, ANl7 wi; WANT TO $i;i; 
THi; 17i;RIVAT1vi; OF THi; FUNlTION f 17i;F1Ni;l7 BY f('X) = v(u(-x)). 

~ ---x+h 

h 
6.u 

6.v 
'X ... 

u 
U('X) 

~ v(u(-x)) 

Hi;Ri; mi; QUANTITY h 1$ $lALi;17 TWlti;: FIR$T BY A FAlTOR u'(-x) ANl7 mi;N BY A FAlTOR OF 
v' i;vALUATi;l7 AT u(-x). THi; Ni;T i;FFi;tT OF BOTH FUNlTION$, THi;N, 1$ TO $lALi; h BY THi; 
PRODUcr u'(-x) v'(u(-x)), $0 THI$ MU$T Bi; THi; 17i;R1VAT1vi; OF f AT THi; POINT 'X. OMAblNi; 

FIR$T 170UBL1Nb, mi;N TRIPLING; THi; i;FFi;tT WOUL17 Bi; TO MULTIPLY BY $IX.) 

~ 
u $lALi;$ 

BY u' -

6.u == u'(-x)h 

6.v == v'(u(-x))6.u 

== v'(u(-x)) u'(-x)h 

WHllH $AY$ THAT THi; $lALINb FAlTOR, 

ANl7 THi;Ri;FoRi; THi; 17i;RIVAT1vi;, OF 
mi; lOMP0$1TION 1$ u'(-x)v'(u(-x)). 

AN17 THAT 1$ THi; lHAIN RULi;! 

f'(x) ;: u'(x) v'(u(x)) 

Q.~.17., 

$ORT OF! 



Problems 
1. SUPPOS{; f(x) :: x2 AND 9(u) :: cos u. WHAT IS f(9(u))? WHAT IS 9(f(x))? GRAPH BOTH 
WMPOSIT{; FUNlTIONS. WHAT AR{; THblR D{;RIVATIV{;S? 

2. SUPPOS{; u(x) :: -x2 AND v(u) :: eu. SAM{; QU{;STIONS AS PROBL.{;M 1. 

3. DIFF{;R{;NTIAT{;: 

a. f(t) = V 1 + t + t2 d. P(r) = (r2 + 7)10 g. /;(x) :: e" - a 

b. 9(x) = (cos x - sin x)v; e. Q(r) :: (r2 + n-10 h. F(x) = e(" ~a) 

c. h<e) = tan2 e f. f(y) :: cos (Vy) 
• ?.. -1A z. v(z) = (sin (z) + 2) 

4. IF f IS DIFF{;R{;NTIABL.{;, SHOW THAT 

ddx In (f(x)) = f'(x)/f(x) 

THIS FORMUL.A, TOGbTH{;R WITH TH{; FAlT 
THAT In (ab) = In a + In b, lAN SIMPL.IFY 
DIFF{;R{;NTIATION WH{;N TH{; FUNlTION 
INVOL.V{;S PRODUlTS AND QUOTlbNTS. 
FOR {;XAMPL.{;, SUPPOS{; 

y :: x 2 cos " so 
In y = 2 In x + In (cos x) 

DIFFi;R!;NTIATING WITH R{;SP{;lT TO x GIV{;S 

y' 2 sin x 
-=-----
y " cos " 

BUT y :: x 2cos x (IT'S WH{;R{; W{; START{;D!). 
MUL.TIPL.Y THROUGH BY THIS TO FIND y': 

2 sin x 2 
y' :: ( - - --) " cos " 

" cos " 

= 2.xcos x - x2sin x 

t;. usi;; THIS l.OGARITMMIC DIFF(;R(;NTIATION 
T!;;lHNIQU{; ON TH{;S{; FUNlTIONS: 

a. f(x) = x7e"(1 + x)-1A 

b. 9(x) = x-5 

6. SHOW THAT IF F1(h) AND F 2 (h) AR{; BOTH 
FL.{;AS, TH{;N SO IS F1 + F 2 • 

7a. IF f(x) :: 2 + sin x, WHAT IS TH{; INV{;RS{; 
FUNlTION r 1? DRAW ITS GRAPH ON A SUITABL.{; 
DOMAIN, AND FIND W1)'(x). 

HINT: WRIT{; y :: 2 + sin " AND SOL.Vb FOR "· 

b. SAM{; THING FOR f(x) = V x2 + 1 . 

9. A POTATO AT ROOM T{;MP{;RATUR{; (V5° l) IS 
PUT INTO A 27?0 OV{;N. TH{; POTATO'S T{;MP{;RA
TUR{; T, IN D{;GR{;{;S l{;L.SIUS, AFT{;R t MINUT{;S IS 

r<t) = 2? + 2?0(1 - e-0.46t) 

a. DRAW A GRAPH OF THIS FUNlTION. HOW FAST IS 
TH{; POTATO H{;ATING UP, IN D{;GR{;{;S P{;R MINUT!;, 
AFT{;R 10 MINUT{;S? 20 MINUT{;S? 60 MINUT{;S? 
100 MINUT{;S? 

b. HOW MANY MINUT{;S DO{;S IT TAK{; THI; POTATO 
TO R{;AlH 274°? 

9. WHllH OF TH{;S{; FUNlTIONS IS A FL.{;A? A 
MOU%? N{;ITH{;R? 

b. h112 

1 - h2 
c.--

h 

d. sin h 

e. hcos h 

f. cos h - 1 
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g. 6.f6.9 WH{;N f AND 9 
AR{; DIFF{;R{;NTIABL.{;. 



Chapter 4 
Using Derivatives, Part 1: Related Rates 

TH~ tHAIN RUL.~ 
1$ MOR~ THAN A 
FORMUl..A FOR 
TAKING D~RIVATIV~$: 
IT Al..$0 H~l..P$ U$ 
soa.v' PRO~l.,,\\S. 

Example 1: 

IN WHltH W~ AtTUAl..l..Y TAl..K ASOUT TH~ R~AI.. WORl..D 

OF toUR$~ 
I THINK. 

AN AIRPl..AN~ TRAV~l..ING AT A toN$TANT Al..TITUD~ OF 3 KM 1$ S~ING TRAtK~D SY A 
GROUND-SA$~D RADAR $TATION. AT A t~RTAIN TIM~ t 0 , TH~ RADAR tR~W M~A$UR~$ TH~ 
PL.AN~ TO S~ ? KM Dl$TANT, AND THI$ Dl$TANt~ 1$ FAl..l..ING AT A RAT~ OF 320 KM/HR. 
HOW FA$T 1$ TH~ PL.AN~ FL.YING AT TIM~ t 0 ? 

f?'(t0 ) ,,, -?20 KM/HR 

WHAT 1$ s'(t0 )? 
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AT ANY TIMb t, fl.lb RADAR $IT$ AT ONb CORNbR OF A RIGl-IT TRIANGL.b OPQ WITl-I 
l-IYPOTbNbU$i; f;>(t). IF s(t) 1$ Tl-lb PL.ANb'$ MORIZONTAL. Dl$PL.AlbMbNT AT TIMb t, w' ARb A$KING: Wl-IAT 1$ s'(t), Tl-lb DbRIVATIVb OF S? 

YOU MIGi-iT WONDbR 
l-llGGUP! 

MOW CAN Wb FIND '-"'-~· s'(t) Wl-lbN Wb 
l-IAVb NO IE>GA .. p ,.. 
WMAT Tl-lb FUNCTION ,,, l 

I 
s L.OOK$ L.IKb. Tl-lb 

,,,. 
I 

PIL.OT COUL.D Bl; P(t) ,,,. 
I '3 KM 

ACCbL.bRATING AND ... I 

D'CbL.bRATING L.IKb ... .. 
A DRUNKbN AVIATOR! 

db ~ ~-L -...f! ... -F~ «- -C> ... 
0 s(t) 

Wl-IAT Wb DO KNOW 1$ T!-11$: 

()2 - S2 : ~ 2. AND AL.$0 

PCt0 ) = ? s(t0 ) = 4 P'Ct0 ) = -'32.0 

,-

bVbN WITl-IOUT KNOWING Tl-lb FUNCTION$ s(t) AND l/(t), Tl-lb FIR$T bQUATION IMPL.lb$ A 
Rbl..ATION$1-11P BbTWbbN Tl-lblR DbRIVATIVb$. BY Tl-lb Cl-IAIN RUL.b, Wb CAN DIFFbRbNTIATb Tl-lb 

$QUAR!; OF A FUNCTION: d: (f)2 = 2.f'f. ($bb bXAMPL.b 7, P. 100.) $0 Wb DIFFbRbNTIATb: 

$0 

21/P' - 2.ss' = 0 

s'"' 

s'Ct0 ) = ~ (-'32.0) = -400 Ian/hr 
4 
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BA$bD OB$bRVATION, 
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Implicit Differentiation 
IN nu; PR!;VIOU$ (;XAMPI..(;, TH(; (;QUATION 1?2 - s2 ::. 9 I/APL.Iii[) A R(;l.ATION$HIP g(;TW(;(;N 
TH(; D(;RIVATIV(;$ OF I? AND s. TH(; PROl(;$$ OF FINDING THI$ R!;l.ATION$HIP 1$ lAl..l.(;D 1/t\PL.lllT 
DIFFliR'liNTIATION. wi; DIFF(;R(;NTIAT(; WITHOUT !;V(;R WRITING AN !;XPL.lllT FORMUL.A FOR 
(;ITH!;R FUNlTION. 

Example 2: TH' (;QUAT10N 

x2 + y2 ::. 1 

D(;$lRIS(;$ A llRll.(; OF RADIU$ 1 l(;NT(;R(;D AT 
TH(; ORIGIN 0. TH(; (;QUATION IMPl..11;$ THAT y 
1$ ON(; OF TWO DIFF(;R(;NT FUNlTION$ OF x: 

y ::. V 1 - x 2 AND y ::. - V 1 - x 2 

TH(; UPP(;R AND l.OW(;R $!;Mll1Rll.(;$. 

$0Mi;TIM(;$ IT'$ 
SITT(;R NOT TO 
gi; TOO (;XPL.lllT .. 

wi; lOUL.D FIND y'(x) gy DIFF(;R(;NTIATING THO$(; $QUAR(; ROOT$, SUT THAT'$ M(;$$Y-$0 
IN$T!;AD, WI; 1/APL.lllTL.Y DIFF(;R(;NTIAT(; TH(; ORIGINAL. !;QUATION WITH R(;$P(;lT TO x: 

x2 + y2 ::. 1 

2.x + 2.yy' ::. 0 AND $0 

y' ::. - ~ WH!;N!;V(;R y :t= 0 
y 

x ::. --;:::::== V 1- x 2 
OR 

-x 

v1 -x 2 

D(;P(;NDING ON WHllH $(;Mll1Rll.(; YOU 
lHOO$(;. lOMPAR(; THI$ WITH TH(; 
!;XAMPI..(; 4 ON PAG(; 100. 
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More Related-Rate Examples 
3. A Pi;TROL.E;UM $TORAb!; TANK ON THE; SHORWNE; L.!;AKS Oil. INTO THE; WAT!;R AT A $TE;A17Y RATE; 
OF 2 8ARR!;L.$ P!;R MINUTE;. A ll.!;ANUP lR!;W, INTE;NDINb TO lONTAIN THE; $Pll.l. WITH A $TRINb OF 
FL.OATS, MKS HOW FAST THE; $!;MlllRlUL.AR Oil. $1.llK'S CIRCU,¥.F'R't.l'' 1$ bROWINb . 

6-IV&N: V'(t) "' 2., THJ; RATJ; OF 
tHANG& OF VOL.UMJ; 

MK&D: C(t), TH& RATJ; OF 
tHANG!; OF llRlUMFJ;RJ;Nl& 

. _..,-; ,;::/, 

- "-
L.i;T'$ A$$UME; THAT THE; Oil. $1.llK HAS UNIFORM THllKN!;$$, $0 
THAT IT$ AR!;A 1$ PROPORTIONAL. TO ITS VOL.UM!;. IF 1 BARR!;!. 
(SRI.) OF Oil. lOV!;R$ 300 SQUARE; Mi;TE;R$, THE;N AT TIME; t, 

A(t) : (300 M2/8RL.)·(2 8RL./MINHt MIN) : 600t M2 

A'(t) : 600 M2 /MIN 

DIFFE;RE;NTIATINb WITH R!;$P!;lT TO t, 

A'Ct) : - 1- '2.C(t) C (t) : ..!_ C Ct) C(t) so 
'2.TT TT 

, rrA' 600rr 
C(t): -- : -- M/MIN 

CCt) CCt) 

WH!;N TH!; $Pll.L. 1$ 1000 Mi;T!;R$ 
AROUND CC: 1000), FOR INSTANl!;, 
TH!; llRlUMF!;R!;Nl!; 1$ bROWINb AT 
A RATE; OF 

O.K., NOW 
DOG$ ANYBODY 
MAVG A lORK? 

600rr 1 nn 
1000 z (0.6)(3.1416) z .PP Mi;T!;R$ P!;R MINUTE; 
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4+ 17[;1..TA 1$ POURINb WAT[;R INTO A lONllAl.. lUP 
0 lM TAl..l.. AN17 6 lM AlRO$$ AT TH[; TOP. IF TH[; 
VOL.UM[; IN TH[; lUP AT TIM[; t 1$ V(t), HOW FA$T 
1$ TH[; WAT[;R l.(;V(;I. Rl$1Nb, IN Tf;RM$ OF V'(t)? 

SY $1Mll..AR 
TRIANbl..[;$ 

? 
r = -h 

0 

TH[; WAT[;R VOL.UM[; 1$ blV[;N gy 

(1) V = irrr 2h = irrC~h)2h 
= lrr(!)2h3 

3 9 

NOW 171FF[;R[;NTIAT[; WITH R[;$P[;lT TO t: 

V' = h'rrc1../h 2 
0 

WHllH blV[;$ 

C2) h' : 64V' 
9rrh 2 

FOR IN$TANl[;, IF WAT[;R POUR$ AT A 
lON$TANT RAT[; OF 10 lM3/~i;t, TH[;N 
WH[;N h "' 4 lM, 

W[; bl..IMP$[;17 TH[; INFINIT[; 
IN A lUP OF WAT[;R ... WHO'l7 
HAV[; THOUbHT ... ? 

h' = (64)(10) = 640 
9rr(16) 4?2.4 

= 1. 41 tMl$[;l. 

SY TH[; WAY, WH[;N YOU FIR$T $TART 
TO POUR AN17 h = 0, 170 YOU $[;[; 
THAT h' 1$ INFINIT(;?I! 
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5+ MioRIO'$ AN ANGUL..AR IOXAMPL..IO: AN AIRPL..ANIO-AbAIN-1$ FL.YING AT AN Al..TITU1710 OF ? KM, WITM 
VIOL.OllTY s'(t). TMIO 09$IORVIOR 1$ MAKING A VIDIOO RIOlORDING OF TMIO PL..ANIO AND WOUL..D 1..IKIO TO 
KNOW MOW FAST TO lMANGIO TMIO ANG~' AT WMllM MIOR lAMIORA 1$ POINTING WMION TMIO ANGL..IO 1$ 
60 DIOGRIOIOS (7T/? RADIANS). 

S 1$ TMIO MORIZONTAL.. DISPL..AllOMIONT OF TMIO 
PL..ANIO FROM TMIO OSSIORVIOR. TMIO RIOL..ATION 
SE;fWIOION S AND e 1$ 

tane = ~ 
? 

DIFFIORIONTIATIO WITM RIOSPIOlT TO TIMIO: 

DIVIDING SY sec2e (WMltM 1$ NIOVIOR ZIOROI), 

FOR nu; "8-ROl...I...," 
I.~'$ bi;;T $OM!; 
R!;;AtTIOt-1 $MOT$ 
OF YOU $lRATtM-
1"1b YOUR t!-11"1 At-117 
"1017171"16> W1$!;;1.Y ••• 
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WMAT 1$ e'(t) 
WMION e = rr/3? 

IF TMIO Pl..ANIO'$ VIOL..OllTY 1$ - 720 KM/MR 
= -12 KM/MIN.", AND e = 1T I? RADIANS, TMION 

cos e = ! , s' = -12, AND 

= -1 RADIAN PIOR MINUTIO 

= (1)(1/60) z 0.01667 RADIAN$/$10l. 

TMIO ANGL..IO 1$ DIOlRIOA$1NG AT A RATIO OF 
0.01667 RADIANS PIOR SIOWND, ROUGML..Y 
1 DIOGRIOIO PIOR SIOWND. 

"Tl-llO VIOL..OllTY 1$ NIOGATIVIO Wl-llON Tl-llO Pl..ANIO 1$ 
Fl.YING TOWARl7 Tl-llO OSSIORVIOR. 



nu; Kf;Y TO TM(;$(; Rf;L.AT(;D-RAT(;; WORD PR08L.bM$ (A$ TO AL.L. WORD PR08L.bM$) 1$ TO r;;x
PR(;;$$ r;;vr;;RYTMIN6> YOU KNOW FROM TMr;; $i;;TUP. IF A Rf;L.ATION$MIP si;;rwr;;r;;N TWO FUNCTIONS 
APPf;AR$, DIFFf;Rf;NTIATr;; IT IMPL.ICITL.Y TO FIND ONr;; Df;RIVATIV(;; IN T!;RM$ OF TM(; OTMf;R. 

C7 1$ TH(; FOURTH L.ffi(;R OF TH(; L.ATIN 
AL.PHA8i;T. s 1$ TH(; NIN(;T(;(;NTH. e AND TT AR(; 
bR(;(;K L.ffi(;R$, 8UT l'M NOT SUR(; WH(;R(; IN TH(; 
bR(;(;K AL.PHA8i;T TH(;Y lOM(;, AND l'M TOO L.AZY TO 
L.OOK IT UP. TH(; PYTHAbOR(;AN TH(;OR(;M 1$ NAM(;D AFT(;R 
PYTHAbORAS, AN ANll(;NT bR(;(;K WHO L.IV(;D IN SlllL.Y. H(; 
8(;L.l(;V(;D THAT ONL.Y WHOL.(; NUM8(;R$ AND RATIOS OF 
WHOL.(; NUM8(;R$ W(;R(; Ri;AL., $0 H(; WAS SHOlK(;D TO 
DISlOV(;R THAT {2 1$ IRRATIONAL.. TH(; "PYTHAbOR(;AN" 
TH(;OR(;M HAS 8(;(;N PROV(;D IN HUNDR(;DS OF DIFF(;R(;NT 
WAYS 8Y MATHi;MATlllANS FROM MANY lUL.TUR(;$. PR(;Sl
D(;NT JAM(;$ bARFl(;l.D, AN AMAT(;UR MATH(;MATlllAN, 
FOUND A PROOF THAT WAS QUIT(; SIMIL.AR TO TH(; 
TRADITIONAL. lHIN(;$(; PROOF. AIRPL.Ar-1(;$ WIORIO 
11-!VIOl-ITIOD BY THIO WRIG>MT BROTMIOR$ It-I 1903... 

M!;Rr;; AR(; MOR(; r;;XAMPL.(;;$ OF 
IMPLICIT DIFFr;;Rf;NTIATION WITHOUT 
ANY WORD PR08L.!;M$ ATTAtMf;D: 

6. sin f = In 9 

f'cos f = 9' 
9 

T$K! WHY 
DIDN'T YOU 

SAY $0? 

I DIDN'T M!;;AN 
A8~0LUT(;l..Y 
(;V(;RYTHINb 
YOU KNOW! 

IN TMf;M, wr;; FIND f' IN T!;RM$ OF 
f, 9, AND 9', WMf;Rr;; AL.L. TM(;$(; 
FUNCTION$ AR(; A$$UMr;;D TO 
Df;Pf;ND ON A VARIASL.(; x. f , __ 9'secf f 0 0 WM f;N cos * , 9 * 

ON(; MOR(; THING- I KNOW: 
IT'$ WAY !;;A$f{;R lRANKINb 
OUT FORMULA$ THAN DOIN6> 
A8$TRAtT THOUbHT! 

'SPE;l!AL.L.Y WHE;N 
l'M THE; ONE; DOINb 
THE; lRANKINb ... 

9 

7. f°~ + 92 : " 

DIFFf;Rf;NTIAT(; WITH Rf;$Pf;CT TO x: 

'3f'f2 + 2.9'9 : 1 

f' : 1 - 2.9'9 WMf;N f * 0 
'3f2 

8. tan2 f + tan f + 1 = 92 

f'C2 tan f)(sec2 f) + f'sec2 f = 2.9'9 

f'(sec2 f)(1 + 2. tan f) = 2.9'9 

2.9'9cos2 f 
f' : WM(;N tanf * -1 

1 + 2.tan f 2. 

12'3 



Problems 
1. A H~ISPHGRICAL BOWL OF RA171US R 
HAS VOl..UMG 2rrR3 /3. IF IT CONTAINS 
WATGR TO A 17GPTH h, THG VOLUMG OF 
WATGR IS 

V = rrCRh2 - ~h3 ) 

(TAKG THIS ON FAITH FOR THG TIMG BGINb. IT 
WILL. BG AN GXGRCISG JN A LATGR CHAPTGR.) 

IF WATGR IS POURGl7 INTO THG BOWL AT A 
RATG OF V'(t), THGN WHAT IS h'(t) IN TGRMS 

OF V' AN17 h? (RGMGMBGR, R IS CONSTANT!) 

R-h 

h 

2. IMAblNG AN JNSGCT CRAWLINb ON AN 
GLLIPTICAL WIRG. THG GLLIPSG'S GQUATION IS 

AT GACH INSTANT OF TIMG t, THG JNSGCT HAS AN 

X-tOORl7JNATG X(t) AN17 A y-lOORl71NATG y(t). 

RGbAR17LGSS OF WHAT THG FUNCTIONS x(t) AN17 

y(t) MAY BG, IT MUST BG TRUG THAT 

(x(t))2 (y(t)) 2 

--+--=1 
ai bi 

Flf\117 AN GQUATION THAT RGLATGS x' ANl7 y'. 

b 

a 
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'3. A 
SNAKG, GATINb '-

ITS OWN TAIL, FORMS 
A PGRFGCT CJRCLG. IF THG 

SNAKG'S LGNb TH FALLS AT A 
RATG OF C CGNTIMGTGRS PGR 

HOUR, HOW FAST 170G? THG 
GNCLOSGl7 ARGA SHRINK? 

THAT IS, WHAT IS A' 
IN TGRMS OF 
C AN17 C? 

4. A LA1717GR 1? MGTGRS LOf\IG IS 
PROPPGl7 AbAINST A HlbH WALL. 
THG BOTTOM OF THG LA1717GR 
SL117GS AWAY FROM THG WALL 
AT A RATG OF 1 MGTGR PGR 
SGCON17. HOW FAST IS THG 
TOP OF THG LA1717GR 
SL1171Nb 170WN THG WALL 
WHGN IT IS 12 MGTGRS 
OFF THG bROUNl7? 

x'(t) = 1 .. 

y'(t) = ? 

y 

?. A SNAIL CRGGPS ALON/; THG Sll7G OF A 
SQUARG 2? CGNTIMGTGRS ON GAlH Sll7G. IF 
THG SNAIL MOVGS FROM A TO 8 AT A STGAl7Y 
PACG OF 1 CM/SGC, HOW FAST IS IT 
APPROACHINb POINT C WHGN THG SNAIL HAS 
bONG 10 CM? HOW FAST IS IT MOVINb AWAY 
FROM POINT /1 AT THG SAMG MOMGNT? 

11 ____ 2_? _ __ ... c 

A 



Chapter 5 
Using Derivatives, Part 2: Optimization 

Wl-l!;N FUNtTION$ MIT BOTTOM (OR TOP) 

IN Tl-I!; R!;Al. WORl..17, 
P!;OPI..!; OFT!;N l.OOK FOR 
WAY$ TO OPTl,\\lzc; 
Tl-l1Nb$ ... Wl-lltl-I M!;AN$ 
FIN171Nb Tl-Ii; sc;ST WAY 
TO 170 $0Ml;Tl-l1Nb ... WI; 
WANT TOP QUAL.ITY-ANl7 
TOP QUANTITY! 

I WANT TO L.!;ARN Tl-I!; 
MAXIMUM AMOUNT OF 
tAL.tUl..U$ WITH MINIMUM 
1-1 l;A17Atl-I i; ! 

I tAN 1-11;1..P 
WITH THAT! 



FOR !;;XAMPI..!;, A $HIPPINb COMPANY WANT$ TO MINIMIZ!; IT$ FU!;L. CO$T$ BY $!;!;;K1Nb AN 
OPTIMAL. ROUT!; THAT BURN$ TH!; $MAl..l..!;$T AMOUNT OF bMOL.IN!;. AN OIL. COMPANY WANT$ 
TH!; OPP0$1Ti;! 

AN !;COL.Obl$T WORKINb WITH A F1$HINb 
FL.!;i;T WANT$ TO CAL.CUL.AT!; THI; MAXIMUM 
Fl$H CATCH CON$1$T!;NT WITH A 
$U$TAINABL.b POPUL.ATION. 

IN AL.I. OF TH!;$!; !;XAMPL.!;$, TH!; OPTIMAL. 
$01..UTION 1$ ON!; THAT ,\\AXl,\\IZI;~ OR 
,\\INl/AIZI;~ $OM!; FUNCTION. 

IN THI$ 
CHAPT!;R, wi; 
CHA$!; AFT!;R 

MAXIMUM 
VAl..U!;$! 

A MANUFACTUR!;R WANT$ TO MAXIMIZ!; 
PROFIT$. 
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t;.i;T Ml; A CAL.CUL.U$ 
$TU17!;NT! 

revenue ...... ~-a· ,.- .· ., .. 
~., ••• •• cost 

I•••• 
• .t 

•I .·, .. , 



A 1.0lAL. /MXl/#.Uf#.. OF A FUNCTION 1$ A POINT a WM!;Ri; TM!; GRAPH tR!;$T$. AT A t.OtAI. 
MAXIMUM a OF A FUNCTION f, f(a) ~ f(x) FOR Al.I. x IN $OM!; INT!;RVAI. AROUND a. A 1.0lAL. 
f#..INl/#.UJA c 1$ TM!; SOTTOM OF A TROUGH, WM!;Ri; f(x) ~ f (c) FOR N!;ARSY POINT$ x. 
"l.OtAI." M!;AN$ THAT TM!; VAl.U!; f (a) 1$ tOMPAR!;l7 ONl.Y TO N!;ARSY POINT$. TM!;R!; MAY si; 
ANOTM!;R t.OtAI. MAXIMUM b WM!;R!; f 1$ l.ARG!;R, 1.i;., f(b) > f(a). wi; Ri;Fi;R TO i;ITM!;R A 
l.OtAI. MAXIMUM OR t.OtAI. MINIMUM A$ A l.OtAI. EXTREIAE POINT OR t.OtAI. OPTl/#.U/#.. 

Extreme Fact 1 : IF a 1$ A t.OtAI. 
i;XTR!;Mi; POINT OF A 171FFi;Ri;NTIASI.!; 
FUNCTION f, TM!;N 

f'(a) :: 0 

PROOF: $UPPO$i; a 1$ A t.OtAI. 
MAXIMUM. TM!;N FOR $MAI.I. h, 

f(a + h) - f(a) S 0 WM!;N h >0 
h 

f(a+h) - f(a) ~ 0 WM!;N h<O 
h 

$0 TM!; l.IMIT A$ h-+ 0 MU$T SI; SOTM 
NON-N!;GATIV!; ANl7 NON-P0$1TIV!;, 
M!;Nti; Z!;RO. IF a 1$ A l.OtAI. MINIMUM, 
TM!;N a 1$ A l.OtAI. MAXIMUM OF -f, 
$0 AGAIN TM!; 17i;RIVATIV!; 1$ Z!;RO. 

TM!; $1.0P!; OF TM!; GRAPH AT a 1$ 
Fl.OPPING OV!;R FROM P0$1TIV!; TO 
N!;GATIV!;, OR Viti; V!;R$A, ANl7 $0 
MIT$ Z!;RO AT TM!; i;XTR!;M!; POINT. 

f'(c) "'0 
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HIORIO a ANl7 b ARIO BOTH 1.0lAl. 
MAXIMA, AN17 f(b) > f(a). c 1$ 
A 1.0lAI. MINIMUM. 

f'(a) "'0 



OLJR CAR AND DRIV!;R CAN H!;l.P U$ $!;!; WHY TH!; D!;RIVATIV!; 1$ Z!;RO AT AN !;)(TR!;M!; POINT. 

I ( 

IF D!;L.TA DRIV!;$ FORWARD FOR A WHll..!; AND 
TH(;N R!;Y(;R$(;$ DIR!;CTION AT TIM!; t :: a, 
TH(;N TH!; TURNAROUND POINT p :: s(a) 1$ 
A L.OCAL. MAXIMUM, AN !;)(TR!;M!; POINT: $H!; 
GO!;$ THAT FAR AND NO FARTH!;R. 

P = s(a) 

AT TH!; PR!;CI$!; MOM!;NT t :: a WH(;N TH!; 
CAR R!;ACH!;$ TH!; !;XTR!;M(; POINT, IT$ V(;l..
OllTY CHANG!;$ FROM P0$1TIV!; TO N!;GATIV!; 
AND $0 MU$T B(; Z(;RO. s'(a) :: 0. 

P = s(a) 

NOTE: V(;l.OCITY CAN AL.$0 B!; Z!;RO AT 
TIM!;$ THAT AR!; NOT !;)(TR!;M!; POINT$. TH!; 
CAR lOUL.D ROL.L. TO A $TOP AND TH!;N K!;!;P 
MOVING FORWARD, A$ AT A $TOP $1GN. AT A 
TIM!; l.IK!; THAT, CAL.I.. IT b, s'(b) 1$ 0, BUT 
s(b) 1$ NOT AN !;)(TR!;M!; P0$1TION! 

P:: s(b) 

UNTIL. TIM!; a, H!;R V!;l.OCITY WA$ P0$1TIV!;; 
AFT!;R TIM(; a, IT WA$ N!;GATIV!;. 

ts a 
v(t) 2: O 

• 

TH!; $AM!; WOUL.D B!; TRU!; IF D!;l.TA B!;GAN 
BY BACKING UP AND TH!;N R(;Y(;R$!;D COUR$!; 
TO FORWARD MOTION. TH!;N TH!; TURNAROUND 
POINT WOUL.D B!; A MINIMUM P0$1TION, 
WH!;R!; H!;R V!;l.OCITY MU$T Al.$0 B!; Z!;RO. 

120 

P = s(a) 

~o TO FIND 
f !;XTR!;M!;$ 
f OF A 

FUNCTION f, wi; l.OOK 
FOR INPUT$ a FOR 
WHICH f'(a) :: 0. 

8UT ~~ci; 
FIND 

TH!;M, wi; /t\U~T 
'ME'K WHi;TH!;R 
a 1$ R!;AL.L.Y At.I 
!;XTR!;M!; POINT 
OF TH!; FUNC
TION, OR M!;R!;l.Y 
A "$TOP $1GN." 

NO, JU$T 
TfR!;l7 OF 

SIOINI? MADE; 
AN IOXAMPL.IO 

OF ... 



Example 1: 1-1r;;Rr;;'$ Nr;;WToN oN T1-1r;; TRAMP01..1Nr;; M-A1N. T1-1r;; Mr;;MsRANr;; 1$ 1 Mrrr;;R 
OFF TM(; bROUN!7, AN!7 IT $TIL.L. FL.ING.$ HIM UPWAR!7 AT A V(;L.OtlTY OF 100 M/$r;;t. 
N(;;WTON'$ AL.TITU!7(; IN MIT(;R$, Tl-l(;N, 1$ 

h(t) ::. -4.9t2 +100t + 1, 

NOW TM(; QU(;;$TION 1$: MOW 
MIG.I-I 170(;$ 1$AAt RI$(;? WHAT 
1$ 1-11$ /#.AXl/#.U/#. AL.TITU!7(;? 

wr;; S(;blN BY TAKING. TM(; !7(;RIVATIV(; OF h: 

h'(t) ::. -9.0t + 100 M/$Gl 

N(;XT wr;; A$K: w~.u;N DO!;;i 
h'(t)::. 0? $IT IT (;QUA!.. TO 
zr;;Ro, AN!7 $01..V(; FOR t: 

h'(t) ::. 0 

-9.0t + 100 ::. 0 

100 1 t ::. 9.fJ ::. 0.20 $Gl. 

t ::. 10.2. $(;;tON!7$ 1$ TM(; Tl/#.' WMr;;N 
N(;;WTON R(;At!-1(;$ MAXIMUM 1-t(;lbMT. TO 
FIN!7 TM(; 1-t(;fbl-IT ATTAIN(;!7 AT THAT IN
$TANT, wr;; MAY(; TO Pl..Ub 10.2. INTO h(t): 

h(10.2.) ::. (-4.9)(10.2.)2 + (100)(10.2.) + 1 
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L.IT'$ 
!71FF(;R(;NTIAT(;! 



TO M-SURb OUR$i;L.vi;$ TMAT wi; 1-!Avi; TRUL.Y FOUNl7 A MAXIMUM, L.i;T'$ RUN TMROUGl-I 
Tl-Ii; BOUNlb IN $UPbR $1..0-MO: 

A'S NbWTON 
Rl$i;$, 1-ti; 

$L.OW$ 170WN; 
IN OTl-li;R 

WOR17$, 1-11$ 
Vbl..OllTY 
17ROP$ ... 

-

l~i 

~ ... 
•• •• 

r.' 

.. 

•.z• ., ....... 

GOING 170WN, 
1-ti; PllK$ UP -spi;i;17-

IN A Ni;GATIVi; 
171Ri;lTION. 1-11$ 

Vbl..OllTY 1$ $TIL.L. 
17ROPPING. 

N~ON'S V'l-0-
llTY IS Al-WAYS 

D'lR,ASING. 

ONL.Y AT Tl-lb vi;RY TOP, AT t "'10.20 $i;lON17$, 1$ 1-11$ vi;L.OllTY PR,l1$,L.Y zi;Ro. AT 
Tl-IAT oNi; IN$TANT, ""''$ GOING NblTl-li;R UP NOR 170WN, SUT 1-11$ vi;L.OllTY 1$ FAL.L.lNG 
Tl-li;Ri; TOO, ll-IANGING FROM P0$1TlVb TO NbGATtvi;. 

YOU lAN $i;i; FROM Tl-Ii; PARASOL.fl GRAPl-I Tl-IAT 
t "' 10.2. Ri;AL.L.Y 1$ A MAXIMUM. 100 

P~ITIOt-1 

y : -4.9t2 + 100t + 1 
1,12? 

10.2 20.4 
-100 

1'30 

VIOL.ot::ITY 

y : h'(t) : -9.0t + 100 

20.4 

VIOL.Ot::ITY 1$ 
Al.WAYS 
1710t::RIOA$1t-IG. 



THI;$!; ARI; THI; $T!;P$ WI; JU$T FOL.L.OW!;D TO FIND AN i;XTR!;M!; 
VAl..U!; OF A FUNlTION f: 

1. TAK!; fl.II; D!;RIVATIV!; f' 

2. FIND A POINT t 0 WH!;R!; f' (t0 ) ::. 0. WI; DID 
THI$ SY $ITTINb f'(t) ::. 0 AND $01..VINb FOR t. 
ANY $UlH POINT, WH!;R!; f' ( t 0 ) ::. 0, 1$ lAL.L.!;D 

A 'RITl,Al- POINT. 

3. PL.Ub t 0 SAlK INTO f TO FIND THI; VAl..U!; f(t0 ). 

4. lH!;lK THAT THI$ lRITllAL. POINT R!;AL.L.Y 1$ A 
L.OlAL. MAXIMUM OR MINIMUM. 

WI; FOL.L.OW THI; $AM!; PROl!;DUR!; FOR AL.I.. OPTIMIZATION PROSL.i;M$. OF lOUR$!;, IN OTH!;R 
$1TUATION$, TH!;R!; MAY gi; MOR!; THAN ON!; lRITllAL. POINT; WI; 6-0T L.UlKY WITH THI; 
TRAMPOL.IN!; ... 

W!;L.L., YOU DON'T HAV!; 
TO SOUNll; AbAIN ... 
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IN BU$1Nj;$$, PROFIT !7j;P(;N!7$ ON mi; NUMB(;R OF UNIT$ $0L.!7. 

Example 2: nii; ~QU(;(;Z-U 01..IV(; RANCM $(;L.L.$ IT$ PR(;MIUM OL.IV(; OIL. FOR $100 
A BOTTL.(;. $(;LL.ING A QUANTITY OF q BOTTL.(;$ PR0!7Ul(;$ A R,V,NU' R(q) OF 100q. BUT 
Tl-f(;R(; AR(; l~T~, C, WHllH AL.$0 !7(;P(;N!7 ON q All0Rl71NG TO mi; FORMULA 

? 

CCq) "'° 000,000 + 4q". 

(l0$T$ INlL.UDG STARTUP l0$T$ OF $000,000 FOR 1..AND, PRG$$G$, BOTTI.ING GQUIPMGNT, 01..IVG 
TRGG$, PL.U$ ONGOING GXPGN$G$ FOR WAGG$, $HIPPING, WARGMOU$G FGG$, BOTTI..{;$, FGRTll..IZGR, 
MAINTGNANlG, WASTG DISPO$AL. ••• ) 

TH(; PROFIT P 1$ mi; DIFF(;R(;Nl(; si;rwi;i;N 
R(;V(;NU(; AND l0$T. PROFIT 1$ A FUNlTION 
OF q. IT !7(;P(;N!7$ ON HOW MUlH 1$ $0L.!7. 

P(q) "'° RCq) - CCq) 

HOW MANY BOTTL.i;$ MU$T SQU(;(;Z-U $(;L.L. 
TO /AAXl/AIZ' PROFIT, AND HOW MUlH 
PROFIT lAN B(; MAD(;? 

q 

HAV(; YOU (;V(;R THOUGHT OF $(;LL.ING YOUR 
01..IV(; PIT$ TO G(;N(;RAT(; GR(;(;N (;N(;RGY? 

1'32 

BUT TH(;Y'R(; 
BL.AlK Ol..IV(;$ ..• 

NOW IT'$ GMY 
A$ 1, 2, '3! 



1. wr; TAK!; TH!; Df;RIVATIV!; OF p WITH 
Rf;$Pf;lT TO q-n1r; RAT!; OF lHANbf; OF 
PROFIT Pf;R UNIT $01..D. 

• P(q) = 100q - 900,000 - 4q4 
1 

P'(q) = 100 - f5qli 

2. $r;T P'(q) = 0 AND $01..Vf; FOR q. 

1 

100 - f5qli = 0 
1 

q4 = 2.0 

q : (2.0)'1 : 160,000 SOTTI..!;$ 

3+ FIND TH!; PROFIT MAD!; SY $!;1..L.INb 
160,000 SOTTI..!;$. 

P<160,000) : 

: (100)(160,000) - 900,000 - (160,000)t 

: 16,000,000 - 900,000- '3,2.00,000 

=- f 12 ,\\IL.L.ION 

4+ lH!;lK THAT P(q) Rf;AlH!;$ A MAXIMUM 
AT q = 160,000. IF q 1$ A L.ITTL.f; I.!;$$, 
SAY 1?0,000 UNITS, TH!;N 

PC1?0,000) : 

(100)(1?0,000) - 900,000 - (1?0,000)t 

: 1?,000,000 - 3,771,99? 

: 11 MIL.I.ION AND lHANbf;. 

THIS 1$ I..!;$$ THAN 12 MIL.I.ION. YOU 
lAN TRY q = 170,000 AN17 OTH!;R 
Nf;ARSY VAL.Ur;$ FOR YOURS!;L.F. 

SY THr; WAY, 
ISN'T $100 A 

I.OT TO lHARbf; 
FOR A SOTTL.r; 
OF 01..IV!; OIL.? 



A Better Test 
ONb OF OUR FOUR OPTIMIZATION ?TbP? I? A l..ITTl..b ?QUIRRbl..Y: fl.lb l..A?T ONb. l-IAVING FOUND 
A lRITllAI.. POINT-A POINT WHbRb THb DbRIVATIVb I? ZbRO-IT'? lUM8bR?OMb TO lOMPUTb 
fl.-lb FUNlTION AT "NbARBY" POINT? ... IT'? TIMb-lON?UMING ... INbl..bGANT! 

IT'? ~0 l-IARD TO 
l..OOK bl..bGANT 

TURNING A lRANK ... 

IN FAlT, DOING ?O GUARANTbb? NOTHING AT Al.I... Wl-IAT IF Wb lHblKbD AT POINT? THAT 
ARbN'T "NbARBY" bNOUGH? HbRb'? A GRAPH WITl-I A l..OlAI.. MINIMUM AT a ... BUT IF Wb 
l-IAPPbNbD TO PllK Tl-lb POINT b FOR lOMPARl?ON, Wb WOUl..D FIND f(b) < f(a) AND 
MIGi-iT lONll..UDb Tl-IAT f(a) WA? A MAXIMUM, NOT A MINIMUM. 

1'34 

I l-IATb THO?b 
WIGGl..Y lURVb? 
ANYWAY ... 



THI$ S!;ING A lAL.lUL.U$ SOOK, wi;; WANT $0Mi;;THING THAT U$!;$ TH!; DGRIVATIVG. wi;; MIGHT 
A$K, FOR i;;XAMPL.i;;, MOW IS TMG DGRIVATIVG lMANGING? 

H!;Y, wi;; lOUL.D A$K 
WH!;N 1$ THI; D!;RIV
ATIV!; 91..U(;, TOO, 
SUT WHAT WOUL.D 
TMAT Ti;L.L. U$? 

AROUND A MAXIMUM, THI; D!;RIVATIV!; f'(x) 
GO!;$ FROM P0$1TIV!; TO N!;GATIV!; ••• WHIL.!; 
AT A MINIMUM, f' 1$ GO!;$ FROM N!;GATIV!; 
TO P0$1TIV!;. IN PARTllUL.AR, AT A 
MAXI/AU/A, f' 1$ DGlRGASING; AT A 
/AINI/AU/A, f' 1$ INCRGASING. c ,-

l 
~""""~· 

PATl!;Nl!; ... 
PATIENCE ..• 

NOW W!;'R!; TAI.KING ASOUT HOW f' 1$ lHANGING-1NlR!;A$1NG OR D!;CR!;A$1NG-AND CHANG!;$ 
AR!; D!;$CRIS!;D SY D!;RIVATIV!;$ •.. $0 THI;$!; CHANG!;$ IN f' WIL.L. gi; D!;$CRIS!;D SY TM(; 
DGRIVATIVG OF TMG DGRIVATIVG Cf')' OR $1MPl..Y f", THI; SGCOND DGRIVATIVG OF f. 

_,~ .. 



nu; i;1..i;Mi;NTARY FIJNlTION$ lAN si; DIFFi;Ri;NTIATi;D AGAIN AND 
AGAIN A$ MANY T1Mi;$ A$ YOIJ L.IKi;, TO t:.1vi; FIR$T, $i;lOND, THIRD, 
... nrn Di;R1VAT1vi;$: 

n~i;Ri;'$ NO 
i;ND TO 'i;M! 

SIJT Wl-IAT DO Tl-li;Y Mi;AN? 

wi;1..1.., OSVIOUSl-Y 
l'M Tl-Ii; RATi; OF 
ll-IANt;.i; OF Tl-Ii; 
RATi; OF ll-IANt;.i; 
OF mi; RATi; OF 

ll-IANt;.i; OF ... 

f(x) 

f'(x) 

f"(x) 

f'"(x) 

f<4l(x) 

f<7l(x) 

f<6l(x) 

fm(x) 

xi; sin x 

?x" cosx 

20x3 -sin x 

60x2 -cosx 

12.0x sin x 

120 cosx 

0 -sin x 

0 -cos x 

w1-1i;N IT lOMi;$ TO MOTION, mi; $i;lOND Di;R1VAT1vi; OF P0$1TION, AT 1..i;A$T, 1$ FAMIL.IAR: 
IT'$ ACCl;U:RATION, Tl-Ii; RATi; OF ll-IANt;.i; OF vi;L.OllTY. 

s(t) = P0$1TION AT TIMi; t 

s'(t) = v (t) = vi;L.OllTY AT TIMi; t 

s"(t) = v'(t) = a(t) = Alli;L.i;RATION AT TIMi; t 
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AND Tl-Ii; Tl-llNG. 
ASOIJT Alli;L.i;RATION 
1$-YOIJ Fi;l;l- IT ... 



Wl-lbN A C.AR $PbbD$ UP, f.b., Vbl.OllTY 
INC.RbA$b$, YOU Fbbl.. PU$l-lbD SACK INTO 
YOUR $bAT. * 

Wl-lbN IT $L.OW$ DOWN (VbL.OC.ITY FAL.L.$)1 

YOU'Rb Tl-IROWN FORWARD. 

I$AAl NbWTON (l-llM AbAIN!) ANNOUNlbD IT A$ A NATURAL. I.AW, 1-11$ $bl0ND: FORC.b 1$ 
DlRblTL.Y PROPORTIONAL. TO MA$$ AND AClbL.bRATION. 

Tl-lb FACT Tl-IAT AClbL.bRATION 
ACC.OMPANlb$ FORC.b MbAN$ 
Tl-IAT Wb C.AN SUIL.D MbTbR$ 
TO MbA$URb AClbL.bRATION: 
Aa;c;u;Ro/t\br,RS. Tl-lbN 
Wb PUT Tl-lbM IN $MART
Pl-l0Nb$, TASL.bT$, AND 
DIGITAL. lAMbRA$, $0 Tl-lbY 
Rb$POND TO $1-!AKING AND 
ROTATION. 

F= ma 
DON'T YOU KNOW! 

A GAMb SA$!;D 
ON Tl-lbFT? 

*AtTIJAl..l..Y, YOIJ Fl>l>I.. THI> $!;AT PIJ$HIN17 FORWARD Al?AIN$T YOIJ. FOR MORI>, $!;!; TU' CARTOON G()lf?' TO PllY~ICS! 

1~7 



GRAPJ.lllALLY, f" Db$lR18b$ Tl-lb CONCAVITY OF f: Wl-lbN Tl-lb $1...0Pb f'(x) 1$ 1NlRbA$1NG, 
f"(x) ~ 0. TJ.11$ PART OF Tl-lb GRAPH 1$ CONCAVc; UPWARD. WMbN f' 1$ DblRbA$1NG, f" s 0, 
At.JD TJ.I(; bRAPl-I 1$ CONCAVc; DOWNWARD. A POINT c WJ.l(;R(; TJ.1(; GRAPl-I ll-IANb(;$ lONlAVITY 
1$ lAl...l..(;D AN INFl.c;cnoN POINT, AND Tl-lbR(; f"(c) ;::. 0. 

f"(x) ~ 0, f' 1NlR{;Mf"16, 
f lONlAV{; UPWARD 

TJ.11$ LbAD$ DIR(;lTLY TO Tl-lb 

Second Derivative Test: 
IF a 1$ A POINT INTbRIOR TO $OM(; 
INT(;RVAL WJ.l(;R(; f 1$ DIFFbR(;NTIABL(;, 
AND f(a) :::. 0, TJ.l(;N: 

IF f"(a) < 0, a 1$ A l..OlAL MAXIMUM OF f 

IF f"(a) > 0, a 1$ A l..OlAL MINIMUM OF f 

8blAU$b A MAXIMUM $IT$ ATOP A 
lONlAVb UPWARD J.IUMP, AND A MINIMUM 
1...1(;$ AT TJ.I(; BOTTOM OF A TROUGJ.I. 

DOWN 
LIK(; .. . 
UM .. . 
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INFl.{;lTION POINT, 
w1u;Ri: f"(x) = o 

f"(x) < 0, f' !7{;lRE;A$1NG, 
f lONlAV{; !70WNWAR!7 

LIKb MY J.l(;AD 
ON A MONDAY 

MORNING? 



Example 3: FARM'R FR,171 wANT$ To PUT A RbtTANGu1..AR $H"P PbN AGAIN$T TH' 
$117b OF HbR BARN. $Hb HA$ eo M'1bR$ OF BOARD$ WITH WHICH TO BUIL.17 ™' OTHbR THR" 
$117b$. WHAT 1$ Tl-lb IAAXl/#.U/#. AR'A $Hb lAN bNll.0$b? 

90 - 2.x 

1. 171FF!;R!;NTIAT!; A("): 

A<") = "<eo - 2") = eo" - 2"2 

A'<") = eo - 4" 

2. $'1 A'(") :: 0 ANl7 $01.V!; FOR "· 

eo - 4" = o 
":: 20 

NOW SKIP STRAlbHT TO $T!;P 4, TO T!;$T 
WH'1H!;R THIS 1$ AlTUAL.L.Y A MAXIMUM: 

BblAU$b A $H"P 
N"17$ IT$ $PAlb. 

!J!,.ai~:a......---~ 
\."--

-'Of_ 

4. lH!;lK TH!; $16-N OF TH!; $i;tONl7 17!;RIVATIV!;: 

A"Cx) :: -4 < 0 

A" 1$ AL.WAY$ N!;bATIV!;: 8Y TH!; $i;tON17 17!;RIVATIV!; 
T!;$T, " = 20 1$ A /AAXl/AU/A. ANl7 NOW $T!;P 3 ! 

3. AT TH!; MAXIMUM, TH!; 
F!;Nti; !;Nll.0$!;$: 
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Ac20) = 1600 - eoo 

= 900M2 



Example 4: 
TH!; 8RUTl~M PbfROL.f;U/A 'ORP. WANT$ TO L.AY PIP!; FROM ONi; OF IT$ TANK$ TO A $TATION 
AtRO$$ Tl-lb RIV!;R. THb RIV!;R 1$ 2 KM ACRO$$, AND TH!; Di;$TINATION 1$ 9 KM DOWN$TR!;AM. 
lJNFORTlJNAT!;L.Y, IT l0$T$ MOR!; TO L.AY PIP!; ACRO$$ WAT!;R THAN ON I.AND: $4 P!;R Mi;T!;R 
ON I.AND, V$. $0 P!;R M!;T!;R ovi;R WATbR. WHAT 1$ TH!; ,M,AP(;~T ROUT(; FOR TH!; PIP!;? 

X I 9-X 
-<E----------------3>·-<E--------------------------------------3> 

W!; CAN A$$lJM!; THAT THi; PIP!; CON$1$T$ OF 
TWO $TRAIGHT $!;GM!;NT$, B!;CAU$i; ANYTHING 
ClJRV!;D WOlJL.D B!; !;V!;N L.ONG!;R. A$ L.AB!;L.!;D 
IN THi; DRAWING, x AND y AR!; Rbl..AT!;D BY: 

(1) y2 - x2 ::. 4 

TH!; CO$T, IN THOlJ$AND$ OF DOI.I.AR$, 1$ 

(1.) C(x) ::. 4(9 - x) + 0y 

::. ?6 - 4x + 0y 

wi; ARi; TRYING TO OPTIMIZb THb CO$T C 
WITH Rb$P!;CT TO x, THAT 1$, FIND TH!; 
L.!;NGTH x THAT MINIMIZ!;$ l0$T. FIR$T, 
TH!;R!;FORb, wi; HAV!; TO FIND C(x). 
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!;QlJATION (1) $lJGG!;$T$ lJ$1NG IMPL.ICIT 
DIFF(;Rf;NTIATION. (THI$ AVOID$ D!;AL.ING 
WITH Mi;$$Y $QlJARi; ROOT$.) DIFF!;Ri;N
TIATING (1) AND (2) WITH R!;$PblT TO x: 

(?) 1.yy' - 1.x ::. 0 $0 y' ::. x 
y 

(4) c ::. -4 + 0y' 

TO OPTIMIZ!; THb CO$T C, $i;T C ::. 0. 

0y' - 4 ::. 0, $0 y' ::. 4 
BUT FROM (?), y' ::. xly, $0 wi; Gi;T 

(?) ~ ::. _!_ OR y ~ 2x 
y 1. 

PL.lJGGING THI$ INTO (1) GIV!;$ 
?x2 ::. 4, $0 C(x) ::. 0 WH!;N 



NOW APPl..Y TH(; $(;t0NtH7(;RIVATIV(; T(;$T SY FINDING TH(; $1GN OF C'. FROM (4), 

(6) C' "' f3y" 

WHll..(; FROM ('3), U$1NG TH(; 
QUOTl(;NT RUI..(;, 

y - xy' 
y" "' yi 

$AY ••• IF 3x2 :::. 4 AT n11; 
lRITll'.AL. POINT, l'.OUL.!7N'T 
x gr; A t.U;GATIVf; ROOT? 

x :::. -2113? 

NO. Wf.l(;N C: 0, 
x : y/1., AN17 y 1$ 
AL.WAY$ P0$1TIV(;. 

r=--~~~ 
$US$TITUTING y' "' xly (AGAIN FROM ('3)), 

Yi - xi 4 
y" "' --- "' $0 FROM (6) 

y? y3 

32 
3 > 0 S(;tAU$r; y >0. 
y 

C" "' 

TH(; $(;toND D(;RIVATIV(; C" 1$ AL.WAY$ 
PO$IT1vr;;, $0 OUR SOL.UTION R'bAL.L.Y 
IS A MINI/AU/A. 

AND WHAT 1$ TH(; MINIMUM to$T? wr; MAY M wr;1..1.. (;XPR(;$$ c (;NTIR(;l..Y IN T(;RM$ OF x, 
SY $US$TITUTING y "' V x 2 + 4 IN (2): 

C(x) "' 36 - 4x + 9 V xi + 4 

AT TH(; tRITltAI.. POINT x : 21{3, TH(;N, 

C( ~) = ?6 - 4( ~) + ay ~ + 4 

= 49.96 ... 

$0 Tf.I(; TOTAL. l0$T WILL. gr; $49,960. 

x C(x), Tf.IOU$AN17$ 
OF POLL.AR$ 

0 71. 

1 49.90 

21{3 49.06 

2 70.62 

3 72.04 
... ... 
9 73.76 

741 

~ 73 i :z 
<( 

"' 72 :::. 
0 
:i: 

71 I-.... 
\,j' 70 

49 
2 

x, KIL.OMi;T!;;R$ 

NOT(;: Tf.I r; FAlT Tf.IAT 
C'(x) > 0 FOR AL.L. x 
$AY$ Tf.IAT Tf.1(; &RAPf.I OF 
C 1$ ALWAY,, COt.ICAVf; 
UP. IT f.IA$ NO INFL.(;lTION 
POINT$ • 
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Major Caution: 
TM~ $1;l0~117 17!;RIVATIV(; T!;$T 1$ A WONl7!;RFUL. TMINb WM(;N IT WORK$, SUT IT 170!;$N'T 
AL.WAY$ WORK! WHAT MAPP(;N$ AT A lRITllAL. POINT a WM!;R(; f"(a) ::. 0? IN THAT lA$(;, TM(; 
$(;l0N17 17!;RIVATIV(; T!;$T FAii.$; IT PROV117(;$ NO INFORMATION ABOUT WMi;TM!;R TM(; POINT 
a I~ !;XTR(;M(; OR NOT. TWO !;XAMPI.(;$ $MOW WHAT lAN MAPP(;N. 

Example 5: 
TM~ POW(;R FUNlTION 
f(x) ::. x3 1$ AN 
INlR!;A$1Nb FUNlTION 
WITHOUT ANY L.OlAL. 
MAXIMUM OR MINIMUM 
POINT$. IT$ FIR$T ANl7 
$1;l0N17 17(;RIVATIV(;$ 
AR~ 

f'(x) ::. ~x2 ANl7 f"(x) ::. 6x, 

f'(O) ::. f"(O) ::. 0 

THI$ 1$ AN !;XAMPI.(; OF A "$TOP 
$16-N" A$ ON P. 12.0: TM(; 17!;RIV
ATIV(; 1$ P0$1TIV(; WM(;N x < 0, 
MIT$ Z(;RO MOM(;NTARIL.Y ... 

ANl7 TM(;N S(;lOM(;$ P0$1TIV(; AbAIN 
WM!;N x > 0. 

Example 6: oN Ti.ii; oTM(;R MAN17, gCx) =- x4 170(;$ $0Mi;ri.i1Nb 171FF(;R(;NT 

AT x ::. 0. TM(; FIR$T TWO 17(;RIVATIV(;$ AR(; g'(x) ::. 4x3 AN17 g"(x) ::. 12x2. AbAIN 

g'(O) ::. g"(O) ::. 0, SUT M(;R(; TM(; POINT x ::. 0 1$ ll.(;ARL.Y A MINIMUM. 

g'(x) ::. 4x3 g'(O) ::. 0 
g"(x) ::. 12x2 g"(O) ::. 0 
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MOW 
ANNOYINb! 

$0Mi;TIM(;$ YOU JU$T MAV(; TO 
L.OOK AT TM(; FUNlTION IT$(;1.F. 



THI; $i;CONl7 17i;RIVATIV!; 1$ GOOl7 FOR MORI; THAN JU$T Ti;$TING FOR MAXIMA: IT Ti;LL$ YOU 
$0Mi;THING ABOUT THI; $HAP!; OF A FUNCTION'$ GRAPH. 

IN A GROWING i;CONOMY, FOR 
IN$TANC!;, A N!;GATIV!; $!;CONl7 
17i;RIVATIV!; (OF TOTAL 
PR017UCTION, $AY) WOUL17 
M!;AN THAT THI; BOOM 1$ 
L!;Vi;LING OFF ANl7 COULl7 Bl; 
ABOUT TO TOP OUT ... 

LIK!;W1$i;, A P0$1TIV!; f" 17URING A $LUMP 
MIGHT Bl; A $1GN THAT THI; WOR$T 1$ OV!;R, 
ANl7 THAT THING$ WILL $00N TURN AROUN17. 

NOT Ni;Ci;$$ARILY, THOUGH! 

ANl7 ON!; OTH!;R THING: THI; 
17i;RIVATIV!; Ti;$T$ Hi;LP LOCAT!; 
1.0,AL. i;XTR!;Mi; POINT$, BUT 
$0Mi;TIMi;$ WI; WANT TO KNOW 
THI; "GL.O,AL." OR OV!;RALL 
MAXIMUM OR MINIMUM OF A 
FUNCTION. IF f 1$ 17i;FINl;17 ON 
A CL0$!;17 INT!;RVAL [a, b ], 
THI; MO$T i;XTR!;M!; VAL.Vi; OF f 
MAY OllUR AT ON!; OF THI; 
!;Nl7POINT$. YOU HAV!; TO 
COMPAR!; THI; VAL.Vi;$ f(a) ANl7 
f Cb) WITH THI; VAL.Vi; OF f AT 
THI; LOCAL HIGH$ OR LOW$. a 

H[;R[; TH[; GL.08AL. MAXIMUM 1$ AT THI; lt-IT[;RfOR 
POlt-IT c, At-ID TH[; GL.08AL. Mlt-llMUM OllUR$ AT 
TH[; [;t-IDPOlt-IT b. 

c b 



Problems 
1. FIND ALL LOlAL !;XTR!;M!; POINT$ OF Tl-!!;$!; FUNlTION$. ID!;NTIFY Wl-llll-I AR!; MAXIMA AND Wl-llll-I 
ARj; MINIMA, AND DRAW GRAPJ.1$. 

a. f Cx) :::. x2 + x - 1 e. FCe) :::. cos e + sin e 2. Wl-IAT 1$ Tl-I!; 
T!;NTl-I D!;RIVATIV!; OF 
f(x) :::. sin x? 
Wl-IAT 1$ Tl-I(; 110nt? 

b. g(x) :::. x3 - ?x + 0 f. ACx) :::. V 4 - x 2 

c. h(t) :::. 2.t3 - ?t2 - ?6t - 1 g. Q(x) :::. x In x 

d. ~(x) :::. sin2 x h. s(t) :::. e-tcos t 

~. $1-lOW Tl-IAT OF ALL R!;lTANGL!;$ WITl-I P!;RIMi;TE;R P, Tl-I!; ON!; !;Nll.0$1NG Tl-I!; LARG!;$T AR!;A 1$ 
A -$QUARE; OF $117!; P/4. 

4. A lATAPULT FLINGS A toW INTO Tl-I(; AIR AT 
At-.! ANGLE; e WITl-I Tl-I!; GROUN17 WITl-I AN INITIAL 
V!;LOllTY v0 . TJ.11$ V!;LOllTY I-IA$ A l-IORIZONTAL 
lOMPON(;NT Vo COS e AND A V!;RTllAL 
lOMPON!;NT Vo Sine. 

TJ.1!; lOW'$ J.l!;IGJ.IT ABOVE; Tl-I!; GROUND AT 
TIM!; t 1$ GIV!;N BY 

hCt) :::. -4.9t2 + Cv0 sin e)t 

a. FIND Tl-I!; TIM(; r WJ.l{;N Tl-I!; tow R!;AlJ.1(;$ 
MAXIMUM J.l!;IGJ.IT. (TJ.11$ WILL D!;P!;ND ON e.) 

TJ.1!; l-IORIZONTAL Dl$TA"1l!; TRAV!;L(;D DURING 
Tl-IAT TIM(; WILL B(; C?(e) :::. (Vo COS e)T, AND 
TJ.1!; TOTAL DISTANl!; TRAV!;L!;D WJ.l!;N Tl-I!; toW 
1-!ITS Tl-I!; E;ARTl-I WILL B!; TWll!; TJ.IAT, OR 

C?Ce) :::. (1.v0 cose)T 

-- -- -/ ...... 
/ ' 

' e ' ' 

b. FIND Tl-I!; ANGLE; e TJ.IAT MAXIMIZ!;$ C?. 
(1701-J'T FORGi;T Tl-IAT r 1$ A FUNlTI0"1 OF en 
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?. Tl-I!; PAV!;-ALL toMPA"1Y WA"1T$ TO BUILD 
A ROAl7 FROM A POINT 0"1 A llRlULAR POI-JD 
TO Tl-I!; POINT DIAMi;TRllALLY OPP0$1T!;, 2. 
KM AWAY. IT l0$T$ $7 P(;R Mi;T!;R TO BUILD 
OV!;R WAT!;R At-JD $4 P(;R Mi;T(;R ON DRY 
LAI-JD. 17!;$lRIB!; Tl-I(; Flt-JAL ROUT!;. 

MINT: Tl-I!; 171$TANl!; C? FROM Tl-I!; TURNING 
POINT PTO Tl-I!; D!;$TINATION $ATl$F1!;$ 

C? 2 :::. (cos e + 1)2 + sin2 e 

6. TWO toNSTRUlTION WORK!;R$ ARE; lARRY
ING A Pl!;l!; OF WALLBOARD DOWN A MALL 
WITl-I A RIGl-IT-ANGL!; TURN. Tl-I!; MALL 1$ 
? Mi;T!;R$ WIDE; IN ONE; DIR!;lTION AND 
4 Mi;T!;R$ WID!; IN 
Tl-I!; OTJ.l!;R. FIN17 
Tl-I!; L!;NGTl-I OF Tl-I!; 
LONG!;$T Pl!;l(; OF 
WALLBOARl7 Tl-IAT 
lAN MAK!; Tl-I!; TURN. 
(J.llNT: FIND Tl-I!; 
$1-!0RTE;ST Pl!;l!; 
Tl-IAT JUST FIT$. 
ANYTl-llNG $1-lORT!;R 
WILL WORK.) 



Chapter 6 
Acting Locally 

IN WHltH Wb FOL.I.OW A L.INb 

Now L.i;T'$ $1-llFT OUR PbR$PblTIVb $1..IGHTL.Y. IN$TbAD OF WATtHING Tl-lb DbRIVATIVb ROAM 
AROUND IT$ DOMAIN, L.i;T'$ toNFINb OUR ATTbNTION TO A SINGl..E POINT. YOU MAY Bb 
$URPRl$bD AT HOW MUtH Wb'L.L. FIND THbRb ... 

• 

ON PAGb 11'3 Wb Db$lR18bD $MAL.I.. tHANGb$ 
OF A FUNtTION f AROUND A POINT a BY 
$0MbTHING I tAL.l..bD Tl-lb FUNDAA\ENTAI.. 
EQUATION OF tAL.tUL.U$: 

f(a + h) - f(a) :: hf'(a) + FL.bA 

THI$ bQUATION $AY$ THAT Tl-lb D1$lRbPANtY 
BbTWbbN f(a + h) - f(a), OR 6.f, ON Tl-lb 
ONb HAND, AND hf'(a) ON Tl-lb OTHbR 1$ 
$MAL.I.. tOMPARbD WITH h. THI$ MAKb$ IT bMY 
TO tAL.tUL.ATb APPROXIMATb VAl..Ub$ OF f. 



IN MATH, $0M(;TIMb$ A L.ITTL.b lHANGb 
OF NOTATION lAN MA$$1Vbl..Y $HIFT 
YOIJR bNTIRb PbR$PblT1vi; .•. 

y :: f(") 

y :: f(a) + f'(a)(x - a) 

SLOPE;~ f'(a) 

a 

THAT'$ WHAT I'VE 
AL.WAY$ $All7! 

l..(;T'$ WRITi; " :: a + h, $0 h "" " - a. 
nii;N nii; FlJN17AMi;NTAL. bQIJATION si;toMi;$ 

f(x) - f(a) :: f'(a)(x - a) + FL.i;A 

OR 

f(x) "" f(a) + f'(a)(x - a) + FL.bA 

THAT 1$ ONi; WAY, THi;N, OF 17b$lR181NG THb 
ORIGINAL. FlJNlTION f Ni;AR a. NOW $lJ8TRAlT 
THi; FL.bA TO G(;T A $1MPL.i;R FlJNlTION. 

TaCx) :: f(a) + f'(a)(x - a) 

IT$ GRAPH 1$ A $TRAIGHT L.INb-THb 
ONi; ANl7 ONL.Y $TRAIGHT L.INb, IN FAlT, 
PA~ING TMROUGM a AND MAVING 
~l.OPE f'(a). 
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THI$ 1..INi;, mi; TANGENT l.INE TO THi; bRAPH y = f(x) AT a, TOUCHi;$ THi; CURVi; 
AT THi; POINT p = (a, f (a)) ANl'7 HA$ $1..0Pj; j;QUAL. TO THj; (7j;RIVAT1vi; OF f rni;Ri;. 
IT 1$ A $TRAlbHT-L.1Nj; FUNCTION WITH THj; $AMj; VAL.Ui; ANl'7 1'7j;RIVAT1Vj; A$ f AT a. 

ANl'7 Ta 1'71FFj;R$ FROM f BY A 
Fl..j;A-WHICH Mi;AN$, YOU Rj;CAL.I.., 
THAT NOT ONl..Y 1'70j;$ 

lim CfaCx) - f(x)) = 0 
ic-a 

BUT Al..$0 

1 lim CfaCx) - f(x)) = 0 
ic-a (x - a) 

a 

THAT 1$, Nj;AR THi; POINT a, 
THi; 1'71FFj;Rj;NCi; Bi;TWj;j;N 
faCx) ANl'7 f(x) 1$ $MAL.I.. 

EVEN COMPAR'Et> TO " - a. 

f(a) = 'fa(a) 

wi; CAN i;XpRi;$$ THI$ BY $AYINb TME Cl.OSER' WE ZOOM IN ON TME POINT P, TME 
MORE TME GR'APM y = f(;t) l.OOKS l.IKE A STR'AIGMT l.INE. 

THINK OF TMIO POINT X M L.YINb AT TMIO 
IODblO OF TMIO bRAY RIOlTANbl.IO, AND a IN 
TMIO l!ONTIOR. NOW ZOOM IN ll.0$IOR ... 
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™'" bRAY RIOlTANbl.!0'$ $1DIO 1$ 1.(x - a), AND 
TMIO Dl$TANllO SIOTWIOION llJRVIO AND L.INIO MIJ$T 
$MRINK TO IN$1bNIFllANllO SY lOMPARl$0N. 

y = f~a) + f'(a)(x - a) 



ANOTH!;R WAY OF $AYING nu; 
$AM!; THING: FOR x NEAR a, 
TME NUMIJER f(a) + f'(a)(x - a) 

I~ A GOOD APPROXIMATION 
FOR f(x). TM1$ blV,$ U$ A WAY 

TO lAl.lUL.AT!; APPROXIMATE 
VAL.lJ,$ FOR FUNCTION$. 

TGN BUlKS SAYS 
THAT HIG SQUARG 

ROOT OF 70 IS 
0.377 TO WITHIN 
ONG PART IN A 

THOUSANt7 I! 

Examples: L.GT f(x) "' Vx ANt7 a "' 1. 

WG lAN APPROXIMATG SQUARG ROOTS OF NUM

BGRS NGAR 1, BGlAUSG wr; KNOW f(a) ANt7 f'(a). 

f(1) : f1 :: 1, OF lOURSG, ANt7 

SIMILARLY, WG lAN APPROXIMATG THG NATURAL 
LObARITHM In x FOR x NGAR e: 

f(x) "' In x, f(e) "' 1, 

f'(x) = ~, f'(e) "' : , SO 

f'(x) "' - 1- SO f'(1) "' -k 
2Vx 

IF x IS NGAR 1, THEN, 

f(x):::: f(1) + f'(1)(x -1) "' 1 + -k<x - 1) 

THG AlTUAL YALUG IS 1.1402 ... SO TH(; 

APPROXIMATION IS AllURATG TO WITHIN 

Bffi(;R THAN ONG PART IN A HUNt7RGt7. 
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I .,_ 1 (3 - e) 
n7:::: +-e 

:::: 1 + 0.202 
2.710 

:::: 1.104 ... 

TH(; AlTUAL YALU(; IS 
1.0906 ... SO THG AP
PROXIMATION IS b00t7 
TO ROUbHLY FIYG PARTS 
IN 1000-NOT BAt7! 



A DIFF!;R!;NTIABL.!; FUNCTION'? GRAPl-l "FL.ATT!;N? OUT" Wl-l!;N YOU ZOOM IN ... ?O ANY FUNC
TION Wl-10?!; GRAPl-l DO!;? NOT FL.ATT!;N N!;AR A POINT a MU?T NOT l-IAV!; A D!;RIVATIV!; AT a! 

OW!!! 

Tl-I!; AB?OL.lJT!; VAL.lJ!; FUNCTION g(x): lxl I? AN !;XAMPL.!;. AT a:O, 9 I-IA? NO D!;RIVATIV!;: 
IT? GRAPl-l TURN? A ?l-IARP CORN!;R, AND NO AMOUNT OF MAGNIFICATION WIL.L. MAK!; IT L.OOK 
L.IK!; ANYTl-llNG onu;R Tl-IAN A ?l-IARP CORN!;R. rni; DIFF!;R!;NC!; QUOTl!;NT? CAN'T APPROAtl-1 
A L.IMIT AT 0. 

lim ~ : { -1 WHt;N h<O 
h-o h 1 WHt;N h>O 

L.IK!;WI?!;, ANY FUNCTION Wl-10?!; GRAPl-l 
I-IA? toRN!;R? OR CU?P? CAN l-IAV!; NO 
D!;RIVATIV!; AT Tl-10?!; POINT?. 
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W!;'L.L. MO?TL.Y 
AVOID Tl-I!;?!;! 

NOW BACK TO ?TRAIGl-IT I.IN!;? ... 



i.u;R(;'$ $0MbTHINb ABOUT WJ(;$ YOU MAY NbV(;R HAY(; NOTll(;D: $UPPO$(; TWO NON-Y(;RTllAL. 
$'fRAlbHT I.IN(;$, y = L.1 (x) AND y = L. 2 (x) lRO$$ ON TH(; x-AXI$ AT A POINT a. IF TH(; TWO 
$L..OP(;$ AR(; m AND p, TH(;N TH(; I.IN(;$ HAY(; TH(;$(; (;QUATION$: 

Y = L.1Cx) = m(x - a) 

Y = L. 2 (x) = p(x - a) 

A~$UM(; p *- 0. TH(;N WH(;N x *- a, 

L.1 (x) m (x - a) m 
:: ::. 

L.i (x) p Cx - a) P 

AL.THOUGH TH(; FUNlTION$ L.1 AND L.2 
APPROAlH 0, THblR RATIO 1$ AL.WAY$ 
TH(; RATIO OF™' Sl-OP,S. 

A$ FOR I.IN(;$, 
$0 FOR $MOOTH 
lURY(;$-IN TH(; 

l.IMIT! 

L'Hopitars Rule: 
IF f(a) ,,. g(a) = 0, TH(;N 

ll·m f (x) __ f'(a) 
PROYID(;D g'(a)*-0 

"-a g(x) g'(a) 

IN TH(; L.IMIT, TH(; RATIO OF TH(; 
VAl-U'S 1$ blY(;N SY TH(; RATIO OF 
r1-1r; P'RIVATIV,S-sr;tAU$r; N(;AR a, 
BOTH lURY(;$ 8(;lOM(; INDl$TINGU1$H
A81..(; FROM $TRAl6'HT I.IN(;$ WITH 
~I.OP(; f'(a) AND g'(a), R(;$P(;lTIY(;L.Y. 

l...1(X) m 
-=-

g(x) 

f(x) f'(a) 
-::::-
g(x) g'(a) 



Example: e" - 1 
FIN17 lim --

ic-o sin 2.x 

FIR$T NOTIO THAT 
BOTl-1 NUMIORATOR 
AND DIONOMINATOR 
ARIO 0 WMION X: 0. 

1.IKIO TOTAl.l.Y 
IMPORTANT! 

$0 WIO lAN APPl.Y 1.'MOPITAI.: 

dd'X (e" - 1) = e", e0 :: 1 

d: (sin 2.-x) = 2.cos 'X 2 cos(O) :: 2 

AND TMIO l.IMIT 1$ 

e0 1 

2.cos(O) "' z 

WHAT HAPP,N$ IF f(a), g(a), f'(a), ANl7 g'(a) AR' AL.I.. Z'RO? TH'N W' bO TO TH' 
$,tONl7 17,RIVATIV,, ANl7 IF f"(a) : g"(a) : 0, TH'N w' bO TO TH' THIR17, '1t.! THI$ 
MOR' G,N,RAL. FORM OF L.'HOPITAL.'$ RU!.' $AY$: 

IF f(a) = g(a) = 0, ANl7 lim f'(x) 'X1$T$, TH'N 
ic-a g'(x) 

l. f (x) 
tm-

ic-a 9(x) 
l . f'(x) = tm-
x-a g'(x) 

Example: FIND lim e3
" - 1 - ?x 

ic-o 1 - cos x 
RIOMIOMBIOR: TO APPl.Y L.'MOPITAL.'$ RUl.IO, WIO ,\\UST 
lMIOlK TMAT NUMIORATOR AND DIONOMINATOR ARIO BOTM 
ZIORO AT TMIO l.IMIT POINT! lAl.I. TMIO NUMIORATOR f AND 
TMIO 17IONOMINATOR 9· WIO $IOIO TMAT f(O) :: g(O) :: 0. 

UNFORTUNATIOl.Y TMIOIR Di;RIVATIVi;~ ARIO 
Al.$0 BOTM ZIORO AT x= 0. 

f'(x) :: ?e 3" - ? f'(O):: 0 

g'(x) = sin x g'(O) = 0 

MO$T 
UNFOR

TUNATIO ... 

TIORRIBl.Y, 
Ti;RRllJLY 

$AD ... 

NO PROBl.IOM! WIO l.OOK AT TMIO ~j;COND 
DIORIVATIVIO$: 

f"(x) = 9e3" f"(O) = 9 

g"(x) :: cos x g"(O) :: 1 

AND lONll.UDIO 

e3" - 1 - 3-x 
lim ---
x-o 1 - cos 'X 

l. f'(x) 
= 1m -

x-o q'(x) 

f"(O) 

g"(O) 

9 :: -=9 
1 



. -

NAMIOD AFTIOR A 
FRIONlH l-IO$PITAI..? 

Example at infinity: 
FIND 

SOTl-I NUM!;;RATOR AND D!;;NOMINATOR GO TO 
INFINITY A$ x-oo. TO APPl..Y L.'HOPITAI.. wi;; 
TAK!; TH!; Di;;RIVATIV!;; OF !;;AlH FUNlTION: 

d 1 -Cln x) = - $0 
dx x 

L.'HOPITAL.'$ RUl..i;; Al..$0 WORK$ FOR 1..IMIT$ 
AT INFINITY, INll..UDING INFINIT!;; 1..IMIT$: 

IF lim f(x) = lim g(x) = oo, OR 
x-oo x-oo 

lim f (x) = lim g(x) = 0, Tl-l!;;N 
x-oo x-oo 

l . f(x) 
1m-

x-oo g(x) 
l . f'(x) 

= 1m-
x-oo g'(x) 

IF fl.I{; 1..ATT!;;R 1..IMIT i;;X1$T$. 

WHIORIO YOU MY HIOAD HURTS. I'M 
GOING? lHIOlKING IN TO Tl-II: 

HOSPITAi.. AT INFINITY ... 

pxp-1 
= lim -- = lim pxP = oo . """._.....~~ .... 

x-oo 1 x-oo 

" 
T!-11$ $AY$ THAT In x GOIO$ TO INFINITY Sl..OWIOR THAN ANY P~ITIV(; POW(;R FUNCTION. xP 
SIOlOMIO$ INFINITIOl..Y GRIOATIOR THAN In x A$ X-+ oo. Tl-II: l..OGARITl-IM 1$ A VIORY $1..0W GROWIOR! 

NOTIO Tl-IAT YOU DON'T $1:1: IT IN THI$ 
GRAPH, WHIORIO x 1$ $MAL.I.. .•. SUT FOR 
1..ARGIOR x, In x RIOAl..1..Y $TRUGGl..IO$ TO 1 

GIT OFF THI: GROUND! 
y=x3 

In x 
1 

x x3 

e10 = 1.1.0,01.6 10 1.9.01. 

e1? = '3,1.69,017 1? 149.'3 

e20 :::: 49?,000,000 1.0 79?.1. 

N 



IT'$ TAKINb 
FoRc;vc;R TO 
bGT TH!;R!; .•• 

Y!;$ ... BUT 
L.OOK HOW FAR 
wi;vi; toMi;t 

TH!; L.A$T $IX lHAPT!;R$ HAY!; !;XPL.OR!;D TH!; FIR$T Sib TOPll OF lAL.lUL.U$, TH!; [)c;RIVATIVc;. 
S!;FOR!; bOINb ON TO TOPll 2, TH!; INT!;bRAL., I.GT'$ R!;Vl!;W WHAT U$!;$ wi;vi; FOUND FOR 
N!;WTON AND l..!;18NIZ'$ bR!;AT INV!;NTION, A FUNlTION'$ IN$TANTAN!;OU$ RAT!; OF lHANb!;. 

Related Rates 
U$1Nb ON!; FUNlTION'$ D!;RIVATIV!; TO 
FIND TH!; lHANb!; IN ANOTH!;R, R!;L.AT!;D 
FUNlTION. 

Approximation 

V = ~rrr3 
V' = 4rrr2 r' 

U$1Nb TH!; TANb!;NT I.IN!; AT A POINT TO 
lAL.lUL.AT!; !;A$1L.Y, WITHIN A "FL.!;A," A 
FUNlTION'$ AlTUAL. VAL.U!; AT 
N!;ARBY POINT$. 

Optimization 
FINDINb A FUNlTION'$ HlbH$ AND I.OW$, 
POINT$ OF INT!;R!;$T IN MANY R!;AL.-WORL.D 
PR08L.!;M$. 

Comparison of Functions 
U$1Nb L.'HOPITAL.'$ RUL.!; TO lOMPAR!; 
FUNlTION$ "AT INFINITY," OR N!;AR POINT$ 
WH!;R!; BOTH FUNlTION$ AR!; Z!;RO. 



Problems 
1. i;$TIMATi; V7 SY lJ$1NG THi; APPROXIMATION 

f(X) :::: f(4) + f'(4) (X - 4) 

2.. i;$TIMATi; W. (HINT: lJ$i; A Ni;AR8Y 
P'RFi;lT $QlJARi;.) lOMPARi; YOIJR i;$TIMATi; 
WITH THi; VAL.tJi; O!ffAINi;D FROM A lAL.llJL.ATOR. 

3. i;$TIMATi; sin ?. 

4. i;$TIMATi; arctan (1 .1). (Ri;Mi;Msi;R 
THAT arctan 1 =- 1Tl4.) 

lJ-$i; L.'HOPITAL.'$ RlJL.i;, IF APPROPRIATi;, TO i;vAL.lJATi; THi;$i; L.IMIT$. (Ri;Mi;MSi;R TO lHEZK 
TH' L.IMIT$ OF NlJM,RATOR AND Di;NOMINATOR FIR$T! THi;Ri; MAY si; $OM' Hi;Ri; wHi;Ri; 
L.'HOPITAL. DOi;$ NOT APPL.Y ... ) 

sin Cx2 ) 
~. lim --

"-0 cos x - 1 

6. lim --"
"-0 sin 2x 

-0x2 1 e -
cos 2x - 1 

. "7 - 1 9. hm - 3 -
" ..... 1 x - 1 

9 lim 6sin x - 6x + x3 

• " 0 2 - 2cos x + x - 2 

HINT: TAKi; THi; L.OGARITHM. 

11. lim ~ 
;J(-t1 x - 1 

sin x 
12. lim ---

" ..... " cos x - 1 

13a. blVi;N A POL.YNOMIAL. P(x) :: a0 + a1x + a2x2 + ... + anx", $HOW THAT 

P'(O) ::. a1, P"CO) :: 2.a 2 , AND pCm)(O) = m!am FOR AL.I. m S n. 

13b. IF f 1$ ANY FlJNlTION DIFFi;Ri;NTIASL.i; AT a, $HOW THAT THi; POL.YNOMIAL. 

, f"(O) 2 f (m)(O) m f(n)(O) n 
Pn(x) = f(O) + f(O)x + --x + ... + --x + ... + --x 

2.1 ml n! 

HA$ PCO) :: f(O) AND pCm)(O) = fCm)(O) FOR m ::. 1, 2, ... , n. THi; POL.YNOMIAL. Pn 
1$ lAL.L.i;D THi; nTH TAYL.OR POL.YNO/AIAL. OF f AT x =- 0. 

13c. WRITi; AN 0TH-Di;t;Ri;i; POL.YNOMIAL. HAVING THi; $AMi; VAL.lJi; AND FIR$T 
i;1GHT Di;RIVAT1Vi;$ A$ cos x AT x ::. 0. 



Chapter 7 
The Mean Value Theorem 

$OM!; FINAi.., FRi;NZli;D, Fi;ORi;TllAI... FOUGHT$ 

(WHllH YOU MAY SKIP IF AL.I. YOU lARr;; ABOUT 1$ HOW TO usr;; 
lAL.lULU$, AN17 HAV(; NO APPR(;llATION OF ITS 17r;;r;;p, 8r;;AUTIFUL., 

ANti' r;;1..r;;t?ANT FOUN17ATION$-$r;;r;; IF I lAR(;I) 

IF YOU'R!; AN o.c.[). 
/t\ATM TYPG l..IKi; 
GONllK, YOU MAY 
81; A TAD ANT$Y 

RIGHT NOW ... 

8URl!;D IN OUR D1$lU$$10N OF MAXIMA AND MINIMA WA$ A MIDDGN 
A~U/t\PTION: WI; A$$UMi;D THAT MAXIMA AND MINIMA /t\U~T G.Xl~T. 
BUT DO TH!;Y HAY!; TO? WHY lAN'T A FUNlTION $1MPl...Y APPROACM 
A HIGH POINT WITHOUT !;Vi;R GITTING THi;Rb, OR !;I..$!; ZOOM OFF TO 
INFINITY IN THI; MIDDl...i; OF AN INT!;RVAI...? 

IN FAlT, $OM!; FUNlTION$ CAN AlT 
THAT WAY. Hi;Ri;'$ ON!;: 

f (x) ,,. 
Ix - 2.I 

f(2) ,,. 1 

THAT'$ A Pi;RFi;lTl...Y FINI; 
FUNlTION, JU$T 8ADl...Y 8i;HAV!;D! 
IT G0b$ TO INFINITY A$ x-2 
8UT JUMP$ DOWN TO A FINIT!; 
VAl...lJi; AT x: 2. f HM NO 
/t\A.xl/#.U/#. ON ANY INT!;RVAI... 
lONTAINING x : 2. 

HIDD!;N 
A$$UMPTION$ 

WORRY Mi; $0! 

• 



n.u; PROBL.l:M WITH THAT FUNCTION 1$ THI: 1$01...ATl:D POINT (2, 1) ON IT$ GRAPH ... THI: 
FIJNlTION D01:$N'T APPROACM THAT POINT, IT JU$T JUMPS THl:RI:, $0 TO $Pl:AK ... $0 L.l:T'$ 
L.OOK AT FUNCTION$ WITHOUT ANY JUMP$ ... FUNCTION$ WHO$!: GRAPH lAN Bl: DRAWN WITHOUT 
L.IFTING Pl:Nlll.. FROM PAPl:R. $UlH "UNJUMPY" FUNCTION$ ARI: lAL.L.l:D CONTINUOUS. 

L 
' 

-T~~"~~~r~~~,-~~"''~i~~~~-r~ 

__[ 
I I JUMPY 

I 

IN MATH-$Pl:AK, WI: $AY f 1$ 
CONTINUOUS AT A POINT a IF 

f(a) = Um f (x) 
"-" 

f 1$ $AID TO Bl: CONTINUOUS 
ON AN INT,RVAI- [c, d] IF 
THI: FUNCTION 1$ lONTINUOU$ 
AT (;V!;RY POINT IN [c, d]. 

IN OTHl:R 
WORD$, f 

"Gl:T$ WHl:RI: 
IT'$ GOING." 

~) 
. )1· 

~~~~ 
AL.I.. D'IFF!:Rl:NTIABL.I: FUNCTION$ ARI: lONTINUOU$, BUT NOT Vil!: V!:R$A. IF f 1$ 
D'IFF!:Rl:NTIABL.I: AT a, THl:N wi; KNOW f(x) - f(a) :=. f'(a) (x - a) + FL.l:A, $0 
lim (f(x) - f(a)) :=. 0 OR Hm f(x) :=. f(a). ON THI: OTHl:R HAND, A l0NTINUOU$ 
x-a x-a 
FUNCTION MAY HAVI: $HARP lORNl:R$ WHl:RI: IT 1$ NOT D'IFF!:Rl:NTIABL.I:. 

171FFIORIONTIABl.I: 
IMPL.1!0$ lONTINUOU$ 

BUT 

1?6 

lONTINUOU$ 170!0$ NOT 
IMPLY DIFFl:RIONTIABl.I:. 



CONTINUOU$ FUNCTION$ DO WHAT Wb WANT: 

Extreme Value Theorem: 
A CONTINUOU$ FUNCTION f 
DbFINbD ON A ll..~'p INTbRVAL. 
[c, d] ATTAIN$ A MAXIMUM 
VAL.Ub M ON Tl-lb INTbRVAL.: l.b., 
THbRb 1$ A POINT a IN [c, d] 
WHbRb f(a) = M AND f(x) ~ M 
FOR AL.I.. OTHbR x IN [c, d]. 

c a d 
(NOTIO Tf.IAT Tf.llS Al.SO IMPl.llOS Tl-llO 
IOXIST!Ot..ll!O OF A MINIMUM, S!OlAUSIO 
-f MUST f.IAVIO A MAXIMUM!) lOUl.17 8!0 IN Tf.llO INTIORIOR OR AT ONIO OF Tf.llO ION17S! 

Wb MU$T OMIT THb PROOF, WHICH Rbl..lb$ ON DbbP AND $U8TL.b PROPbRTlb$ OF Tl-lb RbAL. 
NUM8bR$. 

Tl-lb bX.TRbMb VAL.Ub THbORbM HA$ 
THI$ CON$bQUbNCb FOR CAL.CUL.U$: 

HOW CAN $0Mb
THING $0 0Nb
DIMbN$10NAL. 8b 
$0 DbbP? 

Rolle's Theorem: 1F f 1$ coNT1Nuou$ oN A c1..0$bD 1NTbRVA1.. [c, dJ AND 
DIFFbRbNTIA8L.b ON (c, d), AND f(c) = f(d) = 0, THbN THbRb 1$ AT l..bA$T ONb POINT a 
IN Tl-lb OPbN INTbRVAL. (c, d) WHbRb f'(a) = 0. 

PROOF: IF f 1$ Tl-lb CON$TANT FUNCTION 
f = 0, THbN THb Rb$UL.T 1$ TRIVIAL.: ANY 
POINT Si;TWbbN c AND d Wll..I.. DO. 

IF f 1$ NOT CON$TANT, THbN IT HA$ NON
ZbRO VAl..Ub$. THbRbFORb, IT ATTAIN$ blTHbR 
A MAXIMUM M > 0 OR A MINIMUM m < 0 AT 
$0Mb POINT a, SY Tl-lb bX.TRbMb VAl..Ub 
THbORbM. a 1$ NOT ONb OF THb bNDPOINT$ 
8bCAU$b f(c) = f(d) = 0, $0 f'(a) = 0. 



ROl..1..1;;, IN TURN, IMPl..11;;$ TM1$ $URPRl$1NG, IMPORTANT, $K!;;Wl;;17 V!;;R$10N: 

Mean Value Theorem: rF f 1$ c::oNT1Nuou$ oN A tl.0$1;;17 1NTi;;RvA1.. 
[c, d] AN17 171FFj;Ri;;NTIASL.!;; ON TM!; OP!;;N INTj;RVAL. (c, d), TM!;;N TM!;;R!;; 1$ AN 
INT!;;RIOR POINT a IN (c, d) WM!;;Ri;; 

f'(a) = f(d) - f(c) 
d-c 

TMAT 1$, TM!;;R!;; MU$T si;; AT l.!;;A$T 
ON!;; INT!;;RIOR POINT WMj;R!;; TMi;; 
TANG!;;NT I.IN!; PARALu;i.s TM!; 
lMORl7 JOINING TM!; GRAPI-!'$ 
j;N17POINT$. 

"10Tj; TMAT AL.I.. TMRi;;i;; OF 
TM!;$!; TM!;;OR!;;M$ Mj;Rj;l.Y 
AL.L.i;;Gi;; GXISTGN,1;. TMi;;Y 
PROV!; TMAT TMj;Ri;; AR!; 
POINT$ WITM TMi;; Ri;;QUIRl;;17 
PROP!;;RTli;;$-WITMOUT 
OFFj;RING ANY WAY OF 
FINDING TMO$!;; POINT$! 
TM!; PROOF$ ARj; NOT 
"lON$TRUlTIV!;;." 

l.IK(; ~OM(; 
MATM(;MATlllAN~ 

I KNOW ... 

c a d 

PROOF OF Mj;AN VAL.Ui;; TM!;;OR!;;M: GIVj;N f A$ 
17!;;$lR18j;l7, 17j;FIN!;; A N!;;W FUNlTION 9 SY 
$USTRAlTING TM!; lMORl7 FROM f: , 

9Cx) = f(x) - f(d) - f(c) (x - c) - f(c) 
d-c 

y::.f(:it:) 

c a 
y=q(:it:) 

9 $AT1$Fli;;$ TM!; MYPOTM!;;$1$ OF ROl..l.j;'$ TMj;ORi;;M: 
9(c) = 9(d) = 0. TM!;;Ri;;FOR!;;, TMj;Ri;; 1$ AN 
INT!;;RIOR POINT a WM!;;R!;; 9'(a) = 0. SUT 

'( ) f'( ) f Cd) - f(c) 
9x = x - d-c 

$1Nlj; 9'(a) = 0, IT FOL.I.OW$ TMAT 

f(d) - f(c) 
f'(a) = ---

d - c 



A$$lJMi; THi; FlJNlTION f 1$ lONTINlJOlJ$ ON 
A ll..0$j;D INTj;RVAL. [c, d] AND DIFFj;Rj;N
TIABl..j; ON THi; OPj;N INTj;RVAL. (c, d). 

DO YOU i;vi;R $i;i; 
FlJNlTION$ THAT 
ARGN'T L.IKi; THAT? 

1. A P~ITIVG PGRIVATIVG 11'\PL.IGS A 
STRICTL.Y IN,RGASING FUNCTION: 
$lJPPO$j; f'(x) > 0 ($TRllTL.Y!) FOR 
i;vi;RY X IN AN INTj;RVAL. (c, d). THj;N f 
1$ $TRllTL.Y 1NlRj;A$1Nb ON THi; INTj;RVAL.. 

PROOF: TAKi; ANY TWO POINT$ a < b 
IN THi; INTj;RVAL.. BY THi; Mi;AN VAL.LJi; 
THj;ORi;M, THi;Ri; 1$ A POINT "o Bi;TWj;j;N 
a AND b $lJlH THAT 

f'Cxo) ::. f(b) - f(a) 
b - a 

wi; A$$lJMj;D THAT f'Cxo) > 0, $0 
f(b) - f(a) > 0, 1.i;., f 1$ $TRllTL.Y 
1NlRj;A$1Nb. 

l 
I 

' ' I 
' 

--~----a x0 b 

IF A 
FlJflllTION 
AL.WAY$ 
TR!;fll17$ 
lJPWARl7, 

MOW lAN IT 
(;V!;R G.i;-T 
$MAL.l..!;R? 

2. ONL.Y 'ONSTANT FUNCTIONS MAVG 
A 'ONSTANT ZGRO PGRIVATIVG: IF 
f'(x) ::. 0 FOR j;yj;RY x IN AN INTj;RVAL. 
(c, d), THj;N f 1$ lON$TANT ON THj; 
INTj;RVAL.. 

PROOF: TAKi; ANY TWO POINT$ a < b IN 
THi; INTi;RVAL.. THi; Mi;AN VAL.LJi; THi;oRi;M 
$AY$ THAT THi;Ri; 1$ A POINT x0 $lJlH THAT 

f'Cxo) ::. f(b) - f(a) 
b - a 

BlJT f'Cxo) 1$ A$$lJMj;l7 TO Bj; zi;Ro, 
$0 f(a) ::. f(b) ANl7 TH!; FlJNlTION 1$ 
lON$TANT. 

FROM WHllH 
FOL.L.OW$ THi; 
MAJOR TAKj;
AWAY OF THI$ 

lHAPTj;R: 

3. 'OROL.L.ARY: IF f AND g ARi; ANY 
TWO FlJNlTION$ WITH f' ::. g', THi;N 
f AND 9 171FFj;R BY A lON$TANT. THI$ 
FOL.L.OW$ FROM THi; PRj;yl0lJ$ Rj;$lJL.T, 
APPl..lj;l7 TO THi; FlJNlTION f - g. 

ANl7 NOW, 
ON TO THi; 
INTj;bRAL.! 



Problems 
FOR (;AlH FUNlTION f, FINl7 TH(; $LOP(; m =- (f(b) - f(a))/(b - a) OF TJ.l(; $(;lANT LIN(; 
JOl~IN/7 TH(; (;N17POINT$ OF fl.I(; GRAPH ON TH(; GIY(;N INT(;RYAL. fl.l(;N FIN17 ALL POINT$ c 
ON ·mi; INT(;RYAL WH(;R(; f'(c) =- m. U$(; A lALlULATOR WH(;N N(;l(;$$ARY. 

1. f(X) =- x 3 + 2.x + ? ON [O, 2.] 

2. f(X) =- e-x ON [-1, ?] 

'3. f(x) =- 4 + x ON [O, 2] 
4-x 

4. f(X) =- cos x ON [0, ?7T] 

?. f(x) =- 2.x4 - xi ON [-70, 70] 

6. f(x) =- tan x ON [-a, a], 
FOR ANY a WITH a < 0 < 1T/2. 

NOT(; THAT ROLL(;'$ TH(;OR(;M IMPL1(;$ THAT IF TH(; 17(;RIYATIV(; f'(x) OF A toNTINUOU$, 
171FF(;R(;NTIABL(; FUNlTION f 1$ N'V'R' Z'R'O ON AN INT(;RYAL, TH(;N TH(;R(; lANNOT B(; 
TWO POINT$ a ANl7 b IN TH(; INT(;RVAL WH(;R(; f(a) =- f(b). 

1. ?HOW THAT TH(; (;QUATION y =- ?x - sin x + 7 HA$ 
AT MO$T ON(; ROOT. 170(;? IT HAY(; ANY ROOT$? WHY OR 
WHY NOT?? 

9a. $HOW THAT A POLYNOMIAL P(x) =- xi + bx + c 
OF 17(;6.R(;(; TWO HA$ AT MO$T TWO ROOT$. 

9b. $HOW THAT A POLYNOMIAL OF 17(;GR(;(; ? HA$ AT 
MO$T THR(;(; ROOT$. 

9c. $HOW THAT A POLYNOMIAL OF 17(;6.R(;(; n HM AT 
MO$T n ROOT?. 

9. A RAl!;lAR 17RIY(;R 1$ AT MIL(; 1.0. IF H(;R $P(;(;l7 N(;V(;R (;Xl(;(;17$ 170 Ml/HR, WHAT 1$ 
TH(; MAXIMUM MIL(;PO$T $H(; lAN R(;AlH IN TH(; N(;XT TWO HOUR$? 

10. A FUNCTION f, lONTINUOU$ ON AN INT(;RYAL [a, b] ANl7 171FF(;R(;NTIABL(; ON (a, b), 
HA$ f(a) =- 2.. IF f'(x) ~ 7 FOR (;V(;RY x IN (a, b), WHAT 1$ TH(; LARG(;$T VALU(; f(x) 
lAN P0$$1BLY ATTAIN ON TH(; INT(;RYAL? (HINT: lOMPAR(; WITH PROBL(;M 9.) 

11. L(;T f(x) =- (x - 2ri. $HOW THAT TH(;R(; 1$ NO VALU(; OF c IN TH(; INT(;RVAL (1, ?) 
$UlH THAT f(?) - f(1) =- f'(c)(? - 1). WHY 170(;$ THI$ NOT VIOLAT(; TH(; M!;AN YALU(; 
TH(;OR(;M? 

11. $UPPO$(; f ANl7 9 $AT1$FY TH(; 
HYPOTH(;$(;$ OF TH(; M!;AN VALU(; 
THWR(;M ON TH(; INT(;RYAL [a, b ], 
ANl7 THAT f(a) =- g(a). $HOW THAT IF 
f'(x) > g'(x) FOR (;V(;RY x IN (a, b), 
TH(;N f(b) > g(b). 

1'3. SHOW THAT A"1Y FU"1lT10"1 WHOSE; 17E;RIVATIVE; IS 
ITSE;L..F MUST HAVE; THE; FORM f(x) =- Ce" FOR 
SOME; l0"1STA"1T C. (Hl"1T: SUPPOSE; f'(x) =- f(x), 
171FFE;RE;"1TIATE; THE; FU"1lTI0"1 

9(x) =- f(x) ' 
e" 

At-.117 APPL..Y lOROL..L..ARY 2.) 

160 



Chapter 8 
Introducing Integration 

PUTrlNG TWO ANl7 TWO ANl7 TWO ANl7 TWO TOGi;TH!;R 

lAL.lUL.U$, A$ wi;vi; $!;!;N, $1..lll;$ QUANTITI!;$ INTO $MAL.I.. $l.IV!;R$, MINUT!; MOU$Y THING$ WITH 
NAM!;$ l.IK!; h, 6.x, 6.y, 6.t, AN17 6.f. IF P 1$ A Pl!;, TH!;N 6.P 1$ A THIN $1..lli; OF Pl!;. 

MANI !;17G!;W1$i;, 
YOU lAN HARl71..Y 
$!;!; IT •.. 

UP TO NOW, wi; HAV!; l.OOK!;l7 AT WHAT HAPP!;N$ WH!;N wi; DIVID' ON!; OF THI;$!; THING$ 
BY ANOTH!;R TO MAKI; RATIO$ l.IK!; 6.f lh ... BUT NOW WI; WANT TO 170 $0Mi;THING !;I..$!; 
WITH OUR NUMBi;R-lRUMB$: ADD ™'"' TOG'1'M,R. 

W!;l.l., HOW MANY 
Pl !;li;$ 170 YOU 
WANT? 

Al7171TION 1$ !;A$1i;R 
THAN MUL.TIPl..llATION •.. 
THAT'$ WHY WI; l.!;ARN 
IT FIR$T IN $lHOOL. •.. 
ANl7 IN FAlT, MATH!;MA
Tll1AN$ U$i;17 $UMMING
UP PR0li;$$!;$ FOR 
THOU$AN17$ OF Y!;AR$ 
B!;FOR!; N!;WTON ANl7 
l.i;IBNIZ INV!;NT!;l7 THI; 
17i;RIVATIV!;. 

HAV!; YOU 
lON$117i;Ri;l7 
lUTrlNG IT 
lRO$$W1$!;? 
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Al.1. OF 
TH!;M, FROM 

Hi;Ri; TO 
TH!;Ri; ... 



T~J;RJ; 1$ $TANDARD NOTATION FOR 
$1JMMING MANY ITJ;M$. IT U$J;$ A 
tAPITAL. St61'\A, n1r; GRJ;J;K 1.rnr;R $, 
$!ANDING FOR "$UM ." 

DON'T 
WORRY ... IT'S 
N(;YJ;R BITTJ;N 

ANYONJ; .•. 

ai C'AJ;-J;YJ;") 1$ lAt.t.J;D n1r; iTM 
T'RM OF THJ; $J;QUJ;NlJ;, AND TMJ; 
$UM OF Al.I. TJ;RM$ 1$ WRITTJ;N 

n 

L> 
i = 1 

RJ;A17 "TMJ; $UM, A$ i GOJ;$ FROM 1 TO 
n, OF ai." TMJ; L.ffiJ;R i 1$ lAL.L.J;D TMJ; 

INDbX OF TMJ; $J;QUJ;NlJ;. 

THJ; $UM OF Tl-IJ; lON$J;lUTIVJ; TJ;RM$ 
FROM ap TO aq, 1NlL.lJ$1VJ;, 1$ 

q 

Lai = aP + ap+l + ... + aq 

i=p 
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FOR J;XAMPL.J;, lON$1DJ;R TMJ; FIVJ;-TJ;RM 

$J;QUJ;NlJ; f2, 4, B, 16, 32 J. MJ;RJ; ai = zi 

AND n = 7. 

IN THI$ lA$J;, 

i; 

L ai = 2. + 4 + a + 16 + ~2. = 62. 

i =-1 

4 

Lai = 4 + a + 16 = 2.0 

i:. 2 

O.K •••• I TMINK IT'S 
UNDJ;R lONTROL. ••• 



IF Wb WbRb TO DIVIDb A Plb P INTO n 
(P0$$18L.Y UNbQUAL.) $l.llb$, lAL.L.bD '1P1 I 
'1P 2• '1P3 ... , '1Pn, TMbN Tl-lb WMOL.b Plb 
WOULD Sb Tl-lb $UM: 

TMbN, A$ Wb L.IKb TO DO IN lAL.lUL.lJ$, 
Wb $1-!RINK Tl-lb $1Zb OF Tl-lb$b $l.llb$ 
(TO AN INFINITb$1MAL. dP, A$ l.b18NIZ 
L.IKbD TO $AY). AT THAT POINT Wb'L.L. 
WRITb Tl-lb THING WITH A DIFFbRbNT 
$ORT OF "$," A $TRbTlMbD ONb 
lAL.L.bD AN INT,GRAl.. SIGN. 

P: dP 

8blAU$b IT'$ , 
WMY $$ORTA $$!MIL.AR THAT $YM80L.$ 

ANOTMbR ANOTMbR ONb 
TO A $$UM... OF MINb, BY 

Tl-lb WAY ... 

O.K .... THAT'$ OUR NOTATION ... IT'$ AL.L. 
JU$T ADDING FROM MbRb ON OUT ... 
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MbYI 
WAIT A 

MINUTb ... 

A good 
question: 
NOW YOU MIGHT WONDbR, IF ADDING 1$ 
$1MPL.bR THAN DIVIDING, AND Tl-lb ANllbt.IT$ 
DID INTbGRAL.$ L.ONG 8bFORb NbWTON DID 
DbRIVATIVb$, WMY DIDN'T Wb $TART Tl-lb 
SOOK WITH nus $blTION? 

$URbl.Y YOU 170N'T THINK 
I DID IT TMIS WAY OUT 
OF $0Mb $ORT OF PbR
VbR$b Db$1Rb TO ,\\'SS 
WITH YOUR JAIN[)? 

1--------\ 

Tl-lb $URPRl$1NG 
AN$WbR: AL.THOUGH 
$UM$ MAY Sb bA$1bR 
TO llAAGIN,, TMbY lAN 
8b$T Sb CAL.CUL.AT") 
BY U$1NG D'RIVATIV,SI! 
A$ NbWTON AND l.b18NIZ 
Dl$lOVbRbD, TMbRb 1$ A 
$URPRl$1NG Rbl.ATION
$1-!IP 8bTWbbN $UM$ 
AND DbRIVATIVb$1 

NbVbR 
OllURRbl7 

TO Mb 
UNTIL. 

JU$T NOW. 

A$ Wb ARb 
ABOUT TO 

$bb ... 



$lJPP0$!; 17GL.TA 1$ 17RIVIN6" HGR C.AR AL.ONG A 
STRAlbHT C.OlJRSIO AbAIN, GXC.GPT THAT NOW 
Ht;R WIN170W$ AR(; BL.AC.KGl7 OlJT. 

AL.I. $HG C.AN %(; ARIO Tl-IG VGL.OllMGTGR AN17 
THG TIM(;. C.AN $HG FlblJRG OlJT WHGRG SHG 1$ 
AFTGR, SAY, 10 lJNITS OF TIMG? 

BY C.l-IGC.KINb t AN17 V (t) OFTGN, 
17GL.TA GGTS A $(;RIG$ OF RGA171NG$ 
v (t0 ), v (t1 ), v (t2), ... v (ti), GTC.., 
AT TIMI;$ t 0 , t 1, t 2 , •.• ti> ... , tn, 
WHGRG t 0 :::. 0 ANl7 tn :::. 10. 

$1-1(; NOT!;$ THAT OVIOR A SHORT TIMG INTIORVAL. [ti-1• ta 
l-IGR VGL.OC.ITY HOL.17$ NIOARL.Y CON$TANT AT v(ti-1), $0 Tl-llO 
C.HANbG OF POSITION DURING TMAT INT(;RVAL 1$ AP
PROXIMATGL.Y mi; VGL.OC.ITY v(ti-1) TIM(;$ GL.AP$(;17 TIM(;: 

Wl-IGRG Ati :::. ti - ti-1 . Tl-IG 
C.l-IANbG OF POSITION OVGR mi; 
iTH INTGRVAL. 1$ VIORY NGARL.Y 
v(ti_1)Ati. 

Al7171t-IG AL.I.. Tl-!!;$!; UP GIV!;$-APPROXIMAT!;L.Y-Tl-I!; TOTA~ ll-IAt-IG!; OF P0$1T10t-I si;;rwi;;i;;t-1 

t 0 ::. 0 At-ID 10: 

n 

s(10) - s(O) = L vCt1_1)ll.t1 

i~1 
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ON A GRAPH, bAlH TbRM 1$ THb ARbA OF A $L.bNl'7bR RblTANGL.b OF HblGHT v(ti-1) ANl7 8A$b 
6.ti."' THb TOTAL. lHANGb OF P0$1TION 1$ THb SU/t\ OF TMESE AREAS. 

I 

t0 t 1 t 2 t, t4 t 5 t6 t7 t9 t9 t 10 t 11 t12 t10 t 14 "'10 

0 10 

THb FIR$T RblTANGL.b HA$ 
ARbA vCt0 )6.t1, AN\'7 THb 
iTH RblTANGL.b HA$ ARbA 
v(ti_1)6.ti. 

IF THb VbL.OllMbrbR 1$ RbAl7 MORb 
OFTbN, $0 THAT THb W117b$T 6.ti Gbr$ 
$MAL.L.bR, THb $1JM GIVb$ A 8ITTbR 
APPROXIMATION OF THb AlTIJAL. lHANGb 
OF P0$1TION, AN17 THb RblTANGL.b$ 
$QIJbblb IN TOWARl7 THb GRAPH. 

Nl:XT TIM(; TAK(; 
A R(;A!71 Nb r;;vr;;RY 
MIL..L..1$(;t:ON!7! 

A$ 6.t-+0, THb APPROXIMATION Bbl0Mb$ 
MORb PbRFblT, ANl7 THb RblTANGL.b$ 
8b6'1N TO L.OOK L.IKb THb AREA UNDER 
TME CURVE y = v (t) SbTWbbN t = o 
ANl'7 t = 10. 

sC10) - s(O) 1$ 
HI(; AR(;A UN!71:R 

TJ.11: 6-RAPM OF V ! 

*M$UMIN(7, FOR nu: TIMI: 81:11-1(7, TMAT TM!: Vl:L.Ot:ITY 1$ NON-Nl:f7ATIVI: 



FOR i;XAMPL.i;, $UPPO$i; THi; vi;L.Ot:::ITY 1$ GIVbN SY THi; $1MPl.b i;QUATION v(t) ::. t Mi;Ti;R$ 
p(;R $GlON17. THbN THb lHANGb OF P0$1TION AFTbR 10 $bl0N17$, s(10) - s(O), $HOUL.D si; 
Tl-lb ARbA UNDbR THb lURVi; y ::. t OUT TO t::.10, WHllH 1$ THi; ARbA OF THI$ TRIANGL.i;: 

10 

$1Nti; T 1$ ARBITRARY, THI$ 
$AY$ THAT s, A$ THi; FUNlTION 
OF TIMi;, HA$ THi; FORMUL.A 

s(T) ~ s(O) + f T 2 

WHi;Ri; s(O) 1$ THi; $TARTING 
P0$1TION. 

s'(t) 

=- v(t) 

A$ IT $HOUL.17 si;, THi; 17bRIVATIVb 
OF THi; P0$1TION FUNlTION s 1$ 
THi; Vbl.OllTY v. (WHAT'$ $UR
PRl$1N6" 1$ THAT THb P0$1TION 
FUNlTION tAMi; FROM THi; ARi;A 
UNDi;R THi; Vbl.OllTY lURVi;!) 

A$ A MATTi;R 
OF FAlT, wi; 
lOUl.17 $lJ8$Tl
TUTi; ANY TIMi; 
T FOR 10: 
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r 

THi; AREA 
TURNbD INTO 
A FUNlTION?! 

DbRIVATIVb OF ... THb 
ARi;A ... ? WHAT JU$T 
HAPPi;Ni;D Hi;Ri;? 

v(t) 

r 



BY FINDING PO?ITION 
FROM V" •. OCITY, Wb ARb 
PIFFEJU:NTIATING IN 
REVER~E. blVbN A 
FUNCTION v, Wb $0UbMT 
A FUNCTION s WM0$b 
DbRIVATIVb 1$ v. 

UP TO TM1$ POINT, 
Wb'Vb ALWAY$ bONb 
FROM A FUNCTION f TO 
IT$ DbRIVATIVb f'. NOW 
Wb WANT TO bO TMb 
OTMbR WAY, FROM f 
TO $0Mb FUNCTION F, 
WMbRb F' "' f. 

:z 
0 
ti 
!i 
L.11 
0.:: 
L.11 
u. 
u. 
is: 

MbRb... bVbRY-
8017Y bbl$ ONb 
MORb ..• 

TM1$ FUNCTION f 1$ CALLbD AN ANTIPERIVATIVE OF f. FOR bXAMPLb, PO?ITION s 1$ AN 
ANTIDbRIVATIVb OF VbLOCITY v. 

FUNNY TO TMINK 
YOU WbRb TMbRb 
ALL ALONG ... 

IF OUR VbLOCITY bXAMPLb 1$ ANY bUIDb (AND 
IT 1$!), TM1$ RbVbR$AL INVOLVb$ A PR0Cb$$ 
OF $UMMINb UP ... AND TMAT, IN TURN, 
UNLOCK$ TMb PR08LbM OF FINDING ARbA$. 
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Problems 
SUPPOSJ; A lAR'S V[;LOllTY AT TIM[; t IS v (t) = '3t2 Mi;TJ;RS PJ;R %lOND. MAK[; AN J;STIMATJ; 
OF mi; DISTANl[; TRAVJ;L[;D Bi;TWJ;J;N t = 0 AND t = 4 SJ;lONDS BY ADDING UP R[;lTANGLJ;S: 
B!;GIN BY DIVIDING fl.I[; INTJ;RVAL [O, 4] INTO FOUR J;QUAL SJ;GMJ;NTS. Li;T ti = i FOR i = 0, 
1, 2, '3, 4. J;AlH SJ;GMJ;NT HAS LJ;NGTH 6.ti = 1. 

1. GH A I.OW J;STIMATJ; BY ADDING fl.I[; 
RJ;lTANGL!;S UND(;R THJ; lURVJ;. FIND: 

'3 ? 

/;~ow = L f(ti)6.ti = L '3i2 

i = 0 i = 0 

2.. Gi;T A HIGH !;STIMATJ; BY ADDING TH[; 
RJ;lTANGLJ;S A80V(; THJ; lURVJ;. FIND: 

4 4 

G'MIGM = L f(ti)6.ti = L '3i2 

i = 1 i = 1 

~. WHAT DO YOU Gi;T WHJ;N YOU 
SPLIT fl.II; DIFFJ;RJ;Nl[;? FIND: 

DO YOU $[;!; THAT 
THIS IS THI; ARJ;A 
OF THJ; LIGHT GRAY 
TRAP!;ZOIDS? 

4. TRY ON[; MOR[; J;STIMATJ;: TAKI; ti TO BJ; fl.I[; 
MIDPOINT OF THJ; SJ;GMJ;NT [i, i + 1 ], THAT IS, 
ti = (2i + 1)12. FIND 

? 

G'Mlrl = L f(ti)6.ti 
i=O 

?. lAN YOU THINK OF A FUNlTION s(t) WITH s'(t) = '3t2 ? WHAT IS s(4) - s(O)? IS IT lLO% TO 
ANY OF YOUR J;STIMATJ;S? WHllH J;STIMATJ; IS lLOSJ;ST TO s(4) - s(O)? 

6. DO TH[; SAM[; THING AS IN PROBLJ;MS 1-? WITH THJ; FUNlTION v(t) = 1/t 
B!;TWJ;[;N THJ; POINTS t = 1 AND t = e2 • US[; RJ;lTANGLJ;S WITH THJ;IR BOTTOM 
lORNJ;RS AT THJ; POINTS 1, 2, ... , 7, e2 • (SO YOU'LL HAVJ; SIX R!;lTANGLJ;S OF 
BAS!; 6.ti = 1 AND ON!; THINNJ;R R[;lTANGLJ; OF BAS!; 6.t7 = e2 - 7 = 0.'39.) 

1. MAK[; AN J;STIMATJ; OF THJ; ARJ;A UND[;R BOTH GRAPHS 
BY USING TWll[; AS MANY R[;lTANGLJ;S HALF AS WID[;. 

6 
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Chapter 9 

Antiderivatives 

UNFORTUNATE;l.Y, THE; PROtE;$$ 
OF FINDING ANTl17E;RIVATIVE;$ 1$ 
$1..IGMTl..Y ,\\c;ssu;R THAN THE; 
RE;VE;R$E; PROl'.:E;$$ OF 171FFE;RE;N
TIATION. 

FOR E;XAMPL.E;, IF f (x) "" x3 , 

TME;N F(x) "" ix4 1$ AN 
ANTl17E;RIVATIVE;: 

IN GE;NE;RAI.., g(x) "" x" 
MA$ AN ANTl17E;RIVATIVE; 

G(x) "" _1_ xn+1 
n + 1 

Pl..U$ A tON$TANT! 

169 

P0$$18l.Y THE; 81GGE;$T 
UN17E;R$TATbME;NT OF 

THE; l.A$T 400 YE;AR$ ... 

THAT'$ AN ANTl17E;RIVATIVE; OF g, NOT TMc; 
ANTl17E;RIVATIVE;, SE;tAU$E; TME;RE; ARE; Pl.E;NTY 
OF OTME;R$. Al.I.. TME;$E; HAVE; 17E;RIVATIVE; x": 

G(x) "" 
xn+1 

+ '3 
n + 1 

xn+1 
UCx) "" + 7 

n + 1 

xn+1 
P(x)"" -- + C 

n + 1 

WME;RE; C 1$ ANY tON$TANT. 

8(;lAlJ$(; TM(; 
17(;RIVATIV(; OF 
A lOt-1$TAt-IT 1$ 

Z(;RO. 



IF F 1$ AN ANTll7!;RIVATIVj; OF A 
FUNlTION f, nti;N ?O 1$ F + C, FOR 
ANY CON?TANT c. (F +er :: F' :: f. 
$1...1171Nb nti; bRAPM y :: F(x) 

$1"RAIGMT UP AN17 170WN 170j;$N'T 
AFFi;tT n~i; ?L..OPj; AT ANY POINT x. 

y "'F(x) + C 

y "'F<x) 

lONVj;R$j;L..Y, IF F' :: f, Tl-!j;N ANY ANTID(;RIVATIV(; OF f 171FFj;R? FROM F BY A lON?TANT. 
PROOF: IF G I? ANY OTMi;R ANTll7j;RIVAT1Vi;, TMi;N (F - G)'(x) :: f(x) - f(x) :: 0 FOR AL.I. x. 
BUT BY lON?j;QUj;Nli; (3) OF nti; Mi;AN VAL..Ui; TMj;ORj;M (P. 1?0), nti; ONL..Y FUNlTION$ 
WITM zi;Ro 17j;RIVAT1Vj; ARj; lON?TANT?, ?O F - G :: c FOR ?OMj; lON$TANT c. 

THAT WA? 
ONj; Mj;AN 

VAL..Ui; 
Tl-!j;ORi;M! 

AL.I. P~?IBL..t; 
FUNlTION? WITH 
Z(;RO t7(;RIVATIV(; 

1-1i;Ri; I? HOW TO WRITj; nti; FORMUL..A THAT ?AY? "nti; ANTll7j;RIVAT1Vj; OF f I? F + C": 

f f :: F + C OR f f(x) dx :: F(x) + C 

·r1-1i; TAI.I. $YMBOL.. 1$ lAL..L..i;17 AN INT(;GRAL. SIGN ... TMi; FUNlTION f 1$ lAL..L..i;17 TMi; INT(;GRAND. 
™' ?YMBOL.. dx 1$ Tl-!j;Rj; ONL..Y TO 117j;NTIFY nii; VARIABL..j;, A? IT 1$ IN df/dx, ANl7 1$ NOT A 
$j;PARATi; FAtTOR IN nti; j;QUATION. ANl7 A$ U?UAL.., nti; NAMi; OF TMi; VARIABL..i; 170j;?N'T 
MATTj;R: AL.I. TMi;$i; i;XpRi;??ION$ Mj;AN nti; ?AMi; TMING, NAMj;l...Y TMi; ANTll7j;RIVAT1Vj; OF f: 

J f(x) dx, J f(t) dt, AN17 J f(y) dy 
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nu; ANTll7(;RIVATIV(; 
1$ $0Mr;TIM(;$ tAl.l.(;17 
THr; INDGFINITG 
INTGGRAl. OF f, 
INl7(;FINIT(; B(;tAU$r; 
IT 1$ 17r;T(;RMIN(;l7 
ONL.Y UP TO TM(; 
Al7171TIV(; tON$TANT 
C. FOR IN$TANtr;, 

ALL THr;$r; ARr; 
"fHj;" INli'j;FINITj; 

INTj;GRAL. OF 
f(x) :: x. 

KINl7 OF GIVj;$ 
Nj;W Mr;ANING 
TO fHj; WORl7 
"THj;," 170j;$N'T 

IT? 

MAYING FOUN17 MANY 17(;RIVATIV(;$ Al.R(;Al7Y, wr; Al.R(;Al7Y KNOW TM(;$(; FORMUL.A$: 

J dx :: x + C 

(THj;Rj;'$ AN UNWRITTj;N NUMBj;R 1 
AFTr;R fHj; INTr;GRAL. $1GN.) 

J xP dx :: - 1- xP + 1 + C 
p + 1 

J e" dx :: e" + C 

J sin x dx :: -cos x + C 

NOT(;: TH(; AB$0l.UT(; VAL.Ur; $1bN IN TH(; l.A$T 
(;QUATION 1$ JU$TIF1(;17, B(;tAU$r; IF x< 0, TM(;N 

d -1 1 -ln(-x) :: - :: -
dx (-x) x 

IF x>O, TM(;N ddx On x) :: k Al.$0. 

TOG-r;TM(;R TM(;$(; IMPL.Y d: In lxl :: 
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J cos x dx :: sin x + C 

J _dx_2 :: arctan x + C 
1 + x 

J dx :: arcsin x + C 
V 1 - x 2 

J k dx :: In lxl + C 

t 
- t 

~ y :: In lxl 



AND f In x dx 1$ •.• UM ... Al·HHl. •• AMGMI DOG$ THI$ L.OOK FAMll...IAR? 

NO ... I THINK l'D 
RGMGMSGR IF 

WG'l7 $GGN nus 
8GFORG ••• 

UNFORTUNATGl...Y, TO INTG6>RATG A FUNCTION, WG MAVG TO RGlObNIZG IT A$ TMG DGRIVATIVG 
OF $0M~M1Nb Gl...$G WG'VG Al...RGADY $GGN. AND $0 FAR, NOTHING> MA$ TURNGD UP WITH In x 
M IT$ DGRIVATIVG. 

MU$T 8G MGRG 
$0MGWMGRG ••• 
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UNL.IK!; 171FF!;R!;NTIATION, Wl-llll-I W!; 170 SY APPL.YING $IMP!..!; RU!..!;$, INT!;GRATION R!;QUIR!;$ 
SOM!; !;XP!;Rl!;Nl!;. Tl-I!; MOR!; 17!;RIVATIV!;$ YOU'V!; $!;!;N, Tl-I!; SITT!;R ASL.!; YOU'L.L. gi; TO 
FIN17 ANTll7!;RIVATIV!;$ ... 

Wl-IO 
WA$ 

Tl-IAT? 

A lAL.lUL.U$ $TU17!;NT 
W!-10 17117N'T 170 Tl-I!; 
PROSl..!;M $i;T$. 

IF Tl-I!; FUNlTION UN17!;R Tl-I!; INT!;GRAL. 
SIGN (KNOWN AS Tl-I!; INT,GRAND) 1$ 
"$0Mi;Tl-llNG L.IK!;" A KNOWN 17!;RIVATIV!;, 
wi; lAN OFT!;N FIN17 ITS ANTll7!;RIVATIV!; 
$1MPL.Y SY GU!;$$1NG ANl7 Tl-l!;N MAKING 
SOM!; I.ITT!..!; Al7JU$TM!;NT. 

Example 1: I e2" dx 

wi; KNOW Tl-IAT f (x) "" e2" 1$ $0Mi;Tl-llNG 

L.IK!; Tl-I!; 17!;RIVATIV!; OF G(x) "" e 2". IN 

FAlT, G'(x) "" 2e 2" , Wl-llll-I 1$ OFF SY A 

FAlTOR OF TWO. NOW W!; TRY 

FCx)"" 4e2" ANl7 FIN17 

F'(x) "" 4 (2) e2" "" e2" "" f(x) 

F 1$ AN ANTll7!;RIVATIV!;, ANl7 wi; 
l0Nll..U17!; Tl-IAT 

17'3 

W!; FOL.L.OW!;l7 Tl-!!;$!; $T!;P$: 

1. si;i; IF Tl-I!; INT!;GRANl7 f L.OOKS 
L.IK!; A lONSTANT MUI.TIP!..!; OF A 
KNOWN 17!;RIVATIV!;. 

1. GU!;$$ A L.IK!;L.Y ANTll7!;RIVATIV!; G. 

~. 171FF!;R!;NTIAT!; G. 

JJ, IF G' 1$ A lON$TANT MUI.TIP!..!; OF 
f, MUL.TIPL.Y G SY AN APPROPRIAT!; 
FAlTOR TO MAK!; A SITT!;R GU!;$$, F. 

lj, ll-l!;lK Tl-IAT F' "" f. 

6. R!;P!;AT IF N!;l!;$$ARY. 

T!-11$ PROl!;17UR!; I-IA$ A NAM!;: Tl-I!; 

Guess-and-Check 
Method. 

IT $0UN17$ 
SITT!;R IN Tl-I!; 
ORIGINAL. L.ATIN. 



Example 2:J-1- 2 dx 
4+x 

1. NOTb TMAT TMb INTbbRANli' f 
LOOK$ $0MbTMING LIKb 

1 + x 2 

WMlll-I 1$ TMb li'bRIVATIVb OF TMb 
ARlTANGbNT. Lbr'$ WRITb IT A$ 

2.. $0 Wb GIJb$$ 6(x) = arctan ; 

3. li'IFFbRf;NTIATfNG> GfVf;$ 

6'(x) = 1 1 = 1.f(x) 
z (1 + (~)2) 

TOO MlbM SY A FACTOR OF 2. 

?. TMf; LMT $TbP, lMf;lKING TMAT 

F'(x) = f (x), 1$ Lf;FT TO YOIJ, LIJlKY 

RbAli'f;R! ANli' Wb lONlLIJli'f; Tl-IAT 

J 1 dx = 1arctan (~) + C 
4 +xi 2 1 

nu; ONLY STf;P 
Rf;QUIRIN/7 TMOU17MT 
WAS #1 ... Tl-If; Rf;ST 

WAS lRANKIN/7 ... 
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$0MbTIMf;$ TMb lMAIN RIJLb MbLP$ IJ$ 
fli'bNTIFY A FIJNlTfON A$ A li'bRIVATIVb. 
TMb lMAIN RIJLb $AY$: 

d~ (u(v(x))) = v '(x)1l(v(x)) 

IF AN INTbbRANli' LOOK$ LlKb TMb RfGl-IT
MANli' $117b-l.b., IT CONTAIN$ AN fN$117b 
FIJNlTION WMO$b li'bRIVATIVb APPbAR$ A$ 

A FACTOR-Tl-II$ lli'bNTlFlb$ TMb INTbGRANli' 

A$ A li'bRIVATlVb, ANli' Wb lAN "IJNll-IAIW 

TMf; FIJNlTION TO Gbr TMf; ANTfli'bRIVATIVb 
FCx) = u(v(x)). 

Example 3: J 1.xe"2 dx 

1. IN TMb INTbGRANli', TMb FACTOR 1.x 1$ 
TMb li'f;RIVATIVb OF TMb f;XPONbNTIAL'$ 
IN$117b FIJNlTION x2 , $0 wi; MIG>MT TRY: 

.., xZ 
'-• FCx) = e . 

2 
F'(x) = 1.xe" = f(x) 

Wb'Rb IN LIJlK: Wb bOT IT RlbMT TMb 
FIR$T TIMb! $0 Wb lAN WRfTb: 

J 2 "2. 
1.xe" dx ... e + C 



Example 4: J ~ dx 
1 + ;t('2 

1. nu; x IN nu; NUM!;RATOR 1$, WITl-llN 
A lON$TANT FAlTOR, n~r; 17f;RIVATIV!; OF 
n~r; IN$117(; FUNCTION 1 + x2 • 

1 

1. wr; bUf;$$ G(x) ::. (1 + x 2 )2. 

1 1 
~. G'(x) ::. (2.x) ~ (1 + x2 )-2 ::. x (1 + x2 )-2 

::. n1r; INT!;bRAN17. 

NO CORR!;lTION 1$ Nf;Cf;$$ARY, $0 
Wt; $KIP $Tf;P$ 4 AN17 ?, AN17 CAN 
IMM!;171ATt;L.Y WRIT!;: 

f x d ::. "1 + x1 + c ~x 

CALL IT nu; 
"UNlMAIN" RULE:! 

Example Sa: f sinn e cos de 

AbAIN, Wf;'Rt; LOOKINb FOR 
AN IN$117!; FUNCTION AN17 IT$ 
17f;RIVATIV!; A$ A FAlTOR! 

1. Rt;Mr;M8f;R, IF f 1$ ANY FUNCTION, Tl-lf;N fn I-IA$ 17f;RIVATIV!; 
nfn-1f'. IN Tl-It; INT!;bRAN17, Wt; $!;!; A POWt;R OF Tl-If; $IN!; TIM!;$ 

AN17 IT 
(7i;T$ t;Vt;N 
Mf;$$1f;R ... IT$ 17f;RIVATIV!;, Tl-If; C0$1Nf;. 1$ THI$ d~ (sinn + 1 e)? 

1. TRY GCe)::. sinn +le 

~. Tt;$T. G'(e) ::. (n + 1) sinn e cos e. 
THI$ 1$ OFF 8Y A FAlTOR OF n + 1. 

sinn + 1 e 
4. FCe) ::. 1 ' Tl-lf;N, I-IA$ mi; 

n + 
Rlbl-IT 17f;RIVATIV!; ('$. YOU ll-lf;CK!), AN17 

I sin" + 1e 
sinnecos de ::. + C 

n + 1 



MOR' OF TH'$' INT,6.RATION TRICK$, ,R, T'CMNIQU,S, Wll .. L. APP,AR 
IN MOR' 17~AIL. IN A L.AT'R lHAPT,R ... BUT FIR$T-

Problems 
Flt-JD THIO ANTJDIORIVATIVIO$. DON'T FORb!OT TMIO ADDIOD C:::ON$TANT! 

1. J 6 dx 1 f 1 dx 
• V 4 - X2 

12. f ~x2ec"3 + 1) dx 

?-_·_f I"4 9x s.f sin 2x dx 
13. f sin x ecos" dx 

3. J Cx - 2)70 dx 
9. J 2 sin x cos x dx 

14. J x2 - 4x dx 
V x3 - 6x2 

4. J C1 - x)-2 dx 10. R!OlAL.L. FROM TRIG TMAT 1?. J x ~ 1 dx 
sin 2x :: 2sin x cos x. 

?. J (a - x)" dx 
C:::ONll..lJDIO TMAT 

cos 2x :: -2sin2 x + C 16.J-2 1- dx 
x - 1 

6. 2 dx 
FOR $0MIO lON$TANT C. 

(MINT: D!OlOMP0$!0 TMIO JNTIO-J 2x 
9+x 11. WMAT 1$ C IN PROBL.IOM 10? bRAND INTO PARTIAL. FRAlTION$, 

M $MOWN ON PP. 27-20.) 

11. $MOW TMAT IF F 1$ AN ANTJDIORIVATIVIO OF f, AND G 1$ AN ANTIDIORIVATIVIO OF g, 
AND C AND P ARIO ANY TWO lON$TANT$, TMION CF + PG 1$ AN ANTJDIORIVATIVIO OF 
Cf + Pg. (MINT: DIFFIORIONTIATIO CF + PG.) 

FIND TMIO ANTIDIORJVATIVIO$: 

19. J 2x3 + 1?x2 - ~x - 7 dx 

19. J sin2e cos e + cos2 e sine de 

10. J e" ; e-" dx 

1tJ 3t 2 
dt -J 2 t dt 

t3 - t 2 + 1 t3 - t 2 + 1 
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23.J lxl dx 

(MINT: lON$JDIOR P0$1TIVIO AND N!ObATIVIO 
VAl..UIO$ OF x $IOPARATIOL.Y.) DRAW TMIO 
bRAPM OF TMIO ANTIDIORIVATIVIO. 

24. IF F'Cx) :: f(x), WMAT 1$ 

f f(x - a) dx? 

2?. IF f 1$ A DIFFIORIONTIABL.IO FUNlTION, 
WMAT 1$ 

f f'(x) dx? 
f (x) 



Chapter 10 
The Definite Integral 

ARj;M, ovi;R AN17 UN17j;R 

WHAT 170 wi; Mj;AN SY THi; ARj;A IN$117j; A FIGURi;? IF THi; Rj;GION 1$ Rj;lTANGUL..AR OR 
TRIANGUL..AR, OR A 8UNlH OF Rj;lTAN6>1...j;$ At.117 TRIAN6>1...j;$ PA$Tj;l7 TOGi;THi;R, wi; HAvi; A 
PRi;TTY 6>0017 117j;A: JU$T Al717 THi; ARi;A OF THi; TRIANGL..i;$ OR Rj;lTANGL..i;$. 

NOW IF ONL..Y I lOUL..17 
Ri;Mi;Msi;R HOW TO 
Flt.117 THi; ARi;A OF A 
TRIANGL..i; ... 

BUT WHAT IF THi; FIGURi; HA$ A lURV'D 90UNDARY? WHAT 1$ THi; ARi;A THi;N? 

j;H-i;H-j;H! NO 
$TRAIGHTj;NING 
AL..L..0Wj;l7! 

IF YOU'Vi; bQTTj;N THI$ FAR, YOU 
PR08A8L..Y $U$Pj;lT THAT THi; AN$Wj;R 
MAY HAVi; $0Mi;THING TO 170 WITH A 
L.1/AITING PR'Ol,SS ... 

177 



FOR $1MPL..ll1TY'$ $AK!;, wi;; l0"1$1D!;;R A $P!;;l1AL.. TYP!;; OF R!;;GIOt-1, SOU"1D!;;D 0"1 TMR!;;(; $ID!;$ 
SY $TRAIGMT L..1"1!;;$: L..!;;FT At.ID RIGHT SY TM(; V!;;RTllAL.. L..1"1!;;$ x :::. a, x :::. b, S!;;L..OW SY TM!; 
x-AXI$, At.ID ASOV!;; SY TM(; GRAPH OF $OM(; FU"1lTI0"1 y :::. f (x), WMllM wi;; A$$UM(;, FOR 
n1i;; TIM(; S(;lt.IG, TO si;; "10"1-t.l!;;GATIV(;. THI$ R!;;GI0"1 MA$ Ot-IL..Y 0"1(; lURVY $ID(;. 

AND, "10, IT 1$ NOT 
IMPORTA"1T TMAT IT 
L..OOK$ L..IK!;; At.I 
!;;l..!;PMA"1T W!;;ARl"1G 
A SL..ANKi;;T. 

a b 

wi;; PROl(;(;D MOR!; OR l..(;$$ A$ wi;; DID 0"1 PAG(; 163: $USDIVID(; TM(; lt.IT!;RVAL.. [a, b] lt.ITO 
n $USl"1T!;;RVAL..$ SY A $PRl"1KL..1"1G OF POl"1T$ x0, x 1, x 2 , ... xi> ... Xn, WM!;;R(; x0 :::. a At.ID 
Xn:::. b. FOR !;All-Ii~ 1, PllK At.IY POl"1T x/ 1"1 TM!; iTM lt.IT!;;RVAL.. [xi-l• xi], At.ID RA1$!;; A 
R!;;lTAt.IGL..!;; 0"1 TMAT lt.IT!;;RVAL.. OF M!;;IGMT f(xi*), IT$ SA$(; S!;;lt.IG 6.xi :::. xi - xi-l. Flt.IAL..L..Y, 
$UM TM!; AR!;;A$ OF TM!; R!;;lTAt.IGL..!;;$ TO Gi;;T At.I APPROXIMAT!;; VAL..U!;; FOR TM!; D!;;$1R!;;D AR!;;A. 

n 

L: 
i ::.1 

170 

f (x.*) 6.x. z z 

YOU WANT I 
$MOUL..D Gi;;T RID OF 

TM!; WA$T(; AR!;;A? 



THI$ t;XPR!;$$10N 1$ lAL..L..t;D A RU;/MNN su~. AFTt;R Bt;RNHARD Rl!;MANN, A 19TM-l!;NTURY 
MATHt;MATlllAN $0 ORlblNAL.. AND BRIL..l..IANT THAT Ht; WON PRAl$t; t;Vt;N FROM THt; 6-Rt;AT 
bAU$$, WHO PRAl$i;D NO ON!;. 

UM ... IF GAU$$ 
PRAf$i;$ NO ON,, 

ANl7 GAU$$ PRAl$i;$ 
Mi; ... fl.li;N ... l'M 

NO ONi;? 

Bi;$T $TflK TO lAl..lULU$, si;RN", 
ANl7 1..i;AV' l..OGll AL.ON, ... 

THt; Pl.AN, THt;N, 1$ TO L..t;T THt; $UBDIVl$10N bt;T FINt;R AND FINt;R, Mt;ANINb THAT THi; 
l..ARbt;$T 6.xi - 0, AND $i;t; IF THt; $UM OF THt; Rt;lTANbUL..AR ARt;A$ APPROACH!;$ A l..IMIT. 

I a b a b 

THt; AN$Wi;R (WHY WAIT?) 1$ YISS, PROVID!;D THI; FUNCTION f 1$ lONTINUOU$ ON THt; 
INTt;RVAL.. [a, b] ($i;t; P. 176). IN THAT lA$t;, THI; l..IMITINb VAL..Ut; 1$ lAL..L..t;D THt; DISFINITIS 
INTISGRAl., INTt;RPR!;Tt;D A$ THt; ARt;A UNDt;R THI; lURvi; AND WRITTt;N l..IKt; THI$: 

b 

f(x) dx 
a 

a b 
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WARNING! nu;oRY Al..!;RT! 
TH!;$!; TWO PAG!;$ $Ki;TlH 
TH!; PROOF THAT Rl!;MANN 
$lJM$ lONV!;RGG ON A 
UNIQUG NUMS!;R, THG 
17i;FINITG INTGGRAL., WH!;N 
f 1$ lONTINUOU$. PURGL.Y 
PRAlTllAL.-MIN17G17 RGA17!;R$ 
lAN $KIP AH!;Al7 TO PAGG 
H32. AN17 $TIL.l.. l..!;A17 
H j;Al.. THY, PR017UlTIV!; 
I.IVG$ ... 

IF YOU PRO/t\IS' MG 
l'L.L. $Tl I.I. Gi;T INTO 
M!;l71lAL. $lHOOL. ... 

SKbrCM OF PROOF: A$$UMi; f 1$ lONTINUOU$ ON [a, b]. L.i;T fa -=- x0 , x 1, ... xn -=- b 1 BG 
A $U8171Vl$10N OF TH!; INTGRVAL.. ON GAlH $U81NTGRVAL. [xi_ 1, xi], SY THG GXTRGM!; VAL.UG 
THGORGM, f ATTAIN$ A MAXIMUM Mi AN17 A MINIMUM mi. 

lONTINUOUS 
FUNlTIONS 
ARE; OUR 
FRl(;N17$! 

- - - -Mi+ 1 

NOW WG MAK!; $PGllAL. Rl!;MANN $UM$ THAT lOMG AT TH!; GRAPH FROM ASOVG AN17 8!;1..0W. 

THG L.OW'R SUM OF THI$ 
$U8171Vl$10N 1$ 17GFING17 SY 

n 

~..,. L Mil:l.xi 
i ::1 

ll..!;ARL.Y, ~ > s ... ANl7 IT'$ NOT TOO 
HARD TO $HOW THAT ,'/,RY UPP!;R 
$UM 1$ GR!;ATGR THAN '"'RY 
l..OW!;R $UM, RGGAR17l..!;$$ OF WHAT 
$U8171Vl$10N TH!;Y'RG 8A$G17 ON ... 

H30 

S A1717$ UP THE; bRAY 
R(;lTANbl..(;$; ~ A1717$ 
THE; TALL(;R ON(;$ 
(bRAY PLU$ WHIT(;). 



N(;XT W(; INVOK(; THI? FAlT, GIV(;N WITHOUT PROOF: GfV{;N ANY £ > 0, IT I? PO??IBI..(; TO 
?UBDIVID(; [a, b] ?o THAT If Cc) - f(d) I < e WMENEVER c AND d ARE IN TME SAJAE 
SUS INTERVAL.. FOR THAT ?UBDIVl?ION, TH(;N, Mi - mi < e FOR EVERY i. 

THI? D(;P(;ND? 
ON THO?(; D(;(;p 
PROP(;RTI (;? OF 

NUMB(;R?, OFT(;N 
M(;NTION(;D BUT 

N(;V(;R D(;?lRIB(;D .. . 
~ ... 
aJ;:.-~~Y-~ 

THI? IMPl..1(;? THAT TH(; UPP(;R AND L.OW(;R ?UM? ?QU(;(;Z(; TOG(;TH(;R A? TH(; ?UBDIVl?ION? G(;T 
FIN(;R. FOR, GIV(;N ANY ?MAL.I.. g > 0, W(; lAN MAK(; A ?UBDIVl?ION ?O FIN(; THAT 

Mi - mi < _£_ FOR (;V(;RY i. 
b-a 

IN THAT lA?(;, 

n 

~ - s =- L (Mi- mi)b.xi 
i::>1 

n n 
< "_g_ 6,x. 

£.J b-a I 

::. _£_" b.x. 
b-a £.J I 

i ::>1 

=- _£_(b-a) =- g 
b-a 

i ::>1 

B(;lAU?(; TH(; UPP(;R ?UM? AND l..OW(;R ?UM? ?QU(;(;Z(; ARBITRARIL.Y ll..O?(; TO (;AlH OTH(;R, 
TH(;R(; MU?T 8(; EXAlTL.Y ONE NUMSER ?ANDWllH(;D B(;TW(;(;N TH(;M. (ANOTH(;R lON?(;
QU(;Nl(; OF D(;(;p, ?UBTI..(;, (;Tl.). TH(; D(;FfNIT(; INT(;GRAL. OF f FROM a TO b I? DEFINED 
TO 8(; THI? NUMB(;R! 

JU?T ON(; 
NUMB(;R FIT? 

IN H(;R(; ... 

BIGG(;R THAN 
ANY l..OW(;R ?UM I 

?MAl..l..(;R THAN 
ANY UPP(;R ?UM! 

l'M UNIQU(;! 
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b 

If(") d" 
a 

NOW BAlK TO ?TUFF YOU 
R(;Al..L.Y N(;(;D TO KNOW. 



HE:l..L..O 
AGAIN! 

FOR THI: $AKI: OF ll..L.IJ$
TRATION, WI: Bl:bAN TIM 
tl-IAPTl:R WITl-I A NON
N,GATIV' FUNtTION ... 
BUT At::TUAL.L.Y R!i;MANN 
$VM$ toNVl:RGI: TO A 
Di:FINITI: INTl:bRAL. FOR 
ANY tONTINUOU$ 
FUNtTION ON A tL.0$1:D 
INTl:RVAL.. 

Wl-IAT l-IAPPl:N$ Wl-ll:RI: A FUNtTION 9 1$ Nl:bATIVI:? Wl-ll:N
l:Vl:R Tl-II: VAL.IJI: 9Cx/) < 0, $0 1$ Tl-II: Tl:RM 9Cx/)6.xi 
IN Tl-II: Rli:MANN $UM. (Bl:tAU$1: 6.xi 1$ P0$1TIVI:.) 

I l .-. 

- - - - - 9 Cxt) < O 

IN OTHl:R WORD$, ARl:A$ si;t..OW Tl-II: x-AXI$ ARI: TAKl:N A$ ~U;GATIVi;. IN Tl-II: 17i:FINITI: 
INTbGRAL., ARl:A$ Bl:L.OW Tl-II: AXI$ OFF$bT ARl:A$ ABOVI: Tl-II: AXI$. JU$T A$ Tl-II: 171:RIVATIVI: 
1$ "$16'Nl:17 $Pbl:l7," $0 Tl-II: INTl:bRAL. 1$ "$16'Nl:l7 ARl:A." 

Example: i:vi:N T1-1ouG-1-1 wi: DON'T Yi:r KNow 1-1ow To tA1..w1..AT1: l71:F1N1Ti: 1NT1:G-RA1..$, 
WI: tAN $bl: 171Rl:tTL.Y Tl-IAT 

i 21T 

sine de ,,. o 
0 

Sl:tAU$1: Tl-II: Rl:blON SbTWbl:N 
1T ANl7 '2.rr, Wl-lltl-I L.11:$ UN171:R 
Tl-II: x-AXI$, 1$ A Pl:RFl:tT 
MIRROR IMAbl: OF Tl-II: P0$1TIVI: 
Rl:GION BbTWbi:N 0 ANl7 TT. 

T!-11:$1: TWO ARl:A$ tANtl:L. bA!'.:1-1 
OTl-ll:R OUT. 

102. 



Wb lAN AL$0 INTbbRATb $0Mb FlJNlTION$ 
Tl-IAT ARb NOT lONTINlJOlJ$. 

Example: nu; WIND$MIGL..D WIPGR$ ON 
M~T lARS MAVG AN INTl:iRMITTl:iNT WIPl:i 
FGATURG: GL..GlTRll lMARbG BUILDS UP IN A 
lAPAllTOR IN TMG lONTROL.. MGlMANl$M ... 

++ 
++ 
+ 
++ 
++ 
+ 

Tl-If; bRAPM OF TMG lMARbG IN TMG lAPAllTOR, 
AS A FUNlTION OF TIMG, LOOKS L..IKG T!-11$. IT 
MAS JUMP$. 

' 

kLLL+ 
I 
' 

T!-11$ ILLlJ$TRATb$ AN IMPORTANT 
FORMULA. IF c 1$ A POINT 
8~bbN a AND b, Tl-lbN 

Icf(x) dx + Ib f (x) dx = lb f (x) dx 
a c a 

T!-11$ 1$ 08VIOIJ$, AND Wb OMIT 
Tl-lb PROOF. TOTAL ($16-Nbli') ARbA 
1$ Tl-lb $lJM OF Tl-lb TWO PART$. 

WMGN TMG lMARbG RGAlMG$ A lGRTAIN TMRGSM
OL..D, IT L..GAP$ TMG bAP, lOMPL..GTG$ A llRlUIT, 
AND TMG WIPGR BL..ADG$ MAKG A $WGGP. 

+-~- - .. 

f;Vf;N $0, WG lAN INTGbRATG IT: JUST ADD 
UP TMG ARGA$ WMGRG TMG FUNC:TION 1$ 
lONTINUOU$. 

lb q(t) dt = 
a 

SUM OF ARGA$ OF TRIANbL..G$ 
OR PART$ OF TRIANbL..G$. 

a b 



$0 .•. ARt; Wt; 
6'01N6' TO (;.(;T 

SOM(; Dt;FIN!Tt; 
AN$W(;R$ FOR 
TH{;$(; Dt;FINIT(; 
INT(;bRAI.$? 

L.i;T'$ START BY DOIN6' ON(; TH(; HARD 
WAY-BY TAKING TM(; 1.IMIT OF Rlt;MANN 
SUM$. 

Example: $HOW THAT f x dx ~ 4 
0 

YOU Mi;AN, PROV(; 
TH(; ARt;A OF THIS 
TRIAN6'1.(; 1$ 112? 

0 
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$1JBDIVID(; TM(; INT(;RVAL. [O, 1] INTO n (;QIJAL. 

PART$ BY IJ$1N6' TH(; POINT$ f 0, 1/n, 2/n, .. ., 11. 
THt;N t;UH SIJBINTt;RVAL. HAS WIDTH l:::.:x. ::. 1 In, 
AND f(-x.i) :: iln. TH(;N mi; UPP(;R $IJM 1$ 

n 

1 L:· - l n2 
i ::1 

-n 

NOW YOIJ MAY R(;Mt;MB(;R (OR IF NOT, 1.00K IT 
UPI) TH(; FORMIJL.A FOR TH(; SUM OF TH(; FIRST 
n P0$1TIV(; INT(;6'(;R$: 

n 
~ i ..,. n(n + 1) ..,. 

~ '.2. 
l :1 

n2 + n 

TH(; Rlt;MANN $1JM, THt;N, 1$ 

n 

_1 ~ i :: n2 + n = + _1_ 
n2 ~ 2n2 2 2n 

l :1 

A$ n---.. co AND TH(; SUBDIVISION (;.i;T$ (;V(;R 
FIN(;R, THIS APPROUH(;$ 1/2. THAT 1$, 



O.K .... IT WA$ ONJ...Y A TRIANbl..!; ... BUT WI; W!;NT TMROUbM Al.I.. TMAT TROUBJ...!; TO MAK!; A 
POINT: N!;WTON AND 1..i;IBNIZ $AV!;D !;V!;RYON!; A 1..0T OF WORK BY INV!;NTINb lAJ...lUl..U$. 
TM!;IR Bib IN$1bMT INTO INT!;bRAl..$ 1$ $0 IMPORTANT, IN FAlT, TMAT IT'$ lAl..1..!;D nu; 
FUNPAMENTAL. TMEORE,\\ OF 'AL.,UL.US. wi; lOV!;R IT Ni;XT ... 

AND BY TM!; WAY ... IN lA$!; YOU W!;R!; WOND!;RINb WMY TM!;R!; WA$ NO ADD!;D lON$TANT IN 
TMAT 1..A$T AN$Wi;R, YOU MU$T Al.WAY$ R!;M!;MB!;R TMAT Di;FINIT!; INT!;bRAl..$ AR!; PEFINITE: 
A Di;FINIT!; INT!;bRAJ... 1$ A $16-N!;D AR!;A, A NUMB!;R. TM!; INPEFINITE INT!;bRAl.., OR 
ANTID!;RIVATIV!;, MM TM!; ADD!;D lON$TANT. 

TM!;N WMY IN TM!; 
WORL.P DO TM!;Y U$i; 
TM!; $AM!; $YMB01..? 

TM!; AN$W!;R 1$ 
lOMINb RlbMT UP ... 



Problems 
1. 17i;m,11; A FUNlTION 9 BY 

9(x) = 1 IF 2n s x < 2n + 1 

9(x) = -1 IF 2n + 1 s x < 2.n + 2 

FOR AL.I. INTi;i;i;RS n = 0, :1:1, :1:2, .... DRAW 
n.ii; 17RAPH OF 9. 

!;VALUATi; THi; INTi;GRAL. 

I 7.31;!3 

9(x) dx 
4.006 

2. G1vi;N THi; FUNlTION 9(t) = t 2 AN17 ANY NUMBi;R T, BUIL.17 A Rli;MANN SUM Bi;TWi;i;N 0 ANl7 T 
IN n1i; FOL.I.OWING WAY. SUB171V117i; THi; INTi;RVAL. [O, T] INTO n i;QUAL. INTi;RVAL.S BY Mi;ANS OF ™' POINTS fO, Tin, 2Tln, ... iTln, ... , nTln = Tl. Nori; THAT THi; t..i;NGTH OF i;AlH INTi;RVAL. 
IS T In. L.ITTING ti = iT In, wi; Gi;T THIS Rli;MANN SUM ~n: 

SIMPL.IFY THIS i;XpRi;SSION. THi;N usi; THIS 
FORMUl.A (171SlOVi;Ri;l7 BY THi; ANlli;NT GRi;i;KS) ... 

... TO 17i;R1vi; A FORMUL.A FOR ~n IN ri;RMS OF 
n AN17 T. SHOW THAT, AS n-+ co, 

WHAT 170 YOU MAKi; OF THi; FAlT THAT THIS 
IS Ni;GAT1vi; wHi;N T < 0? 

'3. USING THi; FORMUL.A FOR THi; SUM OF 
lUBi;s, 

SHOW, M ABovi;, THAT 

JTt' dt ~fr' 
0 

196 

C~T/n)2 

C2.Tln)2 

4. ON P. 1??, wi; SHowi;17 A FUNlTION THAT 
IS NOT lONTINUOUS AT x = 2. 

1 
f(x) = Ix_ 21 IF x * 2. 

f(2.) = 1 

i;XPL.AIN WHY THi;Ri; IS NO UPPi;R SUM FOR f 
ON ANY INTi;RVAL. lONTAINING x = 2. 



Chapter 11 
Fundamentally ••• 

IN WMllM r;;vbRYTMINb l0Mb$ TObi;TMbR 

IN lMAPTbR 0, Wb FOUND THAT 
P0$1Tl0N, Tl-lb ANTIDbRIVATIVb OF 
VbL.OllTY, APPbARbD A$ Tl-lb ARbA 
UNDbR Tl-lb 6-RAPM OF VbL.OlfTY. Tl-If$ 
Rb$UL.T, IT TURN$ OUT, WA$ NO 
lOINllDbNlb. ™' lNTbbRAL.$ OF Al-l
GOOD FUNlTION$ ARb FOUND FROM 
TMblR ANTIDbRlVATlVb$! WITHOUT 
FURTMbR ADO, TMbN, MbRb 1$ Tl-lb ••• 

YOU'Rb $URb YOU 
DON'T WANT $0Mb 

FURTM!;R ADO? 

!;NOUbM ADO. NO 
MORb ADO. 

Fundamental Theorem of Calculus v.1: 1F f 1$ A toNT1Nuou$ 
FUNlTION ON Tl-lb INTbRVAL. [a, b ], AND F 1$ ANY ANTIDbRIVATIVb OF f ON [a, b ], TMbN 

b 

f(x) dx : F(b) - F(a) 
a 

THI$ A$TON1$M1Nb TMbORbM 
UN1Tb$ DbRIVATlVb$ AND 
lNTbbRAL.$. IT $AY$: TO 
r;;vAL.UATb A DbFINITb 
INTbbRAL., FIR$T FIND AN 
ANTlDbRIVATIVb OF Tl-lb 
INTbbRAND, TMbN r;;vAL.UATb 
THAT ANTIDbRIVATIVb AT Tl-lb 
TWO bNDPOINT$, AND 
FINAL.L.Y TAKb Tl-lb DIFFbR
bNlbl AND TMAT'S Al-I-! 

=· '.~~'. 
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Example: F1ND l 1
x dx 

0 

FIR$T FIND AN ANTIDi;RIVATIV!; OF 
f(X) :. x. wi; KNOW TMAT F(x) :. 4:x2 

1$ ON!;. TMi; TMi;oRi;M TMi;N $AY$: 

1' x dx ; Fm - FCO) 
0 

=- 4:cn 2 - 4:co)2 

1 
:. i 

A$ W!; $AW, WITM MUlM DIFFllUL.TY, 
ntRi;i; PM.i;$ M-0. 

0 

$TILL, IT I~ JUST 
mi; ARIOA OF A 
TRIAMGLIO ... 

Example: J 7 
x3 dx 

-1 

WI< KNOW mAT F(x.) = tx.4 IS At.I 

At.ITIDIORIVATIVIO, SO mi; lt.ITIOGRAL IS 

= 627 -1 = 1?6 
4 

THIS DI FFIOR!Ot.ll!O IS OFT!Ot.I WRITT!Ot.I t x.4 [ 
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Example: lb xn dx 
0 

X.n+1 

G(x) :. -- IS AN At.ITIDIORIVATIVIO, SO 
n + 1 

I b n+1 b 
nd X xx:.-- :. 

o n + 1 o 

bn+1 

n + 1 

Example: £ 1T

12
sin e de =- -cos e j : 12 

-= -cos(¥) - (-cos 0) 

-=0+1:1 

Example: f 1- 1- 2 du. =- arctan u. j 1 Jo 1 + u. o 

=- arctan 1 - arctan 0 

rr TT 
-=4-0=-4 

(HIORIO WI< MADI< U. mi; VARIASLIO OF INTIOGRATION 
JUST TO RIOMIND YOU HIAT AMY LITTIOR WILL DO!) 

0 

YOU'R!; RIGMT! IT'$ 
lOOL.! l'M TOTAL.L.Y 

$Pi;i;tML.!;$$ ... 

AND Yi;T 
I lAN M!;AR 

YOU ... 



TM(;R(; AR(; $(;V(;RAL. WAY$ TO GRA$P TM(; FIJNDAM!;NTAL. Rf;L.ATION$MIP Sr;TW(;(;N Df;RIVAT1Vi;$ 
AND INT!;GRAL.$. ON(; 1$ TO $(;(; li'IRf;lTL.Y WMY TM(; "li'f;RIVATIV(; OF TM(; AR!;A" 1$ TM(; 
ORIGINAL. FIJNlTION IT$f;L.F. TO 170 TM1$, wr; MAY(; TO MAK!; TM(; INT!;GRAL. INTO A FIJNlTIOf.I. 

$0 ... GIV(;N A FIJNlTION f I 

wi; FIX ON(; f;NDPOINT OF 
INT!;GRATION ANli' L.r;T TM(; 
OTM(;R f;Nli'POINT VARY. 
TM!;N TM(; AR!;A VARI(;$, 
TOO: TM(; AR(;A Sf;lOM(;$ 
A FUNCTION OF TME 
SE,OND ENDPOINT. 

IF x 1$ TM(; VARIASL.f; f;Nli'POINT 
ANli' A(x) 1$ TM(; AR!;A, wr; lAN 
WRIT(; TM1$ AR!;A"' A$ 

TM(;N WMAT wr; AR(; $AYlf.IG 1$: 

a 

t 

O.K., YOIJ 
MOL.Ii' YOUR 
!;ND $TIL.L., 

AND l'L.L. 
$L.ID(; MIN(; 
AROIJN!i' ... 

t 

"'BY ARGA, wr; Al.WAY$ MGAN $1bNG17 ARGA. wr; Al.$0 Nr;r;17 TO Al.I.OW THG P0$$1Bll.ITY THAT 
THG VARIABl.G GN17POINT FAl.1.$ TO THG L(;FT OF a, IN WHllH lA$f; wr; At;Rr;r; THAT 

f "f(t) dt MGAN$ -la f(t) dt 
Ja x 
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1-l!;R!; I~ 

Tl-Ii; FORMAL. 
~TAT!;M!;NT: 

Fundamental 
Theorem of 

Calculus, v.2 

IF f I~ tONTINlJOlJ~. a I~ IN IT~ DOMAIN, AND A 1$ Di;FIN!;D BY 

ACx) ::. Ixf(t)dt 
a 

PROOF: 1F A HM A DE;R1VAT1vi;;, 1T MlJST Bi;; 
THIS LIMIT, IF THE; LIMIT E;XISTS: 

A'(x) ::. Hm ACx + h) - A(x) 
h-o h 

BY DE;FINITION OF A, 

ACx + h) - ACx) ::. 

i :>e+h i" f "+h 
f(t) dt - f(t) dt ::. f Ct) dt 

a a " 

a x x+h 

THAT STRIP HAS J.l!;;lbHT :::: f(x), WIDTH ,. h, 
AND HE;Nti;; ARE;A :::: hf(X), SO 

ARE;A 

h 
:::: 

hf(x) 
h = f(x) 

190 

wi;; tAN MAKE; THAT ARblJME;NT PRE;tlS!;;: A 
D!;;FINIT!;; INT!;;bRAL IS SANDWltH!;;D BbTW!;;!;;N 
ITS lJPP!;;R AND LOW!;;R SlJMS: 

x+h 

mh s f f(t)dt s Mh 
x 

WHE;Ri;; m AND M ARE; 
THE; lJPP!;;R AND LOW!;;R 
BOlJNDS, R!;;SP!;;tTIV!;;LY, 
OF f ON [x, x + h]. 
THE;N 

A(x + h) - A(x) 
ms sM 

h 

AS h-+0, 
m AND M SQlJi;;i;;zi;; 

TObbTHE;R! 

x x+h 

~EilAU~Ei f I~ CONTINUOU~, m AND M 
BOTH APPROAtH f(x) AS h-+0, SO BY 
THE; SANDWltH TH!;;ORE;M, 

ll·m ACx + h) - A(x) 
= f(x) 

h-o h 



I.~'$ RUN THROUGH 
THAT AGAIN, TOG~ A 
s~n;R Fi;;i;;L. FOR IT! 

OR, A$ l..!;;18NIZ WOUL.17 
MAV!;; PUT IT: dA 1$ TM!; 
INFINIT,SIMALLY TMIN 
$TRIP OF W117TM dx ANl7 
M!;;IGMT f(x), WMltM MA$ 
AR!;;A f (x) dx. 

dA ::. f(x)dx, $0 

dA ::. f(x) 
dx 

f(X) 

/ 
dx 

f(x) 

6.A 1$ TM!; AR!;;A OF THAT THIN 
$TRIP AT TM!; !;;176>!;; OF TM!; 
17i;;FINIT!;; INT!;;GRAL.. TM!; $TRIP'$ 
W117TM 1$ h, IT$ M!;;IGMT 1$ 
APPROXIMAT!;;L.Y f(x), $0 IT$ 
AR!;;A 1$ APPROXIMAT!;;L.Y h f(x). * 
TM!;;Ri;;FOR!;; 

6.A = hf(x) =- f(x) 
h h 

THAT L.ITTL.!;; W!;;17Gi;; ON TOP 
1$ NO MORI;; THAN CM - m)h ... 
IN OTM!;;R WOR17$, IT'$ A FL.i;;A! 

6.A ::. hf(x) + FL.i;;A 

$0 A'(x) ::. f(x). 

I TOL.17 YOU 
MY NOTATION 

1$ 8ITT!;;R! 

i;;ITM!;;R WAY, TM!; POINT 1$ THI$: ™' 
RAT' OF CMANG' OF ™' AR'A AT 
A POINT IS GIV'N 9Y ™' M"GMT 
OF ™' GRAPM TM,R,. 

"f(x + h) 1$ APPROXIMATIOL.Y f(x) B!OlAUSIO f 1$ ASSUMIOD TO BIO lONTINUOUS: IT lAN'T JUMP 
AROUND Wfl...171...Y NIOAR x. 
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NOW Wb lAN PROVb VbR$10N 1 
OF fl.lb FUN17AMbNTAI.. TH!;ORbM. 
IT FOl..l.OW$ 171RblTl..Y FROM Ti.lb 
FAlT THAT ANY ANTll7bRIVATIVb 
MlJ$T DIFFbR FROM A(x) BY A 
lON$TANT. 

Proof of Fundamental 
Theorem, v. 1: 
wi; W1$H TO $HOW THAT IF G 1$ ANY ANTl-
17bRIVATIV!; OF A lONTINUOU$ FUNCTION f, THi;N 

b I f(t) dt • b(b) _ b(a) 
a 

PROOF: BY THi; FUN17AMbNTAI.. THbOR!;M, V.2, 
ONi; ANTll7bRIVATIVb A OF f 1$ 

AC") • l x f(t) dt 
a 

NOT!; THAT A(a) ~ 0, $0 FOR THI$ ON!; 
ANTll7bRIVATIVi;, ANYWAY, 

lb f(t) dt ~ ACb) - A(a) 
a 

BUT G MU$T DIFF!;R FROM A BY A lON$TANT: 

$0 

G(x) ~ A(x) + C 

b I f(t) dt • ACb) - ACa) 

a 
~ ACb)+C-(A(a)+C) 

: G(b) - G(a) 

qui;ui;w-i;i;-
17000171..Y-GooGr..Y

BOOBL.Y-BOBBl..Y
BoOp-17i;i;-17i;i;1 ! 
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Example: ~MOW TMAT f, i dt • In" IF"> 0. 
1 

f, i dt • FCx) - FCtJ, 
1 

Wl-lbRb F 1$ ANY ANTll7bRIVATIVb OF 1/t. 
FCt) = In t 1$ AN ANTll7bRIVATIVb, $0 

f, i dt • In t I ~ • In " - In 1 • In " 
1 

Example: 

f x 1 d 

Jo -J1-u2 u 
:: arcsin x 

SbtAU$b arcsin 0 = 0. 

MbRb AGAIN, Wb MAY MAVb TO 
INTbGRATb FROM RIGHT TO 
L.bFT, AN17 Tl-lb ARC$1Nb 1$ 
NbGATIVb Wl-lbN -1 S x < 0. 

-1 

GRAY ARbA"' 
In x 
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x~1 

NOTb THAT WMbN 
x < 1, Tl-lb INTbGRAL. 
1$ N'GATIV,, $1Ntb 
Wb INTbGRATb FROM 
RIGHT TO L.bFT (ANl7 
Tl-lb INTbGRANl7 1$ 

P0$1T1Vb). 

AN17 HOW ABOUT 
THIS? AL..THOlJbH TH(; 
INT(;bRANl7 b0(;$ TO 
oo AT TH(; (;"117POINT, 
TH(; AR!;A 170(;$N'T! 
arcsin 1 ::: 1T 12 I 

arcsin x 



Problems 
!;VALUATE; THE;% INTIOGRAL$: 

20 

1. f 6 d" 
J_'3 

f 4 i;o 
3. (" - 2) d" 

'3 
2/3 

4. f (1 - ")-2 d" 
112 

a+ 1 ,, f Ca - ")" d" 
a 

WHE;N 1$ THE; INTE;GRAL IN #? 
NOT DE;FINE;D? 

f 2 1 
6 d" 

• Vz ..; 4 - "2 

7rr/2 

1. f sin z" d" 
rr/4 

lhr/6 

11. f sin28cose + cos28sine de 
t;rr/6 

12. $HOW THAT IF lf(")I :SM 
ON AN INTE;RVAL [a, b] FOR 
$0ME; NUMBE;R M, THION 

if bf(") d" I :S M Cb - a) 
a 

lONlWDE; THAT IF THE;RE; ARE; 

TWO FUNlTION$ f AND g $UlH 

THAT lfC") - g(")I :S £ON 
THE; WHOLIO INTE;RVAL, THE;N 

b 

1J fC") - gC") d" I :S eCb - a) 
a 

IN OTHE;R WORD$, IF TWO FUNlTION$ ARE; lL0$!0 ON AN 
INTE;RVAL, THE;IR INTE;6oRAL$ ARE; lLO$E;, TOO. 

13. FROM ALGIOBRA, RE;lALL THAT 

1 - t" =- C1 - t)(1 + t + t 2 + ... + t" - 1) 

OR 

1 - t" 1 2 n - 1 
--=- +t+t + ... +t 
1 - t 

lONlWDE; THAT 1 + t + t 2 + ... + tn - 1 IS CL~(; TO 
1/(1 - t) WM(;N t IS SN.LL. 

14. NOW $UB$TITUTE; t =- -"2 TO Gi;T 

1 
___ 2 :::: 1 _ "2 + "4 _ ;ic6 _ •.. + (-1)""2n 

1 + " 

INTE;GRATE; FROM 0 TO 1: 

1 1 

f 1 2 d" z f 1 - "2 + "" - ... + (-1)""2n d" 
o1+" o 

!;VALUATE; BOTH $1DE;$ TO 
FIND A FORMULA NAME;D 
AFTE;R LE;IBNIZ (t;VE;N 
THOU6oH IT WA$ Dl$
lOVE;RE;D IN INDIA . 
lE;NTURIE;$ i;ARLllOR!). ', 
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Chapter 12 
Shape-Shifting Integrals 

T 0 INTbGRATb A FUNlTION, 
"AL.I.." Wb HAVb TO DO 1$ 
FIND IT$ ANTIDbRIVATIVb. 
BUT THAT MAY NOT Sb $0 
bA$Y ... THb FUNlTION MAY 
NOT L.OOK FAMIL.IAR ... Wb 
MAY NOT RblOGNIZb IT A$ 
ANYTHING'$ DbRIVATIVb ... 
IT MAY $bbM H0Pbl..b$$ .•. 
$0 MATHbMATlllAN$ HAVb 
DbVbL.OPbD TOOL.$ FOR 
TINKbRING WITH INTbGRAL.$ 
THAT MAKb THbM bA$1bR 
TO "lRAlK ... " 

MORb WAY$ TO FIND ANTIDbRIVATIVb$ 

19? 

bXlbl..L.bNT! 
I L.OVb A 

GOOD TOOL.I 



Substitution 
of Variables 
FROM NOW ON, W(;'R(; GOING 
TO (;MSRAl(; 1.(;ISNIZ NOTATION 
AND U$(; dx, dt, du, dV, dF, 
(;Tl., M Tl-l(;Y W!;R(; L.ITTL.(; 
QlJANTIT1(;$. DON'T WORRY 
ABOUT IT! IT MAK(;$ I.IF(; $0 
MUlH !;A$1(;R, AND IT R!;AL.L.Y 
CAN'T Gr;T YOU INTO TROUSL.(; ... 

OH, I DON'T KNOW •.. 
N!;WTON $1.AND(;R(;D 
M(; AL.I. OV(;R TOWN .. • 

#$!&## 
PL.AGIARl$T! 

S(;GIN WITH THI$ SA$1C (;QUATION, 
WH(;N u 1$ A FUNlTION OF x: 

du '( ) - : u 'X 
dx 

WHICH S(;COM(;$ 

du = 1.{(x) dx 

J du = J u'(x) dx = u + C 

WHllH wr; DO KNOW TO gr; TRU(;, 
SY TH(; FlJNDAM(;NTAL. TH(;OR(;M! 

NOW PUT ANOTH(;R FUNCTION v IN TH(; CHAIN, 
WH(;R(; v 1$ A FUNlTION OF u. TH(;N A$ S(;FOR(; 

dv = v'(u)du 

PL.lJG IN du : u'(x) dx TO Gr;T 

dv = v'(u(x)) u'(x) dx 

WHICH 1$ ANOTH(;R WAY OF WRITING 
TH(; CHAIN RUL.!;. IT $AY$ THAT 

v+C= 

J v'(u) du :: J v'(u(x))u'(x) dx 

WHY DO(;$ THI$ H!;l.P? 
S!;CAU$(; IT AL.I.OW$ U$ 
TO SIMPl.IFY OR TRAN$-
FORM TH(; INT!;GRAL. ON 
TH!; RIGHT INTO TH!; 
ON!; ON TH!; L.!;FT!!! SY 
SUSSTITUTING du FOR 
u'(x) dx, wi; Gr;T A 
MUCH $1MPL.(;R-L.OOKING 
INT!;GRAL.!!! 
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TH!;Rr; IS $OM!; 
NOTATION H!;R!; 
I DON'T QUIT!; 

R(;M(;MS(;R FROM 
AL.G!;SRA 2 ... 



Example 1: F1Nl7 J 2t cos ct)2 dt 

$GT u : t2, Tl-l!;N du = 2t dt, ANl7 
TM!; INT!;bRAL. S!;COM!;$ 

f 2tcos (t)2 dt = f cos u du 

= sin u + C 

= sin (t)1 + C 

1-t!;R!; 1$ TM!; PROC!;l7UR!;, $T!;P SY $T!;P: 

1. L.OOK FOR AN IN$117!; FUNCTION u 
W!-10$!; 17!;RIVATIV!; u' AL.$0 APP!;AR$ A$ 
A FACTOR IN TM!; INT!;bRANl7. 

3. !;X.PR!;$$ !;V!;RYTMINb IN T!;RM$ OF u. 
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YOU MAY R!;CObNIZ!; T!-11$ 
A$ A $Y$T!;MATIC WAY TO 
"bU!;;$$ ANl7 CM!;CK" A$ 
ON P. 173. 

2. WRIT!; du = u'(t) dt (OR u'(x) dx, 
OR WMAT!;V!;R TM!; VARIASL.!; 1$). 

4. TRY TM!; INT!;bRATION WITH R!;$P!;CT 
TO u. IF $UU!;$$FUL., R!;Pl.AC!; u SY u(t) 
IN TM!; AN$W!;R. 



Example 2. Flt.JD J x3 v x 4 + 9 dx 

i..u;Ri; u "' x 4 + 9 L.OOK$ L.IKI;; A GOOD 
IN$1Dt;; FlJNlTION, Sl;;lAlJ$t;; IT$ Dt;;RIV-

ATIV!; 1$ 4x3 ' AND wi; $!;!; x3 A$ A 
FAlTOR IN nit; INTt;;GRAND. 

$0 

Example 3. FIND J u v 2u - -; du 

$0Mi;TIMI;;$ A $lJ8$TITlJTION L.OOK$ lJNPROM-
1$1NG SlJT WORK$ ANYWAY. T!-11$ INTt;;GRAND 
D01;;$N'T QUIT!; FIT OUR Ti;MPL.ATt;;, Sl;;lAlJ$t;; 
TH!; FAlTOR u 1$ NOT Tl-It; Dl;;RIVATIVI;; OF TH!; 
IN$1Dt;; FlJNlTION. SlJT L.i;T'$ TRY ANYWAY ... 

v "' 2.u - '3, u "' !Cv + '3), du "' !dv 

NOW Wt; MlJ$T t;;XPRI;;$$ t;;Vt;;RYTl-llNG IN 
Tt;;RM$ OF v: 

(2u - 3)712 
+ 2(2u - 3)312 + C 

10 

01-1, Yt;;Al-IH!-1 ... 

T!-11$ $AMI;; $lJS$TITlJTION WORK$ Gt;;Nt;;RAL.L.Y WITH Tl-It; INTt;;GRAND un(au + b)m FOR ANY 
P0$1TIVI;; INTt;;Gt;;R n AND ANY POW!;R m, AND ANY a, b, AND Tl-lt;;Rt;;FORt;; WITH P(u) (au + b)m 
FOR ANY POLYNOMIAL. P. 
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Substitution and Definite Integrals 
WH!;N U$1Nb $US$TITUTION IN A 17!;FINIT!; INT!;bRAL., TH!; !;Nl7POINT$ OF INT!;bRATION MU$T si; 
A17JU$T!;l7 TO R!;FL.!;lT TH!; $US$TITUTION. IF F 1$ AN ANTll7!;RIVATIV!; OF f, TH!;N 

l b Ju(b) 
f(u(x)) u'(x) dx = F(u(b)) - F(u(a)) = f(u) du 

a u(a) 

TH!; !;Nl7POINT$ a 
AND b AR!; R!;PL.Al!;17 
SY u(a) ANl7 u(b) 
WH!;N INT!;bRATINb 
WITH R!;$P!;lT TO u. 

rr/4 

Example 4. FIND f tan:x dx 
} 0 cos x 

R!;lAL.L. THAT 

dd.,, (tan x) = 
"' COS2 X 

dx 
t..i;T u(x) = tan x. TH!;N du = 

COS2 X 

TH!; !;Nl7POINT$ OF INT!;bRATION WITH 
R!;$P!;tT TO u WIL.L. si; 

ANl7 TH!; INT!;GRAL. S!;toM!;$ 

SY nu; WAY, DON'T YOU 
FIND IT MTOUNDING 
THI; WAY Pl POP$ UP IN 
AN INT!;G-RAL. INVOLVING. 
ONLY i;XPON!;NTIAL$? 
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IT'$ L.IK!; 
TRIMMING 
A TR!;!;! 

Example 5. F1•> J 0 
../ 1 :'.,. dx 

-In 2. 

TRY u(x) = e". TH!;N du = e" dx 

TH!; N!;W !;Nl7POINT$ WIL.L. si; 

ANl7 TH!; INT!;bRAL. S!;lOM!;$ 

f 1 du 

¥17"' 
1/'2. 

arcsin 1 - arcsin ( 4) = 
1T 1T 1T - - - :::. 
4 6 12 

NOT !;$P!;l1ALLY. 
PA$$ Mi; A WR!;NlH, 
WOULD YOU? 



MAKING A VARIASI..(; $US$TITUTION WORK$ A $ORT OF SMAP,-SMIFTING OP,RATION ON 
INT(;bRAL.$. IT'$ AMAZING, R(;AL.L.Y ... A HORRISl..(;-1..00KING INT(;GRAL. MAY TURN INTO 
$0Mi;;THING COMPL.(;T(;l..Y DIFF(;R(;NT AND (;V(;N $IMP!.(; AND FAMIL.IAR! 

J 2x d -- " 
1 + x2 

S(;lOM(;$ J; Cy ::. 1 + x 2 , dy ::. 1..xdx) 

J x 2Vf+"X dx si;coMi;$ J t 712-t312+ t 112 dt Ct::. 1 + x, dt ::. dx) 

J t 
e dt 

1 + ezt 
J dv 

S(;lOM(;$ --2 
1 + v 

TAL.K 
ABOUT 

POW(;R ... 

THI$ 1$, IN FACT, TH(; MAIN ID(;A S(;HIND $Ull(;$$FUL. INT(;GRATION: GIV(;N AN UNFAMIL.IAR 
INT(;GRAL., TINK'R WITM IT UNTIL. IT L.OOKS L.IK' ON' YOU R'lOGNIZ,. 
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HM ... I WOND(;R 
WHAT (;I..$(; 1$ IN 
THAT TOOL. SOX ... 



Integration by Parts 

1$ SA$G17 ON THG PR017lJlT RlJL.(; 
FOR 171FFGRGNTIATION: 

Cuv)' = uv' + vu' 

d(uv) = udv + vdu 

INT(;bRATINb b1V(;$ 

OR 

u v ~ J u dv + J v du 

WHllH $OM(; INTGbRAL. 
MGlHANll $AW WA$ 
MOR(; PR017lJlTIV(; IF 
RGARRANb(;l7 L.IK(; $0: 

Example 5. FIN17 J ?x2 ln x dx 

$lJS$TITlJTION 170G$N'T HGL.P HGR(; ... 
SlJT wi;; 170 $(;(; A lANl7117AT(; FOR dv: 

'3x2 dx ,. d(x3 ) 

AllOR171NG>L.Y, TRY 

$0 

v(x) = x3 , dv = '3x2 dx 

u(x) = lnx, du = ~ dx 

J '3x2 lnx dx = uv - J vdu 

= x3 lnx - J Cx3 )(~) dx 

= x3 ln x - J x 2 dx 

udv --- UV - vdu 

IN Tf;RM~ OF 
ANOTH!;R! 

wi;; lAN lHGlK THG AN$WGR SY 
171FF(;R(;NTIATINb: 
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.E.._ Cx3 ln x - lx3) = 
dx 3 

x; 
'3x2 lnx + - - x 2 = 

x 

'3x2 lnx + x2 - x2 = 

THI$ 1$ THG ORlblNAL. 
INTGbRANl7. 

I lAN'T WAIT 
TO TRY THI$ 
ONG OUT ... 



Example 6. F1Nl7 J In x dx 

YOU MAY WON!7j;R wHi;Ri; v 1$, BUT IN FAlT, THI$ 1$ vi;RY 
MUlH LIKj; THi; PRj;y10U$ i;XAMPLi;. JU-ST $i;T dv = dx! 

u = In x, du = .!., x 
At-117 

J In x dx = x In x - J x ( ~) dx = 

x In x - J dx = x In x - x + C 

Example 7. F1N!7 J x cos x dx 

Hj;Rj; wi; HAvi; A lHOllj; OF dv: j;ITHj;R 

cos x dx = d (sin x) OR xdx = d C~x2). 

I 'STRONGLY 
R!;lOMMi;;N17 TMAT 

YOU lM!;lK ALL 
AN$W!;R$ BY 

171 FF!;R!;NTIATI NG! 

YOU $HOUL!7 lONVINti; YOUR$j;LF THAT THi; 
LATTi;R OPTION ONLY MAKj;$ THING$ WOR$i; ... 
$0 IN$Tj;A{7 wi; GO WITH THi; FIR-ST ONj;: 

u = x, du = dx, dv = d(sin x), v = sin x, AN!7 THi;N 

f x cos x dx = x sin x - f sin x dx = "sin " + cos " + c 

Example 8. FIN!7 f x2 sin x dx 

PROti;i;17 A'S IN i;XAMPLj; 7: 

u = x2 , du= 2xdx, 

dv = sin x dx, v = -cos x 

J x2 sin x dx = -x2 cos x - J 2x (-cos x) dx = 
;i .. .. 

-x2cos x + 2 J x cos x dx = 

1.01. 

BUT l'M MAYING 
$0 MUlM FUN 
1701NG TM1$ ... 

--



!;XAMPL.!;$ 7 AND 0 $HOW HOW TO 
HAND!.!; Tl-!!;$!; INT!;GRAL.$ (n Bl;ING 
A P0$1TIV!; INT!;G!;R): 

J x"sin x dx OR J x"cos x dx 

wi; "BOOT$TRAP" OUR WAY UP: 
INT!;GRATION BY PART$ PRODUt!;$ A 
$1MIL.AR INT!;GRAL., BUT WITH THI; 
FAtTOR x" - 1 IN PL.At!; OF x" ... wi; 

AbAIN INT!;GRAT!; BY PART$ ••• AND $0 
ON, UNTIL. THI; INT!;GRAND 1$ sin x 
OR cos x AL.ON!;. 

Example 9. FIND J sin 2 x dx 

OUR ONL.Y HOPI; 1$ TO TRY 

u = sin x, du = cos x dx, 

dv = sin x dx, v = -cos x 

IN WHltH tA$!; 

J sin 2 x dx = -sin x cos x + J cos2x dx 

THI; $!;t:OND INT!;GRAL., WITH cos2 x, 
L.OOK$ JU$T A$ BAD A$ THI; FIR$T ON!; ••• 
BUT cos2 x = 1 - sin 2 x ... $0 wi; TRY 
PL.UGGING THI$ INTO THI; RIGHT-HAND 
INT!;GRAL. AND R!;ARRANGING: 

$0 

2 J sin 2x dx = - sin x cos x + J dx 

= - sin x cos x + x + C 

J sin 2 x dx = f (-sin ~cos ~ + ~) + C 
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WOW! IT 
R!;AL.L.Y 
WORK$! 

L.i;T'$ tH!;tK 
THI; AN$W!;R: 

d ( 1 • 1 ) dx -zSZnXCOSX + zX 

= -l(cos2 x - sin2 x) + .!. 2 2 

= -4C1 - 2sin2 x) + 4 
= sin2 x - .!. + .!. :. sin2 x 2 2 

THI; $AM!; TRIG ID!;NTITY AL.I.OW$ 
U$ TO BOOT$TRAP OUR WAY TO 
AL.I. INT!;GRAL.$ OF THI; FORM 



Problems 

2. J x<1 + x2 )-2 dx 

3. J sin t en cost dt 

4. J tan u du 

HINT: t;XPR{;$$ TH{; TANG{;NT IN Tt;RMS OF 
SIN{; AND lOSIN{;. 

6. JV 1 - x2 dx 

HINT: SUBSTITUT{; x :: cos e, U% A TRIG 
117{;NTITY, AND Rt;Ft;R TO t;XAMPI.{; 9. 
170N'T FORG{;T TO lONV{;RT Hit; ANSW{;R 
BAl'.:K INTO AN {;XPR{;$$10N INVOl.VING x. 

1. i 1cx' + • + nc-./2. + ~ l d• 

9. J e"sin x dx 

9. J te-t dt 

10. J :In x)2 dx 
1 

11. f (In x)3 dx 

Ht;Rt; IS A GRAPH OF TH{; NATURAi. LOGARITHM, 
y :: In t. Rt;Mt;MB{;R, THIS IS AL.SO TH{; GRAPH 
t :: e Y, Bt;lAUSt; TH{; l.OG AND THE; t;XPO
Nt;NTIAI. AR{; INV{;RS{; FUNlTIONS. TMIS IMPl.1{;$ 
THAT TH{; SHAD{;D R{;GION HAS ARt;A 

In a l eY dy 

${;{; THAT? TH{; ARt;A UND{;R TH{; 1.0GARITHM 
GRAPH IS TH{; ARt;A OF A R{;lTANGI.{; MINUS 
TH{; SHAD{;D AR{;A ... OR: 

a In a f In t dt :: a In a - f eY dy 
1 0 

:: aln a - a + 1 

THIS AGR{;{;$ WITH WHAT Wt; FOUN17 BY 
INT{;GRATION BY PARTS. 

13. APPl.Y TH{; SAM{; ID{;A TO f :rctan v dv 
y 0 

YOUR ANSW{;R MAY L.OOK DIFF{;R{;NT FROM WHAT 
YOU FOUND IN PROBl.t;M 12. IF $0, Rt;F{;R TO THIS 
TRIANGI.{; TO WRt;STl.t; IT 
INTO SHAP{; ... 
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Chapter 13 
Using Integrals 

T!-11$ $TIJFF R(;AL.L.Y 1$ GOOD FOR $0M(;TJ.llNG, YOIJ KNOW? 

I NT(;GRAL.$ AR(; 
(;V(;RYWl-l(;R(; ... YOIJ 
ONL.Y N(;(;D (;Y(;$ TO 
$(;(; TJ.l(;M. 

IN T!-11$ tl-IAPT(;R, W(;'L.L. 
FIND INT(;GRAL.$ AT 
WORK (AND AT PL.AY?) 
IN G(;OMr;TRY, Pl-IY$1t$, 
(;tONOMlt$, $TATl$Tlt$, 
SIJ$1N(;$$ ... JIJ$T ASOIJT 
ANYWJ.l(;R(; THAT THING$ 
Pll..(; IJP. 

DID I Mi;NTION THAT 
INT(;GRAL.$ IJNL.OtK 
Tl-I(; $(;tRr;T$ OF Tl-I(; 
IJNIV(;R$(;? 



Areas and Volumes 
W' CAN FIN17 Tl-lb AR'A SbrW,,N TWO GRAPMS BY INTbGRATING Tl-lb PIFF'R'Nl' 
B~"N Tl-lb TWO FUNCTION$. 

Example: FIN17 THb ARbA 
B~"N Tl-lb PARASOL.A$ 

y =- f(x) =- xi + 1 AN17 

y =- q(x) =- -1.:xi + 4. 

$01..UTION: FIR$T FIN17 Tl-lb POINT$ 
WHbRb Tl-lb CURVb$ CRO$$, l.b., Tl-lb 
VAl..Ub$ OF x WHbN 

THI$ IMPl..lb$ 

NOW I NTbGRATb 9 - f FROM -1 TO 1 : 

J1 
9Cx) - f(x) dx =-f 1 

-?xi+ ? dx 
-1 -1 

=- C-x3 +?x)\ 1 =- -1 +? - (1 - ?) 
-1 

:4 
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y =- f(x) 



IN nu~ R!;;AL. WORL.17, wi;; Mlblff $!;;!;; 
$0Mi;;Tl-llNb L.fKi;; Tl-If$: 1-!i;;Ri;; 1$ A 
V!;;L.OllTY FlJNlTION V :: v(t) Tl-IAT 
17!;;$lRIB!;;$ A lAR AU!;;L.!;;RATINb FROM 
A $TOP, B!;;blNNINb AT Tl-I!; Z!;;RO
POINT OF Tl-I!; ROAl7. Tl-I!; AR!;;A lJN17i;;R 
Tl-I!; tlJRV!;; Bi;;TW!;;!;;N 0 ANl7 T, 

JTv{t) dt 
0 

1$ Tl-I!; lAR'$ P0$1TION AT TIMI;; T. 

y 

0 

IF AN AlJl7f (A) ANl7 A BMW (B) BOTl-I PlJL.L. AWAY FROM Tl-I!; $AMI;; $TOP $16-N 
$lMlJL.TAN!;;OlJ$L.Y, Tl-I!; bRAPl-1$ OF Tl-li;;fR V!;;L.OlfTfi;;$ Mlbl-IT L.OOK L.fKi;; Tl-11$: 11 

$Pi;;i;;l7 PllK$ 
lJP ANl7 Tl-l!;;N 
l.!;;Vi;;l.$ OFF I 

Tl-li;;N Tl-I!; ($1bNl;;17) AR!;;A 
Bi;;TW!;;!;;N Tl-I!; 6-RAPI-!$ VA ANl7 

v8 1$ MOW FAR TME AUDI IS 
AMEAP OF TME 9/AW. Tl-IAT'$ 

(Wl-llll-I WOlJL.17 Bl;; N!;;bATIV!;; IF 
Tl-I!; BMW W!;;Ri;; Al-l!;;A17). 

y 

0 

y 

y :: v (t) 

t 
T 

y :: V8(t) 

t 

y = v8(t) 

T 

"Tf.11$ A$$UM(;$ Tf.IAT Tf.I(; BMW AtTUAL.L.Y C.AM!; TO A C.OMPLH(; $TOP. I f.IAV(; N!;V(;R WITN(;$$(;17 Tf.11$ 
f.IAPP!;NING MY$(;L..F, BUT I R(;MAIN f.IOP(;FUL.. Tf.IAT IT MAY f.IAPP(;N $0M(;DAY. 
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IN A SIMPI.(; lA$(;, TH(; AlJli'1'$ V(;l.OllTY MlbHT B(; 

VA (t) :o '3t M/%l FOR TH(; FIRST 10 $(;l0Nli'$ 

:o '30 M/$(;l AFT(;R t :o 10 $(;l. 

AND SUPPO$(; TH(; BMW'S V(;l.OllTY 1$: 

VB(t) :o ?t M/$(;l FOR TH(; FIRST 4 $(;l0Nli'$ 

:o 20 M/$(;l AFT(;R t :o 4 

IN TH(; (;ARLY bOINb, TH(; BMW OlJTPAl(;$ TH(; 
AUDI ... 

4 T 10 

BUT AS T bi;T$ 1.ARb(;, TH(; AlJli'I PUl.1.$ AH(;Ali'. 

TH(; li'ARK AR(;A ON TOP Wll.1. (;V(;NTlJAl.1.Y 

i;xi:i;i;17 TH(; 1.16-HT(;R 6-RAY AR(;A. 

'30 

20 

4 

TH(; QU(;$TION 1$: w1.u;N? 

HM. I THOUbHT TH(; 
QlJ(;$TION WAS, WHY 
170 I li'RIV(; A RU$T(;li'
OlJT SUZUKI? 

10 T 

200 

WH(;N T 2'. 10 $(;l0Nli'$, TH(; lAR$' 
POSITION$ AR(; 

sA(T) :of 1°?t dt + '30(T - 10) 
0 

SB(T) :0 L4
?t dt + 2.0(T - 4) 

TH(; INT(;bRAI. 
FOR TH(; "TRl
ANblJl.AR" PART 
WH(;N $P(;(;li' 1$ 

PllKINb lJP ... 

(;VAl.lJATINb TH(; INT(;bRAI.$ b1V(;$: 

10 

SA(T) :o tt2 I + '30(T - 10) 
0 

:o 1 ?O + ?OT - '300 

:o ?OT - 1?0 

4 

SB(T) :o tt2 I + 20(T - 4) 
0 

:o '2.0T - 40 

TH(; AlJli'I PA$$(;$ TH(; BMW WH(;N 
TH(;IR POSITION$ AR(; (;QUA!.: 

SA(T) "° SB(T) 

?OT - 1?0 :o 2.0T - 40 

10T :o 110 

T :o 11 $(;l0Nli'$ 



An Area Using Polar Coordinates 
POLAR COORDINATES, WRrrn;N (r, e), AR(; AN ALTf;RNATIV(; TO OR171NARY "Rf;lTANGlJLAR" 
lOORl71NAT(;$ x AN17 y. ANY POINT P IN TM(; PLAN(; 1$ lJNIQlJf;LY $Pf;l1Flf;l7 SY IT$ 171$TANlf; r 
FROM nir;; ORIGIN AN17 nir;; AN/7L(; e sr;;rwr;;r;;N TM(; HORIZONTAL AXI$ ANl7 TM(; LIN(; $f;/7Mf;NT OP. 

(r, 8) 

e 

GIV(;N A llRlL(; OF RAl71lJ$ R, $lJ8171V117(; TM(; 
RAl71lJ$ INTO MANY $MORT INTf;RVAL$ OF 
Lf;NGTM l::..r. TM(;$(; 171Vll7(; TM(; llRlL(; INTO 
MANY NARROW RING$ OF TMllKNf;$$ l::..r. 

IF ri 1$ TM(; RA171lJ$ OF A RING, TMf;N TM(; 
RING MA$ AR(;A :::: '2.:rrril::..r. (!MAGIN(; TM(; 
RING A$ A THIN Rl880N THAT YOIJ lOlJL17 
$TRAIGMT(;N OlJT INTO A LONG, NARROW 
Rf;lTANGLf;, WITH Lf;NGTM A80lJT '2..1Tr ANl7 
Mf;IGMT l::..r.) 

TM(; WMOL(; llRlL(; TM(;N MA$ AN 

APPROXIMATr;; AR(;A OF L'2..1T1fl::..r, 

ANl7 A$ t::..r-o, THI$ 8f;l0M(;$ 

LR '2..1Tr dr ::. 1Tr2 I: ::. 1TR2 

TM(; Rf;LATION$MIP sr;;rwr;;r;;N 
TM(; lOOR171NATf;$ 1$ 
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Mf;Y! 170N'T (;AT 
TMf; r;;XAMPL(;! 
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MO$T OF U$ MAVj; Bj;j;N 
M'AR1Nl7 TMAT A l1Rll..j;'$ 

ARj;A 1$ rrr2 i;vi;R $1Nli; 
l7RADj; $lMOOL.. BUT wi; 
MAD TO WAIT FOR 
lAL.lUL.U$ TO PROVj; IT! 
ROUND TM1Nl7$ ARi; TMAT 
MUlM MORj; DIFFlllJL.T 
H4AN $QlJARj; TMIN{7$. 

I lAN'T WAIT TO 
TAKi; lAL.lUL.U$ ... 

Mj;Rj;'$ ANOTMj;R ROUND TM1Nl7 wi; lAN lAL.lUL.ATj; NOW: 

Volume of a Sphere: A $PMj;Rj; wi;1..1... ™' WAY OF ™' INTj;f7RAL. 1$ TO 

I~ ROUND i;vi;RY WMllM WAY! MOW DO wi; lUT IT INTO $L.llj;$. L.i;T'$ TRY TMAT .. • 

17i;AL. WITl-I TMAT? 

j;AlM $1..lli; MA$ A lURVj;D j;D{;j; (MARD TO 
lAL.lUL.ATj; Ti.ti; VOL.lJMj;!). $0 wi; APPROXl

MATi; j;AlM $1..llj; BY A PL.AIN D1$K WITM A 
$TRA1l7MT $1Dj;. 

NOW Al7D Tl-lj; VOL.lJMj;$ OF AL.I.. Ti.ti; 171$K$, 

L.i;T TMj;IR Tl-lllKNj;$$ (70 TO zi;Ro ... 
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UM .•• WMAT'$ 
Ti.ti; VOL.lJMj; 
OF A D1$K? 

\~ 
~:!'-" 



$AY nu; $PH(;R(; HM RADllJ$ R 
AND IT$ l(;NT(;R AT TH(; ORIGIN. 
AL.ONG TH(; x-AXI$, $1JSDIVID(; 
TH(; INT(;RVAI.. [-R, R] SY 
POINT$ f "o• X1 , ... , Xp ... , "n} 
INTO MANY $HORT INT(;RVAI..$ 
OF 1..(;NGTH 6.x. TH(;N A lRO$$
$(;lTION THROUGH TH(; POINT xi 

HA$ RADllJ$ V R2 - x/, SY TH(; 
PYTHAGOR(;AN TH(;OR(;M. 

A Dl$K'$ VOl..IJM(; 1$ TH(; PRODIJlT OF IT$ 
H(;IGHT TIM(;$ TH(; AR(;A OF IT$ SA$(;. H(;R(; 
TH(; SA$(; HA$ AR(;A 

ADDING TOGi;TH(;R TH(; VOl..IJM(;$ OF 
AL.I.. D1$K$ GIV(;$ 

n 

L CrrR2 - rrx/)6.x 
i::.1 

l..ITTING 6.x-+0 PRODIJl(;$ AN INT(;GRAI..! 

V = f • rrf?2 - rrx• dx 
-R 

$0MIOTMING 
(;!.$(; YOU 
"KN(;W" 

Al.R(;Al7Y ! 
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O.K., I ADMIT 
IT ... IT'$ JU$T 
$0MIOTMING I 
l-l(;ARl7 FROM 
T!;All-l(;R$ IN 

$lMOOt.! 



Wl-IAT WORK? FOR 
TH!; ?PH!;R!; AL.?O 
WORK? FOR MANY 
OIH!;R VOL.UM!;? THAT 
lAN 8!; APPROXIMAT!;D 
SY A ?TAlK OF Dl?K?, 
i;~P!;llAL.L.Y ~01..I~ 
OF Rl;VOL.UTION 
MAD!; BY ?PINNING A 
lURV!; AROUND AN 
Ml?. 

Cone: A lON!; I? MAD!; BY ROTATING TH!; I.IN!; y : ax AROUND TH!; y-AXI?. IF TH!; 
H!;IGHT OF TH!; lON!; I? u, TH!;N TH!; RADIU? OF TH!; SA?!; I? Ula. wi; MAK!; ?L.ll!;? 
P!;RP!;NDflUL.AR TO TH!; y-AXI? AND INT!;GRAT!; WITH R!;?P!;lT TO y. AT A POINT Yi• TH!; 
lRO??-?!;lTION HA? RADIU? yJa. 

ANOTH!;R FORMUL.A 
I THOUGHT I KN!;W ... 

TH!;N TH!; llRll.!;'? AR!;A I? rrCyJa)2 

AND A THIN lYL.IND!;R OF H!;IGHT dy 
HA? VOL.UM!; 

y.2 
7r _z_ dy 

a2 

ll•m;G-RATINb nu; $1.llE;S b1VE;$ THE; tot-IE;'$ 
VOL.UME;: 

v : f /.I 7r y: dy : 1. ..!!.... l \/.I 
0 a ~ a2 o 

TH!; l0N!;'$ BA?!; HA? RADIU? Ula, $0 
IT? AR!;A I? ~rrCUla)2 • TH!; VOL.UM!; I? 
TH!;R!;FOR!; ON!;-THIRD TH!; AR!;A OF TH!; 
BA?!; TIM!;$ TH!; H!;IGHT. 
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Paraboloid: Tl-II$ $01..117 1$ Gf;Nf;RATf;li' SY ROTATING rnr; PARASOL.A y ::. ax2 

AROUND mi; y-M1$. Wl-IAT 1$ IT$ VOL.lJMf; UP TO A 1-lf;IGl-IT J.1? 

L.r;T'$ Wl-llZ Tl-IROUGl-l Tl-II$ ONf;: A lRO$$

$f;lTION Tl-IROUGl-l y I-IA$ RA1i'IU$ V(y/a) 
AND AN ARf;A OF (rry /a). $0 A Tl-llN $1..llf; 
OF Df;PTl-l 6.y I-IA$ VOL.lJMf; (rry 6.y /a), 
AND Tl-If; VOL.lJMf; OF mi; PARASOL.Olli' 1$ 

v ~ f :y dy ~ i "l I: 
0 

1 1T/.lz 
=2--;.z 

lAN YOU $1-lOW Tl-IAT Tl-II$ 1$ 1-lAL.F Tl-If; 
ARf;A OF mi; SA$f; TIMf;$ Tl-If; 1-lf;IGl-IT? 
Wl-IAT 1$ mi; RAli'IU$ OF Tl-If; SA$f;? 

$0Mf;TIMf;$ IT 1$ MORf; lONVf;Nlf;NT TO FIND Tl-lf;$f; ROTATIONAL.L.Y $YMMr;TRllAL. VOL.lJMf;$ 
SY INTf;GRATING Tl-If; VOL.lJMf;$ OF Tl-llN lYL.INli'RllAL. $1-lf;L.L.$ IN$Tf;Ali' OF li'l$K$. FOR 
IN$TANlf;, IN Tl-If; PRf;VIOU$ f;XAMPl..f;, Wf; lOUL.li' 1-lAVf;-SUT WAIT ... Wl-IAT'$ Tl-II$-? 

21'3 

TIU; Gl..U(; 
FACfORY MA~ 
(;XPL.OD(;D!! 



AL.I. RIGHT, L.r;T'$ DO A DIFF!;R!;NT i;XAMPL.i; ... 

Example 

HOW Di;i;p 
1$ IT? 

DUNNO ... I t:AN'T 
Ri;AD Tl-I!; DIP$Tlt:K ... 

AN i;XPL.0$10N AT A GL.lJ!; FAt:TORY BUR1i;$ Tl-Ii; $URROUNDING t:OUNTRY$1Di; IN A L.AYi;R OF 
V1$t:OU$ yi;1.1.ow GI.OP IN A $YMM(;TRlt:AL., t:IRt:UL.AR MOUND. Mi;A$URi;Mi;NT$ R!;Vi;AL. THAT 
Tl-I!; Di;PTl-I OF Tt-~i; GL.Ui; DIMINl$1-1!;$ WITH Dl$TANti; FROM Tl-Ii; ti;NTi;R. IN FAt:T, P(r), Tl-I!; 
Di;PTH IN Mr;Ti;R$ AT A Dl$TANt!; OF r KIL.OMr;Ti;R$, TURN$ OUT TO FOL.I.OW A FORMUL.A: 

f/(r) ~ 2.e-~r2 MIT!;R~ 

Tl-Ii; GL.Ui; FORM$ A VOL.lJMi; OF R!;VOL.lJTION, BUT IN$Ti;AD OF INT!;GRATING OV!;R y, FROM 
TOP TO BOTTOM, L.r;T'$ INTi;GRATi; OUTWARD, WITH Ri;$pi;t;T TO r. 
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SbfWbbN TWO NbARSY Dl$TANlb$ r AND r + dr, THb DbPTH OF bl.Ub 1$ NbARl..Y lON$TANT, 

NAMbl.Y 2.e-3 r2 MbTbR$. THU$ THb NARROW RINb OF bl.Ub SbfWbbN THb$b TWO Dl$TANl~$ 
HA$ APPROXIMATb VOl..UMb 

dV:::: 2.rrr·(2.e-3r 2 )·106drlUSll Mi;Tf;R$.* 

THb VOl..UMb OUT TO ? KM 1$ THI$ INTbbRAL.: 

VC?) • 10' L'411re-3 ' 2 dr 

• (411)10 6 L're-3 ' 2 dr 

Wb FIND THI$ SY A $TRAl6'HTFORWARD $US$TITUTION 

u = -?r2, du = -6rdr 

u(O) :: 0, u (?) :: - 7? 

THbN 

411106 L; re-3 ' 2 dr • J-7? 

41T106 
0 

-C1/6)eudu 

-7? 

0 

:: APPROXIMATbl.Y 2.1 MIL.L.ION 
lUSll MbfbR$ OF bl.Ub. 

(A$ ON P. 1.09, THINK 
OF THb RINb M A TMIN, 
Fl.AT NOODl..b THAT lAN 
Sb UNlURl..bD TO FORM 
A RblTANbUl..AR Sl.OlK.) 

Al.I.. RlbHT, 
"'.XCAL.19UR," 

ONWARD! 

*106 IS A tONVj;R$10N FAtTOR, Nj;lj;$$ARY si;tAIJSb wr; MbASIJRj;l7 80TH r ANl7 6.r IN Kll..0MbTj;R$, ANl7 THb [7j;P"fH IN 

MbTj;R$. 1 KM "' 103 M. 



Improper Integrals 
W' JUST lAL.lUL.AT!;D HOW MUlH GL.U!; L.AND!;D WITHIN A RADIUS OF ? KM OF GROUND 
zi;;Ro ... SUT WHAT IF wi; WANT!;D TO KNOW TH!; TOTAL. VOL.UM!; OF GL.U!; OUT TH!;Ri;? 

TH!; GL.U!; 
TO INFINITY? 

W!;'D L.IK!; TO WRIT!; THAT AS AN INT!;GRAL. WITH AN INFINIT!; 1..11'\IT: 

(Wi; !MAGIN!; THAT THIS PARTllUL.AR 
GL.U!; FACTORY SITS ON AN 
INFINIT!;, FL.AT PL.At-ii;, NOT TH!; 
lURVi;D SURFAl!; OF TH!; !;ARTH.) 

AN INT!;GRAL. INVOLVING INFINITY IS lAL.L.!;D AN 11'\PROP!;R INT!;GRAL., AN UNFORTUNAT!; 
NAMi;, SINl!; IT'S JUST AS GOOD AS ANY OTH!;R INT!;GRAL., R!;AL.L.Y. 
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AFT(;R nu; GL.lJ(; BL.A$T, n1i; VOL.lJM(; OF 
GL.lJ(; (IN lUBll Mr;T(;R$) WITHIN A RAl71U$ 
OF R KM WA$ 

R 

VCR) • 106 i 4irre-3r2 dr 

::. -(2./?)7T106 e-'3r21: 
2 

::. (2./?) 1T 106 (1 - e-3R ) 

A$ R-+ oo, nu; SGlONl7 TGRM GOGS TO Z!;RO, $0 

lim VCR) ::. (2./3) 1T 106 
1?-00 

A FINIT(; AMOUNT OF 
$TUFF $PR(;Al7 OV(;R 
AN INFINIT(; R(;GION! 

wi; $AY AN IMPROP(;R INT(;GRAL. CONV,R'G'S 
WH(;N THI$ L.IMIT 1$ FINIT(;: 

l~~ l'f(t) dt 
a 

IN THAT lA$(; wi; D'FIN' TH(; IMPROP(;R 
INT(;GRAL. TO B(; THI$ L.IMIT: 

2.17 

A$ wi; JU$T $AW, mi; INT(;GRAL. 
FROM TH(; GL.lJ(; FAlTORY (;XAMPI..(; 
lONV(;Rb(;$. 

AT L.(;A$T $OM(; GOOD lAM(; 
OF THI$ HORRIBI..(; TRAG(;DY: 
BITT(;R UN17(;R$TANl71NG ... 

L.r;T'$ HOP(; 
IT $TllK$ ... 



Examples: J00

dt 
t2 

1 

BY DbFINITION, Tl-11$ INTbbRAL. 1$ Tl-lb l.IMIT: 

l-IOW lAN $0MbTl-llNb 
WITl-I AN INFINITb BA$j; 
l-IAVb FINITb ARbA? 

Hm Jxdt ::. Hm (-_!_Ix)::. 
1(-oo e· 1(-oo t 

1 1 

Tl-Ii; TOP DROP$ 
DOWN PRbTTY 
FA$T ... 

Hm ( - ..!_ + 1) ::. 1 
1(-oo X 

ON Tl-lb OTl-lbR l-IAND, f 00 dt ::. Hm (In x - ln 1) ::. Hm (In x) ::. 00 

t -00 -00 1 

Tl-11$ INTbbRAL. D0j;$ NOT lONVbRbb. Tl-lb TOTAL. ARbA Bbl.OW 
Tl-lb TAIL. OF mi; bRAPl-I 1$ INFINITb. $0Mb PbOPl..b $AY A 
bRAPl-I l.IKi; Tl-11$ I-IA$ A FAT TAil.. 
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IT 1$ ~0 MlJll-I 
MORb $PAllOIJ$ 
IN l-lbRb I 



1 y:::. -x 

IN nu; I.MT TWO 
!;;XAMPI...!;;$, INFINITY 
WA$ A l..IMIT OF INT!;;
GRATION. IMPROP!;;R 
INT!;;GRAI...$ Al..$0 
INll...UD!;; T!-10$(; ON A 
FINIT!;; INT!;;RVAI... ON 
Wl-llll-I Tl-I(; INT!;;GRAND 
"SL.OW$ l>P" TO 
INFINITY. 

INT!;;GRAI...$ l..IK!;; T!-11$ ON!;;, FOR !;;XAMPI...!;;: 

11 dt 
t;2 

0 

Tl-I(; INT!;;GRAND 1$N'T D!;;FIN!;;D AT ON(; 
!;;NDPOINT OF INT!;;GRATION-Sl>T T!-11$ l..IMIT 
MIGi-iT !;;X1$T: 

J1 

l . dt tm -
"-o t;'l 

x 

L.i;;T'$ FIND OlJT: 

1 

l . J dt tm -
"-o t;'l 

x 

1 

= um ( -1 I ) = "-o t; 
0 

1~ ( -1 + k) "" co 

T!-11$ INT!;;GRAI... DO(;$ NOT lONV!;;RG!;;. 
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BUT 

T!-11$ INT!;;GRAI... DO(;$ lONV!;;RG!;;; Tl-I(; 
AR!;;A si;;rwi;;r;;N Tl-I(; I.IN(;$ y = 0 AND 
y = 1 1$ FINIT!;;, r;;vi;;N Tl-IOL>Gl-I Tl-I(; 
Fl>NlTION SL.OW$ l>P! 

1 
y:::.-

Vt 

170 YOU ${;{; TMAT 
THI$ 1$ 1.IKG THE; 
FIR$T GXAMPl.G ON 
THE; PRGVIOU$ PAGE;, 
TURNGl7 $117GWAY$? 



Density 
A$ wr; ALL KNOW, A Fr;ATMr;R-FILLr;D PILLOW, ON TMr; OTMr;R MAND, A lUBll M~r;R OF 
GVr;N A Bib ON(;, DOr;$N'T wr;lbl-I MUlM. Lr;AD MA$ A MA$$ OF 11,'340 KIL.OGRAA\S, 

MOR(; THAN T'N TONS(!). 

LbAD AND Fr;ATMr;R$ MAvr; DIFFr;Rr;NT t>'NSIT"S. A blVr;N VOLUMr; OF Lr;AD MA$ A LARbr;R 
MA$$ THAN A blV(;N VOLUMr; OF Fr;ATMr;R$ (OR WAT(;R, OR lOPPr;R, BUT NOT GOLDI GOLD 1$ 
r;vr;N Dr;N$r;R THAN Lr;AD). 

ARr;N'T YOU 
bRATr;FUL IT 
1$N'T GOLD? 

B.l. (Br;FOR(; lALlULU$), wr; WOULD D(;FINr; ™' Dr;N$1TY OF AN OBJr;lT A$ IT$ MA$$ 
DIVIDr;D BY IT$ VOLUMr;. 
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BIJT N.OW Wt;;'Rt;; MOR{; 
$0PIMTltATt;;t7 TMAN. TMAT! 
N.OW Wt;; tAN. IMAblN.t;; 
MATt;;RIAI..$ WITM VAl?IA9L.E 
DENSITY: $TIJFF WMt;;Rt;; 
TM{; MATt;;RIAI.. 1$ MOR{; OR 
I..{;$$ t;>t;;N.$t;;, t;>t;;Pt;;N.t;>/N.G 
ON. WMt;;Rt;; YOIJ $AMPL.t;; 
IT ••• 

l..IK't;; A 
L.t;;At;>

tOATt;;t;> 
Ft;;ATMt;;R? 

TMt;; AT,\\OSPMEl?E, FOR t;;XAMPL.t;; ••• AIR TMIN.$ OIJT A$ AL.TITIJt;>t;; IN.tRt;;A$t;;$ ... TMt;; t;>t;;N.$1TY 

AT $t;;A L.t;;Vt;;L. 1$ FAR GRt;;ATt;;R TMAN. AT 7,000 Mt;;Tt;;R$ ABOVt;; ... 

GA$P 
GA~P 
GA~P 

AN.t7 TM/$ Mt;;AN.$ 
WMAT, t;;XAtTl..Y? 
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1-l!;;R(; 1$ A $QUAR!;; 
tOl.UMN OF AIR, ON(; 
Mi;T!;;R ON A $ID(;. 

CALL M(x) Tl-I(; TOTAL 
MA$$ OF AIR FROM Tl-I(; 
GROUND UP TO x. Tl-l!;;N A 
$Lit(; OF D!;;PTl-I dx I-IA$ 
MA$$ dM AND VOLlJM(; 
(1) ·(1) ·dx ::. dx M3• 

IF Tl-l(; $Lit(; 1$ Tl-llN, 
Tl-I(; AIR IN IT I-IA$ UNI
FORM D!;;N$1TY, AND 

$0 

l/(x) ::. dM 
dx 

M " f PC") d" 

Tl-I(; TOTAL MA$$ 1$ Tl-I(; 
INTEGRAL. OF TME 
t>EN~ITY. Tl-!1$ AMOUNT$ 
TO ADDING UP fl.I(; 
MA$$(;$ OF ALL Tl-!(;$(; 
"PIZZA BOX(;$" OF AIR. 

dx 

M!;;A$UR!;;M!;;NT$ OF AIR $AMPL!;;$ $1-lOW 
THAT ATMO$PH!;;Rlt D!;;N$1TY l/(x) AT 
H!;;IGHT x Ml:T!;;R$ 1$ 

l/(x) ::. 1.20e-o.000124x K6/M"' 

$0 TH(; TOTAL MA$$ OF A 1-Mi;T!;;R 
$QUAR!;; tOWMN OF AIR 10,000 Mi;T!;;R$ 
TALL 1$ 

10,000 

M ::. L 1.20 e-0.000124" dx ::. 

(1.20)( ) e-o.000124x -1 110,000 

0.00012.4 0 

::::: -2900 + 10,?20 

::. 7, ~40 KIL06RAM$ OF AIR 

WMIORIO'$ TM!: 
PIZZA? 
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Other Dense Things � 
nu; $AMj; APPROAll-l WORK$ WITI-I 

t· 
POPUL.ATION PGN�ITY, IT VAR1i;$ /1 ·1
FROM PL.Ali; TO PL.Ali;. 

/{ 

I> C � 

� . .  ,,�
. '(<\Vi�!i

r,: 

IJ 4 ··"•·""''
. \ ,w-

$1JPPO$j; lsA�Y �TRlslsT RIJN$ FROM ONi; $1Dj; OF TOWN TO Tl-Ii; OTl-lj;R. wi; lAN lOIJNT 
Tl-lj; NIJMSj;R OF Rj;$1Dj;NT$ IN j;All-l 81.OlK TO bIT A POPIJL.ATION Dj;N$1TY IN Tj;RM$ OF 
PlsOPl.ls PlsR 81.0CK, si;tAIJ$j; OF Tl,lj; l-llbl-l-R1$j;$ IN Tl,lj; ti;NTi;R AND Tl-Ii; lROWDj;D 
$L.IJM$ AT Tl-lj; OIJT$KIRT$, Tl-II$ Dj;N$1TY VARlj;$. (FOR $1MPL.ll1TY, L.i;T'$ A$$1JMj; Tl-lj;Rj; 
ARj; NO lRO$$ $TRj;i;T$ Wl-lj;Rj; Tl,lj; Dj;N$1TY WOIJL.D si; Zj;RO.) 

wi; lOIJL.D Mj;A$1JRj; Tl-lj; Dj;N$1TY AL.ONb A $1-!ORT $1.llj; 
OF j;A$Y $TRj;i;T •.• AND A $1-!ORTj;R ONi; ••. AND 
$1-!ORTj;R ••. IJNTIL. Wj;'Rj; TI-IINKINb OF POPIJL.ATION 
Dj;N$1TY A$ VARYINb CONTINUO�l.Y AL.ONb 
Tl,lj; $TRj;i;T. 

l,lj;y, IT'$ MY O1.D 
FRlj;ND $1.lli;MAN! WITI-I 
$1-!AKi;, SIJDDY! WI-IAT? 



TH!; POPUL.ATION D!;N$1TY FUNCTION 
OP!;RAT!;$ IN Tl-I!; $AM!; WAY A$ 
MA$$ 17!;N$1TY. IF P(x) 1$ Tl-I!; 
NLJMB!;R OF P!;OPL.!; L.IVING 
B~!;!;N -oo AND x (l.i;., 
Af.JYWl-l!;R!; W!;$T OF x), Tl-l!;N A 
$1..IC!; AT POINT x OF WIDTH dx 
CONTAIN$ dP P!;OPL.!;, AND 

$0 

l/(x) :::. dP 
dx 

P :::. J l/(x) dx 

YOU C!;N$U$ 
TAK!;R$ l-IAV!; 

GON!; TOO FAR 
TJ.11$ TIM!; ... 

IF a AND b AR!; TWO $TR!;i;T ADDR!;$$!;$, Tl-l!;N lb l/(x) dx :::. P(b) - P(a) 1$ Tl-I!; NUMB!;R 

OF P!;OPL.!; L.IVING BbTW!;!;N POINT$ a AND b. a 

a b 

IN PARTICUL.AR, INT!;GRATING FROM (B!;YOND) ON!; !;ND OF Tl-I!; $TR!;i;T TO Tl-I!; OTl-l!;R, 

f 00 l/(x) dx :::. Tl-I!; TOTAL. POPULATION 
OF !;A$Y $TR!;i;T. 

-00 
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IF n P(;OPL.(; I.IV(; ON A PART 
OF GA$Y $TRGIT, TMGN n/N 
1$ TMG FRACTION TMGY MAK(; 
lJP OF TM(; TOTAL. POPIJL.ATION 
N. THI$ Mi;AN$ THAT TM(;
FUNlTION p(x) =- l?(x)IN 
MA$ TM(;$(; PROP(;RTI(;$: lb 

{ 
FRAlTION OF TM(; POPIJ-

p(x) dx =- L.ATION WITH ADDR(;$$(;$ 
a SITW(;(;N a AND b. 

THAT L.ATTGR NlJMSGR 1$ AL.$O INTGRPRITGD A$ TM(; PR09A91LITY THAT A RANDOML.Y 
lMO$(;N P(;R$ON I.IVG$ 8ITW(;(;N a AND b. 

Ml TMGRG! 
WHAT'$ YOUR

ADDR(;$$? 

A PR09A91LITY D,NSITY (OR PR09A91LITY DISTRl9UTION) 1$ ANY NON-NGbATIVG 
FUNlTION p WITH 

(;V(;RY "RANDOM VARIASL.(;n -
MGANINb A RANDOM $Y$T(;M 
WITH NlJM(;RllAL. OlJTlOM(;$, 
$lJlM A$ 81.INDL.Y lM00$1N6, A 
RG$1DGNT OF (;A$Y $TRGIT AND 
A$KIN6, FOR AN ADDR(;$$-MA$ 
A PRO8A811.ITY D(;N$1TY p. TM(; 
(;NTIR(; FIGI.D OF $TATl$Tll$ 1$ 
8A$(;D ON PRO8A811.ITY 
D(;N$1TI(;$. 

MOW GXllTINb! 
Wll.l. YOIJ (;XPL.AIN 
THI$ MOR(;? 



More Uses for Integrals (Q1J1lK1i= vi=R$10N): 

IN PMY$1l$, WMt;N A lON$TANT 
FORlt; F PlJ$Mt;$ A 801?Y A 
li'l~TANlt; d, TMt; WORK li'ONt; 
1$ THE; PROli'lJlT 

0 

8lJT WHAT IF TM!; FORlt; 
VARI!;$ WITH P0$1TION? 

SE; RIGHT 8AlK. l'M
E;R-FORlE;li' TO TAK!; 
A $MORT SRE;AK ... 

0 

d 

d 

b 

YOIJ GlJE;$$!;17 IT: IF F(x) 1$ TMt; FORlt; t;X.t;RTE;li' AT POINT x, TME;N I FCx) dx 1$ THE; 
WORK li'ONE; St;TWE;E;N a ANli' b. a 

OV!;R A $MORT 
INTE;RVAL. dx, TM!; 
FORlt; 1$ Nt;ARL.Y 
lON$TANT, TMt; 
WORK ON THAT 
INTE;RVAL. 1$ 
FCx)dx, E;Tl., 
~l., ETC .... 

BY TM!; WAY, WHY 
ARI; TM!;$!; "80171E;$" 
IN PMY$1l$ AL.WAY$ 
8L.OlK$ OR BAL.I..$? 
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li'lJt-lt-10... 8lJT 
Hll$ ON{; $r;;r;;M$ 
TO gr;; A SL.OlK 

OF lHr;;r;;$r;; ... 



$Pj;AKING OF FORti;, WATj;R j;)(j;RT$ ONj;. AT ANY Dj;PTH, Ti.ti; Wj;IGHT OF WATj;R Asovi; 
PU$Hj;$ IN AL.I. DIRj;lTION$ ... Ti.ti; Di;i;pi;R YOU GO, Ti.ti; HARDj;R IT PU$Hj;$ si;t::AU$i; OF Ti.ti; 
1NlRj;A$j;D wi;1GHT Asovi;. 

WATGR PRGSSURG 1$ Ti.ti; FORCG 
PGR UNIT ARGA, Mi;A$URi;D IN 
UNIT$ lAl.l.j;D Kll.OPA$lAI.$ (kPa). 
(ONi; KIL.OPA$lAL. 1$ 1000 Ni;WTON$ 
Pj;R $QUARj; Mi;Ti;R.) AT Dj;PTH x, 
Ti.ti; PRj;$$URi; 1$ GIVj;N SY 

PCx) = 9.0x kPa 

$UPP0$j; A DAM HOL.D$ SAlK A MA$$ OF WATi;R. AT ANY Dj;PTH x, Ti.ti; PRj;$$URi; 1$ lON$TANT 
AL.ONG A THIN HORIZONTAL. $TRIP OF THllKNj;$$ dx. Ti.ti; FORlj; ON Ti.ti; $1.llj; 1$ Ti.ti; PRj;$
$URj; TIMj;$ Ti.ti; ARi;A OF Ti.ti; $1.lti;. THAT ARi;A 1$ WCx) dx, WHi;Ri; WCx) 1$ Ti.ti; l.j;NGTH OF 
lURVj; OF Ti.ti; DAM AT THAT Dj;PTH. IF FCx) 1$ Ti.ti; TOTAL. FORti; FROM 0 TO x, THi;N 

dF = 9.0x WCx) dx 

IF A DAM HOl.D$ SAlK WATi;R TO A 
Dj;PTH OF I/ Mi;Tj;R$, THi;N Ti.ti; TOTAL. 
FORti; ON Ti.ti; DAM 1$ 

I? L 9.9xWCx) dx KIL.C>Ni;w-TON$ -

INTj;GRATION j;NA81.j;$ j;NGINj;j;R$ TO 
A$$j;$$ $TRj;$$j;$ ON DAM$, SRIDGj;$, 
AND OTHi;R $TRUlTURi;$. 
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AND THj;Y'Rj; 
U$UAL.L.Y PRi;TTY 

GOOD AT IT, TOO! 



Problems 
1. IN A PROSL.E;M ON PA&E; 124, WE; bAVE; A FORMUL.A FOR THE; 
VOL.UME; OF WATE;R IN A HE;MISPHE;RllAL. SOWL.. li'E;RIVE; THAT 
FORMUl..A. IF THE; WATE;R IS 11 UNITS 17i;i;p, SE;blN BY FINli'INb 
fl.IE; VOL.UME; OF THE; BOWL. A80Vb THE; WATE;R, OR 

SU8TRAlT THIS FROM ~7TR3 , THE; VOL.UME; OF THE; 
H(;MISPHE;RE;, TO FINli' THE; VOL.UME; OF THE; WATE;R. 

1 

:i. FINO Jo In. d• 
HINT: TO FINli' lim x In x, 

"~o 

L.i:;T y ; 1/x ANli' usi; 

L.'HOPITAL.'S RUL.E; TO FINli' 

l. In C1/y) rm 
J/->00 y 

'3. lAL.lUL.ATE; THE; VOL.UME; 
OF THE; PARASOL.Olli' ON 
P. 213 BY USINb lONlE;NTRll 
lYL.INli'E;RS INSTE;Ali' OF li'ISKS. 

--- R-1? 

y 

- "' 

I ,,...__,,__..,.-]( ---r. ar2 

I 
I 

I 

r V Ula 

4. ROTATE; THE; lURVE; y ; 1 Ix AROUNli' THE; X-AXIS TO MAKE; A SORT OF 

"INFINITE; TRUMPi:;T." WHAT IS ITS VOL.UME; TO THE; RlbHT OF X "' 1? 

~. AN lli'IOT E;NblNE;E;R li'E;SlbNS A 
PE;RFE;lTL.Y FL.AT, VE;RTllAL., TRAPE;ZOlli'AL. 
li'AM (lURVE;li' IS MUlH STRONbE;R!) 300 
Mi:;TE;RS AlROSS AT THE; TOP, 200 Mi:;TE;RS 
AT THE; BOTTOM, ANli' 200 Mi:;TE;RS HlbH. 
IF IT HOL.li'S 8AlK A 801i'Y OF WATE;R 17? 
Mi:;TE;RS 17i;i;p, WHAT IS THE; TOTAL. FORlE; 
OF THE; WATE;R ON THE; li'AM? 
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Chapter 14 
What's ~ext? 

RGAl7GR, TIM BOOK 1$ 
ONl..Y fl.I(; BGGINNING ... 
fl.l(;R(;'$ $0 MUlM MOR(; 
YOU lAN 170 WITM 
lAl..lUW$. IT'$ A POWGR
FUI.. TOOi., U$G17 IN Al.I. 
TMG $0l1AI.., BIOl..OGllAI.., 
ANl7 PMY$1lAI.. $llGNlG$, 
GNGINGGRING, GlONOMll$, 
ANl7 $TATl$Tll$, ANl7 IT$ 
117GA$ MAVG BGGN GX
TGNl7Gl7 BY MANY GGN
GRATION$ OF MATMG
MATlllAN$ $1Nl(; NGWTON 
ANl7 1..GIBNIZ. 

...-i::'J.141 .. ~ .. · ~·c.. 
-<~ - ~ 

,,.· ..• ···.· .. ~c. 

..~ ·-<~ 
:'lo.~ a.~ -· 0.:!!!!!S> ....,,,._ 

.,. . 
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,. 

MGR(; ARG A FGW MOR(; A17VANlG17 TOPIC$ 
YOU MAY GXPGlT TO GNlOUNTGR Al.ONG 
TM(; WAY: 



Differential Equations 
Bi;-S1Dr;;$ D1$lOVr;;RING lAL.lUL.U$, 
Ni;WTON AL.$0 I.AID DOWN A 
FAMOUS PHY$1lAL. I.AW Rr;;L.ATING 
FORlr;; AND vr;;L.OllTY: 

F =- d~ Cmv) 

ANY r;;QUATION THAT lONTAIN$ 
Dr;;R1VAT1vr;;s, A$ THI$ oNr;; DOr;;$, 
1-s lAL.L.r;;D A DIFFERENTIAL. 
EQUATION. 

ANOTHr;;R DIFFr;;Rr;;NTIAL. r;;QUATION 1$ HOOKr;;'$ I.AW, OR THr;; $PRING r;;QUATION. IF A MA$$ 
m 1$ Dl$PL.Alr;;D " UNIT$ FROM THr;; $PRING'$ Nr;;UTRAL. POSITION AND Rr;;1.r;;A-sr;;D, THr;;N AT 
ANY TIMr;; IT$ Allr;;L.r;;RATION 1$ PROPORTIONAL. TO IT$ 171-SPL.Alr;;Mr;;NT: 

x"(t) ::. !_ x(t) OR, GIVr;;N Nr;;WTON'$ FIRST I.AW, F ::. kx 
m 

0 
t-ll;UTRAL 
P0$1TION 

THr;; UNIVr;;Rsr;; 1$ Dr;;$lRIBr;;D BY DIFFr;;Rr;;NTIAL. 
r;;QUATION$, AND $01.VING THr;;M 
1$ JOB #1 IN $llr;;Ntr;;. 

O.K., I THINK 
l'Vr;; OPTIM1zr;;17 

MY ll.A$$ 
$lHr;;DUL.r;; ... 
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Many Variables 
THI$ Di;;$tR1Bi;;$ FUNlTION$ THAT VARY ovi;;R 
Ri;;GION$ OF $PAti;;, IN$Ti;;AD OF JU$T Al.ONG 
Ti.ti;; x-AXI$. $1Nti;; Ti.ti;; $PAli;; wi;; 1.1vi;; IN 
MA$ AT t.i;;A$T TMRi;;i;; DIMi;;N$10N$, THI$ 1$ 
OBVIOU$1.Y AN IMPORTANT $UBJi;;tT! 

Sequences and Series 
MOW DOi;;$ YOUR POlKi;;T lAl.lUl.ATOR DO 
$1Ni;;$ AND l0$1Ni;;$? WOUl.D IT $URPRl$i;; 
YOU TO KNOW THAT 

. x3 x7 x7 
szn x ::::: x - - + - - -- + ... 6 120 ?040 

OH? IT 
WOU1.17N'T? 

W(;l.1., NIOV(;R 
MINl7 THt;N ... 

Complex Variables 

Path & Surface Integrals 
TMi;;$i;; ARi;; WAY$ TO INTi;;GRATi;; Al.ONG 
lURVi;;$ AND AlRO$$ $URFAli;;$, RATMi;;R 
THAN BORING 01.D $TRAIGMT t.1Ni;;$. 

wi.ti;;N wi;; DO lA1.lUl.U$ WITH Ti.ti;; Ml$1.i;;ADINGl.Y NAMi;;D "IMAGINARY" NUMBi;;R i "" ~I 
MIND-Bi;;NDING THING$ MAPPi;;N! 

NOT ONl.Y ARi;; lOMPt.i;;X 
VARIABl.i;;$ Ti.ti;; "RIGHT" 
WAY TO Di;;$lRIBi;; 
i;;t.i;;tTRlllTY, QUANTUM 
Mi;;tMANll$, AND OTMi;;R 
BRANtMi;;$ OF PMY$1l$, 
BUT Ti.ti;;Y Ri;;vi;;At. Di;;i;;p 
MATMi;;MATllAI. Ri;;t.ATION
$MIP$, $UlM A$ Ti.ti;; 
A$TON1$MING i;;QUATION: 
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POS'SIBL.Y mi;; MO-ST IMPR!;;'S'SIV!;; THING ABOUT ADVANl!;;17 lAL.lUL.U'S, THOUGH, I'S THAT 
AL.I.. OF IT 'STIL.L. 17(;P(;N17S ON TWO BA-Sil 117(;A$, TH!;; 17(;RIVATIV(; ANl7 TH(; INT(;GRAL., 
INV(;NT(;l7 BY TWO GUY'S MOR(; THAN "300 Y(;AR'S AGO. H(;R(;''S TO '(;M, 'SAY II 



INDEX 
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A~$0l.UT!; VAL.U!;, 2.2., 149 

Alt!;L!;RATION, 1'36-'37, 2.07 

IN HOOK!;'$ LAW, 2.'30 

ACt!;L!;ROMi;T!;R$, 1'37 

A17DITION, 2.0, 161-6'3, 167 

D!;RIVATIV!;$ AND, 04, 16'3 

AIRPLAN!; !;XAMPL!;$, 117-10, 12.2. 

AL..TITUD!;, 1'3, 07, 2.2.1 

ANGL!;, tOMPARING WITH IT$ $IN!;, 

60-69 

ANTID!;RIVATIV!;$ (IND!;FINIT!; 

INT!;GRAL$), 167, 169-76, 10?, 107 

FUNDAM!;NTAL TH!;OR!;M OF 

tALtUL.U$ AND, 10?, 107-94 

PROBL!;M$ TO $0LV!;, 176 

ARt$1N!;, 49, 99, 106 

ARtTANG!;NT, ?O, 99, 106 

AR!;A, 16?-66, 177-70, 107, 109, 2.06-0 

OF A tlRtL!;, 2.09-10 

POLAR tOORDINAT!;$ AND, 2.09-10 

ATMO$PH!;R!;, 1'3, 2.2.1-2.2. 

AXI$, 10 

BALLOON, VOL.UM!; OF, 1'3, 14 

CAR !;XAMPL!;$, ?-7, ??, 77-70, 02., 12.0, 

1'37, 164-67, 2.07-0 

CHAIN RULi;, 101-16, 117, 110, 174, 196 

IN D!;RIVATIV!;$ OF INV!;R$!; 

FUNtTION$, 104-7 
DIFF!;R!;NTIATING tHAIN$ LONG!;R 

THAN TWO FUNtTION$, 109 
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aster cartoonist Larry Gonick has already given readers 
the history of the world in cartoon form. Now, Gonick, a 
Harvard-trained mathematician, offers a comprehensive 
and up-to-date illustrated course in first-year calculus 

that demystifies the world of functions, limits, derivatives, and 
integrals. Using clear and helpful graphics-and delightful humor to 
lighten what is frequently a tough subject-he teaches all of the essen
tials, with numerous examples and problem sets. For the curious and 
confused alike, The Cartoon Guide to Calculus is the perfect combina
tion of entertainment and education- a valuable supplement for any 
student, teacher, parent, or professional. 

LARRY G 0 NICK has been creating comics that explain 
history, science, and other big subjects for more than forty years. He 
wrote his first guide, Blood from a Stone: A Cartoon Guide to Tax 
Reform, in 1977. He has been a calculus instructor at Harvard (where 
he earned his BA and MA in mathematics) and a Knight Science Jour
nalism Fellow at MIT, and he is staff cartoonist for Muse magazine. 

"How do you humanize 
calculus and bring its 

equations and concepts to 
life? Larry Gonick's clever 
and delightful answer is to 

have characters talking, 
commenting, and joking-

all while rigorously teaching 
equations and concepts 
and indicating calculus's 
utility. It's a remarkable 

accomplishment
and a lot of fun." 

-LISA RANDALL, 
professor of physics, 

Harvard University, and 
author of Knocking on 

Heaven's Door 
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