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PREFACE 

When a new book is written on a well known subject like Calculus for class XI/XII Academics/AIEEE/IIT/ 
State engineering entrance exams and NDA, several questions arise like-why, what, how and for whom? 
What is new in it? How is it different from the other books? For whom is it meant? The answers to these 
questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps to the 
authors. We are certainly not under the illusion that there are no good books. There are many good books 
available in the market. 

However, none of them caters specifically to the needs of students. Students find it difficult to solve 
most of the problems of any of the books in the absence of proper planning. This inspired us to write 
this book Calculus I, to address the requirements of students of class XI/XII CBSE and State Board 
Academics. In this book, we have tried to give a connected and simple account of the subject. It gives a 
detailed, lecture wise description of basic concepts with many numerical problems and innovative tricks 
and tips. Theory and problems have been designed in such a way that the students can themselves pursue 
the subject. We have also tried to keep this book self contained. In each lecture all relevant concepts, 
prerequisites and definitions have been discussed in a lucid manner and also explained with suitable illus­
trated examples including tests. 

Due care has been taken regarding the Board (CBSE/State) examination need of students and 
nearly l 00 per cent articles and problems set in various examinations including the IIT-JEE have been 
included. 

The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and 
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic 
motive is to attract students towards the study of mathematics by making it simple, easy and interesting 
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic 
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is 
as follows: 

l .  Basic Concepts: Lecture Wise 
2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept 

Building of the Topic. 
3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Lecture Solve These 

Problems. 
4. Solved Objective Problems: Helping Hand. 
5. Objective Problem: Important Questions with Solutions. 
6. Unsolved Objective Problems (Identical Problems for Practice) 

For Improving Speed with Accuracy. 



vi Preface 

7. Worksheet: To Check Preparation Level 
8. Assertion-Reason Problems: Topic Wise Important Questions and Solutions with Reasoning 
9. Mental Preparation Test: 01 

10. Mental Preparation Test: 02 
11. Topic Wise Warm Up Test: 01: Objective Test 
12. Topic Wise Warm Up Test: 02: Objective Test 
13. Objective Question Bank Topic Wise: Solve These to Master. 

This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE ( state level 
engineering entrance exam) and IIT-JEE. We suggest each student to attempt as many exercises as possible 
without looking up the solutions. However, one should not feel discouraged if one needs frequent help of the 
solutions as there are many questions that are either tough or lengthy. Students should not get frustrated if 
they fail to understand some of the solutions in the first attempt. Instead they should go back to the beginning 
of the solution and try to figure out what is being done At the end of every topic, some harder problems with 
100 per cent solutions and Question Bank are also given for better understanding of the subject. 

There is no end and limit to the improvement of the book. So, suggestions for improving the book are 
always welcome. 

We thank our publisher, Pearson Education for their support and guidance in completing the project 
in record time. 

K.R. CHOUBEY 
RAVIKANT CHOUBEY 

CHANDRAKANT CHOUBEY 
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LECTURE 

Definitions, Value 
of Functions 

BASIC CONCEPTS d 
Quantity Any tiring on which mathematical opra- 8. Domain of a Variable If the values of variable 
tion such as addition, subtraction, multiplication, x lie between a and b, then the set of all values 
division can be perfomed is called a Quantity. of x between a and b is called the Domain of 
Constant A Quantity which retains the same the variable x. 
value through out a mathematical operation is 9. Open Interval If the values of the variable x 
called a constant. lie between a and b but cannot be equal to a or 
Absolute Constant A constant which retains b, then the set of all values of x between a and 
the same value in every mathematical operation b is called an open Domain and is denoted by 
is called an Absolute constant. Thus 1, 2, 3 . (a, b) or [a, b]. 
✓2 , ✓3, 7t, e, etc are the absolute constant. 10. Closed Domain If the values of the variable x 
Arbitrary Constant A constant which retains lies between a and b including a and b also, 

the same value throughout in one problem but then the set of all values of x between a and b 
may have different values for different prob- including a and b also is called closed domain 
lems is called and arbitary constant. It is usually and is denoted by [a, b]. The semi open domain 
denoted by a, b, c, ....... .I, m, n ...... etc are denoted (a, b] or (a, b) internal (a .  b] is the 
For Example In the equation of a straight line domain open on the left and closed on the right 
y = mx + c; m and c are arbitrary constant as i.e., It is the set of values of x between a and b 
they have same values for one line and other including b also the x i- a. [a, b) is the domain 
values for the other lines. closed on the left and open on the right i.e., it is the 
Variable A quantity which can take a number set of values of x between a and b including a also 
of values is called a variable. They are generally thex-:/- b. 
denoted by 11 . A Continuous Variable Is a variable that can 

xl'y l,ZI ................... u l, V I, W I 
............. etc. take all the numerical values between two given 

For Example In the equation: y = mx + c; ax + numbers. 
by + c = O; x2 + y2 = a2, x and y are variables. 12. Discrete Variable Quantities which are inca-
Independent Variable A variable which can as- pable of taking all possible values between two 
sume any value it likes is called an independent given numbers are called discrete or discontinu-
variable. ous variables. A variable whose possilbe values 
Dependent Variable A variable whose value form a discrete set (eg., Any randon variable 
depends on the value of another variable is that has only a finite numbers of value is neces-
called a dependent variable. sarily discrete). 



A.4 Definitions, Value of Functions 

13. Discrete Set The set of integers is a discrete 
set. The set of rational numbers is not discrete, 
since any interval of non-zero length that con­
tains a rational number contains other rational 
numbers. 

14. Function LetX and Y be two non empty sets: 
If function 'f' defined from set X to Y is a rule 
or a collection of rules which associate to each 
element x in X a unique element y in Y. Sym­
bolically we write it as f X ➔ Y and is read as 
function defined from the set X to Set Y. The 
word function is also replaced by "mapping" 
or "correspondance" or transformation. 

NOTES 

1. The unique y of Y is called the value of 'f' at 
x (the image of x under/): If is written as fix). 
Thus y = fix). 

2. The element x ofX is called preimage ( or inverse 
image) of y. 

3. The setX is called the domain off The domain 
of the function y =fix) is the set of all real x for 
which real functionfix) is defined. 

4. The set Y is called the co-domain off 
5. The set consisting of all images of the elements 

ofXunderfis called the range off This is de­
fined by fix). 

Thus range off: y = {/(x) I for all x E _.,Y} 
This is a subset of Y,which may or may not be 
equal to Y. In other words range of y =fix) is set 
of all values of the function./(x) corresponding 
to each real number in the domain. 

6. If X and Y have m and n distinct elements re­
spectively, then the number of mappings from 
Xto Y = n"'. 

---====-----

15. Some Important Fast Track Formulas 
ax+b (i) If y = -- thenfly) = x 
ex-a 

(ii) If fix) fil/x) = fix) + fil/x), then fix) = 
± x"+ I 

(iii) If./(x + y) = f(x)fly) ⇒fix)= 
f(x) = a/...','A is constant. or fix)= e·' 

(iv) Iff(x + y) =fix)+ fly) ⇒ fix)= AX or 
fix) is odd function. 

(v) If./(�)= f(x) +fly) ⇒ fix)="- log x or 
fix)= 0, '),,, is constant 

(vi) If./(�)= f(x)fly) ⇒fix)= x" , n ER 

(vii) If 1( �) = fix) - f(y), fie) = I, then 

fix) = log/= In x. 
(viii) fix)f(y)-f(�) = x + y for all x, y ER 

and/(!)> 0 thenfix) = x + I. 

, 6ii96tibb JJ§§it I iii Pit53bb!I§ liii Jblkb ll.3.9.bJ§ ill bJ. 
TO GRASP THE TOPlC SOLVE THESE PROBLEMS ◄ 

l 
3x -1 when x > 3 

1. If f(x) = x2 - 2 when -2:,; x:,; 3. Then 
2x + 3 when x < -2 

find the values of ./(2), ./( 4), ./(-1 ), ./(-3) and 
fiO). {MP-2001} 

ax-b 2. If y = f(x) = --, show that x = fly). bx-a 

G. f( ) . What is { 
3x  - 8, for x :,; 5 

3. iven x = 
7, for x > 5 

the value of the function. 
(i) at x = 3 and (ii) at x = 7 

{CBSE Sampk Paper} 

x2 -1 
4. If f (x) = -- , then prove that fix)+ fillx) 

x2 + I 
= O. {MP-99} 

5. (i) If./(x) = log x, then find./(1). (ii) If./(x) = 1 
+ sin x, then find./(1t/3) 

1- x2 
6. If f(x) = --. Show that./(tan 0) = cos 20 

1 + x2 

and J(.jcos 0) = tan 2 (0/2), 0 < 0 < 1t/2. 

x2 

7. If f(x) = --, then find the value of 
1 + x2 

.f(tan0). {MP-2007; MP-98} 



8. If j( x) = log eX, when x > 0, then prove that 
j(uvw) = j(u) + j(v) + j(w). [MP-2007/ 

9. Let/: R ➔ R be given by j( x) = x2 + 3. Find 
(a) { x  : j( x) = 28} 
(b) The pre images of 39  and 2 under/ 

Definitions, Value of Functions A.5 

10. If a function f : R ➔ R be defined by 1 3x- 2, X < 0 
f( x) = 1, x= O Find / (1), /(-1), 

4 x+ 1, X > 0 
j(0),1( 2) 

ANSWERS 

1. 2; 11; -1; -3; -2. 

3. (i) 1 (ii) 7 

5. (i) 0 (ii) 1 + 
✓

3 

2 

7. sin2 Q 
9. (a) {-5, 5} 

(b) 6 and 6, 2 does not have any pre-image. 
10. 5, -5, 1, 9. 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. Ifj( x  + y, x- y) = xy, then f( x,y) + f(y, x) = 2 
[AMU-2002/ 

(b) y (a) X 

(c) 0 (d) None of these 

Solution 

u + v (c) Let x + y= uand x-y= v. Then, x = --
2 

u-v and y = --
2 

⇒ 

⇒ 

⇒ 

⇒ 

⇒ 

j( x  + y, x- y) = xy 

u 2 -v2 

f(u,v) = -
4
-

v2 -u 2 

f(v,u) = -- Thus, 
4 

f(u, v) + j(v, u) = 0 
f(u, v) + f(v ,u) = 0 2 
f( x, y) + f( y, x) = 0 2 

n-l 

2. Letj(l )  = 1 and f( n) = 2}:f(r). Then r=l 
m 

}:f(n) is equal to 
n=l 

(a) 3"'- 1  
(b) 3"' 
(c) 3m-1 
(d) None of these 

Solution 
n-l 

(c) f( n) = 2}:f(r), j(l) = 1 
r=l 

/( 2) = 2}:f(r) = i 2/(1) andj(l)  = 1 r=l 
(given) 2 
/(3) = 2 }: J(r) = 2[/(1) + f ( 2)] r=l 
= 2[1 + 2] = 2.3 = 6 

2 1( 4) = 2[/(1) + 1( 2) + 1( 3)] 
= 2 [ 1 + 2 + 6]= 18 

}: J( n) = 1 + 2 = 3 = 3 2-1 n=l 
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}:1 <n) = i + 2 + 6 = 9 = 3 2 = 3 3-1 
n=l 

m 

}:J(n) = 3m-1 
n=l 

3. Letg(x) be a function defined on [-1, l]. If the 
area of the equilateral triangle with two of its 
vertices at (0, 0) and (x, g(x)) is -J314 , then 
the function g (x) is 
(a) g( x) = ± ✓1 - x2 

(c) g( x) = -✓1 + x2 

Solution 

(b) ✓l + x2 

(d) ✓1 + x2 

(a) Since the area of the equilateral triangle is (,.fj) 2 • • 
4 a , a bemg the s ide of the triangle, we 

must have '7[( x- 0) 2 + (g( x)- 0) 2 ]= '7 
⇒ x2 + (g(x))2 = 1 

⇒ g( x) = � or g( x) = -� 
Hence (a) is the correct answer. 

x-1 4. If f( x) = -, then.f{2x) in terms of.f{x) is 
x + I  

f( x) + 1 3/( x) + 1 
(a) f( x) + 3 (b) f( x) + 3 

f( x) + 3 
(c) f( x) + I d 

f( x) + 3 
( )  3/( x) + l 

Solution 

(b) f( 2x) = 2x  -1 
2x + 1 

3/(x) + l  _ 
3(�) + l  

f( x) + 3  - x-1 - + 3  
x + I  

4x- 2 

3x- 3 + x +  1 
x-1 + 3x + 3  

2x-1 

Hence f( 2x) = 
3f( x) + 1 
f( x) + 3  

5. If for a function.f{x),.f{x + y) = j{x) + fly) for 
all reals x and y then.f{0) is equal to 
(a) 1 (b) O 
(c) .f{x) V x ER (d) None of these 

Solution 

(b) Given j{x + y) = j{x) + fly), therefore 
VxeR, 
We have.f{x) = j{x + 0) = j{x) + .f{0) 
⇒ .f{0) = 0 

6. Ifj{n + 1) + j{n - 1) = 2.f{n) and.f{0) = 0, then 
j{n), n E N is 
(a) n.f{l )  (b) (.f{l )t 
(c) 0 (d) None of these 

Solution 

(a) Putting: n = I, we get 
⇒ .f{2) + .f{0) = 2.f{l) 
⇒ .f{2) = 2.f{l) [ ·: j{O) = O] 
Putting n = 2, we get 
⇒ .f{3) + .f{l) = 2.f{2) 
⇒ .f{3) = 2.f{2)-.f{l) 
⇒ = 4.f{l)-.f{l) = 3.f{l) and so on 

j{n) = n.f{l) 

7. Let/be a function satisfying.f{x + y) = j{x) + 
fly) for all x,y ER. If.f{l) = K, then.f{n), n e N, 
is equal to 
(a) K• 
(c) K-• 

Solution 

(b) nK 
(d) None of these 

(b) Putting x = 1, y = I, we get 
.f{2) = .f{l) + .f{l) = 2.f{l) = 2k 
Putting x = 2, y = 1, we get 

.f{3) = .f{2) + .f{l) = 3.f{l) = 3k and so on 
:. j{n) = nk 

8. If.f{x) = x2 - 3x + 1 and.f{2a) = 2.f{a), then a 
is equal to 

1 (a) 
✓'2. 

Solution 

1 (b) -­
✓'2. 

(d) None of these 

(c) Given.f{2a) = 2.f{a) 
( 2u)2- 3 (2a) + 1 = 2 (u2 - 3a + 1) 
4a2 

- 6a + 1 - 2a2 + 6a = 2 
1 1 2a2 = 1 ⇒ a2 = 2 ⇒ a = ± ✓'2. 



9. A function f : R ➔ R is defined by 

The value of f( x) = { 
1, ifxE Q 

-1, ifxE (R- Q) 

f (n) - t( 2}) is 

(a) 0 
(c) -2 

(b) 2 
(d) None of these 

Solution 
(c) n: is an irrational number and 22/7, a ra­
tional number i.e., 22 E O and n: E (R-$) 

7 -

10. If a function Fis such that F(O) = 2, F(l) = 3, 
F(n + 2) = 2F(n)- F(n + 1) for n � 0, then F(S) 
is equal to 
(a) -7 (b) -3 

(d) 13 (c) 7 

Solution 

(d) F(2) = 2F(0)- F(l) = 2 x 2- 3 = 1 
F(3) = 2F(l)- F(2) = 2 x 3 -1 = 5 
F(4) = 2F(2)- F( 3) = 2- 5 = -3 

and F(S) = 2F(3) - F( 4) = 10 - (-3) = 13 

11. If f( x) = 4x
4
:2' 

then 1( 19�7 )+ 
( 

2 
) ( 

1996
) 1 1997 + ... + 

1997 is equal to 

(a) 998 (b) 1997 
(c) 0 (d) None of these 

Solution 
4 x 

(a) Since f( x) = 4 x + 2 

41- x 4.4 - x 

f(l - x) = 
41- x + 2 

= 
4.4 - x + 2 

4 2 
= --- + --

4 + 2.4 x 2 + 4' 
4 x + 2 

f ( x) + f(l - x) = 4 x + 2 = 1 

Now 1( 19�7 )+ 1( 19�7 )+ .. + le::�) 
- Lf _n_ =Lf _n_ + 

1
996 

( ) 
99

8 ( ) 
- n=I 1997 n=I 1997 

1996 

( ) 
n�/ 19;7 
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= }:t(-n ) + }:!(
1997- n

) 
n=I 1997 n=I 1997 

998 

( 
n ) ( 1997 - n

) = �f 1997 
+ f 1997 

998 

= })1) = 998  
n=l 

- /(0)-/(<?) 12. If.f{0) - tan0, then 1 + /(0)/(<?) 
is equal to 

[PET (Raj.}-96/ 
(a) .f{0 -$) 
(b) .f{$- 0) 
(c) .f{0 + $) 
(d) None of these 

Solution 

/(0)-/(<?) _ tan0-tan(? (a) 1 + /(0)/(<?) -1 + tan0tan 

tan (0 -$) = .f{0 -$) 

10 + X 13. If ef<xl = IO- x' xE (-10,10) and f ( x) 

( 
200x 

) = if 1 2 , then k 1s equal to 
00+x 

(a) 0.8 
(c) 0.6 

[EAMCET-2003/ 
(b) 0.7 
(d) 0.5 

Solution 

(d) f( x) = log,(!��:) 

⇒ 1(it0°�:2) 
= lo [

10(100 + x2) + 200x
] g 

10(100 + x2)- 200x 

= 21og -- = 2/( x) (
lO+x

) 10-x 

1 
( 

200x 
) f( x) = 2 / 100 + x2 

⇒ k= 0.5 
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14. If /(x) = log( ! � : ) when -1 < x" x2 < 1 , then.f{x 1) + .f{x2) equals [DCE-97/ (a) f( x, + x2 ) 1 + x1x2 

C 1(�) ( )  1 - x x  I 2 
Solution 

i( x, - x2
) (b) l + x1x2 (d) f( x, - x2 ) 

1 - x1x2 

(a) .f{x 1) + .f{x2) = log( 1 + x, ) + log( 1 + Xz ) 
1 - x, 1 - x2 1 (1 + x1 )(1 + x2 ) l 1 + x1 + x2 + x1x2 = og ---- = og -----(I - x, )(I - x2 ) 1 - x, - x2 + x,x2 

15. If/ : R ➔ R, j{x + y) = j{x) + fly), V x, y E R 
n and.f{l )  = 7, then }: J(r) is equal to 

(a) 7n(n + 1) 2 (c) 7(n + 1) 2 
Solution 

r=l 
[AIEEE-2003/ (b) 7n 2 (d) 7n (n + 1 )  

(a) .f{2) = .f{l + 1 )  = .f{l )+ f(l )  = 7 + 7 = 1 4 .f{3) = .f{2 + 1 )  = /(2) + f(l )  = 1 4 + 7 = 2 1 .f{4) = .f{3 + 1 )  = /(3) + f(l )  = 2 1 + 7 = 28 
:. }: J(r) = .f{l )  + /(2) + /(3) + ........... + j{n) r=l = 7 + 1 4 + 2 1 + ......... + n terms = � [1 4 + (n - 1)7] = 7n(n + l) 

2 2 

16. The domain of the function.f{x) = 18 - •Cz. - s + 26 - 3xP4, _  13 where the symbols have their usual meanings is the set : (a) {4, 5 } (c) {2, 2 } 
Solution 

(b) { 1 , 2 } (d) { 3, 3 } 
(a) For D1

, 1 8 - x > 0, 2x - 5 > 0, 26 - 3x > 0 and 4x - 1 3  > 0 

Also 1 8  - x � 2x - 5, 26 - 3x � 4x - 1 3  and 
X E N  5 26 1 3  ⇒ 1 8  > X, X > 2 , 3 > X, X > 4 1 8 + 5 � 3x, 39 � 7x 23 > 39 > 3 _ x, 1 _ x ⇒ x > 5/2 and x > 1 3/4 23 39 26 Also x � -,x � -,x < -,x < 1 8  3 7 3 Hence max {�, 1: } <  x � mm{ 2} , 3; , 236 , 1 8 } . 1 3 39 1 .e . ,  

4 < X � 1 Hence D1is {4, 5 }. [ ·: x E N] 
P roved. 

17. Letfbe a function satisfying 2.f{xy) = [f(x )]Y + 
n 

[f(y)]' and .f{ l )  = k =f. 1 , then }:J(x) is 
x=l equal to : (a) k(k" - 1) k - 1  (b) k(k" + 1) k - 1  k" + 1 (c) k - 1  

Solution 

(d) k(k" - 1) 
k + 1 (a) 2.f{xy) = [f(x)]' + [f{y)]' 

Put y= 1 
2.f{x) = [f(x)] ' + [f{l )]' ⇒ 2.f{x)-j{x) = [f{l )]' ⇒ j{x) = k' ( ·: .f{l)  = k) 

n n Now }: f(x) = }:kx = k1 + k2 + ....... + k" x=l x=l 
k(k" - 1) k - 1  

18. If e
x = y + .J1 + y2

, then y is equal to 
Solution (c) ex = y + .jl + y2 

[UPSEAT-2000/ (b) e' -e-• (d) .!. (ex + e-x ) 2 
⇒ x = log ( y + .J1 + y2

) = sin h-1 y ⇒ y = sin hx = ½ (ex - e-x ) 



19. If.f{x) is an even function and g(x) is an odd 
function, and x2 .f{x) - 2.f{l/x)= g(x), then /{5) 
is equal to 
(a) 5 
(c) 0 

Solution 

(b) 1/75 
(d) g(5) 

(c) x2f(x) - 2f( �) = g(x) 

1 replace x by -

⇒ :2 1( � ) -2/( x) = g( �) 

............ (1) 

⇒ 2/( � )- 4x2 f(x) = 2x2g( �) ........ (2) 

(1)+(2) ⇒-3x2f( x) = g( x) + 2x2g( �) 

⇒ f(x) = - 3
�2 [ g(x) + 2x2g( � ) ] 

............. ( 3) 

⇒ f(-x) =-
3
�2 [g(-x) + 2x2g(-�) ] 

= 
3
�2 [ g(x) + 2x2g( � ) ] 

[ ·: g(x) is odd] = -.f{x) [ by ( 3)] 

⇒ .f{x) is odd function but.f{x) is given as an 
even function, sof(x) = 0 ⇒ f(5) = 0. 

20. The function/ satisfies the functional equation 

3/( x) + 2f( \+

_
5i) = l 0x + 30 for all real 

x f. 1. The value of /{7) is 

(a) 8 
(c) -8 

Solution 

fkerala (Engg.}-2005/ 
(b) 4 
(d) 11 

(b) 3/(x) + 21( \
+

_
5:) = l Ox + 30 

For x = 7, 3/{7) + 2/{ll) = 70 + 30 = 100 
For x = 11, 3/{ll) + 2/{7) = 140 
/(7) = /(1 1) = ---=!_ ⇒ /(7) = 4. 
-20 -220 9- 4 

21. If f(x).f( �) = f(x) + 1( �) and /{4) = 65, 

then /{6) is [Orissa-JEE-2007/ 

Definitions, Value of Functions A.9 

(a) 215 
(c) 220 

Solution 

(b) 217 
(d) None of these 

(b) If.f{x) . .f{l/x) = .f{x) + .f{l/x) 
Then.f{x) = 1 - x• or 1 + x• 
If .f{x) = 1 - x• then /{ 4) = -4" + 1 f. 6 5  
so .f{x) = 1 + x• 

/{4) = 1 + 4·= 6 5  
4"= 4 3 
n = 3 

/{6) = 1 + 6 3 = 217 

22. Let/ : R ➔ R be defined by j{x) = 2x + I x I, 
then /{2x) + /{- x) - .f{x) is equal to 

(a) 2x 
(c) -2x 

Solution 

[EAMCET-2000/ 
(b) 2 I x I 
(d) -2 l x l 

(b) /{2x) = 2 12x I + I 2xl = 4x + 2 I x I 
.f{-x) = -2x + 1-x I = -2x + I x I 

.f{x) = 2x + I x I 
⇒ /{2x) + .f{-x)-j{x) = 4x+ 2 I x I + I x l- 2x-

2x- I x I = 2 I x I 

23. If x, y, z are distinct positive numbers different 
from 1 such that (logl . log,x-logxx) + (log)'. 
log)' - log,Y) + (logxz .logl - log,z) = 0, what 
is the value of xyz [NDA-2004/ 
(a) 2 (b) 1 
(c) -1 (d) 0 

Solution 

(b) (logy x .  log,x - logx x) + (logxy .  log
0
y -

log ,Y) + (log x z . logyz - log,z) = 0 
⇒ log x [ (log x)2-log ylog z] + log y  [ (log y2 

- log x . log z] + log z [ (log z)2 
- log x 

log y] = 0 
⇒ (log x)3 + (log y)3 + (log z) 3- 3 log x log y  

log z = 0 
log x +log y +log z= 0 =log l 
xyz= l 

( ": If a 3 + b3 + c3 = 3abc then a + b + c = 0) 

24. Let.f{x) = Ix -1 1, then 
(a) .f{x2) = .f{x))2 
(b) .f{x + y) = .f{x) + fly) 
(c) /Clx l) = 1/Cx) I 
(d) None of these 

[IIT-JEE-1983/ 
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Solution 

(d).f{x) = Ix - 1 1 = ' Consider {
-x + l  x <  1 
x - l, x � l  

.f{x)2 = (j(x))2 

If it is true it should be true V x . · . Put x = 2 
LHS = /{2 2) = 14-1 1 = 3 RHS = (j(2))2=1 
:. (a) is not correct Consider .f{x + y) = .f{x) 
+ fly) 
Put x = 2, y =5 we get /{7) = 6;/{2) + /{5) = 1 
+ 4= 5 
:. (b) is not correct 

Consider .fClxl) = 1 /Cx) I Put x = -5 then.f{l-5 1) 
= /{5) = 4 
lif - 5) 1 = 1-s -1 I = 6 
: . ( c) is not correct. 
Hence (d) is the correct alternative. 

25. If x satisfies Ix - 1 1 + Ix - 2 1 + Ix - 3 1 2'.: 6, 
then 

[IIT-JEE-1983/ 
(a) 0 :::, x :::, 4  
(b) x ::S-2 or x 2'.'. 4  
(c) x :::, 0 or x 2'.'. 4  
(d) None of these 

Solution 

(c) lx- l l + lx- 2 l + lx- 3 l 2'.: 6  

Consider .f{x) = Ix - 1 1 + Ix - 2 1 + Ix - 3 1 

{

6 - 3x, x < l 

= 
4 - x, l � x <  2 

X 2 � x < 3  
3x - 6, x � 3  

Graph of.f{x) shows.f{x) 2'.: 6 for x ::S O  or x 2'.'. 4. 

OBJECTIVE PROBLEMS:  IMPORTANT QUESTIONS WITH SOLUTIONS 

1. Let A = { l, 2, 3}, B ={ 2, 3, 4}, then which of 
the following is a function from A to B? 
(a) { (1, 2), (1, 3), (2, 3), ( 3, 3)} 
(b) { (l, 3), (2, 4)} 
(c) { (l, 3),(2, 2), ( 3, 3)} 
(d) { (l, 2), (2, 3), ( 3, 2), ( 3, 4)} 

ax + b  2. If y = f( x) = -- , thenfly) [AMU-2001/ 
ex - a 

(a) 1/j(x) 
(c) yj{x) 

(b) 1/j(y) 
(d) X 1 - x 

3. If f( x) = 
1 + x' then.f{cos 20) = 

[MPPET-1994, 2001 ; Pb.CET-02/ 
(b) tan 20 
(d) None of these 

4. If.f{x) = bx2 + ex+ d, then find value of b and 
c for which the identity f(x + l)-.f{x) = 8x + 3 
is satisfied 
(a) b = 4, c =-l 
(c) b = 4, c = l 

(b) b = 3, c = l 
(d) None of these 

5. f( x) = a
x 

� a
-x 

, then .f{x + y) .f{x - y) is 

equal to 

(a) 2 /{x) .fly) 
( C) j{x)/j(y) 

(b) .f{x) .fly) 
(d) None of these 

6. If for non-zero x, af( x) + bf( �) = � - 5 

where a f. b, then if .f{x) = '). 

[ ( � - bx - Sa + Sb ) ] then '). = ? 

1 
(a) ----i---b2 a -
(c) a2 - b2 

1 
(b) 

a2 + b2 

(d) a2 + b2 
x f(a/b) . 7. If f(x) = 

x + 1
, then 

f(b/a) 
1s equal to 

(a) a (b) a/b 
(c) b/a (d) 1 

8. If f(x) is a polynomial stisfying f(x) . f(l/x) 
= f(x) + .f{l/x) and /(3) = 28, then/(4) = 
(a) 63  (b) 65  
(c) 17 (d) None ofthese 

9. Let A be a set containing 10 distinct elements, 
then the total number of distinct functions 
from A to A is 



(a) 10 ! (b) 10 10  

(c) 2 10  (d) 2 10  - I 

10. y = j(x) = cos (log x), then /( x)/(y) -

½[ 1( � ) + f( xy)] = is equal to 

{IIT-83 ; RPET-95; MPPET-95; 
Karnataka CET -99; UPSEAT-2001} 

(a) 0 (b) cos(log xy) 
(c) sin (log (x + y)) (d) None of these 

11. Ifj(x + 1/x) = x2 + 1/x2, x -:f. 0, thenj(x) is equal 
to 

(a) x2
- I 

(c) x2
- 2 

{Kerala (CEE}2003 ; VIT-2004} 
(b) x2 + 2  
(d) x2 + I 

12. If f( x) = 
x(

\
-l)

, thenj(x + 2) equals 

{PET (Raj.}1986} 

(a) (x + 1)/(x) (b) ( 
x

; 
1 
)f( x) 

(
x + 2

) (c) -
x
- f( x + 1) (d) ( 

x
; 

2 
)f( x + 1) 

13. Iff(x) = x2 - x-2, then /(1/x) equals 

(a) 1/f(x) 
(c) j(x) 

{SCRA-99} 
(b) -1/f(x) 
(d) -j(x) 

14. Iff(x2 + I)= 3x - I, then /(x) is equal to 
{AITSE-99} 

Definitions, Value of Functions A.1 1 

(a) 3� + I  (b) 3� - 1  
(c) � - 3 (d) None of these 

I 15. If f( x) = x3 
- 3, then 

X 

f(x) + 1( �) = 

(a) 0 (b) - 1  
(c) x3 (d) None of these 

16. If j(x) = x2 
- 3x + 4, then find the values of 

x satisfying the equation /(x) = j(2x + I)  
(a) 5/3 
(b) 2/3 
(c) I 
(d) None of these 

17. If g(x) is a polynomial function satisfying g(x) 
g(y) = g(x) + g(y) + g (xy) - 2 for all x, y ER 
and g(2) = 5, then find g(3) = 
(a) 10  (b) 1 5  
(c) 20 (d) 28  

18. If f( x) = log e � : ) ,- 1 < x < 1, then 

f ( �: �:: )- f ( i  �:2 ) is 

(a) [/(x)] 3 

(c) -j(x) 

{Kerala PET-2008} 
(b) [j(x)]2 

(d) j(x) 

SOLUTIONS 

1. ( c) By definition of function 
ax +b ay +b 

2. (d) y= f( x)= --,f(y)= --
ex-a ey-a 

( ax+b
) b 

i (ax + b
) = 

a � + 
ex-a ( ax+b

) e -- - a 

(a 2 + be)x 
a 2 +be 

ex - a  
a(ax + b) + be( x-a) 
e(ax + b)-a(ex -a) 

1- x 3. (b) f( x) = -,J( cos20) 
l + x 

= 
l- cos20 

= 
2sin 2 0 

= tan 2 e 
l + cos20 2cos 20 

4. (a) f( x)=bx2 + ex + d  
f( x + l)- f( x)= 8x + 3  

b( x +  1) 2 + e( x +  I) +  d - [bx2 + ex +  d] = 8x + 3 
2bx +b + e  = 8x + 3  

2b= 8; b + e = 3 
b= 4; e = -1 



A.1 2 Definitions, Value of Functions 

5. (a) · : l( x) = a
x +a -x 

2 
l( x + y) + l( x- y) 

ax+y + a- (x+y) ax - y + a- (x - y) 
--- - + --- -

2 2 

6. (a) al( x) + bl( � )= �- 5  

replace x by .!_ in the equation 
X 

.......... (1) 

al( �) + bl( x) = x- 5 .......... (2) 

From (1) and ( 2) we get 

l( x) = -1-[�-bx- 5a + 5b] a2 -b 2 x 

a/b 

� + l  
7. (b) l(x) = _!_J(a/b) 

= -b-= � 
x + I l( b/a) b/a b 

-b -
- + I  
a 

8. (b) Given that l( x)I( �) = l( x) + 1( �) 
:. l( x) = x" + 1,/( 3) = 28 

3" + 1 = 28  ⇒ n = 3 
. .  j( x) = x3 + 1 

1( 4)= 4 3 +1= 6 5  

9 .  (b) No. of functions = no. of ways in which 
each element can be assosciated = 10 x 10 x 
10 ............... 10 times = 1010 

10. (a) l(x) = cos (log x) 
l(xy) = cos (log x y) = cos (log x + Iog y) 

1( �)= co{ log �)= cos(log x-log y) 

:. l( x)l( y)- ½[1(� ) +  l (xy)] 

1 
= cos(log x)cos(log y)--

2 
[ cos(log x -log y) + cos(log x + log y) ] 

1 
= cos(log x)cos(log y)--

2 
[2cos(log x)cos(log y)] = O 

( 
1

) 
2 1 

( 
1

)
2 

11. (c) I x +
-:; 

= x + 
x2 = x +

-:; 
- 2  

:.1( 1) = t2- 2  

or l( x) = x2 - 2 

12. (c) l( x) =
x( x-1) 

2 

l( x + 2) = ( x + 2)( x + 2- l) 
2 

( x + 2)( x + l) 
2 

=
( x + 2) x( x + I) 

X 2 

x + 2
[
( x + l)( x + l- l)

] x + 2  = - = -l( x + I) 
X 2 X 

1 13. (d) If l( x) = x2 - 2 

=-l( x) 

14. (b) l( x2 + l) = 3x- l  

put x2 + 1 = t ==> x = � 

l( t) = 3� -1 

:. l(x) = 3.Jx-1-1 

j( 3 1 1 ( 1 )  1 3 15. (a) Here x) = x - - ,  - = - - x  
x3 x x3 

1(�) =-j(x) = ⇒ l(x) + 1 (�) = 0 
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16. (b).f{x) = x2 - 3x + 4 and.f{x) = /{2x + 1) 
x2 - 3x + 4 = (2x + 1 )2 -3(2x + 1) + 4 

⇒ 3x2 + x - 2 = 0  
⇒ x = -1, 2/3 

17. (a) Step 1: 

Given g(2) = 5 and g(x) g(y) = g(x) + g(y) + 
g(xy)- 2 ........ ( 1) 

all x and y ER 

therefore on putting x = 2 and y = l in ( 1) 

we get g( 2)g( l) = g( 2) + g( l) + g( 2)- 2 

Sg( l)= l 0 +g( l)- 2 

4g(l) = 8 ⇒ g( l) = 2 ........ (2) 

. 1 fi Step 2: Now on puttmg - or y m ( 1) 

we get g( x)g( �) = g( x) + g( �) using ( 2) 

Step 3: Using formula 

If g( x)g( �) = g( x) + g( �) then 

g( x)= x" + l  ....... ( 3) 

we get 

g( 2) = 2 " + 1 = 5 

2" = 4= 2 2 ⇒ n= 2 

Therefore: g( 3) = 3" + 1 from ( 3) 

i.e., g( 3)= 3 2 + 1= 1 0  

18. (d) f( x)= log (
l + x

), then 
l- x 

f(
3x + x3

)= log [

l +
� 1 1 + 3x2 

1 _ 3x + x  
1 + 3x2 

= log(
l + x

)
3 

= 3log(
l + x

) l- x l- x 

and 1(�) = log
[ 

1 + 1*'] 
l + x2 

1- � 
l + x2 

= log(
l + x

)
2 

= 2log (
l + x

) l- x l- x 

Now 

1(
3x + x3

)-1( �) 1 + 3x2 1 + x2 

= 3log - - 2 log -(
l + x

) 
l + x  

l- x l- x 

= log - = f( x) (
l + x

) l- x 

► s::aa lb 6§§£@ I I Ji t kbdlb!I] (!§bit I Ill[ P kbdiiii!] PON P kl@ I Iii). 
roe :t1rrex:re trrfe r:ir ess: :resx 

1. If.f{x) = cos (log x), then.f{x2).f{y2) 

-½[ 1( ;: ) + f(x2y2 ) ]  has the value 

[MNR-1992/ 

(a) -2 
(c) 1/2 

(b) - 1  
(d) None of these 

2x + 2-x 
2. If f( x) = 

2 
, then.f{x + y) . .f{x - y) is 

equal to 

1 (a) 2 [J( 2x) + f ( 2y)] 

1 (b) 4 [J( 2x) + f( 2y)] 

1 (c) 
2 [J( 2x)- f( 2y)] 

1 (d) 4 [J( x)- f( 2y)] 

◄ 
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3. If f( x) = {
2x - 3' x � 2 

then f(l) is 
x, x < 2' 

equal to 

(a) 2 /( 2) 

(c) -/(2) 

(b) 1(2) 

(d) _!_ /( 2) 2 

4. If log 10x = y, then log 1 0, x2 equals 

(b) � y 3 

(d) 3y 

X j(a) 
5. If f( x) = x _ 1, then 

f (a + l) 
[MPPET-1996/ 

(a) !(-a) (b) 1( ¾ ) 
(d) 1( -_!!____) a-l 

6. If $(x) = a', then [ $ (P)] 3 is equal to 
[MPPET-1999/ 

(a) $ ( 3P) 
(c) 6$(P) 

(b) 3$(P) 
(d) 2$(P) 

7. If f( x) = ! : : ,  then 1( � : : ) is equal to 

(a) X (b) 1 + X 

l- x 

(c) 1- X 

l +  X 
(d) _!_ 

X 

8. If f( x) = log ( ! � : } then 1( 1 �:2 ) is 

equal to 
[MPPET-99; RPET-99; UPSEAT-2003/ 

(a) 1( 1 - x ) 
l + x 

(c) 1 

(b) j( x2) 

(d) 2j(x) 

X 1 
9. If f( x) = -

1 
= - ,  then .f{y) = x - y 

[MPPET-1995, 97/ 
(a) X 

(b) X + l 
(c) x-1 
(d) 1 - x  

cos 2 x + sin 4 x 10. If f( x) = . for x ER, then 
sm 2 x + cos 4 x 

1( 2002) is equal to [EAMCET-02/ 
(a) 1 (b) 2 
(c) 3 (d) 4 

11. If a polynomial function satisfies the condi­
tion j(x) j(l/x) = j(x) + j(l/x). Ifj(lO)=lO0l, 
thenj(20) = 
(a) 2001 
(c) 8001 

(b) 3001 
(d) 5001 

12. Ifj(x) = 4x3 + 3x2 + 3x + 4, then x3j(l/x) is 
[SCRA-1996/ 

(a) j(-x) (b) 
f�x) 

(d) j(x) 

13. Let j( x) be defined for all x > 0 and be continu­

ous. Let j(x) satisfy 1( � ) = f( x)- f( y) for 

all x, y andf(e) = 1, then 
(a) j(x) = I nx 
(b) j(x) is bounded 

(c) 1( � ) ➔ 0 as x ➔ 0  

(d) xf(x) ➔ 1 as x ➔ 0 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 
1. The answer sheet is immediat ely b elow the 

worksheet . 
2. The test is of 9 minutes .  
3. Th e worksheet consists of 9 qu estions . The 

maximum marks are 27 .  
4 .  Use Blue/Black Ball point pen only for writing 

particulars/marking responses. Use of pencil is 
strictly prohibit ed . ----------

1. Which of the following is function 

(a) { (2, 1), (2, 2), (2, 3), (2, 4)} 
(b) { (l, 4), (2, 5), ( 1, 6), ( 3, 9)} 
(c) { (l, 2), ( 3, 3), (2, 3), ( 1, 4)} 
(d) { (l, 2), (2, 2), ( 3, 2), (4, 2)} 

4x 
2. If f( x) = -- , thenfix) + fil - x) equal to 

4x + 2 

(a) 0 
(c) 1 

{JEE ( Orissa')-2000} 
(b) - 1  
(d) 4 

3. If f( x) = _x_ = .!., thenfix)fi:y) is equal to 
x- 1  y 

(a) -x 
(c) -y 

{PET (Raj.) -88; MP-95, 9 7}  

(b) X 

(d) y 

4. If 2/( x) - 3/(1/x) = x2, x is not equal to z ero, 
then -4((2) is equal to 

(a) 25 
(c) 5 

(b) +7 
(d) -7 

{IIT-1991} 

5. If fix) + fil/x) = fix)fil/x) andfi5) = 626, then 

fi2) = 
(a) 1 7  
(c) 576 

(b) 6 5  
(d) 257 

ax +b 6. If y = f( x) = --, then x 1s equal to 
ex-a 

(a) 1/f(x) 
(c) y fix) 

{AMU-2001} 
(b) 1/f(y) 
(d) f(y) 

7. If 3f( x) + 5f(�)= �- 3'v'x (:;t O) ER, then 

fix) is equal to 

(a) 2-( i + 5x- 6) 1 4  X 

(b) _!_( _i + 5x - 6 ) 1 4  X 

(c) 2-(-i + 5x + 6) 1 4  X 

(d) None of these 

8. Let fix) = sin (log x), then the value of 

f( xy) + !( � )-2/( x) cos (log y) is 

(a) - 1  
(c) 2 

{Orissa JEE-2004} 
(b) 0 
(d) 1 

9. If2f( x + 1) + f(-1-)= 2x and x :;t- 1, then 
X + 1 

fi2) is equal to 
(a) - 1  
(c) 5/3 

{MPPET-2004} 
(b) 2 
(d) 5/2 

ANSWER SHEET 

1 . ® @ © @  
2. ® @ © @  
3. @ @ © @ 

4, ® @ © @  
5, ® @ © @  
6. @ @ © @ 

7. @ @ © @  
8. @ @ © @  
9. @ @ © @ 
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HINTS AND EXPLANATIONS 

2. 

4. 

4x 41 -x 
(c) f( x) = --,f( l- x) = -_ -4x + 2  4 1 x + 2  

l 
4/4x 4 2 

f( - x) = 
4 

+ 2  
= 4 + 2.4x = 

2 + 4x 

4x 

4x + 2  
f( x) +  f( l- x)= --= 1 

4x + 2  

(b) Given 2/(x)- 3/( � )= x2 

replace x by .!_ in given equation 

21( .!.. )- 3/( x)= _!_ 
X X

2 

Eliminating 1( �) , we get 

f ( X) = - 2x2 + --1
( 

3
) 5 x2 

-4/( 2) = -4[ �
1
( 2.2 2 + ;2 )] 

= 7 

9. (c) Put x + l = l, :. x= l- 1 

2/ ( I) + 1( �) = 2( 1 - 1) 

1 replace I by -
I 

21U) + f( l) = 2U- 1) 

From ( 1) and ( 2) 
41 2 2 

f( I) = -- ---
3 31 3 

put I = 2 to get 

8 1 2 5 
/( 2)= -- ---= -

3 3 3 3 

........ ( 1) 

......... (2) 



LECTURE 

Domain and Range 
of Real Functions 

► BASIC CONCEPTS d 
Now we discuss some standard real functions which 
are frequently used in calculas. 

1. Constant Function Let a be a fixed real num­
ber, then a real function/ defined by fix)= a 
for all x E R is called a constant function. The 
domain of the constant function is R, 

y 

f(x)=a 

a 

0 X 

Constant function is defined for all real 
numbers. The range of/is set { a}. 
The graph of a constant function is a straight 
line parallel to x-axis at a distance la l from it 
figure. 
It is above or below x-axis according as a is 
positive or negative. If a = 0, then its graph is 
x-axis itself 

2. Identity Function The real function/ defined 
by fix) = x for all x E R is called identity 
function. 
The domain of function is R and its range is 
also R. 
The graph of identity function is a straight line 
passing through the origin making an angle 
of 45 ° with the x-axis. 

y 

f(x) = X 

Y' 

Remark: In general, the identity function is 
denoted by I, i.e., I(x) = x. 
If identity function is defined from a set A to 
itself, then it is denoted by IA, i.e., Iix) = x for 
all x e A. 

3. Square Root Function The real function f 
defined by fix)= +J; is called the square root 
function. 
The domain of square root function is [ O , oo [ as 
square root of negative numbers is not defined 
on real line. The range of square root function 
is also [ O, oo [ .  

y 

f(x) = + ✓x 

-+------+
...,.
o---~x 
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4. Reciprocal Function The real function f 
defined by .f{x) = llx is called the reciprocal 
function. 
The domain of reciprocal function is R - { 0}, 
as it is not defined at 0. The range of reciprocal 
function is also R - { 0} 

y 

5. P olynomial Function A real function/ defined 
by .f{x) = a0 + a1x + a 2x

2 + ... ... .. + a.x" , where 
a0, a l' a 2, . . . . . . .  a. are real numbers and n is 
a non-negative integer is called a po lynomial 
function. 
The domain and range of po lynomial function 
are both R for example: 

(i) .f{x) = 2x + 3 
(ii) .f{x) = 3x2 + 2x + 3 
(iii) .f{x) = (x + 1) (x + 3) 

6. Rational Function A real function/ defined by 

.f{x) = 
p (x) where p(x) and q(x)are polynomi­
q (x) 

als and q(x) ,t. 0, is called a rational function. 

For example 

(i) f (x) = 
3x2 + 1 
x +l 

(ii) f (x)= 
2x + 3 

x2 + x +l 

(iii) f (x)= 
x-l 
x+ 2 

7. Modulus Function The real function/ defined 

{
x if x � 0  

by f(x)= lxl= . -x if X < 0  

y 

f(x) = IX I  

-----o--'l'-------x 

is called modulus function. The domain of 
modulus function is R. The range of modulus 
function is [ 0, oo [ .  

8. Signum Function The real function/ defined 

by f(x)= {
lxl ,if x ,t. O

= { � :� : : �  
x 1f x=0 O, -1 if X < 0  

y 

is called the signum function. The domain of 
signum function is R. The range of signum 
function is the set (-1, 0, 1 ). 

9. Square Function The function that associates 
a real number x to its square i.e., x2 is called 
the square function. Since x2 is defined for all 
x E R. So, we define the square function as 
follows 

y 

y = x' 

X' -+----=-1--"""""'-----+-X 

Y' 

The function/: R ➔ R defined by .f{x) = x2 is 
called the square function. 
Clearly, domain of the square function is R 
and its range is the set of all non-negative real 
numbers i.e., [ 0, oo). The graph of.f{x) = x2 is 
parabola as shown in figure. 

10. Cube Function The function that associate 
a real number x to its cube is called the cube 
function. We observe that x1 is the meaningful 
for all x ER. 
So we define the cube function as follows 
The function/: R ➔ R defined by .f{x) = x1 is 
called the cube function. 



y 

y = x' 

Y' 

We observe that the sign of x3 is same as that of 
x and the values of x3 increase with the increase 
in x. So, the graph off{x) = x3 is as shown in 
figure. 
Clearly, the graph is symmetrical in opposite 
quadrants. 

11. Cube Root Function The function that associ­
ates a real number x to its cube root x 113 is called 
the cube root function. 
Clearly x113 is defined for all x ER. 
So, we define the cube root function as follows 

y 

Y = x1 1' 

X' �----+---� x 

Y' 

The function/: R ➔ R defined by j{x) = x 113 is 
called the cube root function. 
Clearly, domain and range of the cube root 
function are both equal to R. 
Also, the sign of x113 is same as that of x and x 113 

increase with the increase in x. 
So, the graph off{x) = x 113 is as shown in figure. 

12. P olynomial Function 
f{x) = a0 + a1x + a;x2 + a3x3 + ........... + a". x

" , 
a ::f. O where a, 's are real numbers and n is a 
n�n-negative integer is called a polynomial 
function of degree n. It is also called a algebraic 
function. A po lynomial function of: 

(i) degree O is called a constant function i.e., 
j{x) = C 

(ii) degree 1 is called a linear function i.e., 
f{x) = ax + b. 

(iii) 
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degree 2 is called a quadratic function 
and cubic function (degree 3) and Bi­
quadratic ( degree 4) function etc are also 
defined. i.e.,f{x)=ax2+ bx+ c ;f{x)=ax3+ 
bx2 + ex + d; f{x) = ax4 + bx3 + cx2 + 
dx+ c. 

13. Rational Function 
x3 

- 5x + 3 x2 -x + 1 
f(x) x2 -1 , f(x) = x2 + x + l 
A function defined by the quotient of two poly­
nomial function is called a rational function. 
Domain of the rational function is usua lly set 
of real numbers excluding those x for which 
denominator is zero. 

14. Irrational Function 
A function invo lving one or more radicals of 
polynomial or polynomials is called an irratio­
nal function. 
Example 

NOT E 

( xJ + 2x 2 + 7)213 
✓x2 + 2x + 3 ; x 7 

✓l h  

All polynomial, rational and irrational functions are 
algebraic function. 

15. Real Function F :  X ➔ Y If X and Y are sub­
sets of real numbers then function is called real 
function ( f :  R ➔ R) 

Examples 

(i) y = ✓9- x2 Domain [-3, 3], Range 
= [ O, 3] 

(ii) y = 
1 ⇒ Domain (-2, 5) 

,J(x + 2)( 5 - x) 

16. Square Root Function 
f(x) = ✓x. (on ly + ve square root is associ­

ated) 
Domain = set of all non negative real numbers 
= [ O , oo) Range 

17. Transcendental Function All functions which 
are not algebraic are called transcendental 
functions. A transcendental function is not ex­
pressed in a finite number of algebraic terms. 
Also expressed as the incommensurable powers 
of a variable as for example. xe, x-15 (general 
exponential): x', x1og"; x<0

' '; (log/: log (1 + x); 
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18. Indentity Function The function that associ­
ates each real no. x the same number x, is called 
the identity function. 
Domain: set of real number; Range = set of real 
number. 

19. Reciprocal Function The function that as­
sociates to each non-zero real number to its 
reciprocal denoted by 1 /x i .e., y = 1 /x is called 
reciprocal function. Domain of this function is 
denoted by R - { 0} Range is also R - { 0}. 

20. Exponential Function The function that asso­
ciates number e' to each real number x is called 
exponential function i .e.,y = e-'. Domain: set of 
real numbers R; i.e., (-oo, + oo) 

21. Logarithmic Function 
The function that associates log x to x is called 
the logarithmic function. Domain (0, oo ), Range 
(-oo, oo) 

y = log;, 0<a<1 ; 
x>O 

( 1 , 0) 

22. Modulus Function 

/(x) = l x l = -✓x2 = max {x,-x} 

when x � 0 
h O

; Domain R,  Range 
w en x <  

[ O , oo ). 

(i) I x I < a ⇒ -a < x < a 
(ii) Ix -a l < I ⇒ a - I < x < a + I 

(iii) I X + y I :=; I X I + I y I 
(iv) I x - YI � I x I - I Y I 
(v) I xy I = I x 1 1  Y I 

(vi) l � l = :: : ; y * O  
(vii) If la - b i  < /; I b - c I < m, then I a - cl 

< l+ m 
(viii) I x I > a ⇒ -a > x > a 

graph 

Example 
(i) y = I x I + I x - 11 for x :=; 0; is y = 1 - 2x 

(ii) I X + 1 1:=; 2 ⇒ -3 :=; X :=; 1 
(iii) 0 < l x-1 1 < 2 ⇒-l < x < 3  
(iv) - 3 :=; x :=; 7 is equivalent to I x - 2 1 :=; 5 

I x - 3 I :=; 4 is equivalent to -1 :=; x :=; 7 
(v) lx + 2 1 <10 ⇒-12 < x < 8  

(vi) I x I < 4 = > - 4 < x < 4. 

23. Signum Function The real function/ defined 

by f ( x) = �, 
�
fx * O 

= 0 if x = 0 
l I x I . 

l 
l if x > 0 

0, 1f X = 0 -1 if X < 0 

y 

is called the signum function. The domain of 
signum function is R. The range of signum 
function is the set (-1, 0, 1 ). 

24. Greatest Integer Function Greatest integer 
function defined by y = f{x) = [ x] is the greatest 



integer less than or equal to x. In general [ x] = 

n for n :5: x < n + I n E J 
A function '/' defined by .f{x) = [ x] is c alled 
greatest integer or integral part function. OR [ x] 
= x if x is an integer and an integer immediate ly 
on the left of x if x is not an integer. 

Example 

[ 5]= 5; [-3. 9J=--4; [ 0J=o [ 
1; ] = 5{ �

7
] = -4 

[ x] :5: x < [ x] + 1 [ 1t] = 3, [ ✓5] = 2 
[n + h] = n 0 :5: x- [x] < I ⇒ x- [x] is c alled 
the fractional part ofx and [x-h] = n-1 where 
0 < h < I  
Domain: set of real numbers; Range: set of 
integers. 
Graph: 0 :5: x < I ⇒ [ x] = 0, 

1 :5: X < 2 ⇒ [ x] = 1, 
2 :5: X < 3 ⇒ [ x] = 2, 

-1 :5: x < 0 ⇒ [ x]-1, 
-2 :5: x <-l ⇒ [ x] =-2 

y 

3 
2 

x·------+----c>----<f--f----x 
-3 -2 -1 o 1 2 3 

-1 
-2 

-3 

Y' 

1 .  It consists of many broken pieces. 
2. Each piece coincides with the graph of a 

constant function. 
3. The graph lies within the first and third 

quadrant. 
4. It is not continuous. 
5. On e ach interval [ n, n + l] the function t akes 

the constant value n. 
6. x and [ x] have s ame sign for all x. 
7. .f{x) = x - [ x] is a periodic function with 

period 1 and is c alled the fr actional p art 
ofx. 

8. Let f be the gre atest integer function 
and g be the modulus function, then (gof) 
(-5/3)- fog (-5/3) = 1 

25. Explicit Function y = .f{x) 
26. Implicit Function .f{x, y) = 0 
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27. Trigonometric Function ( Domain and 
Range) 

(i) Table of Trigonometric Functions 

Function Domain (x) Range (y) 
1. y = sin x x e R  y e  [-1, l] 
2. y = COS X x e R  y e  [-1, l] 3 .  y = tan x x e R - y e R  

{ (2n+l)i , n e  I }  

4. y = cot x x e R - { n it, n y e R  
E I} 

5 .  y = sec x x e R - y e R - (-1, l) 
{ (2n+l)i , n e l } (--oo, -1 J u 

[ l , oo) 
6. y = cosec x x e R - { n it, n y e R - (-1 , 1 ) 

E I} 

(ii) Table of Inverse Trigonometric Functions 

Function Domain (x) Range (y) 
1. y = sin-1 x [-1 ,  l ]  [-it/2, it/2] 
2. y = cos-1 x [-1 ,  l ]  [0, it ]  3 .  y = tan-1 X R (-it/2, it/2) 4. y = cor1 x R (0, it)  
5 .  y = sec-1 x R - (-1 ,  1 ) [0, it] - {it/2} 6.  y = cosec-1 x R - (-1 ,  l X--oo, -1 ] [-it/2, it/2] 

u [ l , oo) - {0} 

(iii) Domain and Range of Some Standard 
Functions 

Function Domain Range 

Polynomial function R R 
Identity function x R R 
Constant function c R {c} 
Reciprocal function I lx Ro Ro 
x', I X I R R• u {0} 
x', x l x l R R 
Signum function R {-1 ,  0, I } 
x + I x l R W u  {0} 
x - 1  x l R R- u {0} 
[x] R z 
x - [x ] R [0, 1 )  

✓x [0, oo) [0, oo) 

a' R R• 
log x R• R 
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Ill WO RKING RULE FO R F I N D I NG DOMAIN 
AND RANG E O F  A REAL FUNCTION 

Step 1 :  Solve for y in terms of x if not given in this form. 
Step 2: Find those values of x for which y is well­
defined and real. 

Step 3: The set of values of x for which y is well 
defined and real is domain off i.e., Dr 
Important: For range we repeat steps ( 1) and (2) 
with the roles of x and y interchanged. 
i.e., Domain off i.e., D

1
= { x  ER : j{x) ER} 

Range offi.e., R
1

= {/{x) : x E D
1} 

, Jlt§Sliib JJ§§ll I IJb PkS&tlUIJ iii! JENS tt.Jlb§ illbh. 
W GRASP THE &£15 sews THESE 5R8Phf 00t ◄ 

1. Name the function f(x) = x3 
- x2 + 4x- 7 

3x + 1 1  
and find its domain 

/CBSE-1981} 

2. Find the domain and range of j{x) = I + x -
[ x  - 2]. 

3. Find the domain and the range of the function 
1 

f(x) = 
5 - 2 cos3x 

sin -' x 
4. Find the domain of -­

x 
{NCERT Book; HSB-96; J & K-199 7} 

5. Find domain and range for the function 

f(x) = x
2 + 3x + 1 0  /PSB-1999} 

x2 + 6x+5 

6. Find domain of f( x) = ,J1og�3;-s>_ log ��; +4J 

/AMU-1999} 

7. Find the domain and range of f( x) = I x  - 4 I 
x-4 

8. Find the range of function j{x) = 1 1  - 7 sin x 
/MP-98} 

9. Find the domain and range of the function 

f( x) = ----:-- . Find the numbers in the domain 
X + l 

which are associated with the number 3/ 10  in 
the range. Is this function one-one. 

10. Find the domain and range of 
f(x) = .J(x - 1)(3 - x) /CBSE- 78} 

X 
11. Find the domain and range of � 

/PSB-96} 

12. Find domain and range of f(x) = .J 4 - x2 

/PSB-9 7, 99; PET (Pb)-89} 

13. Find domain and range for the function 
4 - x  

f(x) = x _ 4 
/NCERT Book} 

14. Find the domain of each of the following real 
valued function 

(i) f(x) = X - 1  
x- 3  

(ii) Ji( ) 2x - 3 x = 
x2 - 3x + 2  

(iii) f(x) = .Jx - 2  

(iv) f(x) = ✓ 4 - x2 

l (v) f(x) = ,.--­
v l - x 

1 
(vi) f( x)= � 

-v x- 1 x I 

/l(x)= ✓ l- l x l (vii) 2- 1 x I 

15. Find the range of each of the following 
functions 
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. 
Ji 

1 ( 1) (x) = --
✓x - 5  

16. Find the domain and range of each of the fol­
lowing real valued functions of real variable 

(ii) f( x) = ✓16 - x2 

(iii) Ji( ) 
3 

X = 
2 - x2 

1. R -t: 1 } 

(i) f( x) = .J9 - x2 

ANSWERS 

(ii) f( x) = ✓x- 2 
3 - x  

7. Set of all real numbers 
other then 4; {-1, 1} 

(v) (--oo, 1) 
(vi) $ 

2. Set of all real numbers; 
3 �j{x) < 4. 

8. R
1

= [ 4, 18] 

9. D
1
= R, R

1
= [-1/2, 1/2],fis 

not one-one. 

(vii) (--oo, -2) u (2, oo) u 
[ -1, 1] 

3. DI = R, Rf = [ ½,� ] 
10. D1

= [1, 3], R1
= [ 0, 1] 

15. (i) (0, 00) 
(ii) [ O , 4] 

4. D
1

= [ -1, 1] expect zero. 

5. D
1

= R- {-5,-1} 
11. D1

= R- { 0}, R1
= {-1, 1} 

12. D1
= [-2, 2], R1

= [ 0, 2] 
(iii) (-=, 0) u (  ¾, =) 

Rf = (-=. � -R] 
u[ -: + R. = J 

6. D1 = (�•= ) 

13. D
1

= R- { 4}, R
1

= {-1} 

14. (i) R - { 3} 

16. Domain Range 
(i) [-3, 3] [ O , 3] 

(ii) [ 2, 3) [ 0, oo) 
(ii) R - {1, 2} 
(iii) [ 2, 00) 
(iv) [ -2, 2] 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. The range of the function j{x) = 7 - x P , _ 3 is 
/AIEEE-2004} 

(a) {1, 2, 3} 
(c) {1, 2, 3, 4} 

Solution 

(b) {1, 2, 3, 4 ,5, 6} 
(d) {1, 2, 3, 4, 5} 

(a) From the above solution, we find that the 
domain ofj{x) is, { 3, 4, 5}. Now,1{3) = 7 - 3p0 = 
1,1{4) = 3P1 = 3 andfi..5) = 2P2 = 2 Hence, range 
off= {1, 2, 3} 

2. Let j{x) = (1 + b2) x2 + 2bx + 1 and m (b) the 
mininmm value of j{x) for a given b. As b 
varies, the range of m(b) is 

(a) [ O, 1] 
(c) [1/2, 1] 

(b) (0, 1/2] 
(d) (0, 1] 

Solution 

(d) 1 + b2> 0  
j{x) will have mininmm value of 

4(1 + b2)- ( 2b) 2 1 = ----- = 4(1 + b2) l + b2 
( 2 b h . . l 4ac - b2 
ax + x + c ave mlillfilum va ue --- , 4a 
when a> 0) 

m( b)= -1-2 , Range of m(b) is (O,  1]. 
I + b 
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3. If log 0 .3 (x - 1) < log 0 09 (x - 1 ), then x lies in 
the interval 
(a) (2, oo) 
(c) (-2, -1) 

Solution 

(b) (1, 2) 
(d) None of these 

(a) Since log 0 3  (x - 1) < log o.o9 (x - 1) 
⇒ log 0.3 ( x -1) < log co.1 i' (

x -1) 

1 ⇒ log 0.3 ( x -1) < iogdx -1) 

⇒ 1 
iogdx -1) < 0 

⇒ x - 1> (0.3)0= 1 [ " : base < l] 
⇒ X > 2 ⇒ X E ( 2, 00) 

4. If.f{x) = cos [ x2]x + cos [-x2] x, where [ x] = 
greatest integer � x, then /IIT-91} 
(a) .f{x/2) = -1 
(b) .f{1t) = 1 
(c) .f{-x) = -1 
(d) .f{x/4) = 2 

Solution 

(a) · :  [ x2] = 9 and [-x2] = -10, so 
.f{x) = cos 9x + cos (-l 0)x 

= COS 9x + COS 10 X 

⇒ .f{x/2) = cos 9x/2 + cos 5x = -1 
.f{x) = cos 91t + cos l 0x = 0 

.f{-x) = cos (-91t) + cos (-l 0x) = 0 

.f{x/4) = cos 9x/4 + cos 5x/2 = 1/.J2 

5. If x be real then the range of the function 
X 

f ( x) = -- 1s /Aligarh-98; NDA-2006} 
1 + x2 

(a) [-1/2, 1/2] 
(c) (-1, 1) 

Solution 

(b) (-2, 2) 
(d) (-1/2, 1/2) 

X (a) Let --2 = y  ⇒yx2- x + y= o · : x e R, 
I + x  

B2- 4AC � 0 
⇒ 1 - 4y2 � 0 ⇒ (1 - 2y) ( l  + 2y) � 0 
⇒ (y- 1/2) (y+ 1/2) � 0 ⇒-1/2 � y  � 1/2 

range = [-1/2, 1/2] 

6. Domain of the function.f{x) = log I log x I is 

(a) (0, oo) 
(c) (0, l )u( l ,  oo) 

/CET (Pb.) -98} 
(b) (1, oo) 
(d) (-oo, 1) 

Solution 
(c) .f{x) is defined when I log x I> 0 
⇒ X E (0, 00 ), X f. 1 

D
1

= (0, 1) u (1, oo) 

7. Match list I with list II and select the correct 
answer using the codes given below the lists 

List I (function) 
A y= sin-1 x 

B. y = sec-1 x 
C. y = cot -1 x 
D. y = cosec-1 x 

Codes: 
A B C D  

(a) 2 1 4 5 
(c) 5 4 3 1 

Solution 

/SCRA-99} 
List II (range) 

1. -x/2 < y  < x/2, 
y # 0  

2. 0 � y � 1t  
3. 0 � y  � 1t, y f. 1tl2 
4. 0 < y  � 1t 
5. -x/2 � y  � x/2 

A B C D  
(b) 1 3 2 5 
(d) 5 3 4 1 

(d) Refer to the table given in theory. x -lx l 
8. The range of the function f( x) = 

e - e 
ex + elxl 

then/is 
(a) [ O, l] 
(c) [ 0, 1/2) 

Solution 

(b) [ O, 1) 
(d) R 

(c) · : x � 0 ⇒.f{x)= 0 

x> 0 ⇒ f( x) = e;:: 1 = ½(l - e-2,) 
⇒ j{x) E (0, 1/2) 
[ " : x > 0 ⇒ e-2xE (0, l )] :. R1

= [ 0, 1/2) 

9. Domain of the function sin-1 (log 2 x/2) is 
/PET (Raj.)-2002; AIEEE-2002; 

(a) [ 0, l] 
(c) [ l , 4] 

Solution 

Kerala ( CEE)-2003, 2005} 
(b) [ 1/4, 1/2] 
(d) [-1, l] 

( c) Given function is defined when -1 � log 2 
(x/2) � 1 
⇒ 2-1 � x/2 � 21 [ • • • log function is increasing] 
⇒ 1 � x � 4  

10. The range of the function.f{x) = cos x - sin x 
is /MP-95} 
(a) (-1, 1) (b) [-.J2, .J2] 
(c) [-1, l] (d) (-.Ji., .Ji.) 



Solution 

(b) f( x) = .J2cos ( x + i )  Also 

-l :� cos( x + i ) � 1 

-.J2 � f(x) � .J2 

11. If -� < x < �. then the range of the function 
2 2 

j{x) = cos [x] is /CET (Pb.)-94} 
(a) { l , cos 1, cos 2} (b) { cos 1, -cos 1, l } 
(c) {-1, 0, l } (d) {-1, l } 

Solution 

(a) · : xE (-�• �) ⇒ [ x] =-2,-1, O, 1 

⇒ j{x) = cos (-2), cos (-1), cos 0, cos 1 
= cos 2, cos 1, 1 

12. The range of the functionj{x) = sin2 x + cos4 x 
is equal to /JEE (Orissa)-2000} 
(a) [-1, l] (b) [ 3/4, l] 
(c) [ 3/4, oo) (d) (0, 2) 

Solution 
(b) j{x) = 1 - cos 2 x + cos4 x = 1 + (cos4 x 

3 
( 

1 
)

2 

- cos 2 x) = 
4 + cos 2 x - 2 

This shows that max. f( x) = ¾ + ¼ = 1 

3 3 
f(x) = 4 + 0  = 4 

range = [ 3/4, l] 

13. The domain of the function 

/( x) = ✓log
l 

.
1 

I 
is /PET (Raj.)-2001} 

sm x 

(a) R- (-1t, x) (b) (--oo, oo) 
(c) R- {2n1t, n E Z} (d) R- {n1t, n E Z} 

Solution 

(d) j{x) is defined when log-
I 
-. 
1-

1
;?: 0 

smx 
⇒ -log I sin x I ;?: 0 
⇒ log I sin x I � 0 
⇒ I sin x  I #  0 
⇒ x # n1t, n E Z  

Domain = R - { n1t I n E Z} 
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14. If/ : R ➔ R is defined by j{x) = [ 2x] - 2[x] 
for x ER, where [ x] is the greatest integer not 
exceeding x, then the range of/is 

/EAMCET-2006} 
(a) { x ER : O � x � l} (b) { 0, 1) 
(c) { x ER : x> O} (d) { x ER : x � O} 

Solution 
(b) Verification method: 

For x = !. ⇒j{x) = l , x= 1 ⇒j{x) = 0 
2 

x = l0 ⇒j{x) = 0 
X = 9.9 ⇒ j{x) = 19- 18 = 1 
x =-1.5 ⇒j{x) =-3 - 2  (-2) =l 
x = -1 ⇒j{x) =-2 + 2 = 0 and so on. 

15. If/: R ➔ R is defined by f(x) = x - [x] - .!_ 
2 

for x E R, where [ x] is the greatest integer not 

exceeding x, then { x E R :  f( x) = ½ } is equal to 

{EAMCET-2006} 
(a) Z, the set of all integers 
(b) N, the set of all natural nwnbers 
(c) $, the empty set 
(d) R 

Solution 

(c) We know that [ x] � x < [ x] + 1 
O � x - [ x] < l  

: . f(x) = x- [x]- !. will never be equal to 1/2 
2 

solution set of x is the empty set. 

16. The domain of the function 
log 1 0  log 1 0  log 1 0  ....... .log 1 0  x 

y = 
n times 

(a) (10", + oo) 
(c) ( l o• - 2, + oo) 

(b) ( l o• - 1, 00) 
(d) None of these 

Solution 

(d) log = 
log 1 0  ..... .log 1 0 x > O 10 (n - l)times 

⇒ 

⇒ 

⇒ 

1 log 1 0  ..... .log 1 0  x 100 = 1 og w . . > 
(n - 2)tlmes 

1 log 1 0 · · · · ·.log 1 0 x 10 1 og w . > 
(n - 3)times 

1 log 1 0  · · · · ·.log 1 0  x 10 1 0  t og 1 0  ( 4) . > e c 
n - times 

(d) is true. 
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17. If/: R ➔ R is defined by f(x) = 
1 

2- cos 3x  
for each x E R, then the range of/ is 

(a) (1/3, 1) 
(c) ( l , 2) 

Solution 

{EAMCET-2007/ 
(b) [ 1/3, 1] 
(d) [ l , 2] 

(b) We have -1 � -cos 3x � 1 V x E R 
1 Hence 
3 

� /(x) � 1 V x ER 

Range of/= [ 1/ 3, 1] 

18. Correct graph for .f{x) = e' is 
{MPPET-2007/ 

Solution 

(a) Value of.f{x) = e', for positive or negative 
value, x is always positive and at x = 0, y = e0 

= 1 therefore the correct graph is 

19. Graph ofy = I x I is 
(a) above x-axis 
(b) below x-axis 
( c) right side of y-axis 
( d) left side of y-axis 

Solution 

(a) y = lxl or Y = { 
x 

-x 

y 

x > O  
x < O  

{MPPET-2007/ 

X ' -------"IL---- X 

y'  

Clearly this graph is above X-axis. 

20. Domain of the function.f{x) = sin-1(1 + 3x + 
2x2) is 
(a) (-oo, oo) 
(b) (-1, 1) 

(c) [-¾ , 0] 
(d) (-oo, �

1
) u (2, oo) 

Solution 

(c) -1 :'.S 1 + 3x + 2x2 :'.S 1 
Case I: 2x2 + 3x + 1 2: -1; 2x2 + 3x + 2 2: 0 -3 ± .J9 - 1 6  -3 ± i✓7 . . x = ----- = --- (1magmary). 

6 6 
Case II: 2x2 + 3x + 1 :'.S 1 

⇒ 2x2 + 3x + :'.S O  ⇒ 2x ( x + ¾) :'.S 0 

⇒ - < x < O ⇒ x E - - 0 
-3 [ 3 ] 2 - - 2 ' 

In case I, we get imaginary value hence, re­
jected 

Domain of function = [-f,o l 



21. If S is the set of all real x such that 
2x -1 . . . th S 3 , 1s pos itive, en contams 

2x + 3x- + x 

(a) (-oo, -¾) (b) 

(c) (-� �) 4 ' 2 
(d) 

Solution 

2x -1 (a), (d) 3 2 > 0 
2x + 3x + x 

(-¾, -¼) 
(½, 3) 

(a) option is not match to the question 
(2x -1) 0 ⇒ ? > 

x(2x- + 3x + 1) 

or (2x -1) > 0  
x(2x + l) (x + l) 

+ + + 

-oo -1 -1 /2 0 1 /2 00 

Hence, the solution set is, 
X E (-oo, -1) U (-1/2, 0) U (1/2, oo) 

22. Domain of the function.f{x) = ✓sin - 1 2x + ¾ 
is /IIT (Screening)-2003} 
(a) [-1/4, 1/2] (b) [-1/2, 1/2] 
(c) [-1/2, 1/9] (d) [-1/4, 1/4] 

Solution 
(a) .f{x) is denied when 

0 :;;;  sin - 1 2x + 2: :;;; 2: + 2: 
6 2 6 

[·: sin - 1 2x :;;; 2:] 
2 
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23. What is the range of the function.f{x) = log 2 

{ (sin x - cos x + 3✓
2

)/✓
2

} ? /UPSC-2007} 

(a) [ l , 2] (b) [ 0, l] 
(c) (1, 2) (d) (0, 1) 

Solution 

(a) The maximum and mlillfilum value 
of the function sin x - cos x is .J1 2 + 1 2 and 
-.JI 2 + 1 2

, i.e., ✓
2 

and -✓
2 

-✓2, :,;; sin X - COS X :,;; ✓2, 

⇒ -../2 + 3../2 :;;; sin x 

⇒ 

⇒ 

-cos x + 3../2, :;;; ../2 + 3../2, 

2✓
2

:;;; sin x - cos x + 3✓
2

:;;; 4✓
2 

2 sin x - cos x + 3✓
2 

4 :;;; 
✓

2 :;;; 

1 2 1 (
sin x - cos x + 3✓

2

J 1 4 ⇒ og, ::::; og, r;:; ::s; og2 - - v2 

1 1 (
sin x- cos x + 3✓2 ) 2 ⇒ :;;; og 2 ✓2 

:;;; Thus 

the range is (1,2) 

OBJECTIVE PROBLEMS:  IMPORTANT QUESTIONS WITH SOLUTIONS 

1. The domain of definition of the function y(x) 
given by the equation 2' + 2Y = 2 
(a) oo < x < l  (b) -oo < x < l  
(c) l < x < oo  (d) l < oo < x 

2. Domain and range of .J 5 - 4x - x2 respec­
tively 

(a) [-5, l], [ 0, 3] 
(c) [ 5, -1], [ 3, 0] 

(b) [ 5, l], [ 3, 0] 
(d) None of these 

3. Range of the function 1 - I x - 2 I is 
(a) [ l , oo) (b) (-oo, 1) 
(c) (-oo, l] (d) (1, oo) 
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4. If.f{x) = cos [ x2 ] x + cos [-x2]x, then 

(a) .f{x/4) = 2 
(c) .f{x) = 1 

f Orissa JEE-2002} 
(b) .f{-1t) = 2 
(d) .f{x/2) = -1 

5. Domain of the function ✓log,( x2 - 6x + 6) is 

/Roorkee-1999; MPPET-2002} 

(a) (-00 ,3- ✓
3

] u [ 3 + ✓
3

, oo ) 
(b) (-00 ,3- ✓

3
) u ( 3 + ✓

3
, 00 ) 

(c) (-00 ,l] u[ 5, oo ) 

(d) (-= ,l ) u ( 5, = ) 

6. A real valued function.f{x) satisfies the func­
tional equation.f{x - y) = .f{x) fly) - .f{a - x) 
.f{a + y) where a is a given constant and.f{O) = 
l,.f{2a - x) is equal to /AIEEE-2005} 
(a) .f{-x) (b) .f{a) + .f{a - x) 
(c) .f{x) (d) -.f{x) 

7. Domain of f( x) = 5cot i is 

(a) R 
(b) R - n1t 
(c) R - {3nx; n e J} 
(d) None of these 

8. The domain of Y = 
.J x2 _ 3x + 2 is 

(a) (oo, 1) 
(b) (2, oo) 
(c) (oo, 1) u (2, oo) 
(d) (---oo, 1) u (2, oo) 

9. Domain of log10 [ 1  - log10 (x2 - 5x + 16)] 
(a) (1, 3) 
(b) (2, 3) 
(c) (-1, 3) 
(d) None of these 

10. Domain of 1 :,;; I x I :,;; 5 
(a) [ -5, -1] u [1, 5] 
(b) [ +5, 1] u [-1, -5] 
(c) [-5, 1] 
(d) None of these 

11. Domain and range of y = log( 3x2 - 4x + 5) 

(a) (-= , =){ log 1

31 , oo) 

(b) ( 3, -5); ( 5, 3) 
(c) ( 3, -5) 
(d) None of these 

12. Domain of the function .f{x) 
(log/18x - x2- 77))) 
(a) ( 2, 8) 
(c) ( 8, 10) 

(b) ( 6, 8) 
(d) None of these 

13. Range of the function f( x) = 3s in [ ✓ �� + x2 ] 
is 
(a) [O, 3/✓

2
] 

(b) [-3/✓
2

, 3/✓
2

] 
(c) [-3, 3] 
(d) None of these 

14. The domain of the function sin -1 {log{ � ) } 

is /MPPET-1998} 
(a) (-2, -1) u (1, 2) 
(b) (-1, -1) u (1, 2) 
(c) (-2, -1) u (1, 2) 
(d) None of these 

15. If x2 + y2 + z2 = 1, then l:Jl + yz + zx lies in 
(a) [-1/2, l] 
(b) [ 1/2, l] 
(c) [-1/2, -1] 
(d) [ 1/2, -1] 

. d d . d f x 2 - x + 4 16. Fm omam an range o 
x2 + 2x + 4 

? 

(a) [ l , 5/4] 
(c) [ l , 4/4] 

(b) [ 2, 5/4] 
(d) [ l , 4/5] 

17 Th 1 . f x
2 - 3x + 4 . . e so ubon set o > 1, x E R 1s 

x +l 
{UP SEE-2007} 

(a) ( 3, + oo) 
(b) (-1, l) u (3, +oo) 
(c) [-1, 1] u [ 3, + oo] 
(d) None of these 
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sBtOYIBNs 

1. (b) Step l: 2 >' = 2- 2 x> O  .... (1) 
as 2Y > O 
From (1) clearly 2' < i 1 ⇒ x < l ............ ( 2) 

Step 2: Therefore from (2) domain of the defi­
nition of the function y(x) is given by (-oo, l) 

2. (a) Step l: Given function is square root func­
tion. Therefore 5 - 4x - x1 2: O 

i.e., x2 + 4x- 5 � 0  
or ( x +S)( x-1) � 0  
Step 2: Using the sign of quadratic interval 
ofx 
i.e., domain of the function is [-5, l] 
Step 3: Maximum value of the quadratic ax2 

. 4ac-b 2 

+ bx + c is --- when a < 0. There-
4a 

fore maximum value of 5 - 4x - x2 1s 

4 x (-l) x 5- (-4) 2 
= 

-36 
= 9 

4 x (-l) -4 

Now range of ✓5- 4x- x2 = [ O , 3] as square 
root function can not take negative values. 

3. (b) Step l : I x - 2 1 is always positive therefore 
f (x) = l - I x  - 2 1 < l 
Hence its range is (-oo, l) 

4. (d) Step l: [n 2 ]= [( 3.14) 2 ]= [9. 86]= 9 

[-7t2 ]= [-9.86]=-10 
·: COS (-x) = COS X 
: . f( x) = cos 9x +cos l 0x 

Step 2: f - = cos 9- +cos l 0-( 7t ) 7t 7t 
4 4 4 

= co{ 2n + �  ) +co{ 2n + �) 

1t n l l 
= cos- + cos- = - + O = -

4 2 ✓
2 

✓
2 

f(-n) = cos 9n + cos l On 
= (-1)9 + (- l)' ° = O 

f(n) = cos 9n + cos l On = 0 

f - = cos 9- +cos -( 7t ) 7t l 01t 
2 2 2 

= 0 + (-1)5 =-l 

NOTE 

cos nn = (- 1) " ,  n E N  
7t cos(2n ±l) - = 0  
2 

5. ( c) Step l: log, (x2 - 6x + 6) 2: 0 as quantity 
within square root cannot be negative. 
i.e., x2- 6x + 6 2: e0 = 1  
x2 - 6x +  5 2: 0 
( x-l)( x- 5) 2: 0 

i.e., x �l and x 2: 5  
or xE (-oo,l) u [S, oo) 

NOTE 

If ( x -a)(x-b)> 0 and a <b then x e (-oo,a) 
(b, oo) 

6. (d) Step l: can be verified for/= cos and a = 

90 as follows 
f ( x- y) = f ( x)f( y)- f (a - x)f (a + y) is 7t true for f = cos and a = -

e.g., cos (x- y) = cos( x)cos( y)-sin x(-sin y) 
Step 2: options can be verified as follows: 
cos (2 x 90 °- x) = - cos x= -f( x) 
(a) cos (-x) = cos x = f(x) 
(b) cos 90 ° + cos ( 90 -x) 
(c) f(x) = cos (x) 
(d) -f(x ) = -cos x 

7. (c) Step l: By definition, domain of .f{x) = 

cot x is R - { mt} because cot x is not defined 
when x is integer multiple of 1r i.e., x * nn 
where n is any integer. 

Step 2: .:: * nn ⇒ x "#  3nn 

Domain is: R- {3nn} ,nE 1 
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X 
8. (c) Step 1: f( x) = 

1 2 = A quotient 
function. v x - 3x + 2 
Step 2: Domain of 
.J x2 - 3x + 2 = ,J

,....
( x---1-)( x---2-) 

( x-l)( x- 2)> 0 (a s denominator can­
not be zero and quantity within radical 
sign cannot be negative). 
Its domain i s (--oo, 1) (2, oo ). 

9. (b) Step 1: As negative nwnber s donot have 
log therefore, 
log 10 (x

2 - 5x + 16 ) < 1 
or x2- 5x + I6 <10 
or x2- 5x + 6 < 0 
or (x - 2) (x - 3) < 0 
or 2 < x < 3 or x e (2, 3) 

NOTE 

If (x-a) (x-b) < 0 and 0 <a < b then a < x <  b 
or x E (a, b) 

10. (a) Step 1 : Given inequalitie s are equivalent to 
following two inequalitie s: 
l x l� l ⇒ x �-1,x � l ....... (1) 

and lxl � 5 ⇒ -5 � x � 5 ....... ( 2) 
Step 2: On taking common of both (1) and (2) 
we get domain a s [-5,-1] u [1, 5] 

11. (a) Step 1: Range of quadratic 
f( x) = ax2 +bx + c  i s 

--- , 00 1 a> [
4ac-b 2 J .f 0 

4a 

( 
4ac-b 2

] 
. and -=, 

4a 
1fa < 0  

Step 2: Range of f ( x) = log( 3x2 - 4 x  + 5) i s 

[1 4 x 3 x 5-16 
) 

[i 11 
) og ----, oo or og -, oo 

4 x 3 3 

Step 3: Sign of quadratic f( x) = 3x2 - 4x +  5 
i s same as sign of coefficient of x2 

i.e., po sitive as B2 - 4AC = (-4) 2 - 4 x 3 x 5  
=16- 60 =-44 < 0 
Therefore domain i s set of real nwnber s i.e., 
(-00, 00) 

12. ( c) For domain of 
f( x) = log 4 ( log 5 (log 3 (18x- x2 - 77))) 

log 5 (log 3 (18x- x2 - 77 ) )  > 0 

log 3 (18x- x2 - 77) > 5 ° 

18x- x2- 77> 3
1 

x2 -18x + 80 <  0 
( x-l O)( x- 8) < 0 

X E  ( 8 ,10) 

13. (a) Here con sider g( x) = � 

who se range i s [ 0, % ) 

Range = [3 sin 0, 3 sin %] = [ 0, }i] 
14. (a) f( x) = sin -' [ log{ � J J i s defined when 

(
x2 J x2 

-1 � log 2 2 
� 1 ⇒ i-1 

� 
2 

� 2 

1 � x2 
� 4 ⇒ X E  (-2,-1) u (l , 2) 

15. (a) If x2 + y2 + z2 = 1; then ( x  + y + z) 2 
� 0 

x2 + y2 + z2 + 2(.xy + yz + zx) � 0 
-1 ⇒ xy +  yz + zx � -

2 
Also ( x- y) 2 + ( y- z) 2 + ( z- x) 2 � 0  

x2 + / + z2 � xy + yz + zx ⇒ xy + yz + zx � 1 

xy + yz + zx e [ �
1 , 1] 

. x2 - x + 4  16. (a) Given y= ----
x2 + 2x + 4  

Here y i s defined when x2 + 2x + 4 ,;a 0 which 
i s true for real x. 

Domain e R  



For range y( x2 + 2x + 4) = x2 - x +  4 

x2 (y-1) + x( 2y + 1) + 4( y-l}  = 0 

For real x, 
D � 0 ⇒ ( 2y + 1)2 

-16( y-1) 2 
� 0 

-12y2 + 3 6y-15 � 0  
⇒ 4y2- 9y + 5 � 0  

( 4y- 5)(y-1) � 0 ⇒  yE [1, ¾] 
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17. (b) x2 - 3x + 4 
> 1 or x2 - 3x + 4 

1 > 0 
x + l  x + l 

x2- 4x + 3  
0 ( x-l)( x- 3) 0 - -- > ⇒ -- -- > 

x + l x + l  
nwnber line will be 

+ 

-1 

XE (-1,l } u (3 , oo) 

3 

+ 

► b!l§Gtitb GMk I ii J P kSJLJ!i!J l!BJ!l I iLAJ P kSJtliiM I Ck P kl@ I iii,. 
For :rrrrncre trff P ''™ ors: :resx d 

1. If x is real, then value of the expression 
x2 + I4x + 9 lies between 
x2 + 2x + 3 

{UPSEAT-2002} 
(a) 5 and 4 
(b) 5 and-4 
(c) -5 and 4 
(d) None of these 

x + 2 
2. The range of the function f( x) =

I x + 2 1 is 

(a) { O, 1} 
(c) R 

/RPET-2002} 
(b) {-1, 1} 
(d) R - {-2} 

3. The domain of the function y = ✓ � - I is 

(a) x � l  (b) O � x � l  
(c) O � x < l  (d) O < x � l  

4. If the domain of function.f{x) = x2 
- 6x + 7 is 

(-oo, oo ), then the range of function is 

(a) (-oo, oo) 
(c) (-2, 3) 

/MPPET-1996} 
(b) (-2, oo) 
(d) (-oo, -2) 

5. Range of "'( x) = 
x2 

2
+ 34x - 71 is J 

X + 2x- 7 

(a) [ 5, 9] 
(c) ( 5, 9) 

/Roorkee-1983} 
(b) [-oo, 5] u [ 9, oo) 
(d) None of these 

6. The domain of the function 
f( x) = ✓ 2- 2x - x2 = .J3 - ( x  + 1) 2 

/Roorkee-92} 

(a) [-l- v'3, v'3- 1] 

(b) [l- v'3, .J3 - 1] 
(c) [-l + v'3, v'3 +1] 
(d) None of these 

7. Domain ofthe function f( x) = ✓ 4- x2 is 
(a) (-oo, -2) u ( 2, oo) 
(b) (-2, 2) 
(c) [-2, 2] 
(d) None of these 

8. The range of the function.f{x) = x2 is 
(a) R (b) (0, oo) 
(c) [ O, oo) (d) [1, oo) 

. x2 + x + 2  9. Range ofthe funcbon /( x)= 2 1 ; xE R 
X + x +  

is 

(a) (1, oo) 
(c) (1, 7/3) 

/IIT (Screening)-2003} 
(b) (1, 11/7] 
(d) (1, 7/5] 

10. Domain and range of y = 1 + x - [x - 3] 
(a) (-oo, oo), [ 4, 5) 
(b) (oo, oo), [ 4, 5] 
(c) (-oo, oo), (4, 5) 
(d) (oo, oo), [ 4, 5) 
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11. The range of f( x) = sec ( �cos 2 x ) .  x 

-oo < x < oo  is 
f Orissa JEE-2002} 

(a) [1, ✓
2

] 
(b) [1, oo] 

(c) [-✓
2

, -1] u [1, ✓
2

] 
(d) (-oo, -1] u [1, oo) 

1 1 12. If f( x) = 
,J x + 2·hx - 4 

+ 
,J x - 2·hx - 4 

for x > 2, then /{11) is equal to 
(a) 7/6 (b) 5/6 
(c) 6/7 (d) 5/7 

13. log 02 ( x - 2) < log 0.04 ( x - 2),  then x lies in 
the integral 

(a) ( 3, oo) 
(c) (1, 2) 

(b) ( 2, 3) 
(d) None of these 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1 .  The answer sheet is  immediately below the 
worksheet . 

2. The test is of 1 1  minutes . 
3. The worksheet consists of 1 1  questions . The 

maximum marks are 3 3 .  
4 .  Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil 
is strictly prohibited . 

1 . If the domain of function.f{x) = x2- 8x + 11 is 
(-oo, + oo ), then the range of function is 

{KUKCEET-1994; MPCET-1996/ 
(a) [-5, 5J  (b) [-5, oo) 
(c) (-oo, -5J (d) (-oo, + oo) 

2. The domain of the function 
l f ( x) = .J x2 - 3x + 2 

is 

(a) (-oo, l) 
(c) (-oo, lJ u [ 2, oo) 

(b) (-oo, l) n (2, oo) 
(d) (2, oo) 

. . X . 
3. The range of the function 1s y = --2 1s 

l + x 

(a) [ 0, ½ ]  
(c) [ -½ ,o ] 

(b) [ -½ , ½ ] 
(d) None of these 

. x2 . 4. The range of the function y = --2 1s 
l + x 

(a) [ O , l [  
(c) JO,  l [  

(b) [ O , l J  
(d) None of these 

5. The range of the function /(x) = .J3x2 - 4x + 5 
is 

(a) [-00)¥ ] (b) ( -oo,
fl ) 

(c) [ fl,= ) (d) ( fl,= ) 6. The function /(x) = ✓log io ( 
5x

�
x

2

) exists 
for 
(a) [ l, 4 J  (b) [ l, O J  
(c) [ O, 5J  (d) [ 5, O J  

7. The range of the function /( x) = � is 
3 - x  

(a) (-00, 0) u [ i, 00 j 
(b) (-oo, O) u ( i ,00) 
(c) (-00, 0] u [ i, 00 j 
(d) None of these 8. The range of the function sin (sin -1 x + cos -1 x), 
I x  I ::;1 is {Kerala CEE-2004/ 
(a) [-1, lJ (b) [ l, -lJ 
(c) {-1} (d) { l} 9. The domain of the 
(-Jsx - 3 - 2x2 ) is 
(a) [ 3/2, oo) 
(c) (-oo, lJ 

function J{x) = exp 
{MP PET-2004/ 

(b) [ l, 3/2J  
(d) ( I, 3/2) 

. 
/i 

x2 - 2x + 4 . 
10. Domam and range of (x) = 2 1s 

X + 2x+ 4 
(a) (-oo, oo); [ l, 3J (b) [ -oo, oo]; [ l/3, 3J  
(c) (-oo, ooJ (d) None of these 

11. Let n be a natural number. Then the range of 
the function.f{n) = s - "P • - 4, 4 ::; n ::; 6, is 

(a) { l, 2, 3, 4} 
(c) { I, 2, 3} 

{Kerala PET-2008/ 
(b) { I, 2, 3, 4, 5, 6} 
(d) { I, 2, 3, 4, 5} 

ANSWER SHEET 

1 . @ @ © @  
2. ® ® © @  
3. ® ® © @  
4. ® ® © @  

5. ® ® © @  
6. ® ® © @  
7. @ @ © @ 
8. ® ® © @  

9. ® ® © @  
10. ® ® © @  
11. ® ® © @  



A.34 Domain and Range of Real Functions 

HINTS AND EXPLANATIONS 

2. ( c) For domain of 

f( x) = 1 
, x2- 3x + 2 > 0 

-f x2 - 3x + 2  
( x-l)( x- 2) > 0  

+ + 

2 

:. xE (-oo,l) u ( 2 ,=) 

2 
2 2 4. (a) y = -x- , for range y + yx = x 

l + x2 

x2 = __l:'._ � 0 
y-1 
Nwnber line for __l:'._ is 

y-1 
+ 

0 

:. yE (-=,O] u (l ,oo) 

+ 

5. (c) Range of f( x)= -f3x2- 4x + 5  
-D We know that 3x2 - 4 x + 5 � -
4a 2 5 -(16- 4.5.3) or 3x - 4x + > ___:_ __ ___;_ 

4.3 

2 +1 1 3x - 4x + 5 � -

Range E [ J¥,00 l 
( 

5x - x2 J ·11 . 6. (a) f( x) = log 1 0  -
4
- WI exist, 

(
5x- x2 J if log 1 0  -

4
- � 0 

5x - x2 
� 100 ⇒ 5x - x2 � 4 

4 
x2- 5x + 4 � 0  
X E  [1, 4 ] 

8. (d) Range is {sin ( �)} 

yE {l } ( ·: sin -1 x + cos -1 x= �) 

11. (c) For range n = 4, 5, 6 
Range E {/(4) ,f( 5),f( 6) } 

E {4P0 ,
3 P.,, 2 P2 } 

E {1,3 , 2} 



LECTURE 

Algebra of 
Functions 

► BASIC CONCEPTS d 
(Sum, Difference, Product and Quotient of function) 
Let/: A ➔ R and g : B ➔ R be two real function with 
domains A and B respectively then 

1. Sum Function (f + g) : A n B ➔ R is defined 
as (f + g) (x) = j(x) + g(x) :  and domain off+ g 
i.e., D(f + g) = A n B. 

2. Difference Function (f - g): A n B ➔ R is 
defined as (f-g) (x) = j(x)-g(x) :  and domain 
off - g  
i.e., D(f-g) = A n  B. 

3. P roduct Function/g : A n  B ➔ R is defined 
as fg(x) = j(x) g(x) and domain offg is A n  B. 

4. Quotient Function 

L :  {A n B - {x I g(x) = O} ----.  R is defined as 
g 

L ex) = f (x) 
g(x) * o 

g g( x) ' , 

D( f/g) = A n B- {x I x E A  n B 
and g( x) = O} 

Example 
f and g be two functions defined by 
j(x) = �; g( x) = .J 4 - x2 then 

D(f) = [ l, oo) D(g) = [-2, 2] 

D = D
1

n Dg = [ l, oo) n [-2, 2] = [ l, 2] =/- � 

Then the following function with domain D are de­
fined by (f + g) (x) =f(x)+ g(x) = � + ✓4- x2 

(f-g) (x) = j(x)-g(x) = � - ✓4- x2 

(Jg) (x) = j(x) g(x) = �✓4- x2 

NOT E 
A great care is taken in finding domain of quotient 
function 

f f(x) .Jx - 1 -(x) = - = -- Domam(f/g)= [ l, 2) 
g g(x) .J4 - x2 

g 

� 

. ( g ) y
( x) = � ; 1.e., D 

f 
= ( l , 2] 

Example 
Let/andg be two real functions defined by j{x) = 

(x), V x ER; g(x) = lxl V x ER; find 
1. f + g :  R ➔ R = j(x) + g(x) 

{ 2x ; X � 0 = Vx ER 
O; x < 0  

2. f - g :  (x)=f(x)-g(x) = { O 
-2x 

where x 2:: 0 
where x ::; 0 

3. Jg : (x) = f{x) g(x) = { 
x2 

-x2 

when x � 0 
when x < 0 

4. ( L )cx) = f(x) = l � = l ,  

g g( x) _x_ = _1 (-x) , 

when x � 0 

when x < 0 



A.36 Algebra of Functions 

i1 EQUALITY O F  TWO FUNCTIONS 

Two functions.f{x) and g(x) are said to be equal iff 
(i) D( f ) = D(g) i.e., domain off= domain of g. 

(ii) .f{x) = g(x) ; Vxe D domain/ 

Example 
.f{x) = x I x I and g (x) = x2 are equal if 

D( f ) = D(g) = [ O , oo) 

NOT E 
If f and g are defined on different domains then 
they are not equal . 

i1 EVEN AND O D D  FU NCTIO N 

Even Function A function y = .f{x) is said to be an 
even function if.f{-x) = .f{x), V x E D

r 
Odd Function A function y = .f{x) is said to be an 
odd function if.f{-x) = -.f{x), V x E D

r 

NOT ES 
1. Inverse of an even function is not defined. 
2. Every function can be expressed as the sum of 

an even and an odd function. 
i .e . ,  

1 1 
f(x) = 2 {f(x) + f( -x)} + 2 {f

(x) -f( -x)} 

= { Even Function } + { odd function } 
3. If .f{x) - .f{-x) = 0 then.f{x) is an even func­

tion and if .f{x) + .f{-x) = 0 then.f{x) is an odd 
function . 

4. A function may neither be even nor odd. 
5 . .f{x) = 0 is the only function which is defined 

on the entire number line is even and odd at 
the same time . 

6. Every odd continuous function passes through 
ongm. 

7. Every even function y = .f{x) is not one-one 
V x e D

1 
8. The derivative of an odd function is an even 

function and derivative of an even function is 
an odd function . 

9. If/ and g both are even or any one of them is 
odd then fog will be even. If/ and g both are 
odd then gof i s  odd . 

10. The square of an even or an odd function is 
always an even function. 

11 .  The graph of an even function is symmetrical 
about the Y-axi s .  

12. The graph of an odd function is symmetrical 
about the origin . 

13. Table of two functions which are attached : 

j(x) g(x) j(x) + j(x) - j(x) f(x) (fog) X 

g(x) g(x) g(x) g(x) 
Even Even Even Even Even Even Even 

Even Odd Neither Neither Odd Odd Even 
even nor even 
odd nor odd 

Odd Even Neither Neither Odd Odd Even 
even nor even 
odd nor odd 

Odd Odd Odd Odd Even Even Odd 

Example 

f( x) + f(-x) [g( x)-g(-x)] is odd function 2 
ex + l 1. x.-- even. 
e-' - 1 

2. log [ x + .Ji"+7] odd 

(1- x) 3. log -- odd function 
l + X 

4. .Ji + x + x2 - .Ji - x + x2 odd function. 

a x + l 5. x-- even function 
a x -1 

ex + l 6. -- odd function 
e-' -1 

7. -x I x I odd function. 

8. a x -1 is odd function 
a x + l 

9. I x I even 
Following are examples of neither even nor 
odd function: (x2 + x : sin x + cos x : e-' . [x], 
I x - 2 1 etc. 

9 PERIO D IC FUNCTION 

A function.f{x) is called a periodic function if there 
exists a positive number T such that.f{x + T) = .f{x). 



T is called the period of the function .f{x). If T is 
least then it is called fundamental period of the 
function. 
Example: does there exist a function which is peri­
odic but has no fundamental period: 

{o, if X is irrational 
f(x) = 

1 .f . . 1 , I X IS rat10na  
{o, i f  X is irrat ional 

f(x+ m) = 
1 , if x is rational 

NOT ES 

1. The period of sin x, cos x, sec x and cosec x is 
2rc .  

2. The per iod of tan x and cot x is re .  
3 .  I f  T i s  the fundamental period of the function.fi:x) 

then the function .f{ax + b) where a (> 0) and b 
are any number s is al so a periodic function with 
f . T undamental penod equal to - . 

a 
4. When a function consist s  of several terms, each 

of which is per iodic , any common multiple of 
the period s of the terms is a period of the func­
tion .  The least common multiple is the funda­
mental period of the function. 

5. Per iod of I sin (ax + b) I , I cos  (ax + b) I , 1 sec 

(ax + b) I or I cosec (ax + b) I is � 
a 

6. Period of I tan (ax + b) I , I cot (ax + b) I is � 
a 

7. co s ✓x is not a periodic function .  
8 .  fix) = x - [x] i s  a periodic function with period 1 .  

8 COM PO S ITE  FU NCTION 

Let/: A ➔Band g : B ➔ C be two functions then the 
composite function gof : A ➔ C defined by : 
gof(x) = g [/{x)] is called the composite of two func­
tions/ and g. 

gof: A -c 

D(gof) r:;; D  (f); R(gof) r:;; R(g) 

Algebra of Functions A.37 

NOTES 

1. f and g are inject ive, gof is injective .  
2 .  f and g are surjective = > gof is surjective 
3. f and g are b iject ive = > gof is b iject ive 
4. Composite of two functions is even if at least 

one of them is even function (composite of two 
odd function is odd) 

Gi KEY SKILLS 

(i) The composite fofis defined when the domain 
off is equal to the co-domain off J and g do 
not commute under the operation of compos­
ite function. 

(ii) The product function Jg and the composite 
function fog are different. 

(iii) f and g commute under the product of two 
functions. 

(vi) (fog) oh= Jo (goh); (cf) og = Jo (cg) = c(fog) 

If f : A ➔ B; andg : B  ➔ C be one-one 
(v) onto maps then (got) is invertible and 

(gof)-1 = r'og_, 

Examples 

1. If .f{x) = x2 + l, g(x) = 3x - 2, the (gof) (x) 
= g(j(x)) = g(x2 + l) = 3(x2 + 1)- 2 = 3x2 + l 

2. If A= { 2, 4, 6} and function is defined 

f :  A ➔A, then /= { (2, 4), (4, 6); (6, 2)}, then/ 
of is 
(a) { (2, 6); ( 4, 2) ; (6, 4)} 

3. If .f{x) = 2x; g(x) = l - x ; h(x) = x + I; then 
[ hogof] (x) = 
(a) l - 2x 
(b) l - x  
(c) 2x+ l 
(d) 2 (1 - x) 
Ans. (d) 
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1. f : R ➔ R is an identity function. What is the 
fof and .ff. 

3x X 2. If f( x) = -
1 and <J>( x) = -- , prove that x- x- 3 

/{$(x)} = $ {/{x)}. /MP-2000} 

3. If.f{x) = x3 + 3x - 4 sin 3x, then prove that.f{x) 
is an odd function of.f{x). 

4. If f( x) = e2x , g( x) = log ✓x where x > 0, then 
find the value of 
(i) (f. g) X (ii) (fog) X (iii) (got) X 

Indicating the domains of the respective 
functions. 

5. If.f{x) = (a - x") 11". Prove that .f{f{x)) = x. 
/CET-199 7} 

6. If .f{x) = ex and g(x) = log,x (x > 0), find fog 
and gof. Is fog = gof. / CBSE-2002} 

7. Prove that the fundamental period of .f{x) = 

2cos �( x -n) is 61t. 
/DCEE-98} 

8. Find the value of log 2 log 2 ( .J ✓. . . .  ✓2
). Square 

root being taken n times. 

9. If the domains off and g are R, then find 
the value of Jg, when .f{x) = x5 and g(x) = 

x2 + 1. 

10. If.f{x) = x2 + 2x sin x + 3, then prove that.f{x) 
is an even function of x. 

. . cos - 1 x 11. Fmd domam of f( x) = 
[zj" 

12. If f( x) = ✓x ( x  � 0) and g(x) = x2
-1 are two 

real functions, find fog and gof. Is fog = gof. 
f CBSE-2002} 

2x- 3 x + I  13. If f( x) = 
x + 1 

and g( x) = 
x _ 3

, then find 

the values off{g(x)} and g{/{x)}. 

14. State, giving justification for your answer, 
which of the following pairs of functions 
are equal. 

/PSB-1998} 
x2 

(i) j(x) = x, g( x) = -

(ii) j(x) = ( x4 + x2)( x -1) , g( x) = x( x  -1) 
x2 ( x2 + 1) x 

15. If.f{x) = x3 - 3 x cos x + 5x, then prove that.f{x) 
is an odd function of x. 

ANSWERS 

1. x, x2 

4. (i) e2x . log ✓x 
(ii) X 

(iii) x, domain = (-oo, oo) 
6. fog = x, gof = x, gof # fog. 

8. -n 

9. x5 (x2 + 1) V x E R. 

11. D
1

= [-1, 0) u {1}. 

12. x -1, .J x2 -1, fog ;t gof 

11- x 3x- 2 13. -- --
2x- 2'-x- 6 

14. (i) Not equal 
(ii) Equal 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. Letg(x)= l +x-[ x]and f( x) = 0 , x = 0 ,  l
- 1  , x < O 

1 , X > 0 
then for all x,fig(x)) is equal to (Here [ .] rep­
resents greatest integer function) 

(a) 0 
(c) -1 

/IIT (S)-2000, DEC-2005} 
(b) 1 
(d) 2 

Solution 

(b) g(x) = l + { x}, g(x) � l  

0 :5; x- [ x] < 1 Hence : fig (x)) = .f{l )  = 1 

x- 3 2. If fi.x) = --, then f[f {/{x)}] is equal to 
x + l 

(a) X 

(c) x/2 
(b) -x 
(d) -1 /x 

Solution 

x- 3 
(a) f{f( x) }  = f( x)- 3 = �- 3  

f(_x) + 1 X - 3 + l 
x + l 

x- 3- 3x- 3  -2x- 6 3 + x  = 
X - 3 + X + 1 = 2x  - 2 = 1- X 

e
+ x

)- 3  
Now f[f{fi.x) } ] = f u � :) = ��: 

-- +1 1- x 
3 + x- 3  + 3x 4x 

= --- - = - = x 
3 + x + l- x 4 

3. Iff(x) =-l + l x - 1 1,-1 :5; x :5; 3; g(x)= 2- l x 
+ 1 1, -2 :,;; x :,;;  2 then for x E (0, 1), (fog) (x) is 
equal to /Roorkee-90} 
(a) x - 1  (b) l - x 
(c) x +  1 (d) -{x + 1) 

Solution 

(a) O < x < l  ⇒./{x) =-1- (x - l ) =-x 
g(x)= 2- (x + l ) = 1 - x 
x E (0, 1) ⇒ (fog) (x) = j[g(x)] = ./{1 - x) 
= -{l - x) = x - 1. 

ax 4. If fi.x) = --, x -:f. -1, then for what value of 
x + l 

a,f[f(x)]= x 

(a) ../2 
(c) 1 

Solution 

/IIT (Screening)-2001 ; 
Kerala (CEE)-2005} 
(b) - ../2  
(d) -1 

(d) f[fi.x)] = 1(�) = a(�) 
x + l ax 1 -- +  

x + l 
= x (given) 

a2x 
⇒ ---- = x ⇒ a2 x= (a + l )x2 + x  (a +  l)x + 1 
⇒ a2 = 1 and a +  1 = 0 ⇒ a = -1 

5. Function fi.x) = log( x3 + .J1 + x6 ) is 
/Roorkee (Screening)-2000} 

(a) even function 
(b) odd function 
( c) algebraic function 
(d) discontinuous function 

Solution 

(b) · :  f(-x) = log(-x3 + .Jl + x6 ) 

.f{x) + .f{-x) = log (1 + x6- x6) = 0 
⇒ .f{-x) = -.f{x) ⇒ /is odd 

6. For the graph of the function y = sin -1 x, -1 :,;; 
x :,;; 1, correct statement is 

/Kerala (CEE)-2003} 
(a) graph is symmetrical about x-axis 
(b) graph is symmetrical about y-axis 
( c) line y = 1 is a tangent 
(d) line x = 1 is a tangent 

Solution 

( d) By the graph of sin -1 x, only ( d) is correct. 

1 7. If f( x) = 1 _ x
, g( x) = fi.f( x)) and h(x) = 

f(f(./{x))), then ./{x) g(x) h(x) is equal to 
/VIT-2005} 
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1 (a) 
(1- x)J 

(c) 1 

Solution 

1 
(b) l- x 
(d) -1 

(d) g(x) = .f{.f{x)) = 1( 1 � x) = 
1 

1 
1- -

1- x 

= -( 
1 : X ) ; h(x) = f(f(./{x))) = 1( _ 1 

: X ) 
1 ---=x 
1- x 1 + ­

x 

f(x) g(x) h(x) = ( l �
x 

)( -
1

:
x
) <x) 

=- 1  

8. Let./{x) = ax + b and g(x) =ex+ d. If (fog) (x) 
= (gof) (x), then 

(a) f(a) = g(c) 
(c) ./{c) = g(d) 

Solution 

(d) (fog) (x) = (gof) (x) 

/Kerala PET-2008} 
{NDA-2005} 

(b) f(b) = g(a) 
(d) ./{d) = g(b) 

⇒ a(cx+ d)+ b=c(ax+ b)+ d  
⇒ ad+ b=bc+ d  
⇒ ./{d) = g(b) 

1 3x + X3 

9 G. + x d ( ) . 1ven f(x) = log 
1 _ x 

an g x = 
1 + 3x2 , 

thenf[g(x)] is equal to 

(a) -./{x) 
(c) [/{x)]3 

Solution 

{NDA-2006} 
(b) 3./{x) 
(d) -3./{x) 

(a) f[g(x)] = log [
l +g( x)

] 1- g(x) 

= log ( 
1 + 3x 2 + 3x + x3 

) 

1 + 3x 2 
- 3x - x3 

( 
1 + 

)
3 

= log 
1 _ : =3.ftx) 

10. If/: R ➔ R  is defined by 

l
x+ 4  for x <-4 

ftx) = 3x + 2 for -4 :5: x < 4, then the 
x- 4 for x � 4  

correct matching of List I from List II is 

List-I 
(A) ./{-5) + ./{-4) 
(B) .f{ l.f{-8) I) 
(C) ./{/{-7) + ./{3)) 
(D) ./{/{/{/{0)))) + 1 

(A) (B) (C) (D) 
(a) (iii) (vi) (ii) (v) 
(b) (iii) (iv) (ii) (v) 
( C) (iv) (iii) (ii) (i) 
(d) (iii) (vi) (v) (ii) 

Solution 

/EAMCET-2006} 
List-II 

(i) 14 
(ii) 4 

(iii) -11 
(iv) -1 
(v) 1 

(vi) 0 

(a) (A) : ./{-5) = -5 + 4 = -1 and ./{-4) = 3 x 
- 4 + 2=-10 
Then ./{-5) + ./{-4) = -1 - 10 = -11 Hence (A) 
➔ (iii) 
(B) :.f{-8) = -8 + 4 = - 4 ⇒ 1.f{-8) I= 4 
Now .f{ l.f{-8) I)= 4 - 4  = 0 Hence (B) ➔ (vi) 
(C) : ./{-7) = -7 + 4 = -3 and ./{3) = 3 x 3 + 2 = 11 
⇒ ./{-7) + ./{3) = 8 
Now ./{/{-7) + ./{3)) = 8- 4 = 4 
Hence (C) ➔ (ii) Hence (a) is the correct an­
swer. 

11. If the function ./{x) is defined by .f{x) =a+ bx 
andf' = .tJJ . . . . .  (repeated r times), thenf' (x) 
is equal to /MPPET-2005} 
(a) a +  b'x 
(b) ar + b'x 
(c) ar + bx' 
(d) a (b'- 1/b-l)+ b' x  

Solution 

(d) ./{x) =a+ bx 
f { ./{x)} =a+ b (a+ bx) = ab + a+ b2 x = a (1 + b) + b2 x 

/ {f { ./{x)}} =f {a ( l  + b)+ b2 x }  = a - b (a ( 1  + b) + b2x) 
= a (1 + b + b2) + b3 x 



f ' (x)=a (l + b + b2 + ........ + b'- 1)+ b'x ( b '  - 1 ) = a 
b-1 + brx. 

12. The domain of j(_x) = logz (x + 3) is 
x2 + 3 x + 2 

(a) R- {-1, -2} 
(c) R- {-1,-2,-3} 

Solution 

(d) j{x) is defined, if 

/IIT (S)-2001} 
(b) {-2, oo} 
(d) (-3, oo)- {-1,-2} 

x + 3 > 0 and x2 + 3x + 2 -=I- 0 
⇒ x>-3 and x -=l--l,-2 
⇒ X E (-3, oo)- {-1, -2} 
Hence, the domain off(x) is (-3, oo)- {-1, -2} 

sin -1 ( x  - 3) 
13. The domain ofthe function/( x) = � 

9 - x  
is 
(a) [ l , 2] 
(c) (1, 2) 

Solution 

/AIEEE-2004} 
(b) [ 2, 3) 
(d) [ 2, 3] 

(b) sin-1 (x- 3) is defined when- I :s; x- 3 :;::;  1 
⇒ 2 :s; x :;;; 4  

domain of sin -1 (x - 3) = [ 2, 4] 
Also ✓ 9 - x2 is defined when 9 - x2 � 0 
⇒ x2 :;::; 9  
⇒ l x l :;::; 3  

1 
domain of 

✓ 2 = (-3,  3) 
9 - x  

Hence D1
= [ 2, 4] n (- 3, 3) = [ 2, 3) 

14. The domain of the real valued function 
f ( x) = 3e,r;c; log( x  -1) is 

/CET (Pb.')-91, 94} 
(a) R- { l } 
(b) R- [-1, l] 
(c) [ l , oo) 
(d) (1, oo) 

Solution 

(d) j{x) will be real if x2 - 1 � 0 and x - I > 0 
⇒ x2 � 1 and x> 1 
⇒ l x l � l and x> l  
⇒ x > I :. D

1
= (1, oo) 

Algebra of Functions A.41 

. . fi. ) . -1 ( 2- 1 X I ) 15. Domam ofthe funcbon x = sm -
4
-

+cos -1( 2-1 x l
) + tan -1 ( 2-1 x I ) is 

(a) R 
(c) [ --6, 6] 

Solution 

(b) [ 0, 6] 
(d) [-3, 3] 

(c) If D I ' D2, D3 be domains of 

. -1(
2- l x l

) -1( �) sm -
4
- , cos 4 , 

tan -1 ( 
2-1 x I ) respectively, then 

D I = D2 = [ --6, 6], D3 = R :. D1
= D 1 n D2 n D3 = [ --6, 6] 

16. The domain and range of the function 

f(x) = s in { log( � ) }· 

/IIT-85, DCE-98, PET (Raj.')-2003} 
(a) (-2, 1) and [-1, l] 
(b) ( 2, 1) and [-1, l] 
(c) (-2, -1) and [-1, l] 
(d) None of these 

Solution 
Since log x is defined for x > 0. Therefore,j{x) 

✓ 4 - x 2 
is defined for --- > 0 ⇒ 4 - x 2 > 0 and 

1- x 
1 - x > 0 ⇒ x 2 

- 4 < 0 and x < I 
⇒ -2 < x < 2 and x <  1 ⇒ xE (-2,1) 
Hence, the domain ofj{x) is (-2, 1) 

Since fi.x) = s in { log( � ) } and sin x 

assumes all values between -1 and 1. There­
fore, range ofj{x) = [-1, l]. 

17. If the function/satisfies the relationj{x + y) + 
j{x - y) = 2 j{x) .fly), V x, y ER and j{0) -=1- 0, 
then prove that j{x) is an even function. 

Solution 

Given j{x + y) + j{x - y) = 2j{x)fly) .... (1) 
Replacing x and y and y by x in (1) then 
fly+ x) + fly-x) = 2fly)j{x) ........... (2) 
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From (1) and (2) we get 
fly- x) = j{x - y) Putting y = 2x then 
j{x) = j{-x) 
Hence j{x) is an even function. 

18. If/: R ➔ R andg: R ➔ R are defined by j{x) 
= x - [x] and g(x) = [x] for x ER, where [x] is 
the greatest integer not exceeding x, then for 
every x E R,fig(x)) = /EAMCET-2007} 
(a) X (b) 0 
(c) j{x) (d) g(x) 

Solution 

(b) fig(x)) = j{[x]) = [x] - [x] = 0 V x ER 
( ": [ (x)] = [ x]) 

x- 3  
19. Domain of the functionj{x) = ,--,_------; is 

(x- l) v x-- 4 
(a) (1, 2) 
(b) (--oo, -2) u (2, oo) 
(c) (--oo, -2) u (1, oo) 
(d) (--00,00)- { l , ±2} 

Solution 
(b) Obviously, here lxl > 2 and x * 1 i.e., x E 
(-oo, -2) u (2, oo) 

20. If a, b be two fixed positive integers such that 
j{a + x) = b + [ b3 + 1 - 3b3/{x) + 3bj{x)2 -
(f{x))3] 113 for all real x, thenj{x) is a periodic 
function with period. /Orissa(JEE)-2003} 
(a) a (b) 2a 
(c) b (d) 2b 

Solution 

(b) j{a + x) = b + (1 + { b -j{x)} 3) 113 

⇒ j{a + x)- b = (1- {/{x)- b} 3) 113 

⇒ 4> (a + x) = { 1- { 4> (x) } 3} 113 

[ 4> (x) = j{x)- b] 
⇒ 4> (x+ 2a)=l { l- { 4> (x +a } 3} 113= 4> (x) 
⇒ j{x + 2a) - b = j{x) - b 
⇒ j{x + 2a) = j{x) 

j{x) is periodic with period 2a. 

21. If g : [-2, 2] � R where g(x) = x3 + tan x + 

[ x
2

p
+ 1

] is a odd function then the value of 

parametric P is /DCE-2005} 
(a) -5 < P < 5  (b) P < 5  
(c) P> 5 (d) None ofthese 

Solution 

(c) g(x)=x3+ ta nx+ [ 
x2

p
+ l

] 

g(-x) = (-x3) + tan (-x) + [ (
-x: 

+ l
] 

x2 +1 
g(-x)=-x3- tan x+ --

p 

g(x) + g(-x) = 0 becauseg(x) is a odd function 3 [ x2 + 1 ] 3 
X + tan X + -y-- - X 

- tan x + [ 
x2

p
+ 1

] = 0 

⇒ 2 [ 
(x2

; 
1)

] = 0 

x2 +1 5 ⇒ 0 � -- < 1 · _ - X E [-2 2] ⇒ 0 :::; -
p , p 

< l ⇒ P> 5  

22. Ifj{x)= cos -1 (
2-

1
x l

) + [ log (3- x)]-1, then 

its domain is 
(a) [-2, 6] 
(c) [ --6, 2] 

Solution 

(b) [ --6, 2) u (2, 3) 
(d) [-2, 2) u (2, 3] 

(b) The domain of cos -1 ( 
2-1 x I )  is given 

2- l x l  by -1 � -- :::; 1 <=> --6 :::; - lx l :::; 2 <=> -2 
4 

:::; lx l :::; 6 <::::> lx l :::; 6 

. 
(
2- l x l

) Thus, the domam of cos -1 -
4
-

[ --6, 6]. 
1 

The domain of is the set of all real 
log (3- x) 

numbers for which 3 - x > 0 and 3 - x * 1 i.e., 
x < 3 and x °l'- 2  
Hence, domain of the given function is 
{ x l --6 :::; x :::; 6} n { x l x * 2, x < 3} = [ --6, 2) 
u (2, 3) 

23. Let j{x) = sin x and g(x) = 1n lx l - If the ranges 
of the composition functions fog and gof are 
R 1 and R2 respectively, then /IIT-JEE-1994} 



(a) R 1 = { u :  -1 � u < l }, R2 = { v  :--ao < v < 0} 
(b) RI 

= { u : -00 < u < 0}, R2 = { V : -1 � V � 0} 
( C) RI 

= { u : -1 < u < I }, R2 = { V : -00 < V < 0} 
(d) R 1 = { u  :-1 �u � l }, R2= { v  :-oo < v � 0} 

Solution 

(d) We have fog(x) = fig(x)) = sin (ln lx l) 
R 1= { u :-l �u � l } 

Algebra of Functions A.43 

( : . -1 � sin e �  1, \f 0} 

Also gof(x) = g(j{x)) = 1n lsin x l 
· :  0 � lsin x l � 1 
⇒ -oo < ln lsin x l � 0  
: .  R2 = { v :  - oo  < v � 0} 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1 .  The domain of the definition of the function 
1 y =

1 ( )
+ ✓x + 2  og 1 0  1- x 

(a) [-2, 1)- [ O] 
(c) [-1, 2] 

/IIT-83 ; Roorkee-93} 
(b) [ 2, -1] 
(d) None of these 

2. Domain of y = ✓I + x  + ✓2 - x 

(a) [ l , 2], [ 0, ✓6 ] (b) [-1, 2], [ 0, ✓3 ]  
(c) [-1, 2 ] ; [✓3, ✓6] (d) None ofthese 

. f 1 . - 1 1 3. Domam O f(x) = - + 2'10 X + --
x ✓x - 2 

(a) [ l , 2] (b) [ 2, l] 
(c) [ O , 2] (d) � 

4 D . fth f . X - 3 . omam o e uncbon Jtx) = 
� • (x- 1) x2 - 4  

lS 

(a) (1, 2) 
(b) (--ao, -2) u (2, oo) 
(c) (--ao, -2) u (1, oo) 
(d) (--ao, oo)- (1, ± 2) 

5. For what value of x function be identi­
cal ./{x)=log (x - 1) -log(x - 2) and g(_x) = 

log( =��) 

(a) (1, oo) 
(c) ( 3, oo) 

(b) (2, oo) 
(d) None of these 

6. If flx) = log 
1 + x

, then.f{x) is 
1- x  

(a) Even Function 
(b) ./{x 1)/{x2) = .f{x 1 + x2) 

(c) f(x1 ) = j(x - x ) 
/(Xz) 

I 2 

( d) Odd Function 

7. Which of the following is an odd function 
(a) ./{x) = cos x (b) y = 2 -x' 
(c) y = 2 x-x' (d) None of these 

8. Which of the following function is even 
function 

(a) f(x) = a
x + I  

ax -1 

( 
ax I )  (b) f(x) = X 
ax + I 

ax - a-x 
(c) flx) = --

ax + a-x 

( d) ./{x) = sin x 

ax - 1 9. If the real valued function flx) = ---, 
x"( ax + 1) is even then n equals 

(a) 2 
(c) 1/4 

(b) 2/3 
(d) -1/3 

10. If/is an even function defined on the inteival 
(-5, 5), then four real values of x satisfying 

the equation /(x) = 1( x + 1
) are 

x + 2 
-3- ✓

5 
-3 + ✓

5 
-1- ✓

5 
-1- ✓

5 

(a) 
2 ' 2 ' 2 ' 2 

(b) -5+ ✓3 -3+ ✓
5 

3+✓
5 

3- ✓
5 

2 ' 2 ' 2 ' 2 

(c) 3- ✓5  3+ ✓5 -3- ✓5  5+ ✓3 
2 ' 2 ' 2 ' 2 

(d) -3- ✓
5 

- 3  + ✓
5

, 3- ✓
5

, 3  + ✓
5 



A.44 Algebra of Functions 

11. Period of sin ( 2m: + i ) + 2sin ( 3m: + �) + 

3 sin 5m: is 

(a) 1 
(c) 2/5 

(b) 2/3 
(d) 2 

12. The period of fi.x) = I sin 3 i i is 

(a) x (b) 2x 
(c) 3x (d) None of these 

13. The value of n E J, for which the function 
l'f ) sin nx h . . d . . 1 J ,x = -- as 4x as its per10 1s n 1s equa . X 

to 
(a) 2 
(c) 5 

sm -
n 

(b) 3 
(d) 4 

14. If j{x) = is an odd periodic function with 
period 2, then j{4) equals 
(a) 0 (b) 2 
(c) 4 (d) -4 

15 P . d f l'f ) • 1t 2 1t 1t 
. eno o 1 ,x = sm

2 x + cos
3

x- tan 4 x 

is equal to 
(a) 4 
(c) 12 

(b) 8 
(d) 16 

16 Th fun . 
l'f ) l { lsin xl sin x } · . . e ct1on 1 ,x = 2 cos x 

+
lcos xl 

is pen-
odic with period 
(a) x 
(c) 2x 

(b) x/2 
(d) 3x 

17 P . d f th fun . . 2t + 3 . . eno o e cbon y = sm -- 1s 
67t 

(a) 3x2 (b) 5x2 
(c) 7x2 (d) 6x2 

18. Ifg( x)= l + ✓x and f{g(x)) = 3 + 2 ✓x 
then j{x) is equal to 
(a) 1 + 2x2 
(c) 1 + X 

(b) 2 + x2 
(d) 2 + x 

+ x, 

19. If f( x) = � . then fofoj{x) is equal to 
v l + x2 

3x 
(a) .J1 + x2 

X 
(c) ✓I D x2 

/RPET-2000} 
XJ (b) .J1 + x 6 

(d) None of these 

1 20. Ifg(x)=x2+x-2and 2(gof)( x) = 2x2 - 5x + 2, 
then j{x) is equal to 
(a) 2x- 3 (b) 2x+ 3 
(c) 2x2 + 3x + 1 (d) 2x2 - 3x - 1 

21. Ifj{x) = sin2 x + sin 2 ( x + i) + cos xcos( x + i) 
and g(5/4) = 1, then gof(x) is equal to 
(a) 1 (b) 2 
(c) 5 (d) 4/5 

22. Domain of definition of the function 

fi.x) = � + log 1 0 ( x3 
- x) is 

4 - x 
/AIEEE-2003} 

(a) (-1, 0) u (1, 2) u (2, oo) 
(b) (1, 2) 
(c) (-1, 0) u (1, 2) 
(d) (1, 2) u ( 2, oo) 

23. Ifj{x) = x and g(x) = I x I, then what is (f + g) 
(x) equal to? {NDA-2008} 
(a) 0 for all x ER 

{
2x for x � 0  

(c) 
0 for x < 0  

(b) 2x for all x ER 

{
0 for x � 0  

(d) 2x for x < 0  

24. The period of the function j(x) = a ltan(ru:J +x-[x l l , 
where a > 0, [ . ] denotes the greatest integer 
function and x is a real number, is 

(a) x 
(c) x/4 

/Kerala PET-2007} 
(b) x/2 
(d) 1 

25. Ifj{x) = ex and g(x) = log, x then which of the 
following is true /MPPET-2008} 
(a) f {g(x)} -=I- g {/{x)} 
(b) f {g(x)} = g {/{x)} 
(c) f {g(x)} + g {/{x)} = 0 
(d) f {g(x)} - g {/{x)} = 1 

26. The domain of the real valued function 

f( x) = ✓1 - 2x + 2sin - 1 ( 3\-l
) is 

(a) [ �1, 1 ] 
(c) [ �1, � ]  

/Kerala PET-2007} (b) [ ½ , 1 ] 
(d) [ �1. ½ ] 
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SOLUTIONS 

1 (a) y = / ) 
+ ../x + 2  

· log 1- x 
For domain :. 1- x > O; 1- x ;c l 
(·: log l = 0)  
x < l ,  x ;c 0 

Also x + 2 � 0, or x �-2 
:. Combining all intervals we get 
XE (-2,1)- {0} 

2. (c) Domain x + I � 0; 2- x � 0  
x �-1 or x � 2  

D1 E [-1, 2] 
For range, y = ../I + x + ../2- x 

for extreme values dy = 0 

1 1 
= O 

2../I + x  
-

2../2- x 

../2 - X = ../1 + X ⇒ X = ! 
2 

at x = !⇒ y = ✓
6 

2 
at X = -1; y = ✓

3 

at x= 2; y= ✓
3 

:. Range E [ ✓
3

, ✓
6

] 

3. (d) f (x ) = ! + 2 sin-'x + -1 -
X ✓x- 2  1 . .f - exists 1 x * 0 

X 

sin-1 x exist if - 1 � x � I 

....... (1) 

........ ( 2) 

,---;:; exist if x - 2 > 0 ⇒ x > 2 ..... ( 3) 
v x- 2  

Domain E (l) n( 2) n( 3) ⇒ xE <I> 

x- 3 
4. (b) f (x ) = 

(x- I)✓x2 - 4  
Here x * 1 ......... (1 ), x2 

- 4 > O 
(x- 2 ) (x + 2 ) > 0  

⇒ xE (- =,- 2 ) u (2, oo) ............. ( 2) 
From ( 1) and (2) 
xE (-=,- 2 ) u (2, oo ) 

5. (b) For identical function domain must be 
same domain of f (x) be D 1 
x-1 > 0  and x- 2 > 0  

D1 is xE ( 2, = ) 

Domain of g(x)  be D2 

x-1 For D2 ; -- > 0  
x- 2  

xE (-00 ,l ) u (2, = ) 

. · . for equal function 
D1 n D2 xE (2, = ) 

6. f (x)=log (
l + x

) 1- x 

f (-x ) = log ( 
l- x

) I + x 

=log - =-log -
( l + x )-i ( l + x ) 
1- x 1- x 

:. f (-x )=-f (x ) 

. · . f ( x) is odd function. 

7. (d) For odd function 
f (-x )=-f (x ) 
(a), (b) are even function (c) is neither even 
nor odd function. 
:. (d) is. 

8. (b) For even function 
f (-x ) = f (x ) 

1 
a -x + I  � + 1  

(a) f (-x) = --= _a _ 
a -x 

+ 1  _!_ _ 1 
a x 

I +a x 

f (-x ) = 
l-a x = -f (x ) 

: . It is odd function. 

(b) f (x ) = x(
a x - l J  
a x + I  

. dd d a
x - I . dd X lS O  an -- lS O . a x + I  

:. f (x ) = ( odd ) ( odd )= even 
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a x -1 
9. (d) f( x) = 

x"(a x + 1) 
For even function f(-x) = f( x) 

1-a x 1 a x -1 1 = -- X --= --.-
l +a x (-l) "x" a x +1 x• 

(-1)" =-1 
:. From option we get (d) 

10. (a) Here f( x) = f(-x) = f(
x +l

) x + 2  
x + l  2 :. -x= -- ⇒-x - 2x = x + l  
x + 2  

-3 + ✓
5 

x2 + 3x + 1 = 0 · x = -, 
2 

x + l  2 Also x= -- ⇒ x  + x-1= 0 
x + 2  

-1 ± ✓
5 

x= --
2 

11. (d) /( x) =sin (2m + �) + 

2sin ( 3m +  � ) + 3sin (5m) 

period = L.C.M. ( �: , !: , !: ) 
= L.C.M. ( l,¾ ,¾) 

= L.C.M. ( 
15 10 i_) 15'15'15 

1 30 
= - L.C.M. (15, 10, 6) = - = 2 

15 15  

12. (b) We know that period of sin x is  x 

:. period of sin 3 ( i) = 
1;2 

= 2n 

13. (a) Here period = 4ir 

L.C.M. ( 
2
n
7t , 2nn) = 47t 

2nx = 4ir ⇒ n = 2 

14. (a) For odd functionf(-x) = -f(x) 
put x = 0;f (0) = -f( 0) 
⇒ f(0) = 0 
· · period = 2 

f(0) = /(2) = /( 4) = 0 

15. (c) Period = L.C.M. ( :; , :�
, 
7t�4 ) 

L.C.M. (4, 6, 4) = 12 

. l s in x l 16. (c) Period of -- = L.C.M. (x, 2ir) = 2ir 
cos x 

sin x 
Similarly, period of -

1 --1 

= 2n 

:. Period = 2x cos x 

17. (d) y =s in (
2
:: 3

) 

. 
( 

t 1 
) =sm 3n 

+ 
2n 

: . Period = 27t = 61t2 
1/37t 

18. (b) g( x) = 1 + ✓x 
f(g( x)) = 3 + 2-.Jx + X 

f(l + ✓x) = 2 + ( ✓x +1)
2 

:.f( x) = 2 + x2 

19. (c) fofof( x) = f[ f( 
.Ji : x2 J] 

_ /[ ✓1 :  x2 ] - /( X 

J -
�

-
� Vi+7 

_ 1( X J - [ � ]-( X J -
� 

-
1 + __£_  

-
� 

1 + 2x2 
1 20. (a) g( x) = x2 + x- 2;-g( f( x)) = 2x2 - 5x + 2  
2 

g(f(x)) = 4x2 -10x+4 = (2x- 3)2 + (2x- 3)- 2 

[f( x)]2 + [f( x)]- 2 = ( 2x- 3) 2 + ( 2x- 3)- 2 

comparing we get f ( x) = 2x  - 3 



21. (a) 
f( x) = sin 2 x +  sin 2 (x + �  ) + cos xcos (x + �) = 1 - [ cos2 x- sin 2 ( x + �)] + cos xcos( x + �) = 1 - cos( 2x + f }osf + ½[cosf + cos( 2x + f )] = 1 - .!.. cos(2x + �) + .!..(.!..) + .!..cos(2x + �) = � 2 3 2 2  2 3 4 

g( f( x)) = g( ¾) = 1 (Given in question) 3 22. (a) f( x) = --2 + log 1 0 (x3 - x) 
4- x For domain, 4- x2 -::;a O ⇒ x = ±2 and x3- x > O ⇒ x( x-l)( x + l) > O 

+ + -1 0 :. x E (-1, 0) u (l, oo) But x -:t, 2,-2 :. x E (-1, 0) u (l,2) u (2, =) 
23. (c) ( f +g)(x) = f( x) +g( x) = x + lxl 

= {
x + x  if x �  0 
x- x if x < O 
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2x if x � O 
:. (f + g)( x) = 0 if x < O 

24. (d) f( x) = a tan !tx + x-[x > 

= atan ru:-+{x}  Period = L.C.M. ( � , l) = 1 
25. (a) f( x) = ex and g( x) = log, x Here f(g( x)) = f(log,x) = e'os, x 

= x, Here x> O and g( f( x)) = g(ex) 

= ln ex = x Here x E  R · :  Domain are different f(g( x)) * g(f( x)) 

26. (d) f(x) = .Ji"=2x° + 2sin- 1 ( 3\- l ) For domain 3x - 1  1 - 2x � 0; - 1 :5: -- :5: 1  2 1 1 x :5: - ⇒ -2 :5: 3x - l :5: 2  - - :5: x :5: 1  2 3 taking common of both interval x E [ � 1 , ½] 
► masa [§ GSJll I I I [ ) Zdltlt!§ (!&lit I mat , kGdltN!§ )Ck , kl[ I iLb. For :rrrrncre Hff P r:rr ess: :resr d 

1. If A = {2, 4, 6 } and function is defined from f : A ➔ A, then for f= {(2, 4), (4, 6), (6, 2) } fof is (a) {(2, 6), (4, 2), (6, 4) } (b) {(6, 2), (4, 2), (6, 4) } (c) {(2, 6), (2, 4), (6, 4) } (d) None of these 2. The equivalent function of log x2 is (a) 2 log x (c) I log x2 1 

/MPPET-199 7} (b) 2 log I x  I (d) (log x)2 

3. If function f(x) = ½ - tan ( ; ) . - 1 < x < 1 and g( x) = ✓3 + 4x - 4x2
, then the domain of gof is /IIT-1990} (a) (-1, 1 )  (b) [-1 /2, 1 /2] (c) [-1 , 1 /2) (d) [-1 /2, -1 )  4 .  The fundamental period of the function 

Ji 1 . 
( x) = 2 cos 3 (x -n) 1s (a) 61t (b) 4x (c) 2x (d) 1t 
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5. If/: R ➔ R  satisfies the condition.f{x + y) = 
.f{x) + fly) for all x, y i n R, then.f{x) is 
(a) zero every where 
(b) an even function 
( c) an odd function 
(d) defined at x = 0 

6. The period of.f{x) = 3x- [ 3x], if it is periodic, 
is 
(a) .f{x) is not periodic (b) 1/3 
(c) 1 (d) 2 

7. If f be the greatest integer function and g be 
the modulus function, then 

gof( �
5 
)- (fog{ �

5
) = 

(a) 1 (b) -1 
(c) 2 (d) 4 

8. Iff: R ➔ R,g: R ➔ R and h : R ➔ R are such 
that.f{x) =x2, g(x) = ta nx and h(x) = log x, then 
the value of (ho (gof)) (x) if x = ✓n/2 will be 
(a) 0 (b) 1 
(c) -1 (d) p 

9. If g(j{x)) = I sin xl and f(g(x)) = (s in ✓x) 2 , 
then /IIT-1998} 
(a) f(x) = sin 2 x,g(x) = ✓x 
(b) .f{x) = si nx, g(x) = I x I 
(c) f(x) = x2, g(x) = sin ✓x 
(d) .f{x) andg(x) cannot be determined 

10. If .f{x) = 2x, g(x) = 1 - x; h(x) = x + I; then 
[ hogof] (x) = 1- 2x; 1 - x; 2x + 1; 2 (1 -x). 

11. The graph of the function y = .f{x) is symmetri­
cal about the line x = 2, then 

/AIEEE-2004} 
(a) .f{x) = -.f{-x) 
(b) 1{2 + x) = 1{2-x) 
( c) .f{x) = .f{-x) 
(d) .f{x + 2) = .f{x - 2) 

12. The domain of the function 
.f{x) = log

(J + x) (x
2 

- 1) is /Orissa JEE-2003} 
(a) (-3, -1) u (1, oo) 
(b) [-3, -1) u [ l , oo) 
(c) (-3, -2) u (-2, -1) u ( l ,oo) 
(d) [-3, -2) u (-2, -1) u [ l ,oo) 

13. Domain of the function y = log uz Cx -1/2) + 
log 2 .J 4x2 - 4x + 5 
(a) (--oo, + oo) 
(c) (1/2, oo) 

(b) (--oo, 1/2) 
(d) (-1/2, 1/2) 

14. The largest interval lying in (
-

2
7t , i ) for the 

function 

[ f(x) = 4 -x' + cos -1 ( 1 - 1 ) + log (cos x) ] 

is defined, is /AIEEE-2007} 
(a) [ O, x] 
(c) [-x/4, x/2) 

(b) (-x/2, x/2) 
(d) [ O, x/2) 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1.  The answer sheet is immediately below the 
worksheet . 

2. The test is of 1 5  minutes . 
3. The worksheet cons ists of 1 5  quest ions . The 

maximum marks are 4 5 .  
4 .  Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohib ited . -.........:==---------

1. If./{x) is an odd periodic function with period 
2, then ./{4) equals 
(a) --4 
(c) 2 

(b) 4 
(d) 0 

2. If/: R ➔ R andg : R ➔ R defined by ./{x) = 
2x + 3 and g(x) = x2 + 7, then the value of x 
for which flg(x)) = 25  are 

(a) ± 1 
(c) ± 3 

{EAMCET-2000/ 
(b) ± 2 
(d) ± 4 

3. Let/: R ➔ R : ./{x) = x2 andg : R ➔ R :  g(x) = x + 5, then gof is {Kerala CEE-2004/ 
(a) (x2 + 5) (b) (x + 52) 
(c) (x2 + 5 2) (d) (x + 5)2 

2x + 1 4. If /(x) = 
3x _ 2

, then (Jo/) (2) 1s equal to 

(a) 1 
(c) 4 

{Kerala CEE-2002/ 
(b) 3 
(d) 2 

5. If/: R ➔ R andg: R ➔ R are defined by ./{x) = 
2x + 3 and g(x) = x2 + 7, then the values of x 
such that g(./{x)) = 8 are 

(a) 1, 2 
(c) -1, -2 

{EAMCET-2003/ 
(b) -1, 2 
(d) 1, -2 

6. If f( x) = �, then ( Jo fo .... of) ( x) is 
X - l '-,,--------' 

equal to 
X 

(a) (x - 1) 
l 9x 

(c) ( x- 1) 

1
9 timcs 

{MPPET-2004/ 

(b) ( x�l r 

(d) X 

7. The domain of the function fix) = .jf-=x + ,/6 - x 
is 

(b) ( 2, l] (a) [ l , 2) 
(c) [ l , 2] (d) None of these 

8. The domain of the function .f(x) = -1- +  
l- x 

2 sin- 1' 1 · + - - 1s 
✓x- 2 

(a) (--oo, oo)- { l } 
(c) [-1, 1) 

(b) (2, oo) 
(d) � 

9. The domain of the function 
f(x)= � + ✓5- x  is 
(a) [ l , oo) (b) (--oo, 5) 
(c) (1, 5) (d) [ l , 5] 

10. The domain of the function .f(x) = 
log io (✓x- 4 + ✓6- x) is 
(a) (4, 6) (b) [ 4, 6] 
(c) [ 4, 6) (d) None of these 

11. If./{x) = x3-x and �(x) = sin 2x, then 
(a) � (./{2)) = sin 12 
(b) �(./{l )) = 1 

(c) 1( �c� ) ) = �3 

( d) ./{fi) )) = 2 

12. If./{x) = 3x + 2, g(x) = x2
- 1, then the value of 

(fog) (x2 - 1) is 
(a) 3x4-{)x2 + 2 
(b) 3x4 + 3x2 + 4 
( c) 6x4 + 3x2 + 2 
(d) 3x2 + 6x + 2 

13. The natural domain of the real valued function 
defined by f(x) = � + H+I is 

{SCRA-1996/ 
(a) 1 < x  < oo 
(b) -oo < x < oo  
(c) -oo < x <-1 
(d) (--oo, oo)- (-1, 1) 

14. The period of the function s in( 
2
;) + sin( 

3
;) 

is [Orissa-2004/ 
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(a) 2x 
(c) 61t 

15. If g(x) = sin x, x ER 

(b) l 01t 
(d) 12x 

and f ( x) = -. 
1- , x E ( 0, �

2) what is (gof) 
smx 

(x) equal to? /NDA-2008} 

(a) 1 

1 
(c) sin 2 ( x) 

(b) sin(s in x) 

(d) sin ( -.
1 

) sm x 

ANSWER SHEET 

1. @ @ © @  
2. ® @ © @  
3. ® @ © @ 
4. ® @ © @  
5. ® @ © @  

6. ® @ © @  
7. @ @ © @  8. ® @ © @  
9. ® @ © @  

10. ® @ © @ 

11. ® @ © @ 
12. ® @ © @ 
13. ® @ © @ 
14. ® @ © @  
15. ® @ © @ 

AINfs ms exPLlNlfioNs 

2. (b) f (x) = 2x + 3 ; g (x) = x2 + 7  

Given J (g(x) ) = 25  

f (x2 + 7 )  = 2 (x2 + 7 )  + 3 = 25 

2x2 = 8 ⇒ x = ±2 

3. (a) J (f (x) ) =g(x2 ) = x2 + 5  

X -6. f (x) = �,J(f (x) ) = � 
x-1 X --1 

x-1 
J (f (x) ) = x,J(f (f (x ) ) )  = f (x)  

⇒ fof ........... f (x)  = f (x)  
1 9  times 

(·: f (f (/ ......... even times ) = x 

f (f (f ......... odd times = � 
x-1 9. (d) for domain of the function f (x) 

x-1 � 0  and 5- x � 0  

x � 1 and x � 5 :. xE [1, 5 ] 

11. 

14. 

15. 

( c) Hence f ( �c� ) J = f ( s in ( 2.
1� ) J 

= 1( s in �) = 1( ½) = ( ½ J - ½ = 
-

: 

f (x)  = sin ( 
2
; ) +sin ( 3; ) 

[ 2• 2• j Period = LCM ¾ , ¾ 
= LCM ( 3n, �

n
) 

= LCM (
12n 4 n 

) = 
12n 

= 4 n 
3 ' 3 3 

(b) gof (x) =g[f(x)] 

( 
1 

) 
. 

( 
1 

) g - =sm -
sin x  s in x  



L E C T U R E  

Mapping of 
Functions 

► BASIC CONCEPTS d 
1. Cartesian P roduct ofTwo SetsX and Y symboli­

cally written asX x Y = { (x, y) I x E X; y E Y}. 
2. Function as a Set of Ordered P airs A function 

is a set of ordered pairs if no two of the ordered 
pairs have the same first component: 
Domain= { x I x E (x,y) } Set of 1st co-ord inates 
of ordered pair 
Range = { y  I Y E (x,y) } set of2nd co-ordinates 
of ordered pair 

3. Injective or One-One function 
If different elements of the domain have differ­
ent/ image in Y 
i.e.,f{x1) = f{x2) => x1 = x2 or x1 f. x2 

=> f{x1) f. 
f{x2). Then the function is said to be one-one 
function. Also it is called Injective Function. 

4. Many One Function If a function is not one­
one, it is called a many one function. In this 
case at least one element of Y is the image of 
more than one element of X. 

5. Into Function If there is at least one element 
of Y which is not the f image of any element in 
the domainX of the function so that Range of 
function is a proper subset of Y then the func­
tion is said to be an Into function: symbolically 

f: X INTO Y. 
6. Onto Function ( Surjective) If the function/: 

X ➔ Y is such that each element of Y is the 
/-image of at least one element inX: then we say 
that f is a function from X "ONTO" Y and this 
is symbolically expressed as:f: X ONTO Y. 

In this case the range off is the same as the 
co-domain off 

7. Bijective If/ is both injective and surjective 
then/ is called Bijective. Thus/ is bijective if 
every element of Y is the f image of exactly one 
element of A.  Bijective function is also called 
One to One correspondence. 

8. (I) Methods to Test Many One 

NOTES 

1. If X and Y are finite sets having n and m ele­
ments respectively then (i) Number of one-one 
functions from 

{ 
"P  . f > 

X to y =  
m I n - m 

= 0 if n < m 
LetX and Y be two sets having n elements each. 
Then the total number of bijective functions 
fromXto Y is : n ! . 

2. The number of surjective from A =  { l , 2, 3, ... , n), 
n ;::,:  2 to B = {a,  b} is 2" - 2. 

3. If X and Y are two sets having m and n elements 
respectively such that 1 � n � m, then number of 

n 

ONTO functions from Ato B is: L(-1y- r n  C,rm 

r = l 

4. m, n = 2 ⇒ (-1 )2 - 1 2C l ( l )"' ➔ (-1)2-2 2C 2 (2)"' 
= 2"' - 2 

(i) If any line parallel to x-axis cuts the graph 
of the function at atleast two points, then 
the function is many one. 
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(ii) Any function which is neither increasing 
nor decrea sing in whole domain ,  then fi:x) 
1s many one . 

(iii) Any cont inuous functionfi:x), which has at 
least one local maxima or local minima is 
called many ones . 

(II) Methods to Test One-One 
(i) If any line parallel to x-axis cuts the 

graph of the function at most at one 
point,then the function is 1-1 (one-one). 

(ii) Any function which is entirely increasing 
or decreasing in whole domain, then/(x) 
is one-one. 

9. Inverse Function Let/: X ➔ Y be a one-one 
onto function then the function J-1 : Y ➔ X 
which associates to each element b E Y a  unique 
element a EX such that fi:x) = y is called the 
inverse function of the function/: X ➔ Y 
OR 
Invertible Function A mapping/: A ➔ B is 
said to be invertible if there exists a mapping 
g :  B ➔ A such that fog = 18; and gof= IA where 
IA and J8are the identity maps. In such a case the 
map g is called the inverse of/ and is denoted 
by J - 1 . If/is invertible if the inverse function 
J-1 is a mapping from B to A;fhas an inverse 
iffif/is both one to one and onto. 

9.1 Working Rule for Formula of inverse of 
Function/:  X ➔ Y or y = fi:x) is 
Step 1: To start take y = fi:x) 
Step 2: Interchange x and y i.e., x = j(y) and 
solve for y. 
Step 3: y = J- 1(x) = Inverse of desired function. 

Q. If/: R ➔ R be defined by fi:x) = 2x - 3; find a 
formula for J -1 . 

Solution 

Step 1 : Let y be the image of x under the map­
pingfi:x) = y = 2x- 3 
Step 2: Interchange x and y to obtain x = 2y - 3; 

Step 3: Solve for y i.e., y = 
x ; 3 . Thus the 

formula de fining the inverse function is 
rl( X) = X + 3  2 

NOT E 

y of step 3 is called the inverse function. 

Q. Find a formula for the inverse of g(x) = x2 - 1. 

Solution 

Lety = x2- l interchange x andyto get x= y2- l 

i.e., y = ✓x+l. 

g-l ( X) = ✓x+J. 

10. Least Integer Function 
(x) or I x  l denotes the least integer function 
which is greater than or equal to x. It is also 
known as ceiling of x. 

Thus, ( 3.578) = 4, (0.87) = 1, ( 4) = 4, 

1-8.23 9 7 = -8, 1 -0.7 7 = 0 

[x) = n (x) = [x) = n+1  

--0 • • X 
n n+1  
----x ---

In general if n is an integer and x is any real 
number between n and (n + 1 )  
i.e., n < x $ n+ 1 then (x) = n +  1 

NOT E  

f(x) = (x) = [x] 
D1

= R, R
1

= [ x ] +  1 

1 Doma in and r ange of are R - [O,  1 ) and 
[x] 

.!.., n E I - {O} respectively. 
n 

For xE  (-2 , -1 ] ;  (x) = -1 .  --=====------
11. Definition of the Extension of the Function 

Extension of Function Let /( x) be a given 
function defined in the interval [ O, a] and we 
are required to extend the function in the inter­
val [ -a, a] to make it either even or odd in the 
interval [ -a, a]. We define fi:x) in the interval 
[ -a, O J  such that for 

(i) Odd Extension 

{ /(x); 
go(x) = -f (-x) ; 

(ii) Even Extension 

{ /(x); 
ge( x) = 

f(-x) ; 

0 $ x $ a  

-a $ X $ 0 

0 $ x $ a  

-a $ X $ 0 
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TO GRASP THE To51c f 8t¥5 THESE PR

OBLEMS ◄ 
x- 1 1. If f(x) = --,x -:t- 1, - 1, show that fof -1 is 
x + I  

the indentity function, 
f CBSE-2002} 

2. Are the following invertible in their respec­
tive domain. If so, find the inverse in case 

1- x 
f(x) = 

I + x · 

3. If functions/ and g are such that.f{x) = x3 and 
g(x) = sin x, then find the value of(gof) x. 

/MP-2000} 

4. If.f{x) = sin x, x ER and g(x) = x2, x ER, then 
prove that gof -::/- fog. 

5. If.f{x) = x2 
- 1, g(x) = 3x + 1, then describe the 

following functions (i) gog (ii) fof 
/J & K Board-95} 

6. If.f{x) = x2 + x + I and g(x) = sin x, then show 
that fog and gof are not equal. 

/HSB-9 7 (S)J 

7. Find the value off+ g for following function 
/and g. 

(i) .f{x) =x4, V x ER and g(x) = x- 1, V x ER. 
(ii) .f{x)= x5, '<I x  eA and g(x)=x+ 1, '<I x  eB 

8. Let f be the greatest integer function and g be 
the modulus function. Then find the value of 
following functions. 

(1) (gof) { �
5 

}- ( fog) { �
5

} 

(2) (gof) H }- ( fog)H } 

( 3) (f + 2g) (-l )  

9. Is cos ✓t periodic function if yes, find the 
period if not, give reason for your answer. 

/Roorkee-82; I.S.M. Dhanbad-90} x3 - 1  10. Let f(x) = -- and g(x) = x2 + x + 1. 
x- 1 

Is/= g? 
Ifnot, modify /so that/= g. 

11. Let f be the greatest integer function and 
g be the modulus function. Prove that 

(gof) {
-� 

1 
}- (fog) {

-� 
1

} = 1 

ANSWERS 

2. J-1 = R - {-1} 
3. sin x3 

5. (i) 9x + 4 (ii) .x4 - 2x2 
7. (i) .x4 + x - I V x e R 

(ii) x5 + X + I V X E A r, B 
8. (1) 1 (2) 0 ( 3) 1 

SOLVED OBJEC
T

IVE PROBLEMS: HELPING HAND 

1. Period of the function 
/(x) = ex-[x] + lcosru- l+ l cos 2ru-l+  . . + lcos nru-1 is 
(a) 2mc (b) 1 
( c) Not periodic (d) 2xln 

Solution 

(b) Given f(x) = ex-[x J+ lcos 1trl+ lcos 21trl+  . .  + lcos n1trl 
Since period ofx - [x] = 1 
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Period of I cos nx I= � = l 1t 

Period of I cos 2ru: I= _2:_ = .!_ 
21t 2 

Period of I cos nru: I= _2:_ = .!... 
nn n 

So, period of.f{x) will be L.C.M. of all periods 
so period is l . 
Hence (b) is the correct answer. 

ex1 
- e-x1 

2. Let/: R ➔ R defined by .f{x) = , , , then 
ex + e-x 

(a) f is one-one but not onto 
(b) f is neither one-one nor onto 
( c) f is many one but onto 
(d) /is one-one and onto 

Solution 

(b) ex' - e-x' > 0\fx and 

x' -x' [ 2 X6 ] e - e = 2 x +
3!

+ ...... > 0  

c c . . f 
Sx 

J\x)>0 : .1\x)is mto '(x) = 2 ( x2 -x2 ) e - e  

f '(x)= 0, has real values ofx. : . .f{x) is many one. 

3. Function/: R ➔ R,.f{x) = x I x I is 
{PET (Raj. )-91, 98; NDA-2004/ 

(a) one-one but not onto 
(b) onto but not one-one 
( c) one-one onto 
(d) neither one-one nor onto 

Solution 

y=x2 

( c) Observing to the graph of this function 
we find that every line parallel to x-axis meets 
its graph only at a single point. 
So it is one-one. Also range of/= R = codo­
main, so it is also onto 

4. Function/: N ➔ N,.f{x) = 2x + 3 is 
{IIT- 73; MNR-83/ 

(a) one-one onto 
( c) many one onto 

Solution 

(b) one-one into 
(d) many one into 

(b) f is one-one because.f{x1) = .f{x2) 
⇒ 2x1 + 3= 2x2 + 3 ⇒ x1= x2 

x- 3 Further r 1 ( x)= -
2
- e N (domam) when x 

= l ,  2, 3 etc. 
f is into which shows that / is one-one 
into. 

5. Which of the following functions defined 
from R to R is onto 

(a) .f{x) = I x I 
(c) .f{x)= x1 

Solution 

{PET (Raj.)-84, 85, 86/ 
(b) .f{x) = e -, 
(d) .f{x)= sin x 

(c) Range of I x I =I- R, range of e-' =I- R so 
that these two functions can not be onto. Also 
range of sin x = [-l ,  l] =I- R, so it is also not 
onto. The only alternative is that x1 is onto. 

6. Which of the following functions from ] -rc/2, 
rc/2 [ to R is a bijection {PET (Raj. )-86/ 
(a) tan x (b) sin x 
(c) cos X (d) e' + e -x 

Solution 

(a) Values of sin x and cos x lie between -1 
and l ,  so these are not onto. Also e' + e-' = 
2 cos hx assumes only positive values so it is 
not onto. Hence the remaining function tan x 
is a bijection. 

7. Function/: R ➔ R,.f{x) = x2 + x is 
{PET (Raj.)-91, 99/ 

(a) one-one onto 
( c) many one onto 

Solution 

(b) one-one into 
(d) many one into 

(d) .f{x1) = .f{x2) ⇒ x/+ x1 = x/ + x2 ⇒ x/ -
x/+ x 1 -x2 = 0 

⇒ (x1- x2) (x1 + x2 + l )= 0 
which shows that.f{x1) = .f{x2) when x1 + x2 + l 

= 0. For example - 2 =I- l but.f{-2) = 2 = .f{l)  
/is many one. 

Also x2 + x = y ⇒ x2+ x-y = 0 

⇒ -l± ..fl + 4y x = ---'---'-
2 



⇒ 

. -l + _l-3 which shows that 1- 1 (-l) = - e 2 
domain . ·. f is into 

8. If.f{x) = (x + 1)2 - l (x � -1), then set S = { x  I 
.f{x) = J-1 (x)} is equal to 

(a) � 
(b) { 0,-1} 
(c) { 0, l ,  -1} 

{ o -1 -3 ± i✓3 } (d) , , 
2 

Solution 

{IIT Screening-95/ 

: . .f{x) = J-1(x) 

⇒ ( x + l) 2 - l= �- l  ⇒ (x+ 1)4 

=l+ x 
⇒ (x + l )  [(x + 1) 3 - l] = 0 ⇒ x = -l or x + 

l = l , ro, ro 2 
But x �- 1  ⇒ x  e C :. S= {-1, 0} 

9. Value(s) of k for which {IIT-2009/ 
I x- II + lx- 2 1 + Ix +  II + Ix +  2 1 = 4k has inte­

ger solution(s) 
(a) l 
(c) 3 

Solution 

(b, c, d) Let 

(b) 2 
(d) 4 

f ( x) = Ix +  2 1 + Ix +  II + Ix - II + Ix - 2 1 
Here for solution 

-4x 

4-2x 

-2 -1 

3 4k � 6 ⇒ k � -
2 

4x 

2x-4 

6 

2 
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10. From the following, one-one function is 
f PET (Raj. }-88/ 

(a) f :  R ➔ R,.f{x) = x2 

(b) f : R ➔ R,.f{x)=x+ l 
(c) f :  R ➔ R,.f{x) = e'+ e-' 
(d) None of these 

Solution 

(b) Range ofx2 = [ 0, oo] =f. R 
range of (e' + e -,) i.e., cos h x = [ 2, oo) =I- R 
range of (x + l )  = R ( codomain). So it is onto. 

l - x  11. If /( x) = 1 + x 
( x  * -1), then J -1(x) is equal 

to 
(a) -.f{x) 
(c) 1(/{x) 

Solution 

(b) .f{x) 
(d) -1(/{x) 

l- y 
(b) Let J-1(x) = y, then .f{y) = x ⇒ -

1 
-= x 
+ y 

l - x  ⇒ y=-= f (x) l + x  

12. The inverse of the function.f{x) = I sin x I will 
exist if its domain is {EAMCET-94/ 
(a) [ 0, 1t] (b) [ 0, n/2] 
(c) [-n/4, n/4] (d) None of these 

Solution 

( d) If f :  [ 0, n/2] ➔[ 0, l], then it will be a 
bijection. Only thenJ-1 will exist. 

. X . 13. Function y = l +  I x 1

, x  E R,y E R  is 

{IIIT (Hyderabad}-2001/ 
(a) one-one onto 
(b) onto but not one-one 
( c) one-one but not onto 
(d) neither one-one nor onto 

Solution 
(c) Let x1, x2 ER and x1 =I- x2 then 

X1 X1 Xi * X2 ⇒ -
1

-
1 

* -
1

-
1 

⇒ /( x1) * f(x2) I+ X1 I+ X2 

⇒ f is one-one Also �
I I 

< l \f x E R 
l +  X 

⇒ range =I- R :. It is not onto 

14. If.f{x) = sin x + cos x and g(x) = x2 - l ,  then 
g(j{x)) is invertible in the domain 

{IIT Screening-2004/ 
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(a) [ O , x] 
(c) [-x/4, x/4] 

Solution 

(b) [ 0, x/2] 
(d) [-x/2, 0] 

(c) g(f{x))=g (sin x + cos x) 
= (sin x + cos x)2 - 1 = sin 2 x  

It is invertible in that domain where it is one­
one. But sin 2x is one-one when 2x e [-x/2, 
x/2] i.e., when xe [-x/4, x/4] 

15. The period of the function.f{x) = I sin x + cos 
x I + I sin x - cos x I is {NDA-2005} 
(a) x/6 (b) x/4 
(c) x/2 (d) x 

Solution 

(c) 1( i + x  )= ls in ( i + x  ) + cos( i + x  ) I 
+ lsin ( i + x  )- cos( i + x  ) I 

= I cos x - sin x I + I cos x + sin x I 
= I sin x - cos x I + I sin x + cos x I= .f{x) 
period of.f{x) = x/2 

16. If/: R ➔ R,.f{x) = (x - 1) (x - 2), then/is 
/NDA-2005} 

(a) one-one but not onto 
(b) onto but not one-one 
( c) one-one onto 
(d) neither one-one nor onto 

Solution 

(d) Obviously .f{x) = x2 - 3x + 2. It is a sec­
ond degree polynomial function which is nei­
ther one-one nor onto R. 

17. IfX= { l , 2, 3, 4}, then total number of pos­
sible one-one onto functions from X to X for 
which.f{l )  = 1,1{2) -::f:. 2,1{4) -::f:. 4 will be 

(a) 3 
(c) 6 

Solution 

/Roorkee-2000} 
(b) 4 
(d) 2 

(a) " :.f{l)  = 1,1{2)-=I- 2,1{4)-=I- 4 and/is one-one 
onto, so.f{l)  = 1, 

1{2) = 3 or 4,1{4) = 2 or 3,1{3) = remaining 
fourth element 
Hence f can be defined as follows: .f{l)  =l ,  
1{2) = 3,1{4) = 2,1{3) = 4 
.f{l)  = 1,1{2) = 4,.f{ 4) = 2,1{3) = 3 
.f{l)  = 1,1{2) = 4,.f{ 4) = 3,1{3) = 2 

18. Function/: R ➔ R,.f{x) = 2' + 2 1 • 1 is 
(a) one-one onto 
(b) many one onto 
( c) one-one into 
(d) many one into 

Solution 

(c) · : 2•> 0, 2 l • l> 0 V x e R  
R

1
-::f:. R (codomain) ⇒ /is into 

Also x1 -::f:. x2 

⇒ 2'' + 2 l•i l  °I'- 2'' + 2 1•, I 

⇒ .fCx1) -=I-.f{xz) ⇒ /is one-one. 

19. Let the function f : R ➔ R be defined by 
f( x)= 2x + sin x, x e R. Then/is 
(a) One-to-one and onto 
(b) One-to-one but not onto 
( c) Onto but not one-to-one 
(d) Neither one-to-one nor onto 

Solution 

(a) f'( x) = 2 + cos x > 0. So, .f{x) is strictly 
monotonic increasing. So .f{x) is one-to-one 
and onto. 

20. f( x) = ' { 
x if x is rational 
0, if x is irrational' 

{ o
, 

g( x) = 
x, 

if x is rational 
Thenf-gis 

if x is irrational 
(a) one-one and into 
(b) neither one-one nor onto 
( c) many one and onto 
(d) one-one and onto 

Solution 

{ X X E  Q 
(d) <l>( x) = f( x)-g( x) = _;, x e Q 
Now to check one-one 
Take any straight line parallel to x-axis which 
will intersect �(x) only at one point ⇒ one-one. 
To check onto 

As, f( x) = , which shows y = x 
{ X, X E  Q 
-x, x e  Q 

and y = -x for rational and irrational values ⇒ 
y e  real numbers 

Range = Codomain ⇒ onto Thus f - g is 
one-one and onto. 



21. Let/: (2, 3)➔(0, l ) be defined byj{x)= x- [ x] 
then J-1 (x) equals 

(a) x- 2 
(c) x- 1 

Solution 

f Orissa-JEE 2005} 
(b) X + I 
(d) x + 2 

(d) Given/: (2, 3) ➔ (0, 1) and.f{x) = x- [ x] 
.f{x) = y = X - 2 ⇒ X = y + 2 = J -I (y) ⇒ 
J- 1(x) = x + 2 

22. Let.f{x) = x2 + x + sin x - cos x + log (1 + I x I) 
be defined over the interval [ 0, 1]. The odd 
extension of.f{x) to interval [-1, l] is 

{UPSEAT-2000; MNR-94} 
(a) x2 + x + sin x + cos x - log (1 + I x I) 
(b) -x2 + x + sin x + cos x - log (1 + I x I) 
(c) -x2 + x + sin x- cos x- log ( l  + l x l) 
(d) None of these 

Solution 

(b) Odd extension from [ 0, l] to [-1, l] 
means that function from given choices which 
satisfies the conditionf(-x) = -.f{x) 
Now 1-x l= l x l, cos (-x)= cos x 

sin (-x) = -sin x, (-x)2 = x2 • 

So we observe that.f{-x) = x2- x- sin x- cos x 
+ log (1 + I x I) 

= -{ function given in (b)) 
(b) is the correct answer. 

23. Let/: R ➔ R be a function given by .f{x) = 
x2 + 1. Find J-1 { 26} 
(a) {-5, 5} 
(c) { 3, 2} 

Solution 

(b) { 5, 5} 
(d) { 5, 6} 

Recall that if/: A ➔ B such that y E B. 
ThenJ-1 { y} = { x  EA :.f{x) = y} 
In other words,J-1 { y} is the set of Pre-images 
ofy. 
LetJ-1 { 26} = x, Then.f{x) = 26 
⇒ x2 + 1= 26 
⇒ X = ± 5 :.j-l { 26} = {-5, 5} 

24. Let/: N ➔ Y be a function defined as.f{x) = 
4x + 3 where 
Y= { yeN : y  = 4x + 3 for some xeN}. 
Show that/ is invertible and its inverse is 

/AIEEE-2008} 

y- 3  (a) g(y) = -4
-

Mapping of Functions A.57 

3y + 4  
(b) g(y) = -3 -

y + 3 (c) g( y)= 4 + -
4
- (d) g( y) = y + 3 

4 

Solution 

(a) Let.f{x1) = .f{x2), xl ' x2e N ⇒ 4x1 + 3 = 4x2 
+ 3 ⇒ x1 = x2 

Thus .f{x 1) = .f{x2) ⇒ x 1 = x2 • Hence the 
function is one-one. Let y e Y be a number 
of the form y = 4k + 3, for some k e N, then 
y = .f{x) ⇒ 4k + 3 = 4x + 3 ⇒ x = k EN 
Thus corresponding to any y e Y we have x e 
N. The function then is onto. 
The function, being both one-one and onto is 
invertible 

y- 3  x- 3 y = 4x + 3 ⇒ X = -- ." . r 1 ( x) = --4 4 

or g( y) = y 
� 

3 is the inverse of the function 

25. If/: R ➔ R is defined by .f{x) = I x I, then 
/Karnataka CET-2007} 

(a) J-1 (x) = -x -I 1 (b) f ( x) = f7i 
(c) the function J-1 (x) does not exist 

1 (d) 1-1 ( x) = -I x l 
Solution 

(c) .f{x)= l x l 
.f{x) = x ifx � 0 

= -x ifx < 0 
Therefore the function J-1 (x) does not exist. 

26. For real x, letf(x) = x3 + 5x + 1, then 

/AIEEE-2009} 
(a) /is one-one but not onto R 
(b) f is onto R but not one-one 
( c) f is one-one and onto R 
(d) f is neither one-one nor onto R 

Solution 

(c) Given, f( x)= x3 + 5x + I ,  Now 

f'( x)= 3x2 + 5 > 0, 'il xeR 
· : f(x) is strictly increasing function 
:. It is one-one. 



A.SS Mapping of Functions 

Clearly, f(x) is a continuous function and 
also increasing on R. 

Lt f( x) = - oo  and Lt f( x) =oo 
x ➔ - oo  x ➔  oo 

: . f (x) takes every value between--oo and oo. 
Thus, f(x) is onto function. 

27. Let/: R ➔ R be a function defined by j{x) = 
elxl - e -x 

- -- Then 
e

x 
+ e -x 

(a) f is both one-one and onto 
(b) f is one-one but not onto 
( c) f is onto but not one-one 
(d) /is neither one-one nor onto 

Solution 

We have, ifx < 0 lx l = -x 

j{x) = e -x - e -x 

0, 
e

x 
+ e -x 

j{x) = 0 V x <0 j{x) is not one-one. 

ex - e-x 

Next if x ,::  0, lx l = x, f{x) = x -x 
e + e  

e
x - e -x e2x _1 Let y= --- ⇒ y = --

e
x

+ e -x e2x + l  
I + y e2x = -- for x � 0, el< � I 
1 - y 

I + y 2y - - :?: 1 ⇒ -- :?: 0 
1 - y 1 - y 

⇒ y(y- 1) :'.S 0, y ;tc l  ⇒ 0 :'.Sy <l 

Range ofj{x) = [ 0, 1), 
j{x) is not onto 

28. The interval of values of a for which the func-
. ax2 + 6x - 8  bonf: R ➔ R defined by j{x) = ---­

a + 6x - 8x2 

is onto, is 
(a) [ 2, 14] 
(c) [ 2, 14) 

Solution 

/IIT-1996} 
(b) (2, 14) 
(d) None of these 

(a) Let y = ax2 + 6x - 8  
a + 6x - 8x2 

⇒ (a + 6x- 8x2)= a x2 + 6x- 8  
⇒ (a + 8y) x2 + 6 (1 - y)x - (8  + a y) = 0 

Since x is real 
36 (1- y2) + 4 (a + 8y) ( 8 + 2y) ,:: 0  

⇒ 9(1-2y +y2) + (8a + ay + 64y + 8 ay2,:: 0  
⇒ y2( 9  + 8a) + y(a2 + 46) +(9 + 8 a) ,:: 0 

.... (1) 
(1) will hold for each y ER if 9 + 8 a> 0 and 
(46 + a2)2

- 4( 9 + 8a)2 ::; 0 (Disc. ::; 0) 9 
⇒ a> -8 and [ 46 + a2 -2(9  + 8a)] [ 46 + 

a2 + 2 (9  + 8a)] ::; o  9 ⇒ a> -8 and [ a2- 16a + 28] [ a2 + 16a 

+ 64] ::; 0 9 
⇒ a> -8 and (a- 2) (a- 14) (a + 8)2 :'.S 0  9 
⇒ a> -8 and (a- 2) (a- 14) :'.S 0  

C :  (a + 8)2 ,:: 0) 9 ⇒ a> -- and 2 < a < l 4  8 - -
:. 2 ::;  a ::;  14 

Hence j{x) will be onto if 2 ::; a ::;  14 
required interval is [ 2,14] 

X 
29. If/: [ 0, oo) ➔ [ 0, oo) and j{x) = - , then/ 

I + x 
is /IIT (Screening)-2003} 
(a) one-one and onto 
(b) one-one but not onto 
( c) onto but not one-one 
(d) neither one-one nor onto 

Solution 

(b) f '(x) = -
1
-2 > 0 V x E [ 0, oo] 

(l + x) 
⇒ j{x) is increasing 
⇒ j{x) is one-one 
Also R

1
= [ 0, l] * [ 0, oo) ⇒ /is not onto 

30. Let X, Y be two sets and/: X ➔ Y. If {/{c) = 
y, C C X. Y C Y} and v-1 (d) = x; d C Y, X C 
X}, then correct statement is 

/IIT (Screening)-2005} 
(a) J-1(j{a)) = a 
(b) J-1(j{a)) = a, a c X  
( C) fij-1(b  )) = b 
(d) fij-1(b)) = b, b C y 



Solution 

(b)J-1(d) = X 

⇒ .f{x) = d 
so, if a c x, then.f{a) c.f{x) 
⇒ .f{a) c d  
⇒ J-1 (.f{a)) = a 
[ Note: If a <t x  then this is not necessarily true] 

31. The shortest distance between the line y - x = l 
and the cUIVe x = y2 is: {AIEEE-2009/ 

(a) 3✓
2 

(b) 2✓3 
8 8 

3✓
2 

✓3 (c) - (d) -
5 4 

Solution 

(a) Step-1: For the shortest distance between 
the line and the cUIVe. We have to find a point 
on the cUIVe at which tangent drawn is par­
allel to the given line and then perpendicular 
distance of this point from the line will be 
required shortest distance. 

(0 ,  1 )  

B 

(0,  0) 

Step-2: Given x- y + l = 0 
x = y2 

y2 = X 

..... (1) 
.......... ( 2) 

Mapping of Functions A.59 

Differentiate that, 
dy dy l l = 2y- ⇒ - = -= Slope of given dx dx 2y 

line (1) 
l l - = l ⇒ y = -

2y 2 

⇒ y =

½
⇒ x = (

½ Y  
= ¼ 

⇒ (x, y) = ( ¼, 
½

). The shortest distance is 

( ¼ - ½ + l )  _ 3 _ 3✓
2 

✓l + 1 
-

4✓
2 - -

8
-

32. The equation of the tangent to the cUIVe 

y = x + � ,  that is parallel to the x-axis, is: 
X 

(a) y=l 
(c) y = 3 

Solution 

{AIEEE-2010/ 
(b) y = 2 
(d) y= 0 

Step-1: If tangent is parallel to the x-axis, then 
dy 

= 0 
dx 

4 y = x + -
x 2 

dy 
= 1- �= 0 

dx x3 
⇒ x3= 8 

4 ⇒ x = 2 and y = 2 + - = 3 
22 

(2, 3) is point of contact 
Thus y = 3 is tangent. 
Hence correct option is ( c) 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. Set A has 3 elements and set B has 4 elements, 
the number of injections that can be defined 
from A to B is {UPSEAT-2001/ 
(a) 144 (b) 12 
(c) 24 (d) 64  

2. The number of bijective functions from set 
A to itself when A contains l 06 elements 
is 
(a) 106 
(c) 106 ! 

(b) (106)2 

(d) 2 106 



A.60 Mapping of Functions 

3. A function/from the set of natural numbers 
to integer defined by 

f(n) = 
l n 

� 
1 , when n is odd is 

-n/2 when n is even 

/ICS-2001} 
/AIEEE-2003} 

(a) neither one-one nor onto 
(b) one-one but not onto 
( c) onto but not one-one 
(d) one-one and onto both 

4. /: R ➔ R  given by j{x) = 3 - 2  sin x  is 
(a) 1-1 (b) onto 
(c) bijective (d) None of these 

5. f: R ➔ R,j{x) = (x - l ) (x - 2) (x - 3) is 
/Roorkee-1999} 

(a) one-one but not onto 
(b) onto but not one-one 
( c) both one-one and onto 
( d) neither one-one nor onto 

X 6. If/: [ 0, oo) ➔ [ 0, oo) and f(x) = --, then l + x 
fis /IIT Screening-2003} 
(a) one-one and onto 
(b) one-one but not onto 
( c) onto but not one-one 
(d) neither one-one nor onto 

7. Let E = { l , 2, 3, 4} and F = { l , 2}, then the 
number of onto functions from E to Fis 

(a) 14 
(c) 12 

/IIT Screening-2001} 
(b) 16 
(d) 8 

8. Let/: R ➔ R be defined asj{x) = x I x I - Which 
one of the following is correct? 
(a) /is only onto 
(b) f is only one-one 
( c) f is neither onto nor one-one 
(d) /is one-one and onto 

9. Let/: N ➔ N defined by j{x) = x2 + x + I, x E 
N, then/is 

/AMU-2000} 
(a) one-one onto 
(b) Many one onto 
( c) one-one but not onto 
(d) None of these 

10. If the functions j{x) and g(x) are defined on 
R ➔ R such that 

{ o
, 

f( x) = 
x, 

{ o
, 

g(x) = 
x, 

then (f-g) (x) is 
(a) one-one and onto 

x E rational 
x E irrational' 
x E irrational 
x E rational ' 

(b) neither one-one nor onto 
( c) one-one but not onto 
(d) onto but not one-one 

11. Let/: (-1, 1) ➔ B, be a function defined by 

f( 
-I 2X x) = tan -

1 
-2 , - x  

Then/is both one-one and onto when B is the 
interval 
(a) [ 0, x/2) 
( c) (-x/2, x/2) 

(b) (0, x/2) 
(d) [-x/2, x/2] 

12. If a function j{x) is defined for x e [ 0, l], then 
the function j{2x + 3) is defined for 
(a) [ 3/2, l] (b) [-3/2, -1] 
(c) [ l , -3/2] (d) [-1, 3/2] 

13. A condition for a function y = j{x) to have 
inverse is that it should be 
(a) defined for all x 
(b) continuous everywhere 
( c) an even function 
(d) strictly monotonic and continuous in the 

domain 

10x -10-x 
14. The inverse of function y = --­

wx + 10-x 

(a) y = ½log 1 0( !�:) I + x  (c) 2log -
1- x 

1- x (b) log 1 0 -1 -+ x  
(d) None of these 

15. The inverse ofthe functionj{x)= { l- (x- 3}4} 117 

is 
(a) ( l  - x4}117 + 3 (b) ( l  - x7) 114 + 3 
(c) ( l  - x}417- 3 (d) None of these 

16. Let j{x) = (x + 1)2 - 1, (x � -1), then set 
s = ( x :  f( x) = 1- 1( x) ) is 
(a) Blank 
(b) < 0,- 1> 
(c) < 0, 1, - 1> 

(d) / 0 _1 -3 + i✓
3 

-3- i✓
3 ) 

\ ' ' 2 ' 2 



2x - 2 -x 17. If /(x) = --- then J-1(x) is 
2 x + 2-x

, 

l x 1
1 

l + x  (a) 2log2 l- x  
(b) 

2 og2 l- x 1 1 l + x c) 
2 og2 � (d) 1

1 
2 + x  

2 og 2 2 - x 
18. Which one of the following function is one-

to-one? {Kerala PET-2008/ 
(a) .f{x) = sin x, x e [-1t, 1t) 

[ -31t -1t J  (b) .f{x) = sin x, xE 
2 ,4 

[ -1t 1t ) (c) .f{x) = cos x, xE 
2, 2 

(d) .f{x) = cos x, x E [ 1t, 21t) 

Mapping of Functions A.61 x - 1  19. If.f{x) = 2x + l and g( x) = -
2
- for all real x, 

then ( fogf' ( � j is equal to 

(a) X 

(c) -x {Kerala PET-2008/ 
(b) 1 /x 
(d) -1 /x 

20. If/: R ➔ R is defined by .f{x) = x1 then J-1( 8) 
is equal to 

{Karnataka CET-2008/ 
(a) { 2, -2} 
(b) { 2, 2} 
( C) { 2} 
(d) { 2, 2ro, 2ro 2} 

SOLUTIONS 

1. (c) For injection, b1, b2, b1, b4 can have only 
one or no preimage. 

No. of injections = 4 x 3 x 2 = 24 ways 

2. (c) No. of bijection = 106 x 105 x 104 . 
3 x 2 x l = (106) ! 

3. (d) f.N ➔ I 

n-1 f (n) = -- , when n is odd 
2 

Here nE {l , 3 , 5 , ........ } 
: . f(x) can have values 
{ 0,1, 2, 3, ........... } 

-n andf(x) = - , when n is even 
2 

Here nE {2 ,4 , 6, ........ } 
f (x) can have values {-1, -2, -3, ..... } 
. - .  Range will be { ..... , -3, -2, -1, 0, l ,  2, 
3, .... } 
. - .  function is onto, and one-one. 

4. (d) f(x) = 3- 2sin x , Here -1 � s in x  � l 
Range E [1, 5] * codomain 
Also f '(x) = -2cos x is positive as well as 
negative, 

f(x) is many one. Also function is into. 

Graph of /( x) = ( x-l)( x- 2)( x- 3) by graph 
function is many are (a line I I to x-axis cuts 
graph more than once) 
Also range = (-00, 00) = codomain 
:. it is onto. 

6. (b) f : [0, 00) ➔ ( 0, oo) 

X l 
/( x) = - ,f '(x) = --2 > 0  

l + x  (l + x) 

f (x) is monotonic, f (x) is one-one 
function. 



A.62 Mapping of Functions 

For range/(0) = O ;  

/(00) = lim __:_= lim -1-x➔= I + x x➔= l l + ­
x 

7. (a) Here all the function will be onto except 
two cases: 

:. Required case = 24 - 2 = 14 

8. (d) Here f( x) = x l x l 
= x2 ; x � O 

- x2 ; x < O 

: . f(x) is monotonic, it is one-one function, 
Also range = codomain, fv onto function. 

9. (c) f : N ➔ N; f( x) = x2
+ x + l  

Here domain E {l , 2 , 3  ...... } 

Range E {f (l) ,f ( 2) ,/( 3), ...... } 
E {3,7,13, ........... } 
ic- codomain 
:. function is one one and into. 

{
-x; X E  Q 

10. (a) Here f -g( x) = 
x; x e  Q 

Which is one-one and onto. 

11. (d) / : (-1,l) ➔R 
2x 

If xE (-1,l) /( x) = tan -1 --2 
l- x  

or /( x) = 2 tan - 1 x 

: . f(x) is one one and onto if 

2 tan - 1 x E {2 tan -1 (-l) , 2 tan - 1 t ) 
( -n n i : . f( x)E 

2 '2) 

12. (b) · :  f( 2x + 3) is defined if 
0 �  2x + 3 � l 

-3 - � x �-l 
2 

13. ( c) By definition. 

14. (a) For inverse, replace x by y and y by x in 
l O

x-10-x l 0'-10-y 
y =

l O' + l O-x :. x=
l O" + l O -.v 

l 02" -1 X + l 102
.

v 

x= --- ⇒ -- = --
l 02Y + I  x- l -1 

(By applying componendo and devidendo) 

y = .!.. log ( 
1 + x I 

2 l- x )  
15. (b) Given function is Y = f( x) 

y = ( l- ( x- 3) 4) 1 1 1 

For inverse, replace y by x and x by y 

x= ( l- ( y- 3)4 r 

x7 = l- ( y- 3)4 

y- 3 = ±�l- x7 

y = 3 ± �l- x7 

16. (b) f( x) = r 1 ( x) then y = x 

Here y = ( x + l) 2-l 
: . x= x2

+ 2x + l- l 

x= O,- l 

[ ·: f( x) = r 1 ( x) is possible when y = x] 

Y- Tx 2 2x-l 17. (b) y = --- or y = --
y + Tx 2 2x  + l 

. 2 2
.

v -1 For mverse, x = --

X + l 2 2Y 
x- l -1 

y = .!.. log ( 
1 + x I 

2 l- x )  

2 2.v + l 
18. (c) For f( x) = s in x  

Graph is 

-3rt/2 -rt rt 



[
-31t -1t J In [-1t, 1t) , function is one one and 2,4 

[
-1t 1t

] where as for /( x) = cos x in 
2

,
2 

it is many one 

-rc/2 rc/2 

NOTE 

If a line parallel to x axis cuts the graph more than 
once it is many one . 

Mapping of Functions A.63 

19. (b) Here 
x-1 /( x)= 2x + l ; g( x)= -

2 
then 

( fog)x = /(g( x)) 

= x -1 ( 1J l 
fog-1x = x or fog � f;  

NOTE 

Inverse of y = x is the function itself. --------
20. (c) /( x) = x3

; r 1 ( 8) , means value of X 

when y = 8 in y = j(x) 
8= x3 ⇒ x= 2 

p SIJYSLI bb SJJ& I I J b P NSJUI!!§ llbbt I 12kb P kSdlb!i!§ PON P All I Ilk For :rrrrncre Hff P *'™ ess: :resr ◄ 
1. Let / : R ➔ R be a function defined by 

x- m f ( x) = -- where m f. n. Then 
x - n  

(a) / is one-one onto 
( c) / is many one onto 

[UPSEAT-2001/ 
(b) / is one-one into 
( d) / is many one into 

2. The domain and range are same for 
(a) a constant function 
(b) Identity function 
( c) an injective map 
( d) A surjective map 

3. The function/: N ➔ N, where N is the set of 
natural numbers, defined by f(x) = 3x + 5 is: 
(a) Injective 
(b) Surjective 
( c) Injective but not surjective 
(d) Many one 

4. Function/: R ➔ R,f(x) = x2 + x, is 
[RPET-1999/ 

(a) one-one onto 
( c) many one onto 

(b) one-one into 
(d) many one into 

5. On the set Z of all integers define/: Z ➔ Z as 
follows 

{ 
x/2 , if x is even 

/( x) = .f . dd 
, then/ is 

0, l X 1S 0 
(a) onto but not one-one 
(b) one-one and onto 
( c) one-one but not onto 
(d) into 

6. Which one of the following is a bijective 
function on the set of real numbers 

(a) 2x- 5 
(c) x2 [Kerala (Engg. }-2002/ 

(b) I X I 
(d) x2 + l 

7. If j(x) is periodic function with period T then 
the functionj(ax + b) where a >  0, is periodic 
with period f AMU-2000/ 
(a) Tlb (b) aT 
(c) bT (d) Tia 

8. If for two functions g and /, gof is both 
injective and surjective, then which of the 
following is true [Kurukshetra CEE-1998/ 
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(a) g and/ should be injective and surjective. 
(b) g should be injective and surjective. 
(c) /should be injective and surjective. 
( d) None of them may be surjective and ittjective. 

9. Letf: R  ➔ R be defined by.f{x)= 3x- 4. Then 
J-1 (x) is equal to /SCRA-1996} 

(a) x + 4 (b) �- 4  
3 3 

(c) 3x + 4 (d) None of these 

10. If.f{x) = 1 + a x, a -:f. 0 is the inverse of itself, 
then the value of a is /Screening-1992} 
(a) -2 (b) -1 
(c) 0 (d) 2 

11. If the function/: [ l , ao) ➔ [ l , ao) is defined by 
f(x) = 2x<x-1l, then J-1(x) is /IIT-1999} 

( 
1 )x(x - 1 ) 

(a) 2 
1 (b) 
2(1 + .JI + 4log 2 x) 

1 (c) 
2(1- .J1 + 4log 2 x) 

(d) None of these 

12. If J(x) = !: � �( x * � } then which one of 

the following is correct? 
(a) J-1(x) = f(x) 
(b) J-1(x) = -.f{x) 
(c) (fof) (x) = -x 

1 (d) r l ( x) = -19
/( x) 

13. If/: [ l , ao) ➔ [ 2, ao) is given by f( x) = x + !. ,  
X 

then J-1(x) is equal to 

(a) x + � 
2 

x- ✓ x2 - 4  (c) 
2 

/IIT Screening-2001} 

(b) x + H+4 
2 

(d) None of these 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is  immediately below the 
worksheet . 

2. The test is of 1 3  minutes . 
3. The worksheet consists of 1 3  questions . The 

maximum marks are 39 .  
4. Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohibited . 

--==-------

1. Let/: (-oo, 2] ➔ (-oo, 2] be a function defined 
by .f{x) = 4x - x2 . Then J-1(x) is 
(a) 2- ✓4- x (b) 2 + ✓4- x  
(c) ✓4- x (d) None ofthese 

2. If.f{x) = x2 + 1, then J-1(17) and J-1 (-3) will 
be {UPSEAT-03/ 
(a) 4, 1 (b) 4, 0 
(c) 3, 2 (d) None of these 

3. If.f{x) = 3x + 10, g(x) = x2 - 1, then (fog)-1 is 
equal to {UPSEAT-2001/ 

( X 
_ 7 

)
1 '2 ( X + 7 

)
1'2 

(a) -
3
- (b) -

3
-

( X - 3 
)

1'2 ( X + 3 
)

1'2 
(c) -

7
- (d) -

7
-

4. Which of the following function is inverse 
function? {AMU-2000/ 

(a) f( x) = _l_ 
x- l 

(b) .f{x) = x2, for all x 
(c) .f{x)= x2, x � 0  
(d) .f{x) = x2, x  :5: 0 

5. If/: R ➔ R is defined by .f{x) = x2 
- 6x - 14, 

then J-1 (2) equal to {Kerala CEE-2004/ 
(a) { 2, 8} (b) {-2, 8} 
(c) {-2, -8} (d) { 2, -8} 

l - x 6. If f(x) = 
1 + x

, (x  * -1), thenJ-1(x) equals to 

(a) .f{x) 
(c) -.f{x) 

{Kerala CEE-2004/ 
(b) l lj{x) 
(d) -1 (/{x) 

7. Let the function/be defined by J( x) = 2x + 1 , 
l- 3x 

then J-1 (x) is {Kerala CEE-02/ 
x-l (a) 

3x + 2  

(c) x + l 
3x- 2 

(b) 3x + 2 
x-l 

(d) 2x + l  
l- 3x 

8.  Which one of the following is  a bijective 
function on the set of real numbers? 

(a) 2x- 5 
(c) x2 

{Kerala CEE-2002/ 
(b) I x I 
(d) x2 + 1 

9. If R denotes the set of all real numbers, then 
the function/: R ➔ R defined.f{x) = I x I is 

{Karnataka CET-2004/ 
(a) one-one only 
(b) onto only 
( c) both one-one and onto 
(d) neither one-one not onto 

l- x 10. If f(x) = 
1 + x 

( x  * -1), then J-1(x) equals to 

{MPPET-2005/ 
l 

(a) .f{x) (b) f( x) 

(c) -.f{x) 

11. What is the inverse of the function y = 5 tog ,7 

(a) X = 5 tilogy 
(c) X = 5 togy 

{NDA-2008/ 
(b) X = ylilog5 
(d) X = y log 5 

12. Which one of the following is correct? The func­

tion /: A ➔ R where A = {xE R,- i < x < i } 
defined by .f{x) = tan x is {NDA-2008/ 
(a) Injective (b) Not injective 
(c) Bijective (d) Not bijective 

13. W hich one of the following real valued 
functions is never zero? {NDA-2008/ 
(a) Polynomial function 
(b) Trigonometric function 
( c) Logarithmic function 
( d) Exponential function 
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1 . @ @ © @  
2. ® @ © @  
3. ® @ © @  
4. ® @ © @  
5. ® @ © @  

1. (a) / ( x) = 4x - x2 

Here y = 4x - x2 

For inverse x = 4y- y2 

y2 + 4y=-x 

( y- 2) 2 = 4- x 

y = 2 + ✓4- x 
or y= 2- ✓4- x 

Range is (-=, 2 ] 

y= 2- ✓4- x 

2. (d) /( x)= x2 + 0  

For F'(l7) ; y  = 17; F'(l7) = x 

17 = x2 + l ⇒ x = 4 , -4 

Similarly -3 = x2 + l ⇒ x2 = -4 
No $ values of x is possible 
: . d is answer. 

ANSWER SHEET 

6. ® @ © @  
7. @ @ © @  
8. ® @ © @  
9. ® @ © @  

10. ® @ © @ 

11. @ @ © @ 
12. ® @ © @ 
13. ® @ © @  

AiNfs XNB exPEXNlfioNs 

4. (a) Inverse of a function exist if it is one one 
onto 
Here codomain is R. 

NOTE 

(b), (c), (d) has range as [ O, oo), 
it is an into function 

Whenever codomain is not given, it is considered 
as R 

12. (c) Graph of /( x) = tan x 

Here xE ( -2: 2:J 2' 2 

:. Function is one one onto i.e., bijection. 



LECTURE 

Test Your Skills 

► ASSERTION/REASONING d 
• ASSERTION AND R EASONING 5. Assertion (A) :  If fix) is odd function and g(x) 

TYP E  Q U ESTIONS is even function, then fix) + g(x) is neither 
even nor odd. 

Each question has 4 choices (a), (b), (c) and (d), out Reason (R) :  Odd function is symmetrical 
of which only one is correct. in opposite quadrants and even function is 

(a) Assertion is True, Reason is True and Reason symmetrical about the y-axis. 
is a correct explanation for Assertion. 6. Assertion (A) :  Every even function y = fix) (b) Assertion is True, Reason is True and Reason are not one-one, \;/ x E D1 is not a correct explanation for Assertion. 

(c) Assertion is True and Reason is False. Reason (R):  Even function is symmetrical 

(d) Assertion is False and Reason is True. about they y-axis. 
7. Assertion (A) :  A function f : R ➔ R be 

1. Assertion (A) :  If fix)= ln x2 and g(x) = 21n defined by fix)= x - [ x] (where [ x] is greatest 
x, then fix) = g(x). integer :,; x) for all x E R. f is not invertiable 

Reason (R) :  For x < 0, g(x) is not defined, Reason (R) : fix) is periodic function 

8. Assertion (A) :  The function fix) = x2 - x + 
2. Assertion (A) :  The function fix) = lx l is not 

l ,  x � ½ and g(x) = ½+ ( ✓x - ¾ J ,  then the one-one 
Reason (R) :  The negative real number are not 
the image of any real numbers number of solutions of the equationfix) = g(x) 

3. Assertion (A) :  If/: R ➔ R and g :  R ➔ R be is two. 

two mappings such that fix) = sin x andg(x) = Reason (R) :  fix) and g(x) are mutually inver-

x2, then fog "# gof 
stion. 

9. Assertion (A) :  fix)= sin x + cos ax is a peri-
Reason (R) :  (fog)x = fix) g(x) = (gof)x. odic function. 

4. Assertion (A) :  A function y = fix) is defined Reason (R) :  a is rational number. 
by x2 - arc cos y = 1t, then domain of fix) 10. Assertion (A) :  The least period of the function, 
is R. fix)= cos (cos x) + cos (sin x) + sin 4x is 7t. 
Reason (R) :  cos -1 y E [ O, 1t] Reason (R) : fix + 1t) = fix). 
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11. Assertion (A) :  If.f{x + y) + .f{x - y) = 2 .f{x). 
fly) V x, y ER and.f{0) "# 0, then.f{x) is an even 
function. 
Reason (R) :  If.f{-x) = .f{x), then.f{x) is an even 
function. 

12. Assertion (A) :  The equation .x4 = (A.  x - 1)2 
has atmost two real solutions (is A. > 0) 
Reason (R) :  Curves .f{x) = x4 and g(x) = 
(M - 1 )2 cut atmost two points. 

13. Assertion (A) :  The domains of .f{x) = 
.Jcos(sin x) and g(x) = .Jsin (cos x) are 

same. 
Reason (R) :  · :  -1 :;:; cos (sin x) :;; 1 and -1 :;:; 
sin (cos x) :s; 1 

14. Assertion (A) :  If.f{x) = x5 - 16x + 2, then.f{x) 
= 0 has only one root in the interval [-1, 1]. 
Reason (R) :  .f{-1) and .f{l)  are of opposite 
sign. 

15. Assertion (A) :  The domain of the function 
.f{x) = sin-1 x + cos-1x + 1an-1 x is [-1, l] 
Reason (R) :  sin-1 x and cos-1 x is defined in lx l 
:;:; 1 and 1an-1 x is defined for all x. 

16. Assertion (A) :  The period of.f{x) = sin 3x cos 
. . l 

h d [ 3x] - cos 3x sm [ 3x] 1s - w ere [ .] enotes 
3 

the greatest integer function :;:; x. 
Reason (R) :  The period of { x} is 1, where 
{ x} denotes the fractional part function 
ofx. 

17. Assertion (A) :  The period of.f{x) = sin 2x cos 
. . 1 

[ 2x] - cos 2x sm [ 2x] 1s -
2 

Reason (R) :  The period ofx- [x] is 1 

18. Assertion (A) :  If.f{x) = Ix - 1 1 + Ix - 2 1 + Ix - 3 1 
where 2 < x < 3 is an identity function. 
Reason (R) :f: A ➔ A defined by .f{x) = x is an 
identity function. 

19. Assertion (A) :/: R ➔ R defined by .f{x) = si nx 
is a bijection 
Reason (R) :  If f is both one and onto it is 
bijection 

20. Assertion (A) :/: R ➔ R is a  function defined 

by f(x) = 2x + I . Then .f1 (x) = 3x -1 3 2 
Reason (R) :.f{x) is not a bijection 

21. Assertion (A) :  If/ is even function, g is odd 

function then [_ ,  (g "# 0) is an odd function. 

Reason (R) :  If.f{-x) = -.f{x) for every x of its 
domain, then.f{x) is called an odd function and 
if.f{-x) = .f{x) for every x of its domain, then 
.f{x) is called an even function. 

22. Assertion (A) :  Let A= { x/-1 :;:; x :;;  l }, then 
f :  A ➔ A is defined by .f{x) = sin 1t x, V x EA 
is onto but not one-one. 
Reason (R) :  If range set is equal to the codo­
main set then the function is onto. 

23. Let f (x)=(x+ 1)2- 1, x ,::-l. /AIEEE-2009} 
Assertion: The set { x  : f (x) = J-1 (x)} = { 0, -1} 
Reason:fis a bijection. 

ASSERTION/REASONING: SOLUTIONS 

1. (d) ·: 1n x2 = 2 1n lx l = 2 1n x and g(x) is 
defined only when x > 0 

2. (c) The function .f{x) = lx l is many one 
· :  .f{-x) = .f{x) i.e., not one-one and the image 
of-x is x. 

3. (c) · :  (fog) x = .f{g(x)) = .f{x2) = sin x2and (got) 
x = g(j{x)) = g(sin x) = sin 2 x ⇒ fog "# gof 

4. (d) · :  x2- arc cos y= n ⇒ cos-1 y= (x2- 1t) 
· :  0 :;; cos-1 y :;; 1t 
⇒ 0 :s; x2- 1t :;; 1t 
⇒ n :s; x2 :;; 2 n 
. " .  X E [-./h,-✓x]u [  ✓x,�] 

5. (b) · :.f{x) is odd ⇒.f{-x)=-.f{x) 
and g(x) is even ⇒ g(-x) = g(x) 



let F(x) = .f{x) + g(x) 
F(-x) = .f{-x) + g(-x) = -.f{x) + g(x) 

,t. ± F(x) :. F(x) is neither even nor odd. 6. (a) Since every even function is symmetrical 
about the y-axis. 

any line parallel to x-axis cuts the graph 
move than one point, then.f{x) is not one-one 
\::I x  eD

1 

7. (a) · :  .f{x) is periodic function ⇒ .f{x) is many 
one 
Hence,.f{x) is to invertible 8. (d) Let y = x2- x+ l ⇒ x2- x+ 1- y = 0 

l ± .jl- 4. l. (l- y) x = -�-----

y= g-1 (x) 

⇒ .f{x) = g-1 (x) 

2 

Hence,.f{x) andg(x) are mutually inversion. 
⇒ The graph of the original and inver­

sion functions can intersect only on the 
straight line y = x 
x =.f{x) ⇒ x = x2-x+ l 

⇒ x2- 2x+ l= 0 
⇒ (x- 1)2 = 0 

x = l 

· f · · 27t . d f 9. (a) · : Penod o sm x 1s - and peno o cos 
l 21t 

ax = -
a . { 21t 21t } Hence, penod of.f{x)= LCM of -

1
-, ----;; 

LCM of {21t, 21t} 21t HCF of { l ,  a }  k 

when k is HCF of l and a 
l ⇒ -= mteger = q (say) (* 0) and 
k 
a - = mteger = p (say) 
k 
a/k p p - = - ⇒ a = -
1/k q q 

⇒ a is rational 
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10. (d) Let.f{x) be periodic with period 'J...., 'J.... ,t. 0, 
'J....> 0 
: . .f{x + 'J....) = .f{x) 
⇒ cos (cos(x + 'J....)) + cos(sin(x + 'J....)) + sin(4(x 
+ 'J....)) 
= cos (cos x) + cos (sin x) + sin 4x 
Put x= 0, 
cos (cos 'J....) + cos (sin 'J....) + sin ( 4 'J....) = cos ( l )  + 
cos (0) + sin 0 
= cos (sin n/2) + cos (cos n/2) + sin ( 2  n) 
⇒ 'J.... = n/2 

11. (b) Givenf(x + y) + f (x - y) = 2 f(x) f(y) 
.......... (i) 

Replacing x by y by x in equation (i), then 
fly+ x) + fly-x) = 2fly).f{x) ........... (ii) 

from equation (i) and (ii), we get fly-x) 
=.f{x- y) 

Putting y = 2x, the.f{x) = .f{-x) 
Hence,.f{x) is an even function. 

12. (d) · :  x4 = ( 'J.... x- 1)2 

x2 = ± ('J.... x- l )  
⇒ 

⇒ 

x2 = 'J.... x - l . -. x2 - 'J.... x + l = 0 

x =  A ± ,Jo ... 
2 - 4) 

'J....2- 4  � o 
⇒ A. E(-oo, -2) u [ 2, oo) 
but A.> 0 : .  'J.... E [ 2, oo) 
and x2 = - ('J.... x - l )  
x2 + 'J.... x- l = 0 

x =  -A ± ✓(A 2 + 4) 
2 

'J.... > 0 ⇒ infinite solutions cut at two points. 

f(x) = x4 

13. (d) cos (sin x) � 0 

⇒ 2mt - � � sin (x) � 2mt + �. n E J 
2 2 

but -1 � sin x � l ⇒ -1 � sin x � l ⇒ x E R 
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D
1

= R Also, sin (cos x) � 0 
⇒ 2n 7t .S: cos x .S: 2n 7t + 7t, n E J 

but -1 .S: cos x .S: l 
⇒ 0 .s: COS X .s: l 

⇒ x e [ 2 p7t - �, 2 p1t + � l p e I 

⇒ Dg = [  2p1t - �, 2p1t + �J p  e J  

⇒ D
1 ,t. Dg 

14. (b) · : ./{-1)=-l + 16 + 2= 17 

2 

-1 0 

and./{l) = 1-16 + 2 = -13 

15. (a) · :  sin-1 x is defined in [-1, l] 
cos -1 x is defined in [-1, l] 

and tan-1 x is defined in R 
Hence,./{x) is defined in [-1, l] 

16. (a) · : J{x) = sin 3x cos [ 3x]- cos 3x sin [ 3x] 
= sin (3x - [ 3x]) = sin ( { 3x}) 

17. (a) 

{ x} = x - { x} is periodic with period l 
l 

Period of { 3x} is -
3 

J{x) = x - [ x] 
J{x+ l )= x +  1- ( [ x] + l )= x- [ x] 

Period of x - [ x] is l 
J{x) = sin (2x - [ 2x]) 

= sin (2x + l - [ 2x] - l )  = sin (2x- [ 2x]) 
. . l penod 1s -2 

18. (a) 2 < x < 3 ⇒ x - l > 0 
x - 2 > 0  
x - 3 < 0 

⇒ J{x) = x-l+ x- 2+ 3-x = x 
⇒ f is an identity function 

19. (d) Range ofsin x is [-1, l] 
⇒ f :  R ➔ R defined by ./{x) = sin x in not 

onto 
⇒ it is not a bijection. 
If/is both one and onto then/is bijection. 
A is false R is true. 

2x + l  . .. . 20. (c)f: R ➔ R,J{x) = -- 1s a b1Jechon. 
3 

⇒J -
i = 3x - l 2 

21. (a) Let h(x) = l(x) then 
g(x) 

h(-x) = l(-x) = l(x) = -h(x) 
g(-x) -g(x) 

: . h(x) = l is an odd function. 
g 

22. (a) A :  sin x : - [-1 l] ➔ [-1 l] 

Also, 1(½) = 1(¾) 
⇒ fis not one-one 
⇒ onto R :  def 

23. ( c) There is no information about codo­
main, it will be consider as R 
Also 

y = (x+ 1)2- l 
Range E [-1, oo) 

Range ,t. codomain 
:. it is into. 
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MENTAL PREPARATION TEST 

1. If.f{x) = log l - x then prove that.f{a) + .f{b) 
' I + x ' 

-- J (-a + b
) 

I +ab 
/MP-2000} 

2. Find the domain of the function � r:--;; 
-v l - x -v x -2 

/MP-93} 

3. Find the domain and range of following func-
tion y = sin-1(2.x + 1) /MP-98} 

4. Determine the domain and range of the func­
x2 - l tion -- /MP-2003} 
x -1 

5. Find domain of six x + sin-1x. /HSB-95} 

6. Find the domain and range of the function 
✓x - 3  

x +2 
7. If y = .f{x) = --, then prove that x = fly). 

x -1 

8. Draw the graph of the function y = .!_ . 
X 

{
2x + l, when x ;;;: 2 

9. If.f{x) = Show that.f{x) 
x, when x < 2 

does not exist when x ➔ 2, find.f{l )  and.f{2). 
/CBSE-1986} 

10. If .f{x) = x2 - 4x + 6, then find the value of 
1{2 + n). /MP-2001} 

11. Find the domain and range of the function.f{x) 
x2 - l 
x -1 

/MP-98} 

12. If.f{x) = sin x, then prove that _l _ - .f{x) = 
f(x) 

cot x cos x. /MP-99} 

13. Find domainand range of.f{x)= 4 sin x- 3  cos x. 
f PSB-2002 Similar} 

14. Find the domain of the function cos -1 ( 3x -1). 

15. Prove that.f{x) = 2x + 2-x -2 > 0 for x> 0 
/W.B.J.E.E.-99} 

16. If.f{x) = x4 andg(x) = tan x, then find the value 
of (got) x. 

17. If.f{x) = log, x; (x > 0). Then prove that.f{uvw) 
= .f{u) + .f{v) + .f{w). 

18. If.f{x) = x2 + 2x - 3, then find the value of.f{O), 
.f{-1),.f{l /3) and.f{sin x). /MP-2001} 

19. Find the domain and range of x + 7 
x - 5  

/MP-98} 

20. If function f and g are such that .f{x) = 2x2 

and g(x) = cos x then find the value of 
(got) X. 

/MP-2000} 

21. Find k if .f{x) = x3 - kx2 + 2x, x E R is odd 
function. 

/NCERT Book} 

22. If$ (x) = if prove that [$ (p)]3 = $ (3p) 
/M.M. CET-99} 

23. If.f{x) = 5x6 - 4 tan4x + 3 cos 2 x then prove that 
.f{x) is an even function of x. 

1 
24. If .f{x) = x and g(x) = - , then prove that 

X 
f [g(x)] = g[f{x)] 

X 25. If .f{x) = then prove that .f{sec2 0) = 
x -1 ' 

cosec 20. 



A.72 Test Your Ski l l s  

LECTUREWISE WARM UP TEST 1 

1. If [ x]2 - 5 [ x] + 6 = 0, where [ .] denotes the 
greatest integer function, then 
(a) X E [ 3, 4] (b) X E [ 2, 3] 
(c) x e { 2, 3} (d) x e [ 2, 4) 

I Ox -10-x 
2. The inverse of the function y = - -- is 

I Ox +1 0-x 

equal to {NDA-2003} 

(a) log10 (2 -x) 

1 2x 
(c) -log --

4 10  2 - x 

1 
(b) - log10 (2x-1) 

2 
1 

(
l + x

) (d) -log 10  --
2 1 - x 

3. If 3 j{x) -21{1/x) = x, then 51{2) = 
(a) 2 (b) 3 
(c) 8 (d) 7 

4. If j{x) is a function satisfying j{x + y) = j{x) 

f{y) for all x, y E Nsuch thatj{l )= 3 and f 
j{x) = 120. Then the value of n is 
(a) 4 (b) 5 
(c) 6 (d) None of these 

5. Ifj{x) = ax + b and g(x) = ex+ d, thenf{g(x)} 
= g {/{x)} is equivalent to {NDA-2005} 
(a) j{a) = g(c) (b) f{b) = g(b) 
(c) j{d) = g(b) (d) j{c) = g(a) 

6. The function j{x) = sin (log (x + ✓x2 + l )) is 
f Orissa JEE-2002} 

(a) Even function 
(b) Odd function 
( c) Neither even nor odd 
(d) Periodic function 

7. Ifj{x) = log.x and F(x) = a•, then F[f{x)] is 

(a) j[F(x)] 
(c) Fl/{2x) I 

/SCRA-1996} 
(b) j[F(2x)] 
(d) F[(x)] 

ax 
8. Ifj{x)= -- , x -::/--1. Then, for what value of 

x + I 
ex. is j{/{x)) = x /IIT (Screening)-2001} 

(a) ✓
2 

(c) 1 
(b) -✓

2 

(d) -1 

9. Let Functionj{x) = x2 + x + sin x - cos x + log 
(1 + lxl) be defined over the interval [ O, 1]. The 
odd extentions ofj{x) to interval [-1, l] is 

{UPSEAT-2000; MNR-94] 
(a) x2 + x + sin x + cos x - log (1 + lxl) 
(b) -x2 + x + si nx + cos x- log (1 + lxl) 
(c) -x2 + x + si nx - cos x + log (1 + lxl) 
(d) None of these 

10. The inverse ofthe functionj{x)= 
e
:

- e
:: +2 

e + e 
is given by /Kurukshetra CEE-1996} 

(a) log, � (b) log, 
x -( 2 ) 112 ( 1 ) 112 

x -1 3 - x 

(c) log, _x_ (d) log, 
x -( )1/2 ( 1 )-2 

2 - x  x + I 

11. Given j{x)= log [
(l + x)

] and 
(1 - x) 

(3x + x3 ) 
g(x) = 2 then what 1s j[g(x)] equal to 

1 + 3x 

(a) -j{x) 
( C) [/(x)]3 

{NDA-2006; DCE-1996} 
(b) 3 1/(x)] 
(d) -3 1/(x)] 

12. Let JR be the set of real numbers and let/: IR -+ 
2 

IR be a function such thatj{x) = � .  What 
I + x-

is the range off ? 
(a) IR 
(c) [ O, l] 

{NDA-2006} 
(b) JR- { l } 
(d) [ 0, 1) 

13. If/: R -+ R and g :  R -+  R where j{x) = lx l 
and g(x) = [x], then { x  ER I g(j{x) :::,j{g(x))} 
is equal to /EAMCET-2003} 
(a) Z u (-oo, 0) (b) (-oo, 0) 
(c) Z (d) R 

14. IfA = { x : -1 :::, x :::,  1} and/: A -+A,j{x) = xlxl, 
then/= 
(a) one-one (b) onto 
(c) one-one onto (d) many one-into 

15. The number of all onto functions which can 
be defined from A = { l , 2, 3, ... ... ... .. , n},  n � 
2 to B = {a, b} is /EAMCET-1992} 
(a) 2"- 2 (b) 2"- 1 
(c) 2 • (d) •P2 



16. Which of the following is an even function 
/PET (Raj.)-2000; MNR-1998} 

(b) tan x  

17. Let fi:x) = sin x, g(x) = log lxl. If ranges of 
function fog and gof are R 1 and R2, respec­
tively, then /IIT Screening-1994} 
(a) R 1 = (-1, l ), R2 = (-oo, 0) 
(b) R I 

= (-oo, 0), R2 = [-1, l] 
(c) R 1 = [-1, l ), R2 = (-oo, 0) 
(d) R I = [-1, l], R2 = (-oo, 0] 

18. Iffi:x 1)- fi:x2) = f ( 
x1 - x2 ) ; x l' x2 E [-1, l]; 
l - X1X2 

then fi:x) is equal to 
/Roorkee Screening-1998} 

(
1 - x

) (a) log -
I + x 

(c) log ( 
lx

, ) 
1 - x-

(b) tan -1 (
1 - x

) 
I + x 

(d) tan -1 (
l + x

) 
1 - x 

19. If for two functionsf,g; gofis a bijection, then 
correct statement is 

/Kurukshetra CEE-1998} 
(a) both g and/must be bijection 
(b) g must be a bijection 
(c) /must be a bijection 
(d) neither of them may be a bijection 

20. fi:x) = cos ✓x , correct statement is 
/Kurukshetra CEE-1998} 

(a) fi:x) is periodic and its period= ✓
2

x 
(b) fi:x) is periodic and its period= 4 x2 

(c) fi:x) is periodic and its period= J;, 
(d) fi:x) is not periodic 

21. Domain of the ftmotion ,m [Iog[  �)] 

lS  

(a) [-2, l] 
(c) [ l , 2] 

/IIT-85; Delhi (EEE)-98; 
PET (Raj.)-2003} 

(b) (-2, 1) 
(d) (-1, 2) 
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22. If X = { l , 2, 3, 4}, then total number of pos­
sible one-one onto functions from X to X for 
which fi:l ) = l , fi:2) -=I- 2,fi:4) -::/- 4 will be 
(a) 3 (b) 4 
(c) 6 (d) 2 

23. Range offi:x) = 1 + x - [ x] /Roorkee-2000} 
(a) [ 0, l] (b) [ l , 2) 
(c) (0, 2] (d) [ l , 2] 

24. If/: [ l , oo) ---+ [ 2, oo) is given by fi:x) = x + _!_ , 
X 

thenj1 (2) is equal to 
(a) -1 
(c) 2 

/IIT Screening-2001} 
(b) 0 
(d) 1 

25. The domain of the function cos -1 (1og2 � )  
is /MP-98} 
(a) [-1/2] - { 0} 
(c) [-2, 2] - { 0} 

(b) [ l , 2] 
(d) [-2, 2] - (-1, 1) 

1 - x 
26. Iffi:x) = - , then j[/{cos 2 0)] = 

I + x 

(a) tan 2 0 
(c) cos 2 0 

/MPPET-94, 01 ; Pb. CET-02} 
(b) sec 2 0  
(d) cot 2 0  

27. The domain of definition of the function y(x) 
given by the equation 21x + 2 2, = 2 is 

/IIT Screening-2000} 
(a) O < x :::s;  1 

1 
(c) -oo < x < -

2 

(b) -oo < x < 0  

(d) -oo < x < l  

28. Given the function fi:x) = ax +a-x

, (a >  2). 
2 

Then fi:x + y) + fi:x - y) = 

(a) 2.flx) .fly) 

(c) f(x) 
f(y) 

(b) fi:x) .fly) 

(d) None of these 

29. Iffi:x + ay, x - ay) = my, then fi:x, y) is equal 
to /MPPET-2009} 
(a) xy 

2 2 

(c) X - y  
4 

2 2 

(d) X - y  
a

2 
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LECTUREWISE WARM UP TEST 2 

1. Let.f{x) = x2 and g(x) = 2X, then the solution set 
of fog (x) = go.f{x) is 
(a) R (b) { 0} 
(c) { 0, 2} (d) None of these 

{ 
sin( l + [x]) for [x] :;t: 0 

2. If .f{x) = ---- ,  where 
[x] for [x] = O 
0, 

[x] denotes the greatest integer ::; x, then 
lim f(x) equals 
x➔O-

(b) 0 (a) 1 
(c) -1 (d) None of these 

3. The range of 3sin x + 4cos x + 5 is 
(a) [ 3, 4] (b) [-5, 10] 
(c) [ 0, 10] (d) [ 3, 12] 

4. The domain of the function.f{x) = 

.Jsin- 1 ( log2 x) + sin- 1 (i�x) is 

(a) [ l , 3] (b) (0, 2] 
(c) (0, l] (d) [ l , 2] 

5. For x e [ 0, 2], let.f{x) = [ x2] - [x]2, then the 
range of/is 
(a) {-1, 0} 
(c) { 0, 1, 2} 

(b) {-1, 0, l } 
(d) { 0} 

6. If/: R ---+  R andg: R ---+  R are defined by .f{x) = 
2x + 3 and g(x) = x2 + 7, then the value of x 
such that g(j{x)) = 8 are 
(a) 1, 2 (b) -1, 2 
(c) -1, -2 (d) 1, -2 

7. Domain of.f{x) = log I log xl is 
(a) (0, oo) (b) (1, oo) 
(c) (0, 1) u (1, oo) (d) (oo, 1) 

8. The domain of the function 
1 

.f{x)= --;===== 
.j(x - 2)(1 - x) 

(a) (1, 2] (b) [ l , 2] 
(c) (1, 2) (d) None of these 

9. The set of all x for which f (x) = logx_2 2 x+3 
1 

and g(x) = ,:;:-;: are both not defined as 
'\J X

2 - 9  

(a) (-3, 2) 
(c) (-3, 2] 

(b) [-3, 2) 
(d) [-3, 2] 

x2 - 4 10. Let.f{x) = -2 - , for lxl > 2 then the function 
X + 4 

f: (-oo, -2] u [ 2, oo) ---+ (-1, 1) is ... ... .. . 
(a) one-one into 
(b) one-one onto 
( c) many one into 
(d) many one onto 

11. The domain of the function.f{x)= sin -1 (3 - x) 

. ln (l x l -2) 
lS 

(a) [ 2, 4] 
(c) [ 2, oo) 

12. Period of the function 

(b) ( 3, 4] 
(d) (- oo,-3) u [ 2, oo) 

.f{x) = ex-[xJ+ lcosru:1+ 1cos2 ru:1+ . . . . . .  + 1cosnm:I where [ .] 
denotes the greatest integer function is 
(a) 2mr: (b) 1 
(c) not periodic (d) 211:ln 

13. The equivalent function of log;: is equal to 

4 4 
(a) -logx

y (b) -log lxl 

3 3 � 

(c) 1 11og; I (d) 11og; l
411 

14. The function/: R ---+  R;.f{x) = x; x ER is 
/MPCET-97} 

(a) Injection but not surjection 
(b) Surjection but not injection 
( c) Injection as well as surjection 
(d) Neither injection nor surjection 

15 . .f{x) = cos x + cos 2x + cos 4x is periodic with 
period 
(a) 1t 
(c) 3x 

(b) 21t 
(d) 41t 

16. fog (x) = F(x). If F(x) = -J a 2 
- x

2 and g(x) 
= -x2, what is the value of.f{x)? 

(a) � 

(c) -Ja 2 + x
2 

(b) -Ja 2 + x 

(d) � 



17. A function/: R ---+  R satisfies the equation.f{x) 
fly)-.f{xy) = x + y for all x, y ER and.f{l)  > 0, 
then 

1 (a) .f{x)= x +  -
2 

(b) .f{x)=x+ 1 

1 
(c) .f{x)= - x- 1 

2 
1 (d) .f{x) = - x + I 
2 

18. If.f{x + 2) = .!.{f (x +l) + -4-} and.f{x) > 0 
2 f(x) 

for all x ER, then.f{x) is 
(a) 1 (b) 2 
(c) -2 (d) 0 

1 
19. If <l>(x) = --_-, then the value of cj>( 5) + 

I + e x 
4>(4) + 4>( 3) + . . .  + cj> (-3) + cj> (-4) + cj> (-5) is 
(a) 5 (b) 9/2 
(c) 11/2 (d) None ofthese 

20. If/: ( 3, 4) ---+ (0,1) is defined by .f{x) = x - [x] 
where [ x] denotes the greatest integer function 
then .f1(x) is 

(a) 1 (b) [x] -x 
(x - [x]) 

(c) x- 3 (d) x + 3 

21. Mark one incorrect statement. If x and y are 
independent variable, then 
(a) .f{x + y) = .f{x)fly) ⇒.f{x) = a'-", A. is constant 
(b) .f{x + y) = .f{x) = fly) ⇒ .f{x) = A.X, A. is con-

stant 
(c) .f{xy) = .f{x) + fly) ⇒.f{x) = A. i nx or.f{x) = 

0, A. is constant 
(d) .f{xy) = .f{x) .fly) ⇒ .f{x) = e,..,, n ER. 

22. If the function/ satisfies the relation.f{x + y) + 
.f{x - y) = 2 .f{x)fly) V x, y ER and.f{0) * 0, 
then.f{x) is 
(a) an odd function 
(b) an even function 
( c) Periodic function 
(d) a constant function 

23. The fundamental period of the function.f{x) = 
3x- [ 3x] 

(a) 1 
(c) 3 
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(b) 1/3 
(d) None of these 

24. If log�= m; then log4/8 is equal to 

(a) 2(1 + 2m) 

2 (c) --
1 +2m 

(b) 
1 +2m 

2 

(d) l + m 

25. If/be a function defined as.f{x) = x3 -3x, -1 _:;::; 
x _:,; 3, then the range off is 
(a) [ 0, 24] (b) [-2, 2] 
(c) [-2, 18] (d) None of these 

26. The domain of the function � is 
X 

(a) [-1, oo)- { 0} 
(c) R 

{NDA-2003} 
(b) (-1, oo) 
(d) None of these 

27. The function.f{x) = ✓ x + 3# + ✓x is called 
(a) Rational Function 
(b) An Irrational Function 
( c) Algebraic Function 
(d) Transcendental Function 

28. What is the equivalent definition of the func-

{
2x, x ;;;: O  

tion given by .f{x) = ? 
0, x < O  

(a) .f{x) = lx l 
(c) .f{x) = lx l + x 

{NDA-2006} 
(b) .f{x) = 2x 
(d) .f{x) = 2 lxl 

29. If/: R ➔ W such that.f{x) = (1/3)', then what 
is J -1 (x) equal to? {NDA-2006} 
(a) (1/3)' (b) 3x 

(c) log113x (d) logJl/3) 

30. If.f{x) = (a- xn) 11n, where a> 0 and n is a posi­
tive integer, then j[/{x)] is equal to 

(a) x3 
(c) X 

/CET-97; Roorkee-91 ; 
Karnataka CET-98} 
(b) x2 

(d) None of these 

31. The value of ex. for which the function.f{x) = 
1 + ex. x, a. * 0 is inverse of itself will be 

(a) 1 
(c) -1 

/Screening Paper-1992} 
(b) 2 
(d) 0 
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32. If.f{x)=sin2x+sin{ x + ¾ ) + cos xcos ( x + ¾) 

and g(  ¾) = 1, then gof(x) is equal to 
/IIT-1996} 

(a) 0 (b) 1 
(c) sinl O (d) None of these 

33. Let R be set of real nwnbers. If f : R ➔ R 
defined by .f{x) = eX, then/is 

/Karnataka CET-02; UPSEAT-02} 
(a) surjective but not injective 
(b) injective but not surgective 
( c) bijective 
(d) neither surjective nor injective. 

2x + i-x 

34. If.f{x) = 
2 

, then.f{x + y) . .f{x - y) = 

1 
(a) 

2 
[/{2x) + .f{2y)] 

1 
(b) - [/{2x) + .f{2y)] 

4 
1 1 

(c) 
2 

[/{2x)-.f{2y)] (d) 
4 

[f{x)-.f{2y)] 

35. For real values of x, range of the function 

y = l is /Delhi (EEE)-98} 
2 - sin 3x 

(a) 1/3 � y �  1 
(b) -1/3 � y  < 1 
(c) -l/3> y>-1 
(d) 1/3 > y>-1 

LECTUREWISE WARM UP TEST 1 :  SOLUTION S 

1. (d) [x]2-5[x] + 6 = 0 
⇒ [ x] = 2, 3 ⇒ X E [ 2, 4) 

I Ox -1 0-x 

2. (d) · :  y = 
I Ox +1 0-x 

⇒ 
1 + Y = 2 X I Ox 

1 02x 

l - y 2 x l 0-x 

⇒ 2x = log 10  (1 + y) 
l - y 

⇒ x = ..!..log 10 (
l + y ) 

2 l - y 

F\y) = ..!_lo l + y 

2 
g10 1 - y 

f- 1 ( ) - l l (
l + x

) X - - Og10 --
2 l - x 

3. (d) Given 3 .f{x) -2.f{l/x) = x .............. (i) 
Replace x by 1 /x, we get 3 .f{l/x) -2.f{x) = 1 /x 

............. (ii) 
Eliminate.f{l/x) between (1) and (2) 

5.f{x) = 3x2

/ 
2 , So 5/(2) = 3(2)

� 
+ 2 

⇒ 51{2) = 12 +2 = .!.± = 7 
2 2 

4. (a) .f{l) = 3 given and we have to make use 
of the relation.f{x + y) = .f{x)fiy),.f{x) 
=.f{x-1 + l ) =.f{x-1) . .f{l)  
= .f{x -2) 1/{1 )]2 = .f{x -3) 1/{1 )] 3 .......... . 
j[x - (x-l )][/{l )y -1 = [/{l ).f{l)y -1 = 1/{l )]x 

or .f{x) = 1/{1 )]x = 3x 

n n 
Now L f(x) = L 3x = 3 + 32 + 3 3 + 34 x=l  x= l  
+ .... + 3n 

or 3(3n 
- l) 120 (G.P.) (Given) 

3 -1 
240 

3 n _ 1 = - = 80 or 3 n = 81 = 34 

⇒ n = 4 

5. (c) we have.f{x) = ax + b, g(x) = ex+ d and 
f{g(x)} = g{/{x)} 

⇒ .f{cx+ d)=g (ax+ b) ⇒ a (cx+ d)+ b= 
c (ax+ b)+d 

⇒ ad+ b=cb+ d ⇒.f{d)=g(b) 

6. (b) .f{x) = sin [log (x +✓l + x2 )] 

⇒ .f{-x) = sin [log (-x + ✓l + x2 ] 



⇒ .f{-x) = sin log ( b) 
x + l + x2 

= s in [-log( x + .Ji + x2 )] 
=- sin log (x + -Ji + x2

) ⇒.f{-x)=-.f{x) 

So .f{x) is odd function. 

7. (a) F[/{x)] = F(log. x) = a log. x = x 

f[ F(x)] = .f{a') = log. a'= x 

af(x) 
8. (d) f{/{x)} = 

j(x) + l  

= a (�) 
(�+1) a + l  

ax + x + l 

1 a-x 
x = ---- or x { (a +  l ) x +  l- a2} 

(a + l)x + l  
= 0 or (a + l ) x2 + ( l  - a2) x = 0. This should 
hold for all x 
⇒ a +  l = 0, l - a2 = 0 :. a =-1 

9. (b) Odd extension from [ 0, l] to [-1, l] means 
that function from given choices which satis­
fies the condition.f{-x) = -.f{x) 
Now 1-xl = lx l, cos (-x) = cos x, 
sin (-x) = -sin x, (-x)2 = x2 

so we observe that .f{-x) = x2 - x - sin x - cos 
x + log ( l  + lxl) = - (function given in ( 2)) 
: . (b) is the correct answer. X -x e - e 

10. (b) y = -- + 2 
e-' 

+ e-x 

⇒ 

⇒ 

e 2x - 1 y = -- + 2 
e 2x + l 

2x 1 - y y -1 
e = -- = --

y - 3 3 - y  

⇒ x = .!..1og (
y - l ) 2 3 - y  

_f1(y) = log ( 
y - l 

)
112 

So .f1(x) 
3 - y  

= log, ..:.=_ ( 
l )v2 

3 - x 
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11. (b)f [ g(x)] = log (
l + g(x)

) = log 
1 - g(x) 

[
l + 3

x + x: 
l l + 3x-

l - 3x + x3 

1 + 3x2 

= 1 ( 
l + 3x2 + 3x + x3 ) 

og , 3 1 + 3x- - 3x - x  

= log (�)
3 

1 - x 

( l + x
) = 3 log - = 3 [/(x)] 

1 - x 

12. (d) .f{x) is continuous function and takes non­
negative values. Also we find that.f{0) = 0 and 
.f{x) ➔ l as x ➔ oo. 
Hence range off= [ 0, l )  

13. (d) g(.f{x)) = g( lxl) = [ lx l],.f{g(x)) = .f{lxl) = l [ x] I 

when x � 0, [ lxl] = [x] = l [ x] I  : . .f{g(x)) = 

g(.f{x)) 
when x < 0, [ x] � x  < 0 ⇒ l [ x] I  � lxl 

l [ x] I � lxl � [ lxl] C: [ x] � x for all x) 
⇒ .f{g(x)) � g(.f{x)) Thus g(.f{x)) �.f{g(x)) for 

all x ER. { x2 , 0 < X  < 1  
14. (c) j(x) = , -x- , -1  < X < 0  

1-1 onto. 

15. (a) By formula 

16. (a) odd function (x) x odd function 
( x l ) � = even function 
a -' + l 

17. (d) Range of fog is range ofj[-1, l] and range 
of gof is range of g[-oo, 0] 
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19. (a) By definition. 

20. (d) j{x + T)=.f{x) ⇒ cos .Jx + T = cos✓x 
.Jx + T = 2n 7t ± ✓x ; n EN 

⇒ T = 4n2 n2 ± 4n 1t ✓x which is not inde­
pendent of x 

cos ✓x is not periodic 

21. (b) � > 0 ⇒ 4- x2> 0 
1 - x 

⇒ lxl < 2 ⇒ 1- x> O 
⇒ x < l ⇒ -2 < x < l 

22. (a) 

00 2 
4 00001 

2 4 
4 3 
3 2 

23. (b) We know that O � x - [ x] < l for all x ER 
⇒ 0 + l � l + x- [ x] < l + l for all x ER 
⇒ l � l + x- [ x] < 2 for all x ER 
⇒ l �.f{x) < 2 for all x ER 

24. (d) Clearly,/: [ l , oo) ➔ [ 2, oo) is a bijection, 
1 

Let.f{x) = y. Then,.f{x) = y ⇒ x +- = y 

⇒ X y ± �  2 
⇒ y + .Jy

2 - 4 
X 2 
[ · :  X � l] 

X 

⇒ -1 y + .Jy
2 - 4 

f (y) = _ _,_ __ Hence, 2 
F 1

(x)

x +
� for all 2 

x E [ l , oo] ⇒ F 1 (2) = 2 +� = l 

25. (d) cos- 1 (1og;' 1 2
) is defined if -1 � logt2 

� l 
if 2 -1 � x2/2 � 21 if l � x2 � 4 
if l � x � 2 or-2 � x �-l 

domain is [-2, -1] u [ l , 2] = [-2, 2] -
(-1, l )  

26. (c) f[/{cos 20)] = 1[
l - cos20

J 
1 + cos20 

l - tan 2 0 = .f{tan 2 0) = --- = cos 20 
l + tan 2 0 

27. ( c) 2 2Y = 2 - 22' > 0 as exponential function 22
Y 

is always +ive 

22' < 2 1 ⇒ x <  .!_ ⇒ x  E (-«J .!_) or-oo 
2 ' 2  

1 
< x <-2 

28. (a) We have j{x + y) + .f{x - y) 
1 = - [ a< +y + a --< -y + a' -Y + a -x + yl 2 
1 = - [ a'(aY + a -Y) + a -' (aY + a -Y)] 2 
1 = - (a' +  a -') (a' + a -Y) = 2.f{x)fiy) 2 

29. (c) Given /(x + ay, x - ay) = axy 
................. (i) 

Let x + ay = u and x -ay = v 
u +v u - v Then x = -- and y = -- Substituting 

2 2a  
the value of x and y in equation (i), we obtain 

u 2 - v2 

j(u,v) = --
4 

⇒ 
2 2 

X - y  j(x, y)
= -

4
-
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LECTUREWISE WARM UP TEST 2: SOLUTIONS 

1. (c) fog (x) = fig(x)) = fi2x) = (2x)2 = 22' and 

gof(x) = g(j{x)) = g(x2) = 2x-

Thus the solution of 2 x- = 22' is given by x2 = 

2x which is x = 0, 2 

2. (b) For-l < x < 0, [ x] =-1, So 

lim sin(l + [ x]) sin 0 
= 0 x➔o- [ x] -1 

3. (c) Range of fix) = a cos x + b sin x + c is 

[c- .Ja 2 + b 2
, c+ ✓a 2 + b 2 ] 

= [5 - ✓4 2 +3 2 , 5 +✓4 2 +3 2 ]= [ 5- 5, 5 + 5] = 

[ 0, 10] 

4. (d) For the domain of the function sin-1 
(-1-) i.e., cosec -1 (1 + x), 1 + x � I or 1 + 

I + x  
X .:;;;- I 
⇒ x � 0 or x .:s;-2 

0 0 

Also ✓sin - 1 (1og 2 x) is defined when sin-1 
(log2 x) � 0 and log2 x .:;;;  1 ⇒ x E [ l , 2] :.D

1 
= [ l , 2] 

5. (c) Obviously x E [ 0, 1) ⇒ fix) = 0 

x E [ l , ✓2
) ⇒fix) = 0 x  E [✓2

, ✓
3

) 

⇒fix) = 1 
x E [ ✓

3
, 2) ⇒ fix) = 2, fi2) = 0 :. R

1
= { 0, 

1, 2} 

6. (c) g(j{x)) = 8 ⇒ [/{x)]2 + 7 = 8 
⇒ (2x+ 3)2 = 1 
⇒ 4x2 + 9 +  12x= 1 
⇒ 4x2 + 12x + 8 = 0 
⇒ x2 + 3x + 2  = 0 
⇒ (x + 1 ) (x + 2) = 0 
⇒ x =-1,-2 

7. (c) fix) is defined when llog xl > 0 
⇒ X E (0, oo), X ;t 1 

D
1

= (0, 1) u (1, oo) 

1 
8. ( c) The domain of --===== when 

.J(x -a ) (b - x) 
a> b is (b, a) hence the domain of given func­
tion is (1, 2). 

9. (d) fix) is defined if x - l > 0 or 
x + 3  

...:..(x_+_3
....:..)

..:....(x_-_2
....:...) > 0 

(x + 3)2 

⇒ x <-3 or x> 2 = D1 and also x ;t 2, x ;t-3 
by definition oflogab 

-3 2 

g(x) is defined is x2 - 9 > 0 ⇒ (x + 3) 
(x- 3)> 0 
i.e., x <-3 or x > 3 = D2 

Hence both are defined for D1 n D2 i.e., for x 
<-3 and x> 2 .. (1) 
Therefore both are not defined for -3 .:;::; x .:;;;  2 
or [-3, 2]. 

10. (c) Let fix) = .f{y) 

⇒ 

⇒ 

2 4 2 4 X -
-

y -
x2 + 4 

-
y 2 + 4 

x2 - 4 y2 - 4 -- - 1 = -- - 1 
x2 + 4 y 2 + 4 

⇒ x2+ 4 = y2+ 4  
⇒ x = ± y  

fix) is many-one. 
Now for each y E (-1, 1), there does not exist 
x EX such that fix) = y. 
Hence/is into. 

sin - 1 (3 - x) 
11. (b) fix) = 

log[lxl - l] 
Letg(x) = sin-1 (3 - x) 

⇒ -1 .:;::; 3- x .:;::;  1 

Domain of g(x) is [ 2, 4] and let h(x) = log [ lxl 
- 21 ⇒ lx l -2 > o 
⇒ lx l> 2  ⇒ x <-2 or x > 2 ⇒ (-oo,-2) u (2, 

oo) 
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We know that ( 1 ) (x) = f(x) V x E D1 n g g(x) 
D2- { x e R  :g(x)= O} 

Domain ofj(x) = (2, 4] - { 3} = (2, 3) u 
( 3, 4] 

12. (b) Since periods of x - [x], lcos 7t xl, lcos2 7t 

x1 ... 1cos n 1t xl 
1 21t 1 21t 1 1 21t 1 

are 1, -.- = 1, -.- =-, ... -.- =-
2 1t 2 2x 2 2 nx n 

Period of j(x) is L.C.M. of 1, 1, 
1 1 1 -, -, .... -= 1 :. (b) is answer. 
2 2 4 

m 13. (b) By formula log;,., = klog/ Hence x4 

_ 4 �I log y' - 3 log lyl 

14. ( c) Properties of identity function. 

15. (b) Period of cos x = 2 7t. Period of cos 2x = 1t 
Period of cos 4x = 1tl2. 

The required period is L.C.M. of 21t, 7t, 1t/2 

16. (b) j{g(x))=j{-x2)= .Ja 2 - x2 

17. (b) By actual verification we find correct 
option. 
(x+ l ) (y +  1)- (xy)- l =xy+ x+ y+ l- xy 

-l=x+ y 

18. (b) Clearly, Lim j(x + 2) = Lim j(x +I) = 
x➔ oo x➔ oo 

Lim f(x) = /(say) 
x➔= 

Then taking limit, I = ½(1 + T) or ½t = T 
or /2= 4 

1=2 [ " :j(x)> O for all x] 

1 
19. (c) Here, <l>(-x) = -- So cj>(x) + cl> (-x) = 

I + ex 

1 1 -- + -­
I + e-x I + ex 

ex I ex + I 
cj>(x) + cj> (-x)= -- + -- = -- = 1 

ex + I 1 + ex ex + I 

sum = { 4>( 5) + cj>(-5)} + ... + { cj>( l )  + 
cj>(-1)} + cj>(O) 

= 1 + 1 + 1 + 1 + 1 + cj>(O) = 5 + 

_1 _ = 5 +
_!_ = !.!. 

l + e0 2 2 

20. (d) Let x = 3 + k, 0 < k < I 

Then y = j(x) =x- [x] = 3 + k-3 =k=x-3 

X = y + 3 . " . J-l (y) = y + 3 
: . . f1 (x)= x + 3  

21. (d) By the results of the function the incor­
rect option is (d). Because the correct result 
is f{xy) = j(x). fiy) 

⇒ j(x) =xn, n E R. 

22. (b) Given .ftx + y) + fix-y) = 2.ftx) f(y) 
... ... ... .... (i) 

Replacing x by y and y by x in (i) then 
f(y + x) + f(y - x) = 2/(y) fix) 

... ... ... .... (ii) 
From (i) and (ii) we getfiy -x) = j(x - y) 
Putting y = 2x thenj(x) = j(-x) 
Hence j{x) is an even function. 

23. (b) Period of functionj{x) is T. Then period of 
function j{ax) is Tia. 
Hence the period of 3x - [ 3x] is 1/3. 

1 24. (b) log 2s = log 4x1 = -log4x1 
7 x 7  72 2 7 

= ½[log� + log; ] 

1 
[ 2 ] 1 = 2 21og7 +1 = 2 [2m + l] 

25. (c) f '  (x) = 3x2 - 3 = 3 (x2-l) 
f '  (x) � 0 if x � -1 or x � 1 
f '  (x) � 0 if-1 � X � 1 
in [-1, 1] it is monotonically decreasing 
and in [ l , 3] it is monotonically increas­
ing. 
maxj{x) = greatest among {/{-1),f{3)} = 
1( 3) = 18 min j{x) = j{l)  = -2. 
So, the range off= [-2,18]. 

26. (a) Quantity within radical sign must be +ve 
or zero in numerater. Also denominater can 
not be zero. 



27. ( c) By definition of Algebraic function. 

28. ( c) x as well as lxl has same sign. 
Hence.f{x) = lx l + x is equivalent to the given 
function. 

29. (c) y = (½J ⇒ x = (½r 

⇒ y = log�13 = F 1 (x) 

30. (c) f {/{x)} = [a- {/{x)" ] 11•= [a- (a-x)" ] 11•= x 

31. (c) ( l ) y = 1 + a x (2) x = 1 + a y  
x -1 

(3) y = -= f '(x) = 1 + a x  
a 

32. (b) .f{x) = sin2 x + 

sin2 ( x + ¾  ) + cos xcos ( x + ¾) 

• ? • 1t . 1t ( )

2 

= sm - x +  sm xcos3 + cos x sm 3 
( 1t . . 1t ) + cos x cos x cos 3- sm x sm 3 

. , sin 2 x 3 cos2 x 2✓
3 

= sm - x + -- + --- + --
4 4 2.2 

. cos2 x . ✓
3 

sm xcos x + -- - cos x sm x-2 2 
. 2 sin 2 x 3 cos2 x cos 2 x = sm x + -- + --- + - -

4 4 2 

5 sin 2 x 6 cos 2 x + 4 cos2 x = --- + -------
4 8 
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5 . ? 2 5 = - (sm- x + cos x) = -
4 4 

go.f{x) = g(j{x)) = g ( ¾) = 1. 

33. (b) /is injective (i.e., one-one), since x 1 , x2 E 
R and x1 °1'- x2 • 

⇒ e"' -:/:- ex' ⇒.f{x 1) * .f{x2) 
f is not surjective, since ex > 0 for all x and so 
negative real number can be the image of any 
real number. 
For example, there is no real x such that.f{x) 
=-2. 

34. (a) .f{x + y).f{x - y) 
1 1 = - [2x +y + 2-x -y] - [2x -y + 2-x+y] 2 2 
1 

= - [ 22< + 22y + 2-2y + 2 -2<1 
4 
1 1 

= - [ (22< + 2 -2•) + (2 2Y + 2 -2Y)] = - [/{2x) 
4 2 

+ j{2y)] 

1 
35. (a) · : y = 

2 - sm 3x 
2- sin 3x= 1 /y 

⇒ sin 3x = 2 - 1 /y 
Now since -1 _:;::; sin 3x _:;::; 1 
⇒ -1 _:;::; 2-1/y _:;::; 1  
⇒ -3 _:s;-1/y _:s;-1 
⇒ 1 _:;::; 1 /y _:;;; 3 ⇒ 1/3 _:;;; y  _:;;; 1 
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ANSWERS 

LECTU RE 1 

Unsolved Objective Problems (Identical Problems 
for Practice): for Improving Speed with Accuracy 

1. (d) 5. (c) 9. (d) 13. (a) 
2. (a) 6. (a) 10. (a) 
3. (b) 7. (a) 11. (c) 
4. (b) 8. (d) 12. (d) 

Worksheet: To Check the Preparation Level 

1. (d) 4. (b) 7. (b) 
2. (c) 5. (a) 8. (b) 
3. (a) 6. (d) 9. (c) 

LECTU R E 2 

Unsolved Objective Problems (Iden tical Problems 
for Practice): for Improving Speed with Accuracy 

Worksheet: To Check the Preparation Level 

1. (d) 6. (a) 11. (c) 
2. (b) 7. [l, 6] 12. (a) 
3. (a) 8. (d) 13. (d) 
4. (d) 9. (d) 14. (d) 
5. (c) 10. (b) 15. (d) 

LECTU RE 4 

Unsolved Objective Problems (Identical Problems 
for Practice): for Improving Speed with Accuracy 

1. (b) 5. (a) 9. (a) 13. (a) 
2. (b) 6. (a) 10. (a) 
3. (c) 7. (d) 11. (b) 
4. (d) 8. (a) 12. (a) 

Worksheet: To Check the Preparation Level 

1. (a) 5. (b) 9. (a) 13. (d) 
2. (d) 6. (b) 10. (c) 

1. (c) 5. (b) 9. (c) 
2. (b) 6. (a) 10. (a) 

13. (a) 3- (a) 
4. (a) 

7. (a) 
8. (a) 

11. (a) 
12. (a) 

3. (d) 7. (c) 11. (a) 
4. (b) 8. (c) 12. (c) 

Worksheet: To Check the Preparation Level 

1. (b) 4. (a) 7. (a) 10. (b) 
2. (b) 5. (c) 8. (d) 11. (c) 
3. (b) 6. (a) 9. (b) 

LECTU RE 3 

Unsolved Objective Problems (Identical Problems 
for Practice): for Improving Speed with Accuracy 

1. (a) 6. (b) 11. (b) 
2. (b) 7. (a) 12. (c) 
3. (a) 8. (a) 13. (c) 
4. (a) 9. (a) 14. (d) 
5. (c), (d) 10. (d) 

LECTU RE S 

Mental Preparation Test 

2. ( 1 ,  2) 
3. {x : -1 � x � O};  (-rr/2, rr/2) 
4. D1

= R- { l }, R, = R- {2 }  
5 .  D1

= [-1,  l] 
6. X � 3, y � 0 
9. 1 and 5 

10. n2 + 2 
11. D

1
= R- { l }, R

1
= R- {2 }  

13. D1
= R, R1

= [-5, 5] 
14. -[O, 2/3] 
16. ta n x4 

18. -3, -4, -20/9; si n2 x + 2 si n x -3 
19. cos (2x2) 
20. k= 0 
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L E C T U R E  

Basic Definition, 
Evaluation of Limits (Basic) 

p BASIC CONCEPTS d 
9 I NTRO DUCTION 

Left and Right Sides of a Point 
1. If c is a point of an open inteival { x  I a < x 

< b}; then c divides the open inteival (segment 
of the straight line) into three disjoint parts; viz 

(i) C 

(ii) {x l a < x < c } 
(iii) { x  I c < x < b} 
The part { x  I a <  x < c} is called the left side 
of the point x = c and the part { x  I c < x  < b} is 
called the right side of the point c. 

2. Neighbourhood of a point x = c 
The open inteival { x  I c - h < x < c + h} where 
h is a small +ve real number at our choice 
(i.e., any) is called the small i.e., h - nbd of 
the point x = c. 
The open interval = { x  I c - h < x < c 
+ h except x = c} is called the nbd of 
point c. 
Left nbd of x = c is: { x  I c - h < x < c} 
Right nbd of x = c is: { x  I c < x < c + h} 
Here 'nbd ' means neighbourhood 

3. The meaning of x ➔ c negatively i.e., x ➔ c -
This means x takes any value of the deleted 
left nbd of point x = c i.e., x E { c  - h < x 
< c} for all small +ve h : In other words x 
takes values nearer and nearer to x = c 
from le ft. 

4. The meaning of x ➔ c positively i.e., x ➔ 
c+ . It means x-takes any value of the right 

neighbourhood of c. i.e., x E { c  < x  <c + h} for 
small h. In other words, x takes values nearer 
and nearer to x = c from right. 

NOTE 

In both the cases we never mean x must be equal 
to c for some x. 

GJ D EF IN ITION OF L IM IT 
1. Meaning of 

lim f(x) = /1 = f(c + O) = limf( c +  h) 
x➔c+ h➔O = Right hand limit of the function 
In words it means as x approaches c from right 
f (x) approaches / which is called the R.H. limit 
of function. 

2. Meaning of 
lim f(x) =I= f(c - o) = limf(c- h) 
x➔c- h➔O 

= Left hand limit of the function 
In other words it means as x approaches c from 
left thenf(x) approaches 12 . /2 is called the left 
hand limit of function. 

3. lim f(x) exists if and only if 11 = 12= Finite 
x➔c 

and unique Common value I is called limit of 
the function and denoted by limf( x) = /. 

x➔c 



B.4 Basic Definition, Evaluation of Limits (Basic) 

NOTES 
1. Here we never mean /(x) must be equal to l 

for some x. 
2. The concept of limit can some how extend the 

definition of a function to the point where it is 
not defined . 

3. Limit and value of a Function 
The value and the limit of the functions are quite 
independent of e ach other . 

4. The l imit of /(x) as x approaches c does not exist 
if at least one of the following is true : 

(i ) Right hand limit does not exist . 
(ii ) Left hand limit does not exist . 

(iii ) Both right hand and left hand limits exist 
but they are not equal . 

5. (i ) x ➔oo means that x grows without bounds 
in the positive direction . 

(ii ) x ➔ ---oo means that x is negative and I x I 
increases without bounds . 

(iii ) lim f(x) = + 00 me ans that f(x) grows 
x➔a 
without bounds in the positive direction 
as x - approaches a. 

(iv) l im f(x) = - 00 means that f(x) is nega-
x➔a 

tive and I /(x) I grows without bounds 
as x ➔ a. 

6. Seven Indeterminate forms 
0 00 0 0 - - 00 - 00  O x oo oo O 1-
0 ' 00 '  ' ' ' ' 

Ii EVALUATION O F  L IM ITS (WO RKING RULE) 

1. Direct substitution Method To evaluate 
limf(x), put x = a and simplify. In this 
x➔a 
case limit as well as value of the function is 
same. 

2. Factor Method To evaluate lim f(x) factorise x->o g(x) 
both/(x) andg(x) and cancel the common factor 
x - a and then put x = a for finding the desired 
limit. 

3_ Something finite ➔ 00 or ---oo 
0 

Something finite 4. ------ ➔ oo 
0 

5. Limits when x ➔ oo In case of limits when 

x ➔ oo i.e., f(x) ➔ � then divide/(x) and 
g(x) oo 

g(x) by maximum powers of x obtained from 
the numerator and denominator for finding 
desired limits. 

6. Substitution Method To evaluate limf( x) put x->o 
x =a+ h when x ➔ a, h ➔ 0 and simplify the 
numerator and denominator, and cancel com­
mon h and now obtain the limit by substituting 
h= O. 

7. Rationalization Method In case numerator or 
denominator are irrational functions (Factors 
having square root) rationalisation ofnumerator 
or denominator helps to obtain the limit. 

8. Problems Based on Expansion The follow­
ing expansion formula can also be used with 
advantage in evaluation of limits. 

5 7 
. . X X X ( 1) smx= x - - + - - - +  . . . . . . . .  oo 

3 !  5 !  7! x2 x4 x6 

(ii) cos x= l- - + -- - + ........ oo 
2 !  4 !  6 !  

( 1· 1· 1·) X
l 2 5 tanx=x + - + -x + ........ = 

3 15 
2 3 

(iv) ex= 1 + .::. + .::_ + .::_ +  ........ 00 

1! 2 !  3 !  x2 xi x4 

(v) log(l + x) = x - - + - - - +  . . . . . . . . .  oo 
2 3 4 

(vi) ax = I + xlog a  + (xloga)' + (x loga)
3 

+ . . . . . . . .  oo 

I ! 2 !  3 !  

, -1 X3 3 5 (vii) sm x=x + - + -x + ........ = 
6 40 -1 xi x s x 1 

(viii) tan x = x - - + - - - +  . . . . . . . .  oo 
3 5 7 

n n( n-1) 2 (xi) (l + x) =l+ nx + -
2
-,

-x + ....... 00 , 

-l < x < l , n E Q. 

(x) (l + x)� = e {l- � + �>2 + ....... } 

_1 x2 5x4 61 6 (xi) sec x= 1 + - + - + -x + ..... 
2 !  4 !  6 !  ( " ) ( . -1 )2 2 2 2.2 2 4 xn sm x = -x + --x + ...... 

2 !  4 !  

9. For the small value of x : sin x ➔ x, cos x ➔ 
1, tan x ➔ x, log (1 + x) ➔ x, log (1 - x) ➔ 

-x and (1 + x)" = 1 + nx, e·' =l + x, a'= 1 + x 
log a. 



10. Some Important Results (1. ) Ii sin x 1 . d "  m-- = , x m ra 1an 
x➔O X . tan x . sin ax (ii) lim -- = 1, x in radian, hm-- = a 
x➔O X x➔O X (iii) limcos x = 1, x in radian, 
x➔O 

Basic Definition, Evaluation of Limits (Basic) B.5 • 0 lim Slll X = _..::_ 
x➔O X 1 80 (. ) 1 . sin x . d "  1v 1m-- = 0, x m ra ian. 
x➔oo X ( ) Ii cos x 0 . d" Ii sin ax a v m-- = , x m ra ian, m-- = -
x➔= X x➔O sin bx b 

p §Git tb 95£tc ii Ji PkGdltii!§ iii! Zkkb ll.d.J.th ill Ml 
591 lfllfl I it!PfSHtNPING tt!P 59N65SJ Ii iii PING 95 TUC rows t 1 E 1 t Ii sin a - cosa . va ua e m ----

ff 7t IX➔4 
(X - -

[CBSE-92C, 2002C, 2003, 
(Sample paper) 2003, 

Practice sample paper VIII/ 
Solution 

. 7t 7t Puttmg a = t + - , when a ➔ - , then t ➔ 0 4 4 1 . sin a - cosa Im ----
ff 7t CX➔
4 0, - -

= lim sin(t + � ) - cos(t + �) 
1➔ 0  7t 7t t + ---

4 4 

( 

. 7t . 7t

) sm tcos 4 + cos t sm 4 -cos t cos � - sin t sin � = lim.,__ ___ 4 ____ 4__,__ 
t➔O t sin t cos t  cos t  sin t 2 sin t - + -- - -- + - --= lim ✓2 ✓2 ✓2 ✓2 = lim ✓2 
t➔O t t➔O t - Ii ✓2 sin t _ ,-;:;2 1 . sin t - m--- - vL. 1m-
t➔o t t➔O t 

= ✓2 X 1 = ✓2 

2 Ii xcos x - sin x . 1 . m 2 • 1s equa to 
x➔O X Slll X [MP-1999/ 

Solution We know that x3 xs sin x = x - - + - - . . . . . . . .  and 3 !  5 !  x2 x4 cos x = 1 - - + - - . . . . . . .  . 2 !  4 !  Th _ 1 . xcosx - sin x en - 1m----­
x➔ 0 x2 sin x 

(_!_ _ _!_) + (_!_ _ _!_)x2 + . . . . . . = lim 6 2 4 !  5 !  
x➔O X

2 
X

4 1 - 3! + 5! - . . . . . . . .  . 1 1 - - - + 0 + 0 +  . . . . . . .  . 
6 2 1 - 0 + 0  . . . . . .  . 1 1 
6 2 1 - 3  -2 -1  = -- = -6 6 3 3 E 1 th 1. . Ii x tan 4x . va uate e rm1t m --­

.,➔o 1 - cos 4x 
[CBSE-2004/ 



B.6 Basic Definition, Evaluation of Limits (Basic) 

Solution 1 . x tan 4x 1m--­x➔o l - cos 4x sin 4x x--= lim cos4x = lim x sin4x x➔O 2sin2 2x x➔O 2sin2 2x. cos4x = lim x.2 sin 2x cos 2x = lim cos 2x . 2 sin 2x .x x➔O cos4x.2 sin2 2x x➔O cos4x 2sin 2 2x = lim cos2x __ x_ x ➔O cos4x sin 2x limcos2x 1 2x x ➔O . lim--­limCOS4X x➔o 2 sin 2x 
x➔O = ! ,.!. lim(�) = 1 ..!- . 1 = .!. 1 2 x➔o sin 2x 2 2 4 E 1 th 1. . 1 . 2 - cosec2x . va uate e rm1t 1m---­x➔� 1 - cot x 

[CBSE-2001/ 

Solution lim 2 - cosec2x 1 . 2 - (l + cot2 x) = 1m -----
x➔� 1 - COt X x➔� 1 - COt X 

4 4 = lim 1 - cot 2 x = Iim (1 - cot x)(l + cot x) 
x➔ � 1- COt X x➔ � 1 - COt X 

4 4 = li�(l + cot x) = ( 1 + cot �) 
x➔ - 4 = ( 1 + 1 ) = 2 . tan 3x - 2x 5. Evaluate hm 2 x➔ O 3x - sin X 

Solution 

[AISSE-89/ 

Dividing numerator and denominator by x tan3x 2x = lim x x x➔ O 3x sin2 
X 

X X tan3x _ 2 = lim�x�-,---x➔o sin 2 
X 3- -­

x 

[ 3 _ tan 3x _ 2 l 3 lim tan3x _ 2 = lim �X = x➔O , 3x x➔O SlD X . . SlD X  . . 3 - --.sm x 3 - hm--.limsm x 
X x➔O X x➔O 3 x l - 2  3 - 2  ---- = --- = -3 - l x sin O 3 - l x O 3 

6. Evaluate lim x3 + 1 x➔ -1 x + l  
[HPB-2000; HPSB-2000/ 

Solution x3 - 1  When x = -1 the expression -- assumes x - 1  the indeterminate form � . Therefore, (x + 1 )  i s  a common factor in numerator and denomi-nater. Factorizing the numerator and denomi-Ii x3 + 1 nator we have m --
, x➔- 1 x + l  ( form %) 

= lim (x + l)(x2 - x + l) = lim x2 - x + l  
x➔ - 1 (x + 1) x➔ - 1 = (-1 )2 - (-1 )  + 1 = 1 + 1 + 1 = 3 7. Evaluate the limit lim �2 -k 

x➔I 3x + l  - 5x - l  
Solution lim x2 - 1  

x➔I ,J3x + I - -J5x - l  
[West Bengal-79/ 

= lim x2 - l  x Fx+J. + � 
x➔I ,J3x + 1 - ✓sx - 1  ,J3x + 1 + ✓sx - 1  - lim (x2 - l)(Fx+J. + �) 

- x➔I (✓3x + l )2 - (✓sx - 1 )2 
= lim (x2 - l)(Fx+J. + �) 

x➔I 3x + l - 5x + l  = lim (x + l)(x - l)(Fx+J. + �) 
x➔I -2(x - l) = lim (x + l)(Fx+J. + �) x➔I -2 [ " : x t- 1 ⇒ x - 1 t- O] 



= _.!_lim( x + l)(✓3x + l  + ✓5x-l)  
2 x➔I 

= _.!_( I +  1)( .JiT+i + ✓5.H) 
2 

I = -2 . 2 .(2 + 2)=-1(4)=-4. 

8 E I t 1. ( 3x-1)( 4x- 2) . va ua e Im ---------'-
H= ( x + 8)( x-l) 

Solution 

1. ( 3x  -1)( 4x - 2) Im ..:...__..:....:..._ _ ___:_ 
H= ( x + 8)( x-l) 

{MP-96, 97} 

= lim 
(3 - ;) ( 4

-
�) = (3- 0)( 4- 0) 

H

= (1 + �) (1 - ;) 
(1 + 0)(1- 0) 

3 x 4  
= -=12 

l x l 

9. Find the value of lim x( e' -l) 
,___.o 1-cos x 

Solution 
{MP-2001} 

1. x( e'-1) 1. e'-1 x2 
Im = Im --.--­

x➔0 1 - COS X  x➔ O X (1- COS X) 

. ex -1 x2 
= hm --x ---

x➔o X 2sin 2 
� 

ex -1 
= lim --x 

x➔O X 

2 
X X - X -
2 2 x 2  

. X . X sm -.sm-
2 2 

Basic Definition, Evaluation of Limits (Basic) B.7 

= 2lim�.lim
[ 
i 1

2 
x➔O X 2.

---+ o 
• X 2 sm -

2 
= 2 x l x l= 2 

32x - 2 3x 
10. Evaluate the limit lim - -­

x 

{PSB-2002; PSB-2001(QJ 

Solution 

, ( 2xlog 3) 2 
3 -' = I + (2x log 3) + ----=-_;_ + ..... 

2 !  

( 3xlog 2) 2 
2 3' = I + ( 3x log 2) + ---- + ..... 

2 !  

. 3 2x _ 23x 9 hm ---= 2log 3- 3log 2 = log -
x➔o X 8 

. log(l + x3) 11. Show that hm ---='-'---.;.. = 1 
x➔O sin 3 

X 

{CBSE-2004} 

Solution 

We have 1. log(l + x3) Im 
.T➔ O s in 3 

X 

= lim log(l + x3) � 
x➔ O x3 . 

sin 3 
X 

= Im . Im --1. log(l + x3) 1. 
( 

x 
)

3 

x➔ o X3 .<➔0 s in 3 
X 

= l . (1)3= 1 

1 - .!.. 
12. Evaluate the limit lim x 

Solution 1 - .!.. 
lim X 

HI s inn( x-1) 

x-1 
= lim ---­

_.➔i xsin n( x -1) 

HI sin n( x -1) 

P roved. 

{PSB-99} 



B.8 Basic Definition, Evaluation of Limits (Basic) 

Put x = I + h, so that when x ➔ I, h ➔ 0 

(l + h)-1 h 
= lim-------= lim---­h---;o (1 + h)s in n(l + h-1) 11➔0 (1 + h)sin 7th 

1 

[ 

1 1

] 

= 
lim(l + h) 

x 
1. sin nh x ;-

11 ➔o 1m --
JTJ1➔ 0 nh 

1 1 1 
= --x- x ------,-..,.... 

(l + O) n 1. s innh 1m -­nh➔o 7th 

1 1 1 1 1  1 - -x- x -- -.-- -
1 1t 1 n l  1t 

I th 1 . .  1. [ 1-sin x
] 13. Eva uate e 1m1t 1m 2 

•➔.� (n- 2x) 2 
{CBSE (foreign)-2000} 

Solution 

. [ 1-sin x
] We have hm 2 

H� (n- 2x) 2 

1. 1-cosh 1. 1-cosh 
= lm-----= 1m --­

h➔0 (1t- 1t- 2h) 2 h➔O 4h2 

• 2 h . h . h sm - sm - sm -
=lim�--2 = .!..lim . .!.. __ Z ___ 2 h➔O 4 h2 2 h➔O 4 h/2 h/2 

[

. h

l r

· h

1 

sm- sm -1 1 1 . 2 1· 2 =-.- 1m -- . 1m --2 4 li ➔O h/2 li ➔O h/2 1 1 = - xl xl  =-
8 8 

14 E I th 1. . 1· � 
-

� . va uate e 1m1t 1m 2 x➔ O 2X 
{CBSE (O.D.)-93CJ 

Solution � - � When x = 0, the expression ------
2x2 

0 . . . takes the form -. Rationahzmg the numera-
0 

. ✓1- x2 - ✓l + x2 
tor, we have hm 2 _,___.o 2x 

. ✓l - x2 - ✓l + x2 ✓l - x2 + ✓l + x2 

- hm 2 x �=��== - .Ho 2x � + ✓l + x2 

l- x2 - l- x2 

= lim--==-�=� HO 2x2 ( ✓1- x2 + ✓l + x2 ) 

1. -2x2 
= Im--==-�=� HO 2x2 ( ✓1- x2 + ✓l + x2 ) 

-1 -1 -1 
- lim �=��=== ---= -- HO ✓l - x2 + ✓l + x2 ✓l 

+ ✓
l 

2 

. x-cos(sin - ' x) 
15. Evaluate the limit hll} 

( . _ 1 
) .H

72 

1-tan sm x 

{CBSE (Foreign)-2005 (II) ; PSB-90} 

Solution 

Let sin -1 x = 0 Then x = sin 0 1 1 
Now x = ✓2 ⇒ sin0 = ✓2 

⇒ 0 = n/4 

I. x -cos(sin - 1 x) 
111} . - I _,___.

72

1-tan(sm x) 

1. sin0-cos0 1. sin0-cos0 
= 1m----= 1m . 

0___.� l-tan0 0
___,� 1 sm0 

4 4 - --

1. (sin 0-cos0)cos0 1m ------­
___.� cos0-sin 0 . 4 

1. -(cos0-sin0)cos0 
= Im -------

0➔ � (cos0-sin 0) 
4 

cos0 

= lim-cos0=-cos - = -( 7t ) -1 
0___.� 4 ✓

2 

4 



Basic Definition, Evaluation of Limits (Basic) B.9 , S!J§Jlti& §SJJJL I I Ji t k@§tilt!§ fail Jtikb ll.dlih iii ik 
W f POf 6IU518515 fSbYE lYH5 f f8PLEMs ◄ 

sin 2x +sin 6x 1 Evaluate lim . • 
x➔O sin 5x-sm3x 

. X 2. Evaluate lim � 
x➔O vl + x -1 

[CBSE-88, 91/ 

[MP-97; Raj. 82, 86 ; AISSE-92/ 

x2 - 4x + 3  3. Find the value of lim 2 2 3 .T➔l X + x-

} >
3 

4. Evaluate lim -
4
-

n➔ 00 n 

5 Evaluate lim �==� [ 3 x -1 
] • 

x➔o .Ji + s in x -1 

[CBSE (Sample Paper) (III)/ 

4 3 k3 
6. If lim 

x -l = lim \ 
-

k2 
• Then find the value 

x➔l x-1 x➔k X -

of k. 

7. Prove lim(l + 
�

)

atx 

= e 
x➔O a 

8. Evaluate lim 2 sm -; X , ( Q ) 
x➔= 2 

9. Evaluate �1!( x- ✓x2 + x )  

l x- l x l ;t O 
10. If f(x) = 2 ' x 

show that �i_To/( x) 
2, x = O 

does not exist. 

e
llx -1 11 Show that lim -- does not exist. • 

x➔O e
llx + 1 

12. Let .f(x) be a function defined by 

X = {
4x-5 ,  if x ::; 2 

. /( ) 
x-A, if x > 2  

Find ').., if lim/(x) exists. 
x➔2 

sin 2x + 3x 13 Evaluate the limit lim 
4 . 5 

• 
.s➔O X - Slil X 

l-cos 4x 14 Evaluate the limit lim 
2 

• 
x➔0 l-cos X 

[CBSE-99/ 

[CBSE-2002(C)/ 

. . . cos( 2- x)-cos( 2 + x) 15. Evaluate the hm1t �� 
x 

[CBSE-9 7  (C)/ 

. ( e2 x  -l)(l-cos 2x) 16. Evaluate hm 3 • 
x➔O X 

[Maharastha Board March-87/ 
a sin x -1 17. Evaluate lim 

b'in x l x➔O -

[Karnataka (CEI)-2000/ 

18. Find k so that �_Tzf( x) may exists where/(x) 

= {
2x + 3  if x ::; 2

. x + 3k if x > 2  

[CBSE-2001 (C)/ 

( 
x2 + 3x + 3 )x 4 19. Show that lim 2 2 

= e 
x ➔= X - x +  

[CBSE (Practice Sample Paper) (II)/ 
n 3" 

20. If lim � = 405 , then find the value of n. 
x➔J x -3 ax - 1 

21. Prove lim -- = log, a 
x➔O X 

[MP-95, 98, 99, 2001/ 



B.1 0 Basic Definition, Eva luation of Lim its (Basic) 

ANSWERS 

1. 4 6. 8/3 15. 2 sin 2 
2. 2 8. a 16. 4 

1 9. -1/2 log a 3. - - 17· logb 2 12. 11, = -1 
4. 1/4 13. -5 18. k = 5/3 
5. 2 log 3 14. 4 20. 5 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

. l + e-1 1x 
. 1. lim --1-1 1s equal to 

x➔O 1 -e- X 

(a) 1 
(c) 0 

Solution 

[PET (Raj.)-1994/ 

(b) -1 
(d) does not exist 

1 1 /h -Ith 1 
( d) LHL = lim � = lim � = -1 

h➔o 1 - e 1 1h h➔o e-1 1h - 1 
. l + e-v h l + O  

RHL = lim -- = - =1 
h➔o l - e- 1 1h 1 -0 

LHL -::f. RHL, so given limit does not 
exist. 

{x when xE Q 
2. If/ (x) = 

-x 
, then lim f (x) 

when x e Q x➔o 
equals 

(a) 0 
(c) -1 

Solution 

[Kurukshetra (CEE)-98/ 
(b) 1 
(d) does not exist 

(a) LHL = lim/(0 -h) = lim{-h or h} = O 
h➔O h➔O 

RHL = lim/(O + h) = lim{h or -h} = O 
h➔O h➔O 

Limit = 0 

1. ✓4x2 + 5x + 8  3. 1m ----- is equal to 
.H-= 4x + 5  
(a) -1/2 
(c) 1/2 

[Roorkee (Screening)-98/ 
(b) 0 
(d) 1 

Solution 

(a) Putting X = -f 

1. . 1· 
✓4t2 - 5t + 8  

rm1t = 1m----
1➔= -4t + 5  1 

2 

4. If lim x(l -cos x) -a.x2 sin x 
x➔O X

S 

then a is equal to 

exists finitely, 

[ICS-2001/ 
(a) 1 
(c) 1/3 

Solution 

(b) 1/2 
(d) 1/4 

x(l-1 + �� - :� + ....... )-

. 
ax2 [ x- �> · · · · · ·-J 

(b) Limit = lim s x➔O X 

(
1 ) 3 ( 1 a ) s 

= lim 2
-a x + -

�
+

6 
x + .... 

x➔O X 



. . . . I It will exist fimtely 1f - -a = 0 
2 

i.e., when a = 1/2 

I I I 
Also then limit= -- + - = -

24 12 24 

I. [ 
I 

5. Im ---IHO h1/8 + h  2
1
h

] is equal to 

{NDA-2005} 
(a) 1/12 
(b) -1/12 
(c) 1/48  
(d) -1/48 

Solution 

2 -(8 + h} 1 1 3  

( d) Limit= lim ---­
lHo 2h(8 + h ) 1 13  

_ .!_(8 + hr2 ,3 

= Jim 3 1,--.o 2(8 + h )1'3 -'!:._ h(8 + h r213 

3 
(L-Hospitals ') 

6 I. sin I x I . 1 . 1m -- 1s equa to 

I 
4 8  

x➔O X 

(a) I 
(c) oo 

{NDA-2006} 

(b) - I  

Solution 

( d) does not exist 

I. sin l -h l  1. sin h 1 LHL= 1m - -- 1m-- = -1,--.o -h 1,--.0 -h 

I. sin I h I 1. sin h 1 RHL= 1m -- = 1m-- = IH0 h IH0 h 

LHL -::j:. RHL, so limit does not exist. 

I. � - ) ( 
1 

) 7. Im L.,; tan -2 is equal to n➔= r=I 2r 

(a) 1t/4 
(c) 1t/2 

{UPSEAT-99} 

(b) 1t214 
(d) 1t 2/16 

Basic Definition, Eva luation of Lim its (Basic) B.1 1 

Solution 

(a) Let T = tan -1 ( -1-) then 
r 2r1 , 

T = tan - i ( _3__) r 4r2 

= tan _ 1 ( (2r + 1) -(2r -1)
) 

1+(2r+1)(2r-1) 

= tan -1 (2r + l )- tan-1 (2r - 1) 

⇒ T1 = tan-1 3 - tan -1 I, T2 = tan-1 5 - tan -1 3, 
T3 = tan -1 7 - tan -1 5, 

NOTE 

Tn = tan -1 (2n + l )- tan -1 (2n - I) 

�);.= tau-1 (2n + l )- tan-1 1 
r=l 

1t = tau-1 (2n + 1) - -
4 

Limit = tau-1 oo - � = � - � = � 
4 2 4 4 

Que sti on on the same line s was  repeated in 

JEE-2O O6 f tan - 1
( -; ) = t , then tan t = J 

· I 21 •= 
{IIT-JEE-06} 

1. 40(tan 0 -sin 0) 8. 1m ------ is 0--.0 (l -cos0) 2 {Orissa JEE-2005} 

(a) 1/..fi. (b) 1/2 
(d) 2 (c) 1 

Solution 

(b) 

I. 
40(tan0 -sin0) 1. 40 sin0(1 -cos0) 1m ------ = 1m------0--.o (l -cos20) 2 0--.o 4 sin 4 0 cos0 

= Jim(�) 
2 sin 2 0/2 0--.0 sin0 sin 20 cos0 

I. 2 sin 2 0/2 I 
- Im-------- 0--.o (2 sin (0/2) cos(0/2) 2 ) cos0 

I. I I I 
- Im - 0--.o 2 cos2 (0/2). cos0 2 



B.1 2 Basic Definition, Eva luation of Lim its (Basic) 

9. The value of the constant a and 13 such that 

lim(
x2 + l  _ ax -13) = 0 are respectively. x➔= x+I 

(a) (1, 1) 
(b) (-1, 1) 
(c) (1, -1) 
(d) (0, 1) 

Solution 

(c) lim(
x2 + l  _ ax -13) = 0 x➔= x+I 

⇒ lim 
x2 (1-a)-x(a + 13) +  1 -b = 0 

x➔= x+I 

Since the limit of the given expression is zero, 
therefore degree of the polynomial in numera­
tor must be less than denominator. 

1- a = 0 and 
a + l3 = 0 

⇒ a = l and 
13 = -1. 

10. Find the values of a and b in order that 

lim x(l+a cos x)-bsin x 1 
x➔O X

3 

Solution 

Series expansion method: 

lim x(l+a cos x)-bsin x 1 
x➔O X

3 

⇒ lim 
x➔O 

x(l+a-b)+x -+ -3 ( a b )  
2 !  3 ! 

+x5
[ fi-ti )- . . . . . 

1 
x3 

⇒ lm--- + lm -- + -1. (l+a-b) 1. 
( 

a b
) x➔O X

2 x➔O 2 !  3 ! 

+ lim( !!._ _!!._)x2 
- • • •  = 1.. (1) 

x➔O 4 ! 5 !  

Since R.H.S. is finite : .  1 + a -b = 0 

b = I +  a ...... (2) 
a b 

then (l) becomes -- + - = 1 ⇒ -3a + b = 6 
2 !  3 ! 

.. ( 3) 
From (2) and ( 3) , we get a = -5/2, b = -3/2 

11. f(x) = sin x, x f. mt, n = 0, ±1, ±2, ±3, ....... . 
= 2, otherwise 

and g(x) = x2 + l , x -:f. 0, 2  
= 4, x = 0 

= 5, x = 2, then lim g [f (x)] is 
x➔O 

[IIT JEE-1986/ 

Solution 

given that/(x)= sinx, x-:f. mt, n = 0, ± 1 , ±2, ...... . 
= 2, otherwise 
and g(x) = x2 + l , x -:f. 0, 2  

= 4, X = 0 = 5, X = 2, 

Then lim g [f(x)] = lim g(sin x) = lim (sin 
x➔O x➔O x➔O 

2 x + l ) = l 

li 1 
12. mcos- is [UPSEAT-2002/ 

x➔O X 

(a) is continuous at x = 0 
(b) differentiable at x = 0 
( c) does not exist 
(d) None of these 

Solution 

( c) The value of lim cos _!_ lies between -1 and 
x➔O X 

1 then limit does not exist. 

l
sin [x]

, [x] t= O 
13. If f(x) = [x] , then lim /(x) 

x➔O 

0, [x] = 0 
is equal to, where [ .] denotes greatest integer 
function 
(a) 1 
(c) -1 

(b) 0 
( d) does not exist 

[IIT-85; PET (Raj.)-95; Aligarh-98/ 



Solution 
sin (-1) (d) When -1:,;; x < 0, thenf(x) = -­

-1 
= sin 1 and when 0 :,;; x < 1, then f (x) = 0 

[ " : [ x]= 0 ⇒f(x)= 0] 
f (0 - 0) = ¥.To sin 1 = sin 1 

1 co + o) = li.To co) = o 
f ( 0 - 0) -::f. f(O + 0) 

lim/ (x) does not exist. 
x➔O 

14. The integral value of n for which 

lim (cosx -l)(cos x -ex ) is a fixed non-zero 
x➔O X

n 

number will be 
(a) 1 
(c) 3 

(b) 2 
(d) 4 

[IIT (Screening)-2002/ 
Solution 

(c) 

(- �> :> • · · · · · ) 
(1 x2 

+ x
4 

...... 1 x x2 
...... 1 

1. l 2 !  4 !  l! 2 !  j 
Limit= nn .,__ __________ _,_ 

x➔O X
n 

x3 (-_!_+ � -...... ) (- 1 - x+ ...... ) 
= lim 2 !  24 

x ➔ O  X
n 

This clearly shows that its value will be 1/2 
(a non zero number) if n = 3. 

{}: i' }- 2005 
15. lim �'=-2 �--- is equal to 

x➔O X 

(a) log, 2006 

(c) log, { 2006 !} 

Solution 

(c) 
{}: t }- 2005 

lim 1=2 
x➔O X 

[Gujarat CET-2007/ 

(b) log, { � i }  
(d) None of these 

= lim 2
x + 3 x + . . . . . .  + ( 2006)' - 2005 

X 

Basic Definition, Eva luation of Lim its (Basic) B.1 3 

= lim ( 2x -1) + ( 3 x -1) + . . . . .  + ( 2006x -1) 
X 

( 
. 2 x - 1 ) ( . 3 x - 1 ) = hm-- + lim -- + . . . . .  + 

x➔O X x➔O X 

lim( 
2006x - 1 ) 

x➔O X 

= ln2 + ln3 + . . . . . . . . . . .  + 1n 2006 
= 1n ( 2  . 3 ......... 2006) = 1n (2006) ! 

= log, ( 2006) ! 

16. lim-P _ _ _ q_= 
x➔ l 1- Xp 1- Xq 

p- q (a) 
2 

(b) !l_ 
2 

(c) p 
2 

(d) None of these 

Solution 

(a) lim-P _ _ _ q _= 
x➔ l 1- Xp 1- Xq 

lim p - pxq - q + qxP 

x➔ I (1- xP
)(l- xq

) 

= lim p(l- xq
)- q(l- xP

) 
x➔ I (1- xP

)(l- xq
) 

using L-hospital rule 

( p - 1 q - 1 ) lim pq x  - x  
x➔ I -pxp - 1 - qxq- 1 + ( p + q )xp+q - 1 

lim (pq)xq - 1 (xp- q _l ) 

x➔ i pxp -1 (xq -1) + qxq -1 (xP -1) 

lim pqxq - 1 (xp - q -1) 
x➔ 1 pxp - q 

(xq -1) + q(xP -1) 

Ii q -1 1. (xp - q -1) 
pq mx 1m 

x➔ I x➔ I x-1 

Ii p - q 1. xq -1 Ii xP -1 
p mx 1m-- + q m --

x➔ I x➔ I x-1 x➔ I x-1 

= pq(p- q) (
p- q

) 
p(q) + pq 2 



B.1 4 Basic Definition, Eva luation of Lim its (Basic) 

17. Let x be an irrational, then 
Lt Lt [(cos n !m)]2m equals 

m➔ oo n---+oo 

(a) 0 
(c) I 

Solution 

(b) -1 
( d) Indeterminate 

(a) Lt Lt [(cos n !m)]2m 
m➔oo n➔oo 

= Lt [cos( Lt n ! m)]2m = Lt [cos( oo)]2m 

m ➔oo n➔oo m ➔00 

Lt n !n = oo 
n➔= 

-1 :,; cos oo :,; I ; = ( cos oo )2111 = 0 
(= irrational no.) 

ex - esin x 

18. lim---­
x➔0 2( x  -sin x) 

{EAMCET-2007} 

(b) 112 (a) -112 
(c) I (d) 312 

Solution 
x sin x . e - e 

(b) hm---­
x➔o 2 (x-sin x) 

. ( 
ex -sin x - l

) 
esin x 1 hm --- .- = ­

x➔0 X -sin X 2 2 

l 
s in(l + [ x]) for [ x] * 0 

19. If/ (x) = [x] where [ x] 
0 for [x]= 0 

denotes the greatest integer not exceeding x, 
then lim f( x) is equal to {EAMCET-2007} 

x➔O-

(a) -1 
(c) I 

Solution 

(b) x ➔ o-, [ x] = -1 

(b) 0 
(d) 2 

lim f( x) = lim ( sin(l + [x])
) = 

_Q_ = 0 
x➔o x➔o- l [x] -1 

20 Ifl . ( x +  3sin x- x3 - ksin hx) . th . 1m 2 3 exists, en 
x➔O 1-cos x + x  -3x  

what is the value of k? 
(a) -1 
(c) 3 

Solution 

(b) 2 
(d) 4 

{UPSC-2007} 

1. x + 3sin x- x3- ksinh x  (d) 1m 
2 3 x➔O 1-cos x + x  - 3x 

3 ( 1 k ) 5 ( 4- k)x- x - +1- - + x  + ...... . 
1· 2 6 
x1!!}, 3 2 4 

�- 3x3- � +  ....... . 
2 4 !  

For limit to exist 4 - k = 0 ⇒ k = 4 

21. lim ( 2 + x)4o.( 4 + x) 5 
is equal to 

x➔= ( 2- x)45 

(a) 32 
(c) -1 

{Gujarat CET-2007} 
(b) 16 
(d) I 

Solution 

(c) 

⇒ 

⇒ 

1. ( 2 + x)4°( 4 + x) 5 Im 45 
.x➔= ( 2- x) 

( 2 )40 ( 4 )5 
1. 

x40 
:; 

+ 1 x5 
:; + 1 

.Lrr.! 45 ( 2 )
45 

X --1 
X 

- + l  - + l ( 2  )40 ( 4 )5 
lim x x = !J.=-1 

( 
2 )

45 -1 .T---+ oo 

-x - I  

--1 
X 

22. lim e - e 
x➔ I x-1 

{Orissa-JEE-2007} 

(b) e (a) lie 
(c) e2 

Solution 
-x -I  

(d) lim e - e 
x➔ I x-1 

(010 form) 

(d) -lie 

Applying L-Hospital Rule 

1. -e-x- 0  -I 1 
= 1m---=-e =--

x➔ J 1- 0 e 



23. lim tan( x2 -l) is equal to x➔I x-1 

(a) 2 
(c) -2 

[Karnataka CET-2007/ 
(b) 1/2 
(d) -1/2 

Solution 

(a) 1. tan( x2 -1) 1m---­
x➔I x-1 

1. 2xsec 2 ( x2 -1) 1m-----x➔ I 1 

(%) 

⇒ = lim 2xsec 2 ( x2-1) = 2.l sec 2 ( 0) x➔I 
= 2 .  1 .  1 = 2. 

24 Ifl . log(a + x)-loga kl ' log x-1 _ 1 . lfil ---"------"-- + lfil --- - , x➔O X x➔e x- e 
then [IIT Screening/ 
(a) k = e (1 - 1/a) 
(b) k= e (l +a) 
(c) k= e ( 2- a) 
(d) The equality is not possible 

Solution 
1 

(a) Let/ (x) = log x ⇒ f'(x) = -
X 

Therefore, given function = f'(a) + kf'(e) = 1 

⇒ .!.. + �=l ⇒ k = e(
a-l

) a e a 

Aliter: Applyg L-Hospital 's rule to find both 
the limits 

25. Value of lim 1 + - is ( 
1 

)
x+J 

[MPPET-2007/ x➔oo X 

(a) e (b) lie 
(c) e 3 (d) e/3 

Solution 

(a) ( )
x+J 

( 
1 )x ( 1 

)
3 

lim 1 + .!.. = lim 1 +- . 1 +-x➔oo X x➔oo X X 

= lim(1 + .!..
)

x

.lim(1 + .!..
)
3 
= e.l= e x➔oo X x➔oo X 

x2 -a 2 

26. Value of Iim -- [MPPET-2007/ 

(b) 0 (a) a 
(c) 2a 

x➔a x-a 

(d) 4a 
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Solution 

(c) . x2 -a 2 
Ii ( x-a)( x +a) 

lim --= m -----x➔a x-a x➔a ( x-a) 

= lim( x  +a)= 2a x➔a 
COS X  n 27. If/( x) = l +-.- is continuous at x= -
sm x 2 

then value of/ (1t/2) is 
(a) 0 
(c) 1 

Solution 

(c) /(x) = l + C�S X 

sm x 

[MPPET-2007/ 
(b) -1 
(d) 2 

f(x)= l + cosn/2 
=

l + O 
= l 

sin n/2 1 

28. lim ncos (_.::_)sin (_.::_) = k then k is n➔- 4n 4n 

(a) 1t/4 
(c) 7t 

Solution 

(a) lim ncos _.::_sin _.::_ n➔- 4n 4n 

[MPPET-2007/ 
(b) 1t/3 
(d) None of these 

11. 2 . n n 1 Ii . n - 1m n. sm-cos - = - m n.sm -
2 -- � � 2 -- � 

. n Slil- { } = �lim -----1ll. = � ·: n ➔ 00 ⇒
2
n
n

➔ O . 4 •➔- n 4 
2n 

h 1 f lim 
.J x2 + 1 -1 . 29. T e va ue o .J 

1s x➔O X2 + 9- 3 

(a) 3 
(c) 1 

Solution 

(a) 

.Jx2 + 9 + 3 
x��--

x2 + 9- 9 

= lim N+9 + 3 
= 3 x➔O .Jx2 + 1 + 1 

[MPPET-2010/ 
(b) 4 
(d) 2 

(upon rationalizing) 



B.1 6 Basic Definition, Eva luation of Lim its (Basic) 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. f (x)= [ x-1] + l x- l l; x #  1 where [ .] denotes 
greatest integer function then /(1 - 0) and /(1 
+ 0) respectively will be 
(a) -1, 0 (b) 0, -1 
(a) -1, -1 (b) 0, 0 

2. lim [
[x]3 - [�]3 ) = 

x ➔2+ 3 3 

(a) 0 

8 (c) -
3 

x < 0  

(b) 64 
27 

(d) None of these 

3. If f(x)= I�: 
lx , 

x = 0 , then lim/(x) = 
x➔O 

(a) Is 1 
(b) Is zero 

x > 0  

( c) Does not exist 
(d) None of these 

(a) 0 
sin f3 

(c) -
13 

S. lim ( 2x- 3)(✓x-l) = 
x➔I 2x2 + x- 3  

1 (a) - -
10 
1 (c) - 8  

[DCE-2000/ 

[MPPET-2001/ 

(b) 1 
sin 2f3 

(d) 213 

[IIT-19 77/ 

(d) None of these 

xsm -
6. If/ (x) = X

, l . 1 
x ;t 0  

(a) 1 
(c) -1 

0, 
, then lim f (x) = 

x➔O 

x = 0 
(b) 0 
(d) None of these 

7. Let the function/ be defined by the equation 

f (x)= then {
3X if O ::,; X ::,; 1, 
5 - 3x if 1 < X ::,; 2 

[SCRA-1996/ 

(a) lim f (x) = /(1) 
x➔I 

(b) lim f (x) = 3 
x➔I 

(c) lim f (x) = 2 
x➔I 

(d) lim f (x) does not exist 
x➔I 

8. lim [-1 -2 + � + .... + �] is equal to 
n➔= 1- n 1- n 1- n 

(a) 0 (b) -1/2 
(c) 1/2 (d) None of these 

[IIT-1984; DCE-2000; Pb. CET-2000/ 

9. lim - + - + - + .... + -----. [ l 1 1 1 
] 

•➔= 1.3 3.5 5.7 ( 2n + l)( 2n + 3) 
is equal to 

(b) 1/2 (a) 0 
(c) 1/9 (d) 2 [DCE-2005/ 

lim (2x + l)4° ( 4 x-1) 5 

10. 45 -<➔= ( 2x + 3) 

(a) 16 
(c) 32 

(b) 24 
(d) 8 

11 Th 1 f li (
x2 +bx + 4

) 
. . e va ue o  m 2 1s 

x➔= X +ax + 5  

[IIT-90/ 

(a) b/a 
(c) 0 

[MPPET-1993/ 
(b) 1 
(d) 4/5 

12. Y.l1.! ( .J x2 + Sx + 3 - .J x2 + 4x + 3 )  is equal to 

[MPPET-1997/ 

(a) 0 
(c) 2 

(b) 00 

(d) 1/2 

13. If x l- 2 + 3- 4 + 5- 6 +  ......... 2n then 
n .Jn2 + I +  .J4n2 

-1 
, 

lim x. is equal to 
n➔= 

(a) 1/3 
(c) 2/3 

[AMU-2000/ 

(b) -1/3 
(d) -2/3 



lim .J x2 + a 2 - .J x2 + b 2 

14. � � x➔= x2 + c2 _ x2 + d2 

a 2 - b2 
(a) 

c2 - d 2 

a 2 +b 2 

(c) 
c2 + d2 

lim tan x-sin x 
15. 3 x➔O X 

(a) 1/2 
(c) 2/3 

2 b 2 

(b) � c2 - d 2 

(d) None of these 

(b) - 1/2 
(d) None of these 

[IIT-19 74; AICBSE-1986, 90; 
AISSE-1983, 86, 90; RPET-2000/ 

etan x - ex 

16. lim - --
x➔ 0 tan x- x 

(a) 1 
(c) e-1 

[EAMCET-1994; RPET-2001/ 
(b) e 
(d) 0 

sin -1 x-tan -1 x 
17. lim 3 is equal to [RPET-2000/ 

x➔O X 

(a) 0 
(c) - 1  

(b) 1 
(d) 1/2 

18. Values of constant a, b and c so that 

Ii xae' -blog( l + x) + cxe- • 
2 th _ 

m ------"-------'---- , ena - , 
x➔O x2 Sin X 

b = , c  = 
(a) 3, 1 2, 9 
(c) 5, 10, 20 

19. lim 1-cos( l-cos x) 
x➔O X

4 

(a) 1/8 
(c) 1/4 

a' -b' 
20. lim - - = 

x➔O e' - 1  
(a) log (a/b)\ 
(b) log (b/a) 
(c) log (ab) 
(d) log (a +b) 

(b) 9, 6, 9 
(d) None of these 

(b) 1/2 
(d) None of these 

[Kerala (Engg.)-2002/ 

21. The value of lim 2 is [ 2 -�l x➔7 X - 4 9  
[MPPET-2003/ 
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(a) 2/9 
(c) - 1/56 

lim s in(ncos 2 x) 22. x➔O X
2 

(a) -1t 
(c) n/2 

(b) -2/49 
(d) - 1/59 

(b) 1t 
(d) 1 

[IIT Screening-2001 ; 
UPSEAT-2001 ; MPPET-2002/ 

. log x" - [x] 
23. lim , nE N ( [x] denotes greatest 

x➔= [x] , 

integer less than or equal to x) 
[AIEEE-2002/ 

(a) Has value - 1  
(b) Has value 0 
(c) Has value 1 
( d) Does not exist 

24. If lim [
x: + l  _ (ax +b)]= 2 ,  then 

x➔= X + l 

(a) a = l and b = l 
(b) a = l and b = -l  
(c) a = 1 and b=-2 
(d) a = l and b = 2 

. a sin x - 1  25. lim -. - = 
x➔O b"" ' - 1  

a (a) 
b 
log a 

(c) logb 

[Karnataka CET-2000/ 

[Karnataka CET-2000/ 

(b) b 
a 
logb 

(d) loga 

n n-l n-2 2 

26. Lt x + x  + x  + ....... + x  + x- n  
is equal 

x➔ I x- l 
to 

(a) n( n + 1) 
2 

(c) n( n + 2) 
2 

(b) n( n- l) 
2 

(d) None of these 

27. lim xsin ( 3.) is equal to 
x➔oo X 

(a) 2 
(c) oo 

[Karnataka CET-2008/ 
(b) 1/2 
(d) 0 



B.1 8 Basic Definition, Evaluation of lim its (Basic) Wh . th I f 1 · sin x 28. at 1s e va ue o 1m -- ? 
(a) I (c) oo 

x➔oo X (b) 0 (d) -1 {NDA-2008} 

f I . ax1 + bx + c 2 th b . 29. I 1m 2 = , en (a, , c) 1s 
x➔ I ( x- }) (a) (2, -4, 2) (c) (2, 4, -2) (e) (-2, 4, 2) 

{Kerala PET-2007} (b) (2, 4, 2) (d) (2, -4, -2) 
SOLUTIONS 

1. f(x) = [x - l] + l x - 1 1  f(l - 0) = lim[l - h- 1] + I 1 - h - 1 1  = - 1  
h ➔ O  f(l + 0) = lim[l + h- 1] + I I +  h - 1 1  = 0 
h ➔ O  

2. (c) li� [ [xf _ [.:.]3 ) , then putting x = 2 + h  
.H 2 3 3 

� - [¾J = � - 0 = � 
3. (a) f( x) = I; x= 0 

! x x < 0  

x ,  x > 0  LHL = RHL = 0 :. Jim f( x) = I ,-,o 

4. (d) lim [ sin2 a - sin 2 13 ] ; then 
CX ➔� (X,2 - 132 Jim sin ( a - 13) . sin( a +  13) = sin 213 "_,� a - 13 a +  13 213 (2x - 3) (✓x - l) . .  5. (a) Jim , then on rationaliz-ing x➔ l 2x1 + x- 3  . (2x - 3) (✓x - l ) ✓x + I  - 1  -1  hm x -- = - = -

x➔ i (x - 1)(2x + 3) ✓x + I 5 .2 1 0  
6. (b) sin .!_ lies between -1 and I 

X 

I . . I fi . so 1m xsm- = 0 x mte = 0 { 3x if O :5 X :5 1  7· (d) f( x) = 
5- 3x if l < x :5 2 ; then 

LHL = Jim f( x) = limf(l - h) = lim3(1 - h) 
x➔ 1- h➔O h➔O = lim(3 - 3h) = 3 - 3 .0 = 3 

h➔O RHL = Jim f( x) = limf(l + h) 
x➔ l

+ h➔O = Jim [ 5 - 3(1 + h) ] h--. 0 = lim(2 - 3h) = 2 - 3 .0 = 2 
h➔O Hence limf(x) does not exist. 
x ➔ l 8. (b) Jim [-1 -2 + � + . . . . . . . .  + �] ,,_,= 1 - n 1 - n 1 - n 

= Jim � = n(n + l) I 
n➔= J - n 2 2(1 - n2 ) 2 9. (b) lim[_.!__ + _l_ + _l_ + . . . . . . .  + I ] ; ,,_,= 1 .3 3 . 5  5 . 7  (2n + l)(2n + 3) then 

= lim .!.. [( 1 - .!..) + (.!.. _ _!_) + (.!.. _ .!..) + . . . . .  + 
IH = 2 3 3 5 5 7 ( 2n1- I - 2n1+ 1 )] 

= lim .!.. [1 - -1 -] = .!.. 
IH = 2 2n + 1  2 lo ( )  I . (2x + I)4° (4x - 1) 5 th . c 1m , en 

x➔= (2x + 3)45 

l ' f( ' J  2 + - 4 - --��� (X 3 )45 X 2 + ­
x 



11 .  (b) lim( x2 + bx + 4 ) ; then x---.- x2 + ax + 5  
[ 1 + k + _i_ l Jim x x2 = l x➔- l a 5 + - + -

x x2 
12. (a) !� (.Jx2 + 8x + 3 - ✓x2 + 4x + 3 ) ; on rationalizing, we get 

I . 4x = !ill --;====�-;==== x➔- .J x2 + 8x + 3 + .J x2 + 4 x + 3 
= Jim 4 = 2 x➔- ✓l + � + 3 + ✓l + ± + 3 

x x2 x x2 

13. (b) xn = l - 2 +�S � ..  + 2n ; then n2 + 1 + 4n2 + 1 (1 + 3 + 5 + . . . . . . .  + (2n - 1)) I . - (2 + 4 + 6 +  . . . . .  + 2n) !ill X = -----==�----c==�-
n➔ -

n .J n2 + 1 + .J 4n2 + 1 I . n2 - n(n + l) = !ill �=�----=== ,H- ✓n2 + l  + ✓4n 2 + l  
= lim -n r -I 

n ➔- .Jni + l + ✓4n2 + 1 "�R R I + - + 4 + --1  
3 

n2 n2 

. � - ✓x2 + ll  14. (a) hm � �, on rationalising, x---.- "x2 + c2 _ "x2 + di 
[g2 H2 ] ! + - + ! + -. a2 - b 2 x 2 x2 a2 - bi !� c2 - d 2 [H2 M2 ] = � I + - +  l + -x 2 x 2 I . tan x - sin x 

15. (a) 1m 3 x@ O  X � X O � x3 0 <;:X+  - + . . . . . . .  .;- <;:x - - + . . . . . . .  7 . e 3 0 e 3 !  0 = hm-----------
x® o x

3 
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tan x x 
16. (a) Jim e - e  , then x---.o tan x - x  . ex [ etan x-x - 1] 

= hm ----'�---= x---.o tan x - x  
tan x-x 1 

= limex lim e - e0 x l = 1 x---.o tan x - x  ( e' - 1  ) ·: Iim -- = l 
t ➔ O  f 

17. (d) I . sin- 1 x - tan- 1 x 
!ill 3 x@ O  X � X O � x3 0 <;:X + - +  . . . . . . .  .;- <;:x - - +  . . . . . . .  7 . e 6 0 e 3 0 = hm-----------

x® o x3 1 1 1 = - + - = -
6 3 2 lS. (a) lim xaex - b log(� + x) + cxe-x 

= 2 
x➔O X

2 
Slll X � x2 xJ 6 aX<;:l + x +  - +  -. . . . .  .;-e 2 !  3 !  0 � x2 xJ 6 

b<;:x - - +  -. . . . .  * e 2 !  3 !  0 � x2 xJ 6 CX<;:1 - X +  - - -. . . . .  7 . e 2! 3 !  0 = hm----�---­ 2 
x® O x

3 C:  sin x --> x as x --> 0) � b o x(a - b +  c) + x2ca + - - c7+ e 2 0 

J£a b c o  I . x � 2 ! - 3 + 2 !i . = 1m------,------
x® o x

3 2 
b a b c :. a -b + c = O · a + - - c = O and - - - + - = 2 ' 2 2 3 2 Solving we get a = 3, b = 1 2, c = 9 

19. (a) 2 sin2 ( 1 - cosx ) I . (1 - cos(l - cosx)) _ 1 . 2 
1m 

4 - 1m 
4 x➔O X x➔ O  X 



B.20 Basic Definition, Evaluation of Lim its (Basic) 

X ill sin 4 -= lim2.--2 = lim = .!_ 
x➔O X

4 x➔O X
4 8 

NOTE as x ➔ O ; sin x ➔ x 

X b' X b' 20. (a) lim� = Iim �.-x-
x➔o e' - 1  x➔O X e' - 1  . [ a' - 1  b' - 1 ] x = lim -- - -- --

x➔0 X X e' - 1  1 = (log, a - log, b ).-­Iog, e 

21 .  (c) lim 2 - .Jx - 3 (Q0form) 
x➔ 7  x

2 - 49 Now, Applying L-hospital's rule lim - 1  - 1  
x➔ 1 2,Jx- 3 (2x) 4 x 7 x 2 - 1  5 6  

22. (b) lim sin(1tcos2 x) ; then 
x➔O X

2 = lim sin(n(l - sin2 x)) 
x➔O X

2 1 . sin(n sin2 x) n sin2 x = lffi X --- = 7t 
x➔ O x2 1t sin2 X 

23. (a) lim logx" - [x] ; then 
x➔= [x] = lim logx" - lim [ x] = 0 - 1  = - 1  

x➔= [x] x➔O [x] 
24. (c) lim [ x: + l _ (ax + b) ] = 2  

x➔= X + I 

= lim [ x3 + l- (ax3 + bx2 +ax + b) ] = 2 
x➔= x

2 + l  . x3 ( 1-a)-bx2 -ax-b = lim ---'----- = 2 
x➔= x

2 + 1 
:. I -a = O; and - b = 2 

a = I ,b =-2 
sin x  1 25. ( c) lim � ; then 

x➔O b""' - 1  
. a•in x - 1  sin x = hm--- x -. -­

x➔o sin x b"" ' - 1  1 log a = log a x -- = --
e log, b log b 

n n- 1 n-2 2 
26. (a) lim x + x  + x  + ...... x + x- n  

x➔ l X - 1  . [ x" - 1  x"- 1 - 1  x"-2 - 1  x - l J = hm -- + -- + --- . . . . . . . . .  + --x➔ t x - 1  x - 1  x - 1 x - 1  = n + (n - 1) + (n- 2) + . . . .  .3 + 2 + 1 
=

n(n + I) 
2 

27. (d) lim xsin(3.) , put x = ! 
x➔= X I = lim sin 21 = 2 

t➔O I 

28. (b) lim sin x , Let x = .!._ or y = .!._ ,  so that 
x➔= X y X x ➔ 00 ⇒ y ➔ O 

:. m -- = m y.sm -Ii ( sin X ) Ii ( . 1 ) 
x➔= X y➔O y = lim y x Iim sin .!_ = 0 x fmite = 0 

y➔ O  y➔ O  y 

29. (a) lim ax2 +bx + c  = 2  
x➔ l (x - 1)2 put x - 1  = 1 as x ➔ I, I ➔ 0 lim a(l + 1) 2 + b(l + I) + c = 2 

t➔O 1
2 

Iimal2 + 1( 2a +b) +a +b + c  = 2 
t➔O 1

2 

:. 2a + b = O; a + b + c = 0, a = 2 
:. b =- 4; c = 2 
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1. Iff(x) = {
2 :

•
x, 

f(x)= 
(a) 1 
(c) 0 

when o ::; x ::;1 
h l< < 2 , then lim W en X _  x➔l 

(b) 2 
(d) Does not exist 

2. lim [� + --;- + --;- + ..... + n2 ] is 
•➔- n n n n 

(a) 1/2 
(c) 1 

3. lim 6 = 
!s in x- x + X

3

) x➔O XS 

(a) 
120 

(c) 
20  -1 

4 li tan x . . m -- lS 
x➔O X 

(a) 0 
(c) -1 

(a) log (2/3) 

(c) ½log (¾)  

x-sin x 

(b) 0 
(d) oo 

[MNR-1985/ 
1 (b) -

120 

(d) None of these 

[SCRA-1996/ 

(b) 00 

(d) 1 

[EAMCET-2002/ 

(b) ½log (%) 

(d) log ( 3/2) 

6. Iff(x) = 2 , then limf( x) is 
x +cos x x➔-

(a) 0 
(c) 1 

x' 

7_ lim e -cos x 
x➔O X2 

(a) 3/2 
(c) 1 

[DCE-2000/ 
(b) 00 

(d) None of these 

[IIT Screening/ 

(b) -1/2 
(d) None of these 

ex- e-x 

8. lim -- is 
x➔O Sin x 

[Kurukshetra CEE-2002/ 

(b) 1 (a) 0 
(c) 2 (d) Not existent 

9 Th 1 f li ( l-cos 2x)sin 5x . . e va ue o  m 2 1s 

(a) 10/3 
(b) 3/10 
(c) 6/5 
(d) 5/6 

x➔O X sin 3x 
[MPPET-2000; UPSEAT-2000; 

Karnataka CET-2001/ 

3x/2 - 3  10. The value of lim - - is 
x➔2 3 x - 9  

(a) 0 
(c) 1/6 

[MPPET-2000/ 

(b) 1/3 
(d) /n3 

11. lim _!_ + _!_ + _!_ + ... + _!_ equals 
x➔- 2  2 2 2 3 2" 

12. 

(a) 2 
(c) 1 

lim ( 2x- 3)( 3x- 4) 
= 

x➔- ( 4x - 5)( 5x - 6) 

(a) 0 
(c) 1/5 

13_ lim aex -bcos x + ce-x 

x➔O X Sin X  

respectively 
(a) 1, 2, 3 
(c) 2, 1, 2 

a x  Px 

14. lim e - e 
x➔O X 

[RPET-1996/ 
(b) -1 
(d) 3 

[MPPET-1996/ 

(b) 1/10 
(d) 3/10 

2 ,  then a, b, c are 

(b) 1, 2, 1 
(d) None of these 

(a) a + l3 

(c) a2 - 132 

[MPPET-1994; DCE-2005/ 

(b) .!.. + 13 

(d) a - 13 



B.22 Basic Definition, Evaluation of Lim its (Basic) 

15. 

16. 

17. 

18. 

19. 

1 -(1 - cos 2x) 2 lim 
x➔O X (a) 1 (c) 0 
lim 3 sin x - sin 3x 
x➔O x3 (a) 4 (c) 1 /4 
lim sin mx = 
x➔O tan nx (a) n/m (c) mn lim 1 - cosx 
x ➔ O  sin2 X (a) 1 /2 (c) 2 
lim l x - 2 1 = 
x➔2 x- 2 (a) 1 ( c) does not exist 

(b) -1 (d) None of these 
[IIT-1991 ; AIEEE-2002; 

RPET-2001, 2002/ - (b) -4 (d) None of these 
[AISSE-85/ 

[DSSE-87/ (b) m/n (d) None of these 
[DSSE-87/ (b) -1 /2 (d) None of these 

[AICBSE-85/ 

(b) -1 (d) None of these 

20. 

21. 

22. 

23. 

24. 

1' 2x- 1t  1m -- = 
x➔1t!Z COS X (a) 2 (c) -2 lim x - 1  
x➔I 2x2 -7x + 5  (a) 1 /3 (c) -1 /3 lim log x = 
x➔I x - 1  (a) 1 (c) 0 

[IIT-1973/ (b) 1 (d) None of these 
[IIT- 76/ 

(b) 1 /1 1  (d) None of these 
(b) -1 (d) oo 

[RPET-1996 ; MPPET-1996, 
Pb. CET-2002/ 

If lim(j>(x) = a�  a * 0, then lim(j>( �) is 
x➔O x➔O a (a) a2 (b) 1 fa3 (c) 1 /a2 (d) a3 

lim( cos x + a sin bx ) 1
'
x is equal to 

x➔O (a) e""b (b) ebla (c) e•h (d) None of these 



Basic Definition, Evaluation of Lim its (Basic) B.23 

WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is immediately b elow the 
worksheet . 

2. The test  is of 1 6  minutes . 
3. The worksheet cons ists of 1 6  questions . The 

maximum marks are 48 .  
4 .  Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
str ictly prorubited 

1. The value of Jim l - n2 
will be 

II➔= � n 
(b) -1 (a) -2 

(c) 2 (d) 1 
{UPSEAT-1999} 

[
x312 - 8 ]  2. Jim - - = x➔4 x - 4 

(a) 3/2 
(c) 2/3 

{DCE-99} 

(b) 3 
(d) 1/3 

3. Jim 2x: + 3x + 4 is equal to x➔= 3x + 3x + 4 {SCRA-96} 

(a) 2/3 
(c) 0 

4 I. 
tan 3x _ 

. !ill -- -
x-Ht/2 X 

(a) oo 
(c) 1/3 

5 I. ( 1  + X )" - 1  . 1m ----
x➔o X 

(a) n 
(c) - 1  

6 I. sin x- x 
. !ill = x➔O x3 

(a) 1/3 
(c) 1/6 

(b) 1 
(d) oo 

(b) 3 
(d) 0 

(b) 1 
(d) None of these 

{Kurukshetra CEE-2002} 

sm-

(b) - 1/3 
(d) - 1/6 
{MNR-1980, 1986} 

[ . e ] 7. The value of Jim --4 is {MPPET-1993} 
0➔0 0 

(a) 0 
(c) 1 

I. 3x + 4 tan x 8. lffi ----

(a) 0 
(c) 7 

X 

(b) 1/4 
( c) not in existence 

(b) 1 
(d) oo 

1 1 1 l + - + z +  ........ + -
9. Jim 2 2 2" is equal to u➔= 1 1 1 1 + 3 + � + ........ +

Y' 

(a) 4/3 (b) 2/3 
(c) 1/3 (d) None of these 

10. If/ (x) is a polynomial satisfying/ (x)1-;) = 

f (x) + 1(.!_) and/(2) > 1, then lim/(x) is 
X x➔l 

(a) 2 (b) 1 
(c) - 1  (d) None of these 

11. �� [  .Jx1 + 2x - 1 - x] is equal to 

(a) oo 
(c) 4 

{EAMCET-2006} 
(b) 1/2 
(d) 1 

2 I. 2sin 2 x +sin x- l . 1 1 . 1m ------ 1s equa to x➔� 2sin 2 x- 3sin x + 1 

(a) 3 
(c) 6 

{Kerala CEE-2003} 
(b) -3 
(d) 0 

13. The value of Jim( 
ex - l

) is 
x➔O X 

(a) 1/2 
(c) 1 

{Karnataka CET-2001} 
(b) oo 
(d) 0 

I. ( x  + 1) 1 0  + ( x  + 2) 1 0  + ........ + ( x  + 100) 1 0  

14. !ill IS x➔= X
l O  + 1 0 1 0  

equal to 
(a) 0 
(c) 10  

(b) 1 
(d) 100 

{AMU-2000} 



B.24 Basic Definition, Evaluation of Lim its (Basic) 

. �- � . 15. True statement for hm ✓2+h � 1s x➔o 2 + 3x - 2 - 3x 

{BIT Ranchi-82} 
(a) Lies between O and 1 
(b) Lies between O and l /2 
( c) Lies between l /2 and 1 
(d) None of these 

J . ✓2 -cos0-sin0 16. Im -----,--= 
8➔� ( 40 - 7t) 2 

4 

(a) 32 

(b) ✓2 
(c) 32 ✓2 
(d) None of these 

ANSWER SHEET 

1. @ @ © @  7. ® @ © @  13. ® @ © @  
2. ® @ © @  
3. ® @ © @  
4. ® @ © @  
5. ® @ © @  
6. ® @ © @  

l- n2 l- n2 
1. (a) Jim --= Jim --­,1➔� Di ,1➔� n(n + 1) 

r 1 

1 
-- 1  

= Jim 2 L__ =-2 
,1➔� 1 1 

+ -
n 

2. (b) Jim[
x312 - S J x➔4 x- 4 

2 

X3 l 1  _ 4 3 /2  3 �-I 
= Jim ---= -.4 2 = 3 x➔4 x- 4 2 

NOTE 

1. x" - a" n-1 1m - -= na 
x➔a x - a  

8_ (c) Jim 3x + 4tan x x➔O X 

8. ® @ © @  14. ® @ © @  
9. ® @ © @ 15. ® @ © @  

10. ® @ © @ 16. ® @ © @  
11. ® @ © @ 
12. ® @ © @ 

AINfs lNB ExPElfJlfioNs 

Jim 
3x + 4( x + f + ...... J 

x➔O X 

= Jim(7 + 
4x2 

+ · · · · · · · ) x➔O 3 
= 7 

1 1 1 l + - + z +  ........ -
9. (a) Jim 2 2 2" 

11➔� 1 1 1 1 + 3 +
]2

+ ........... Y' 

NOTE 

Sum of infinite GP. 
z a = a + ar + ar + . . . . . . . . .  = -

1 - r  

10. (a) f ( x)f( �) = f ( x) + 1( �) 

1- .!_ - 2 - 4 
- -

l -- 3 

1- .!_ 
3 



:. f(x) = x" + l, (/(2) > 1 ) 
Iim(x" + 1 ) = 1 + 1 = 2 
x➔l 

11. (d) lim(✓x2 + 2x - 1 - x) = lim ✓ 
2x - l  x➔= x➔= x2 + 2x - 1 + x ( on rationalising) 2 - _!_ = Iim X x➔= ✓1 + 3_ - l + 1 

X X2 (dividing numerator and denominator by x) = _3__ = 1 1 + 1 
14. (d) lim ( x  + 1) 1 0  + ( x  + 2) 1 0  + . . . . . . . .  ( x  + 100) 100 x➔= X l O  + 1 0 1 0  

( 1 ) lO ( 2 ) 10  = lim I + ;- + I + ;- + . . . . . . .  . 
x➔= 1 0 10  l + -1-0 

X (Multiplying and dividing by x 10) = 1 + 1 + . . . . . . . . .  1 00 terms = 1 00 l + O 

Basic Definition, Evaluation of Lim its (Basic) B.25 

16. (d) 1 . ✓2 - cos0 - sin 0 1m 2 a+"- (4 0 - n) 
4 

✓2 - ✓2cos (e - �) = lim 4 O➔ " (4 0 - 7t)4 
4 7t 7t put 0 - - = t , as 0 ➔ -, t ➔ O 4 4 1 . ✓2 (1 - cos t) 1m 2 1® 0 f£ p b 4 �q - 4� 

✓2 2sin2 !_ = lim-.--2 1® 0 16 t2 • 2 t r;:; sm -= lim-"'-L. ___ 2 ' _!_ 1® 0 8 (t/2)2 4 .2 iE . t 0 .J2 . 9 S1Il 2 :  = -hm;::---:--32 l® O
<; 

t/2 7 1 - 1 6✓2 e 0 
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LECTURE 

Evaluation 
of Limits 

p BASIC CONCEPTS d 
Let limf(x) = I and limg(x) = m .  If / and m exist 

x➔a x➔a i.e., I and m are finite and unique, then : 1. lim[f(x) + g(x)] = / + m  
x➔a 2. lim[f(x) - g(x)] = l - m  
x➔a 

3. lim[f(x)g(x)] = /x m 
x➔a 

5. lim kf(x) = kl, k is constant 
x➔a 

6. If fix) :Sg(x) then I :S m  7. lim[f(x)]lg(xJJ = Im 
x➔a 

8. ��f(g(x)) = f[��g(x)] = f( m) , In particu-lar lim logf(x) = log (iimf(x) ) = log /. 
x➔a x➔a 

lim /(x )  
9. lime/(x) = e<➔" 

x➔a 

I) SOM E IM PO RTANT RES U LTS 1 .  lim(l + ax) 11' = e" 
x➔O 2. lim(l + ax/ 1' = e"b 

x➔O 

3. lim( 1 + �)
bx

= e"b 
x➔oo X 4. hm --= na , hm -- = e 

, X" -a" n-l • ( X + Q 
)
' a -b 

x➔a X -a x➔= X + b 

a' - 1  5. lim--log, a 
x➔O X 6. lim{l + f( x) }f<x >  = e 
x➔a 7. lim{l + bf (x) }it,) = ebc 
x➔a I . ( 1 + ax 

)
llx a -b 8. 1m -- = e 

x➔O 1 + bx 
, lim [/(x)-l ]g(x )  9. hm [f (x)] [g(x)] = e.➔ " 

x➔a If f(ay<-•> is of the type ( I "'). 
D L I M ITS BAS ED O N  5-STEP RULE Jim f( x + h)- f(x) = !!_ f(x) = f'(x) 

h➔O h dx 1 .  Jim ✓x+/1 - ✓x = !!_(✓x) = -
1-

h➔o h dx 2✓x 2· 1� ¼( x : h - �) = - :2 



B.28 Evaluation of lim its 

3. Jim ¼+Ii - ¼ =  ,� 
h➔O h 3V x2 

I. tan( x +a)-tana 1 2 4. Im ------= -sec a 
x➔O 3x 3 

Ii) L-HOSPITAL'S RULE 

1.  Let �(x) and IJl(x) be two functions such that 

�(a)= O and IJl(a)= O then Jim <l>( x) 
= Jim <l>'( x) 

x➔o \jl(x) x➔o \jl'(x) 
provided f(a) and IJl'(a) are not both zero. 

2. If � ' (a), � " (a), ...... , � 11 - 1 (a) and IJl'(a), 
IJl"(a), ...... , 'l'" -1 (a) are all zero but �" (a) and 

. <l>( x) . <I>" ( x) 
IJI" (a) are not zero then hm--= hm--, x➔a \jl( x) x➔a \jl"( x) 

NOTES 

1. While applying L-Hospit al's Rule differentiate 
numerater and denominator separately . 

2. If the form of function comes out to be any other 
indeterminate form, it should be converted to 
0 00 

- or -
0 00 

fj) TO F IND T H E  L IMIT BY F I N D I NG 
L.H. L IM IT AND R.H. L IM IT 

When the values of f (x) are given by different 
functions of x for x :5: a and x � a, then limit of the 
function/ (x) at x = a is obtained by definition i.e., 
by finding its right hand limit (R.H.L.) and left hand 
limit (L.H.L.). 

(ii SQU EEZING T H EO R EM O R  
SANDWICH T H EOREM 

Let/ (x), g(x) and h(x) be defined for the set of real 
numbers and satisfy/ (x) :5: g(x) :5: h(x); \:/ (for all) x 
and lim/( x) = I =  limf( x) 

x➔a x➔a 

⇒ limg( x)= I 
x➔a 

⇒ Let f R ➔ R be a positive increasing func­

tion with Jim f(3x) 
= 1 x➔« f (x) 

, 

Then Jim /(Zx) 
= 

x➔« f(x) 

(a) 1 

3 (c) -
2 

Solution 

(b) � 
3 

(d) 3 

Since given function is a positive in creasing 
function therefore 3x > 2x > x i.e., 

f(3x) > f(2x) > f(x) 

or /(3x) > / (2x) > f (x) 

or 

or 

f (x) f(x) f(x) 

I. f (3x) 1. f (2x) 1. 1 Im -- > Im -- > Im x➔« f (x) x➔« f (x) x➔« 

I > Jim /(Zx) > I 
.H « f (x) 

By sandwich theorem Jim /(Zx) 
= 1 

.H « f(x) 

G) POI NTS TO REM EM BER 

1. If x -➔ oo, then [ x] = x. 
2. (i) When x is irrational then cos 2"' (x n !  1t) is 

0 whatever m and n may be. 

Jim Jim cos (n ! 1t x)2"' = 0 
m➔oo n➔oo 

(ii) If x is a rational number and n ➔ oo then 
n! 1t x = integral multiple of 7t.  

cos (n !  1t x)= I or- I  
cos 2"' (n !  1t x)= I 

3. lim {
l-' + 2' + 3' + ...... + n'

}
l/x 

x➔O n 

= {n ! } "" 

4. lim {
[l2 x] + [2 2 x] +  ...... + [n2x] } 

n➔oo n3 

X 
3 

S. Jim {
[x] + [2x] + [3x] + ...... + [nx]

} n➔oo n3 

X 

2 



Evaluation of Limits B.29 

► §bit JS JbtJ& I iJ t Pkbdltii!J iii! Jbkkb ll.dlbh iki bh. 
§QI lfllf I : :rcnu, t:C:t:& , t:C (St:ff II r:::: PING Sf IM§ WSif t 

1. Eva uate e 1m1t Im 2 I th I . .  1 . ( cos Ax - cos Bx ) 
x➔O X 

Solution 

{MP-2002; CBSE-88C; 
PSB-2000} "' h 1 . ( cos Ax - cos Bx ) vve ave Im 2 x➔O X 

( Form i) U . C D 2 . C+D . D-C smg cos - cos = sm --sm --2 2 2 . ( A + B ) . ( B- A ) = Jim sm -2- xsm -2- x 
x➔O X

2 

= 2 lim sm -2- x

_ (
A + B ). 

l . 
( A + B ) 

x➔o 
( A �

B ) x 
2 

sin ( Y) x

_ ( B- A )j 
( 

B
;

A
) x 2 

(Form i) 

2 E I I . tan 2x - sin 2x . va uate Im 3 

Solution 

x➔O X 

"' h 1 . tan 2x - sin 2x vve ave Im 3 x➔O X sin 2x . 2 -- - Sill X = Jim cos 2x 
x➔O X

3 I . sin 2x - sin 2xcos 2x = Im-------
x➔0 x3 cos 2x 

{CBSE-96} 

I . sin 2x(l - cos 2x) 1 . sin 2x.2 sin2 x = Im---,---- = Im ---,-----
x➔0 X

3 COS 2X x➔O X
3 COS 2X = 2 Jim sin 2x . sin 2 x 

x➔0 cos 2x x3 = 4 lim tan 2x ·( sin x )2 

x➔O 2x X = 4 lim( tan 2x ). 1im( sin x )2 

x➔O 2X x➔O X 

= 4 .  (1) . (1)= 4 3 E I h I . . 1 . .Ji + sin x - .JI - sin x . va uate t e Imit Im-------
x➔o X 

Solution I . .Ji + sin x - .Ji - sin x Im -------x 
x➔O X � + � .Ji + sin x + .JI - sin x 

{CBSE-2003} 

I . (�)2 - (�)2 - Im � � - x➔o x(vl + sin x + vl - sin x)  I . 1 + sin x - I +  sin x - Im � � - x➔o x( vl + sin x + vl - sinx )  



B.30 Evaluation of lim its Ii 2 sin x  = x..To x( ✓1 + sin x + ✓1 - sin x )  = 2 lim( sin x ) . lim 1 x➔O X x➔O ✓1 + Sin X + ✓1 - Sin X 1 1 1 = 2 .(1). ✓1+o � = 2.- = 2.- = 1 l + 0 + 1 - 0 1 + 1  2 4 E 1 t th 1 . .  1 Ii sin 3x - 3 sin x . va ua e e um m-----=-­x➔n (n - x)3 
[CBSE-2004/ 

Solution '" ha 1 . sin 3x - 3 sin x vve ve 1m 3 x➔n (n - x) Ii 3 sin x - 4 sin 3 x - 3 sin x - m ------,----- x➔n (n - x)3 4 . 3 _ lim---sm __ x 
- x➔n (n - x)3 

(form %) 

( form %) 
. 3 . 3 ( h) = -4 lim � = -4 lim sm 7t + x➔n (n - x)3 h➔0 (1t - (1t + h))3 

= lffi --'---.,........,-- = - lffi ---4 1 . (-1)3 sin3 h 41 . ( sin h )3 h➔O (-1)3h 3 h➔O h 

= -4. ( 1 )3 = -4. E 1 1 . 1 - cos x✓cos 2x 5. va uate 1m 2 x➔O X 

f CBSE (Foreign)-2005 (III)/ 
Solution lim l - cosx� by Rationalize x➔O X2 Ii 1 - cosx� l + cosx� 

ill X � x➔o x2 1 + cosxvcos 2x _ lim-1_2_-_(_co_s_../_c_o=s=2=x=)2� 
- x➔0 x2 (1 + cosx✓cos 2x) Ii 1 - cos2 x(cos 2x) - m-------==� 
- x➔o x2 (1 + cosx✓cos 2x) 

Ii 1 - cos2 x(l - 2sin2 x) 
- m ------� 
- x➔o x2 (1 + cosx✓cos 2x) Ii 1 - cos2 

X + 2sin2 xcos2 
X - m -----�=�-

- x➔o x2 (1 + cos x✓cos 2x) Ii sin2 
X + 2sin2 xcos2 

X - m ------� 
- x➔o x2 (1 + cos x✓cos 2x) Ii sin2 x(l + 2cos2 x) - m -------=====-
- x➔o x2 (1 + cos x✓cos2x) - m -- 1m---�== Ii ( sin x )2 1 . 1 + 2cos2 x 
- x➔O x · x➔O I +  cos x✓cos 2x 1 + 2 x l  1 + 2  3 - 1 -- = - = -- · 1 + 1 .✓1 1 + 1  2 1 th 1 . .  Ii l + cos2x 6. Eva uate e rm1t m 2 x➔� (n - 2x) 2 

[CBSE-86; HPSB-88/ 

Solution l + cos 2(� + h) Wehave lim l + cos 2x = lim 2 2 x➔� (n - 2x)2 h➔O ( ( 7t )) 2 n - 2  - + h  2 
= lim 1 + cos(n + 2h) h➔O (1t - 1t - 2h)2 
= m--- orm -Ii 1 - cos 2h (fi 0 ) h➔o 4h2 0 = lim 2sin2 h h➔O 4h2 

= - 1m-- . m-- = - x 1 x 1 1 ( i · sin h ) ( Ii sinh ) 1 2 h➔O h h➔O h 2 1 2 



sin x 1 7. Evaluate the limit lim e -x➔o log(l + x) 

Solution 

esin x - 1 We have lim--­x➔0 log(l + x) 

e•in x  - 1  sin x X = lim---. x➔O log(l + x) sin X X 

. e•in x  - 1  sin x X = lim---.--.---x➔o sin x x log(l + x) 

[AISSE-92/ 

Ii e - Ii SlD X  li sin x 1 ( ' ) [ 1 ] = 
sin �o sin x · x.To ----;- · x.To log(�+ X) 

l - x-v3 
8. Evaluate lim------:m [CBSE-91; HSB-95CJ x➔ l l - x  

Solution 

xv3 - 1  1 - -1 /3 -1-/3-lim --x- = lim-x __ x➔l 1 - X-2 /3 x➔l X 2 l 3  - 1  
x213 

2 /3 - 1 /3 ( 1 /3 - 1) 1/3 ( 1 /3 - 1) = lim x .x x = lim-x __ x __ x➔l X 2 l 3 - 1  x➔l X2 l 3 - 1  = (l)v3 lim( xv3 - 1 .�) x➔ l X - 1 X2 /3 - 1  1 /3 1 2 /3 1 = (1 )v3 lim � + � x➔ l x - 1  X - 1  
n n . li X - a  n l usmg m ---= na -x➔a x - a  = .!.. (1) 1 /3-1 + �(1)2 /3-1 3 3 2 = - + -3 3 1 2 

Evaluation of Lim its B.3 1 

lim[ � - � i 9. Evaluate x➔o sin- 1 x 

Solution 

[CBSE-92, 90, comptt.-92, 
Practice Paper sample (III) ; 

PSB-89, 93 ; HSB-99; J & K-95 CJ 

,u ha li .JI + X - .JI - X vve ve m -----x➔O Sin-I X 

1 . (�)2 - (�)2 
- 1m 

� � 
- x➔o sin- 1 x(v l + x  + vl - x) 1 . l + x - l + x  
- 1m 

� � - x➔0 sin- 1 x(vl + x  + vl - x) 1 . 2x 
- lffi 

� � - x➔0 sin- 1 x(vl + x  + vl - x) = lim2.(-x )· � 1 � x➔O sin - I x  I + x + 1 - x 1 1 = 2 . ( 1 ) . ✓I +O + .Ji - o = 2 . 2 = 2 
10. Evaluate the limit lim .• ,;�/1�] x➔o l - x 2 (sin- 1 x)3 

Solution 

[CBSE (Delhi)-2005 (I), (II), (III) ; 
PSB-91C; Goa-97/ 

'" ha li x[l - ✓1 - x2 ] vve ve m�====�----=--x➔O ✓1 - x2 (sin- 1 x)3 

. x[l2 - (✓l - x2 )2 ] = lim�==-------'---====� x➔o ✓1 - x2 (sin-1 x)3 (1 + ✓1 - x2 ) = lim x[l - (l - x2 )] x➔o ✓1 - x2 (sin-1 x)3 (1 + ✓1 - x2 ) 



B.32 Evaluation of Limits 

= Jim _x_ _ __ l__ 1 ( )3 x➔o sin_ , x ✓I - x2 (1 + ✓1 - x2 ) _ (1)3 .-1 -. 1 1 - ✓l - 0 (1 + ✓l - 0 )  = l · l · 2 1 2 11 .  Evaluate the limit Jim -J
ex - I x➔ O 1 - cosx 
{CBSE-2002, 2003} 

Solution ex - I ex - I We have Jim-,.=== = lim ---
x➔o ✓1 - COSX  x➔O r;:;I  . X I  v2  slll -2 I . ex - I 1 1. ex - I Im---- = -- Im--

x ➔o r;:; 
1 

· X 
I 

✓2, x ➔ O  • X v2  Sill - Slll -
2 2 [ 

X l -2 . ex - I 2 -2 = -hm( -)x - = -. 1 . 1 = -✓2 ✓2, x➔O X . X ✓2, Slll -2 
_ � lim ( ex - l J[ 1 l - ✓2 

x➔o• x sin i 
= }i, 1 . 1 = ✓2 

I . ex - I  1 · ex - I Im --i --1 * Im --i --1 Hence x ➔o- ✓2 sin 1 x➔o• ✓2 sin 1 limit does not exist. . l + cosx 12. Evaluate hm 2 x➔n tan X 
{MP-98} 

Solution Putting x = t + 1t when x ➔ n, then t ➔ 0, we get lim l + cos x = lim l + cos(n + t) x➔n tan2 x 1➔0 tan 2 (7t + t) . 1 - cost 1 · ( 1 - cos t _12_) - !Im - Im - --2- - ,➔o t2 tan2 t 1 ➔o tan t I . 1 - cos t  1 . t = Im --- . Im --( ) ( )2 1 ➔o t2 1➔o sin t 
I th I . .  1 . xcos x + sin x 13. Eva uate e Imit Im --2 --­

x➔o x + tan x 
{HSB-2002} 

Solution Dividing numerator and denominator by x -- + -- cos x + --xcosx sin x ( sin x )  
= lim X X = lim X 

x➔o : + ta:
x x➔ o ( x + ta: x )  

lim(cosx  + -si_n_x ) limcos x + lim-si_n_x 
x➔O X x➔O x➔O X = 1 . ( tan x ) = Im x + --

x➔o X 
I . 1 . tan x Im x + Im --
x➔o x➔O X cosO + 1 = 1 + 1 = � = 2 0 + 1 1 1 

14. Evaluate the limit Jim l - cosSx 
{CBSE-97} 

x➔O l - cos 6x 
Solution 2 . 2 5x Sill -I . l - cos 5x 1 . 2 Im--- = Im--� .Ho l - cos 6x .Ho 2 sin 2 3x 

• 2 5x S ill  -= lim --2-
x➔o sin2 3x 

( ' :  I - cos 20 = 2sin20) 



• 2 5x Slll - 25x2 __ 2_ x --25x2 4 = lim --"4�--­
x➔o sin2 3x 9 2 - - X X 9x2 

. 25x2 = �� 4 x 9x2 

• 2 5 Slll - X  __ 2_ 25 2 -x sin 2 3x  
[ sin �x ]2 lim --2-

x➔o 5 
-x 25 2 = - X 2 36  lim( sin 3x ) 

x➔ O 3x 25 (1)2 25 1 _ 25 = - X - = - X - - -36  (1)2 36 1 36  6 '  - 1  15. Prove that lim � ✓3 = -2✓3 log, 6 
x ➔O 3 - X  - 3 

Solution 6x - 1  li 
x� ✓3 - x - ✓3 6x - l  � + ✓3 = ¥� ✓3 - X - ..J3 X ✓3 - X + ..J3 . (6' - 1)(� + ✓3) _ lim � 2 T,; 2 

- • ➔o (v3 - x) - (v3 )  . (6' - 1)(✓3 - x + ✓3) = lim..:....__.:....:..._ ___ _ 
x ➔O 3-x-3 . (6' - 1)(✓3 - x + ✓3) = lim..:....__.:....:.,__ ___ _ 
x ➔O -X 6x - 1  = - lim--.lim(✓3 - x  + ✓3) 

x➔O X x➔O 

[MP-2001/ 

Evaluation of Lim its B.33 = -log, 6(✓3 - O + ✓3) = - log, 6( ✓3 + ✓3) = -2✓3 log, 6 P roved. . (x + 2)513  - (a + 2)513  
16. Evaluate lim -'----'-----
Solution 

x ➔ a  x - a  
[CBSE-92C, 91 ; HPSB-98/ 

. (x + 2) 513  - (a +  2)5 13  We have lim -'----''------'----
⇒ 

⇒ 

⇒ 

x ➔ a  x - a  lim (x + 2)513  - (a + 2)513  
x ➔ a  x - a + 2 - 2  lim (x + 2)5 13  - (a + 2) 513  
(x+2)➔ (a+2)  (x + 2) - (a + 2) 5 /3 b5 l3 lim Y - where x + 2 = y, a + 2 = b 
y➔b y - b = � (b)5'3 - I 3 = � (a + 2)213 3 

• X - a  n-1 [ n n ] 
·: lim-- = na 

x ➔ a  x - a  

1 - ✓x 17. Evaluate lim 1 2 x➔ 1 (cos- x) 
[CBSE-92/ 

Solution Putting cos-1 x = e when x ➔ 1 , then 0 ➔ 0, we get 1 - ✓x l -✓cos0 lim 2 = lim 2 x➔ I (cos- 1 x) 8➔0 0 l - ✓cos 0 l + ✓cos 0 = lim--- x -�
✓

== 0➔0 02 1 + cos 0 ( l - cos0 1 ) = �� 02 · l + ✓cos0 ( 2 sin2 0/2 1 ) = �� 4(0/2)2 · 1 + ✓cos0 1 [( sin2 0/2 ) 1 ] = �� 2 (0/2)2 · 1 + ✓cos0 



B.34 Evaluation of Limits 

18. Evaluate 

( i) lim0 [ sin x
] , where [ .] denotes the greatest x➔ X 

integer function. 

Solution 

Let P = hm -- for x > 0, sm x < x  . 
[

sin x
] 

. 

⇒ 

x➔O X 
sin x 1 -- < X 

R.H.L. = hm -- = 0 
. 

[
sin x

] x➔O X 

and for x < 0, sin x > x 

sm x ⇒ -- < I X 
. 

[
sin x

] L.H.L. = hm -- = 0 x➔O X 
Hence ? = 0 

(ii) Jim[
sin - i x

] , where [ .] denotes the greatest x➔O X 
integer function 

Solution 

Let P = hm -- for x> 0, sm-1 x> x . 
[

sin - 1 x
] 

. x➔O X 
, - I 

⇒ Sill X > l X 
R.H.L. = lim[

sin - i x
] = I for x < 0, x➔O X 

. sin - 1 
x sm-1 x < x  ⇒ --> I X 

. 
[

sin - 1 x
] L.H.L. = hm -- = I, x➔O X 

Hence ? = I 

(iii) Jim [ cot x], where [ .] denotes the greatest x➔O 
integer function. 

Solution 

Let P= Jim [ cot x] for x> 0  x➔O 
R.H.L. = Jim [ cot x] = oo and for x < 0 x➔O+ 
L.H.L. Jim [ cot x] = -oo Hence P does not x➔O-
exist. 

(iv) Jim [ sin x + cos x], where [ .] denotes the x➔Sn/4 
greatest integer function. 

Solution 

P = Jim [ sin x + cos x] x➔Sn/4 
= Jim [ .J2 sin (x + n/4)] x➔Sn/4 

Put x +  n/4= t 

:. P= Jim [ ✓2  sin t] t➔3nl 2  
According to figure, when t 

.J2 sin t ➔ - .J2 
Hence ? =-2. 

3n/2 then 

19. ABC is an isosceles triangle inscribed in a 
circle of radius r. If AB = AC and h is the 
altitude from A to BC then the trian gle ABC 
has perimeter P = 2 ( ✓2hr - h2 + .,Jv;;) and 

A I . A area = . . . . also 1m 3 h➔O p 
Solution 

In t. ABC AB = AC 

{IIT JEE-1989} 

AD 1- BC (D is mid pt of BC) 

A 



Let AD = h r = radius of circumcircle 
OA = OB = OC = r 

Now BD = ✓B02 -OD2 = ✓r2 -(h-r)2 

= ✓2rh - h2 

BC = 2 ✓2rh - h 2 

1 
Area of ti ABC = - x BC x AD 

= h ✓2rh - h 2 

Al Ii A h✓2rh - h2 
so m - = --;:...-=---=---=---=-----

h➔o 
p

3 

s (.J2rh-h2 + Mr 
. h3 12  .J2r - h 

= hm 3 h➔O 8h312 ( .J2r - h + 5) 

= lim � 
h➔0 8[.J2r-h + ..fi;-]3 

Evaluation of Lim its B.35 

..Ji;, 

s (5 + 5)
3 

..Ji;, 1 = 
8. 8 . 2r . ..Ji;- 128r 

20. Use the formula lim a
x - 1 = In a to find 

(1 + x) 1 1 2  - 1 
Solution 

x® O X 

[IIT JEE-1982/ 

lim 2 x -1 
- lim 

2x -1 
X � + 1 

x➔O .JI + X - I 
- x➔O .JI + X - I .JI + X + 1 

. (2x-1) (.JI + x + l) 
= lim ------x➔o 1 + x-1 

= lim 2
' - l  .lim( .JI + x  + 1) 

x➔O X x➔O 

ln 2 . ( 1 + 1)= 2 ln 2  

, dlt§bltbb JSMbl I lib Pkbdlb!i!§ iii! Jdikb ll.d.lbJ§ iii bh. 
W 29016 JUE 18615 f 8L¥f fMMf FIRPhEOOf ◄ 

esin x - 1 
1. Prove that lim-- =1 

X 

[MP-98; PSB-2000/ 

. (n-1)(2n + 3) 
2. Evaluate hm -----

n➔co n2 
[MP-96/ 

3. If f is an even function, then prove that 
lim f(x) = lim f(x) 
x➔O- x➔O+ 

4 E 1 Ii 
.JI+3x -.JI-3x 

. va uate m -----

[CBSE-2000 CJ -1 
5. Evaluate the limit lim c� . [CBSE-92/ 

-'
➔ 1 vl- x2 

. . . ex + e-x -2 
6 .  Evaluate the lumt lim 2 x➔O X 

[CBSE-2004/ 

34x _ 33x _ J' + 1 
7. Find the value oflim 2 x➔O X 

8. Evaluate 
[IMP/ 

lim � [7n + 1 8  n(n-I) + -;. n(n-I)(2n -1)
] 

n➔= n n 2 n 6 

[CBSE (Sample Paper)-99/ 
3 

9 F. d th 1 fli x cot x . m e va ue o m ---
.,➔o 1-cos x 

[MP-2007/ 



B.36 Evaluation of limits 

20- n 10. Evaluate lim --B➔ � cos0 2 
11 E 1 t 1. sin x- sin a . va ua e 1m----

x➔a x - a  

12 E 1 1. sin x cosx . va uate 1m--­
x➔o 3x 

13 E 1 th 1. . Ii sin x0 
. va uate e rm1t m--

x➔o X 

14. Evaluate the limit lim 
sin 4S  

B➔ O tan 30 

[MP-98/ 

[MP-2001/ 

[CBSE-93/ 

[CBSE-95 (C)J 

15 E 1 th 1. . 1. sec2 x -2 
. va uate e rm1t 1m --­

x➔� tan x-1 
4 

17. Evaluate lim cos 3x- cos2x 
x ➔ O  X

2 

18 E 1 th 1. . Ii 
2x -1 

. va uate e rm1t m-­
.,➔o sin x 

• 2 
19. Evaluate the limit lim 

Sm x  
x ➔O X 

[PSB-2000/ 

[PSB-2001 (C)J 

[CBSE-81 (C)J 

20 E 1 t th 1. ·t . 
(

l- cos2x
) . va ua e e rm1 lim ---

x➔0 sin 2 2x 

[CBSE-2000, 2002/ 

21. Evaluate the limit li°!( �- x)sec x 
x➔- 2 2 

[CBSE (Foreign)-98/ 

[CBSE-2001 ; 2002 (C)J 22. Evaluate lim 
sin 30- sin0 [MP-2005 (B)J 

B➔O Sin0 

16 E 1 t th  1. ·t . cos ec2x-2 . va ua e e rm1 hm ----
x➔!: cot x - 1  

4 

[CBSE-2001/ 

23. Find the value of lim(secx-tan x) 
lt 

x➔-2 
[MP-2007/ 

ANSWERS 

2. 2 11. cos a 
17. 

-5 

4. 3 12. 1/3 2 
18. log 2 

5. 1 
13. - 19. 0 

6. 1 1 80 
20. 1/2 

7. 3 (log 3)2 14. 4/3 
21. 1 

15. 2 
8. 112/3 22. 2 

16. 2 
10. -2 23. 0 



Evaluation of Lim its B.37 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

5' _ 3x 
1. lim �=- is equal to x➔o Vl + x-1 

(a) 3 log 5/3 
(c) log 3/5 

[JEE (WB)-2005/ 
(b) 3 log 3/5 
(d) 1 

Solution 

(a) O lim. _1. 5' log 5- 3x log 3  _ form, so 1t - 1m 
1 Q x➔O 
-(1 + xr2/3 
3 

(Using L Hospital's) = 3 log 5/3 I 
2. lim (cosec x) 108 x (cosec x) l/log x equals x➔O 

(a) 1 
(c) e 

Solution 

[UPSEAT-2005/ 
(b) - 1  
(d) l ie 

(d) Let A = lim (cosec x) 111ogx x➔O 
⇒ log A = lim -1- log cosec x 

-<➔0 log x 

= - lim log sin x 
x➔O log x 

= -lim c
osx x =-1 :. A = lie 

x➔O Sin X 

3. Let.f{x) = �, then lim f(x)-/(3) is 
1 8 - x2 x➔3 x- 3  

equal to 
(a) 0 
(c) l l9 

Solution 

(b) l l3 
(d) - l l9 

[NDA-2006/ 

(c) By definition of derivative, limit = /(3) 
= l l9 

4. If lim ( l  + 3x)<1 + 5x)lx is equal to x➔O 
(a) 3e 
(c) e3 [IIIT (Allahabad)-2001/ 

(b) es 

(d) e 

Solution 

lim (3x)( l +S x
) 

(c) 1 <'J form, so limit= e;r;➔O x = e3 

5. lim (cos �)
m 

is equal to m➔oo m 
[AMU-2001/ 

(a) 0 
(c) l ie 

(b) e 
(d) 1 

Solution 

(d) lim (cos �)
m 

= lim [1 + (cos �- 1)]
m m➔co m m➔oo m 

= J� [1-(-cos : + 1)J 

= lim [1- 2sin 2 �J
m m➔= 2m 

• X 

[ ]
2 

SID- 2 

Jim -(2sin' �) 2�� 
-2 ;

m 
( 4:2 )m 

= e"'➔"" 2m = e 2m 
x' 

= e 
-2 ,,\��4m = eo = 1 

6. lim( 3 " + 4") 1 1" is equal to n➔= 

(a) 3 
(c) oo 

Solution 

[Karnataka CET-2003/ 
(b) 4 
(d) e 

(b) lim( 3" + 4") 11" = lim( 4") 1 1" [!'._ + 1]
1 1" n➔co n➔oo 4n 

[ ]1/n = lim 4 l + -1-,.➔= ( 4/3)" 

[ ]1/n = 4lim l + -1-n➔= ( 4/3)" 

[ 
1 

J
o 

o = 4 l + � = 4 x ( l) = 4 X l = 4 



B.38 Evaluation of limits 

7. If.f{x) is differentiable and strictly increasing 

Ii f(x2 )-f(x) 
function, then ,_To f(x) _ f(O) is equal to 

(a) 1 (b) 0 
(c) 2 (d) -1 

[IIT (Screening)-2004/ 

Solution 

(d) Limit is in O form, so by Hospital rule 

L. .1 Ii 2xf'(x2 )-f'(x) lilll = m ------
x➔o f'(x) 

= lim[
2xf'(x2 ) 1] = O -1 

x ➔O f'(x) 
[ " : f'(x2) > 0] 

=-1 

8. If G(x) = - ·b5 - x2 , then lim 
G(x)- G(l) 

x ➔ l  X - 1 
is equal to 
(a) 1/24 (b) 1/5 

[IIT-83/ 

(c) - /24 (d) None of these 

Solution 

(d) · : G(l) =- /24 :. limit 

. -.J25- x2 +/M(oo ) = hm------ - form x➔ l  x - 1  oo 
Ii X I - m � -

- x➔l v25- x2 /24 

(Using L Hospital's) 

9. For x > 0, lim { (sin x) 11' + (1/x)sm'} is equal to 
x➔O 

(a) 0 (b) l 
(c) -1 (d) 2 

[IIT-JEE-2006/ 
Solution 

(b) Limit = lim (sin x) 1'' + lim (l/x) sm, .... (1) 
x ➔O x ➔O 

Since x ➔ 0, so I sin x I < 1 
⇒ lim (sin x) 11' = 0 (0"' = 0) 

x➔O 

Now let A = lim (1/x) sm, ⇒ log A 
x➔O 

= lim [-sin x log x] 
x➔O 

= lim -log x  
(

00
00 form) 

x➔O COSeC X 

1/x 
= lim ---­

x➔o cosec x.cot x [ by Hospital rule] 

= lim -- = hm -- (tan x) 
sin 2 

x . 
(

sin x
) x➔O X COS X x➔O X 

= 1 x O = 0 :. A = e0 = 1 
Hence required limit = 0 + 1 = 1. 

10. lim a 1 + a2 + · · · · · · · +a. is equal to ( 

1/x 1/x 1/x 

)

"' 

x➔oo n 

(a) a 1ap3 . . . .  a. (b) a 1 + a 2 + ... +a. 
1 

(d) [ea' + a2 + . . . . . .  + a. ] (c) - (a 1 +a ? + ... +a.) n 

Solution 

(a) Putting X = lfy, 

( 
y y y 

)
nly 

Limit = lim a 1 +a 2 + ....... +a. 
y➔O n 

This is in l"' form, so 

Limit = e 
. [ aj +af + . . . . . . . . .  +a; ) •  

hm ��-� 1 -
y➔O n y 

= e 
. 

{
aj -1 af -1 a: -1 } hm -+-+ . . . . .  + -

y➔O y y y 

11. Let fR ➔ R be a positive increasing func­

tion with lim f(3x) 
= 1. Then lim f(2x) 

= 
x➔= f (x) x➔= f (x) 

2 (a) -
3 

(c) 3 

Solution 

(d) lim f(3x) 
= 1 

x ➔= f(x) 

[AIEEE-2010/ 

3 (b) 
2 

(d) 1 

j{x) <j{2x) <j{3x) Divide by j{x) 

1 < f ( 2x) < f (3x) 
f (x) f (x) 

using sandwitch theorem ⇒ lim f
1

( 2x) 
= 1 

x➔= (x) 



Evaluation of Lim its B.39 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. For x E R, lim( 
x- 3 

)·
' 

is equal to -•➔= x + 2  
[IIT Screening-2000/ 

(a) e 
(c) e-5 

(b) e-' 
(d) e5 

lim 
2[ ✓3 sin ( � + h)-cos ( � + h)] 

2. h➔o ✓3h( ✓3 cos h-sin h) 
is equal 

to [BIT Ranchi-1987/ 

(a) -2/3 (b) -3/4 
(c) -2 ✓3 (d) 4/3 2' - 1  

3. lim 
( )"2 is equal to x➔O I + x  - 1  

[IIT-1983 ; Karnataka CET-1999; 
Kerala CEE-2004/ 

(a) log 2 
(c) log ✓

2 
(b) log 4 
(d) None of these 

4. lli+ - "'t �] -sin x] l is {AIEEE-2003{ 
x➔ - 2  l + tan � [n- 2x]3 

2 
(a) 1/8 
(c) 1/32 

(b) 0 
(d) oo 

lim f( 2h + 2 + h2)-/( 2) 
5. 

h➔o f(h- h2 + l)- f( l) = (given that /'(2) 

= 6 andf'( l) = 4) 
(a) Does not exist 
(c) Is equal to 3/2 

[IIT Sc.-2004/ 
(b) Is equal to -3/2 
(d) Is equal to 3 

6 If Ii [(a- n)nx-tan x]s in nx 
O h . . m 2 = , w ere n 1s x➔O X 

non-zero real numbers, then a is equal to 
[IIT Screening-2003/ 

(a) 0 (b) n + l 
n 

1 (c) n (d) n +-
n 

7. Let j(a) = g(a) = k and their nth derivatives 
j"( l ), g"( l) exist and are not equal for some n. If 

lim f(a)g( x)- f(a)-g(a)f( x) + g(a) 4 , x➔a g( x)-f(x) 
then the value of k is 
(a) 4 
(c) 1 

[AIEEE-2003/ 
(b) 2 
(d) 0 

8. If j(a) = 2, f'(a) = 1, g(a) = -3, g'(a) = -1, 

then lim f(a)g( x)- f( x)g(a) is equal to x➔a x - a  
[MPPET-1997; Karnataka CET-2003/ 

(a) 1 
(c) -5 

(b) 6 
(d) -1 

9. Let f : R - R be such that f(l) = 3 and 

f'( l)= 6. Then lim {f( l + x)
}"

x 
equals x➔O j( l) 

[IIT Screening-2002/ 
(a) 1 (b) e 112 

(c) e2 (d) e3 
10. Iff(l) = l ,f'( l) = 2, then lim lijf- l is x➔I x-1 

(a) 2 
(c) 1 

[AIEEE-2002/ 
(b) 4 
(d) 1/2 

11. Letj(x)=4andf'(x)=4, then lim xf( 2)- 2f(x) 
x➔2 x- 2 

equals 
(a) 2 
(c) -4 

[AIEEE-2002/ 
(b) -2 
(d) 3 

12. lim log, (1 + x) is equal to [MPPET-2002/ 
x➔O 3 x - 1  

(a) log,3 (b) 0 
(c) 1 (d) log 3e 

cot x cos x a - a  
13. lim -- -- is equal to x➔.".cot x-cos x 2 

(a) log a 
(c) a 

[Kerala (Engg.)-2001; J & K-2005/ 
(b) log 2 
(d) log x 



B.40 Evaluation of Limits 

14. Let a and 13 be the roots of ax2 + bx + c = 0, 

th I . l -cos(ax2 +bx + c) en 1m ------- is equal to x➔a (x-a)2 

{AIEEE-05} 
(a) 0 

(b) .!_(a - 13)2 
2 2 a A 2 (c) -(a- ..,) 
2 2 a A 2 (d) - -(a- ..,) 

2 

15 I. cos x-cosa . 1 . 1m ---- 1s equa to 
x➔a cot x-cota 

1 . 3 (a) - sma 
2 

(c) sin3a 

{BIT Ranchi-198 7} 
1 

(b) - cosec 2a 
2 

(d) cosec3a 

I. (a + h) 2 s in(a + h)-a 2 sin a 16. 1m -'---'------'----'---- is equal to h➔O h 
{IIT-1989} 

(a) a cos a +  a 2 sin a 
(b) a sin a + a 2 cos a 
( c) 2a sin a + a 2 cos a 
(d) 2a cos a +  a 2sin a 

17. Lt ( x  + 1) '0
" is equal to x➔O 

(a) e 
(c) 0 

(b) 1 
(d) l ie 

18. Lt x2 sin ( l/x) is equal to x➔O sin x 
(b) 0 (a) 1 

(c) - 1  (d) None of these 

19. If j(x) = 

equal to 
(a) e4 
(c) e2 

( 
x2 + 5x + 3 )-' 
x2 + x + 3 , then -�� j(x) is 

{AIEEE-2002} 
(b) e3 
(d) 24 

20. If O < x < y, then Jim(y" + x") 1'" is equal to 

(a) e 
(c) y 

n➔� 
{EAMCET-06} 

(b) X 

(d) None of these 

21. Jim � is ( 
2 

)
.Y+J 

.<➔� x + I  
{MNR-1994; MPPET-2008} 

(a) 1 (b) e 
(c) e2 (d) e3 

sBtofioNs 

1. (c) lim(
x- 3 )

y
; then = lim(

x + 2- 5
)
.Y 

x➔� X + 2 .<➔� X + 2 

= Jim [( 1- -5 )x:
5
2 

l ��; = e -5 
.H � X + 2  

NOTE 

l -
5

x -

5 l ·: Jim -- = lim -- = -5 
.Y➔� X + 2 x➔� J 2 + -

x 

2[✓
3 
s in (!£ + h)-cos (!£ +  h)] 

2. (d) Jim 6 6 ; then ,.➔o ✓
3
h (  ✓

3 
cos h -s in h) 

. 
�[ � sin (� + h  )- ½cos (� + h  )] 

= hm---�----�---,.➔o h ( ✓
3 

cos h -sin h) 

= lim_i__sin h _��---� 4 ,.➔o ✓3 h ( ✓3 cos h -sin h) 3 



2' - 1  
3. (b) lim 112 , then x➔O ( l + x) - 1 Applying L-hospital rule = lim 2' 1og 2 

{·: Iim f( x) = lim f '(x) } 
x➔O _!_(l + xrl/2 x➔a g( x) x➔a g '( x) 2 = 2 1og 2 = log4 ( 1 - tan ( i ) ) [l - sin x] 

4. ( c) lim --',-------',-----',--'�-- , then x➔i ( 1 + tan ( i ) )x - 2x]3 tan ( � - � ) (1 - sin x) 1 . 4 2 im ( 2 )J x➔i 7t - X 

7t Let x= - + y, y ➔ 0 2 tan ( -y ) (I - cosy) ⇒ lim 2 
y➔ O (-2y)3 -tan �.2 sin2 � = lim 2 2 

y➔ O (-8)y3 tan � [ sin � l2 = lim __!___2 _2 
y➔ O 32 y/2 y/2 32 

5.  (d) lim f( 2h + 2 + h2 ) - f (2) (�o form) and 
h➔O f ( h - h2 + 1) - f (1) also / '(2) = 6 and f'( l) = 4 , so then Applying L-hospital rule = lim f'( 2h + 2 + h2)( 2h + 2) 

h➔O f '( h- h2 + 1)(1 - 2h) = lim / '(2)(2) 6 x 2 = 3 
h➔O f '(l )(1) 4 6_ (d) lim [(a- n)nx-tan x]s in nx = O ; then 

x➔O X
2 Ii sin nx 1 . ( <  ) tan x ) 0 = mn -- 1m a- n n- -- = 

x➔O nx x➔O X 

7. 

8. 

Evaluation of Lim its B.41 

= n ( (a- n) n-1) = 0 1 ⇒ (a- n)n= l ⇒a= n +-
n (a) lim f(a)g( x)- f (a)-g(a)f( x) + g(a) 

x ➔ a  g( x)- f( x) and also f(a)=g(a)= k; then Applying L-hospital's rule 1' kg '( x)- kf '(x) 4 ⇒ 1m = 
x➔a g '(x)- f '(x) ⇒ limk { [g '(x) - f '(x)] } = 4 
x➔a g '(x)- f'( x) 

:. k= 4 (a) lim f(a)g( x)- f ( x)g(a) 
x➔a x - a  

and also 

4, 

f(a) = 2,f '(a) = 1 , g(a) = -3,g '(a) = -1 ; then applying Hospital's rule = lim f(a)g '(x)- f'( x)g(a) 
x➔a 1 

= f(a)g '(a)- f '(a)g(a) = 2 x (- 1) - l x -3 = -2 + 3 = 1  
9. (c) Given that f : R ➔ R such that f(l )  = 3 and f'( l) = 6  Then lim[ f (1 + x) ]1 /x = e·!�;[log/( l+x)- log /(1 )] x➔O j(l) -1-f'(l+x) 

lim /(l+x) e'➔' 1 [using L-hospital rule] 
/X l ) = efCTl = e61J = e2 

10. (a) lim � - l and also 
x➔l X - 1  

f( l) = 1,f '(1) = 2 (given); then Applying L-hospital rule 
f'( x) ⇒ lim 2-Jlw ⇒ lim f'( x)✓x ⇒ f'( l) = 2 

x➔ l _1_ x➔ l ,JJ( x) ,JJ( l) 
2✓x 



B.42 Evaluation of limits 

11. (c) Iim xf( 2)- 2f( x) and also 
x➔2 x- 2 

f( x) = 4,f '( x) = 4 ; then /(2) = 4,f '(2) = 4 Applying L-hospital rule ⇒ lim /(2) - 2f '( x) 
x ➔ 2  1 ⇒ f(2) - 2f '(2) = 4 - 2 x 4 = -4 

12. (d) lim log, (l + x) ; then 
x➔O 3 x - 1  Applying L-Hospital's rules 1 ⇒ lim l + x = -l ­

x ➔0 3x 1og 3 log, 3 = log3 e 
cot x cos x 

13. (a) lim a -a ; then 
x➔.".cot x-cos x 2 = lim a•os x ( acot x-cos x - 1  ) 

x➔
� 

cot x - cos x 
( cot x-cos x 1 ) = a•os(fft2 l lim a -

x➔ -"- cot x - cosx 2 = l .loga = log a 

14. (c) lim l - cos(ax2 +bx + c) ; then x➔ a ( x-a) 2 

sin 2 ( ax2 +bx + c
) - 2 lim 2 

- x➔ cx ( x- a) 2 

sin2 { a(x- a)(x- 13)
} = 2 lim 2 

x➔a ( x- a) 2 

[ " : a, 13 are roots of ax2 + bx + c = 0 :. ax2 +bx + c = a (x - a) (x - 13)] 
= 2 lim 2 . � (x - 13)2 [ sin { a(x- a)( x- 13) } l  2 

x➔a a( x- a1
( x- l3) 4 

2 = 2(1)2 � (a - 13)2 4 2 a A 2 = -(a- p) 2 
15. (c) lim cos x - cos a (�o form) ; then 

x➔a cot x - cot a Applying L-Hospital rule ; 
m --- = 1msm x Ii ( -sin x ) 1 . . 3 

x ➔ a  -cosec2x x➔a = sin 3 a 

16. (c) lim (a + h) 2 sin(a + h)-a 2 s ina ; then 
h➔O h Applying L-hospital rule 

= lim 2(a + h)sin(a + h) + (a +  h) 2 cos(a + h) 
h➔O 1 = 2asina +a 2 cosa 

17. (a) lim(x + l)°°' x (l= form) ; then 
x➔O 

lim [(x+l )-l ] cot x lim x cot x lim �  = e-T➔O = e:.➔O = e.t➔O tan x = e 2 • ( 1 ) x sm 
18. (b) lim . x ; then 

x➔O Slll X 

. ( 1 ) Slll -= lim-11 x limx x cosec x 
x➔O X x➔O = Q X finite = 0 

19. (a) f( x) = ( x2 + 5x + 3
)

x

, then 
x2 + x + 3  

4x = l +  2 = l +  y (say) 
X + x + 3  

and lim 1 + X = ex➔• x' +x+3 [ 4 
]

x 
lim �.x 

x➔= x2 + x + 3  

. x2 

[ 
4 

] hm - --
.r........, x2 

I X 3 
+-+-e x2 x2 = e4 



20. (c) lf O  < x < y, then !�(y" + x" )
1 '" 

- �y[ 1 + (; Jf = Y Iim [1 + -1 -] 1 /n 

n➔= ( y/x) " = y[l +  �r = y x ( l)o= y 

Evaluation of Lim its B.43 

21 .  (b) lim � ; then = lim 1 + -1-( 2 )x+ 3 ( )x+ 3 

x➔= x + l  x➔= x + I  , [( l )x + l 
]

:::�; = lim 1 + - = e 
x➔= x + I  

{·: lim( l + -1 )x + l  = e} 
x➔= x + I  

► Jlt§Stibb SJ§k I lib PkSJlbil!J libblt I :Ckb PkSJlbb!J Pbk PAUL I Iii). Far :rrrw:re Her r:rr 250 ::25r ◄ 
Ii (x + y) sec(x + y) - xsecx . 1. m 1s equal to y➔O y 

[AICBSE-1990/ (a) sec x (x tan x +  1 )  (b) x tan x +  sec x (c) x sec x + tan x (d) None of these 
2. lim ✓2 - ✓l + cos x is equal to 

x➔O sin 2 
X (a) 1 /8 (b) ✓2/8 (c) ✓2 (d) None of these 

3. The value of Lt (sec0 - tan0) is 
8➔ �  2 (a) 0 (c) 1 /✓3 

[IIT-19 76 ; AMU-1999/ (b) 1 (d) oo (S·' - 1)2 
4. lim is equal to 

x➔0 xlog(l + x) (a) log,5 (b) (log,5)2 (c) 3 log,5 (d) None of these 
5. lim(l + 2xix+3 l'x is equal to 

x➔O (a) e3 (b) e6 (c) e9 (d) e 1 2  

6. lim � - � is equal to 
.H= tf x4 + 1 - �x4 + 1 (a) 0 (c) 1 (b) 2 (d) 3 Ii S sin x - 7 sin 2x + 3 sin 3x . 1 7. m 2 • 1s equa to 
x➔O X Slil X (a) 3 (c) 5 . 1 - sin 3 x . 8. lim 2 1s equal to 
x➔-"- COS X 2 (a) 1 /2 (c) 3/2 

(b) -3 (d) -5 
(b) 1 (d) 1 2  2 2 2 . 2 9 Ii x + x - sm x . 1 . m ----- 1s equa to 

-•➔= 3x 2-4x +  cos2 x (a) 1 /3 (c) 1 
10. lim(cosx) 1'' is equal to 

x➔O (a) 0 (c) 2 
(b) 2/3 (d) 4/3 
(b) 1 (d) 3 11 .  If.f{a) = 2, f(a) = 1 , g(a) = 1 , g'(a) = 2, then lim g( x)f(a)-g(a)f( x) is equal to 

x➔a x-a 
[DCE-1999; Karnataka CET-1999; 

MPPET-1995; Pb. CET-2004/ 



B.44 Evaluation of Limits 

12. 

13. 

14. 

15. 

16 . 

17. 

18. 

(a) I (b) 2 
(c) 3 (d) 4 

. y4 _ 1 . YJ _ a J . If hm--= hm-2--2 , then a 1s equal to y➔ l y- } y➔o y -a 
(a) 2/3 (b) 4/3 
(c) 8/3 (d) 1 6  

( 6
r

4 

. x +  . hm -- 1s equal to 
-
•

➔= x +  1 
(a) e2 (b) e3 

(c) e5 (d) e7 

. x6 - 24x - 1 6 . 
hm 1s equal to x➔Z x3 + 2x - 1 2  
(a) 6 (b) 1 2  
(c) 1 8  (d) 24 

r tan 2 x- 2tan x- 3 . I 1m 2 1s equa to 
.<➔ tan- 1 3 tan X - 4 tan X + 3 
(a) 0 (b) I 
(c) 2 (d) 3 

sin ( x - �) lint/3 6 l is oqual to 
. < ➔ - 3 

6 - - cos x  

(a) 0 
(c) 2 

Jim { tan ( � + X )r' x➔O 4 

(a) e 
(c) e0 
r (1 + tan X r

sec X 

x1!H, 1 + sin x 

(b) I 
(d) 3 

is equal to 

{IIT-1993 ; RPET-2001} 
(b) e2 
(d) l ie 

is equal to 

{Kerala (Engg.)-2005} 

19. 

20. 

21. 

22. 

23. 

24. 

(a) 0 
(c) 2 

l lx 
r xe . I 1m --,-, 1s equa to 

x➔O' 1 + e X 

(a) 0 
(c) - 1  

(b) I 
(d) 3 

(b) I 
(d) OCl 

Ifa, b, c, darepositive,then Jim I+ --( 
1 

r
dx 

x➔= a +bx 
is equal to 
(a) edlb 

(c) e(c + d)l(a + b) 

lim [l + -1 
J x➔ oo mx 

{EAMCET-1992} 
(b) ecla 

(d) e 

is equal to 

{Kurukshetra CEE-1998} 
(a) e 11111 (b) e-"111 

(c) e111 (d) m' 

r 2x - l Im x➔-= ✓x 2 + 2x + 1 
is equal to 

{Kerala PET-2007} 
(a) 2 (b) -2 
(c) I (d) - 1  

a' -b' What is Jim - - ? 
x ➔O X 

{NDA-2008} 

(a) log ( i) (b) log( �) 

(c) ab (d) log (ab) 

4 "" - 1  
Jim-,-, - is equal to {UP-SEE-2007} 
n➔= 3 "- } 
(a) log

4
3 (b) I 

(c) log 34 (d) None of these 



Evaluation of Lim its B.45 

WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is immediately below the 
worksheet . 

2. The test is of 1 5  minutes . 
3. The worksheet consists of 1 5  questions . The 

maximum marks are 45 .  
4 .  Use Blue/Black Ball point pen only for writ ing 

particulars/marking responses . Use of pencil is 
str ictly prohib ited . -----------
1. cos(sin x)-1 1. 1m ---- is equal to x➔O X2 

(a) 1 
(c) 1/2 

(b) -1 
(d) -1/2 

2 I. sec 4x-sec 2x . 1 . 1m 1s equa to .Ho sec 3x-sec x 
(a) 1/2 
(c) 3/2 

(b) 1 
(d) 2 

3. Jim( _!_ -cot 2 x) is equal to 
x➔a x2 

(a) 1/3 
(c) 1 

(b) 2/3 
(d) 4/3 

4.  lim(tan x)'8" 2' ,  is equal to n x➔-

(a) e 
(c) ✓e 

(b) e-1 

(d) e-112 

5. If Jim x
" - 2" 

= 80 , where n is a positive inte-x➔2 x- 2 
ger, then n = 
(a) 2 
(c) 3 

(b) 5 
(d) 9 

. ( l + x)"2- (1- x)"2 
6. hm ------'----'--- is equal to x➔O X 

{Roorkee-19 79; RPET-1996} 
(a) 0 (b) -1 
(c) 1 (d) 1/2 

7 Th I fl . e' +log( l + x)-(1- xf2 
. e va ue o 1m 2 1s 

equal to 
(a) 0 
(c) -1 

x➔O X 
{UPSEAT-2005} 

(b) -3 
( d) infinitly 

8. lim[ e' -
�

'
;
" '

] is equal to x➔O X - Slll X  

(a) -1 
(c) 1 

{UPSEAT-2004} 
(b) 0 
(d) None of these 

( 
3 )x+2 

9. The value of Jim � is x➔= x + l  

(a) e4 
(c) 1 

{UPSEAT-2003} 
(b) 0 
(d) e2 

10. If Jim l - (l O)" 
n➔= 1 + (1 O)" +I  

-a , then the value of a is 
10 

(a) 0 
(c) 1 

(b) -1 
(d) 2 

{Orissa-2005} 

11_ Jim 
40(tan0- 20tan0) is {Orissa-2005} 0➔0 (1-cos 20) 

(a) 1 1✓'2. 
(c) 1 

(b) 1/2 
(d) 2 

I. s in -1 ( x + 2) 12. 1m 2 is equal to 
.x➔-2 X + 2x 

(a) 0 
(c) -1/2 

{Orissa 2002} 
(b) ao 
(d) None of these 

I. ln(cos x) . 1 13. 1m 1s equa to x➔O X2 
{AMU-2000} 

(b) 1 

14. 

(a) 0 
(c) 1/2 (d) -1/2 

I. [
3sin x- ✓3cos x

] . 1m 
6 

1s equal to 
X-Ht/6 X - 1[  

(a) J3 
(c) -J3 

{EAMCET-2003} 

(b) 1/✓3 

(d) -1/✓
3 

15 Th I f l . �- � . . e va ue o 1m 1s 

(a) 2/3 
(c) 3/2 

X 

(b) -2/3 
(d) -3/2 



B.46 Evaluation of limits 

ANSWER SHEET 

1 . @ @ © @ 6. ® @ © @  11 . @ @ © @ 2. ® @ © @  7. ® @ © @  12. ® @ © @ 
3. ® @ © @  8. ® @ © @  13. ® @ © @  
4. ® @ © @  9. ® @ © @  14. ® @ © @  
5. ® @ © @  10. ® @ © @ 15. ® @ © @  

AiNfs lNo exPEXNlfioNs 

1 .  

4. 

5. 

(d) lim cos(sin x) - 1  ; then 
x➔O X

2 . -2 sin2 ( S� X ) -2 - 1  lim = - = -
x➔O x2 4 2 (b) lim(tan x)'"" 2x (l= form) ; then 
= e 

= e 

= e 

x➔-
4 

�j(tan x-l ) tan 2x  

4 

lim (tan x-1 ) 
l ta

\
x 

x➔� I- tan x 
4 

lim 
-2 tan x 

x➔� l + tan x = e- 1 4 

x" - 2" (b) lim-- = 80; then 
x➔ 2 x- 2 Applying L-hospital's rule lim nx•- 1 = 80 = n2•- 1 = 80 = n2•-1 = 24 x 5 

x➔2 So n = 5. 

6. 

11 . 

13. 

(c) lim (l + x) 1 ,2 _ (1 - x) 1 ,2 (%form) 
x➔O X By L-hospital's rule 

= lim.!.(l + xr l /2 + .!.(l - xr l /2 
x➔0 2 2 

= lim-1- + -1- = 1 
x➔o 2.JI + x  2.JI- x ( ) r 1 - (1 0)" -a. th c 1m = -, en 

x➔a 1 + 10•+1 1 0  . 1 0" (1 0_" - 1) = lim -a 
n➔= 10" (1 0-n + 1 0) 1 0  - 1  -a = - = - ⇒ a = l 1 0  1 0  (c) lim sin- 1 (x + 2) 

.,➔ -2 x2 + 2x 
(% form} then Applying L-Hospital's rule lim 1 

.H-2 .J1 -( x + 2)2 ( 2x + 2) 1 --2 



LECTURE 

Test Your Skills 

► MENTAL PREPARATION TEST d 

1. Evaluate: lim 
x2 

- l 
x➔I X -1 

{CBSE-82, 84, 88/ 

2. Evaluate: lim 
x 4 

- l 6 
x➔ 2 x3 -8 

3. Evaluate: r l -cos 4x 
}To x2 

{MP-2000/ 

{MP-99, 2001; CBSE-91, 92/ 

l . (2x - 3)(3x -4) 
4. Evaluate: 1m ----­x➔= ( 4x-5)(5x-6) {MP-99/ 

5 E l h l . .  1. 
(

cosec x -cot x
) . va uate t e 1m1t 1m 

x➔O X 

{CBSE-92, 96; HSB-93; HPSB-93/ 

6. Evaluate: lim cos mx-cos nx 
{PSB-2000/ 

x➔O X
2 

7. Evaluate: lim x
3 - 8 

X➔ 2 X
2 -4 

{MP-2000; PSB-2001; HPSEB-96, 2002CJ 

8. Evaluate: lim sin ax 
x➔O sin bx 

e-' -1 
9. Prove lim -- = l 

x➔O X 

{MP-95; 2004 (C)/ 

{MP-95, 99, 2004 (B)/ 

10. Evaluate: lim 2x 2 
� 3x + 1 x➔= X -1 

. ✓l + X - ✓l -X 11. Evaluate: hm - - - --
x➔o 2x 

{MP-99/ 

{AJSSE-92C; CBSE-92 CJ 

12. Evaluate the left hand and right hand limits 
of the function defined by 

{ 
l + x2 , if O ::;  x =s; l 

j(x) = at x = l. Also, 
2 - X. if x > l 

show that lim/(x) does not exist. 
x➔I 

{CBSE-2001 (C)/ 

13. Evaluate: lim l -cos2x 
x➔O 

4 E l th l . .  1. l -cos2x 1 . va uate e 1m1t 1m --­
.<

➔0 3tan 2 x 

{CBSE-87/ 

{AJSSE-92; CBSE-92/ 

15 E l th l. . 1. 5x + 4 sin 3x . va uate e 1m1t 1m ----
x➔0 4 sin 2x + 7 x 

2-' -1 
16. Evaluate the limit lim � 

.Ho vl + x -1 

[HSB-2002/ 

[PSB-2001 (C); Karnataka (CEE)-99/ 



B.48 Test You r  Sk i l l s  

17. Evaluate the limit lim 
3x 

- 2x 

. /PSB-2001} 
x➔O X 

x3 + 8  18. Find the value of lim --
x➔2 x+2 

. 1- cos0 19. Evaluate: hm - -- . 
x➔O 02 

/MP-98} 

/MP-95, 98, 99, 2000, 2001, 2005(C); 
CBSE-92 C, 93, 2000; MP-96} 

e•x - 1 
20. Prove that lim -- = a 

x➔O X 
/MP-99, 2000} 

21. Show that lim I x - 2 1 does not exist. 
x➔2 x - 2  

22 E 1 t . 1. ✓3 + X - ✓5 - X . va ua e. 1m -----
x➔, x2 - 1 

/CBSE-85} 

/PSB-2001} 

23. Find the left hand and right hand limits of the 
greatest integer function.f{x) = [ x] = greatest 
integer. 
Less than or equal to x at x = k, where k is 
an integer. Also, show that lim/(x) does not 
exist. x➔k 

24. Evaluate the limit lim l -co:
4e . /CBSE-93} 0➔0 20 

. . . cos 2 x 25. Evaluate the hm1t hm ---
x➔� 1- sin x 2 

26. Evaluate the limit lim x
2 

- l 6 
x➔4 x - 4 

if 1 
X o ::;; x < -

2 

0 if 1 
27. Let .f{x) = x = -

2 

x- 1  if 1 - < x :s; I  
2 

/HSB-97} 

/MP-2003} 

Then show that lim f(x) does not exist. 
x➔l / 2  

f CBSE-85, PSB-95} X 2 
28. Evaluate the limit lim � . 

x ➔ 2  x- 2  
/AISSE-2003} 

LECTUREWISE WARM UP TEST 

r log( x- a) 1. is equal to 1m 
x➔a log( ex - e·) 

/MPPET-2005} 

(a) 0 (b) 1 
(c) a (d) does not exist 

ax - xa 

2. If lim-,--. = -1 , then a equal to 
x ➔ a  X - a 

/EAMCET-2003 ; Kamataka 
CET-2000; MPPET-2005} 

(a) 1 (b) 0 
(c) e (d) (1/e) 

3. 

4. 

( 2 r•-1 ) 
. n - n + I  hm 2 equals 

n➔= n - n-1 

(a) e (b) e2 

(c) e-1 (d) 1 

/AMU-2002} 

hm tan x �----- is • 2 ( ✓2sin 2 x + 3s in x + 4-
J · 

x➔� ✓sin 2 x + 6sin x + 2 

(a) 1/10 
(c) 1/12 

/AMU-2002} 
(b) 1/11 
(d) 1/8 



1. xtan 2x- 2xtan x 5. 1m - - - - -= x➔o (1- cos 2x) 2 
(a) 2 
(c) 1/2 

(b) -2 
(d) -1/2 

6. If.f{x) = l
s i

;x
1
• when [x] * 0 0, when [x] = 0 

/IIT-1999} 

where [ x] is 

greatest integer function, then lim.f{x) = x➔O 
(a) -1 
(c) 0 

/RPET-95; IIT-1985} 
(b) 1 
(d) None of these 

1- (10)" -a 7. If lim 1 = - , then give the value of •➔�l+(l0r+ 10 
a is f Orissa JEE-2005} 
(a) 0 (b) -1 
(c) 1 (d) 2 

8. lim(l- x)tan( ru: ) = 
x➔ l 2 

(a) x/2 
(c) 2/x 

/IIT- 78, 84; RPET-9 7, 2001; 
UPSEAT-2003 ; Pb.CET-2003} 

(b) 1C 

(d) 0 

1 
9. Let .f{x) = � . What is the value of; 

vl 8- x2 
1. f(x) - /(3) 1m x➔3 x - 3 
(a) 0 
(c) 1/3 

4xl2 - 4  10. lim-- = 
x➔2 4' - 16 
(a) 1/8 
(c) 1/4 

1. (1- cos2x) sin 5x 11. 1m------
x➔o 2x2 sin 3x 

/MNR-1994} 

(b) -1/9 
(d) 1/9 

/MPCET-2000} 

(b) 0 
(d) /n 4 

(a) 10/3 
(c) 6/5 

/KUKCEET-1998; MPCET-2000} 
(b) 5/3 
(d) 5/6 

12. !�( ✓x2 +Ax+ 3 - ✓x2 + 4x+ 3 ) = 2 , then A. 

(a) 8 
(c) 12 

/MPPET-199 7} 
(b) 4 
(d) 2 

Test You r  Ski l l s  B.49 

1 0' - 2' - 5x +1 13. What is the value of lim -----? 

(a) ( In 2) ( In 5) 
(c) ( In 10) ( In 5) 

x➔O XSin X 
{NDA-2004} 

(b) ( In 3) ( /n 5) 
(d) 0 

14. Iflim xsin ( .!_) = A and limxsin ( .!_) = B ,  x➔oo X x➔O X 

then which one of the following is correct? 
{NDA-2004} 

(a) A = I and B= 0 
(b) A = 0 and B = 1 
(c) A = 0 and B= 0 
(d) A= l and B= l 

15. ��( ✓ x + .J x + ✓x -✓x) is given by 

(a) 0 (b) 1/2 
(c) log 2 (d) None of these 

16. lim( 
e' + e-• - 2 J"'' is x➔O X2 (a) e 112 (b) e 114 

(c) e 113 (d) e 1112 

17. If .f{x) = l 
sin(l + [xD , for [x] * 0 

[x] where 
0, for [x] = 0 

[ x] denotes the greatest integer :::, x, then 
lim f(x) equals x➔O-
(a) 1 
(c) -1 

(b) 0 
(d) None of these 

18. hm 1 + - 1 +- = . ( -3 )' ( 2 )-x x➔� X X 

(a) e-1 
(c) e5 

19. lim( 
1 + 5x2 

J
"x' 

x➔O 1 + 3X 2 

(a) e 
(c) e3 

(b) e-s 

(d) e 1 

(b) e 2 

(d) 1/e 

1. [I2 x] + [2 2 x] + [3 2 x] + .... [n2x] . h 20. 1m 3 1s w ere [ .] 
n➔oo n 

denotes greatest integer function less then or 
equal to x 
(a) x/3 
(c) 2x 

(b) x/6 
(d) x/2 
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1. x3 + px2 + qx + 9 21. 1m 
x➔� x3 + ax2 +bx+13 

(a) p/a 
(c) 9/13 

(b) q/b 
(d) 1 

22. W hich of the following is not true 
/REE qualifying exam.-1999} 

(a) lim tan x = -oo 
n• 

x➔-
2 

(b) li� tan x = oo 
x➔-

2 

(c) lim tan x = oo n 
x➔-2 

(d) lim tan x does not exist n 
x➔-2 

23. If f(x + 2) = .!.. {f( x + l) + -4- } and.f{x) > 2 f( x) 

0 for all x e R, then limf(x) is 
(a) 1 
(c) -2 

x➔� 

(b) 2 
(d) 0 

24 1. sin 3[x] h [ ] d th . 1m -- , w ere x enotes e greatest 
x ➔.!. [x] 2 
integer :::, x, is equal to 
(a) 3/2 
(c) 1 

1. sin(sin x)-sin x 25. lm--'------'---
x➔O axs +bx

3 

(a) 0 
(c) 1/2 

(b) 3 
(d) None of these 

(b) -1/12 
(d) 1/4 

26. Iflim(l + ax + bx2) 2 1x = e3, then a and b in 
x➔O 

order are 
(a) 3/2, 2/3 
(c) 6, 3/2 

1. 3sin x0 -sin 3x0 
24. 1m 3 x➔O X 

(a) 2(i;0 J 

(c) 3( 1;0 J 

(b) 2/3, 3/2 
(d) 3, 2 

(b) ( i;o J 
(d) 4(�)3 

180  

. xsin 5x 28. What 1s the value of Lt --2 - ? 
x ➔O Sin 4X 

{NDA-2006} 

(a) 0 
(c) 5/16 

(b) 5/4 
(d) 25/4 

29. If lim[
/(x)

] exists, then which one of the 
x➔a g(x) 

following is correct? {NDA-2006} 

(a) Both lim.f{x) and lim g(x) must exist 
x➔a x➔a 

(b) lim.f{x) need not exist but lim g(x) must 
x➔a x➔a 

exist 

(c) Both lim.f{x) and limg(x) need not exist 
x➔a x➔a 

(d) lim.f{x) must exist but lim g(x) need not 
x➔a x➔a 

exist. 

(1 + )
1 13 

(1 )
1 13 

30. The value of lim x - - x is 

(a) 2/3 
(c) 1 

X 

(b) 1/3 
(d) None of these 

31 1. ex + e-x + 2cos x- 4 . l . 1m 4 1s equa to 
x➔O X 

(a) 0 
(c) 1/6 

32. lim 6 = 
lsin x- x + 

x3 l 
x➔O X5 

(a) 1/120 
(c) 1/20 

(b) 1 
(d) -1/6 

/MNR-1985} 

(b) -1/120 
(d) None of these 

1 (l + x)"x - e + -ex 
33. The value of lim 2 is 

(a) 1 l e/24 
(c) e/24 

x ➔O X2 
/DCE-2001} 

(b) -l l e/24 
(d) None of these 

34. The value of lim l log2 2xj 1°8' 5 is 
x➔l 

(b) e log2 2 

(d) e log2 s 

35 Th 1 f r  tan[e2 ]x2 -tan[-e2 ]x2 
is . e va ue o }..To sin2 x 

(a) 7 
(c) 15  

(b) 8 
(d) None of these 
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LECTUREWISE WARM UP TEST: SOLUTIONS 

1 

1. (b) lim log(x-a) = lim x-a 
x➔a log(ex - e" )  x➔a 1 

X --e 
ex - e" 

(By L'Hospital rule) 

= lim ex - e" (Again by L'Hospital rule) x➔a ex . (x-a) 

ex 
= lim -----

x➔a ex (x- a) +ex 

e" = - = 1  
e" 

X 

-

a ax log a - axa-l 
2. (a) lim � = lim--e�--

x➔a xx -a" x➔a xx (l+logx) 
(By L'Hospital rule) 

= a" log e a -a" loge a - 1  
a" (log a +  1) log e a+ 1 

X a . a - x hm-- = - 1 
x➔a XX -aa 

log, a - l = -log, a - l 
⇒ 2 log, a = 0 ⇒ a = l 

3. (b) 

l . ( 
n2 - n + 1 

J
•<•-I J 1

· 
( 

n(n - 1) + 1 
J
•<•-I J  1m 2 = 1m -➔� n - n - 1  -➔� n(n - 1) - 1  

1+--( 
l 

J
n(n-1 )  

= lim 
n(n - 1) 

..!!_ = e2 
n➔� ( l 

J
n(n-1 )  e-1 

1 - --
n(n - 1) 

4. ( c) Rationalising, we obtain the given limit as 
tan2 x(sin2 x - 3sinx + 2) 

lim--.=======---====== 
x➔% •./2 sin2 x + 3sin x +  4 + ✓sin2 x +  6sin x +  2 

l . sin2 
x(sin x - l)(sin x - 2) 1m --------x➔-"- (1 - sin x)(l + sin x) 

= 2 
{✓2+3+4 +✓1+6+2} 

- 1(1 - 2) 1 
(1 + 1)(3 + 3) 12  

l. x tan 2x - 2x tan x 
5. (c) 1m-----­x➔o (1 - cos2x)2 

2 tan x x 2 2x. tan x 
= lim 1 - tan x x➔o (2 sin 2 x)2 

2x tan x [ 
1 

2 - 1] 
l. 1 - tan X 

= 1m ----=------= x➔O 4. sin4 
X 

x tan x ----2 [
1 - l+tan 2

x
] 1 - tan 2

x 
= lim----=------= x➔O 4sin 4

X 

l . 1 .x. tan 3 x = 1m-----­
x➔o 2 sin4 x(l - tan 2 x) 

= lim.!. .  
x( � J .x3 

x➔o 2 sin4 
x(l - tan2 x) 

. i(
ta

:
x J 

= hm 
4 x➔O 

(
sin x

) 2
-----;-

. (1 - tan2
x) 

1 . (1)3 
- 1 

2 . (1)4 . (1 - 0) 
- 2 

j

sin[x]
, [x] -:f. 0 

6. (d) As,.f{x) = [x] 
0, [x] = 0 

l
sin[x] , xE R - [0, 1) 

.f{x) = [x] 
0, 0 � x< l  

R.H.L.  at x = 0 ⇒ lim 0 = 0 x➔O+ 
. sin[x] L .H.L. at x = 0 ⇒ hm -­x➔o- [x] 

l . sin[0 - h] 1 . sin(- 1) . 1 = 1m --- = 1m-- = sm 
h➔O [0 - h] h➔O - 1  

Since R.H.L. -:f. L.H.L. : .  limit does not exists. 
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. 1 - (1 0)" = 7. (c) 
!� l+(l 0)"' 1 

. 
(1 O)" [ ( � J - 1] 

- l 
!� (1 0)"+ 1 ( 1 +-1-

) 
= io 

1 o•+I  

a = l 

1TX 8. (a) lim(l - x) = tan -
x➔ I 2 

⇒ 

Here put x - I = t or x = I + t 
as x ➔  l ; t ➔ O 

7t lim(-t) tan -(1 + t) 
t➔O 2 

= limt( -cot 
nt )  

l➔O 2 

t 2 ⇒ 
�� tan( ; ) 

= 
� 

. f(X) - /(3) - 1• (1 8 - x2 r l /2 _ (1/3) 9 ( d) hm �--'----"--'---'-- - 1m 
• x➔3 x - 3  x➔3 x - 3  

3- � = lim � x➔3 3(x - 3)v 1 8 - x2 

[ 
9 - (1 8 - x2 ) l = lim � x➔J 3(x - 3).J1 s - x2 (3 + vl 8 - x2 ) 

= lim 
,.-;:;----;; �] x➔3 3(x - 3)v1 8 - x2 [3 + v1 8 - x-x+ 3 - lim � - x➔3 3.J1 s - x2 [3+v 1 8 - x2 ] 

3+3 6 1 

3(3)(3 + 3) 9. 6 9 

4,/ 2 - 4  . 4 xl 2 - 4  10 (a) lim-- = hm ,2 • x➔ 2 4x - 1 6  x➔ 2 (4x12 - 4)(4x +4) 

. (1 - cos 2x) sin 5x 
11 · (b) �1To 

2x2 sin 3x 

. 1 2 sin 2 x sin 5x 5 � _!._ hm - --.--. x. = x➔o · 2 · x2 5x sin 3x 3x 

- lim -- .hm--. 1m -.-.-( 
sin x 

)
2 • sin 5x 1 . 3x 5 

- x➔O X x➔O 5 X x➔O Slll 3X 3 

= (1 ) . ( 1 ) . ( 1 ) .  ¾ = ¾ 

12. (a) On rationalization 

⇒ 

⇒ 

(A - 4)x _ 2 r --;,==��'F."=:==='=- -
.� ( .Jx2 + Ax+ 3 + .Jx2 + 4x+ 3 )  

A - 4  _ 2 �( ✓,+�+ :, +✓,+ :, r 

A - 4  
= 2 ⇒ 1. - 4 = 4 ⇒ 1. = 8  

2 

1 0' - 2' - 5' +1 13. (a) lim . x➔= xsin x 
2' x 5' - 2' - 5' +1 

= lim------x➔o xsin x 
= lim �( 5_' _-...:..1 ).o....(2_' _  - ....:...1) 

x➔O XSin X 
- lim( �J( �J-� 
- x➔O X X Sln X 

= (In 5) (In 2) . 1 = (In 5) (In 2) 

14 ( ) · · lim xsin( .!_) = A ⇒ lim .!_ sin y = A . a . 
x➔= X y➔O y 

⇒ 

sin y 
1 lim-- = A ==> A =  and y➔O y 

limxsin( .!_) = B  ⇒ lim .!_ sin y = B  
x➔O X y➔= y 
. sin y _ 0 hm -- = B ==> B ­

y➔= y A = I and B = 0 

15. (b) ��( ✓x+ ✓x+ ✓x - ✓x) 
✓x+ ✓x = lim -=��==--x➔= ✓x+ J;;7x + ✓x 
.J1 + x-1 '2 

1 = lim ,==�=====---- = -x➔= .,/1 + .Jx-1 + x-J12 + 1 2 



ex + e-x - 2  
16. (d) For x t 0, let u = 

2 

llx' 
[ 

X2 
]I tx' 

u = 1 +
12

+ . . . . .  
= [ i + ( � + �- · · · · · ·)]( x2 /12 +  x4 /360 + ... ) 

12 3 60 (l/12 + x2 /3 6O +  .. ) 

= 1mu = 1m + y · 1m - + - + ..... l . 1 1x' 1. (l ) 1 1,,.1. 
( 

l X2 ) 
x➔O y➔O x➔O 12 3 60 

= e 1112 ( y = ;� + 
3
:� + ..... ) 

17. (b) For-1 < x < O, [ x] =-1, 

l . sin (l + [x]) sin O __ 0 So 1m ---- = --
.<➔o- [x] - 1 

18. (b) lim l + - l +-( -3 )x ( 2 )-x 
⇒ 

⇒ 

x➔oo X X 

( x - 3 )x ( x + 2 - 5 )x 
lim -- = lim 
x➔= X + 2 .H oo X + 2 

-5x 

lim [( l- -5 
)

x:/
l

x+2 x➔= x + 2 
= e-s ·: hm-- =-5 hm-- =-5.- =-5 [ . -5x . 1 l ] x➔= X + 2 x➔= 1 

2 1 + 0 + -
x 

[ 2 2 ]l/x2 
= �� (1 + 5x )(l- 3x + .. ) 

= lim[(l + 2x2 ) 1 1h2 
]

2 
= e2 

x➔O 
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20. (a) Since l 2 x - l < [ l 2 x ]  :'.S l 2 . x 
2 2 x - l < [ 2 2 x] :'.S 2 2 x 
3 2x - l < [ 32 x] :'.S 3 2 x 

n2x- l < [ n2 x] :'.S n2 x 
Adding all terms, we get xLn2 - n  < [I2 x] + [2 2 x] + [3 2 x] +  .. + [n2x] � xLn2 
D ividing each term by n3, we get x( l + lln ) (2 + lln) 

6 n2 

[12 x] + [2 2 x] + .. + [n2x] < x ( l  + l/n ) { 2  + lln )  < 3 -
n 6 

Let n ---+ oo , we get 
x 2) 0 1. [l 2 x] + [2 2 x] +  .. + [n2x] < x( 2) - ( - � 1m 3 - --
6 n➔= n 6 

21. ( d) Devide the numerator and denominator by 
highest power of x. 

lim l + plx + qlx2 + 9/x3 

= != l 
x➔= l + alx + blx2 + l 3/x3 l 

22. (c) L.H.L. (oo) and R.H.L. ( -oo) is not equal, 
hence ( c) is not true. 

23. (b) Clearly, lim/( x + 2) = lim/( x + l) 
x--too x➔oo 

= lim/( x) = /(say) 
x➔= 

Then taking limit, l = ½(l + n l 2 or -I = -
2 I 

or /2= 4 

I = 2 [ ·: .f{x) > 0 for all x ]  

24. (b) · [ I h] sm 3 - + . 30 . . . 2 . ITTfl R.H. hm1t = hm -�-=-= = hm --= 3 
l<

➔
O 

[½ + h ] 
0➔0 0 

s in 3 [_l_- h] . 30 . 2 1. Sill 3 L.H. limit = l� [ l 
] 

= 
0� -0

-= 

- - h  
2 
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25_ (b) lim sin(sin x)-s in x 
x➔ O X

5 + 2X
3 

. (
sin

�
+ x 

)sin( 
sin x- x

) 
= hm2 cos 2 

x➔O X
5 + 2 X3 

l . sin x- x 0 ) = lffi ---l -

_,➔o x 5 + 2x3 0 

- 1m ---l . COS X -1 
( 

0 
) 

- _,➔o 5x4 + 6x2 0 

= lim -sin x  
(

0
) 

x➔o 20x3 + 12x 0 

= lim --_co_s_x_ -<➔0 60x2 +12 

12 

(By L-Hospital) 

(By L-Hospital) 

(By L-Hospital) 

2 
26. (a) Let P = lim(l + ax + bx2 )-; 

x➔O 

lim {l + ax + bx2 -IF lim ( 2 a + 2bx) 

= e-r�O = e·r�O 

2a 3 = e = e (g iven) 

3 a = - and b E R  
2 

27_ (d) 1. 3s in x0-sin 3x0 
1m 3 

x➔O X 

. 3sin(1
;
0

x)-sin(�x) 
= hm 180 

x➔O X
3 

3 
j� _ Grtlj - j�x -�1 1 80 3 !  1 80 3 !  

lim ----'----___!_---co.._ ____ ____.!_ 

x ➔ O  X
3 

. xsin 5x x 
28. (c) hm-.-2 - = lim---. sin 5x <➔0 sm 4x <➔0 sin 2 4x 

2 
. 5 _ 1. X Sill X 

- tm--
2

- . -­

t➔O sin 4x x 
16x2 5 sin 5x 

= lim-- -
x➔o 16sin 2 4x 

· 
5x 

= lim 2-(�)
2

·(
sin Sx

) = 2-xl x l= -2._ 
<➔01 6  sin 4x 5x 16 16 

29. (a) I t  is the fudamental concept. 

(l + ) 1 /3 - (1- )1/3 
30. (a) lim x x 

x➔O X 

= lim (l + x)- (1- x) 
x➔O (l + X)2/3 + (l + X)l/3 (1- X)l /3 + (l- X)2/3 ·; 

. a 3 -b 3 

[ us mg a - b = 2 ] a +ab+b2 

= lim -;-:-----:--:;-;:;------::-::2---,--:----­
x➔o (l + x) 2 13 + (l + x)1'3 (l- x)1 13 + (l- x) 2 13 

2 2 = --- = -
l + l + l  3 

31. (c) im -------1 - form l . ex + e-x +2 cos x- 4
(

0 
) x➔O X

4 0 

- 1m ------ - form _ 1. e'- e-'- 2 sin x
(

0 
) 

x➔O 4X3 0 

= 1m------ - form l . e' + e-x - 2 cos x
(

0 
) 

x➔O 12x2 0 

l . ex -e-' +2 sin x
(

0 
) = 1m ------ - form 

.t➔O 24X 0 

= lim
e' +  e -x + 2 cos x = _i_ = .!._ 

x➔O 24 24 6 

• X 3 
sm x - x + -

32. (a) lim 6 
x➔O X

5 

. ( X - X: + -
1;

-50 -
. . . .  )- X + � 

= hm -'-------,--�---=--
x➔o x5 

= lim -'°'1 2=0'----
x➔o x5 1 20 



.!.. 1og{l+x) .!..( x-�+�-� · · · )  
f. X X 2 3 5 

33. (a) ( 1 + x) 1 x = e = e 

x x2 x x2 

1 --+--. . . --+--. . . .  
= e 2 J = e.e 2 J 

= e[l - i + �>2 
- • • • •  ] 

(l + x)l/x - e + ex lim 2 
x➔O X

2 

l le 24 
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[ 

1 

l

log2 x log2 5 

= lim (1 + log2 x} 1°82 x 

x ➔ l  

35. ( c) lim tan[ e2 ]x2 - tan[-e2 ]x2 
1 

x➔O sin2 X x➔ 1 . tan 7x2 + tan 8x2 ( 7 2 S) = 1m---�-- ·: < e  < x➔O sin2 X 
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ANSWERS 

LECTU RE 1 Worksheet: To Check the Preparation Level 

Unsolved Objective Problems (Identical 1. (d) 5. (b) 9. (d) 13. (d) 
Problems for Practice): for Improving 2. (c) 6. (c) 10. (c) 14. (b) 
Speed with Accuracy 

3. (b) 7. (b) 11. (d) 15. (a) 
1. (a) 8. (c) 15. (d) 22. (a) 4. (b) 8. (c) 12. (c) 
2. (a) 9. (a) 16. (a) 23. (d) 
3. (a) 10. (c) 17. (b) 24. (c) LECTU RE 3 
4. (d) 11. (c) 18. (a) 

Mental Preparation Test 
5. (a) 12. (d) 19. (c) 
6. (c) 13. (b) 20. (c) 1. 2 15. 1 7/1 5 

7. (a) 14. (d) 21. (c) 2. 8/3 16. 2 log2 
Worksheet: To Check the Preparation Level 

3. 8 17. log (3/2) 
4. 3/1 0 18. 4 

1. (a) 5. (a) 9. (a) 13. (c) 5. 1 /2 19. 1 /2 
2. (b) 6. (d) 10. (a) 14. (d) -(m 2 - n2 ) 22. 1 /4 

6. 3. (a) 7. (b) 11. (d) 15. (b) 2 23. k- 1 ; k 
4. (a) 8. (c) 12. (b) 16. (d) 7. 3 24. 1 /4 

8. a/b 25. 2 
LECTU R E 2 10. 2 26. 8 

Unsolved Objective Problems (Identical 11. 1 /2 28. e2 

Problems for Practice): for Improving 12. 2; 1 
Speed with Accuracy 13. 0 

1. (a) 8. (c) 15. (c) 22. (a) 14. 2/3 

2. (b) 9. (b) 16. (c) 23. (b) 
3. (a) 10. (b) 17. (b) 24. (b) 
4. (b) 11. (c) 18. (b) 
5. (b) 12. (c) 19. (a) 
6. (c) 13. (c) 20. (a) 
7. (d) 14. (b) 21. (d) 



PART C 

Continuity 



This page is intentionally left blank. 



L E C T U R E  

Evaluation of 
Continuity 

► BASIC CONCEPTS d 
tlJ CO NTINU ITY 

Continuity of a function at a point A function 'f' 
is said to be continuous at a point a in the domain of 

/ if the following condition s are sati sfied: 

(i) f(a) exi st s 

(ii) lim /(a) exi st s finitely 
x ➔ a  

(iii) lim f( x) = f(a) 
x ➔ a  

For the exi stence of lim/( x) it i s nece ssary that 
x➔a 

lim f( x) and lim f( x) both exi st finitely and both 
x➔a- x➔a+ 

are equal. 
If any one or more of the above condition s fail to be 
sati sfied, the function/is said to be di scontinuous at 
the point x = a; 
Geometrically speaking the graph of the function will 
exhibit a break at the point x = a .  
Definition: Continuity of a function in an open 
interval (a, b) A function/ is said to be continuous 

in (a, b). If/i s continuous at each and every point of 
the open interval (a, b). 
Definition: Continuity of a function in a closed 
interval [a, b] A function/is said to be continuous 

in a clo sed interval [a, b] if, 

(i) f is continuous in the open interval (a, b) and 
(ii) f is continuous at 'a ' from the right 1.e., 

f(a) exi st s lim f( x) exi st s finitely and 
x➔a+ 

lim f( x) = f (a) 
x➔a+O 

(iii) / is continuous at ' b '  from the left i.e., 
j(b) exi st s; lim f( x) exi st s finitely and 

x➔ h - 0 

lim f( x) = f( b) 
x ➔ b-

Working Rule of Test the Continuity 
To te st the continuity of function /(x) at x = a, find 
j(a - 0),/(a + 0) and /(a). Then the function /(x) is 

continuous at x = a; iff/(a- 0)= j(a + 0) = /(a) which 
is the working rule to te st the continuity at x = a. 

Continuity from the left and continuity from 
the Right 

(i) A function /(x) is said to be continuous from 
the left at x = a; ifj(a - 0) = f(a) 

(ii) A function /(x) is said to be continuous from 
the right at x = a ifj(a + 0) = f(a). 

Classification of Discontinuities 
1. Removable Discontinuity The function /(x) 

is said to have a removable di scontinuity at a 
point x = a if the limit of j(x) at x = a exi st s 

but not equal to j(a). 

i.e., lim/(a) -t,. f(a) orj(a + 0)=j(a- 0) -:j:. j(a) 
x➔a 

f( x) = 11-
;�s x, x * 0 

1, x = 0 • 2 
lim f( x) = lim sm x 
x➔O x➔O (1 + COS X)X

2 2 . - . /(0) = 1 



C.4 Evaluation of Continuity 

(i) Show that the function has a removable 
discontinuity at x = 2. ! 2x, X < 2 

f= 2, x= 2 
x2 , x >  2 

lim f( x) = 4 
x➔2 

1( 2) = 2 

(ii) f( x)= 1 ::; ; x ;t 2  

7; x= 2 
1(2 + 0) = 1(2 - 0) = 4 

1( 2) = 7 l 3x3 - 2x2 -1 
(iii) f( x) = x

;
I ' 

removal discontinualy. 

at X ;t 1 

at x = I 
2. Discontinuity of the First Kind (an ordinary 

discontinuity): In this case discontinuity is non 
removable. The point x = a is called the point 
of discontinuity of the first kind ifbothj(a - 0) 
and j( a + 0) exists but are not equal and function 
j( x) is said to have a discontinuity of the first 
kind at a point x = a. 

. 
{

l + x; o ::; x ::; 2 
( 1) f( x) = 

3 - . 2 < 3 x, < x _ 

Then discuss the continuity ifj( x) at x = 2 

lim f( x) = 3; lim f( x) = 1 
x➔r x➔2+ 

L.H.S. f. R.H.S. 

⇒ Discontinuity of first kind at x = 2 

(ii) f( ) 1 x = --,-1 : x ;t 0  
1- e X 

j(0- 0) = 1 
j(0 + 0) = 0 

(iii) f( x) = limx - [x] 
x➔l 

⇒ L.H.S. = l ; R.H.S. = 0 
3. Discontinuity of the Second Kind A function 

j( x) is said to have a discontinuity of the second 
kind at a point x =a. If the limits of the function 
on the left as well as on the right do not exist at 
X =a. 
i.e., neither lim f( x) nor lim f( x) exists. 

x➔a+O x➔a-0 

Example: f( x) = .!..s in .!.. ; f( x) = _l _ 
x x x-a 

f( x) = sin ( � } f( x) = cos( �) 

4. Mixed Discontinuity 
A functionj(x) is said to have a mixed discontinu­
ity at a point x = a ifone of the limits lim f( x) 

x➔a+O 

and lim f( x) exists and the other does not. 
x➔a-0 

Example: f( x) = 
l x

(
\ 

) 

x ::; O 

COS - ; X > 0 
X 

j(0 - h) = h2 = 0 

f( 0 + h) = \�cos( ¼) does not exists. 

5. Infinite Discontinuity A function j( x) is said to 
have an infinite discontinuity at a point x = a; 
If one or both of the limits is infinite. 

f( x)= ! x � 3' x ;t 3  

I; x = 3 
1( 3 + h) = 0,f(3 - h) = -oo 

6. Jump of a Function at a P oint Ifj(a + 0) and 
j(a - 0) both exists, then their non negative dif­
ference jf(a + 0)-j(a - 0) 1 is called the jump in 
the function at x =a.Also a functionj(x) having a 
finite number of jumps in given interval is called 
sectionally or piecewise-continuous function. 

, bttJSt!tb JSJ§b@ ! I J b P NGJ&i!IJ liii Jblkb k.3.9.LJ ill bh. 
w G oosr THE TOPIC SOLVE THESE PROBLEMS ◄ 

1. Test the continuity of the function 

f( x)= x( x- 3) at x = 3. 
x-1 

2. If f( x) = -x
-, Is j(x) con-l sin 2x when x ;t 0 

1, when x = 0 
tinuous at x = 0. [MP-2001/ 



l x
2 -1 for x -t,. -1 3. If f( x) = x + I ' Examine the 
-2, for x=-1 

continuity of the functions at x = -1. 
[MP-2008/ 

4. A function j(x) is defined as follows 

for X < 2 

for X = 2 

for X > 2 

Prove that j( x) is discontinuous at x = 2. 

5. Test the continuity/discontinuity of the func­
tion at the point x = 0. 

f( x)= I + eitx' when x -t,- 0 
1 e 11x 

0, when x = 0 

6_ If f( x) = 
l 

s�x + cos x, when x -t,. 0 

2 , when x = 0 
Then prove that j( x) is continuous at x = 0. 

[MP-98; CBSE-92(C) ; 
PSB-96S, 2000S; AISSE-91/ 

7. Test the continuity of the function j( x) at the 

origin f( x) = 
l l

; 
I , x * O 

I, x = 0 

8. Examine the 

l 

cos t �· 
f(t) = 2- t  

1, 

[CBSE-95 C; HSB-92/ 

function j(t) given by 
7t t * -2 

7t t = -
2 

fi . . 7t or contimnty at t = 2 

[NCERT Book; PSB-90/ 

9. Find the value of the constant ').. so that the 
function given below is continuous at x = -1 l x2 - 2x- 3 
f( x) = x + I ' x * -l 

A, x = -1 
[CBSE-93(C); PSB-2000/ 

Evaluation of Continuity C.5 

10. Discuss the continuity of the function at the 
indicated point(s). 

--- for x -t,- 1 f( x)= x-1 ' at x= l. 
1 1  x2 1 1  

2, for x = I 

11. Prove that f( x) = l 
x -; x I , 

2 , 
continuous at x = 0. 

[CBSE-1986/ 

x -t,. 0 .  d. 
lS lS-

x = 0 

[PSB-95 C, 2000 C, 2001/ 

12. Discuss the continuity of the function j( x) at 

{
2- x, X < 0 

x = 2 where f( x) = 
2 + x, X � 0 

[AISSE-1994/ 

13 Sh tha th fun . l x2 sin .!.. , when x -t,. 0 . ow t e ction x 
0, when x = 0 

is continuous at x = 0. [CBSE-1992/ 

14. Test the continuity of the function I x I at x = 0. 
[MP-99/ 

15. Prove that a function which is defined as fol­
lows, is continuous at x = 0, 

f( x)=
l xsin � , when x -t,- 0 

0, when x = 0 
[CBSE-92/ 

16. Test the continuity of the function 

x = smbx at x = 0. f( ) l
s� ax

, when x -t,. 0 

alb,  when x = 0 

17. Test the continuity of the function 

f( x)= 1 ::11 , x -t,. l at x = l .  
2 , X =1 

[MP-2001/ 

[MP-98; CBSE-92; 
HSB-90; PSB-96 ; Kera/,a-93 (C)/ 

18. Test the continuity of the function 

f( x) = 
lsin:

1 x, when x * 0 

1, when x = 0 
[MP-1998/ 
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19. Determine the value of the constant k so that 

20. 

the function f( x) = x -1 ' 1 x * is 
l x2 - 3x + 2 .f 1 

k, ifx= l 
continuous at x = I. [CBSE-92 (C)/ 

Find the value of a so that the function 

{ 
ax + 5, ifx ::, 2 

f( x) = is continuous 
x-1, ifx > 2 

at x = 2. [CBSE-2002/ 

21. 
l x2 - 25  --- when x "# 5 . . If f( x) = x - 5 ' 1s contmu-

k, when x= 5 
ous at x = 5, find the value of k. 

[CBSE-2007/ 

2x + 3 sin x 
22. If f ( x) = 3x + 2 sin x , x * 0 is continuous at 

x = 0 then find.f{0). 
[GOA-1996/ 

ANSWERS 

1. continuous 9. ').. = -4. 17. continuous. 
2. not continuous 10. discontinuous. 18. continuous 
3. continuous 12. continuous at 2. 19. k= -1 
5. discontinuous 13. continuous 20. a = -2 
7. discontinuous 14. continuous 22. 
8. continuous 16. continuous 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. If f( x) = ½ x -1, then, on the interval [ 0, 7t] 

(a) tan [f(x)] and 1/j(x) are both continuous. 
(b) tan [f(x)] and 1/j(x) are both discontinuous. 
(c) tan [f(x)] and J-1(x) are both continuous 
(d) tan [f(x)] is discontinuous but 1/j(x) is not. 

Solution 

(b) First note that [ x] means the greatest inte­
ger not exceeding x, keeping this in mind we 

find [f( x)] = [ ½x -1 ] = -1, when 0 ::,  x < 2 

= 0, when 2 ::; x ::; 7t 
tan [f(x)] = tan (-1) = - tan 1, 0 ::,  x < 2 

= tan 0 = 0, 2 ::; x ::; 7t 
The function tan [f(x)] is clearly discontinuous 
at x = 2. 

1 1 
Also the function f(x) 

= 
( 

1 
) 

is discon-
-x  -1 
2 

tinuous at x = 2. 
These two functions are continuous at all other 
points in the interval [ 0, 1t]. 
The function J-1(x) is defined by J-1(x) = y 
⇒ j(y)= x 

⇒ 1 -y- l= x ⇒ y= 2x + I  
2 

Thus J-1(x) = 2x + 1, which is continuous on 
[ 0, 1t]. Hence (b) is the only correct answer. l I x- 3 I , 

2. If f( x) = x2 _ 3x + 13 
4 2 4 ' 

X :2'. l 
, then.f{x) is 

X < I 

[IIT-88/ 
(a) continuous at x = I but not at x = 3 
(b) continuous at x = 3 but not at x = I 



(c) continuous at x = I and x = 3 
(d) discontinuous at x = 1 and x = 3 

Solution 

(c) j{l )  = 2,/{l - 0) 
1 3 13 = 4 - 2 + 4 = 2 , /(1 + 0) = 2 

:. j{x), is continuous at x = 1. 
/{3) = o, /(3 - 0) = lim I 3 - h - 3 I= 0 

h➔O 

f (3 + 0) = lim I 3 + h - 3 I = 0 
h➔O 

j{x), is also continuous at x = 3. 

( 27 - 2x) 1 13 
- 3 3. The function f( x) = 115 ( x  "# 0) 

9 - 3( 243 + 5x) 
is continuous function, then j{0) is equal to 

[DCE-98/ 
(a) 2 
(c) 6 

(b) 4 
(d) 2/3 

Solution 

_ 3_( 27 - 2xt213 
(a) /(0)= lim/( x) = lim 3

( 24 ) -415 = 2 x➔O x➔O -3 3 + 5x 

{ 
0, X E  Z 

4. If f( x) = [x], g(x) = 2 , then 
x ,  x E  (R- Z) 

[Roorkee (Screening)-99/ 
(a) limg(x) exists butg(x) is discontinuous at 

x ➔ I  

x = l 

(b) lim f( x) does not exist andj{x) is not con-
x ➔ I  

tinuous at x = I 
( c) gof is continuous function 
(d) all above 

Solution 

(d) · :  g(l )  = 0, g( l - 0) = g(l + 0) = l 2 

= l ,tg(l )  
⇒ limg(x) exist but g(x) is not continuous 

x ➔ I  

at x = 1 
Also j{l)  = [ l] = 1,/{l - 0) = [ 1 - h] = 0, 
f(l + 0) = [l + h] = l lim/(1- 0) 

x ➔ I 

⇒ lim/( x) does not exist and soj{x) is dis-
x ➔ I  

continuous at x = I 

Evaluation of Continuity C.7 

Further (got) (x) = g[f{x)] = g[ x] = 0 V x ER, 
which is continuous V x ER. 

5. If f( x) = sin (� ) iog ( 1 + ;
2 ) ' x "# O 

is l 

( 4 x -1) 3 

(log 4) 3 , X = 0 
continuous at x = 0, then a is equal to 

(a) 3 
(c) 1 

Solution 

[JEE ( Orissa}-2004/ 
(b) 1/3 
(d) 2 

(b) · :  j{x) is continuous at x = 0 
lim f( x) = f( 0) = (log 4) 3 
x➔O 

⇒ 

⇒ 

( x2 (log 4) 2 )3 

lim 
xlog 4 + 

2 1  + ..... . 

x➔O 
( � _ :�3 + ... ) ( 

;2 _ ;; 
+ ... ) 

= (log 4)3 

(log 4) 3 

= (1 4) 3 = 1/3 
( l /3a) 

og ⇒ a 

6. Ifj{x)= px2- q, x  E (0, l )= x +  l , x E (1, 2] 
andj{l)  = 2, then the value of the pair (p, q) for 
whichj{x) cannot be continuous at x = I is 
(a) (2, 0) (b) (1, - 1) 
(c) (4, 2) (d) (1, 1) 

Solution 

(d) j{x) is continuous at x = I if 

lim/(1 + h) = lim/(1- h) = f(l) = 2 
h➔O h➔O 

lim/(1 + h) = lim{l + h + l }  = 2 
h➔O h➔O 

lim/(1- h) = lim{p(l - h) 2 - q} 
h➔O h➔O 

= p- q 
j{x) is not continuous at x = I if p- q t 2. l el/(x-1 ) - 2 

7. Function f( x) = e1 1<x-I l + 2' x "# 1 

I, X = I 

[Roorkee-2001/ 
(a) is continuous at x = I 
(b) has a discontinuity of removable type 
( c) has a discontiunity of the 1 st kind 
(d) has a discontinuity of the 2nd kind 
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Solution 

, el/ (l -h-1 ) _ 2 (c) L.H.L = \i.Ti 
e-1 10-h-I l + 2 
e-1,h - 2 1 - 2e 

= lim ��-
h➔ I e1 1h  + 2 1 + 2e 

el /( l+h-1 ) _ 2 R.H.L. = lim---­
h ➔ I el / ( l+h-1 ) + 2 

. e1 1h - 2  e- 2  
= lim --= -­

h➔I e11h + 2 e + 2 

L.H.L. -:f. R.H.L. 

Hence limit exi st s but are not equal. 
Thus function i s not continuous at x = 1. 
i.e., function ha s a di scontinuity of fir st 
kind. 

8. Ifthe function f( x)= l

l-
:�

s x for x ;t O i s 

k for x= 0 
continuous at x = 0, then the value of k i s 

(a) 1 
(c) 1/2 

Solution 

[Karnataka CET-2007/ 
(b) 0 
(d) -1 

(c) Since.f{x) is continuous at x = 0. Therefore, 

lim f(x) = f(0) ⇒ lim l - co s x  = k 
x➔O x➔O x2 

Ii -(-sin x) k 1. sin x k m ---= ⇒ 1m --= 
x➔O 2x x➔O 2x 
1 . sin x 1 1 
-hm--= k ⇒ -.1 = k ⇒ k = -
2 x ➔O X 2 2 

9. Let fR ➔ R be a continuous function defined 
by 

1 
f(x) = 

ex + 2e -x 

Assertion:.f{c) = ½ , for some c ER 

Reason: 1 
0 < f(x) :::; ,-;;, for all x ER 

2v 2 
[AIEEE-201 OJ 

(a) A ssertion i s true, rea son i s true and rea son 
i s a correct explanation for a ssertion 

(b) A ssertion i s true, rea son i s true and rea son 
i s NOT a correct explanation for assertion 

( c) A ssertion i s true and rea son i s false 
(d) A ssertion i s false and rea son i s true 

Solution 

(c) Step- I: Maximum value of 

ex + 2e -x 2:: � e x + 2e -• = 2✓
2
, Vx 

i.e. Minimum value of ex + 2e -x i s 2✓
2
. 

Therefore, maximum value of --- i s 
e x + 2e -x 

1 
2✓

2 

Also ex and e-• are never negative 
1 i s alway s greater than zero. 

ex + 2e -x 

1 
Step-2: Clearly, f (0) = eo + 2e 0 l + 2 = 3 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. If both the left a s well as right hand limit s 

exi st s as x ➔ a and are not equal, then the 
function i s said to have 
(a) A di scontinuity of the 1 st kind at x = a 
(b) A di scontinuity of the 2nd kind at x = a 
( c) Mixed continuity at x = a 
(d) Removable di scontinuity 

. 1- co s 4 x 2. Funchon f( x) = 2 , where x -:f. 0 and 
Sx 

j{x) = k where x = 0 i s a continuous function 
at x = 0 then the value of k will be 

(a) k = 0 
(c) k=-1 

[AMU-2005/ 
(b) k = 1 
(d) None of the se 



3. For the function f( x) = 1 :::: : ! ' x * 0 , 
0 , x = 0  

which of the following is correct 
[MPPET-2004/ 

(a) lim f( x) does not exist 
x➔O 

(b).f{x) is continuous at x = 0 
(c) lim f( x) =l 

x➔O 

(d) lim f( x) exists but.f{x) is not continuous at 
x➔O 

x = 0 

4. The value of .f{0), so that the function 
1- cos(l - cos x) . . f( x) = 4 1s contmuous every 

where is 
(a) 1/8 
(c) 1/4 

X 

(b) 1/2 
(d) None of these 

5. The function f( x) = ( i - x }an x is not 

continuous at x is equal to 
(a) 7t (b) 0 
(c) ,c/2 (d) None of these 

6. The function f( x) = 1 + s�x - cos x is not 
1-sm x - COS X  

defined at x = 0. The value of.f{0) so that.f{x) 
is continuous at x = 0 is 
(a) 1 
(c) 0 

(b) -1 
(d) None of these 

7. In order that the function j{x) = (x + 1 )<01 x 

is continuous at x = 0, then .f{0) must be 
defined as 

(a).f{0) = 0 
(c).f{0) = e-1 

[NDA-2007/ 
(b) .f{0) = e 
(d) None of these 

8. The number of points at which the function 
1 

f( x) = 
log I x  I 

is discontinuous is 

(a) 1 
(c) 3 

(b) 2 
(d) 4 

9. If f( x) = hl at x * � - Then the 
cot 2x 4 

value which should be assigned to it at 

Evaluation of Continuity C.9 

x = � so that the function is continuous at 

the point is 
(b) 1 (a) 1/2 

(c) 2 (d) None of these 
10. The function defined by 

x-1 f( x) = --
1- x * I; f(l) = 0 

1 + e•- 1 

(a) Is continuous for x = I 
(b) Has a Discontinuity of the 1 st kind at x = I 
( c) Has mixed discontinuity at x = I 
( d) Has removable discontinuity at x = I. 

11. The function g( x) = l 
x2

1;
,
5,  

(1 + x3)/(l - x), 
then mark one incorrect statement 
(a) lim(g( x)) = -9 

x➔2+ 

(b) lim g( x) = 9 
x➔i-

(c) lim g( x) = 3 
x➔2+ 

( d) g is not continuous at x = 2 

x < 2  
x =  2 , 
x > 2  

ff( ) 
2 - ✓ X + 4 

( ) . . 12. I x = . 2 x * 0 1s contmuous 
sm x 

function at x = 0, then.f{0) equals 
(a) 1/4 (b) - 1/4 
(c) 1/8 (d) - 1/8 

{
0, X E  Z 

13. If.f{x) = [ x] and g[x] = 
x2 xE R - z' then 

(a) Lt g( x) exist but g(x) is not continuous at 
x➔I 

X = I 
(b) Lt f( x) does not exist and.f{x) is not con-

x➔I 

tinuous at x = I 
( c) g(x) is continuous for all x 
( d) .f{x) is continuous for all x 

Th fun . I 3x - 4 I . d. . 14. e chon y = 1s 1scontmuous 

when x is equal to 
(a) 2/3 
(c) -2/3 

3x- 4 

(b) 4/3 
(d) -4/3 

15. The function f( x) = �2
1 , x * 0 and .f{0) 

X + X 

is not continuous at x = 0, because 
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(a) Lt f( x) "# f( 0) x➔O 
(b) Lt f ( x) does not exist x➔O+ 

(c) Lt f( x) does not exist x➔O-
(d) Lt f( x) does not exist x➔O 

16. The value ofj(0) so that 
( 4 x -1)3 

f( x) = sin ( x/4) log (l + ( x2 13)) 
is continu-

ous every where is 
(a) ( 3  log 4)3 

(b) (4 log 4)3 
(c) 12 (log 4)3 

(d) (15 log 4)3 
17. f( x) = xP sin .!. , when x #  0, = 0, when x = 0, 

X 

is continuous at x = 0 if 
(a) p <-1 
(b) p = 0 
(c) p > 0 
(d) -l> p < 0  

18. The function f : JR\ { 0} ➔ IR given by 

f( x) = _!_ _ � can be made continuous at 
x e x -1 

x = 0 by definingj(0) as [AIEEE-2007/ 
(a) 2 (b) -1 
(c) 0 (d) 1 

19. For the function f( x) = x -a ' x * a if 
l x3 - a3 

b, x = a 
j(x) is continuous at x = a, then b is equal to 

(a) a 2 

(c) 3a 2 

[MP PET-2008/ 
(b) 2a 2 

(d) 4a 2 

20 If /( ) 2x- 3sin x . . 
· x = 

3 4 , x "# 0, 1s contmuous at 
x +  tan x 

x = 0, thenj(0) is equal to [Kerala PET-2007/ 
(a) 3 (b) 2/7 
(c) -3/7 (d) -1/7 

------, - ::, x < 0  
21. If f( x) = X 

! .J4 +ax- .J4-ax 1 

3x + 2  --
8
- , 0 ::, x ::, l 

x -
is continuous in the interval [-1, 1], then the 
value of a is equal to [Kerala PET-2007/ 
(a) 1 (b) -1 
(c) 1/2 (d) -1/2 

22. Let f( x) = ' . If f is con-{
3x- 4 0 ::,  X ::, 2 
2x + /, 2 < X ::, 9 

tinuous at X 2, then what is the value 
of /? 

[NDA-2008/ 
(a) 0 (b) 2 
(c) -2 (d) -1 

SOLUTIONS 

1.  (a) By definition 

2. (b) For continuous function 

k I. l-cos 4x 1. 2sin 2 2x 
= 1m---= 1m - --x➔o 8x2 x➔O 8x2 

= lim( 
sin 2x

)
2 

= 1 :. k = I x➔O 2x 

. el lh  -1 3. (a) Here R.H.L. = lim-1-,h­
h➔O e + 1 

. 1- e-vh 1- 0 = lim --= - = l  
h➔O l + e-1 1h  l + 0 

• e-1 /h -1 0-1 L.H.L. = lim --= - =-1 
h➔O e-I

'
h + I 0 + l 

:. L.H.L. "# R.H.L. ,lim f( x) doesn't exist. x➔O 
4. (a) For continuous function 

f( 0) = lim 1-cos(l-cos x) x➔O X4 

1-cos (2sin 2 �) 2sin 2 (2sin 2 �) 
li 2 1· 2 = m -----'----'- = lffi x➔O X4 x➔O X4 



. 
, [ 

2
s
i
:

' f 
J 

= hm ----'-------'-­x➔O x4 

. 
2 (sin iJ 

= hm ----'------'-­x .... o 1 6.( x/2) 4 8 

(
n 

) n . 5. (c) f( x) = 2- x  tan x at x=
2

, tan x 1s not 

defined, 

:. f ( x) is not defined at x = � 
2 

6_ (b) f( x) = lim ( I- cosx) + �in x x➔O 1- COS X  - Sin X 
2sin 2 � + 2 sin �cos� 

= lim 2 2 2 x .... o 2sin 2 � -2sin �cos� 
2 2 2 

. X (  . X X
) 2 sm - sm - +cos -

1. 2 2 2 = x� X (  x x )  
2 sin 2 sin 2 - cos2 . X X sm- + cos -

= lim 2 2 x➔O . X X sm --cos-
2 2 

:. f(0)= lim O + l  
=-1 x➔O 0-1 

7. (b) f( 0)= lim( x + l)'0t x x➔O 
lim x x cot x Jim � 

= el-+0 = el-+Otan X = e' 

8. (c) Point of di scontinuity are those where f(x) 
is not defined i.e., at I x I = 0, 1 
x= 0, 1,-1 
Number of point s are 3. 

9. (a) For contains function 

i (�)= lim 
tan (�- x) 

4 x➔ -� cot2x 

n n put = -- x = t or x = -- t 
4 4 

Evaluation of Continuity C.1 1 

n as x � - ; t � 0  
4 

1. tan t 1. tan t 1m ----= 1m--, .... o 2 ( 
n 

) 
Ho tan2t cot -- t  

= lim tan t x _l!__ 
Ho t tan2t 
1 
2 

= f(l + h) = lim l + h -l 
10. (a) R.H.L. Ho _,_ 

11. 

1 . h 
= 1m--= 0 h➔O .!_ 

1 + eh 

1 + el+h-1  
1- h-1 

L.H.L. = f(l- h) = lim 1 h➔O -
. -h 

= hm---= 0  h .... o 1 + e- 1 1h 1 + el -h-1  
· : J( l - h) =f( l  + h)=/(1) 
. - . function is continuous. 

x2 + 5 ;  x < 2  
(c) g( x) = 10; x= 2 

l +  x3 

x > 2  --
1- x 

1 + 23 

lim g( x) = --= -9 
x➔2• 1-2 
lim g( x) = 22 + 5  = 9 x➔r 

Here g(2+) * g(2-) function is di scontinu­
ous, ( c) is incorrect. 

12. ( d) f ( 0) = lim 2 - :✓x +4 x➔O Sln 2 
X 

. 22- (.Jx + 4 )
2 

1 
= hm----- x --

.<➔0 2 + ✓x + 4  sin2x 
(On rationali sing) 

. -x 1 
= hm --==.--x➔02 + .Jx + 4  sin 2x 

. -1 2x 1 
= hm ---= X --.-x➔02 + .Jx + 4  sin2x 2 

-1 
8 



C.1 2 Evaluation of Continuity 

{ 
0 XE Z 

13. (a) f( x)= [x] g( x)= 
x1 xER- Z 

f( x) is discontinuous at integer points lim of 
f(x) doesn't exist of integral points 

{ 
0 XE Z 

Now g( x) = 2 
X xe z 

= limg( x)= l 2 = l ( ·: I+ h or I - h are non 
x➔I 

integer) 
but limg( x) = 1 * g(l) 

x➔I 

4 14. (b) At x = -
3 

f(l +) = lim 3h 
= I 

h➔0 3h  

f(l-)= lim�=-1 
h➔O -3h 

( ·: g(l) = 0) 

: . function is discontinuous at x = � 
3 

15. (d) f( O+)= lim-l h_l _= _!_ 
h➔O h1 + 2h 2 

/( 0-)= lim -1.±1_= 
-I 

h➔O h1 - 2h 2 

: . limit doesn't exist. 

16. (c) f( O) = ��� 
( 

x2 

J . X l + -
1 sm 4 3 1 
4 ·  x/4 

log 
x2 /3 3 

= (log 4) 3.4.3 = 12(log 4) 3 
17. (c) f( x)= xP sin ( �J will be defined if p > O  

18. (d) f( O)= lim _!_- -2 -
x➔o X e1 x  - 1  = �� e:: ;z� = :

)
x ( % J 

Applying L-Hospital 's rule 

hm ------ -. 2e 1 ·' - 2 ( 0 ) 
.<➔O (e 1x 

-
1) + 2xe ix 0 

again using L-Hospital 's rule 

. 4e lx 

= hm ---- = l 
.,➔o 4e ix + 4xe 1 ·' 

j(x) is continuous 
at x = 0, then 
lim f(x) = /(0) 
x➔O 

⇒ /(0) = I 
3 3 

19. (c) f( x) = x -a ,f(a) = b 
x-a 

For continuity off(x) 
Iimf( x) = b 
x➔a 

3 3 

lim x -a = 3a 1 = b 
x-';a x-a 

20. (d) f( 0)= lim 2x- 3sin x  
x➔O 3X + 4 tall X 

2 _ 3 s in x  

= lim x =
2- 3=

-l x➔o tan x 3 + 4 7 3 + 4 --
x 

NOTE 

I
. sin x 1 1 . tan x  Im -- = , Im-- = 1 

x➔O X x➔O X 

21. (c) For continuity 
f( O+) = f(O-) 

I. ✓4-ah- .J4 +ah . 3h + 2  1m ------= hm--
h➔o -h h➔O h - 8 

= lim 
4-ah-(4 +ah) = � 

h➔o ( ✓4-ah + ✓4 +  ah ) h -8 

= lim -2ah 
= _ _!_ 

h➔o ( ✓4 -ah + .J4 + ah ) h  4 
-2a -1  1 

= -= - ⇒a= -
4 4 2 

{
3X - 4 ; 0 :5 X :5 2 

22. (c) f( x) = 
2x + I ; 2 < x :5 9 

/( 2-) = /( 2+) 

3 x 2- 4= 2 x 2 + l ⇒ l=-2 



Evaluation of Continuity C.1 3 

► SIJYSLJZJ SMtt I lit PkOJttii!Y Oitltlilll Pk&Jlb!I§ PON PAA@ lllb. 
f?l ltf llWIN@ HUB r:rr SSS: 1185¥ d 

1. The function/ defined by j( x) = (1 + 3x) 11x, x -:f. 
0 is continuous for x = 0 whenj(0) is defined as 
(a) 1 (b) e 
(c) e2 (d) e3 

2. If f( x) = 
log(l + ax) - log(l -bx) is continu-

x 
ous at x = 0, thenj(0) is equal to 
(a) a - b (b) a +  b 
(c) ab (d) log a - log b 

3. If f( x) = 3x + tan 2 x is continuous at x = 0, 
X 

thenj(0) is equal to 
(a) 1 
(c) 4 

4. Let/be defined as 

sm x + - , 

l 
. ( 

1 ) f( x) = 
0, 

X 

is continuous except 
(a) X = 0 
(c) x = I 

(b) 2 
(d) 3 

x ;t 0 
. The function/ 

x= 0 

(b) X = 1/2 
(d) Always 

5. The discontinuity of the function ! 3x + 4 tan x 
f( ) , x ;t 0  . f x = x at x = 0 1s o  

3,  x= 0 

(a) 1 st kind (b) 2nd kind 
(c) Removable type (d) Mixed kind 

6. A function defined by 

X _ 
{ 
1 + X ( x  ::, 2) 

f( ) -
5 - X ( x  � 2) 

(a) Is continuous at x = 2 
(b) has a discontinuity of the 1 st kind at x = 2 
( c) has a discontinuity of the 2nd kind at x = 2 
(d) has a removable discontinuity at x = 2 

7. The function defined by j( x) = (1 + 3x) 11X, 
X -:f. 01(0) = e3 
(a) has a discontinuity of the 1st kind at x = 0 
(b) has a discontinuity of the 2nd at x = 0 
( c) has removable discontinuity at x = 0 
(d) Is continuous for x = 0 

8. The function f( x) = �, is 
! tan 2x 

x ;t 0 

2/3, X = 0 
(a) continuous at x = 0 
(b) discontinuous at x = 0 
( c) discontinuous at x = - 1t 
(d) discontinuous at x = 1t!2 

9. The no. of points of discontinuity of 
4- x2 

f( x) = 
4 x- x3 is 

(a) 2 
(c) 0 

(b) 6 
(d) 3 

10. The function f( x) = cos x -
;

in x is not defi-
cos X 

ned at x = 1t!4; the value off(1t/4) so that j( x) 
is continuous every where is 
(a) 1 (b) -1 
(c) ✓2 

(d) 1/✓2 

11. The function j( x) defined by 

f( x) = x[ 1 + }s in(log x2) ] , x ;t 0 = x, x = 0 

(a) Is continuous at x = 0 
(b) has discontinuity of 1 st kind at x =0 
( c) has discontinuity of 2nd kind at x = 0 
(d) has removable discontinuity at x = 0 

12. The function defined by j( x) = cos x, x � 0; = - cos x, x < O  
(a) has discontinuity of the 1st kind at x = 0 
(b) has a discontinuity of the 2nd kind at x = 0 
(c) has a removable discontinuity at x = 0 
(d) Is continuous at x = 0 

13. Which of the following functions is not con­
tinuous for x = 0? 

(a) f( x) = l sin
}

x, x ;t 0 

2 , X = 0 

(b) f( x) = !
sin

:2
kx

' x ;t O 

k2 , x= 0 

(c) f( x) = l e11�x'
_ 1' x ;t O 

I, x = 0 
(d) None of these 



C.1 4 Evaluation of Continuity 

14. Which of the following functions is continu­
ous at x = 0? 

s in 2x (a) f( x) = --, x ;t l ;f( 0) = 1 
X 

(b) j( x) = (1 + x) 11X, x -:/-0,j(0) = 1 

sin x (c) f( x) = -, x ;t 0, f( 0) = 1 
X 

(d) f( x) = e-llx' , X ;t 0, f( 0) = 1 

15. Which of the following functions is discon­
tinuous at x = 0? 

e-1/x 

(a) f( x) = --1 1 , x ;t 0, f(0) = 1 1 + e X 

e1/x2 

(b) f( x) = -, -, x ;t 0, f( 0) = 1 
e1 1x -1 

(c) j( x) = (1 + 2x) 11X, x -:f.0,j(0) = e2 
tan 2x 2 (d) f( x) = �• x ;t 0, f(0) = 3 



LECTURE 

Continuous 
Functions 

► BASIC CONCEPTS d 
ii PRO PERTIES OF CONTI NUOUS FU NCTIONS 

(i) In a closed interval [a, b] a continuous func­
tion is bounded in that interval and attains its 
bounds at least once in the interval. 

(ii) If a function.f{x) is continuous in the closed 
interval [a, b] and.f{a) and.f{b) are ofopposite 
signs then the function .f{x) = 0; for at least 
one value of x such that a < x < b. 

A(a , f(a) )  

f(a ) i  y = f(x) 

x = a b 
a 

i f(b) 

: B (b, f(b)) 

(iii) If a function .f{x) is continuous at x = c and 
.f{c) =I- 0, then a + ve number h can always be 
found such that the function.f{x) has the same 
sign as.f{c) ¥ x in (c - h, c + h) 

(iv) If k is any real number between.f{a) and.f{b), 
then there exists at least one solution of the 
equation . 
.f{x) = k in the open interval (a, b). 
This is called intermediate value property and it 
states that a continuous function.f{x) attains every 
value lying between.f{a) and.f{b) at least once. 

y 

k . . . . . . . . . . . . . . .  . 
r (b, f(b)) 

(a ,  f(� 

=o+---..._a __ ____.x ___ b,__---+-X 

flJ ALG E B RA O F  CO NTINUOUS FUNCTIONS 

(i) The constant function .f{x) = c is  continuous 
for all values of x. 

(ii) The identity function.f{x) = x is continuous for 
all values of x. 

(iii) Any polynomial P.(x) of degree n (n = 0, l ,  
2 ,  ... n); P.(x) = co + Clx + CzX

2 + .. + c.x" is 
continuous for all values of x. 

(iv) If.f{x) and g(x) are two continuous function at 
x = a, then: 
(a) .f{x) + g(x) is continuous at x = a 
(b) .f{x) -g(x) is continuous at x = a 
(c) .f{x) g(x) is continuous at x = a 

(d) :�;; is continuous at x = a if g(a) =I- 0 

( e) Continuity of Composite function: If the 
function/is continuous at x = a and g is 
continuous at x = /(a) then composite func­
tion /{/(x)} is continuous at x = a. 



C.1 6  Continuous Functions 

g 

continuous (gof) 

(f) If./{x) is continuous then IJ{x) I is continuous 
but converse is not true. 

ll) PO I NTS TO REMEMBER 

Remembering method 

f(x) g(x) f(x) ± f(x) . g(x) f(x)/g(x) 
g(x) provided 

g(x) f. 0 
continu- continu- continu- continuous continu-
ous ous ous ous 

continu- discon- discon- may be may be 
ous tinuous tinuous continuous continu-

or discon- ous or 
tinuous discon-

tinuous 

discon- discon- may be may be may be 
tinuous tinuous continu- continuous continu-

ous or or discon- ous or 
discon- tinuous discon-
tinuous tinuous 

NOTE 

Sum, difference, product, quotient and composite 
of two continuous functions is continuous 

Example of discontinuous functions: 

1. A function is said to be a discontinuous func­
tion if it is discontinuous at atleast one point in 
its domain. Following are examples of some 
discontinuous functions. 

Functions 

(i) [x] 

(ii) x - [x] 

(iii) 1 /x 

(iv) tan x, sec x 

(v) cot x, cosec x 

Point of discontinuous 

every integer 

every integer 

x = O 

X = ± 1t/2, ± 31t/2, 

X = 0, ± 'It, ± 21t, 

(vi) sin 1 /x, cos 1 /x x = 0 

(vii) e11x X = 0 

(viii) cot hx, cosec hx x = 0 

2. e2
' + sin x is a continuous function because 

it is the sum of two continuous function e2
' 

and sin x. 
3. cos (x2+ l )  is a continuous function because it 

is the composite of two continuous function 
cos x and x2 + l .  

4. The product of one continuous and one discon-
tinuous function may or may not be continuous. 

Example l :  j{x) = x is continuous and g(x) = sin 1 /x 
is discontinuous where as their product x sin 1 /x is 
continuous. 
Example 2: j{x) = c is continuous andg(x) = cos 1 /x 
is discontinuous where as their product c cos 1 /x is 
discontinuous. 

► Ybtitb 9331k I I Ji Pkbbltii!Y Uh bblkb ll.3.lbh ill th. 
fOf lfIIf 8 I itiPfffftt!Pitif , DIP EON(ffl Ii::: Pit!@ w TUC roes 

1 .  Let j{x + y) = ./{x) + fly) for all x, y E R. If 
./{x) is continuous at x = 0, show that ./{x) is 
continuous at all x. {PSB-91/ 

Solution 

Since ./{x) is continuous at x = 0. Therefore 
lim /(x) = lim /(x) = /(0) 
x➔O- x➔01-

⇒ lim/(0- h) = lim/( 0 + h) = /(0) 
h➔O h➔O 

⇒ 
⇒ 

⇒ 

lim/( 0 + (-h)) = lim/( 0 + h) = /( 0) 
h➔O h➔O 

lim[/( 0) + f(-h )] 
h->0 = lim[/( 0) + /( h)] = /(0) 

h->0 

[ using: ./{x + y) = ./{x) + fly)] 

/( 0) + lim f(-h) 
h->0 = lim/( h) + /(0) = /(0) 

h->0 

1 



⇒ lim f(-h) = lim f(h) = 0 .......... (1) 
h➔O h➔O 

Let a be any real number. Then, lim f( x) 
x➔a-

= lim f(a - h) = lim f(a + (-h)) 
h➔O h➔O 

= lim[f(a) + f(-h)] 
h➔O 

[ ·: j{x + y) = j{x) + fly) 
= f(a) + lim f(-h) = f(a) + 0 

h➔D 

[ using ( l )] 
= j{a) and, lim f( x) = lim f(a + h) 

x➔a+ h➔O 

= lim[f(a) + f( h)] [ " : f{x + y) = f{x) + fly)] 
h➔D 

= f(a) + ¥E-J f(h) = f(a) + 0 

= j{a) 

[ using ( l )] 

Thus, we have lim f( x) = lim f(x) = f(a) 
x➔a- x➔a+ 

⇒ j{x) is continuous at x = a 
Since a is an arbitrary real number. 
So,j{x) is continuous at all x ER. P roved. 

-- x -:t,  2. If f( x) = x -1 ' then show whether l [x]-1 1 

-1, x = I 
j{x) is continuous at x = 1. /PB-95} 

Solution 
lim f(x) = lim/(1- h) 
x➔r h➔O 

= lim [l- h]-l 
= lim O-l = lim!. 

h➔D (1 - h) -1 h➔O -h h➔O h 

lim f(x) = lim/(1 + h) = lim [l + h]- l 
x➔t• h➔O h➔O• (1 + h)-1 

1i 1-1 1i = m-= m0= 0 
h➔O h h➔O 

lim f(x) * lim f(x) 
x➔l- x➔l+ 

lim f(x) does not exist. 
X➔I 

Hence j{x) is not continuous at x = 1. 
P roved. 

3. f(x) = ../f+px - � ,-1 5, X < 0 
X 

2x + 1 
0 1 . . . th . = --

2 , 5' x 5' 1s contmuous m e mter-
x -

val [-1, 1] then find the value of p. 
/BITS (Ranchi)-1986} 

Continuous Functions C.1 7  

Solution 

f( 0 + 0) = lim 2( 0  + h) + 1 
h➔O ( 0 + h)- 2 

= lim 2h + 1 
= _

!_ 
h➔O h- 2 2 

f( 0- 0) = lim � - Jf+pfl 
h➔D 0- h 

= lim � - $+ph X � 
X $+ph 

h ➔D -h .Ji- ph x .JI + ph 

= lim( �) 2 - ( Jf+pfl) 2 

h➔O -h( .Jl- ph + .Ji + ph) 

= lim 1 - ph -1- ph 
h ➔D-h( .Jl- ph + .Ji + ph) 

= lim -2ph 
= -2 p = p 

h ➔D-h( .Jl- ph + .Ji + ph) -(1 + 1) 

j{x) is continuous at x = 0 in (1, 1) if 
f(0 + 0) = f{0 - 0) = f(O) 

⇒ p =- 1/2 

4. The function 

if 0 5' x < l 

f(x) = : I 

x
2 

if 1 5, x < ✓
2 

is con-
2b 2 - 4b 

x2 if ✓2 5' x < =  

tinuous for 0 5' x < oo, then find the most suit­
able values of a and b. 

Solution 

/BIT (Ranchi)-1984} 

li� f(x) = lim x
2 

= !. ; 
x➔1 x➔l a a 
lim f(x) = lim(a) = a 
x➔t+ x➔l 

Since j{x) is continuous for 0 5, x < oo 
j{x) is continuous at x = I 
lim f(x) exists 
x➔I 

1 -= a ⇒ a 2 = 1 ⇒ a = ±1 
a 

Also lim f(x) = lim (a) = a 
x➔..fi- x➔..fi 

lim f(x) = lim 2b
2 - 4b 

= 
2b 2 - 4b 

x➔..fi+ x➔..fi x2 2 



C.1 8  Continuous Functions 

2b 2 - 4b 
2 =a 

[ " . " ./{x) is continuous at x = ✓
2

] 
⇒ 2b 2- 4b = 2a ⇒ b 2- 2b = a 

when a = 1 
b2 - 2b = 1 ⇒ b2 - 2b - 1 = 0 

2 ± ✓4 + 4  ⇒ b= 2 =1 ± ✓
2

whena =-1 

b2 - 2b + 1 = 0 and ( b - I )2 = 0 ⇒ b = I 
Hence a = - I, b = I are most suitable values. 

5. Find k for which the function 

f( x) = j (�

-
-�,

, x
, ! i , oontinuou, at 

k x= -' 2 
x = 1tl2. /CBSE (Sample paper) (4)} 

Solution 

1. f( ) 1i 1-sin x 1i 1-sin x 1m x = m--� = m ----
x➔.". x➔.". (1t- 2X)2 x➔.". ( 7t )2 2 2 2 4 -- x  

2 

. 
1- sin (% + e) = hm---'----'--

a➔o 4 (- 8) 2 

[ ·: x ➔ i :  x - i ➔ O ⇒ 8 ➔ 0 
l 

as 8= x- -
2 

1i 1- cos 8 1· 
sin 2 e = m-�- = lffi-----

a➔o 482 a➔o 4(1 + cos 8).82 
l

(li 1 
)( li s in 2 8

) = 4 a-To 1 + cos e a..To 02 

Also 1( i ) = k 

Given that ./{x) is continuous at x = i 
:. li� f( x) = /( �) x➔- 2 2 

1 1 ⇒ - = k ⇒ k = -
8 8 

, SitJGLI bb Jtik I lit PkGJLb:UJ liii JOANS tc.Jlbh ill bk 
W GRASP !Uf WEIS f 0Wf !UHF CR0Phf 00f d 

1. Discuss the continuity of the function ./{x) at 
the point x = 0. 

l x, 
f( x) = 1, 

-x, 

x > 0  
x= 0 
x < 0  

/CBSE-1994} 

2. The function ./{x) is defined as follows ! x2 + ax + b , 0 � x < 2 
f(x) = 3x + 2 , 2 � x � 4 .  If  f is 

2ax + Sb , 4 < x � 8 

cont inuous on [ 0, 8], find the value of a and b. 
/GOA-1996} 

3. Determine the value of a, b and c for which 
the function 

f( x) = s in(a + l)x + sin x , x < 0  
C 

✓x+W - ✓x 
bH 

, x = 0 may be 

, X > 0  

continuous at x = 0. /PSB-99; CBSE-2008} 

4. For what value of k, the function l ✓5x+2 - v'4x+4 "f 2 /( ) , 1 x * . x = x- 2 1s 
k, if x = 2 

continuous at x = 2. 
/CBSE (Sample Paper')-99; 

(Practice sample paper) ( 7)} 

5. Test the continuity of the following function 
at x = 0 



f(x) = ' 
{

e 1 1
, when x -:t 0 

0, when x = 0 
/MP-99; CBSE-91 ; HSB-2001} 

6. Test the continuity of the function.f{x) at point 
x = 0 where 

f(x) = 
1

1 -;�s x , x * 0 

1 /2 , X = 0 
/MP-2000, 2008; AICBSE-97; HSB-94} 

7. Prove that the function f is discontinuous at 
X = 5 if l 5x, when x < 5 
f(x) = 5, when x = 5 

x2 , when x > 5 
/MP-2000} 

8. Prove that function f is 
X = 3. If 

discontinuous at l 3X , X < 3 
f(x) = 3 , x = 3 

X2 , X > 3 
/MP-2000} 

9. Discuss the continuity of the function.f{x) at x 
= 1/2 where 

1-1 - , o ::;; x < .!.  
2 - x  2 

f(x) = 1 , x = 1/2 /CBSE-1994} 
3 1 -- , - < x :s; I  

2 - x  2 

10. Show that the function.f{x) = 2x - I x I is con­
tinuous at x = 0. 

f PSB-90; CBSE-2002} 
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11. Find the value of a if the function.f{x) defined 

by f( x) = J 2x

a
- I ' 

; : � is continuous l x+ l x > 2 

at x = 2. 
/HSB-86} 

12. If the function.f{x) given by 

f(x) = 11  if x = I is continu-
l 3ax + b , if x > I 

5ax -2b if x < I 
ous at x = 1, find the value of a and b. 

f CBSE-2002; PSB-2002} 

13. Examine the function for continuity 

f(x) = 2(x-3) ' 
at x = 3. 

l I X - 3 I if X -:f. 3 

0, ifx = 3 
/PSB-2001} 

14. Examine the function for continuity 

f( x) = ' { ellx 

1, 
x -:f. 0 

at x = 0 
x = 0 

/AISSE-92} 

15. For what value of k is the function.f{x) con­
tinuous at x = 3. l x2 - x- 6  
f(x) = x -3 ' 

k, 

x -:f. 3 

X = 3 

/CBSE (foreign')-94} 

ANSWERS 

1. discontinuous 5. discontinuous. 13. Non-removable discontinu-
2. a = 3, b = -2 6. continuous ity at 3. 

3. a = -312; c = 1/2; b may 9. discontinuity of first kind. 14. Non-removable discontinu-
have any real value. 11. a = 3 ity at x = 0. 1 12. a = 3 and b = 2 15. 5 

4. k = -
4 ../3  
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. If J(x) = { xa cos 1/x, x * O is continuous at 0, x = 0 
X = 0, then (a) a < 0 (c) a = 0 /ICS-2001} (b) a > 0 (d) a �  0 

Solution (b) Since.f{x) is continuous at x = 0, so .f{0 - 0) = .f{0 + 0) = .f{0) = 0. But f(0 - 0) = lim(-ht cos(- 1/h) = 0, 
h➔O if a. � 0  

f(0 + 0) = lim ha cos 1/h = 0, if a. > 0. 
h➔O Hence.f{x) is continuous at x = 0 when a. > 0 1 - sin 3 x 

X < TrJ2 3 cos 2 x 
2. If f(x) = a X = TrJ2 is con-

b(l-sin x) 
X > TrJ2 (7t - 2x)2 tinuous at x = 1tl2, then value of a and b are 

/Ranchi-8 7} (a) 1 /2, 1 /4 (c) 1 /2, 4 
Solution 

(b) 2, 4 (d) 1/4, 2 
(c) 1 - sin 3 ('!!-_ - h) 

1(1t o) - li 2 2 - - h� 2 ( 7t ) 3 cos --h 1 . 1 - cos 3 h = 1m--­
h➔o 3sin 2 h 

2 

= lim (1 - cos h)(l + cos h + cos 2 h) = .!_ 
h➔O 3(1 - cos h)(l + cos h) 2 
( '!!-_ + o ) = lim b[ 1 - sin( � + h ]] 

f 2 h➔O [ ( 7t ) ]2 1t - 2  - + h  
2 

= lim b(l -cos h) = lim 2bsin 2 h/2 = � 
h➔O 4h2 h➔O 4h2 8 

Now .f{x) is continuous at x = 1tl2 

⇒ 

⇒ 1 b 
- = - = a  
2 8 

a = 1/2, b = 4 sin[x] x > 0 
[x] + 1 ' 

X 

3. If f(x) = cos 2[x] 
[x] 

x < 0 (where [x] = k x = 0 

greatest integer :,;; x ) is continuous at x = 0, then k is equal to (a) 0 (c) -1 /Kurukshetra (CEE)-98} (b) 1 (d) indeterminate 
Solution ( d) As given.f{0 - 0) = .f{0 + 0) = k cos (-h) Now /(0 - 0) = lim 2[-h] 

h➔O [-h] cos (�J = lim 2(-l) = -1  
h➔O -1 

f(o 0) - li sin[h] _ 1 . sin 0 _ 0 + - m -- - 1m-- -
h➔O [h] + I  h➔O O + l  .f{0 - 0) -:f. .f{0 + 0), so k is indeterminate. 

4. Function .f{x) = I sin x I + I cos x I + I x  I is discontinuous at (a) X = 0 (c) X = 1C 

Solution 

(b) X = rr/2 (d) no where 
(d) I sin x I, I cos x I and I x  I are continuous functions on R, hence their sum is also con­tinuous on R. 



5. The function defined by 

l( x2 + e2�x r X 'F 2 
/(x) = ) , , 

k , x = 2 
is continu-

ous from right at the point x = 2, then k is 
equal to / Orissa JEE-2002/ 
(a) 0 (b) 1/4 
(c) -1/4 (d) None of these 

Solution 

(b) /( x) = [ x2 + e2
�

x r and.f{2) = k 

If.f{x) is continuous from right at x = 2 then 

Lim /(x) = /( 2) = k ⇒ Lim [ x2 + e i�x ]- 1 

= k 
x➔2+ x---+2+ 

⇒ k= lim/( 2 + h) 
h➔O 

⇒ 

⇒ 
⇒ 

k = lim[ ( 2  + h) 2 + e2 -(�+h> ]
-1 

h➔O 

k = Lim [ 4 + h2 + 4h + e-l /h r l 
h➔O 

I k= [4 + 0 + 0 + e-� r 1 ⇒ k=
4

. 

6. The function /( x) = I x I + �  is 
X 

{Karnataka CET-2003/ 
(a) Continuous at the origin 
(b) Discontinuous at the origin because I x I is 

discontinuous there 
( c) Discontinuous at the origin because � 

X 
is discontinuous there 

(d) Discontinuous at the origin because both 
I x I and � are discontinuous there 

X 

Solution 

( c) I x I is continuous at x = 0 and � is dis­
x 

continuous at x = 0 

: . f( x) = I x I + �  is discontinuous at x = 0. 
X 

x < O  

x = 0 ,  then 
x > O  

{Roorkee-1988/ 

Continuous Functions C.2 1 

(a) Lim /(x) = I 
x---+0+ 

(b) Lim /( x) = I 
x---+0-

( c) .f{ x) is discontinuous at x = 0 
(d) None of these 

Solution 

(c) Clearly from cUIVe drawn of the given 
function.f{x) is discontinuous at x = 0. 

(0, 1 /4) 

__/ (0,-1 ) 

8. If /( x) = b, x = 0 l 
{sin(a + 2)x + s in x}/x, x < 0 

{ (x + 3x2) 11J - x 1'J }/x4'3 , x > 0 
is continuous at x = 0, then what are the val-
ues of a and b respectively? {UPSC-2007/ 
(a) -1, - I  (b) I, - I  
(c) 2, I (d) -2, I 

Solution 

(d) I. sin(a + 2)x + sin x 1m------
x---+o X 

. (a + 3 ) (a-1) 
= Lim 

2sm -
2

- xcos -
2
- x 

x➔O X 

. a + 3 sm-x 
(
a +  3 j ( a -l j = lim2  � . -- . COS -- X 

x➔O G + 2 2 -- x 
2 

(
a + 3 j = 2.1. -

2
- . l=a + 3 

1 1 2 - -
A . r (a + 3x ) 3 - x3 

gam }.,To 4 
x:i" 

I. (x + 3x2)- x 
= 1m��--�----'---�-� 

x---.
o 

xi [ ( x  + 3x2)¾ + ( x  + 3x2 )i xi + xf ] 

3x2 
= Lim 4 2 [ 2 1 ] x➔O 

x3.x3 ( I + 3x)3 + {( I +  3x) 3 + I} 
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l . 3x2 

= xl:To 
[ 

2 ] x 2 (1 + 3x}3 + {(l + 3x}"3 + l}  
l . 3 = 1m --��--��-
x-->D [(1 + 3x}213 + {(1 + 3x} 113 + 1} ] 

= lim--3 -= i = 1 
x➔O 1 + 1 + 1 3 

As j{x) is continuous at x = 0 

lim f( x) = f(0) = lim f( x) 
x➔O- x➔O+ 

⇒a + 3=b= l 
giving b = 1, a = - 2 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1 .  The number of points at which the function 
1 . . . 

f( x) = -- 1s not contmuous 1s 
x- [x] 

(a) 1 (b) 2 
(c) 3 (d) oo 

2. If f( x) = (1 + tan 2 ✓x ) 11h , the value of j{0) 
that makes j{x) continuous every where is 
(a) e (b) 1/2 
(c) e 112 (d) 0 

3. Which of the following function is not con­
tinuous at x = 0? l 2 • 1 
(a) f( x) = x sm i, x * 

0, X = 0 

(b) f( x) = xsin !. ; x * 0, f(0) = 0 
X 

1 (c) f( x) = cos - ,  x * 0 
X 

1- e"x 
(d) f( x)= x

l + e"x' x "i'- 0, f( 0)= 0 4. Iff R - R be defined be 

f( x) = { 
1, _ ifx_ is _ratio_ nal 

, then f is con-0, 1f x 1s rrrat10nal 
tinuous at 
(a) All rational points 
(b) all irrational points 
( c) all real points 
(d) no real points 

{ 
(cos x)"

x X °I'- 0 5. If the function f( x) = 
k 

' , 
, x  = 0 

continuous at x = 0. Then the value of k is 

(a) 1 
(c) 0 

(b) -1 
(d) e 

6. If the function f( x) = 
x2 - ( A + 2)x + 2A for 

x - 2  
x -=I- 2, = 2 for x = 2, is continuous at x = 2, 
then 
(a) A= 0 
(c) A= -1 

(b) A= 1 
(d) None of these 

7. The function defined by j{x) = (x2 + e 11<2 -x>t1, 
when x -=I- 2 and j{x) = k when x = 2, is con­
tinuous from right at the point x = 2. Then k 
is equal to 
(a) 0 
(c) -1/4 

(b) 1/4 
(d) None of these 

-oo < x 51 

l < x < 3  is 

continuous in the interval (--oo, 6), then the 
values of a and b are respectively 
(a) (0, 2) (b) (1, 1) 
(c) (2, 0) (d) (2, 1) 

0 5 x < l 
1 5 x < ✓2 

is 9. If function f( x) = j :2 /a 
2b 2 - 4b ✓2 

5 X < 00 

x2 

continuous for 0 5 x < oo, then the most suit­
able value of a and b are respectively 



(a) 1, -1 

(c) -1, 1 

(b) -1, 1 + .J2 

(d) l ,1- v'2 

10. The function .f{x) = [ x] cos [ (2.x - l )/2]1t ' [ .  ] 
denotes the greatest integer function is discon­
tinuous at 
(a) All x 
(b) All integer points 
(c) no x 
(d) x which is not integer 

jJf+px

-

�. 
11. f( x)= X 

2x + l  
x- 2 ' 

-1 � X < 0 

O � x � l 

continuous in the interval [-1, 1], then p = 
(a) -1 (b) -1/2 
(c) 1/2 (d) 1 

is 

12. Functionf(x)= 

sin( a  + l)x + s in x  
X 

C 

, for x < O 

, for x= O  

is continuous if 

,J( x +bx2)- ✓x 
bx✓x 

(a) a = -3/2, c = 1/2, b = 0 
(b) a = -3/2, C = -1/2 

, for x > O 

(c) a = -3/2, b = any value, c = 1/2 
(d) None of these 

13. The values of A and B such that the function 

f( x)= 

-2sin x x <-� - 2 

Asin x + B  -� < x < � is con-' 2 2 

COS X 

tinuous every where are 

Continuous Functions C.23 

(a) A = O, B= l 
(c) A=-1, B= l 

(b) A= l , B= l 
(d) A=-1, B= O 

14. The functionf(x) = [ x]2 - [ x2] , (where [y] is 
the greatest integer less than or equal to y), is 
discontinuous at 
(a) all integer 
(b) all integers except O and 1 
( c) all integers except 0 
(d) all integers excpts 1 

15. The functionf(x) = p [ x  + 1] + q [ x- l ]  where 
[ x] is the greatest integer function is continu­
ous at x = l ,  if 
(a) p- q= O 
(c) p = 0 

(b) p + q= O 
(d) q = 0 

16. If.f{x) = 1/(1 -x), the point of discontinuity of 
the composite function y = ./{/{/{x))) are 
(a) 0 (b) 1 
(c) 2 (d) 4 

1-cos 4x 
x2 

17. Let f( x)= a, 
✓x 

.J16 + ✓x- 4  

for x < O 

for X = 0. 

' for x > O 

The value of a for which .f{x) is continuous at 
X = 0 is 
(a) 5 
(c) 4 

(b) 8 
(d) 3 

{ 
x if x is rational 

18· If f( x) = 
1 -

•
x, ifx is irrational' then .f{x) 

is discontinuous at every real number except 

(a) 0 
(c) 1 

[UPSEAT-2002] 
(b) 1/2 
(d) A rational point 

SOLUTIONS 

1. (d) f( x) = -
1- is not continuous at integer 

x- [x] 
points, 
. · . Number of points of discontinuity = oo 

2. (c) f( O)= lim(l + tan 2 ✓x )� 
x➔O 
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3. ( c) Is not continuous 

·: f( x) = cos (�) is not defined at x = 0 

{ 
1 · if x is rational 

4· (d) Here f( x) = d; 
if x is irrational 

If x is rational nwnber, its neighbourhood way 
contain rational or irrational points. 
: . it limit will be not defined similar for irra­

tional nwnber also, limit won 't exist. 
For defined limit,f( x) should have same val­
ues for rational and irrational x. 

5. (a) Here k = lim(cos xytx 
x➔O 

lim (cos x-I )'1x 

=ex➔D 

= e 

= e 

[
-2 sin2 �) 

lim --2 
x➔D X 

lim [
-si

• 1 )(-sin�) x➔O x/2 2 

= e<I J(OJ = e o = 1 

6. (a) lim x2- ( A + 2)x + 2A = 2 
x➔ 2 x- 2 

On factorising 

lim ( x- A)( x- 2) 2 
x➔2 x- 2 

lim( x- A)= 2 
x➔2 

A= O 

7. (b) k = f( 2+) 

1 k= lim ----�1� 
h-. O  

(2 + h ) 2 + e 2 -<2+hl 

1 k= lim -----
h➔o _.!_ 

( 2 + h) 2 + e h 

1 
4 

8. (c) f( x) is contains at x = 1 

:./(1-)=f(l +) 

l +sin �=a +b 
2 

a + b = 2 
also at x = 3 
/( 3-) = /(3+) 

3a + b  = 6tan ( !; ) 
3a + b  = 6 

Solving from (1) and (2) 
a = 2, b = O. 

9. (d)f(x) is continuous at x = 1 

:.f(l-) = /(1+) 

1 
- =a ⇒a = ±l 
a 

If a =1 
1 =b 2 - 2b 
b 2 - 2b-1= 0 

b=1 ± ✓
2 

Ifa=-1 
-l=b 2 - 2b 
b 2 - 2b +l = 0 
(b-1) 2 = 0 
b =1 

10. (b) f( x)= [x]cos ( (2x-1) �) 

......... (1) 

. ........... (2) 

[ x ] is discontinuous at all integral points, but 
7t cos (2x-1)-= 0 at all xE Z 
2 

: . f(x) is continuous at all values including 
integers. 

l._f+i; - � ; - l � x < O  
11. (b) f( x) = X 

2x-1 
x- 2 ' 

For continuity 

f(O-) = f(O+) 

l . .j1 - ph - .jl + ph 
1. 2h  + 1 

1m �--�-- 1m-­h-.o -h h-.o h - 2 

O � x � l  



On rationalising, lim (1 - ph) - (1 + ph) . _!_ = -1  
h--->0 .Ji - ph + .Ji + ph -h 2 
2p - 1  - 1  2 = 2 ⇒ P = 2 l . ( sin x(a + l)x sin x ) 12. ( c} L.H.L. = 1m ----'-----'-- + --

x--->o X X 

= a + l + l = a + 2  li � - ✓x R.H.L. m r x--->0 bx-vx 

. ✓x ( (l +bxt2 - 1) = lim-�---� 
x---,o bx✓x 

= lim[ ( 1 + ¥ + . . . . .  ) - 1 ] = .!. 
x---,o bx 2 L.H.L. = R.H.L. = C 1 a + 2 = -= c 

2 -3 1 
:.a = -, c = - ,bER 

2 2 

-7t 13. (c) At x= -
2 

2 =-A + B  

At x= � 
2 

A + B = 0 Solving from (i) and (ii) A = -1 , B = l 
14. (d) At x = 0 

f(0+) = lim[h]2 - [h 2
] 

h--->0 = 0 - 0 = 0 /(0-) = lim[-h]2 - [(h)2 ] = -1 
h--->0 

.......... (i) 

......... (ii) 

Continuous Functions C.25 : . discontinuous at x = 0 And; at x = 1 f(l+) = lim[l + h]2 - [( l + h)2 ] = 1 - 1 = 0  
h--->0 /(1-) = lim[l - h]2 - [(l - h}2 ] = 0 - 0  = 0 
h--->0 : . f(l+) = f(l-) = /(1) Hence f(x) is continuous at x = 1 , ..... from option (d). 

15. (b) f( x) = p[x + l ] + q[x-1] 
= p([x] + l) + q([x] - 1) = (p + q) [ x] + p- q 

[ x] is discontinuous at integral points. For continuity off (x) 
p + q = 0 1 16. (c) Here f( x) = -1 - x  

f(f( x)) = 1(-1-) = 1 1 - x  1 _ _ 1_ 1 - x  1 = - = 1 - -
-x X 

1 - x  
f(f(f( x))) = 1(1 - �) - ( I ) X 1 - 1 - -x For discontinuity of f( f( f( x))) 
f( x) or f( f( x)) or f( f( f( x))) may be dis­continuous :. Point of discontinuity are x = 1, 0 . No. of points = 2 

17. (b) f(0-) = f(0) lim 1 - cos 4h = lim 2sin2 2h  = 9 
h--->0 h2 h--->0 h 2 

1. 
2(sin 2h)2 

9 1m---- = 
h->0 _!_ . (2h )2 4 9 = 8 ( ": lim sm x = 1) 

h--->0 X 

18. (b) f (x) = . . . . { x, if x is rational 1 - x, 1f x 1s 1rratlonal For continuity f(x) must contain same value for rational and irrational values of x. 1 x= l- x = x= -
2 
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1. Which of the following functions is continuous 
at x = 0? 

e"x 
(a) f( x) = --,1 , x * 0,f( 0) = 0 

l + e x 

e"x -1 (b) f( x)= e"x + l'
x ,1' 0, f( 0)= 0 

1 (c) f( x)= l , x � 0; f( x)= x+
2

, x > 0  

1- e"x 
(d) f( x) = x.--11  , x * 0, f(0) = 0 

l + e x 

2. Which of the following is not a property of 
continuous functions? 
(a) If .f{x) be continuous for x = c, f(c) -:f. 0, 

then :l an interval (c - 6, c + 6) around c 
such that.f{x) has the same sign as.f{c) for 
all values of x in this interval. 

(b) If.f{x) be continuous in a closed interval [a, 
b], then :l points c and d in [ a, b], where 
.f{x) assume its greatest value M and the 
least value m respectively. 

(c) If.f{x) be continuous in a closed interval [a, 
b] and let.f{a) &.f{b) have opposite signs. 
Then.f{x) is '+ve ' for all values of x lying 
between a and b. 

(d) I nc . .f{x) = 0 for at least one value of x 1 lying 
between a and b. 

3. If a function .f{x) is continuous in [a, b] and 
.f{ a) & .f{ b) are of the opposite signs, then :le 

E (a, b) such that 
(a) .f{c) = .f{a) 
(b) .f{c) > .f{b) 
(c) .f{c) = 0 
(d) .f{c) > .f{a) 

4. If a function.f{x) is continuous for at x = c and 
.f{c) < 0, then :l an interval (c - 6, c + 6) such 
that for every x in the interval 
(a) .f{x) = 0 
(b) .f{x) > 0 
(c) .f{x) = .f{c) 
(d) .f{x) < 0 

2,  x �  0 

5. Function f( x) = 3x + 2, 0 < x < 1 is 

X x - 1 ' X > 1 

(a) Continuous at x = 0 and x = 1 
(b) continuous at x = 0 but discontinuous at 

x = l 
( c) discontinuous at x = 0 but continuous at 

x = l 
( d) discontinuous at both x = 0 and x = 1 

x, 1 0 < x < -- 2 

6. The function f( x) = 1, 
1 

X = - is 2 1 - x, 
(a) continuous for all values ofx in (0, 1) 
(b) discontinuous at all values of x in (0, 1) 
( c) discontinuous at x = 0 
(d) discontinuous at x = 0, 1/2, 1 

7. The function .f{x) = x • is, where n being a 
'-ve ' integer 
(a) continuous for all x 
(b) continuous for all values of x -:f. 0 
( c) continuous for all values of x except x = 0 
(d) None of these 

8. The function f( x) = { 
x, if x is rational 

-x, ifx is irrational 
(a) continuous at every point of x 
(b) discontinuous at every point of x 
( c) continuous at every point x except x = 0 
(d) discontinuous at every point of x except 

x = 0 

f f( ) 
xsm -,  x * . . 9. I x = x 1s contmuous at x l . 1 0 

k, x= 0 
= 0, then the value of k is 

/MPPET-1999; AMU-1999; RPET-2003} 
(a) 1 (b) -1 
(c) 0 (d) 2 



10. The function f( x) = 1s { 0, x is rational . 1, x is irrational (a) Continuous at x = 1 (b) discontinuous only at x = 0 ( c) discontinuous only at O and 1 (d) discontinuous every where 

Continuous Functions C.27 

11. If f(x) = j ¾ax - (a +  l } ; x * 2 f is con-1; X = 2 tinuous at x = 2, then what is the value of a? (a) 3 (c) 1 /Gujarat CET-2007} (b) - 1 (d) 2 



C.28 Continuous Functions 

WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1 .  The answer sheet is immediately below the 
worksheet . 

2. The test is of 1 4  minutes . 
3. The worksheet consists of 1 4  questions . The 

maximum marks are 42 .  
4. Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohibited . ----------

1. If /(x) = l 
x

�
A 

3x-5 

x < 4 
x = 4 is continuous at x 
x > 4 

= 4, then A is equal to 

(a) 4 
(c) 2 

[PET (Raj.')-8 7; MP-2001/ 
(b) 3 
(d) 1 

2. Which one of the following statement is cor-
1 

rect? /( x) = --- [NDA-2005/ 
1 + tan x 

(a) is a continuous, real valued for all 
X E(-00, oo). 

(b) is discontinuous only at x = 3 nl 4 
( c) has only finitely many discontinuties on 

(- 00, 00) 
(d) has only infinitely many discontinuties on 

(- 00, 00) 

3. The function 

continuous for 
(a) x = l only 

2x2 + 7 f(x) = 3 3 2 3 is dis-x + X - x-
[J & K-2005/ 

(b) x = l and x = - l on ly 
( c) x = l , x = - l , x = - 3 only 
( d) x = l ,  x = - l ,  x = - 3 and other va lues of x 

1- tan x 1t [ 1t ] 4. Let /( x) = 4 x-n , x * 4, xE 0, 2 ./( x) 

is continuous in [ O , n/2], then j{n/4) is 
[AIEEE-2004/ 

(a) -1/2 
(c) 1 

(b) 1/2 
(d) -1 

!Jf+kx - �  
5. If /( x) = x , -I �  x < 0 

2x2 + 3x -2, 0 � x � I 

is continuous at x = 0 then k is equal to 

(a) -4 
(c) -2 

[EAMCET-2003/ 
(b) -3 
(d) -1 

6. The function /( x) = 4, x = 2 
!x + 2, l � x � 2 

is 

continuous at 
(a) x = 2 only 
(c) x �  2 

3x- 2, X > 2 
[DCE-1999/ 

(b) x .'.S 2 
(d) None of these 

7. Ifj{x) = ( 1  + x)51' is continuous at x = 0, then 
what is the value ofj{O)? 

(a) 0 
(c) oo 

(b) 1 
(d) e5 

[NDA-2006/ 

8. Consider the following statements 
1. The function j{x) = greatest integer � x, x 

E IR is a continuous function. 
2. All trigonometric functions are continuous 

on IR 
Which of the statements given above is/are 
correct? [NDA-06/ 
(a) 1 only 
(b) 2 only 
(c) Both 1 and 2 
(d) Neither 1 nor 2 

J"t+?, 

9. Let /( x) 
✓3x-l ,  

[x] ,  

I l- x I , 

x < ✓3  

✓3 � x < 4  
, where [ x] 

4 � x < 5  

x � 5  
is the greatest integer � x. The function is 
discontinuous at 

(a) ✓3 
(c) 5 

(b) 4 
(d) everywhere 



( 27 - 2x} 113 - 3  10. If function f( x) = 
115 (x * 0) 

9 - 3( 243 + 5x) 
is continuous function, then fi:0) is equal to 

/DCE-1998} 
(a) 2 
(c) 6 

(b) 4 
(d) 2/3 

11. If f(x) = l 2 x
�, 

x < 1 is continuous, 
ax2 + bx + 1, x � 1 

then a +  b 
(a) 1 
(c) 0 

(b) -1 
(d) 3/2 

12. If f(x) = . is continuous { 
mx + l  x � n/2 

sm x + n  x > n/2 
at x = rc/2, then which one of the following is 
correct? {NDA-06} 

(a) m = 1, n = 0 
(c) n = m (rc/2) 

Continuous Functions C.29 

(b) m = (nrc/2) + 1 
(d) m = n = rc/2 

13. Let.f{x) be a continuous function given by 

{ 
2x, I x I � 1 

f(x) = , then 
x2 + ax + b, I x I > 1 

(a) a = + 2, b = -1 
(b) a = l , b = - 2  
(c) a = l , b = 2 
(d) a =-1, b =-2 

14. If f(x) = 
log,(l : x

23 tan x) , x * 0, is to be 
smx 

continuous a t  x = 0 ,  then.f{0) must be  defined 
as /Kerala PET-2007} 
(a) 1 (b) 0 
(c) 1/2 (d) -1 
(e) 2 

ANSWER SHEET 

1 . @ @ © @  
2. @ @ © @  
3. @ @ © @  
4. @ @ © @  
5. @ @ © @  

6. @ @ © @  
7. @ @ © @  
8. @ @ © @  
9. @ @ © @  

10. @ @ © @ 

AINfs ANo EXPLANlnoNs 

11 . @ @ © @ 
12. @ @ © @ 
13. @ @ © @  
14. ® @ © @  

1 2. (d) f( x) = --- is discontinuous when 
l + tan x 

/( rt ) 1. 1-tan x 
4. (a) - = lm---

4 x➔ � 4x- Tt  
1t tan x =-L x = 2nn-- ,nE Z 
4 :. Infinitely many values of x. 

3. (d) For discontinuity x3 + 3x2 - x- 3  = 0 

x2 ( x + 3)-( x + 3) = 0 

( x2-l)( x + 3) = 0 

x= l ,-1,-3 

1t put x-- = t 
4 

( 
) 1- tan (� + t) 

f � = lim 4 
4 t ➔ O 4( 

1 _1 + tan t 
= lim 1- tan t = lim -2tan t x _!_ 

=-.!.. 
1 ➔ 0 4t 1 ➔o 1- tan t 4t 2 



C.30 Continuous Functions 

5. (c) lim ✓l +h - � = 2.02 + 3 .0 - 2  
x➔ O X On rationalising L.H. S. lim l + kx - (1 - kx) = -2 

x-,O x( ✓1 + kx + ✓1 - kx ) 2k - = -2 ⇒ k = -2 2 
3 - - 3  ( 2x )

v3 10. (c) f (0) - lim 2{ r 
x➔ O 5X 9 - 3 .3 1 + -243 

1 - � - 1  - lim 3 27 [ ( 2 ) 1 /3 
l 

- x--.o 9 ( Sx ) 1 /3 1 - 1 + -243 1 - - - 1  [ 2x l 1 r 8 1  = 3 x1To ( X ) 1 - 1 + -729 1 2 = - x - x (729) = c = 6 = c 3 8 1  
NOTE For small x, (1 + x)" = 1 = nx. --------



LECTURE 

Test Your Skills 

► ! IT-BOOSTER d 

1. Let /(x) = b x = 0 l
(l+ I s in x  l)"'lsin x l -n/6 < X < 0 

etan 2 x/ tan 3x 0 < X < rt/6 
Determine a and b such that/ is continuous at 
x = 0 f IIT-1994/ 

Solution 

L = R = V = b at x = 0 for continuity at x = 0 
R.H.L. = Lt f(0 + h) = Lt e(tan 2h / tan 3h) 

h➔O  = Lt e 2h!Jh = e213 

Lt = tan0=0 
0➔0 

L.H.L. = Lt = f( 0 - h) 
h➔O 

= Lt (1 + I sin (- h) I) ,Jils m (- hJI 
= Lt (l + sin h) aism h 
I - sin h I= sin h = y, say 
= Lt = ( I +  y) "'Y = e0 

y ---+ 0 

as h ➔O, y ➔ 0 
e• = e 213 = b 
a = 2/3, b = e213 

2. (i) .f{x) = [ tan2 x] is continuous at x = 0 
(ii) The number of points where .f{x) = [ sin 

x + cos x] (where [ .] denotes the greatest 
integer function) xe  (0, 21t) is discon­
tinuous is 

(a) 3 
(c) 5 

(b) 4 
(d) 6 

[IIT-1993/ 

Solution 

(i) Lt [tan 2 ( 0- h)] 
h➔O  

= Lt [tan 2 ( 0 + h)]= [tan 2 0]= 0 
h➔O  

Since L.H.Lt. = RH.Lt. = value. 
.f{x) is continuous at x = 0 

(ii) (c) 
[ sin x] is non-differentiable at x = n/2, 1t, 21t 
and [ cos x] is non-differentiable at x = 0, n/2, 
3,c/2, 21t 
Thus .f{x) is definitely non-differentiable at x 
= 1t, 3,c/2, 0 

Also t( i j = 1, t( i - 0 j = 0, 

/{21t) = 1, 
/{21t - 0) = -1 
Thus .f{x) is discontinuous and hence non­

rt 
differentiable at x = 2 and 2n. 

3. Let /( x) = [x]sin (-rt-) · where [ . ] denotes 
[x + l] 

the greatest integer function. The domain of/ 
is .......... and the points of discontinuity of/ in 
the domain are . f IIT-1996/ 

Solution 
The function is not defined for those values 
of x for which [ x  + l] = 0. In other words it 
means that 
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0 � x + I< l  or-l � x < 0 ............. (1) 
Hence the function is defined outside the re­
gion given by (1). In other words for x :?:0 and 
x <- I or x e] - oo, -1 [ u  [ 0, oo[ 
Now consider integral values of x say x = n. 

R.H.L. = lim [n + h] sin 7t 
h h--,o  [n + I + ] 

. 7t = nsm -­
n + I  

L.H.L. = lim [n - h] s in 7t 
h h--,o  [n + I- ] 

= (n - l)sin � 
n 

V = n sin --2:.._ 
n + I  

Since R -=I- L = V. Hence the given function is not 
continuous for integral values of n(n -=I- 0, - I). 
At x  = 01(0) = 0 

limf( 0 + h) = lim [h]sin -
h

n 
= 0 

h --> 0  [ + I] 

The function is not defined for x < 0. Hence 
we cannot find limj{0 - h). Thusj{x) is contin­
uous at x = 0. Hence the point of discontinuity 
are given by I - { 0} where I is set of integers 
n except n = - I. 

------,2-- , I X ;,!, 
4. Let f(x) = ( x- 2) If 

l (x3 + x2 -16x + 20) .f 2 

k, ifx = 2 
j(x) is continuous for all x, then k = ...... . 

/IIT-1981} 

Solution 

We have f( x) = ( x - 2)2 ' l x3 + x2 -16x + 20 

k, x = 2  

Clearly j(x) is continuous for all values of x 
except possibly at x = 2. It will be continuous 
at x = 2 if lim f(x) = /( 2) x-->2 

⇒ 

⇒ 

lim x
3 + x2 -16x + 20 

= k x-->2 (x - 2)2 

k = lim ( x- 2)2 ( x+S) = lim( x+5) x-->2 (x - 2)2 x-->2 

= 7  :. k= 7 

5. Determine the values a, b, c for which the func­
sin( a + l)x + sin x x < O 

X 

tion f(x) = C x = O 
(x + bx2 ) 1 12 - x"2 

bx312 , x > O 

is continuous at x = 0 
/IIT-1982} 

Solution 

Given function is, 

sin (a + l)x + sin x 
X 

f( x)= C 

x < O 

x = O 
(x + bx2y;2 - x1 12  

bx312 x > O 

Given that it is cont. at x = 0, then 

lim f(x) = lim f(x) = f(0) x➔o- x➔o+ 

Consider lim f(x) = c 
x➔o-

⇒ lim f(0- h)= c 
h-->0 

li sin( a + l)(-h) +s in(-h) ⇒ m------- -= c 
h-->0 -h 

li -[sin( a + l)h + sin h] ⇒ m-------= C 
h -->0 -h 

sm --- cos 2 . (ah + h + h ) (ah + h- h ) 
⇒ lim 2 2 = c  

h-->0 h 

6. Find the values of a and b so that the function 

f(x) = 2xcot x + b n/4 :::;;  x :::;;  n/2 
l x+a.Jlsin x , o :::;; x < n/4 

a cos 2x-b sin x nl2 < x ::s; n  

is continuous for 0 � x � x. 
/IIT-89; Roorkee-98; AMU-2003} 

Solution 
Given that l x+a.Jlsin x , o :::;; x < n/4 
f(x) = 2xcot x + b n/4 :::;;  x :::;;  n/2 

a cos 2x-bsin x  nl2 < x ::s; n  
is continuous for 0 � x � x. 

j(x) must be continuous at x = x/4 and x 
= x/2 



⇒ 

lim_ f(x) = f(n/4) 
x➔1tl4 lim 1( '!!:. - h) = 27t cot '!!:. + b h--->0 4 4 4 

⇒ �-To( � - h) + a✓2 sin( � - h) = i + b 

⇒ 1t 1t 1t 
- +a= - +b ⇒ a-b= -
4 2 4 Also, lim f(x) = J(n/2) 
X-Ht/2

+ 

⇒ �_To/( i + h )  
1t 1t = 2 .-cot - + b 
2 2 

⇒ �_To acos 2( i + h  ) - b sin( i + h  )=b 

⇒ a cosn -b sin n/2 = b 
⇒ -a -b = b ⇒ a + 2b = O Solving ( 1 )  and (2), we get, a =n/6 and b = - n/1 2. 

7. The function f(x) = log(l + ax)- log(l -bx) 
X is undefined at point x = 0. If.f{x) is continu­ous at x = 0 then find the value of.f{0). 

/IIT-1993} 

Solution Using the formula lim log(l + ax) = 1 x➔O ax Right hand limit lim J( x) = lim log(l + ax)- log(l -bx) 
x➔O+ x➔o+ X = lim log[l + a(0 + h)- log[l -b( 0 + h)] 

h--->0 0 + h 
[ Put x = 0 + h] = lim log(l + ah) - log(l -bh) 

h--->0 h = a lim-lo=g(-'--1 _+_ah....:..) + b lim -lo=g(-'--1 _-_bh....:..) 
h---,o ah h--->D -bh 

=a x I +b x I =a +b and left hand limit ............ ( 1) 

lill! f( x) = lim log(l + ax) - log(l -bx) 
x➔O x➔O- X 

Test Your Skil l s  C.33 = lim log[l + a(0- h)- log[l -b( 0- h)] 
h--->0 0- h 

[ Put x = 0 - h] = a lim log(l -ah) + b lim log(l + bh) 
h--->D -ah h--->D bh 

=a x I +b x I =a +b If.f{x) is continuous, then ........... (2) 

f(0) = �� f(x) = �� f(x) = a + b ⇒ .f{0) = a + b 1 - cos 4x 
x2 , x<  0 

8. Let f( x) = a , X = 0  ✓x 
✓[1 6 + ✓x] - 4  ' x > O If possible find the value of a so that the function may be continuous at x = 0. 

Solution lim f( x) = lim 1 - cos 4(0 - h) 
x➔o- h---,o ( 0- h) 2 = lim 1 - cos 4h _ . 2 sin 2 2h h O h 2 - hm ---> h--->0 h 2 

/IIT-90} 

- m--- = lim8 -- - 8 1 - 8 - li 4 .2 sin 2 2h . ( sin 2h )2 
h--->0 4h 2 h--->0 2h  - . -lim f(x) = lim ✓ O+h  

x➔o+ h--->0 ✓[1 6 + ✓ O+fl ] - 4  lim.Jh 1 x ✓[1 6 + .Jh] + 4 
h---,O ✓[1 6 + .Jh] - 4 ✓[1 6 + .Jh] + 4 = lim .Jh.(✓[1 6 + .Jh] + 4) 

h--->0 (✓[1 6 + .Jh]}2 _ 4 2 = lim .Jh.( ✓[1 6 + .Jh] + 4) 
h---,O 1 6 + .Jh - 1 6 = lim,J(I 6 + .Jh) + 4 h--->0 = ✓1 6 + 0 + 4 = 4 + 4 = 8 The function.f{x) is continuous at x = 0 if lill! f( x) = f(0) = lim f( x) ⇒ a = 8 x➔O x➔O+ Hence a = 8 
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MENTAL PREPARATION TEST 

1 If f( x)-- l sin -
x

l
' x * 0 T th . . . e st e contmmty 0, X = 0  

ofj{x) at x = 0. 

2. Te st of Continuity at x = 0 of the function l xe11x 

f( x)= l + ellx' when x ;= O 

0, when x = 0 
/MP-99} 

3. Determine the value of k for which the fol­
lowing function i s continuous at x = 3, 

f( x)= 1::; , x ;t 3  

k, x= 3 
/CBSE-94( C)J 

4. Let f( x) = 11-
;�s x

' when x * 0 
1, when x = 0 

Show that j{x) i s di scontinuous at x = 0. 
/PSB-2000 C; HSB-81C, 89C; HB-2003} 

5. For what value of k i s the function 

f( x) = l 
si

;:x

' if x * O 
i s continuous at 

k, if x = 0 
X = 0. 

/CBSE-92, 94; AISSE-93C; 
HSB-2001 ; PSB-94} 

6. Di scuss the continuity of the function j(x) 

{
2x -1, if x < 0  

given by f( x) = 
2x + l, ifx :2: 0 

f CBSE-2002; HPSB-2000 C, 2002 CJ 
7. Te st the continuity/di scontinuity of the 

function at the point x = 0. 

when x * 0 
f( x)= e llx + l' 

l e11x -1 

0, when x = 0 

f PSB-94; BIT Mesra-98} 

8. Prove that/i s di scontinuous at x = 1 if 

f( x) = 2,
' l x2 X < 1  

x= l. 
X > 1 

/MP-2000} 
x2 +1 

9 .  Te st the continuity of the function on j{x) at 
the origin 

f( x)= l l ; I' x ;= O _ 

1, X = 0 
/MP-2003 ; CBSE-92, 95( C)J 

10. Di scuss the continuity of the function j(x) at 
1 x, 0 < x < -- 2 

the point x = ½ - f( x) = 2' 
1 

x= 2 

1- x, 1 - < x < l 
2 -

/CBSE-94} 

11. For what value of k i s the function 

f( x) = l 
sin/x

' if x * O i s continuous at 
k, if x = 0 

X = 0. 
/AISSE-92C; CBSE-92, 94; 

PSB-94; HSB-2001} 

12. If f( x) = x2 ' x * find whether l 
1- cos 4x 0 4, X = 0  

function j{x) i s continuous at x = 0 
/MP-2003 ; CBSE-97} 

13 G. /( ) 1 
l - C�S X ' when X * 0 

. 1ven x = x 
A, when x = 0 

Find the value of A if j(x) i s continuous at 
x = 0. /MP-99, PB-93C; HB-89 CJ 

14. Di scuss the continuity of the function j(x) 

{
2- x, X < 2 

given by f( x) = 
2 2 at x = 2. 

+ x, x �  
/CBSE-94} 



ls in 3x , when x * 0 . 15. If f(x) = x Fmd whether 
1, when x= 0 

j{x) is continuous at x = 1 . 
f CBSE-92C; PSB-99C} 

16. For what value of k is the following function lx2-1 . l /( ) 
-- , X "lc-1 contmuous at x = . x = x -1 

k, x= l 
/CBSE-94( C)J 

Test Your Skil l s  C.35 

17. If f( x) = ' , then what { 
2x2 + k if x � 0 

-2x2 + k, if x < 0 
should be the value of k so that j{x) is continu­
ous at x = 0. /HSB-2001} 

18. For what vlaue of k is the functionj{x), contin-

uous at x = 0 f(x) = x ' x "l'-l 
sin x + X COS X 0 

when x #  0. 
k, x = 0 

/CBSE (foreign)-94} 

LECTUREWISE WARM UP TEST 

1. If f( x) = l
sin

;
a.x , x * o , then 

1, X = 0 
/Bihar CEE-2003} 

(a) j{x) is discontinuous at x = 0 
(b) j{x) is continuous at x = 0 
( c) j{x) is continuous at x = 0 ifj{0) = a 2 

(d) alternative (1) and ( 3) 

tan -1 x if - 1  � X � 1 

2. If f(x) = 1 if -(-x-1) x <-1 ' 2 
1 -( x-1) 2 

if X > 1 

then 

j{x) is /IIT (S)-2002} 
(a) continuous at x = -1 and x = 1 
(b) discontinuous at x = -1 and x = 1 
( c) continuous at x = -1 and discontinuous at 

x = l 
(d) discontinuous at x = - 1; continuous at 

x = l 

11 + s in �x for -= < x < 1 
2 -

3. If f( x) = ax + ! for 1 < x < 3 is 

6tan
12 

for 3 � x < 6 

continuous at x = 1 and x = 3, then a + b = 
/MP-98} 

(a) 2 
(c) 0 

(b) 3 
(d) 1 

l 
x +av'lsin x , 0 < x < n/4 

4. Iff(x) = 2xcot x + b , n/4 � x � n/2 
a cos 2x - bsin x n/2 < x � n 

is continuous at x = x/4, then a - b is equal to 
/IIT-89; Roorkee (Screening)-98; AMU-2003} 

(a) x/2 (b) 0 
(c) 1/4 (d) x/4 l 2 x - 1  -l � x < 00, x "l'- 0 

5. If f( x) = Jf+x.-1' is 
k, x = 0 

continuous everywhere, then k is equal to 
/Kerala (CEE)-2003} 1 (a) 

2
log 2 

(c) log 8 

(b) log 4 

(d) log 2 

6. If n is any integer then all the points of discon­
tinuity of the functionj{x) = sec 3x + cosec 3x 
are given completely by 
(a) x= mt 
(b) X = nx/6 

7t (c) x= ( 2n +1)
3 

(d) x = nn 
3 
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j (4' - 1)3 
X ;t 0 

7. If f( x) = sin( � }og( 1 + ;2 ) ' is a 9(log 4)3 , x = 0 continuous function at x = 0, then the value of 
a is equal to / Orissa JEE-2004} (a) 3 (b) 1 (c) 2 (d) 0 

8. The function f( x) = I x I + � is 
X 

/Karnataka CET-2003} (a) discontinuous at the origin because I x  I is discontinuous there (b) continuous at the origin ( c) discontinuous at the origin because both I x I and � are discontinuous there 
X ( d) discontinuous at the origin because � is 

X discontinuous there 
9. The function.f{x) = p [ x  + 1 ]  + q [x - 1 ], where 

[ x] is the greatest integer fucntion is continu­ous at x = 1 if 
{UPSEAT-2001 ; Orissa (JEE)-2002} (a) p- q = 0 (b) p + q = 0 (c) p = 0 (d) q = 0 . f( ) ( 2x - 1 ) . 10. Functions x = [x] cos -2- 7t 1s discontinuous at 

/IIT (Screening)-95; AMU-2003} (a) every x (b) no x ( c) every integral point (d) every non-integral point 11. If the function ! x + a 2 .J2sin x , 0 � x < n/4 
f( x) = xcot x + b , n/4 � x < n/2 

bsin 2x -a cos 2x n/2 � x � n is continuous in the interval [O, 1t], then the values of ( a, b) are (a) (-1, -1 )  (c) (-1, 1 )  /Roorkee Quallfying-1998} (b) (0, 0) (d) ( 1 , -1 )  
12. If f( x) = log, x

, is continuous at x = 1 , then x - 1  .f{ l )  = /MP CET-1996; Delhi ( CEE)-199 7} 

(a) 1 /2 (c) 1 (b) 0 (d) 2 
13. Two function / and g are continuous at x = a; and/+ g, f-g,jlg, [g(a) -:f. O] andf x g are also continuous at x = a. If a function F is defined as ex + e-x - 2  

f( x) = . on [- 7t/2, 7t/2], then which 
xsm x one of the following is correct? 

{NDA-2003} (a) F(x) is continuous on [- 1t/2, 1t/2] (b) F(x) is not continuous on [- 1t/2, 1t/2] (c) F(x) is continuous on [- 1t/2, 1t/2] - {O } (d) F(x) is continuous on (- 1t/2, 1t/2} 
14. Let f be a function defined on R by f(x) = 

[x] + .Jx- [x] ,  then (a) /is not continuous at every x E 1 (b) /is not continuous at every x E R - 1 (c) /is a continuous function (d) None of these 
15. The value of k (k > 0) for which the function (ex - 1)4 

f( x) = sin(x2 /k2 ) log {l + (x2 /2)} ' x * O; f(O) = 8 may be continuous function is (a) 1 (c) 2 /IIT Hyderabad-2001} (b) 4 (d) 3 
x < O  16 f( ) = x2 + 2x + c 

1
. f > 0 1 l (3/x2 ) sin 2x2 if . x 1 - 3x2 x _ , x ;t -J3 ' 0 if X = 1/-J3 then in order that/be continuous at x = 0, the value of c is (a) 2 (c) 6 (b) 4 (d) 8 

17. Let .f{x) = [ x], where [ x] denotes the greatest integer contained in x. Consider of the follow­ing statements {NDA-2004} 1 . .f{x) is not onto 2. .f{x) is continuous at x = 0 3. .f{x) is discontinuous for all positive integral values ofx Which of the statements given above are cor­rect? (a) 1 and 2 (c) 2 and 3 (b) 1 and 3 (d) 1 , 2 and 3 



18. f(x) = _x_, is discontinuous in set 'S' 1 + [x] where 'S' is (a) { [- 1 , 0) u Integers } (b) {all real} ( c) { all positive rational} (d) None of these 
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19. Let f(x) = sin n�2, , x  * i· If.f{x) is continuous at x = i, then 1( �) is (a) e (b) 1 (c) 0 (d) None of these 
LECTUREWISE WARM UP TEST: SOLUTIONS 

• 2 
1. (a) lim f(x) = lim sm ax x ➔ O  x ➔ O  X l . ( sinax )2 

2 = 1m -- .a x x ➔ O  QX = 1 (0) = 0 -::f. .f{0) = 1 . Hence.f{x) is discontinuous at x = 0. 
2. (b) .f{x) is discontinuous at x = - 1 and x = 1 . 
3. (a).f{x) is continuous at x = 1 and x = 3, Now 1{1 ) = 2 =.f{l  - 0) .f{l + 0) =a + b, But.f{x) is continuous at x = 1 ⇒ .f{l - 0) = .f{l +0) = .f{l )  ⇒ a + b = 2 
4. (d) Continuous at x = x/4 ⇒ 1( i - 0 ) = 1( i + 0 ) = 1( i ) ⇒ i + a = 2( i ) + b = i + b ⇒ a- b = x/4 5 (b) r /( ) r (2, log 2) - 0 . ,1To X = }To 1 2.Jl + X 

- O = 2log 2 = log 4 6_ (b) 2(sin 3x + cos3x) . 6x = nn sin 6x ⇒ x = nn [· · sin 6x * 0] 6 7. (a) lim( 4, _ 1 )3

( X ) ( , 1 x ➔ O  x sin( x/a) log l + ; = (log 4)3 x a x 3 = .f{0). Hence a = 3 

8. (d) Let f(x) = I x  I + � =  f;( x) + h.( x) 
X (say) At x = 0,J;(0) = 0 L.H.L. = lim I x I= 0, R.H.L. = lim I x I = 0 x ➔ O- x ➔ O+ . . J;(x) is continuous at x = 0. Now consider 

J;_(x) [ At x  = O] L.H.L. = lim � [Put x = 0 - h] x ➔ O- X 
. I o - h I . h s ·  · 1 l = hm -- = hm- - = -1 nm ar y 

h ➔ O 0 - h h ➔ O h RHL = l 
J;_(x) is discontinous at x = 0 
f(x) = I x I + � is discontinuous at 

X x = 0 because � is discontinuous there. 
X 

9. (b) .f{x) = p [x +l ] + q [x - l ] and .f{l )  = p [ l  + 1 ]  + q[ 0] = 2p This function will be continuous at x = 1 , then 
Llim f( x) = Rlim f(x) = /(1) x ➔ l x ➔ l ⇒ ⇒ 

⇒ 
lim /(1 - h) = lim /(1 + h) = /(1) h ➔ O  h ➔ O  lim f[l - h  + 1] + q[l - h - 1] h ➔ O  = lim p[l + h + 1] + q[l + h - 1] = /(1) h ➔ O  lim p[2- h] + q[-h] h ➔ O  = lim p[2 + h] + q[h] = /(1) h ➔ O  ⇒ lim [p(l - h) + q(-h - 1)] h ➔ O  = lim [p(l + h) + q(h - 1)] = 2p h ➔ O  ⇒ p- q = 2p ⇒ p + q = 0 
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10. (b) Obviously function is continuous between 
two successive integers. Further for any k eZ, 
j{k- 0) = (k- l)cos ((2k- 1)/2)1t = 0j{k +  0) = 

k cos ( (2k- 1)/2)1t = 0,j{k) = k cos ( ( 2k- 1)/2) 
n = 0 

/is continuous at all integers. 

11. (b) at x = i ; L.H.L. = i +a 2 
7t and R.H.L. = 
4 + b 

So � +a 2 = � +b 
4 4 

⇒ a 2 =b 

at 7t 
x =

2 • 

...... (i) 

L.H.L. = b and R.H.L. = a So a = b ..... (ii) 
From (i) and (ii) a 2 = a 
⇒ a 2-a = 0 
⇒ a(a- l) = 0 ⇒a = 0, l 
Hence b = 0, l Thus (a, b) = (0, 0) 

12. (c) lim log; = lim.!.. = 1 
x ➔ I x- l x ➔ l X 

(By L-hospital rule) 
Therefore the value of function is same as the 
limit of a function. 

13. ( c) Since function is not defined at x = 0 
therefore it is not continuous at x = 0. 

14. (c) f( x) = n + ✓x- n , n S. x < n + l  

Ifx0 
= k E /then 

lim f( x) = lim k + .Jx- k) = k and 
x ➔ t

+ x ➔ k  

lim f( x) = lim (k -1) + .J x - (k -1) 
x ➔ k- x ➔ k-

= lim (k -1) + .J x - (k + 1) = k - l + 1 = k 
x ➔ k 

Hence f is continuous at every x0 
= k E I. If 

x0 ER oc J then [ x] is continuous at x0 which 
in turn gives that f is continuous at every 
XO ER - I. 

15. (c) lim f( x) = lim( 
ex - l  

)
4 

X 
x ➔ O  x ➔ O  X 

x
2/k2 

x2 /2 -�� x --�- x 2k2 

sin( x2 lk2 ) log(l + x2 /2) 
= 2k2 • So 2k2 = 8 ⇒ k = ± 2 

16. (c) lim f( x) = lim _.;. sin 2x2 
x ➔ O- x ➔ O- X 

- 6 r sin 2x2 
- 6 - x1:To 2T -

l . f( ) 1. x2 + 2 x + c c 1m x = 1m ---- = - = c 
x ➔ O• x ➔ O• 1- 3x2 1 

Hence for/to be continuous c = 6. 

17. (b) · :  R
1

= Z ER, hence/is not onto. Also/is 
discontinuous at every integer, hence (a) and 
( c) are correct. 

X 18. (a) f( x) = 
n + l'

n S. x < n + l  

(i) Clearly, if n = -l then j{x) is not defined 
i.e.,j{x) is not defined V x E [- 1, O]. 

(ii) If n * -1, f( x) = -; ; - 3 S. x < - 2 

(n = - 3) 
= - x; - 2 S. x < - l (n = 2) 
= x; 0 S. x < l (n = 0 ) 
= x/2; 1 S. x < 2 (n = 1) 

Clearly, the function is discontinuous at all in­
tegral values of x 
From (i) and (ii) j{x) is not continuous in set 
'S'. S = { [- 1, 0) u Integers } 

19. (b) f(n/2) = lim f( x) 
x ➔ n/ 2  

= lim /( � - h ) = lim /( � + h ) 
h ➔ O  2 h ➔ O  2 

But lim f ( � - h ) = lim ( cos h ) 1 1 2 h  [r form] 
h ➔ O  2 h ➔ O  

lim {cos h)112h 
e• ➔ • = e0 = l 



LECTU RE 1 

Unsolved Objective Problems (Identical 
Problems for Practice): for Improving 
Speed with Accuracy 

1. (b) 5. (c) 9. (d) 
2. (b) 6. (a) 10. (d) 
3. (d) 7. (d) 11. (a) 
4. (a) 8. (a) 12. (a) 

LECTU R E 2 

Unsolved Objective Problems (Identical 
Problems for Practice): for Improving 
Speed with Accuracy 

1. (d) 4. (d) 7. (c) 
2. (c) 5. (b) 8. (d) 
3. (c) 6. (d) 9. (c) 

Test Your Skil l s  C.39 

ANSWERS 

Worksheet: To Check the Preparation Level 

13. (c) 
14. (c) 
15. (a) 

10. (d) 
11. (c) 

1. (b) 5. (c) 
2. (c) 6. (c) 
3. (c) 7. (d) 
4. (a) 8. (d) 

LECTU RE 3 

Mental Preparation Test 

1. Not continuous 
2. Continuous 
3. k = 6 
5. k = 5/3 
6. Continuous 

except at x = 0 
7. Discontinuous 
9. Discontinuous 

10. Continuous 
11. 2 

9. (b) 13. (a) 
10. (a) 14. (a) 
11. (b) 
12. (c) 

12. Discontinuous 
13. 1/2 
14. Not continuous 
15. Discontinuous 
16. 2 
17. k is any real 

nwnber 
18. k is any real 

nwnber 
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Differentiabil ity 
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L E C T U R E  

Existence of 
Derivatives 

► BASIC CONCEPTS d 
1. DERIVATIVE AT A P OINT Ifj(x) is a func­

tion of x defined over the open interval (a, b) 
and if x = c is any point of this interval; then 
j(x) is said to be differentiable at the point x = 

c iff lim /( x)- /(c) or lim f(c + h)- /(c) 
x ➔ c x- c h➔O h 

exists finitely; 
The value of this limit is called the derivative ( or 
differential coefficient)of j(x) at the point x  = c and 

is denoted by: f'( c) ; D/( c) or [ ![/( x)] Le 
2. P RO GRESSIVE AND REGRESSIVE DE­

RIVATIVES The progressive derivative or 
right hand derivative ofj(x) at x = c is given 

by · r /( c + h)- /(c) . h > 0 . /To h ' 

If it exists finitely and is denoted by Rf(c) or 
by f(c + 0). 
The regressive derivative or Left Hand De­
rivative off{x) at x = c is g iven by: 

I' f(c- h)- f(c) . h > 0 h':To -h , 

If it exists finite ly and is denoted by 
Lf(c) orf(c - 0). 

NOTES 

The functionf{x) is said to be differentiable at x = c 
ifRf(c) and Lf(c) both exists finite ly and are equal; 
and their common value is called the der ivative or 

differential coefficient at the point x = c. The func­
tion j(x) is said to be non differentiable at x = c if; 

(i ) Either or both Rf(c)  and Lf(c) do not exist . 
(ii) Both Rf (c) and Lf(c) exist but are not equal . 

(iii) Either or both Rf(c) and Lf(c) are not finite . 

3. THEOREM Continuity is a necessary but not 
a sufficient condition for the existence of a finite 
derivative (If a function/, has a finite derivative 
at a point it must be continuous at the point but 
continuity does not imply derivability) 
But the converse of the theorem is not true: 
Example 1: Prove thatj(x)= I x I is continuous at 
x = O;  but not differentiable at x = 0: we know 
that lim I x I = 0 but 

:r➔O 

f(O + h) = l;f(0 - h) =-1 
Left hand der ivat ive =I- Right hand der ivat ive 
Hence f{x) = I x I is not differentiable at x = 0 

Example 2: /( x) = x s in .!.. is continuous at x 

= 0 but not differentiable at x = 0. 

Example 3 :f{x) = I x I + I x-1 1 is continuous at 
x = 0 and x = I but not differentiable at x = 0 
and 1. 

4. EXIST ENCE OF DERIVATIVE 
(differentiability on an interval): 
The function y = f{x) is said to be differentiable 
in the closed interval [a, b], if: 
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(i) If/ is di fferentiable at every point in 
the open interval (a, b) then .f{x) is said 
to be di fferentiable in the open interval 
(a, b). 

(ii) For the points 'a ' and ' b '  if it is differen­
tiable from the right at a and from the left 
at b or f(a +) and/(b-) both exist. 

i.e., Lim f(x)- f(a) and Lim f(x)- f(b) 
x➔a+ X -a x➔b- X -b 

or Lim /(a + h)- /(a) and h->0 h 

Lim f(b- h)- f(b) both exist, then.f{x) is 
h->0 -h 

said to be differentiable in the closed interval 
[a, b]. 

5. Graphical definition of Derivability 
The function y = J{x) is der ivable if its graph is 
always smooth i.e., there should be no break or 
comer. 
What is corner: If a curve has not unique 
tangent at a point then it is called its comer. 

y 

-c+-----------x 
0 X O 

(Differentiable at x = x0) 
(a) 

y 

S I� 

�Corner 

-o+------�------x 
X O 

(Non d ifferentiable at x = X0) (m 1 "# m2) 

(b) 

y 

Slope m 1 

Slo
�

� Come, 

�o+-------------x 
XO 

y 

(Non d ifferentiable at x = x) 
(m 1 * m2 ) 

(c) 

�o+----------------x 

(Non differentiable at x = x) 
(m 1 * m2 ) 

(d) 

6. Derivability and Continuity 
(i) IfRJ'(x0) and L/'(x0) exist finite ly (both may 

or may not be equal) then.f{x) is continuous 
at x = x0 . 

(ii) The converse of the above result (i) is not 
true 

i.e., if.f{x) is continuous at x = x0 then it may or 
may not be differentiable at x = x0 . 
(iii) For a function.f{x) 
(a) Differentiable ⇒ Continuous 
(b) Not differentiable ⇒ Not continuous 
(c) Not continuous ⇒ Not differentiable. 

7. Solving the problems ( Based on continuity 
and differentiability from following types: 
Graphical Method 
If graph of.f{x) has no break and no corner at 
x = x0. Then.f{x) is differentiable at x = x0 and 



if graph of.f{x) has no break or gap or hole at 
x = x0 then.f{x) is continuous at x = x0 . 

8. Important Results to Remember 
1 .  

f(x) g(x) f(x) ± g(x) f(x) .g(x) 
Differ- Differen- Differen- Differentiable 
entiable tiable tiable 
Differ- Non differ- Non differ- May be differ-
entiable entiable entiable entiable or non 

differentiable 
Non Non differ- May be dif- May be differ-
differ- entiable ferentiable entiable or non 
entiable or non dif- differentiable 

ferentiable 

2. If.f(x) and g(x) are inverse functions of each other 

then f'( x) = f'(;( x)) 
and f'( x) = g'()( x)) 

where f'(g( x)) = df (g( x)) 
d(g(x)) 

Existence of Derivatives D.5 

3. Der ivative of an identity function is an identity 
function. 

4. Every po lynomial function is differentiable at 
each x ER. 

5. Every constant function is differentiable at each 
X ER 

6. The exponential function e-', a' (a > 0 and 
a =f. 1) are differentiable at each x E R. 

7. The logarithmic functions lnx, log.x(a > 0 and 
a =f. 1) are differentiable at each point in their 
domain. 

8. The trigonometr ic functions sin x, cos x, tan x, 
cot x, sec x, cosec x are differentiable in their 
domain. 

9. The inverse trigonometric functions; sin - 1 x, 
cos -1 x, tan -1 x, cot -1 x, sec -1 x, cosec -1 x are 
differentiable in their domain. 

10. The composition of differentiable functions is 
also differentiable function. 

p §Sit lb Ybdfal I It i Pkbdlb:UY till JSANS ll.d.lbH ill bh. 
fCS rune I itlPfffftt!B!Nf ttiP Wtiffll Ii il\Pitif Of TUC WI!( d 
!ax2-b, l x l < l  

1. f(x) = I The above func-
-�, l x l � l  

tion is continuous and differentiable, then 
prove that a = 1/2, b = 3/2. 

Solution 

I x I � I or x2 
- I � 0 

or x :e;; -1, x � I f( x)= 1 -�, 
ax2 -b, I x I < I or x2 

- I < 0 
................ (1) 

or-1 < x  < 1 
Also I x I = x when x = + ve 

I x I = - x when x = - ve 

......... (2) 

......... ( 3) 
................. (4) 

Hence we redefine the function as under ! ax2 
-b, x < I by (2) l 

f(x) = I I --=--, x �  by ( l )  +x X l l I 

l --= - ,  x :e:;-L by ( l )  f(x) = -X X 

ax2 -b, x > -I by (2) 

...... (A) 

...... (B) 

At x = 1, for continuity R = L = V 
a - b = l 

For differentiability R' = L' 
2a = 1 Solving a = 1/2, b = 3/2 

At x = -1, for continuity R = L = V 
a - b = - 1  

For differentiability R' = L' -1 = - 2a 
a = 1/2, b = 1/3 

2. Prove that.f{x) = I log x I is continuous at x = 
1 but is not differentiable at x = 1. 

Solution 

We know that log t= 0, if t= 1; > 0 if t> 1, < 0, 
if t < l , l y l = y, ify> 0, I Y I = -y, ify < 0  

R.H.L. = Lt I log (l + h) I 
h ➔ O  

= L t  log (l + h) = 0 
h ➔ O  

L.H.L = L t  I log (l - h) I 
h ➔ O  

= Lt- [log (l- h)]= 0 
h ➔ O  
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V= I log 1 1  = 0. :. R = L = V :. continuous 

R' = Lt I log(l + h) 1 - 1  logl I 
h -> 0 h 

= Lt log(l + h) 
h -> 0 h 

h2 

= Lt 
h -

2 
+ . . . . . . . . .  

= h = 0 
h -> 0 h 

L' = - I as above. Since R' -=I- L' therefore the 
function is not differentiable at x = I. 

3. Discuss the limit, continuity and differentiabil-

ityofthe function f(x) = ( 2 - e"x) 
X ;t 0 l x( 3e"x + 4) 

0 x = 0 
at x = 0 

/Roorkee-1995} 

Solution 

For continuity, R = L = Vat x = 0 
Lt e 11h = oo, Lt l ie 1th = 0 

h( 3e"h + 4) R= Lt ----h -, o 2 - e"h ( 4 ) h 3 + 1/h 3 = Lt e = Lth (- ) = 0 
( 2 

) 
-1 

e11h - I  

h( 3e-11h + 4) L = Lt - --'--�.,......c.. 
h -> 0 2 - e-l lh 

= Lt- h( i) = 0 
h -> 0 2 

Since R.H.L t = L. H. L t 
. · . Lt exists at x = 0 and limit is equal to value 
and hence the function is continuous. 
Differentiability: 

R' Lt f(O + h)- f( O) 
h -> 0 h ' 

L' = Lt f( O - h)- f( O) 
h -> 0 -h 

R = Lt .!..[
h( 3e llh + 4) o ] = 

� 
H o h ( 2- ei'h) -1 

L = Lt - .!..[
-h(3e-11h + 4)

] = i = 2 h -, o h ( 2 - e-"h) 2 

Since R' -=I- L' therefore the given function is 
not differentiable at x = 0. 

4. Determine the values of x for which the fol­
lowing function fails to be continuous or dif­
ferentiable: 

f(x) = l (l- :;;� x), 
3- x, 

X < l 
I � x � 2 Justify 

x > 2  
your answer. /IIT Re-ex.-1997} 

Solution 

Consider x = I, 2 
Lt f(l- h) = Lt l- (l- h) = Lt h = O 

h -> 0 

Lt f(l + h) = Lt- h(l- h) = 0,f(l) = 0 
h -> 0 

Since L = R = V= 0 
f is continuous at x = I 

Consider differentiability 

L' f'(l) = Lt f(l - h)- f(l) = h - 0 
= -l 

h -> 0 -h -h 

R' f'(l) = Lt f(l + h)- f(l) 
h -> 0 h 

-h(l- h)- O = � -�-=-I h 

j{x) is differentiable at x = I 
At x = 2 L = O R = I V= O 
Hence j{x) is not continuous at x = 2 and as 
such it is not differentiable also at x = 2. 

5. Show that the function/ defined by 

f(x) = x {I +  �sin(log x2) }, x * 0, and f{0) 

= 0, is everywhere continuous but has no dif­
ferential coefficient at the origin. 

Solution 

We consider x = 0, we have j{0) = 0. 

f( O + 0) = l�{ ( 0  + h{ I +  �sin log(0  + h) 2 ) } 

= lim [h + (h/3)sin log h 2 ] h->0 
= 0 + 0 x a finite quantity = 0 
[ " : sin log h2 oscillates between -1 and 1 as 
h ➔ 0 hence finite] 
and 

f( O- 0) = lim ( 0- h) . {1 + !sin log( O- h) 2 } 
h->0 3 

= lim [-h - (h/3)sin log h 2 ] = 0 as before. h->0 



Hence/is continuous at x = 0. 
Now 

( 0- h){ 1 + ½s in log(O- h}2 }- 0 
Lf'(0) = lim 

h h ➔ O  -

= lim [ 1  + !s in log h 2
] h -> 0  3 

Now sin log h2 oscillates between -1 and 1 as 
h ➔ 0 so that lim s in (log h 2

} does not exist. h -> 0  
Hence Lf'(0) does not exist. 
Similarly 

( 0  + h){ 1 + ½sin log( O + h}2 } - 0 
Rf'(0) = lim 

h h ➔ O  

= t� { 1 + ½sin log h 2 } ,  which does not exist 

as before 
Hence f has no differential coefficient at 
X = 0. 

6. j{x + y + z) = j{x) fiy) j{z) e x, y, zeR. lf1{2) 
= 4,f'(0) = 3, then prove that j{0) = 1 and 
f'(2) = 12. 

Solution 

Put y = z = - 1  :. j{x- 2) = j{x)j{-l)j{-1) = 
j{x) [/(-}]2 

Now put x = 2 to findj{0) 
j{0) = 1{2) [/{- 1)]2 = 4 [/{-1)]2 = + ive 

............... (1) 
Above shows that j{0) is + ve 
Now put y = 0, z = 0 :. j{x) = j{x) {/{0) } 2 

1/{0)]2= 1 
j{0) = ± 1 but by (l)j{0) is + ive 
we choose j{0) = 1 ...... ( 2) 

Now we have to findf'(2). Put y = 2, z = 0. 
j{x + 2) = j{x)fi..2) . j{0) = 4 j{x) by (2) 
f'(x + 2) = 4f '(x) 

Now put x = 0./'(2) = 4/'(0) = 4 .  3 = 12 l ( x-1) 2 sin -
( 

1 
)
- l x l ifx ,l d 

7. Let f( x) = x -1 
-1 if x= l 

be a real-valued function. Then the set 
of points where j{x) is not differentiable 
is ............ /IIT-1981} 
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Solution 

Given 

f( x)= ( x-1) 
l ( x  -1) 2 sin -1

-- I x I ,  

-1, X = 1 
We know that I x I is not differentiable at 
x = 0 

(x - 1) 2 sin _!_
I 
- I x I is not differen­x -

tiable at x = 0. 
At all other values of x,j{x) is differentiable. 

The req. set of points is { 0}. 

8. Letj{x) = x I x I • The set of points where j{x) is 
twice differentiable is ............. /IIT-1992} 

Solution 

We have 

f( x) = x I x I= { -�2 , 
X ' 

f'( x) = {
-2x, x < 0 

2x, X � 0' 

f"( x) = ' {
-2 

2,  
x < 0  
x � 0  

x < 0  
x � 0  

Clearly f"(x) exists at every point except 
at x = 0 
Thus j{x) is twice differentiable on R- { 0}. 

x2 

9. Let f( x) = 2 
, 0 :'.S x < 1 

= 2x2 
- 3x + I, 1 � x � 2 Discuss the conti-

2 
nuity off,/' and/" on [ 0, 2]. /IIT-1983} 

Solution 

fandf' are continuous andf'is discontinuous 
on [ O, 2] 

x2 

We have f( x)=
2

, 0 � x < l 

3 = 2x2 
- 3x + - , 1 � x � 2 

2 
Here j{x) is continuous everywhere except 
possibly at x = 1 

At x = 1 Lj' = � X 1 = l; Rf' = 4 X 1- 3 = 1 

⇒ f is differentiable and hence continuous 
at x = 1 



D.8 Existence of Derivatives 

j{x) is continuous on [ 0, 2] 
f'(x) = x, 0 :o;. x <  1 

= 4x- 3, 1 :o;. x :o;. 2  
At x = 1, 
lim f'(x) = lim f'(l - h) = lim (1 - h) = 1 
x➔l- h➔O h➔O 

lim f'(x) = lim /'(1 + h) = lim 4(1 + h) - 3 = 1 
x➔l+ h➔O h➔O 

= f'(l) = 4 - 3 =1 
f' is continuos at x = l, 
f' is continuos on [ 0, 2] 

{
2 , 0 ::;.  x < l 

f"( x) = 
4 , 1 ::;, X ::;, 2 

Clearly f "  (x) is discontinuous at x = l. 
:. f"(x) is discontinuos on [ 0, 2] 

10. Let j{x) be a function satisfying the condition 
j{-x) = j{x) for all real x. Iff'(0) exists, find its 
value. /IIT-198 7} 

Solution 

f'(0) = 0 
Given that j{x) is a function satifying j{-x) = 
j{x), VxeR .... (1) 
Also f '  (0) exists 
⇒ f'(0) = Rf'(0) = Lf'(0) 
Now, Rf'(0) = f'(0) 

⇒ lim f( O  + h)-f( O) = f'( 0) 
h->0 h 

⇒ lim f(h)-f( O) = f'( 0) 
h->0 h 

Agian Lf'(0) = f'(0) 

⇒ lim f( O  - h)- f(O) = f'( 0) 
h->0 -h 

⇒ lim f(-h)-f( O) = f'( 0) 
h->0 -h 

..... ( 2) 

11. Let a ER. Prove that a function/: R - R is 
differentiable at a if and only if there is a func­
tion g : R ➔ R which is continuous at a and 
satisfies j{x)-j{a) = g(x) (x- a) for all xe  R. 

PIT-2001} 

Solution 

Let us first prove that 
(I) g is continuous at a and j{x) - j{a) = g(x) 
(x- a.), V xeR 
⇒ j{x) is differentiable at a 
Since g is continuous at x = a and 

g( x) = f( x)-f(a) 
x- a 

We should have, lim g( x) = g(a) 
x ➔ a 

⇒ lim f( x)-f( x) = g(a) ⇒ f(x) = g(a.) 
x-HX. X - (X 

⇒ f '  (a) exists and is equal to g( a). 
Conversely now we prove. 
(Il)j{x) is differentiable at x = a 
⇒ g is cont. at x = a and 

j{x)-j{a.) = g(x)(x - a)V xe R 
· · j{x) is differentiable at x = a 

lim f( x)-f(a) = f'(a) exists and is 
x-HX. X - (X 

finite. 

Let us define, g(x) = x - a ' l f( x)-f(a) 

f'(a), x = a 
Then, j{x)-j{a.) = (x- a.)g(x), V x -:/- a.  
Now for continuity of g(x) at x = a 

lim g(x) = lim f( x)-f(a) = f'(a) = g(a) 
x ➔ a.  x ➔ a.  x- a 

g is continuous at x = a. 

12. Ifj{x - y) = j{x) . g(y) -fly). g(x) and g(x - y) 
⇒ lim f(h)-f( O) = -f'( 0) 

h->0 h 
[ Using eq. (1)] 

... ( 3) = g(x). g(y) + j{x) .fly) for all x, y ER. If right 
hand derivative at x = 0 exists for j{x). Find 
derivative of g(x) at x = 0. 

From equations (2) and ( 3) we get, f '  (0) = /IIT-2005} 

�� �d� 
⇒ 2/'(0)= 0 
⇒ f'(0) = 0 

Alliter: A function satisfying j{-x) = j{x) is 
f(x) = COS X 

Therefore,/' (0) = - sin 0 = 0 

Given that, j{x - y) = j{x), g(y) -fly) . g(x) 
............. (i) 

g(x - y) = g(x) . g(y) +j{x) fly) .............. (ii) 
In eqn. (i) putting x = y we get j{0) = j{x) 
g(x) -j{x) g(x)⇒f{0)= 0 



Putting y = 0 in eqn. (i), we get 
j{x) = j{x) g(0) -j{0) g(x) 

⇒ j{x) = j{x) g(0) 
⇒ g(0)= 1 [ Usingj{0) = 0] 
putting x = y in eqn. (ii), we get g(0) = g(x) 
g(x) + j{x)j{x) 

⇒ 1 = [g(x)]2 + [f{x) ]2 [ Usingg(0) = 1] 
⇒ [g(x)]2 = 1 - [/{x)]2 ............ (iii) 
Clearly g(x) will be differentiable only ifj{x) 
is differetiable. 

First we will check the differentiability 
ofj{x) 

Given that R/'(0) exists 

i.e., 

i.e., 

lim f(0 + h) - f(0) exists 
h -> 0  h 

lim f(0)g(-h) - f(-h)g(0) exists 
h -> 0  h 

i.e., 

Existence of Derivatives D.9 

lim -f(-h) exists (usingj{0) = 0 
h -> 0  h 

andg(0) = 1) 
which can be written as, 

lim f(O) - f(-h) = Lf'(0) 
h->0 -h 

⇒ Lf' (0) = Rf' (0) 
f is differentiable, at x = 0. Differentiat­
ing equation (iii) we get 2g(x) . g'(x) = 

-2j{x) . f'(x) 
For x = 0 
⇒ g(0). g'(0) = -j{0)f'(0) 
⇒ g'(0) = 0 [ Usingj{0) = 0 andg(0) = 1] 

Alliter: Easily we can conclude that j{x) = a 
sin x, g(x) = b cos x 

Therefore, g'(x) = - b sin x 
⇒ g'(0)= 0 

► SitJ&Li JS JOdJ& I I I Z P £dtzii!J iii! d&lkb k.d.J.ZJJ I Ai Zh. 
W GRASP THE Wflf sgtyE THESE PRBPhEOOs ◄ 

1. Prove that the following function is con­
tinuous at x = 0, but not differentiable at 
X = 0. 

f(x) = l xcos � , when x * 0 

0, when x = 0 

2. Ifj{x) is differentiable at x = a, find 

l . x2 f(a) - a 2 f(x) 1m -----
x➔a x - a  

/PSB-96 (C)J; /Problem based on 
this appeared in IIT JEE-2007} 

3. For what choice of a and b is the function 

J(x) = { 
x2

' 
x � c 

is differentiable at 
ax +b, x > c  

x = c. f PSB-96} 

4. Show that the function/ is continuous at x = l 

for all a, where f(x) = . Fmd { 
ax2 + 1, x � l 
x + a, x < l  

its left hand derivative at x = l. 

Hence find the condition for the existence of 
derivative at x = I. 

/NCERT Book} 

5. Show that f(x) = l 1 /e1 1x' x * O is not 
0, x= 0 

continuous at 0 and not differentiable at 0. 
/BITS Ranchi-1999} 

6. Show that j{x)= x 113 is not differentiable at 
X = 0. 

7. Show that j{x) = I x - 2 1 is continuous but not 
differentiable at x = 2. 

8. Discuss the differentiability ofj{x) = I log,x I 
for x> 0. 

9. Ifj{x) = x2 + 2x + 7 find/'(3). 

10. For the function/ given by j{x) = x2 - 6x + 8. 
Prove that/'( 5)- 3/'(2) = /'( 8). 

11. Discuss the continuity and differentiability of 
j{x) = e �I. 



D.1 0  Existence of Derivatives 

{
2 + x, x :2:  0 

12. If f(x) = . Then prove that 
2-x, x <  0 

j{x) is not differentiable at x = 0 
13. lf1{2) = 4 and/'( 2) = 1, then find 

l . x/(2)-2/(x) 
lm --'--'--'--"---'--'-. 

x ➔ 2 x-2 
14. Find the value of a and b so that the function 

{ 
x2 + 3x + a,  if x � l 

f( x) = is differentia-
bx + 2, ifx > l  

ble at each x E R. 
15. Show that the function 

{
l 2x- 3 l [x] ,  x ::2:1 

f(x) = 
s in( m/2), x < l 

but not differentiable at x = l .  

is continuous 

16. Examine the continuity and differentiability 
of the following function l ( x-a)s in ( -1 

) , 
f(x) = x-a 

0, 

at x = a. 

x =a 

17. Ifj{x + y) = j{x)fiy) V x and y, then findf'( 5). 
Given /(5) = 2 andf'(0) = 3. 

/IIT-1981} 

18. f(x) = 11 /e"x ' 
x * O. Find the right hand 

0, X = 0 
derivative f' (0+) 

/IIT-1983} 

ANSWERS 

2. 2a j{a) -a 2 f'(a) 9. 8 16. Continuous but not 

3. a = 2c, b = - c2 • 11. Not differentiable at x = 0. differentiable at a. 

4. Lf'(l) = 1, Rf'(l) = 2a; 
1 

13. 2 17. 6 

18. 0 a =
2 14. a = 3, b = 5 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. The function j{x) is defined as 

1 1 
( 

1 
)

2 1 f(x) =
3

- x, x <
3 = 

3
- x  , x :::::

3 

then in the interval (0, 1 ), the mean value, 
theorem is not true because 

/Screening-2003} 
(a) j{x) is not continuous 
(b) j{x) is not differentiable 
(c) j{0) -::/-f{l )  
(d) None of these 

Solution 

(b), (c) The function given in (a) is not dif­

ferentiable at x = ! in [ 0, 1] as Lf ( l )  = 1 and 
3 

Rf'(l) = -1. 
Hence it does not satisfy the mean value 
theorem ⇒ (b) 
Also j{0) -::/-1{1) ⇒ (c) 

2. The function j{x) = (x2
-1) I x2 - 3x + 2 1 + cos 

( I x I) is NOT differentiable at /IIT-1999} 



(a) -1 
(c) 1 

(b) 0 
(d) 2 

Solution 

{
-x 

We have I x I = 
x 

ifx < 0 
ifx ;?: 0 

⇒ I x2 - 3x + 2 I = I (x -1 ) (x - 2) I 

l
(l- x)( x- 2) if x � I 

= ( x -1)( 2 - x) if 1 < x � 2 
( x - l)( x - 2) if x ;?:  2 

As cos (-0) = cos 0 ⇒ cos I x I = cos x 
. · . Given function can be written as 

I (x2 - l)(x - l)(x - 2) + cosx if x S I  . ' .  f(x) =  -(x' - l)(x - l)(x - 2) + cosx if l < x S 2  
(x' - l)(x - l)(x - 2) + cos x if x > 2 

This function is differentiable at all points ex­
cept possibly at 
x = I and x = 2. 

Lf'(l) = { ![( x2 - l)( x - l)( x - 2) + cos x] L, 
= -sin 1 

Rf'(l) = { ! (-( x2 - l)( x -l)( x - 2) + cos x) L, 
= -sin 1 

Lf' (1) = Rf' (1) :. f is differentiable 
at x = 1. 

L/'( 2) = {! (-(x2 -l)(x-l)(x- 2) + cos x) L
2 

=-3 - sin 2 

Rf'(2) = {! ((x2 
- l )(x - l)(x - 2) + cosx) L 2 

= 3- sin 2 

Lf' (2) -::f. Rf' (2) 
/ is not differentiable at x = 2. 

3. Let /: R ➔ R be any function. Define g : R ➔ 
R by g(x) = l.f{x) I for all x. Theng is 

/IIT Sc.-2000} 
(a) onto if/ is onto 
(b) one-one if/is one-one 
(c) continuous if/is continuous 
(d) differentiable if/ is differentiable 

Existence of Derivatives D.1 1 

Solution 

s 

( c) f is continuous at x = a if limit = value 

i.e., lim f(a - h) = lim f(a + h) = f(a). 
h ➔ O  h ➔ O  

g(x) = l.f{x) I 

g(a- 0) = limg(a - h) 
h ➔ O  

= lim I f(a- h) 1= 1 f(a) I 
h ➔ O  

Similarly g(a + 0) = limg(a + h) 
h ➔ O  

= lim I f(a + h) I= I f(a) I= -g(a) 
h ➔ O  

g is continuous at x = a. 
Hence g is continuous if/is continuous . 

4. There exists a function ./{x) satisfying./{0) = 1, 
/'(0) = -1,./{x) > 0 for all x and 

/IIT-1982, Kurukshetra CEE-1998} 
(a) f'(x) < 0 for all x 
(b) -1 <f"(x) < 0 for all x 
(c) - 2�/"(x) �-1 for all x 
(d) f"(x) < -2 for all x. 

Solution 

(a) ./{x) = e -x is one such function. It can be 
shown that there exists no function satisfying 
the conditions (b) or ( c) or ( d) and the given 
conditions ./{0) = 1, /'(0) = -1, .f{x) > 0 for 
all x. 

5. If f( x) = { 
ex ; x � 0

, then 
11- x I ;  x > 0 

/Roorkee-1995} 
(a) ./{x) is differentiable at x = 0 
(b) .f{x) is dis-continuous at x = 0 
(c) ./{x) is differentiable at x = 1 
(d) ./{x) is continuous at x = I 

Solution 

(d) f( x) = 1- x ; 0 < x � 1 
! ex · x � 0  x - 1  ; x > l  

Rf'( 0) = lim f(O  + h)-f( O) 
h ➔ O  h 

li 1- h-1 l = m ---=-
h ➔ o h 



D.1 2 Existence of Derivatives 

Lf'( 0) = lim f( O - h) - /(0) 
h ➔ O  -h 

• e-h - 1 
= hm --= 1 

h ➔ O -h 
So, it is not differentiable at x = 0. 
Similarly, it is not differentiable at x = 1 
But it is continuous at x = 0, 1 

6. If j( X) = e(l/x) + e(-l/x) ' then 
l e(I/x) - e(-1/x) 

x ���� x ;t 0  

0, X = 0 
which of the following is true 

/Kurukshetra CEE-1998} 
(a) f is continuous and differentiable at every 

point 
(b) f is continuous at every point but is not 

differentiable 
(c) /is differentiable at every point 
(d) f is differentiable only at the origin. 

Solution 

(b) f(0 + 0) = lim f(x) = lim f(0 + h) 
h ➔ O  h ➔ O  

• el!O + h _ e- 1/0 + h 

= hm ( 0  + h) uo + h -1 1o + h h ➔ D  e + e 
ellh - e- 1/h 

= lim h �- �= 0 
h ➔ O  el/h + e-1/h 

and /(0- 0) = lim/( 0- h) 
h ➔ O  

e-11h - e11h 

= lim- h - - -= 0 
h ➔ O  e-1/h + ellh 

and j{0) = 0; 
j{0 + 0) = j{0 - 0) = j{0) 

Hence/is continuous at x = 0. 
At remaining points j{x) is obviously continu­
ous. 
Thus it is everywhere continuous. 

Again, Lf'(0) = lim f(O - h) - f( O) 
h ➔ O  -h 

e-11 h  - e11 h  

h. -1/h 1 /h - 0 
= lim e + e =-1 

h ➔ O  -h 

Rf'(0) = lim f(O + h) - f( O) 
h ➔ O  h 

ellh - e-1/h 

h �-� 
= lim e11h + e- 11h 

= 1 
h ➔ O  h 

Lf ' (0) -t Rf'(0) 
f is not differentiable at x = 0. 

7. If f(x) = x( ✓x - ✓x +
l
) ,  then 

/IIT-1985} 
(a) j{x) is continuous but not differentiable at 

x = 0 
(b) j{x) is differentiable at x = 0 
( c) j{x) is not differentiable at x = 0 
(d) None of these 

Solution 

(b) We have f( x) = x( ✓x - ✓x +l)  

Let us check differentiability of j{x) at  x = 0 

Lf'(0) = lim ( 0- h)[ .Jo=h - ✓0- h + 1]- 0 
h ➔ O  -h 

= lim [ � - ✓-h + 1] = 0 - ../+J. = -1 
h ➔ O  

Rf'( 0) = lim ( 0  + h) [.Jo"+'h- ✓o + h + 1]- 0  
h ➔ O  h 

= lim ✓h - ✓h + l = -1 
h ➔ O  

Since Lf'(0) = Rf'(0) 
: . f is differentiable at x = 0. 

8. Ifj{x) = sgn (x3), then 
/DCE-2001} 

(a) f is continuous but not derivable at x = 0 
(b) f'(0+) = 2 
(c) f'(0-) = 1 
(d) /is not derivable at x = 0 

Solution 

(d) Here, 

!'' for x3 * 0 f71' 
0, for x3 = 0 

f(x) = sgn x3 = { 1 ; 1 ' for X ;t 0 

0, for X = 0 

fr 
' x < 0  

' x= 0 

' x > 0  



Thus, j{x) = sgn x3 = sgn x, which is neither 
continuous nor derivable at 0. Note that 

f'(0+) = lim /( 0 + h)- f(O) 
h ➔ O· h . 1 - 0  = hm - ➔ 00 

h ➔ O· h 

and /'( 0 -) = lim f( O - h) - f(O) 
h ➔ O- h . - 1 - 0 = lim -- ➔ 00 

h ➔ O- h 

f'(0+) * f'( 0 -), : .  f is not derivable 
at x = 0. 

9. Let [ .] denote the greatest integer fuction and 
j{x) = [ tan2 x], then 

/IIT-1993} 
(a) lim f( x) does not exist 

x ➔ O  

(b) j{x) is continuous at x = 0 
( c) j{x) is not differentiable at x = 0 
(d) f'(0) = 1 

Solution 

(b) We have j{x) = [ tan 2 x] 
When x = n ( an integer) 
lim f(x) = lim [tan 2 x] = 0 
x ➔ O x ➔ O 

andj{0) = 0 : . fis continuous at x = 0 

10. The domain of the derivative of the function l tan -1 x if I x I � 1 
f( x) = 

!.( l x l-1) if l x l > l 
is 

2 

(a) R- { 0} 
(c) R- { -1} 

Solution 

(d) The given function is l 
ra

n ' x 
f( x) = 

½( I X 1-1) 

r 
-(-x-1) 

⇒ f( x) = 
l

i"" 

_, X 

-(x -1) 2 

/IIT-2002 SJ 
(b) R- { 1} 
(d) R- { -1, 1} 

if I x I � 1 

if l x l > l  

if x <-1 

if -1 � X � 1 

if X > 1 

Existence of Derivatives D.1 3 

Clearly L.H.L. at ( x  = -1) = lim /(-1- h) 
h ➔O 

R.H.L. at ( x  = -1) = lim/(-1 + h) 
h ➔O 

= lim tan -1 (-l + h) = -3n/4 
h ➔O 

L.H.L. -:f. R.H.L. at x = -1 
j{x) is discontinuous at x = -1 

Also we can prove in the same way, thatj{x) is 
discontinuous at x = 1 
: . f'(x) can not be found for x = ±1 or do­

main off'(x) = R- { -1, 1} 
11. Ifj{x) is differentiable and strictly increasing 

. . f( x2 ) - f( x) function, then the value of �.To f(x)- f(O) 
is /IIT-2004 SJ 
(a) 1 
(c) - 1  

(b) 0 
(d) 2 

Solution 

(c) lim f( x2 ) - f(x) [ Using L.H. Rule] 
x ➔D f( x) - f(O) 

r f'( x2).2x - f'( x) 
}.To f'( x) 

= lim f'( x2 )
.
2x -1 = 0 -1 = -1 

x ➔O f'( x) 

h f . 
{ 

3 x , -1 � X � 1 . 12. T e unction y = 1s 
4- x, 1 < X < 4 

/Roorkee-1994} 
(a) continuous and differentiable at x = 1 
(b) continuous at x = 1 
( c) differentiable at x = 1 
(d) neither continuous nor differentiable 

at x = 1 

Solution 

(b)j{l  + h) = j{ l  - h) = j{l)  = 3 

:. continuous Rf'(l) lim f(l + h)- f(l) 
h ➔ O  h 

lim 4 - (1 + h)- 3 = -1 h 

= Lf'(l) = lim /(1- h) - /(1) = lim 3
1 -h - 3 

h ➔ O  -h -h 

= lim 3(3 -h -1)
( Q )  = 3(-3 -h log 3) = 3log 3 

h ➔ O  -h O - 1  
Rf' (1) -:/- Lf' (1) :. not differentiable. 



D.1 4  Existence of Derivatives 

l
( x-l }sin -1-

13. Let f(x) = x - l 0 if X ,q 

if X = 1 

/AIEEE-2008} 
Then which one of the following is true? 
(a) f is differentiable at x = 1 but not at x = 0 
(b) f is neither differentiable at x = 0 nor at 

x = l 
( c) f is differentiable at x = 0 and at x = 1 
(d) f is differentiable at x = 0 but not at x = 1 

Solution 

(b) By definition 

f'(l) = lim f(l + hi - f(l) , if the limit 
h➔O 

exists. 

lim f(l + h)-/(1) 
h➔O h 

(1 + h -l)sin 
( 

! - ) - 0 1 r 1 +  1 li . = hl!!li h 
= h..To sm h 

As the limit doesn't exist, 
it is not differentiable at x = 1 

Again f'( 0) = lim f( h)- f( O) if the limit 
h➔O h ' 

exists 

lim f(h)- f(0) 
h➔O h 

( h-l)sin -1--sin l  
= lim h-1 

h➔O h 

But this limit doesn't exist. Hence it is 
not differentiable at x = 0 

14. Let.f{x) = x• I x I for real x . .f{x) is differentiable 
at the origin. If n is equal to which one of the 
following? {UPSC-2007} 
(a) -1 
(b) 0 
( c) any real number 
(d) any positive integer 

Solution 

(d) For n = -1, we have f( x) = �. x * 0 
X 

This is not differentiable at origin 

15. 

For n = 0, .f{x) = I x I, not differentiable at 
origin. If n is a positive integer 

lim h" I h I -0 = lim I h I . hn-l 
h➔O h h➔O 

= lim h"- I h I, a ;?: 1 = 0-
n➔o 

Then limit exist and so/'(0) exists. 
Hence.f{x) is differentiable at x = 0 
Thus, .f{x) = x• I x I is differentiable at the 
origin if n is any positive integer. 

r-, for X � 1 
If f(x)= 4x2 - 9  for l < x < 2  then 

3x + 4  for x ;?: 2  
/'(2+) = /EAMCET-2007} 
(a) 0 (b) 2 
(c) 3 (d) 4 

Solution 

(c) f'(2+) = lim ( 
f( x)-/( 2)

) x➔2+ X - 2  

⇒ lim ( 
3x + 4 -10 

) = 3 x➔2+ x- 2 

16. If lim f(x)- f(c) exists finitely, then: 
x➔c X - C  

(a) lim f(x) = f(c) 
x➔c 

(b) lim f'(x) = f'(c) 
x➔c 

(c) lim f(x) does not exist 
x➔c 

(d) lim f(x) may or not exist 
x➔c 

Solution 

/MPPET-2010} 

(b) We know that lim f(x)- f(c) = f'(c) 

if it exist finitely, 
x➔c X - C  

we can say it is differentiable function 
lim f'(x) = f'(c) 
x➔c 

17. Let.f{x) = xl x I andg(x) = sin x. 
/AIEEE-2009} 

Assertion: gof is differentiable at x = 0 and its 
derivative is continuous at that point 
Reason: gof is twice differentiable at x = 0 



Solution 

(c) ./{x) = x lxl andg(x) = si nx 

{
-sin x2 x < 0 

gof (x) = sin(x I x I) = . / 
smx , x :::C: 0 

{
-2xcos x2

, 
:. (gof)'(x) = 2 2x cosx , 

Clearly, L (gof) (0) = 0 

x < 0  
X :::C: 0 

R(gof) '(0) = 0 
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: . gof is differentiable at x = 0 and also its 
derivative is continuous at x = 0 

Now, 

{
-2cos x2 + 4x 2 +sin x2 , x < 0 

(gof) "(x) = 
2x cosx 2 - 4x 2 si nx 2, x  :::C: 0 

:. L(gof) "  (0) = - 2  and R (gof) "(0) = 2 
:. L(gof) "  (O) " R (gof) "(0) 
:. go.f{x) is not twice differentiable at x = 0 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. If./{x) is differentiable everywhere, then which 
one of the following is correct? {NDA-2007} 
(a) 1/ 1  is differentiable everywhere 
(b) 1/ 12 is differentiable everywhere 
(c) /1/ 1  is not differentiable at some points 
(d) None of the above 

2. If./{x) = I x - 3 1, then/ is 
/SCRA-96; RPET-9 7} 

(a) Discontinuous at x = 2 
(b) Not differentiable x = 2 
( c) Differentiable at x = 3 
( d) Continuous but not differentiable at x = 3 

{ 
x + 1, when x < 2 

3. If f (x) = , then /'( 2) 
2x -1, when x :::C: 2 

equals 
/MPPET-97; Karnataka CET-2002} 

(a) 0 (b) 1 
(c) 2 (d) Does not exist 

4. At the point x = 1, the given function 

f (x) = is { 
x3 -1 , 1 < X < oo 

x-1 , -= < x :5;1 
/Roorkee-93} 

(a) Continuous and differentiable 
(b) Continuous and not differentiable 
( c) Discontinuous and differentiable 
(d) Discontinuous and not differentiable 

{ ex + ax, X < 0 
5. If f (x) = 

b(x - l) 2 , x :::C: 0 is differentiable 

at x = 0, then (a, b) is /MPPET-2000} 

(a) (-3, -1) 
(c) ( 3,1) 

(b) (-3, 1) 
(d) ( 3, -1) 

6. The function y = e -!<I is /AMU-2000} 
(a) Continuous and differentiable at x = 0 
(b) Neither continuous nor differentiable at x 

= 0  
( c) Continuous but not differentiable at x = 0 
(d) Not continuous but differentiable at x = 0 

7. The function f (x) = 
l e2x 

��: 

ax + -
2 ' 

x :5; 0  

x > 0  
is 

continuous and differentiable for 

(a) a = l , b = 2 
( c) a = 2, any b 

8. If J ( x) - !  lx' �1' 
thenf'(l )  = 

(a) -1/9 
(c) -1/3 

/AMU-2002} 
(b) a = 2, b = 4 
(d) Any a, b = 4 

for x ;td 

for X = 1 

/EAMET-2003} 
(b) -2/9 
(d) 1/3 

9. If f is a real-valued differentiable function 
satisfying l.f{x) -fly) I :5; (x - y)2, x, y E R and 
./{O) = 0, then ./{1) equal 

(a) 2 
(c) -1 

/AIEEE-2005} 
(b) 1 
(d) 0 
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10. j{x) = l lxl-1 I is not differentiable at 

(a) 0 
(c) 1 

/IIT-Sc.-2005} 
(b) ±1,0 
(d) ±1 

11. The function which is continuous for all real 
values of x and differentiable at x = 0 is 

12. 

(a) I x I 
(c) si nx 

If f(x) = 5, 

r

2

· 8- x, 
f'(x) = 
(a) 1 
(c) 0 

/MPPET-96} 
(b) log x 
(d) x 112 

-1 < X < 3 
x= 3 , then at x = 3, 
x > 3 

/MPPET-2001} 
(b) -1 
(d) Does not exist 

xsm - ; x * 13. Letg(x)=xj{x),where f(x) = x l . 1 0 

at x = 0 
0, X = 0 

/IIT-Sc.-94; UPSEAT-2004} 
(a) g is differentiable but g' is not continuous 
(b) g is differentiable while f is not 
( c) Both/ and g are differentiable 
(d) g is differentiable and g'is continuous 

14. The function j{x) = I x I + I x - II is 
/RPET-96; CEE-02} 

(a) Continuous at x = 1, but not differentiable 
at x = 1 

(b) Both continuous and di fferentiable at 
x = l 

( c) Not continuous at x = I 
( d) Not differentiable at x = I 

15. The set of all those points, where the function 

f(x) = _x_
l 
-

1 
is differentiable, is 

I +  X 

(a) (-oo, oo) (b) [ 0, oo] 
(c) (-oo, 0)u(0, oo) (d) (0, oo) 

16. Let f : IR ➔ IR be a function defined by 
j{x)= Min { x +l, l x l + l}. Then which ofthe 
following is true? /AIEEE-2007} 
(a) j{x) ,::l for all x E IR 
(b) j{x) is not differentiable at x = I. 
(c) j{x) is differentiable everywhere 
(d) j{x) is not differentiable at x = 0 

17. The function j{x) = x• sin (1/x); x -:f. 0,j{0) = 0 
is continuous and differentiable at x = 0. Which 
one of the following is correct? {NDA-2004} 
(a) n E [ 1, oo) (b) n E (1, oo) 
(c) n E (- oo, 0) (d) n E (0, oo) 

18. The function defined by 

l I x - 3 I ; 
f (x) = .!.x2 - �x+

1 3 · 
4 2 4 ' 

(a) Continuous at x = 1 
(b) Continuous at x = 3 
( c) Differentiable at x = I 
(d) all the above 

X ;?:  1 
is 

x < l  
/IIT-88} 

19. The left-h and derivative ofj{x) = [x] sin (nx) 
at x = k, k is an integer and [ x] = greatest inte-
ger � x, is /IIT-Sc.-2001} 
(a) (- Il (k- I)1t (b) (-I)k - 1 (k- l)x 
(c) (-ll lac (d) (-I)k - 1 lac 

20. The function f(x) = 
l ta;

x

' x * O is 
I, x = 0 

/MPPET-2008} 
(a) Continuous but not differentiable at x = 0 
(b) discontinuous at x = 0 
( c) continuous and differentiable at x = 0 
(d) not defined at x = 0 

21. Suppose j{x) is differentiable at x = I and 

lim ! /(1 + h) = 5, thenf'(l) equals 
h ➔ D h  

(a) 5 
(c) 3 

(b) 6 
(d) 4 

22. j{x) = 2a - x  i n- a  < x  < a 
= 3x - 2a in a � x. 

/AIEEE-05} 

Then which of the following is true? 
/Karnataka CET-2008} 

(a) j{x) is differentiable at all x ;?:  a 
(b) j{x) is continuous at all x < a 
( c) j{x) is discontinuous at x = a 
(d) j{x) is not differentiable at x = a 

23. The function f(x) = .!. - -2 
2 , x * 0, is 

x e x - I  
continuous at x = 0. Then 
(a) j{0) -:f. I 
(b) j{x) is differentiable at x = 0 
( c) j{x) is not differentiable at x = 0 

(d) f'( 0) = .!_ 
3 
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SOLUTIONS 

1. (c) If /( x) is differential everywhere, then 
/ I/ I is not differentiable at some points. 

2. (d) Lim f( x) = Lim/ (3- h)  
x➔r h➔O 

= Lim I 3 - h - 3 I= 0 
h➔O 

[ x - 3 1 

0 

Lim f( x) = lim/(3 + h) 
x➔r h➔O 

= lim l 3 + h- 3 l= 0 
h➔O 

Lim f( x) = Lim f( x) = f ( 3) 
x➔r x➔3+ 

Hence,/ is continuous at x = 3. 
Now, 

Lj'( 3)= lim f(3- h)- f(3) 
h➔O -h 

_ 1· I 3 - h - 3 I -0  1· I h I _ l - Im ----- 1m - - -
h➔o -h 11➔0 -h 

= Rf1( 3)= lim f(3 + h)- f(3) 
h➔O h 

L/'( 3) * R/1( 3) . 
Hence/ is not differentiable at x = 3. 
Trick: Can be seen by graph, it is continuous 
but unique tangent is not defined at x = 3. 
Hence it is not differentiable. 

3. (d) Step 1: The right hand derivative of 
the function at the point x = 2 is denoted 
by R/'( 2) or /'( 2 + 0) and the function is 
defined when x > 2 
⇒ f( x)= 2x-l ; x > 2  

Hence 
Rf'( x) l,=2 

= 2 ⇒/'( 2 + 0) = 2 .......... (i) 

Step 2: The left hand derivative of the func­
tion at the point x = 2 is denoted by Lf' ( 2) or 
/' ( 2 - 0) and for this the function is defined 
when x < 2 i.e., f( x)= x + l ; x < 2  

Hence .!!._/( x) I = l ⇒/'( 2- 0)=1 .... (ii) 
dx x=l 

Step 3: /'( 2 + 0) and /'( 2- 0) both are exist 
but not equal. Hence function is not differen­
tiable. 

4. (b) Step 1: /(l- 0) = /(l + 0) = /(l) = 0 
Hence, the function is continuous at x = 1 
Step 2: j' (l- 0) = Lf'(l) = l 

/'( I +  0) = Rj'(l) = 3 
Hence the function is not differentiable at 
x= l 

5. (b) Step 1 : from left hand side, for continuity 
at x= 0 

Function is defined when x < 0 
Hence / ( 0- 0) = Left hand Limit 

= e0 +a x 0= l . . . . . . . . . . . . . .  ( 1 ) 
(In e + ax by putting x = 0 , we get. Left hand, 
Limit) 
Step 2: From right side for the continuity at 
x = 0 function is defined when x > o . 
Hence /(0 + 0) =b ( 0-1) 2 = b  ............ (2) 

Put x = 0 in (/( x)) = b( x-1) 2 
, we get Right 

hand limit 
Step 3: For the continuous function 
Left hand limit = Right hand limit = b 
Step 4: At the point x = 0 left hand derivative 
of function is denoted by Lf' ( 0) or /' ( 0  - 0) 
and for this function is defined when x < 0 
i.e., f ( x) = ex + ax 
Hence f'(0- 0)= ex +a l x=o= l +a ...... ( 3) 

Step 5: At the point x = o , the right-hand de­
rivative of the function is denoted by R/1( 0) 
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or /' ( 0 + 0) and for this function is defined 
when x > 0 i.e., /( x) =b( x-1) 2 

Hence /' ( 0 +  0) = 2b( x-l) lx=O = -2b 
Step 6: For the differentiability /'( 0- 0) and 
/' ( 0  + 0) both exist and are equal with eacho­
ther. 
Hence l +a =-2b 

l +a =-2 (b = I from step 3) 
a =-3 6. (c) We have, /( x) = 

e ' x -{ 
-x > 0 

ex , X < 0 
Clearly,/ ( x) is continuous and differentiable 
for all non zero x. 
Now, 
Lim/ ( x) = limex = l ,  Lim/ ( x) = Lim e-x = l 
x➔O- x➔O x➔O+ x➔O+ 

Also, /( 0) = e0 = l . So, /( x) is continuous 
for all x. 

(LHD at x = 0) = (�( ex) J  = l 
dx j,=0 

(RHD at x= 0) = ( �( e-x) I =-1 
dx j,=0 

So, /( x) is not differentiable at x = 0 

Hence /( x) = e-lx l is everywhere continuous 
but not differentiable at x = 0. 
Aliter: 

e' 

Graph 

So, there is a sharp point at x = 0 hence not 
differentiable. 

7. (c) :. f is continuous at x = 0 
/ W) = / ( 0+) = / ( 0) = -1 

Also L/'( 0) = R/'( 0) 

⇒ Lim /( 0- h)-/( 0) 
h---;0 -h 

I. /( 0 + h)- ( 0) 
1m -----

h---.o h 

[ 
bh 2 

1 
. 

( 
e -2h _ l + 1 J . ah + - - l + l 

⇒ hm --- = hm --�2---
h---.o -h h---.o -h 

⇒ 

⇒ 

(
-2e-lh

J ( 
bh

J Lim -- = Lim a + -
h---.o -1 h---.0 2 

2 =a +  0 ⇒a = 2 ,b any number. 8. (b) Step l : By definition /'(l) = Lim /(l + h)- /(l) 
h---;0 h 

Step 2: Put the given data in the formula which 
is given in step l ,  then we get: l ( -lj  �l 
I. 2(l + h)- 5 -l 3 j 1· 2h- 3  

+ 3 
1m ----�--�-= 1m 

li➔0 h 1,---;0 h 

= l.�( :h
�;: � :) J = li�( 3h ( ;: - 3) J 

= Lim 2 
= -2 -= 

-2 
11➔ 0 3 ( 2h- 3) 3(-3) 9 9. (b) Since l /( x)-/(y) l� (x- y) 2 

Lim I /  ( x)-/ ( y) I � Lim I x - Y I 
x➔y I X - Y I x➔y 

⇒ 1/'( y) l� 0  ⇒ /'( y) = 0 
⇒ f ( y) = constant. 
⇒ f (y) = 0 [ ·: /( 0) = 0 given] 
⇒ /(1) = 0 

{ 
l x l-1, l x l-1 � 0  

lO. (b) - I x I + l ,  I x I -1 < 0 

= { 
I x I -1, x � -l or x � l 

- I x I + l, - 1 < x < l 
1-x-l , 

x + l ,  
= -x + l ,  

x-l ,  

x �-l -l < x  < 0  
0 � x < l 

x � l 

y 

(0 ,  1 )  

-�----+--�----x (-1 , 0 ) ( 1 , 0) 



From the graph. It is clear that f( x) is not 
differentiable at x = -1, 0 and 1. 

11. ( c) Since dy = cos x which is defined at x = 0 
dx 

and no other differential coefficient is defined 
at x = 0 

12. (d) If f( x) = 5, x= 3 
!x + 2, -l < x < 3 

8- x, x > 3  

and /( 3) = 5 

L.H.D. 

= lim f( x)-/(3) 
= lim/(3- h)-/(3) 

x➔ 3- x- 3 h➔O -h 

=lim ( 3- h + 2)- 5 lim -h =1 
h➔O -h h➔O -h 

R.H.D. 

= lim f( x)-/(3) lim/(3 + h)-/(3) 
x➔ 3· x- 3 h ➔O h 

= lim 8 - (3 + h) - 5 
= lim -h 

= -1 
h➔O h h➔O h 

L.H.D. * R.H.D.; f( x) is not differentiable. 

13. (b) Step 1: g( x) = x2sin (�} x "l'- 0 

= 0 , x= 0 

Lg'(0) = g'(0- 0) = lim f( O- h)- f(O) 
h➔O -h 

( 0- h) 2s in ( � ]- o 
=lim O h = 0 

h➔O -h 

Rg'( 0) = g'( 0  + 0) = lim f(O + h)-f( O) 
h➔O h 

( 0 + h) 2s in -1
- - 0  

= lim O + h  = 0 
h➔O h 

Hence Lg'(0) = Rg'( 0) ⇒ g( x) which is a dif­
ferentiable function. 
Step 2: f'( 0  - 0) and f'( 0  + 0) both are not 
defined. Hence f( x) is not differentiable. 
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Step 3: g'( x) = 2xsin ( �)-cos ( �) 

Lg'( 0) =g'( 0- 0) = Notdefined 

Rg'( 0) = g'( 0  + 0) = Notdefined 
g' ( 0) = Notdefined 

Hence g' is not continuous 

14. (a) We have f( x) = l x l + l x-1 1 

l

-2x + l  x < 0  

i

-2x + l  x < 0  
= x- x +l 0 � x < l = 1 0 � x < l 

x + x-1 x ;?; l  2x-1 x ;?: l  

Clearly, 
lim f( x) = 1, lim f( x) = 1, lim f( x) = 1 ~w -r -� 

and lim f( x}= l .  So, f( x) is continuous at 
x➔l

+ 

x= 0, 1 

1-2, x < 0  
Now, f'( x) = 0, 0 � x < l  

2 , x ;?: l  

Here x = 0,f'( 0+) = 0 while /'( 0 -) = -2 

and at x = 1,f'(l + } = 2 ,  while /'0-) = 0 

Thus,.f{x) is not differentiable at x = 0 and 1. 

2 X 

15. (b) Step l :  f( x) = x ,  x ;?; 0  or -- , x ;?; 0  

2 X 

= -x , x < 0  - , x < 0  
1- x 

l + x 

Clearly, for non-zero x, the f ( x) is differen­
tiable 
Step 2: Left-hand derivative 

=Lf'(0) = -2x l _0
= 0 or -1-2 I = 1 x- (1 + x} x=D 

Right-hand derivative = Rj'( 0) = 2xl,=0 
= 0 or 

(1-
1 
x}2 l

x=O 
= 1 

Hence: Lj'(0) = Rj'(0) 

Hence function is differentiable in (-=, + =) 

16. (a) f( x) = min {x + l , l x l +l} 

f( x) = x +  1, -¥-xE R 
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y 

y = -x + 1 y = x + 1 

(0, 1 )  . . . . . . . . . . . . . . . . . . . . .  y = 1 
X '�---r-=-

0
t----�X 

y'  

It is clear from the figure that 
f( x) � l , -¥-xE R 

17. (b) :. f(x) is continuous at x = 0 
lim/(x) = /(0) = 0 
x➔ O 

limx" sin ( .!. J = 0 ⇒ n > 0 
x➔O X 

and / ( x) is differentiable at x = 0 ,  if 

" . l 0 x sm --
lim x 
x➔O X 

exist finitely. 

= limx" -1 sin .!. exist finitely 
x➔O X 

⇒ n-l > 0 ⇒ n > l :. nE (l , oo) 

18. (d) Since lx- 3 l= x- 3 if x � 3 
and /( x)=-x + 3 , if x < 3  

The given function can be defined as 

l 2 3 13 -x -- x +-
4 2 4 ' 

x <  l 
/( x)= 

3- x, l $ x < 3  
x- 3 x � 3  

Now proceed to check the continuity and dif­
ferentiability at x = l . 

19. (a) Step l :  [ x] means greatest integer function 
which is less than x and [ k- h] = -1 
Step 2: At x = k Left-hand derivative 

Lj' (k) = /'(k- 0) = Lim f(k- h)- f(k) 
h--;0 -h 

I. [k- h]sin n(k- h)- [k ]sin nk 
= 1m ----------

h--.o -h 
(k- l) [sin nk cosnh- cosnksin nh]-

=lim -------[_k_] x_s_i_n _nk 
__ _ 

h--;0 -h 

= Lim (k-l) [( 0)cosnh -(-l)k sin nh]- [k ] x 0 
k➔O -h 

(k-1){-(-llsinn h} k = Lim -- - - -� = (-1) (k-l) 1t 
h--;0 -h 

NOTES 
1. sin lm = 0, cos lm = (-l)k 

I . s in n h  1m -- = 1t 
IH O -h 

2. (Quicker Method) 
For the left hand derivative at x = l 
/(x) = (k -l )sin x x < k  
Hence Lf' (x) lx=k = (k -l ) cosnxxnl,=k 

= (k -l) cos 1tk x 1t  = (-1/ (k - l)n 

20. (a) /( x) = x 
ltan x x * 0 l x = O  

For fi:x) to be continuous at x = 0 
/ (0)= lim/( x) Here .fi:0)= l 

x➔O 

l . /( ) 1. tan x 
lffi X = lffi -- = l 

x➔ O x➔O X 

/( 0) = lim/( x) 
x➔O 

fix) is continuous at x = 0, but not differ­
entiable. 

21. (a) /'(l) = lim /(l + h)-/(l) 
h➔O h 

= lim /(l + h) lim /(l) 
h➔O h h➔O h 

Since, Lim f (l + h) 5 
h➔O h 

So, Lim/ (l) must be finite as f ( l )  exist and 
h --;0 h 

Lim /(l) can be finite on ly. If .fi:l) = 0 and 
h--;0 h 

Lim /(l) = 0 
h➔O h 

/'(l) = Lim/ (l + h) 5 
h--;0 h 



22. (d) f( x) = { 2a - x in -a < x < a 
3x- 2a in x '2:.a 

Here.f{a + 0) =a = /(a - 0) 
Also / (a+ 0) = 3,/ (a- 0) =-1 
Here /(a + 0) "#-/ (a - 0), 
. - .  not differentiable. 

23. (b) We have lim/( x) = Lim( !- +-I 
x➔O x➔O X e - I ) 

e2x -l- 2x ⇒ Lim/( x) = lim--2,-----
x➔o .H2 x( e X-1) 

( 
(2x/ 1 

. 
1 + 2x + � + . . . . .  )

- I- 2x = hm -'----�----�--,---
.
•➔ o x (l + 2x + (

2;t + . . . . . . . .  - IJ 

( 2x) 2 ( 2x) 3 

- - + -- +  .......... . 
l . 2 !  3 !  = 1m �---------,-
.<

➔o 
x( 2x + ( 2;( + .......... ] 

22 

2 !  = 2=1=/(0) 

So,f(x) is continuou s  at x = 0 
Now, (LHD at x = 0) 

= lim f(0- h)-/(0) = lim /(-h)- I 
h➔O -h h➔O -h 
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(_! __ 2 _ _ 1) 
h -2 h  l = Lim e -

h➔ O -h 

I. 
e-2h -1 + 2h + h (e-2h -1) = lm ------,-----,-,-----

h➔O h2
(e -2h -1) 

{ l- 2h + ( 2h) 2 

- ( 2h) 3 

+ ..... } + h  
2 !  3 !  

{-2h + ( 2h) 2 

- ( 2h) 3 

+ ..... -1 + 2h} 
2 !  3 !  

- l + 2h = l.� ---

r

-,--
-

-
2h

_
+
_
( 2

-
h)

-2 ----,-i--
h 2 2 !  

( 2h) 3 

� + ......... . 

(-! + iJh3 + . . . . .  
. 3 !  2 !  

= hm -'-�-�-----,-
1H o 

h J (-2 + :� • · · · · · · · J 
Similarly, we  have 

l (RHD at x = 0) = - -
3 

3 

(LHD at x = 0) = (RHD at x = 0) 
Thus,j{x) is different iable at x = 0 

► Slt]Stibb S§§k I :n PkSdlbl!!§ l!Bbit I mat, kSdlbl!!§ POK, kl@ I :a,. ,er :vrrrncre ff DP r:rr ess: :resr ◄ 

{
x, if 0 � x � l  

1. The function f( x) = , is 
l ,  if l < x � 2 

{SCRA-96/ 
(a) Continuous at all x, 0 � x � 2 and differ­

entiable at all x except x = I in the interval 
[ 0, 2] 

(b) Continuous and differentiable at all x in 
[ 0, 2] 

(c) Not continuous at any point in [ 0, 2] 
(d) Not differentiable at any point [ 0, 2] 

2. The function.f{x) = I x I at x = 0 is 
{MPPET-93/ 

(a) Continuous but non-differentiable 
(b) Discontinuous and Differentiable 
(c) Discontinuous and non-differentiable 
(d) Continuous and differentiable 

3. Consider f( x) = 1 1: 1 ' x * O 

0, X = 0 
{EAMCET-94/ 
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(a) f(x) is discontinuous everywhere 
(b) f(x) is continuous everywhere 
(c) f'(x) exists in (-1, 1) 
(d) f'(x) exists in (-2, 2) 

4. The function y = I sin x I is continuous for any 
x but it is not differentiable at 

/AMU-2000} 
(a) x= O only 
(b) x = 1t only 
( c) x = k 1t (k is an integer) only 
(d) x = 0 and x = k 1t (k is an integer) 

5 A f . f( { 
1 + X, X � 2 

. unction x) = is 
5- x, X > 2 

/AMU-2001} 
(a) Not continuous at x = 2 
(b) Differentiable at x = 2 
( c) Continuous but not differentiable at x = 2 
(d) None of these 

6. The function f( x) = x2 sin !. , x * O, j{O) = 0 at 
X 

x = O 
/MPPET-2003} 

(a) Is continuous but not differentiable 
(b) Is discontinuous 
( c) Is having continuous derivative 
(d) Is continuous and differentiable 

7. 

8. 

9. 

X If f( x) = 
1 + I x I 

for x ER, thenf'(O) = 

/EAMCET-2003} 
(a) 0 (b) 1 
(c) 2 (d) 3 

The value of m for which the function 

f( x) = { 
mx2 , x �  l .  

1s differentiable at x = 
2x, X > l  

1, is /MPPET-98} 
(a) 0 (b) 1 
(c) 2 (d) Does not exist. 

Let f( x) = { 
1'. v'x < 0 

then 
1 + smx, VO � x � n/2' 

what is the value off ' (x) at x = 0 

(a) 1 
(c) oo 

f Orissa JEE-2005} 
(b) -1 
(d) does not exist 

10. If f( x) = { 
ax2 + b; x � O possesses deriva-

x2 ; X > 0 
tive at x = 0, then 
(a) a = 0, b = 0 
(b) a> 0, b = 0 
(c) a ER, b = 0 
(d) None of these 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 
1 .  The answer sheet is  immedi at ely below the 

worksheet .  
2. The test is of 1 4  minutes . 
3. The worksheet consists of 1 4  questions . The 

maximum marks ar e 42 .  
4. Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohibit ed . 

1. The function which is continuous for all real 

2. 

values of x and differentiable at x = 2 is 
(a) cos (x - 2) (b) I x- 2 1 
(c) log (x- 2) (d) (x- 2) 112 

x _ 
{ 

cos( nx/2) if I X  I :s; 1 
Let /( ) -

I x-1 1 
Then 

if I X  I > 1 
/is 
(a) a differentiable function 
(b) a continuous function but not differentiable 

at x =-1, 1 
( c) non-differentiable only at x = l 
( d) a discontinuous function. 

3. A function j{x) is defined as follows 
J{x) =- x2, x :$ 0 J{x) = 5x- 4, 0 < x  :$ 1 
J{x) = 4x2

- 3x, 1 < x  :$ 2 J{x) = 3x + 4, x> 2 
(a) J{x) is not continuous at x = 0, but differ-

entiable there 
(b) J{x) is continuous at x = l, but not differ­

entiable there 
(c) J{x) is continuous at x = 2, but not differ­

entiable there 
(d) None of the above 

4. The function f{x) = sin I x I is 
{DCE-2002/ 

(a) continuous for all x 
(b) continuous on ly at certain points 
(c) differentiable at all points 
(d) None of these 

5. Given j{0) = 0 and /(x) = �11 for x =f. 0. 
1- e X 

Then only one of the following statement on 
J{x) is true J{x) is 
(a) continuous at x = 0 
(b) Not continuous at x = 0 

(c) Both continuous and differentiable at x = 0 
(d) Not defined at x = 0 

{ 
I/ I X I, I X I � 1 

6. If /(x) = is differentiable 
ax2 + b, I x I < 1 

and continuous at x = ± l, then 
{JEE ( WB}-1999/ 

(a) a = 112, b = - 3/2 
(b) a = - 112, b = 3/2 
(c) a = - 112, b = -3/2 
(d) a = 112, b = 3/2 

7. Which of the following is not true? 
{Kerala (Engg.')-2002/ 

(a) A polynomial function is always continuous 
(b) A continuous function is always differen­

tiable 
( c) A differentiable function is always continu­

ous 
( d) ex is continuous for all x 

8. If /( x) = tan -' ( x  + 2)' , thenj{x) is 
l l x + 2 1 x ;c-2 

2 , X = -2 

(a) continuous at x = -2 
(b) not continuous at x = -2 
(c) differentiable at x = -2 
(d) continuous but not derivable at x = -2 

9. If/ : IR ➔ IR is an even function which is 
twice differentiable on IR and f'' ( 7t) = 1, then 
/''(-7t) = 
(a) - 1  
(c) 1 

(b) 0 
(d) 2 

10. If/ : R ➔ R,J{x) = l 5 - Ix - 1 0 I , then the num­
ber of points where the functiong(x) = /{/{x)} 
is not differentiable, is 

(a) 0 
(c) 2 

{ICS (Pre')-2004/ 
(b) 1 
(d) 3 

X 11. If /(x) = Jx+f. ✓x be a real-valued func-
x + l - X 

tion then 
(a) J{x) is continuous, but/'(0) does not exist 
(b) J{ x) is differentiable at x = 0 
(c) J{x) is not continuous at x = 0 
(d) J{x) is not differentiable at x = 0 
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12. Let.f{x) = x + I x 1. Then.f{x) is 
(a) differentiable at all x 
(b) continuous at all x except at x = 0 
( c) differentiable everywhere except at x = 0 
( d) discontinuous everywhere except at x = 0 

13. If f( x) = { 
ex

' x < 2 
is differentia-

a + bx, x ;?:  2 
ble for all x E R, then mark one incorrect 
statement 
(a) a +  b = 0 
(b) a +  2b = e2 

(c) b = e2 

(d) None of these 

14. If f(x) = { 
x, 

2x-1, 
0 � X � 1  

, then 
1 <  X 

f Orissa JEE-2002} 
(a) f is discontinuous at x = 1 
(b) f is differentiable at x = 1 
( c) f is continuous but not differentiable at 

x = l 
(d) None of these 
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3. (c) lim f( x)= O 
x➔O-

f(O) = 0, lim f( x) = 4 
x➔O+ 

and lim f( x)= l and lim f( x)= l ,f(l)= l 
x➔l- x➔l+ 

Hence.f{x) is continuous at x = 1 

Also, lim f( x)= 4( 2) 2- 3.2=10 
x➔r 

1{2) = 10 and lim f( x) = 3( 2) + 4 = 10 
x➔2+ 

Hence,.f{x) is continuous at x = 2 

4. (a) If g(x) = lxl and h(x) = sin x, then .f{x) = 
(hog)(x) for all xeR. As both g and h are 
continuous function, therefore, .f{x) is also 
continuous at all xeR. 

6. (b) We have, 

x � - 1 
X 

f( x)= ax2 + b  , -l < x < l 

x ;?: l  
X 

For ftx) to be continuou s  at x = 1, we  must 
have 

lim f( x) = lim f( x) = /(1) 
x➔ l- x➔l+ 

lim ax2 + b  = lim .!.. =1 ⇒  a + b  =1 ..... ( 1 )  

ftx) i s  different iable at x = l 
limj'(l - h) = limj'(l + h) 
h➔O h➔O 



-( ax  +b) = - -d 2 d
(

l
) dx at x=l dx X at x=l 

1 
2a x l = --

I2 

1 a =--

From ( 1 )  and (2) 

a =-_!_ b = i 
2' 2 

. . . . . . . . . . . . . . .  (2) 

7. (b) A continuous function may or may not 
be differentiable . So, (b) is not true. 

8. (b) lim f( x) = lim l� + 2 I 
x➔ -r x➔-2- tan ( x + 2) 

= lim -(x + 2) = - 1 x➔-r tan-' (x + 2) 

[·: lim_ 
tan-' x = 1]  

x➔O X 

l . f( ) li I X + 2 1 1m x = m , 
x➔ -2

+ x➔ -2
+ tan - ( x + 2) 

= lim x + 2  
= 1  x➔ -2

+ tan-' (x + 2) 

lim f( x) does not exist. 
x➔ -2 

{
5 + x , x < l O lO. f( x) = 
25- x, x ;?:10 

{ 
f( 5 + x) f( x) < l O 

g( x) = 

/(25 - x) f( x) ;?:10 

Existence of Derivatives D.25 l 5 + ( 5 + x) , x < 5  
= 25 - (S + x) , 5 < x < 1 5 

5 + (25 - x) , x ;?: 1 5 l l O + x , x < 5  
= 20- x  , 5 � x < 1 5 

30- x  , x ;?: 1 5 
It is now clear to obseive that g(x) is not dif­
ferentiable at x = 5 and x = 1 5 .  

13. (a) Clearly, j{x) is everywhere continuous 
and differentiable except possible at x = 2 at 
x = 2, we have, 

lim f ( x) = lim ex = e2 

x ➔ i- x ➔ i-

lim f(x) = lim ax +b = 2a +b 
x➔2+ x➔2+ 

!(_2) = 2a + b 

Also, (LHD at x = 2) = ( �( ex ) ) = e2 

dx x=2 

(RHD at x = 2) = ( �(ax + b) ) =a 
dx x=2 

For .f{x) to be differentiable at x = 2. It 
should be both continuous and differentia­
ble at x = 2. 

lim f( x) = lim f( x) = /(2) and 
x ➔ i- x ➔ 2+ 

(LHD at x = 2) = (RHD at x = 2) 
⇒ e2 = 2a + b and a = e2 

⇒ a = e2 and b = -e2 

a + b = e2 - e2 = 0 

14. Here, Lt f( x) = Lt x = 1 = /(1) 
x➔r x➔r 

and also Lt f( x) = Lt (2x- 1) = 1 = /(1) 
x➔ l

+ x➔ l
+ 

But, Lj ( 1 )  = 1 and R/( 1 )  = 2 
Thus,fis continuous but not derivable at 1 .  
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LECTURE 

Test Your Skills 

► ASSERTION/REASONING d 
g) ASSERTION AND R EASONING 

TYP E  Q U ESTIONS 

Each question has 4 choices (a), (b), (c) and (d), out 
of which only one is correct. 

(a) Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion. 

(b) Assertion is True, Reason is True and Reason 
is not a correct explanation for Assertion. 

(c) Assertion is True and Reason is False. 
(d) Assertion is False and Reason is True. 

1. Assertion (A) : The function fix) = I x I is dis­
continuous at x = 0. 
Reason (R): The function fix) = I x I is non­
differentiable at x = 0. 

2. Assertion (A) :  The function fix) in the figure 
is differentiable at x = a. 

y 

y' 

Reason (R): The function fix) is continuous 
at x=a 

3. Assertion (A): fix) = x sin (1/x) is differen­
tiable at x = 0. 
Reason (R): fix) is continuous at x = 0 

[NDA-2008/ 

X 4. Assertion (A) : The function /( x) = 
1 + I x  I 

is not differentiable at x = 0. [UPSC-2007/ 

Reason (R): I x I and hene (1 + I x I ) is not dif­
ferentiable at x = 0. 

5. Assertion (A) : For x < 0, 
d
d (ln I x I)= _.!_ 
X X 

Reason (R): For x < 0, I x I= - x  

6. Assertion (A): Derivative of sin -1 ( �) 1 + X 

with respect to cos -1 ( l - x
: ) is 1 for O < x < 1. 

1 + X 

Reason (R) : sin - 1 ( �) = cos - 1 ( l - x: ) I + x  I + x 
for- 1 � x � I 

7. Assertion (A) : ! ( x'' ) = x''. x( I + 2 ln x) 

Reason (R): · : ( xx y = xx' = ex' ln x 

8. Assertion (A): Let / : [ O, oo) ➔ [ O , oo], be 
a function defined by y = fix) = x2, then ( !:; ) ( !;� ) = 1 
Reason (R): (: }( �;) = 1 
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9. Assertion (A) : If /( x) = s in 2 x + sin 2 ( x + }) 

+cos xcos( x + } } then f'(x) = 0. 

Reason (R): Derivative of constant function 
is zero. 

10. Assertion (A) : ! {tan -1 (sec x + tan x) } = 

d 
dx 

{coc 1 (cosec x + cot x) } 

Reason (R) : sec 2 x - tan 2 x = I = cosec 2 

x- cot 2 x 
11. Assertion (A) : If u = .f{tan x), v = g(sec x) and 

r;; du
l 

1 /'(1) = 2, g'( v .c) = 4 , then 
dv 

= r;; 
x = •l4 v 2  

Reason (R): If u = J{x), v = g(x), then the de-
. . f/ . . du du /dx nvahve o with respect to g 1s 

dv 
= 

dv/dx 

12. Assertion (A) : If e'Y + In (.xy) + cos (xy) + 5 
= 0 then dy 

= _ 2:'._ ' dx x · 
d dy y Reason (R): -(xy) = 0 ⇒ -= --
dx dx x 

13. Let/ and g be real valued functions defined on 
interval (-1, 1) such that g"(x) is continuous, 
g(0) ,t. 0, g'(0) = 0, g"(0) ,t. 0, and.f{x) = g(x) 
sin x. {IIT JEE-2008/ 

Assertion (A) : Lim [g(x)cot x - g(0) cosec x] 
x ➔ O  = /''(0) 

Reason (R):/'(0) = g(0) 

ASSERTION/REASONING: SOLUTION 

1. 

2. 

3. 

4. 

5. 

(d) It is clear from figure that.f{x) is continu-
ous at x = 0 but non-differentiable at x = 0. 

y 

y= l x l 

X'  X 

y ' 

(d) At x = a, two tangents can be drawn. 
Hence,.f{x) is non-different iable at x =a but 
continuous at x = a. 

(d) 

(d) 

d l (d) · :  -(ln l x l) = -dx x 

Now, ·: -In I x 1= -ln(-x) = -(-1) = -( 
d d l l ) dx dx (-x) x 

6. 

7. 

(c) · :  s in - 1 ( �) l + X 

, X > l 
= 2 tan -1 x l 

•- 2ton -, , 
-1 :s; x $ l 

and 

For 

Let 

and 

-n- 2tan -1 x X < - l 
cos -- = - l

e
- x 2

) 
{ 2 tan -l X, l + x2 -2tan -1 x, 

0 < x < l 

sm-1 --2 = cos - 1 --2 . 
( 

2x 
) c

- x 2

) l + x  l + x  
u = sin - 1 ( -2:..._) l + x2 

c
- x2

) v = cos -1 l + x2 

du 
C ) - = l . u = v 

dv 

x � 0 
x < 0 

(d) • • d 
( x' ) _ d ( y• _ d ln(x )'' • - X - - X - -e 

dx dx dx = .!!_ exr . ln x  

dx 



= er' . lnx { X2 - �  + ln X.Xx .(1 + ln X) }  

= xx' .  xx-1 {1 + xln x(l + ln x) }  

8. (d) · :  y = x2 ⇒ dy = 2x ⇒ d2y = 2 dx dx2 

Now, y = x2 

⇒ 

⇒ 

dx dx 1 1= 2x- ⇒ -= -dy dy 2x 
d2x 1 dx 1 

dy
2 = -

2x2 • dy 
= -

4 x3 

( 
d2y 

)( 
d2x ) ( 1 

) 
1 

dx2 dy2 - ( 2) 
4x3 -

2x3 

But : = ! ⇒ ( !}( :)=1 

dy 

9. (a) · :  .f{x) = sin 2 x + sin2 ( x + �) 

+cos xcos( x + i )  
= ½{ 2sin 2 x + 2sin 2 ( x + i) 

+2cos xcos( x + i )} 
= ½{ (1 - cos 2x) + ( 1 - cos( 2x  + 

2
37t ) ) 

+ cos( 2x  + i ) + cos i } 
= ½{% + cos( 2x + i )- cos 2x 

-cos( 2x + 2t ) = ½H + cos( 2x + i )  
-2cos( 2x + �) cos � } = .!.{� + o } = � 

3 
. 

3 2 2 4 

: . f(x) = 0 

d 10. (b) · :  
dx 

{tan - 1(sec x + tan x) } 

- - tan ---_ d 
{ _ 1 ( 1 + sin x 

) } dx COS X 
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= !(� + �)= ½ 

d and 
dx { coC 1 (cosec x + cot x)} 

= !!__{coc 1 ( 1 + _cos x 
) } dx smx  

11. (a) · :  u = ./{tan x)  ⇒ du = J' (tan x) sec 2 x 
dx 

dv v =g (sec x) ⇒ 
dx 

= g' (sec x) sec x tan x  

du _ ( du/dx) _ f'(tan x) 1 
dv 

- ( dv/dx) - g'(sec x) ' sin x 
du 

I = f'(l) .✓2 = 3-.✓2 = _
1 

dv X = �  g'( ✓2) 4 ✓2 
4 

12. (a) · :  e"Y + In (xy) + cos (xy) + 5 = 0 

then exy !!_( xy) + _
l_!!_ 

dx ( xy) dx 

( xy)-sin( xy) !( xy) = 0 

⇒ !( xy) {exy !-sin( xy) }= o 

exy + _!__ -sin( xy) * 0 
xy 

d 
dx ( xy) = O 

⇒ x !  + y.1= 0 ⇒ dy =-2:'.. 
dx X 

13. (b) 1st Solution 
.f{x) = g(x) sin x we have f'(x) = g(x) cos x + 
g'(x) sin x 
f'(O) = g(O) 
f"(x) = 2g'(x) cos x -g(x) sin x + g"(x) sin x 
f"(O) = 2g '(O) = 0 

lim[g( x)cot x -g( O)cosec x] 
x ➔ O 

= lim g( x)cos x -g(O) 
x ➔ O Sin x 
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= lim g'( x)cos x -g( x)sin x 
x ➔ O  COS X  

(using L 'Hospital 's rule) 
g'(0) = 0 = f'(0) 
Statement-I and statement 2 are both true but 
statement-2 doen't explain statement- I. Then 
the correct choice is (b ). 
2nd Solution: 
(Appealing to definition of differentiable coef­
ficient at a point) 

f"(0) = lim f'(x)- f'( O) 
x ➔ O  X 

= lim g( x)cos x + g'(x)sin x -g( O) 
x ➔ O  X 

li g( x)cos x -g(O) 1. g'( x)s in x = m ------ +  1m ---
x ➔ o X x ➔ O  X 

_ li g( x)cos x -g(O) s in x  '( O) - m . .-- +g 
x ➔ O Sln X X 

- 1m . . m -- + - ( 1
. g( x)cos x -g( O)

) ( li 
sin x

) 0 
x ➔ O  Sln X x ➔ O  X 

= lim(g( x)cot x -g( O)cosec x) 
x ➔ O 

! IT-BOOSTER 

1. Let f(x) = xe , x . Test whether l -{ �+� ) ;t 

0 
0, X = 0 

(i) j{x) is continuous at x = 0 
(ii) j{x) is differentiable at x = 0 

/IIT-199 7} 

Solution 

(i) Continuity: R = L = V= 0 at x = 0 
continuous 

R lim he-= = 0 L lim - he-0 = 0 = V 
h ➔ O  h ➔ O  

(ii) Differentiability: 

R, 1 · he- -0 1 · - 0 = 1m --- = 1m e = 
h 

L' = lim -he-0 - O = l 
-h 

Since R' -=I- L' . ·. Not differentiable. 

2. If/: [-2a, 2a] - R be an odd function such 
that left hand derivative at x = a is zero and 
j{x) = j{2a - x), x E (a, 2a) then find left hand 
derivative offat x = -a. 

/IIT-2003} 

Solution 

Given j{- x)= -j{x) .................... (1) 

Lf'(a) = Lt f(a - h)- f(a) = 0 
h ➔ O -h 

.................... ( 2) 

since left hand derivative is zero. 
j{x) = j{2a - x), x E (a, 2a) .................... ( 3) 
We have to find Lf'(-a). 

Lf'(-a) = Lt f(-a- h)- f(-a) 
h ➔ O -h 

L -f(a + h) + f(a) = h Jo -h ' by (1) 

= Lt -f{2a- (a- h) } + f(a) 
h ➔ O  -h 

L -f(a- h) +  f(a) = h Jo -h by ( 3) 

= Lt f(a- h)- f(a)= O  b (2) 
h ➔ O -h ' y 

3. Discuss the differentiability of sin { x  (x- [ x])} 
vwin (- x/2, x/2) /IIT-1992} 

Solution 

j{x) = sin [ x  (x- { x})] 

l 

sin n(x + 2) = sin (27t + nx) = sin nx,I 
sinn(x + l ) = sin (n + nx) = -sin nx,JJ 

f(x) = 
sinn(x- 0) = sin (nx- 0) = sin nx,JJJ 

sinn(x-1) = -sin(1t- 1tX) = -sinnx,IV 

Consider x = I, x = - I  

L'(l) = sin n(l -h) - 0 = sinnh = -n III 
-h -h ' 

R'(l) = -sin n(l + h) -0 = sin nh = 7t IV 
h h ' 



Since L' (1) =f. R' (1) . - . function is not differen­
tiable at x = 1. 
Simi larly, it can be shown that L' (-1) = - 1t, R' (-1) 

= 7t hence not differentiable at x = - I  also. 

4. Let h(x) = min { x, x2}, for every real number 
of x. Then 

/IIT-1998/ 
(a) h is continuous for all x 
(b) h is differentiable for all x 
(c) h'(x) = 1, for all x > I 
( d) h is not differentiable at two values of x. 

Solution 

(a), (c), (d) 
Let us consider continuity and differentiability 
for X = 0, 1. 
Hence we define the function h(x) = min 
{ x, x2} as under: 

i
x, 
0, h(x) = 2 X ,  

X, 

y 

x < O 
x = O 
0 < x  < 1  
X > 1 

y = x 

Clearly h(x) being a po lynomial in x is con­
tinuous for all x ⇒ (a). 
Also h'(x)= l V x> l  ⇒ (c). 
Again both at x = 0 and x = I, h(x) is not dif­
ferentiable as 
L ' =f. R'⇒ (d) 

5. Let/: R ---+ R be a function defined by .f{x) = 
max { x, x3 } .  The set of all points where .f{x) is 
NOT differentiable is 

(a) {-1,1} 
(c) { O, l} 

/IIT-2001S/ 
(b) {-1, 0} 
(d) { -1, 0, l} 
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Solution 

(d).f{x) = max, 

i
x 
xJ 

{x,xi } = 
x 
X

l 

f'(x) = 1 ,;, 
3x2 

X < -1 
-1 � X � 0 
0 < x < 1 
x � l  

X <-1 
-1 � X � 0 

0 < x < I 
x � I  

.,, 

. . . -· · 

\.-·· 
(1 , 1 ) 

Clearly/ is not differentiable at-1, 0 and 1 
Alternative: Graph of.f{x) = max { x, x3 } is as 
shown with solid lines. From graph at x = -1, 
0, 1 we have sharp turns, 

.f{x) is not differentiable at x = -1, 0, 1. 

6. Which of the following functions is differen-
tiable at x = O? flIT-2001SJ 
(a) cos ( I x I) + I x I (b) cos ( I x I) - I x I 
(c) sin ( I x I) +  I x I (d) sin ( I x I)- I x I 

Solution 

(c), (a) 
f COS X  - X, X < 0 

(A)/(x) = cos lxl + lxl = l cos x+x, x � O 

At  x = O 
f'(x) = . LD = -1 {

-sin x -1, x < 0 
-sm x + l, x � O 

RD = l 

Not differentiable 

{
cos x + x, 

(b) /( x) = cos lxl- lxl = 
cosx - x, 

Not differentiable at x = 0 

x < O  
x � O  



D.32 Test Your Ski l l s  

{
-sin x + x, 

(c) f(x) sin lxl - lxl = . sm x - x, 
x < 0  
x � 0  

, {
-cos x + l, x < 0  

f (x) = 
+ cos x - 1, x � 0 

At x = 0 
LD = 0 
RD = 0 

f is differentiable at x = 0. 

(d) f(x) = sin lxl + lxl = . ' {
-sin x - x 
+ sm x + x, 

Not differentiable at x = 0 

x < 0  
x � 0  

b , - 1 ( 
X + C ) sm -

2
- 1 -- < X < 0 2 

7. f(x) = 1/2 x = 0 
ax 

e2 -1 1 
X 

0 < x < 2 
If.f{x) is differentiable at x = 0 and I c I < 1/2 
then find the value of ' a' and prove that 64b2 = 
( 4 - c2) . /IIT-2004} 

Solution 

For differentiability at x = 0, we must have 
R' = L' 

or Lt f(0 + h) - f(0) 
h ➔ O  h 

= Lt f(0 - h) - f(0) 
h ➔ O  -h /l - 1  1 ( eih - l ) - !!_  --- - 2 

R' = Lt h 2 = Lt �-�-
h ➔ o h h ➔ O  h2 

= Lt 
[ 1 + ( i h) + ½i( i h J + .. · - 1 ] - � 

h ➔ O  h2 

h a 2 
2 (a-1)

2
+

8
h + ..... 

= Lt ---=----,'"-----
h ➔ o h 2 

For the limit to exist we must have a - 1 = 0 
i.e., a = 1 and in that case _81 h2 + ..... 1 R' = Lt ��-

h ➔ o h2 - 8' 

b . 1 C - h 1 sm- --- - 1 L' = Lt 2 2 = R' = -
h ➔ O  -h 8 

By expansion of sin-1 x the L.H.S. is 

b {  c ;
h 

+ �( c ;
h J + l\t( c ;

h r- - - } - �  
Lt �---�-�--�-���-

h ➔ o -h 

The constant term in N" will be zero and the 
coefficient of -h in the N' will be 

b 
{ 

I2 

( 
c 
)

2 I2 . 3 2 

( 
c 
)

4 

} 2 l +
3!

3 2 +
�

.5 2 + .... 

Above is clearly differentiation of bsin - 1 :: at 
2 

x = c which much be equal to ! = R' 8 

64b 2 = 4 ( 1 - � ) = 4 - c2 • 
8. For a real number y, let [y] denote the greatest 

integer less than or equal to y. Then 

f( x) = tan(n[x -n]) 
l + [x]2 lS 

(a) discontinuous at some x 
(b) continuous at all x, but the derivative f(x) 

does not exist for some x. 
(c) f(x) exists for all x but second derivative 

f'(x) does not exist. 
(d) f(x) exists for all x .  

Solution 

(d) By definition [ x- x] is an integer whatever 
x may be and so x [ x - x] is an integral mul­
tiple of x. 
Consequently tan (x [ x  - x]) = 0 for all x. 
And since 1 + [ x]2 -=I- 0 for any x, we conclude 
that.f{x) = 0. 
Thus .f{x) is constant function and so it is 
continuous and differentiable any number of 
times, that is f'(x),f"(x), 
f"'(x) ... , f" (x), ..... , all exist for every x, their 
value being 0 at every point x. Hence of all the 
given alternatives only ( d) is correct. 



9. Let [ x] denote the greatest integer less than or 
equal to x. If.f{x) = [x sin 1t x], then.f{x) is 

/IIT-1986} 
(a) continuous at x = 0 
(b) continuous in (-1, 0) 
( c) differentiable at x = I 
(d) differentiable in (-1, 1) 

Solution 

(a), (b) and (d) By def. of [ x], we easily see 
that.f{x) = [x sin 1t x] = 0 when- I :,;; x :,;;  1 

[ Note that -1 :,;; x :,;; 1 ⇒ 0 :,;; x sin 7TX :,;; !. ] 
2 

and.f{x) = [x sin xx] = -1 when 1 < x < I + h, 
(h small) 
[ Note that: x sin xx becomes negative and nu­
merically less than 1 when x is slightly greater 
than 1 and so by def.of [ x] [ x  sin xx] = -1 
when l < x < [ l + h]] 
Thus .f{x) is constant and equal to 0 in the 
closed interval [-1, 1] and so .f{x) is continu­
ous and differentiable in the open interval 
(-1, 1). At x =1, 
.f{x) is clearly discontinuous since .f{l - 0) = 0 
and.f{l + 0) = -1 and.f{x) is non-differentiable at 
x = I. Hence (a), (b) and (d) are correct answers. 

10. If.f{x) is twice differentiable polynomial func­
tion such that.f{l) = 1,1{2) = 4,1{3) = 9, then 

/IIT (Screening')-2005} 
(a) f'(x) = 2, V x E R 
(b) There exist at least one x e (l, 3) such that 

f "(x) = 2 
( c) There exist at least one x E (2, 3) such that 

f(x) = 5 = f'(x) 
( d) There exist at least one x E (1, 2) such that 

.f{x) = 3 

Solution 

(b) Let a function be g(x) = .f{x) - x2 

⇒ g(x) has at least 3 real roots which are x 
= 1, 2, 3 

⇒ g'(x) has at least 2 real roots in xE (1,3) 
⇒ g"(x) has at least 1 real roots in x E(l, 3) 
⇒ f (x) = 2 for at least one x E(l, 3) 
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11. Let F(x) = .f{x) g(x) h(x) for all real x, where 
.f{x), g(x) and h(x) are differentiable functions. 
At some point x0, F'(x0) = 2 IF(x0), f(x0) = 
4.f{x0), g'(x0) = -7g(x0) and h'(x0) = kh(x0) . 
Then k = ..... /IIT-199 7CJ 

Solution 

F(x) = .f{x) g (x) h(x), V x E R 
.f{x), g(x), h(x) are differentiable functions, 
therefore 
F'(x)= f (x) g(x) h(x) + .f{x) g'(x) h(x) + .f{x) 
g(x) h' (x) 
At x = x0 
F'(x0) = f (x0) g(x0) h(x0) + .f{x0) g'(x0) h(x0) 
+ .f{x0) g(x0) h'(x0) using the given values of 
F'(x0), f(x0), g' and h'(x0) we get 21 F(x0) = 
4.f{x0) g(x0) h(x0) -7 .f{x0) g(x0) h(x0) + kh(x0) 
.f{x0) g(x0) 
⇒ 21 = 4- 7 + k ⇒ k=24 

12. The function given by y = I I x I -1 I is dif­
ferentiable for all real numbers except the 
points /IIT-2005 SJ 
(a) { 0, 1,-1} (b) ±1 
(c) 1 (d) -1 

Solution 

(a) Given function is y = 1 1  x 1-1 I 

or y= {
- l x l +l if l x l < l  

l x l-1 if l x l-1 

= {
- l x l +l if -l < x < l 

I x I -1 if I x I :,;; -1 or x � I 

r

-1 if X :,;;-I 
x + I  if -1 < X < 0 

-x + I  if 0 :,;; x  < I 
x - l if X � I 

Here Ly' (- I) = -1 and Ry' (-1) = 1 
Ly'(0)= I and Ry'(0) =-1 and Ly'(l)=-1 and 
Ry'( l ) = 1 
⇒ y is not differentiable at x = -1, 0, 1 

(a) is the correct option 
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Alternative: 

(0, 1 )  

(-1 ,0) 0 (1 ,0) 

Graph ofy = 1 1  x 1-11 is as follows: 
Which has sharp turnings at x = -1, 0 and 1 
and hence not differentiable at x = -1, 0, 1. 

13. Let./{x) be defined in the interval [-2, 2] such 
that ./{x) = -1, -2 :o; x :,;  0 = x-1, 0 < x :,;  2 and 
g(x) = ./{lx l) + 1/{x) I 
Test the differentiablity of g(x) in (-2, 2). 

/IIT-1986/ 

Solution 

We have ./{x) = -1, -2 :o; x :,;  0 
= x-1, 0 < x :,; 2  

and g(x) = ./{lx l) + 1/{x) I 
Hence g(x) invo lves lx l and Ix -1 1 or 1-1 I = 1 
Therefore we should divide the given interval 
(-2, 2) into the following intervals. 

I I 12 13 
[-2, 2] = [-2, 0) [ O , 1) [ l, 2] 
x=-ve +ve +ve 
lx l = +ve +ve +ve 

J{x) = -1 -1 x-1 x-1 

Al X I ) = I X  1-1 I X  1-1 I X  1-1 
=- x-1 = x-1 = x-1 
IJ{x) I = 1-1 1 lx-1 1 I x-1 1 
= 1 =- (x-1) = x-1 

Using above we get g(x) =/I x I + IJ{x) I 
=- x-1 + 1 =- x in l1 

in 12 = x - I - (x -1) = 0 
in 13 = (x -1) + (x -1) = 2 (x -1) 
Hence g(x) is defined as follows: 
g(x) = -X, -2 :,; X :,;  0 

= 0, 0 < x  < 1 
= 2 (x- l), l :o; x :,; 2  

Clearly g'(x) = -1, 0, 2 respective ly as g(x) is 
po lynomial in x. 

Also Lg'(0) = -1 ; Rg'(0) = 0 (not equal) 
Lg'(l) = 0 ;  Rg'(l) = 2 (not equal) 
Hence g(x) is not differentiable both at x = 0 
and x = 1. 

14. /'( O) = Lim n/( .!_) and ./{O) = 0. Using 
n-too n 

this find Lim ( (n + 1) 3.cos -'( .!_ ) - n ), 
11 -t oo 7t n 

I I 1 1 
1t cos - ;; < 
2 

/IIT-2004/ 

Solution 

To find Lim [ (n  + 1) 3.cos -'( .!_ )- n ] 
,, _,, 00 1t n 

= Lim n [(1 + .!_) 3.cos -'( .!_) - 1 ] ,,_,,00 n n n 

= lim n/( .!_) n -t oo  n 

where /( x) = [ (1 + x) �cos - 1 x - I ]  s.t../{O) = 

[ 
2 I ] 2 1t  (l + O) -cos - 0-1 = -. --1= 0 1t 1t 2 

15. If./{x) = min { l, x2, x3 } , then 
/IIT-2006/ 

(a) ./{x) is continuous V x ER 
(b) /(x)> O, Vx> l 
(c) ./{x) is continuous but not differentiable V 

X ER 
(d) ./{x) is not differentiable at two points 

Solution 

(a, c) from graph ./{x) is continuous every 
where but not differentiate at x = I. 

y = x' 
y = x2 

y = f(x) 
y' 



( x  l)" 16. Let g( x) = ----- ; 0 < x < 2 , m and 
logcos m ( x-1) 

n are integers, m =f. 0, n > 0, and let p be the 
left hand derivative of I x - I I at x = l. If 
Lim g(x) = p, then 
x ➔ I+ 

(a) n = l, m = l 
(b) n = l, m =-l 
(c) n = 2, m = 2 
(d) n> 2, m = n 

Solution 

{IIT JEE-2008/ 

(c) First Solution: (App lying the definition of 
differential coefficient at a point) 

( x) = ( x  -1)" . g logcos m ( x  -1)' 

p = Lim g(x) = Lim ( x  -l)" 
x➔,· x➔1· logcos m (x-1) 

Set x = I + h, then h > 0. Also the limit 
reduces to 

h" h" 
p = Lim --- = Lim ---­

h➔o log cos m h h➔O m log( cos h) l h" 
= - Lim -----­

m h➔o log [l - (l - cos h)] l 1 . h" = - 1m ----------

m · h➔o log [l - (1- cos h)] 
(l - cos h) 

.(1- cos h) 

- l I' h"-2 l h2 

- -;;;· l.2J . log [l - (l - cos h)] "l - cos h 
I- cos h 

= _!_ Lim h"-2 l _h_2_ 
m h➔o ·1og [l- (l- cos h)] "

2 . 2 h 

I- cos h 
Sm 2 

= � { t� hn-2 ) [  • log[l -\1- COS h)] 
]

· 
hm �-----
h➔o 1- cos h 

2 l lim 

r !!.!l: l

2 
l 11➔0 • h sm -

2 

Test Your Ski l l s  D.35 

= �- ( t� h"-2 )[ • log [l -\1 - cos h)]
] hm ------

h➔o 1- cos h 

l �� [ :.�i ll 
= 2. ( lim h"-2 ).(-1)(1) = _ 2(1im h"-2 ) 

m h➔O m h➔O 

As p is the left hand derivative of I x - l I at x 
= I we have p = -1, as can be seen from the 
graph of y = Ix - I I using p = -l in (A), we 

have P = -2( Lim h"-2 ) 
m h➔O 

y = -x + 1 

0 

⇒ -1 = -2 (  lim h"-2 ) 
m h➔O 

y = l x - 1 I 

For the above to be satisfied, n = 2 which 
. 2 gives, I= - . l 

m 
⇒ m = 2 Thus m = 2 and n = 2. 
2nd Solution (Using L'Hospital's rule) 
We have, as in the first solution 

h" h" 
p = Lim --- = Lim ---­

h➔o logcos m h h➔o mlog(cos h) 

= - hm ---- - form 
l . h" 

( 
0 

) m h➔o log(cos h) 0 l . nh"-1 n . h"-1 
= - hm -- =-- hm --

m h➔o -tan h m h➔o tan h 

n I' h n-2 ( 
h 

) = --;;; l..To · tan h 

= _!!._( lim h"-2 )( Lim _h_) m h➔o h➔o tan h 
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But p = -1, which gives 

-1- � { Lim h" -2 ) ⇒ 1 = � { Lim h" -2 ) 
m h---.o m h---.o 

For the above to be satisfied n = 2, which then 
gives 

n 1 = -. 1 ⇒ m = n Thus, m = n = 2, as before. 
m 

17. If.f{x) is a differentiable function such that/: 

R-R and t( � ) = 0 V n � I, n E J then 

{IIT Screening-2005/ 
(a) .f{x) = 0 V x E (0, 1) 
(b) .f{0) = 0 = /(0) 
(c) .f{0) = 0 but /(0) may or may not be 0 
(d) l.f{x) l .'.S l, V x E (0,1) 

Solution 

(b) /(1) = t( ½ ) = t( } ) 
. . . . . . .  = Lim f ( .!. ) = 0 n ➔ oo n 

Since there are infinitely many points in 
X E (0, 1) 

where.f{x) = 0 and Lim t( .!. ) = 0 ⇒ /(0) = 0 n ➔ oo n 

And since there are infinitely many points in 
the neighbourhood of x = 0 such that 
⇒ J{x) remains constant in the neighbour­

hood ofx = 0 
⇒ /(0)= 0. 

18. The function .f{x) = max [ (l - x), (1 + x), 2], 
x E(-oo, oo), is 

{IIT-1995/ 
(a) Continuous at all points 
(b) Differentiable at all points 
( c) Differentiable at all points except at x = I 

and x = -1 
(d) Continuous at all points except at x = 1 and 

x = -I where it is discontinuous. 

Solution 

(a, c).f{x) = max { (l - x), (1 + x), 2}; V x E 
(- oo, oo) 

l

l + x 

f(x) = 2 1 - x 
X > I 

- l � x � l  x < -1 
Since J{x) = 1 - x or 1 + x are polyno­
mial functions and .f{x) = 2 is a constant 
function. 

These are continuous at all points ... (i) 

y 

y = 1 - x y = x + 1 

· · · · · · · · · · · · · · · ·"-· �--+---,,.,·· · · · · · · · · · · · · · ·  
(-1 ,  2) ·· · · . . . . . . . . . . . . . ( 1 ,  2 ) 

· • . , , • · · · · · 
-----0-=+-----�►x 

J{x) is differentiable at all the points, ex-
cept at x = I and at x = -1. ........ (ii) 

MENTAL PREPARATION TEST 

1. Prove that the greatest integer function [ x], is 
not differentiable at x = 1. 

2. Prove that the function l _ 1 l 
f(x) = 

xtan �, x * 0 

0, x= O  
is continuous at x 

= 0, but not differentiable at x = 0. 

{ l 2x -13, ifx � 3 
3. Show that /(x) = 2 • is dif-

2x + 5, 1fx > 3  

ferentiable at x = 3. Also, find f'(3). 

4. Prove that the function /(x) = .!. is differen­
x 

tiable for all x, except x = 0. 



5. Show that the function 

f(x) = - ' is not differen-
{ X 1 ifx < 2 

2x - 3, ifx � 2 

tiable at x = 2. 

6. Find the value of a and b is the function 

{ x2, ifx � 1 
f(x) = derivable at x = 1. 

2ax + b, if x > 1 
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7. Prove that there does not exist any differ­
ential coefficient at x = 1, of the function 

f(x)= { x2 -l, x � l 
1- x, X < 1 

8. Show that.f{x) = x2 is differentiable at x = 1 
and find f(l). 

9. Draw the graph of the function y = [x] + 1 1 
- xl, - 1 � x � 3. Determine the points, if any, 
where this function is not different iable. 

LECTUREWISE WARM UP TEST 

1. If .f{x) is not differentiable finitely at x = 2 
and .f{x) + g (x) is differentiable finitely at 
X = 2, then 
(a) g(_x) must be differentiable finitely at x = 2 
(b) g(_x) must be continuous at x = 2 
( c) g(_x) may not be differentiable at x = 2 
(d) g(_x) can not be differentiable at x = 2 

2. Which of the following function is differen-
tiable at x = 0? /IIT Screening-2001} 
(a) cos ( l x l ) + l x l (b) cos ( l x l )- l x l 
(c) sin ( I x I ) +  I x I (d) sin ( I x I )- 1 x I 

3. Let f(x)= j xe-
{ �

+
� ) x ;t 0, then 0, x= 0 

/AIEEE-2003} 
(a) .f{x) is continuous at x = 0 
(b) .f{x) is differential at x = 0 
(c) .f{x) is continuous as well as differentiable 
(d) .f{x) is neither continuous nor differentiable 

4. Let.f{x) = 1 - I cos xl for all x ER. Then mark 
one incorrect statement: 
(a) f'(x/2) does not exist 
(b) .f{x) is continuous everywhere 
(c) .f{x) is not differentiable anywhere 
(d) Lim f(x) = 1 x➔i+o 

5. If.f{l) = 8,f'(l) = 1/8 and function/is differ­
entiable also/is invertible and g = J -1 , then: 
(a) g'(l) = 8 (b) g'(l) = 1/8 
(c) g'( 8) = 8 (d) g' ( 8) = 1/8 

6. If f : R➔R is continuous and differentiable 
function such that .f{l/n) = 0 forVn E J and 
n � 1, then /IIT (Screening')-2005} 

(a) f(0) = 0 = .f{0) 
(b) .f{0) = 0 butf(0) -=I- 0 
(c) .f{x) = 0, x E (0, 1] 
(d) None of these 

7. Consider the following statements with 
respect of the function,.f{x) = l ln l x 1 1  

(i) It is symmetric about y-axis 
(ii) It is continuous at every value of x 

(iii) It is differentiable at x = ± 1. The which 
of above is/are correct? 

(a) 1 only (b) 2 only 
(c) 1 and 3 (d) 1, 2 and 3 

8. The function.f{x) = sin-1 (cos x) is 
(a) continuous at x = 0 
(b) discontinuous at x = 0 
( c) differentiable at x = 0 
(d) None of these 

9. If f(x) = ! tog( 
1 + px

) and .f{0) = p + q, 
X 1 - qx 

then 
(a) Function has a discontinuity of the 1 st kind 
(b) Function has a removable discontinuity 
( c) Function has a discontinuity of the 2nd kind 
( d) Continuous function at x = 0 

s in( 27t[x -1]) 10. If f(x) = 2 which one of the fol-
1 + [x] + [x] 

lowing is correct? 
(a) .f{x) is a discontinuous function 
(b) .f{x) is continuous, butf(x) is discontinuous 
(c) f(x) is continous butf'(x) is discontinuous 
(d) All derivatives off(x) exists. 
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11. j{x) = [ sin x] + [ cos x], x E [ 0, 2x], where 
[ .] denotes the greatest integer function. 
Total number of points where j{x) is non­
differentiable is equal to 
(a) 2 (b) 3 
(c) 5 (d) 4 

12. Ifj{x) = I x - 3 1 + I x - 4 1, then in the interval 
[ 0, 5], the function j{x) is 
(a) differentiable at x = 3 
(b) differentiable at x = 4 
( c) not differentiable at x = 3 and x = 4 
(d) not continuous in the interval [ 0, 5] 

13. There exists a functionj{x) satisfying j{0) = 1, 
f '(0) = -l,j{x) >0 for all x and 
(a) f(x) < 0, V x 
(b) -1 < f "(x) < 0, V x 
(c) -2 <f"(x) :'.S-l, Vx 
(d) f "(x) < -2, V x 

14. Letj{x) = xP cos (1/x), when x -:f. 0 and j{x) = 0 
when x = 0. Then j{x) will be differentiable at 
x = 0 if /Orissa (JEE)-2002} 
(a) p >  0 (b) J! >  I 

1 (c) 0 < p < l  (d) 2 < p < l  

15. The function j{x) = Ix I + I x - 1 1 is 
(a) Continuous at x = 1, but not differentiable 
(b) both continuous and differentiable at x = I 
( c) not continuous at x = I 
( d) not differentiable at x = I 

16. fj{x) is a differentiable function andf'(0) = a, 

then lim 2/(x) - 3 f (2x) + f (4x) = 
x ➔ O  X

2 

(a) 3a (b) 2a 
(c) 5a (d) 4a 

17. A function/: R ➔ R satisfies j{x + y) = j{x) 
f{y) for all x, y ER andfix)-:f:. 0 for all x ER. If 
j{x) is differentiable at x = 0 andf'(0) = 2, then 
f(x) is equal to which one of the following 

(a) j{x) 
(c) 2j{x) 

{NDA-2004} 
(b) -j{x) 
(d) j{x)/2 

18. Letj{x) be a differentiable even function, con-
sider the following statements 

(i) f '(x) is an even function 
(ii) f '(x) is an odd function 

(iii) f '(x) may be even or odd 

Which of the above statements is/are correct? 

(a) (i) only 
(c) (i) & (iii) 

{NDA-2004} 
(b) (ii) only 
(d) (ii) & (iii) 

19. Let g(x) be the inverse of an invertiable func­
tion j{x) which is differentiable at x = c. 
Which one of the following is equal tog'[/{ c)]? 

(a) f(c) 
(c) j{c) 

{NDA-2004} 
(b) 1/f'(c) 
(d) 1/.f{c) 

20. Ifj{x) is differentiable function such that j{0) 
= 0, j{l) = 1 and f(x) > 0 V x e [ 0, 1] and 
degree of j{x) � 2, then 
(a) j{x) = $ 
(b) j{x) = ax+ ( l -a)x2; a  ER 
(c) j{x) = ax + ( I  -a)x2

; a E (0, 2) 
(d) j{x) = ax + ( I  -a)x2

; a E (0, oo) 

21. If/ is a real valued differentiable function sat­
isfying !f{x) -f{y)I � (x - y)2, x, y E R and j{0) 
= 0, then j{l) equals 
(a) 2 
(c) -1 

(b) 1 
(d) 0 

22. The number of points in the interval (0, 2) 
where the derivative of the function j{x) = 
I x - 1/2 1 + I x - 11 + tan x does not exist is 

/MNR-1998} 
(a) 1 
(c) 3 

(b) 2 
(d) 4 

{
I 2x - 3 I [x], x � I 

23. Function f (x) = is 
sin (m/2),  x < I 

/DCE-1998} 
(a) continuous at x = I but not differentiable 
(b) differentiable at x = I 
( c) continuous at x = 2 
(d) None of these l el!x _ e-1/x 

24. If j( x) = X 
ellx + e-1/x '  

0, 
statement is 

x * O then correct 
x= 0 

/Kurukshetra CEE-1998} 
(a) f is continuous at all points except x = 0 
(b) f is continuous at every point but not dif­

ferentiable 
(c) /is differentiable at every point 
(d) /is differentiable only at the origin 



25. If f(x) = I s in x  I '  then cor-
! (n- x) COS X X * 7t 

rect statement is 
1, X = 1t 

/Roorkee (Screening')-2000} 
(a) .f{x- 0)= 1 
(b) .f{x + 0)= l 
(c) .f{x) is continuous at x = 7t 
(d) .f{x) is differentiable at x = n 

l
l +�x l' l x l � l  

26. Function f(x) = 
x 

is 

1- l x l' l x l < l  

/IIT(S')-2000; Roorkee-2000} 
(a) differentiable at x = 0 and x = -1 
(b) differentiable at x = 0 but not at x = -1 
( c) not differentiable at x = 0 and x = -1 
(d) None of these 

27. If f(x) = 5 , x= 3 , 
!x + 2  , l < x < 3  

then mark 
8 - x  x > 3  

one incorrect statement 
/MPPET-2001} 

(a) Right hand derivative at x = 3 is -1 
(b) Left hand derivatives at x = 3 is 1 
(c) .f{x) is differentiable at x = 3 
(d) f(x) at x = 3 does not exist 

28. If f( x) = l 210, 

210 + sin x, 

x < 0  
n , 

0 < x < -- 2 

(b) 0 

then 

f(0) = 
(a) 210 
(c) oo (d) None of these 

29. The number of points at which the function 
.f{x) = I x I + I x - 1 1 + I x - 2 1 does not have a 
derivative in the interval [ 0, 2] 
(a) 0 (b) 1 
(c) 2 (d) 3 

30. Let h( x) = , en { 
x2 sin(l /x ) ,  x * 0 

th 
0, x = 0 

/MNR-98; MP-2003} 
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(a) g( x) = { 
h( x)/x x * O is a differentiable 

0, x = 0 
function 

(b) h is a differentiable function 
( c) h is not differentiable at x = 0 
(d) None of these 

31. Let [ .] denotes the greatest integer function 
and.f{x) = [ tan2.x], then 

/IIT-1993 ; VIT-2008} 
(a) lim f(x) does not exist 

x ➔ O 

(b) .f{x) is continuous at x = 0 
( c) .f{x) is not differentiable at x = 0 
(d) f(0) = 1 

{ 
s in x, x � 0 

32. Let f( x) = . . Then.f{x) is 
-sm x, x < 0  

(a) not continuous at x = 0 
(b) differentiable at x = 0 
( c) discontinuous at x = 0 
( d) not differentiable at x = 0 

33. If.f{x) = cos -1 ( cos x) then.f{x) is 
(a) not continuous at x = n 
(b) discontinuous at x = -n 
( c) differentiable at x = 0 
( d) non differentiable at x = n 

34. If f(x) = coc 1
( 

3x - x3

) and 
1- 3x2 

g(x) = cos -1 --2 , then ( 
1- x2 ) 
l + x 

lim f(x)- f(a) 0 <a < !.is 
x ➔ a g(x)- g(a)' 2 

/Orissa (JEE')-2002} 
3 

(a) 2(1 + a 2 ) 

(c) 3/2 

{ 
s in x, 

35. Let f(x) = 
1- cos x, 

ex. Then (gof)' (0) is 

(a) 1 
(c) 0 

3 
(b) 2(1 + x2 ) 

(d) -3/2 

for X � 0 
and g(x) = 

for X � 0 

{UPSEAT-2004} 
(b) - 1  
(d) None of these 
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36. The derivative of function./{x) is tan4 x. If ./{0) 

= 0 then Lim /( x) = /J & K-2005/ 
x ➔ O  X 

(a) 1 
(b) 0 
(c) -1 
(d) None of these 

l . 1 0 xP sm - x * 
37. Let /(x) = x '  then ./{x) is 0, X = 0  

continuous but not differential at x = 0 if 

(a) 0 <p :,; 1 
(c) - oo  <p < 0  

/DCE-2005/ 
(b) l -:::.p < oo  
(d) p = 0 

LECTUREWISE WARM UP TEST: SOLUTIONS 

1. (d) As ./{x) is not differentiable at x = 2,./{x) + 
g(x) can be differentiable at x = 2 on ly if g(x) 
is also not differentiable at x = 2. 

2. (d) R.H.D of 
. 

I I I I 1· 
s inh- h d sm x - x = 1m ---= 1-1 = 0 an h -> 0  h 

./{O) = 0 

L.H.D. of s in I x  1 - 1  x I= lim-si_n -'-l-_h--'l_--'-l-_h--'-I 
h -> 0  -h 

= 
sinh- h  

= 0 
-h 

Therefore (d) is the answer. 

!xe-21x X > 0 
3. (a) Here /( x) = x, 

, 
x < 0 

0, x=0 

limg( 0 +  h) = lim he-21h 
h ➔ O  h ➔ O  

=0x e-=0x 0=0 

lim /( 0 - h) = lim( 0 - h) = 0, /(0) = 0 
h ➔ O  h ➔ O  

So, ./{x) is continuous at x = 0. Also xe - 21x, x, 
0 are continuous in their respective intervals . 

./{x) is continuous everywhere 

I. /( 0 + h)- /(0) 1. he-21h - 0 0 1m �-��� = 1m ---= h -> 0  h h -> 0  h 

Lim /( 0 - h) - /( 0) = Lim -h - 0 
= 1 h -> 0  -h h -> 0  -h 

So, ./{x) is not differentiable at x = 0. 

4. (c) ./{x) = 1- cos x, 0 < x  < rc/2 
= 1 + COS X, rc/2 < X < 0 

Then ( c) is the answer. 

5. (c) Since ./{l) = 8 and g = J-1, therefore, 
g(8) = 1. 
Further, as g = J-1, therefore, gof is the inden­
tity function 
⇒ (go.I)' (c) = 1 \:/ C ED go/ 
⇒ g'(j(c)) f '(c) = 1 

⇒ g'(j{l))/(1) = 1 ⇒ g'(8). � = 1 

⇒ g' ( 8)= 8 

6. (a)./{l) = ./{1/2) = ./{1/3) = 
= lim /(1/n) = 0 

n ➔ = 

for infinite many points lying in (0, 1], 
./{x) = 0 and also lim /(1/n) = 0. 

n ➔ = 
./{0) = 0 also ./{x) is constant for all x lying 
in small neighbourhood of x = 0 
:. f '(x) = 0. 

7. (a) Clearly not continuous at x = 0 and also not 
differentiable at comer points (-1, 0) and (1, 0). 

y 

(-1 ,0) (1 ,0) 



8. (a) " . " ./{x)= sin -1 (cos x) :. lim sin-1(cos x)= 
x➔O 

sin-1 ( cos 0) = sin-1 (1) = x/2 and ./{0) = x/2 
Function is continuous at x = 0 

But f'(x) = -sin x _ _  -_si_n _x 
✓1-cos 2 x I sin x I 

l

-sin x= l . ' 
= -sm x  

-sin x 
= _1 . ' sm x 

x < 0  

x > 0  

./{x) is not differentiable at x = 0. 

9. (d) Let ./{x) is continuous at x = 0. So 
f(0) = lim f(x) 

x ➔ O  

⇒ f(0) = lim log(l + px)- log(l- qx) 
x ➔ O  X 

= lim ( -p- + _q _) = f(0) = p + q 
x ➔ O  l + px l- qx 

Hence (d) is the correct answer. 

10. (d) [ x  -1] is an integer n :,;;  x - l :. sin 2x x 

_ . s in( 2n[x-1])= 
0 = 0 - O V n, l + [x] + [x]2 l + [x] + [x2 ] 

11. (c) [ sin x] is non-differentiable at x = i, x, 

2x and [ cos x] is non-differentiable at x = 0, 

� 31t 2n 2' 2 ' 
Thus .f{x) is definitely non-differentiable at 
X = 1C, 31tf2, 0 

Also 1( i)=1, J( i- o )= o, ./{2x) = 1, 

./{21C - 0) = -1 
Thus .f{x) is discontinuous and hence non­
differentiable at x = x/2 and 2x. 

12. (c) At x = 3; L.H.D. = 

lim l x- 3 l + l x- 4 l- l 3- 4 I 
x ➔ 3 x- 3 

= lim-1 3_-_h_-_3 _I +_1_3_-_h_-_4_1_-_1 
h ➔ O 3- h- 3 

= lim 2h + 1-1 = -2 h ➔ O -h 

and R.H.D. = lim I x - 3 I + I x - 4 1 - 1 3 - 4 1 x ➔ 3 
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= lim l 3 + h- 3 1 + 1 3 + h- 4 l-1 
h ➔ O 3 + h- 3  
. 2h- 2 

= lim --= oo h ➔ O h 
· · L.H.D -:f. R.H.D. 

./{x) is not differentiable at x = 3 
At x = 4, 

L.H.D. = lim I x - 3 I + I x - 4 I - I 3 - 4 I 
X ➔ 4 X - 4 

= lim 1 4 - h  - 3 I + 1 4 - h  - 4 I -1 
h ➔ O 4- h- 4  

= lim l- h + h- l
= O h ➔ O -h 

d R H D  = li l 4 + h- 3 1 + 1 4 + h- 4 l-1 an · · · h� 4 + h- 4  

= liml + h + h-1
= 2 h ➔ O h 

· · L.H.D. -:f. R.H.D. 
./{x) is also not differentiable at x = 4. 

13. (a)f(x) < 0 V x 

14. (b) If ./{x) = x cos (1/x) then f(0 - 0) -:f. f 
(0 + 0) 

15. (a) ./{x)=I x -a l+lx - bi is continuous at x = a 
and x = b but not differentiable. 

16_ (a) lim 2/'( x)- 6f'( 2x) + 4f'( 4x) 
x ➔ O  2X 

= lim 2f"( x)- l 2f"( 2x) + l 6f"(4x) 
x ➔ O  2 

2/"( 0) -12/"(0) + 16/"( 0) 
2 

=
2 xa + 4 xa= 3a 2 

17. (c) ex + y = ex . eY,.f{x) = e2x,f(x) = 2e2x = 2./{x) 

18. (b) Differentiation of even function is 
always odd. 

19. (b)g{/{x)} = x ⇒ g'(j{x)) f(x) = 1 ⇒ (g'(j{c))) 
(j'(c) ) = 1 

20. (c) ./{x) = ax2 + bx +  c,.f{0) = 0 ⇒ c = 0, ./{1) 
=1 ⇒a + b = l 
f(x) = 2 (1 - b) x + b > 0 ⇒ b E (0, 2) 
⇒ S= { (1-a)x2 +ax},a E (0, 2) 
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21. (d) f'(y) = f( x)- f(y) � ( x - y) 2 = 0 
x- y 

when x ➔ y :. /is constant ⇒ j{0) = 0 then 
j{l) = 0 

22. ( c) The function is not differentiable at 
change points 1/2, 1 and re/2. 

23. (a) j{l) = 1,j{l + 0) = 1, 

f ( I  - 0) = sin � = 1 
2 

f'(l - 0) = !(sin ;) 

= !.cos �x l = !. x o= O  2 2 x = l 2 

f'(l- 0) = !(-2x + 3) =- 2,f( l - 0)-::f:. 

f(l + 0) 

24. (b)f(0- 0 )=- l,f(0 + 0) = I 
:. j{0- 0) = j{O + 0) = j{0) = 0 

25. (b)j{re - 0) = j{re - h) = (re - (re - h)) (-cos h)/ 
si n h  

= (h/sin h) (-cos h) = -I  
j{re + h) = (- h) (- cos h)/sin h 

= ( -!:--)(cos h) = +I= f(n + 0) 
sm h 

X X 26. (b) f( x) =
I- x' x �-I,

1 + x
; 

X -I < x  � 0, - , 0 < x <  I 
l- x 

=
1 :

x
, x � I; f'(-l- 0) = 

(l !x) 2 
= !. J'(-1 + 0)= -1- ➔ oo 

4 ' (x + 1) 2 

f'( 0 - 0) = ( x 
� l) 2 = 1, f'( 0 + 0) 

= -1-=1 
(1- x) 2 

⇒ 1. f'(-1- 0) * f'(-l + 0) 

2. f'(0 - 0) = f'(0 + 0) 

!x+ 2, l < x < 3  
27. (c) If f( x) = 5, x = 3 and j{3) = 5 

8- x, X > 3 

L H D = l" f( x)- f(3) 
· · · x ��- x- 3  

= lim /(3 - h)- /(3) 
h ➔ D  -h 

= lim (3 - h + 2) - 5 = lim -h = I h ➔ D -h h ➔ D -h 

R.H.D. = lim f( x) - /(3) 
x ➔ J• x- 3  

= lim /(3 + h)- /(3) 
h ➔ D  h 

= lim 8 - (3 + h) - 5 = lim -h = -I 
h ➔ D  h h ➔ D  h 

L.H.D. -:f. R.H.D. Hence j{x) is not differen­
tiable at x = 3 

28. (d) Rf'(0) = lim f(O + h)- f( O) 
h ➔ D  h 

= lim 210 + sinh- 210 
= 1 

h ➔ D  h 

Lf'( 0) = lim f( O - h)- f( O) 
h ➔ D  -h 

= lim 210- 210 = 0 
h ➔ D  -h 

Hence/'(0) does not exist. 

29. (d) Functionf(x) = I x I + I x -1 1 + I x - 2 1 does 
not have a derivative at the points x = 0, I, 2 e 
[O, 2 ] 

30. (b) The function h(x) = x2 sin (1/x) is differ­
entiable because 

h2 • 1 0 s m --
Rh'( x) = lim / = 0, 

h ➔ D  

-

Lh'( x) = lim = 0 
h ➔ D  -h 

31. (b)j{x) = [ tan2 x] if - 45 ° < x < 45 ° 

⇒ tan(- 45 °)<tan x < tan ( 45 °) 
⇒ - tan 45 ° < tan x < tan (45 °) 
⇒ -l< tan x < l ⇒ 0 < tan 2 x < l 
⇒ [ tan 2 x]= 0 



i.e., j{x) is zero for all values of x form 
X = -45 ° to 45 ° 

Thus,j{x) exists when x➔O and also it is con­
tinuous at x = 0,j{x) is differentiable at x = 0 
and has a value of zero. Therefore, (b) is the 
answer. 

32. (d) j{0 + 0) = sin 0 = 0, j{0 - 0) = -sin 0 = 0 
and j{0) = 0 So,j{x) is continuous at x = 0 

lim f( 0 + h)- f(0) 
= lim s in( 0 + h)- 0 

= l 
h ---> 0  h h ---, O  h 

lim f( 0- h)- f(0) 
h ---> 0  -h 

. -sin (0- h)- 0 = hm ----'----'-- = -1 
h ---, O  -h 

So,j{x) is not differentiable at x = 0 

33. (d) Here,j{x) = cos-1 (cos x) = 21t + x, - 21t < 
X <-1t 

- X, - 1t � X < 0 
x, 0 � x  < 1t 
21t- x, 1t < x < 21t 

Use these definitions for selecting the options. 

34. (d) f(x) = coc' g� ;:: } and 

g( x) = cos -1 { ! : :: } 
Put x = tan 0 in both equations 

/(0) = coc' { 
3 tan0- tan 3 0

} 1- 3tan 20 

= coc' co{ � - 30) = � - 30 

⇒ /'(0) = 3 ............. (1) 

{
1- tan 20

} and g(0) = cos -' 2 0 
= cos -1 

1 +  tan 

(cos 20) = 20 
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⇒ g(0) = 2 

now lim ( 
f(x)- f(a)

) x ➔ a g( x)- g(a) 

................ (2) 

= lim ( 
f(x)- f(a)

) 
1 

x ➔ a x -a ¥-Ta( g( x
; = :

(a)
) 

1 1 -3 
f'( x) = 

g'( x) 
= -3 x 2 

= 
2 

35. (c) (gof) (x) = g [f{x)] = g [ 1  - cos x] = 

e l--<OS X for x � 0 (gof)' (x) = e l--<OS X . sin x, for x 
� 0 ⇒ (gof)' (0) = 0 

37. (a) f( x)= xPs in .!. , x * O  and j{x) = 0, x = 0 
X 

Since at x = 0,j{x) is a continuous function 
lim f(x) = f( 0) = 0 
x ---> 0  

⇒ 

⇒ 

lim xP sin ! = 0 ⇒ p > 0 
x ➔ O  X 

f(x) is differentiable at x = 0, 

if lim f(x)- f(O) exists 
x ---> 0  x- 0 

. 1 0 xP sm --
lim x exists 
x ---> 0  x- 0 

li I • 1 . ⇒ m xP - sm - exists 
x ➔ O  X 

⇒ p- l> 0 or p> l 

If p � 1, then lim xP -1 s in ( ! ) does not exist 
x ➔ O  X 

and at x = 0 j{x) is not differentiable. 
for 0 <p � lj{x) is a continuous function 
at x = 0 but not differentiable. 
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ANSWERS 

LECTU RE 1 

Unsolved Objective Problems (Iden tical Problems 
for Practice): for Improving Speed with Accuracy 

1. (a) 4. (d) 7. (b) 10. (c) 
2. (a) 5. (c) 8. (d) 
3. (b) 6. (d) 9. (d) 

Worksheet: To Check the Preparation Level 

1. (a) 5. (b) 9. (c) 13. (d) 
2. (b) 6. (b) 10. (d) 14. (c) 
3. (c) 7. (b) 11. (b) 
4. (a) 8. (b) 12. (c) 

LECTU R E S 

Mental Preparation Test 6. a = I ,  b = -I 
8. 2 



PART E 

Differentiation 
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LECTURE 

Simple Differentiation 

► BASIC CONCEPTS d 
II DER IVAT IVES O F  SOME 

STANDRAD FU NCTIO N S  

Function 

1.1 (constant) 
1.2 (x") 

1. 3 ( ✓x) 

1.4 (1/x) 
1.5 { 1/x"} 
1.6 (ex) 
1.7 (a') 
1.8 (log,x) 

1.9 (log a x) 

1.10 (log. (log;<)) 

1.11 (sin x) 
1.12 (cos x) 
1.13 (tan x) 
1.14 (cot x) 
1.15 (sec x) 
1.16 (cosec x) 

1.17 (sin -1 x) 

1.18 (cos -1 x) 

Differential coefficient with 
respect to x 

nx • - 1 

1 
2 ✓x 

-l/x2 -nfx • + l 
a< log,a 
1 /x 
log 0 e 

x xlog ,a 

log 0 e 
( x)log , x  log ,a( xlog , x) 

COS X 

- sin x 
sec 2 x 

- cosec2 x 
sec x tan x 
- cosec x cot x 

1 --- -l < x < l 
�

, 

1 ---- -l < x < l 
�

, 

1.19 (tan-1 x) 

1.20 (cot -1 x) 

1.21 (sec -1 x) 

1.22 (cosec -1 x) 

d 
[

ex + e-x

] 1.23  dx 
--

2
-

d
[

ex - e-x

] 1.24 - --
dx 2 

d [ e-' - e-x

] 1.25 - -­
dx ex + e-x 

1 --2 , X E  R 
l + x 

1 
- -- x E R 
1 + x2 ' 

1 
H'=l , l x l > l  

I x l 
1 - H'=l , l x l > l  

I x I x2 -1 

d 
or dx 

(cos hx) sin hx 

d 
or dx 

(sin hx) cos x 

= sec h2 x 

1.26 ![ log ( x + ✓ x2 + a 2 ) ] 
1.27 ![ log ( x+ ✓x2 -a 2 ) ]  

d
[

l a + x
] 1.28  - -log -- , I x I <  a 

dx 2a a- x 

1.29 - -log -- , l x l >a d [ 1 a + x
] dx 2a a- x 

1 
l . 30 (cosec h -1 x)= - N+l. I x I x2 + 1 

a 2 - x2 



EA Simple Differentiation 

l.3l (e"" sin bx) = e ax ( a  s in  bx + b cos bx) 
= .J a 2 + b2 eax s in( bx + tan -' b/a) 

1.32 (e"" cos bx) = e"" (a cos bx + b sin bx) 

1.33 l x l 

1.34 log I x I 

1.35  (r) 

= .J a 2 + b2 eax cos( bx + tan -' b/a) 

= __:__ or L:J, x * 0 
l x l x 

= l/x, x "lc- 0  

= r (1 + log,x) 
1.36 (log sin x) = cot x 
1.37 (log cos x) = - tan x 
1.38  (log tan x )  = sec x cosec x 
1.39  (log sec x) = tan x 
1.40 (log(sec x + tan x)) or [ log( tan ( i + i ) ) ] 

= sec x 

1.41 [ log ( cosec x - cot x)] or [ log( tan i )] 
=cosec x 

1.42 sin -1 (x/a) 

1.43  sin - 1(ax) 

1.44 ( sin - 1 � ) 

1.45 ( tan -' �) 

1.46 (tan -1 ax) 

1.47 tan -1 (bx/a) 

1.48  [ sec -1 (ax)] 

1.49 ( sec -' �) 

= 1/� 

= al.JI -a 2x2 
b 

a -
a 2 - x2 

=all + a2x2 

= abla 2 + b2x2 

l /x.J a 2 x2 -1 

a/x.Jx 2 -a 2 

bx 1.50 sec - 1 -
a 

1.51 {/{ax + b)} af(ax + b) 

• F U N DAM ENETAL T H EOREMS 

Let u, v ,  w ... be function of x whose derivatives 
exists (i) differential coefficient of constant is zero, 
i.e., 

(i) !!_( k) = 0 dx 

(ii) !( ku) = k : 

(iii) !!_(u + v) = du + dv Swn or Difference Rule 
dx - dx- dx 
d dv du (iv) 
dx (uv) = u dx 

+ v 
dx 

Product Rule 

du dv d ( ) v --u -
(v) dx � = dx 

v 2 
dx Quotient Rule 

• POINTS TO REMEMBER 

1. 
d J§ I 
dx I - x = 

( I  - x).JI - x2 

2. 
d � -I 
dx I + x  = 

( I + x).JI- x2 

3. d Js -1 
dx x - I = 

( x  - l).J x2 -1 

4. d ✓-§ I 
dx x + I  = 

( x + I).Jx2 -1 

5. d
(
ax + b

) 
ab- bc 

dx cx + d  = 
( cx + d) 2 

► YOtib& §b§Jbl I lib PkOdlbii!Y lkll JOANS tKJ.9.bJ§ 121 bh. 
fCl lfiifl : :tlPflfittlP!Nf tt:r @tiff Ii r: HI Pt¥@ Sf TUC wr:s 

Directions: Q 1 to 23: Solve the questions using the Solution 
first principle AB-INITIO Method/Delta Method. 

Let f( x) = tan ✓x, 
1. tan ✓x 

/CBSE-90, 95, 96C, 02, 04, 05; HB-94} then f( x + h) = tan .Jx + h 

d 



By definition of first principle �{f(x)} = lim f(x + h) - f(x) dx h ---> 0  h �(tan ✓x) = lim tan ...fx+h - tan ✓x dx h---> 0  h 
= lim sin( ...fx+h - ✓x) h ---> 0 hcos ✓x + h cos ✓x 
= lim sin(...fx+Ti - ✓x) h ---, o (x + h - x) cos ✓ x + h cos✓x 
= lim sin( ...fx+h - ✓x) h---> 0 (✓x + h + ✓x)(✓x + h -✓x) cos ✓x + h cos ✓x 
= lim sin( ...fx+h - ✓x) h ---, o  (✓x + h - ✓x) x lim 1 h---, o (✓x + h + ✓x) cos ✓x + h cos✓x 
= l x ✓x 

1 - 1 sec2 ✓x 

2 x cos ✓xcos ✓x - 2./x x 
/CBSE-1989} 

Solution Let f(x) = ex' , then J(x + h) = e<x+hJ' By definition of first principle �{ f(x)} = lim f(x + h) - f(x) dx h ---> 0  h d x' e<x+h)' - x' -(e ) = lim e dx h ---> 0  h . ex2 .e2hx+h2 x2 = hm - e  h ---> 0  h 
' (e2hx+h' 1) = ex lim - x lim h(2x + h) h ---> O (2hx + h2 ) h---> 0 h = ex' x l x 2x = 2x ex' d { x' , - e } = 2x ex dx 

Simple Differentiation E.5 

f CBSE-93, 95} 

Solution Let f(x) = e.ffx , then J(x + h) = e✓2x+2h By definition of first principle �{ f(x)} = lim f(x + h) - f(x) dx h ---> 0  h d ,..... e✓2x+2h .nx -(e" 2x ) = lim - e dx h ---> 0  h 
.ffx . { e✓2x+2h-.ffx -1 = e  lim h---, o  ✓2x + 2h - ✓'2x 

X 
✓2x + 2: - ✓'2x } 

= e.nx x lim( e' - l ) x lim ..fi.{...fx+Ti - ✓x} h---> 0  t h ---> 0  h where t = ✓ 2x + 2h - ..fix = e-nx x l x ..fi. x  lim ( ...fx+h - ✓x) h---> 0 (✓x + h + ✓x)(✓x + h - ✓x) ..fi.e .ffx e -nx - 2✓x = ..fix 4. sin x2 

Solution Let ./{x) = sin x2, 

/CBSE-90, 95, 0JC, 02C; 
HB-94; MP-2000} 

then./{x + h) = sin (x + h)2 By definition of first principle �{ f(x)} = lim f(x + h) - f(x) dx h ---> 0  h �{sin x2 } = lim sin(x + h) 2 - sin x2 dx h ---> 0  h 



E.6 Simple Differentiation 

( x  + h) 2 + x2 . ( x  + h) 2 - x2 . 2 cos 2 sm 2 = lim ---�----��-
h ➔ o h 

( x
2 + h2 + 2hx + x2 ) • ( x2 + h2 + 2hx - x2 ) 

2= 
2 

� 
2 = lim -�-----��-----� 

h ➔ O h 

2 ( 2 2hx + h 2 ) . h( 2x  + h) cos x + 2 sm 2 = lim -----------
h ➔ o h = lim 2cos( x2 + -2hx_+_h_

2

) h ➔ O  2 

. (
2x + h

) 
x 

sm h -2- x (
2x + h

) 
h(

2x
;

h
) 

2 

= lim cos( x2 + -2hx_+_h_
2 ) h ➔ O  2 . h ( 2x + h ) sm --

xlim 
(

2 \
) 

x lim( 2x + h) 
h ➔ O  X +  h ➔ O  

h --
2 

= cos x2 x l x 2x = 2 x cos x2 

5. x-312 

Solution 

/CBSE-93} 

Let.f{x) = x-312, then.f{x + h) = (x + ht312 

By definition of first principle � { f(x)} = lim f( x + h)- f( x) 
dx h ➔ O  h 

d ( + h)-3/2 -3/2 

( -3/2 ) - l° X - X 

dx X - hl:To h 

= �,:'' [ i -H + ( i l�r- 1 ) �: + 
-

1

1 

_ . x-31 2 [ -� ( 1 x -i )  h 1 - hm 
h 

x h  + ---- 2 + . . . .  
h ➔ O  2x  2 !  X 

= (x-3'2 )( -� )  = _ Ix-s12 

2x 2 

2x + 3 6· 3x + 2 /HB-83, 86} 

Solution 

Let f( x) = :;:� , 

h Ji( h) - 2( x + h) + 3  t en x + - 3( x + h) + 2 
By definition of first principle 

dx
d { f(x)} = lim f( x + h

i
- f( x) 

h ➔ O  

2( x  + h) + 3 2x + 3 �( 2x + 3 ) = lim 3( x + h) + 2 - h+l 
dx 3x + 2 h ➔ o h 

( 2x + 3 + 2h)( 3x + 2) - (2x + 3) = lim ( 3x  + 2 + 3h) 
h ➔ o h( 3x + 2 + 3h)( 3x + 2) 

( 2x  + 3)(3x + 2) + 2h(3x  + 2) = lim -( 2x + 3)(3x + 2) - 3h( 2x + 3) 
h ➔ o h( 3x + 2 + 3h)( 3x + 2) = lim h{6x + 4 - 6x - 9}  
h ➔ o h( 3x + 2)(3x + 2 + 3h) 

-5 
( 3x  + 2)(3x + 2) 

-5 
( 3x  + 2)2 

d 
( 

2x + 3
) 

-5 
dx 3x + 2 = ( 3x  + 2)2 

1. x sin x 

Solution 

/CBSE-91C, 92; HB-94} 

Let.f{x) = x sin x, then.fi:x + h) = (x + h) sin 
(x + h) 

Now dx
d { f(x)} = lim f( x + h

i
- f( x) 

h ➔ O  = lim ( x  + h) sin(x + h)- xsin x 
h ➔ O  h 



l . x[sin(x + h) - sin x] + hsin( x  + h) = 1m -----------
h ---, o  h 

= lim -hx [sin(x + h) - sin x] + lim sin(x + h) 
h ➔ O  h ➔ O  . x 

(
x + h + x

) = hm -h x 2cos 
h ---> 0  2 . 
(

x + h- x
) 

. ( O) sm 2 + sm x +  
. x x 2cos ( x + � )sin ( � ) . = !� 2 x ( hl2) 

+ sm x l . sin(hl2) li ( h ) . = 1m 
hi 

x m x cos x + - + sm x 
h ---> 0  2 h ---> 0  2 = l x x cos x + sin x = x cos x + sin x 

d ( . ) . 
dx 

xsm x  = xcos x + sm x 

8. Using first principles, prove that 
d { 

1 
} 

f'( x) 
dx f( x) 

= - [ f(x)]2 
Solution 

/PSB-1989} 

1 1 Let (j>(x) = f( x) , then <l>( x + h) = f( x �{<l>(x)} = lim <l>( x  + h)- <l>( x) 
dx h ---> 0  h 

�{-1-} = lim f( x + h) 
dx f( x) h ---, o  h 

= lim f( x)- f( x + h) 
h ---, o  hf( x + h) f( x) 

1 
f( x) 

= lim f( x)- f( x + h) . lim 1 
h ---, o  h h ---, o  f( x) f( x + h) l . f( x + h)- f( x) 1 . 1 = - 1m �-�----'-� x 1m -----

h ---, o  h h ---, o  f( x) f( x + h) 

l f( x) is differentiable 
= -f'(x) x 

f( x)\( x) 
⇒ f( x) is continuous 
= lim f( x + h) = f( x) 

h ---> 0  _ -f'( x) - [ f(x)]2 
. d 

{ 
1 

}- -f'( x) · · dx f( x) - { f(x)}2 Proved. 

Simple Differentiation E.7 

9. sin 113 x or .Vsin x /MNR-97} 

Solution Let f( x) = -t'sin x then f( x + h) = Vsin(x + h) �{ f(x)} = lim f( x + h)- f( x) 
dx h ---> 0  h 

d {�} r Vsin(x + h) - �  
dx 

sm x = 
h� h l . {Vsin(x + h} }3 - {-t'sin x}3 

= lffi -'--'-��----'-'-----'-��� 
h ---, o  h(sin213 (x + h) + sin 213 

x + sin"3 (x + h) sin 1 '3 x) [ ·: a -b = -a.,...2 :-3-b-.,...2 �-3-a-b ] l . sin(x + h)- sin x = lffi --'---'----
h ---> 0 h 1 x-�----�--�---�-{sin213 (x + h) + sin213 x + sin 113 (x + h) sin 113 x} . 2 cos ( x + � )sin ( � ) 

= hm --'----'------'-----'-
h ---, o 2( hl2) 1 x-�----�--�---�-{sin213 (x + h) + sin213 x + sin 113 (x + h) sin 113 x} l . sin(hl2) li ( h ) = 1m 

hi 
x m cos x + -

h ---> 0  2 h ---> 0  2 
r I xh1To sin213 (x + h) + sin213 x + sin 1 13 (x + h)sin 1 13 x 1 

= 1 x cos x x sin213 x + sin 213 x + sin"3 x x sin 1'3 
cos x 3 sin213 x 
d 3 � COS X dx {v sm x} = 3 . 213 sm x 

10. Differentiate sin-1 ✓x( O  < x < 1) from first principle. 
f PSB-89, 90; HPSB-90; HSB-2001} 

Solution Let f( x) = sin-1 ✓x, then f( x + h) = sin-1 ✓ x + h 



E.8 Simple Differentiation 

� { f(x)} = lim f( x + h)- f( x) dx h ➔ O  h 

d . _, , li sin- 1 .Jx + h - sin- 1 ✓x dx (sm v x) = h__To-------=-h ___ _ . sin- 1 {.J x + h .Jl- x - ✓x.Jl- x- h} = hm -----'----------
h ➔ o h l . sin-' z  z = 1m -- x -
h ➔ o z h where z = .J x + h.Jl - x - ✓x.Jl - x - h = lim .:. 

h ➔ O h [ ·: lim sin-' z = lim sin-' z = i ] 
h ➔ O  z z ➔ O  Z 

= lim( .Jx + h .Jl- x - ✓x.Jl- x- h) 
h ➔ O  

( .Jx + h.Jl- x + ✓x.Jl- x- h)/h( .Jx + h � + ✓x.Jl- x- h) . ( x + h)(l- x)- x(l- x- h) - lim --'===--',:==-----;==---r=====� 
- h ➔ D h( .Jx + h� + ✓x.Jl- x- h) . h{l - x  + x} - lim -.===--;=====�---;==--r===:=:-
- h ➔ D h{.Jx + h � + ✓x.Jl- x- h} 

. 1 - hm --===-=�----.=-r===== 
- h ➔ o .J x + h � + ✓x.Jl- x- h 

= ✓x� + ✓x.Jl- x  

=
2✓x� 

d { . - I } 
1 dx sm x = r ,,----2v xv l - x  ll . sin x 

X 

Solution 

f CBSE-2002 CJ 

Let f( x) = si:x , Ji( h) _ sin(x + h) then x +  - x + h  � { f(x)} = lim f( x + h)- f( x) dx h ➔ O  h sin(x + h) sin x d ( sin x ) - 1 . x + h - x - -- - lffi -'"--'--'-'--:--�-dx X h ➔ O  h 

. xsin(x + h)- ( x  + h) sin x = lim ----'----,---
h ➔ o hx( x + h) . x[sin(x + h)- sin x] - hsin x = lim --=-----'--:-'--:----:-::----
h ➔ o hx( x + h) 

= lim x2cos( x + � )sin ( � ) - hsin x 

h ➔ o hx( x + h) . 2xcos( x + � )sin ( � )  . hsin x - lim ----'----:-:--::-':-:,..-,-=-,:-'--� - lim ----
h ➔ o x( x + h)2( h/2) h ➔ o hx( x + h) 

( + h
) . h . cos x 2 sm - . sm x li --'-----'- li 2 - lim ---= h..To x + h  x h..To h/2 h ➔ o x( x + h) cos x x l sin x cos x sin x --

x
- - x x x  =

-
x
-- 7 

xcos x - sin x 
x2 �( sin x ) = xcos x - sinx dx X X2 

12. X tan-I X 

Solution Let.f{x) = x tan-1 x . Then .f{x + h) = (x + h) tan-1 (x + h) �{ f(x)} = lim f( x + h)- f( x) dx h ➔ O  h !(xtan- 1 x) . ( x  + h) tan-' (x + h) - x tan- 1 x = lim ..:_--'----'--:"-----
h ➔ o h . x{tan-' (x + h) - tan-' x} + h tan-' (x + h) = lim :..:...!..-�--<----:-----'-----'----'-
h ➔ o h = lim� {tan-' (x + h) - tan-' x} 
h ➔O h 
r htan -' ( x + h) + hl:To h = lim �{ tan- 1

( 
x + h- x  )} + 

h ➔ o h l + x( x + h) lim tan-' (x + h) 
h ➔ O  tan-' ( h ) = x lim 1 + x( x + h) + tan-' x 

h ➔ O  h 



tan -1 {-h - } r 1 + x( x + h) t _ 1 = x
hl:To h + an x 

( ( h) x {l + x( x + h) } 
l + x x +  

= x x  lim --1-­
h ➔ Dl + x( x + h) 

{ h } tan -1 
. l + x x + h  x hm ( ) + tan -1 x 

h ➔ D  h 
l + x( x + h) 

x x l  x 
= -

( 2) x l + tan -1 x = --2 + tan -1 x 
l + x l + x 

. d ( -1 ) 
_ X -1 . .  dx xtan x - --2 + tan x 

l + x 

13. cos-1 (2x + 3) 

Solution 

Letjlx) = cos-1 (2.x + 3), then.fi:x + h) = cos-1 
(2.x + 3 + 2h) 

. !!._ { Ji( )} = li f( x + h)- f( x) . .  dx 
X 

h..To h 

d 
dx 

cos 1 ( 2x  + 3) 

l . cos -1 ( 2x + 3 + 2h)- cos -1 ( 2x + 3) = 1m-----------
h➔o h 

r n-sin -1 ( 2x + 3 + 2h) }  

. 
-r n-sin -1 ( 2x  + 3) } 

= hm--------
h➔o h 

l . sin -1 ( 2x + 3)-sin -1 ( 2x  + 3 + 2h) = 1m-----------
h➔o h 

. _ 1 { 
( 2x + 3).JI - ( 2x + 3 + 2h ) 2 } sm 

= lim -( 2x + 3 + 2h).JI- ( 2x + 3) 2 
h ➔ D  h 

• -1 

l . sm z z = 1m-- x -
h➔o z h 

where z = ( 2x + 3) .J1- (2x  + 3 + 2h) 2 
-( 2x + 3 + 2h).JI - ( 2x + 3) 2 

Simple Differentiation E.9 

li z { :. limsin -1 z 
= 1 } = 

h..To h h➔ D z 

( 2x + 3).JI - ( 2x + 3 + 2h}2 
= lim -( 2x  + 3 + 2h).Jl- ( 2x + 3) 2 

h ➔ D  h 

( 2x  + 3}2 {1- (2x  + 3 + 2h}2 } 
= lim -( 2x  + 3 + 2h) 2 {1- ( 2x + 3) 2 } 

h➔o h{( 2x + 3).JI- ( 2x + 3 + 2h}2 
+( 2x + 3 + 2h ).JI - ( 2x + 3) 2 } 

= lim ( 2x + 3) 2 - ( 2x  + 3 + 2h) 2 
h➔o h{( 2x + 3).JI- ( 2x + 3 + 2h) 2 

+( 2x + 3 + 2h).JI- ( 2x + 3) 2 } 

= lim -4h( 2x + 3) - 4h2 
h➔o h{( 2x + 3).JI- ( 2x + 3 + 2h}2 

+( 2x + 3 + 2h ).JI - ( 2x + 3) 2 } 

= lim 4h(2x + 3 + h) 
h➔o h{( 2x + 3).Jl- ( 2x + 3 + 2h}2 

+( 2x + 3 + 2h ).JI - ( 2x + 3) 2 } 
-4( 2x + 3) -2 

2( 2x + 3).JI- ( 2x + 3) 2 -
.Jt- ( 2x + 3) 2 

d -2 
:. dx 

cos -1 ( 2x + 3) = 
1 -vl- ( 2x + 3) 2 

14. e� 

Solution 

Let f( x) = e�' then f( x + h) = e.Jmn{x+h) 

:. !!._ f( x) = lim f( x + h)- f( x) 
dx h➔D h 

d e.Jmn{x+h) - e� 
-( e�) = lim -----
dx h ➔ D  h 

. e� {e.Jmn(x+h) -� - 1} 
= lim -------

h ➔ o h 

{ ,Jmn{x+h) -,r,;;;; - l} 
= e ,r,;;;; lim----,,=e==�---;====== 

h➔o ( ,Jtan( x + h)- ,Jtan x) 

( ,Jtan( x + h)- � 
h 



E.1 0 Simple Differentiation 

= e✓taox X I X  I . (,/tan(x + h) - .Jtanx) (,/tan(x + h) + .Jtanx) 
lffi -'--;__---'---.==...,;.;,,;____,;,=,,....'..---__:_ h ---, o  h(,/tan(x + h )  + ✓tanx) 
-1ru 1 . tan(x + h) - tan x e X 1m �--;===�-=� 

• ➔ 0 h(✓tan(x + h) + .Jtan x) 
-1ru 1 . sin(x + h - x) = e x 1m ----� x 

h -> 0  h I lim ----­h-, o cos(x + h) cos x I . l 
X 1m ---,===�---.==� 

• ➔ 0 (.Jtan(x + h) + .Jtan x) 
= e.Jru x 1 x 1 cosx . cos x ( .Jtan x + .Jtan x) e..Jtan; --- sec2 x 2✓tan x 

15. sin (x2 + I )  
Solution 

{CBSE-95, 2001/ 

Let j(x) = sin (x2 + l ), then .f{x + h) = sin {(x + h)2 + l }  
. !!_ f( )= I' f( x + h)- f( x) · · dx x .':To h 

d . ( 2 I) 1. sin { (x + h)2 + I} - sin(x2 + I) -sm x + = 1m ----'-----'--___;__....:.. 
dx h---, o h . 1 l 2cos { x2 + h 2 + 2h

; 
+ I +  x2 + I } l = !t..To h sin { x2 + h i + 2� + l - x2 - 1  } 

= Lim 2cos { x2 + l + h2 +/hx } sin h{ T} 
h -> 0  h 

= Lim cos( x2 + 1 + h 2 + 2hx I 
h -> 0  2 ) . { ( h(h + 2x) ) }  x F..To sm 

h(h + �x) x F__To(h + 2x) = cos (x2 + l ) x l x 2x = 2x cos (x2 + l )  
· 1 sin(x2 + l )  = 2xcos(x2 + I) 16_ ax +b 
ex + d 

Solution Let /(x) = ax +b 
ex + d  

f( x + h)= a(x + h) +b then e( x + h) + d  !!_{/(x)} = Lim f( x + h) - f( x) 
dx h -, o h 

a(x + h) +b ax +b !!_( ax + b j = Lim e( x  + h) + d 
- a+d 

dx ex + d  h -, o h 

(ax + b + ah)( ex + d) = Lim -(ax + b)( ex + d + eh) h-,o h{ex + d + eh} {ex + d} 
( ax  + b)( ex + d) + ah( ex + d) = Lim -( ax + b )( ex + d) - ( ax + b )eh h-,o h{ex + d + eh} {ex + d} I . h{aex + ad -aex -be} = 1m --------'-h -, o h( ex + d + eh)( ex + d) 
ad-be 

( ex + d)(ex + d) 
da -be d ( ax + b j ad -be 

( ex +  d)2 :. dx ex + d 
=

( ex +  d)2 
17. tan-1 (x2) 

Solution Let j(x) = tan-1 x2, then fi:x + h) = tan-1 (x + h)2 !!_{/(x)} = Lim f( x + h) - f( x) 
dx h-,o h 



d t -1 2 li tan-' (x + h} 2 - tan- 1 x2 

dx
an x = m h➔D h ( x2 + h2 + 2hx - 2 ) tan- 1 x = lim l + x2 ( x + h) 2 

h➔D h t _, { h( h + 2x) } = lim an 
l + x2( x + h) 2 x ( h + 2x ) h➔o h( h + 2x) 1 + x2( x  + h) 2 

l + x2 ( x + h) 2 

ta _, { h(h + 2x) } _ 1. n l + x2(x + h)2 1. ( h + 2x ) - IID-----'-c----'---'........:. X  !ID ----
h➔D h(h + 2x) h➔o l + x2(x + h)2 

l + x2(x + h)2 

= l x 2x 
1 + x2 x x2 

2x 
- 1 + x4 . !!_(ta -I 2 ) _ 2X 

· ·  n X - --
dx 1 + x4 

18. sec (2x- 1 )  
f CBSE (Sample paper)-2006} 

Solution Let jlx) = sec (2x - 1) then .f{x + h) = sec 
(2x + 2h - l )  !!___ {f(x)} = lim f( x + h)- f( x) 

dx h ➔ D h 

d 
dx {sec(2x - 1)} = Jim sec(2x + 2h -1) - sec(2x -1) 

h ➔ D h 

= Jim cos(2x + 2h -1) 
- cos(2x -1) 

h ➔ D h = Jim cos(2x -1) - cos(2x + 2h -1) 
h ➔ o h cos( 2x - l) cos(2x + 2h - 1) 

2 . ( 2x - 1 + 2x + 2h - l ) . ( 2x + 2h - l - 2x + I )  
sm sm -----= liin 2 2 

• ➔ o h cos(2x - l) cos(2x + 2h - 1) - li sin h li 2 sin(2x + h -1) - m-- x m------'------'---
h➔o h h➔o cos(2x - l) cos(2x + 2h -1) 

Simple Differentiation E.1 1 2sin(2x - 1) = 2 (2 l} = 2 tan (2x - l) sec (2x - 1) cos x -

. d { · · dx sec ( 2x - 1)} = 2 sec ( 2x - l) tan ( 2x - 1) 
19. ✓sin x 

Solution 

/CBSE-93, 96, 2003, 2006; 
MP-2001; PB-93, 94} 

Let f( x) = ✓sin x then f( x + h) = Jsin(x + h) 

:. dx
d {f(x)} = lim f( x + h)- f( x) 

h➔D h 

d ( �) li Jsin(x + h) - ✓sin x - -v sm x = m -'------'---'----
dx h➔D h 

= lim f../sin(x + h) - .Jsilix} {✓sin(x + h) + .Jsiiix} 
h ➔ O h {✓sin(x + h) + -Jsin x }  = Jim sin(x + h) - sin x 
h➔o h{Jsin(x + h) + ✓sin x} 

= Jim 2cos( x + � }in ( � ) 
h➔o {Jsin(x + h) + ✓sin x}h . cos( x + !!. ) sin ( !!. ) = hm 2 x li __ 2_ h ➔ 0 {Jsin(x + h) + ✓sin x} h..To ( h/2) 

Solution 

= cosx  x l  2✓sin x 
d ( �) COS X - -v sm x  = ---
dx 2✓sin x 

/Sample paper-2006} 

Let f( x) = tan-' ( 2x  2 ) 1 - x  then f( x + h) = tan-' ( 2( x + h) ) 1 - (x + h)2 !!___{f(x)} = Jim f( x + h)- f( x) 
dx h ➔ D h 



E.1 2 Simple Differentiation 

!!_{tan -1 � }  
dx l - x2 

tan - ---- - tan - --1 ( 
2x + 2h ) 1 ( 2x 

) 
= Lim l- ( x + h) 2 l - x2 

h➔ O h 

1 2( x + h )(l - x2 ) - 2x 

) I. l _ 1 {l- ( x + h) 2
} = 1m -tan H o h {l- ( x + h) 2 }(l- x2 ) 

+2(x + h)2x 

l 

2x{l - x2 
- I +  x2 + h2 

) I. l _ 1 +2hx} + 2h(l - x2 ) 
= 1m -tan H o h {l- ( x + h) 2 }(l- x2 ) 

+2(x +  h)2x 

tan _ 1
1

2h{hx + 2x2 +l - x2 } ) 

{l - (x + h} 2 } (l - x2
) + 

= Lim 2(x + h)2x h ➔ O  h 

_1 { 2h{x2 + hx + l} 
} 

tan 
= lim {1- (x  + h)2}(1- x2 ) + 2(x + h)2x 

h➔ O 2h(x2 + hx + l) 
{1- (x  + h)2}(l- x2 ) + 2(x + h)2x 

2 { 
x2 + hx + l 

} x 
{l- ( x + h) 2 } (l- x2) + 2( x + h)2x 

l I. 2( x2 + hx + l) = X 1m ---------- -
h ➔ O {l - (x + h) 2 }(l - x2 ) + 2(x + h)2x 

2( x2 + l) 2( x2 + l) 
(l - x2 )2 + 2x + 2x l + x4 

- 2x 2 + 4x 2 

2( x2 + l) 2( x2 + l) 2 
x4 + 2x2 + l (x 2 + 1)2 - l + x 2 

d { _ 1 ( 2x 
)} 2 

_. _ 
dx 

tan 
1- x2 = 

l + x2 

21. cos -1 ( 4x3 - 3x) 
f CBSE (Sample Paper)-2006/ 

Solution 

Let y = cos-1 (4x3 - 3x) 
4x3 - 3x = cos y (i) 
If �y be an increment i ny corresponding to an 
increment � x in x. 

4 (x + �) 3 - 3(x + �) = cos (y + �y) 
(ii) 

Subtracting equation (i) from equation (ii) we 
get 
4x3 + 4 �3 +l 2x2 � +12x �2 - 3x - 3 � -
4x3 + 3x 
= cos (y + �y)- cos y 
⇒ (4 �2 + l2x �+ 12x2 - 3) � 

= 2sin ( y + �; }in (
-

�y ) 

(4 �2 + l2x �+ 12x2
- 3) � 

�y 

-2sin(y + ¥)sin(¥) 

�y 
Obvious ly as � ➔ 0 then � y ➔ 0 

N I. ( 4�2 +12x� + l 2x2 - 3) ⇒ ow 1m ---------
a.-➔ o (�y/�) 

_ s in(y + �; )sin(�; ) 
= - hm -�--��-� 

,iy ➔ O (�y/2) 

lim ( 4�2 +12x� + l 2x2 - 3) 
⇒ d.<➔ 0 

H�o( t j 
( � ) 

sin(¥) 
,iy ➔ O 2 ,iy➔ O uy 

= - Lim s in y + -1'.. x Lim 
( 

A ) 
2 

12x2 - 3  . dy -(l 2x2 - 3) 
⇒ -�-=-sm y- -= ----'-----'--

dy ' dx sin y 
dx 

d 
d/(cos 1( 4x3 - 3x) }  

3-12x2 

✓l- cos 2 y 
3-12x2 

✓l - (4x3 - 3x) 2 



22. Find from first principles, the derivative of 
.Jsec x with respect to x. /CBSE-1998} 

Solution 

Let y = .Jsec x ⇒ y + Sy= .Jsec( x  + &) 

⇒ liy= .Jsec( x + &x)- .Jsecx 

1 1 
= 

.Jcos( x + &) 
-

� 

.Jcos x- .Jcos(x + &x) Sy = ---,,====s=�r==� ⇒ -
.Jcos( x  + &x) . .Jcos x Bx 

_ cos x - cos(x  + &) 
-

&x..Jcos( x + &) . .Jcos x[ .Jcos x 
+.Jcos( x + Bx) ]  

Simple Differentiation E.1 3 

2 . 2x + &x . &x sm--sm -
- 2 2 -

&x.Jcos( x + &x) . .Jcos x[.Jcos x 
+.Jcos( x + Bx) ]  

. 2x + &x
( 

. ax ,;ax 
= 

sm -2
- �m2 j 2 

.Jcos( x + &) . .Jcos x[ .Jcos x + .Jcos( x + &) ] 

Proceedin g to limit as Bx ➔ 0, we get 

dy sin x.1 
dx = 

.Jcos x.J cos x[ .J cos x + .J cos x] 

sin x  
cos x.2.Jcos x 
1 = 2

.Jsec xtan x 

, 614£Litb JJ§§k! !Jt PkGdttNIJ till JGANS ll.d.J.tJJ!li th. 
1° 890M THE WEI§ s0tYf THESE 59°Ph500s ◄ 

Directions from 1 to 4: Differentiate the following 
work x 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

( x2 + l }( x + 3) 
X 

/MP-98,93 ; NCERT Book; 
HPSB-99S; 2001SJ 

7x2 - 3x + 2  
✓x 

( 2x2 - 7x) 2 
/MP-2000} 

x4 

( x  + a) 3 

✓x /MP-2000} 

Find dy . x4 x3 x2 
1f y= -- - + -- x + 3  

dx '  4 3 2 
/MP-2003} 

If y = 
cos xs in x + 3cos x + 1 find dy at x = �-sin x dx 4 

Differentiate .J sec 2 x + cosec 2x with respect 
to X /PSB-92} 

8. If y = x6, then find the successive differential 
coefficients. 

9. ex + e-x /MP-2000, 2001, 2004} 
ex - e-x 

10. log,x /MP-95, 2000} 
COS X 

11 .  e X sin X + xP cos X /MP-99} 

12. ex 
/MP-2000, 2005} 

s in x  

x cos x 
13. log x /MP-9 7, 98, 99, 2002} 

x" 
14. log,x /MP-2001} 

15. 
✓a + ✓x 
✓a- ✓x 

16. xtan x 
sec x + tan x 

log x 
17. 1 + xlog x 



E.1 4 Simple Differentiation 

18. X dy If y = -- then prove that x-= y(l - y). 22. s in x  
x + 4  dx 1 + cos x 

19. ( x3 - 2x}2 

xs 

20. ex + 3 cos x + log x2 

21. x7 log . x  

3 1. 2x + 3--
x2 

2 21 1/2 3 -1/2 -3/2 . - x  - x  - x  2 2 

98  2 8  3. -- + ­
x3 x2 

5 aJx-312 4. - x3; 2 --- +  2 2 
9a 112 3a2 

-112 -x + - x 
2 2 

-1 r;:; 6. 
✓

2- 6- -v 2 

7. -4 cosec 2x cot 2x 

8. y1 
= 6x5 , y2 

= 30x4, 

y3 = 120x3, 
y4 

= 360x2, y5 = 720x, 
y

6 
= 720, Y1 = 0 

/MP-97, 99} 
23. log,x 

sin x  
/MP-2000} 

24. ex + log x 
s in 3x 

/MP-98, 2000} 

25. e2x + e-2x 

/MP-99} e2x - e-2x 

ANSWERS 

lO. cos x + xlog,xs in x 
X COS2 X 

11. e' (sin X + cos X )  + xP -I 

(p cos x - x sin x) 

12_ ex (s in x - cos x) 

13. 

sin 2 x 

(-xsin x + cos x) 
log x-cos x 

(log x}2 

x•-1 [nlog x - 1] 
14· (log,x) 2 

15. ✓x( ✓a- ✓x)2 

16_ xsec x(sec x -tan x) + tan x 
sec x + tan x 

/MP-98, 99} 

/MP-2001} 

/MP-97; CBSE-93} 

/AICBSE-88} 

1- x(log x) 2 

17· x(l + xlog x) 2 

12 4 19. 1-- + -
x4 x2 

20. ex - 3sin x + 3_ 
X 

21. 7x 6 log .x + x6 log. e 

22. l + cos x 

sin x  --- cos xlog,x 
23. �X ____ _ 

sin 2 x 

24. ex cosec3x ( l - 3 cot 3x) 
-3log x cosec 3xcot 3x + 
cosec 3x 

X 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. The derivative of function.f{x) is tan4 x, If.f{O) 

= 0 then lim f( x) is equal to 
x ➔ O X 

/J&K-2005} 

(a) 1 
(b) 0 
(c) -1 
(d) None of these 



Solution 

(b) lim f( x) = lim f( x)- O 
x ➔ O  x ➔ O  x- 0 

= lim f( x) - f( 0) 
x ➔ O  X - Q 

= f'(x) l x - o = tan 4xl x - o = o 
2. Let.f{ x + y) = .f{x)fiy) and.f{l) = 2V x, y E R, 

where.f{x) is continuou s  function. Then f'( l ) 
is equal to  {NDA-2006} 
(a) 2ln2 (b) ln2 
(c) 1 (d) 0 

Solution 

(a) Obviously f is an exponential function, 
so let.f{x) = d'. 
· · .f{l) = 2, soa 1 = 2 
⇒ a = 2 ⇒.f{x) = 2x ⇒f'(x) = 2x ln2 
⇒ f'( l )  = 2 ln2 

3. If Y = I cos x I + I sin x I then dy at x = 21t is 
dx 3 

(a) l- .../3 (b) O 
2 

(c) !( .../3- 1) (d) None ofthese 
2 

Solution 

( c) x = 
2n , I cos x I = - cos x and I sin x I 
3 

= sin x 

At 

y = - COS X + sin X 

dy . 
dx = smx + cos x. 

2n dy . 2n 2n x = - , -= sm - + cos -
3 dx 3 3 · 

4. If f'(x) = ✓ 2x2 - l  and y=.f{x2) then dy at 
dx 

x = l is 
(a) 2 
(c) -2 

Solution 

(a) y = .f{x2) 

(b) 1 
(d) None of these 

⇒ : = f'( x2 ). 2x = 2x. -J2( x2 )2 
-1 

At x = l, : = 2 .1 . .J2"="i 
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5. If P(x) is a polynomial such that P(x2 +1) = 
{ P  (x)} 2 + 1 and P (0) = 0 then P '(0) is 
equal to 
(a) 1 
(c) -1 

Solution 

(b) 0 
(d) None of these 

(a) · :  P (x2 + 1) = { P(x)} 2 + 1 and P(x) is 
a polynomial, we have P(x) = x which also 
satisfies P(0) = 0. Therefore, P' (x) = 1. So 
P'(O) = 1 

ex
+ e-, d 6. If y = --, then ..2:'. is equal to 

ex- e-x dx 

(a) sec h2 x 
(c) -sec h2 x 

/Karnataka CET-2005} 
(b) cosec h2 x 
(d) --cosec h2 x 

Solution 

ex
+ e-x 

(d) Y = ex - e-x 

ex
+ e-x 

--
2

- cos hx 
= , -x = --;---hx 

= cot hx 
e - e  sm 

2 
dy -= -cosec h2 x 
dx 

7. If.f{x) = (x - x0)$ (x) and $(x) is continuous at 
x = x

0
. then f'(x

0
) is equal to  

(a) $ ' (x0) 

(c) x0$ (x0) {NDA-2006} 
(b) $ (xo) 
(d) 2$ (x0) 

Solution 

(b) .f{x) = (x - x0)$ ' (x) + $ (x) ⇒ f (x0) = 0 + 
$(xo) =$(xo) 

8 If = ✓x( 2x  + 3) 2 
th dy . y 

..fx+J. ' en 
dx

= 

/MPPET-2007} 

(a) y[ 2
1
x 

+ 
2x: 3 

-
2( }+ 1) ] 

[ 
1 4 1 

] (b) y 3x 
+ 

2x + 3  
-

2( x-l) 

[ 
1 4 1 

] ( c) y 3x 
+ 

2x + 3 
+ 

x + l 
(d) None of these 
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Solution 
✓x( 2x + 3) 2 

y= ----==-(a) ..fx+J. 1 1 ⇒ log y = 2 Iog x + 2 log(2x + 3)-2 Iog(x + 1) 

_!_ dy = _!_ + 2 _ 2 _ _ 1_ 
y dx 2x (2x + 3) 2(x + 1) 
dy 

[
1 4 1 ] 

dx 
= y 2x 

+ 
2x + 3 - 2(x + 1) 

9. Let y(x) = ax" and 8y denote small change 

in y. What is limit of : as 8x ➔ 0 ?  

(a) 0 
/AIEEE-2009} 

(b) 1 
(c) anx,,__1 (d) ax" log(ax) 

Solution 

(a) lim oy - (dy ) 
i>x➔O 8x dx at x = 0 

= (.!!_ax" ) = (anx"-1 ) = 0 
dx at x = O  aJ x =  0 

10. If j{x) = tan x + e-2x - 7x3, then what is the 
value off (0)? {NDA-2009} 
(a) -2 (b) -1 
(c) 0 (d) 3 

Solution 

(b) · :  j{x) = ta nx + e-2x - 7x3 
On differentiating w.r.t. x, we get 
f(x) = sec2 x - 2e-2x - 2lx2 

⇒ f(O) = sec 2 0 - 2e0 
- 21 x 0 = 1 - 2  = -1 

11. If 3x + 3Y = ex + Y, then what is : equal to? 

{NDA-2009} 

(a) 3x+y - 3x 
(b) 3x-y ( 3Y- l) 

3Y 1- 3x 

3x + 3Y 3x + 3Y 
(c) 

3x - 3Y (d) 
1 + 3x+y 

Solution 

(b} 3x + 3Y = 3x +y 

On differentiating w.r.t. x, we get 

3x log3 + 3Y log 3 dy = 3(x+y) log 3 (1 + dy ) dx dx 

⇒ 

⇒ 

⇒ dy 3xw - 1) 3x-yw - 1) 
dx 3Y (l- 3x) 1- 3x 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. Derivative of x6 + 6x with respect to x is 
(a) 12x 

(b) 
(c) 6x5 + 6x log6 

x+ 4 
(d) 6xs+ x6x - l 

2. If y = log 1�2,then dy is equal to 
dx 

(a) 2/x 

(b) 2 
xlog elO 

(c) 1 
xlog elO 

(d) _1 
lOx 

3. If f(x) = -1- then derivative of composite 
1- x 

functionf [f{ f(x)}] is /Orissa JEE-2003} 
(a) 0 (b) 1/2 
(c) 1 (d) 2 

4. Derivative ofj{x) =ix2
- xl at x = 2 is 

(a) -3 (b) 0 
(c) 3 (d) Undefined 

5. If y= e(l + log, x) , then dy = dx 

(a) e 
(c) 0 

/MPPET-1996; Pb.CET-2001} 
(b) 1 
(d) log, xe log ex 



6. 

7. 

8. 

If y = e-' log x, then dy is 
dx 

{SCRA-1996/ 

e-' 
e-' ( � + xlog x) (a) (b) 

(c) e-' (� + log x) (d) 
e-' 

log x 

Iff (x) = e-' g(x), g(O) = 2, g'(O)=l, then / (0) is 
(a) 1 (b) 3 
(c) 2 (d) 0 

If y = log 10x + log) O + logxx + log 1010, then 
dy 
dx l (a) ---- --� 

xlog elO ( xlog e x) 2 (b) l _ _ I_ 
x log e 10 x log l O  e l log �0 

(c) ---- --� 
X log e l O x(log e x)2 

(d) None of these 

9. If fix)= x + 2, then at x = 4,f'[!Cx)] is equal to 
(a) l (b) 4 
(c) 8 (d) 2 

10. If y = fix) is an even function such thatf'( O) 
exists, then/'(O) = fllT-198 7/ 
(a) 0 (b) -1 
(c) l (d) None of these 11 .  If fix) an odd differentiable function defined 
on (-oo, +oo) such that/'( 3) = 2, then/'(- 3) is 

{11T-JEE1992/ 

12. 

13. 

(a) 0 
(c) 2 
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(b) l 
(d) 4 

The function f is differentiable with fil) = 

8 and /'(l) = i - If f is invertible and g = J-1 . 

Theng· (8) = 
(a) 8 
(c) 0 

(b) 1/8 
(d) 1 

G ivenf(x + y + z) = fix)fiy) fiz) for all x, y, z. 
If/(2)=4 andf'( O) = 3, then/'(2) = 
(a) 12 (b) -12 
(c) + 12 or-12 (d) 1 

a 2 

14. If f (x) = � + ,- , thenf'(a) = 
-vax 

(a) -1 
(c) 0 

(b) l 
(d) a 

15. The differential coefficient of the function 
I x - l I + I x - 3 1 at the point x = 2 is 

(a) -2 
(c) 2 

{RPET-2002; PbCET-2000, 04/ 
(b) 0 
( d) undefined 

16. Iffix5) = 5 x3, thenf'(x) = 

3 (a) -

3 (c) 
� 

{Karnataka CET-2008/ 

(b) ½ 
3 (d) ½ 

17. If fix)= mx2 + nx + p, Then/'(l) + /'(4)-/'( 5) 
is equal to {MPPET-2008/ 
(a) m (b) -m 
(c) n (d) -n 

sdtbfioNs 
1. ( c) Step l : Differentiat ion x6 + 6< with 

respect to x = 6x5 + 6-' log 6 

NOTE 

B . .- l d ,, n-1 y usmg 1ormu a -x = nx 
dx 

d and - (a -' ) = a -' log a 
dx 

2. (b) Step 1: y= log 1 0 x2 

NOTE 

dy 2 
-

dx x log,10 

. d log e I By usmg formula -( loga x ) = _a_ = --
dx X x logea 
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3. (c) Step l: f(x) = ­

l - x  l l- x x -l /(/( x)) = --= -= -
1 _ _ 1_ -X X 

l + x  l 
/[/ {/( x)}] = � = X l - ­

x 
then der ivat ive of composite functionfifij{x))) 
is J'[f {/( x)}] = l 

4. (c) Step l : .f{x) = lx2 - xl = x2 - x  
Since .f{x) = x2 - x > 0 in the neighbourhood 
ofx = 2 
Step 2: 

- f(x) =-(x - x) 
d 

I 
d 2 

I dx x=2 dx x=2 

= 2x - •lx=2 = 2 X 2 -1 = 3 

5. (a) Step l: y = e.e log,, x = ex 
dy -=e 

6. ( c) Step l : y = e' log x 

dy = ex log x + ex _!_= e-' [.!. + log x] 
dx x x 

NOTE 
, d dv du By usmg formula - (uv) = u - +  v - (Product 

dx dx dx 
Rule) 

7. (b) Step l : .f{x) = e-' g(x) 
f(x)= ex g(x) + e'g' (x) 
f (0) = e0 g(0) + e0 g' (0) 
= g(0) + g' (0) = 2 + l = 3 

Y --
log e x + 

log e l O + l + l 8. (c) Step l: 
log e l 0 log e x 

. dy __ ___ log)0 l - -----''-'---- X -
dx xlog)0 (log e x) 2 x 

10. (a) since.f{x) is even 
.f{-x) = .f{x) 
f(-x) (-1 ) = f(x) 

⇒ f(-x)=-f(x) 

f (-0) = -f(0) ⇒ f(0) = -f(0) 
⇒ 2/(0) = 0 ⇒f(0) = 0 

11. ( c) Step l : Differentiation of odd function is 
an even function 
Hence f(x) is even function , 
Step 2: Here f(x) = f(-x) 

/(3) = f(-3) ⇒ f(-3) = 2 

12. (a) Step l: g iven g = J -1 i ,e ,, .f{g(x)) = g(.f{x)) 
=x 
Step 2: Differentiating g(.f{x)) = x with respect 
to x we get 

g'(.f{x))f(x) = l 
for x = l we have 

g'(.f{l))f(l) = l l 
g'( 8) - = l ⇒ g'( 8) = 8 

8 

13. (c) Step l: Given .f{x + y + z) = .f{x) j(y) j{z) 

for all x, y, z 
i ,e ,, .f{x + y + z) = .f{x)j(y)j{z) 
or .f{x) = .f{x) (1{0))2 ⇒ (1{0))2 = I 

, , , , , , , , , ,  (l) 

⇒ .f{0) = ± l , , , , , , , , , , , ,  (2) 
Step 2 : .f{x + 2 + 0) = .f{x).f{2).f{0) 
On differentiation f(x + 2) = f(x)j{2).f{0) 
for x = 0 we have 

f (0 + 2) = f (0)1{2).f{0) 
i ,e ,, /(2) = 3 X 4 X (±1) = ±12 

14. (b) Step l: Given f(x) = ✓a✓x + a 3
'
2x- 1

'
2 

f '( x)= ✓a
,_ +a 3' 2 (

-!,2 ) 
2...;x 2x 

15. (b) Step l : .f{x) = Ix- I I + Ix- 3 1 

f(x)= l

-( x-l)-( x- 3) , 
(x -l) - (x - 3), 
(x -l) - (x - 3), 
(x -l) + (x - 3), 

= 2 l < x < 3  
!4 - 2x x <  l 

2x - 4 x >  3 

x <l 
x >l 
x < 3  
x > 3  

At x = 2,j(x) = 2 ,  Hence/(x) = 0 



16. (c).f{x5) = 5x3 

j{t) = 5t3ts 
( " :  t = x5 , x3 = t3ts) 

f '(t) = 5 X Ir2ts  

5 
3 - w 

3 :. f '(x) = s12 
vx2 
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17. (c) Step 1 :  Given: 
.f{x) = mx2 + nx + p 
f(x) = 2mx + n 
f'( l ) = 2m + n 
f(4) = 8m + n 
/(5) = 1 0m + n 

Step 2: :. f'( l )  + f'(4) -f'(5) 
= 2m + n + 8m + n - I Om - n 
= n 



E.20 Simple Differentiation 

WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is  immediately below the 
worksheet . 

2. The test is of 1 3  minutes . 
3. The worksheet consists of 1 3  questions . The 

maximum marks are 39 .  
4. Use Blue/Black Ball point pen only for writing 

particulars/marking responses .  Use of pencil is 
strictly prohibited . --=---------

1. The der ivative of.f{x) = lxl 3 at x = 0 is 
{RPET-2001 ; Kurukshetra CEE-2002/ 

(a) 0 (b) 1 
(c) -1 (d) not defined 

2. Let 3.f{x) - 2.f{l/x) = x, then/'( 2) is equal to 
(a) 2/7 (b) 1/2 
(c) 2 (d) 7/2 

3. The value of x, at which the first derivative of 

the function ( ✓x + Jx J with respect to x 

is 3/4, are {MPPET-98/ 
(a) ± 2 (b) ± 1/2 
(c) ±✓3/2 (d) ±2/✓3 

(l - x)
2 d 4. If y = --

2 
- ,  then ..2'.. is {MPPET-1999/ 

x dx 

(a) 2- + 2-
xi xl 

2 2 (b) -- + -
x2 xl 

2 2 (c) --- -
x2 xl 

2 2 (d) -- + -
x3 x2 

5. If.f{x) = 4x8, then = 

(a) /'(1/2) = /'(-1/2) 
(b) /'(-1/2) = f'(l/2) 
(c) /(-1/2) = /(1/2) 
(d) /(1/2) = /'(-1/2) 

6. The derivative of tan x - x with respect to x 
i s  {SCRA-1996/ 
(a) l- tan2 x (b) tan x 
(c) - tan 2 x (d) tan2 x 

x2 x3 dy 7. If y = l + x + 2! + 3! + . . .  00, then 
dx 

= 

(a) y 
(c) y + l 

{Karnataka CET-1999/ 
(b) y- l 
(d) None of these 

8. If 5.f{x) + 3.f{l/x) = x + 2 and y = x.f{x), then 
(dyldx) , - 1 is equal to  
(a) 14  
(c) 1 

(b) 7/8 
(d) None of these 9. Let.f{x + y) = J{x)j(y) for all x and y. Suppose 

that .f{3) = 3 and j' (O) = 1 1 ,  then /'(3) is 
given by 

(a) 22 
(c) 28 

[Kerala PET-2001/ 
(b) 44 
(d) 33 

10. If pv = 8 1, then dp is at v = 9 equal to  
dv 

(a) 1 
(c) 2 

{MPPET-1999/ 
(b) -1 
(d) None of these 11. If y = ( l  + x 114) (1 + x li2) (1 - x 114), then : = 

(a) 1 
(c) X 

{MPPET-1994/ 
(b) -1 
(d) ✓x 

12. The differential coefficient of x6 with respect 
to x3 is {EAMCET-88; UPSEAT-2000/ 
(a) 5x2 (b) 3x3 

(c) 5x5 (d) 2x3 
(a) 2x 
(c) x2 (b) X 

(d) None of these 
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ANSWER SHEET 

L @ @ @ @) 
2. ® @ © @) 

6. @ @ © @)  
7. @ @ © @)  

11. @ @ © @) 
12. ® @ © @) 

3. ® @ © @) 
4. @ @ © @) 
5. ® @ © @)  

8. ® @ © @)  13. ® @ © @) 
9. ® @ © @)  

10. ® @ © @) 

AiNfs XNo exPLXNlfioNs 

2. Step 1: 3/( x)- 2/( �)= x .... (1) 

1 . . replace x by - m equation (1), we get 

3/( �)- 2/( x) = � ......... ( 2) 

Now eliminating 1( �) by using both equa­

tion (1) and (2) 

/( x) = ¼[3x + �] 

NOTE 

If af(x) + bfU·) = x then 

f(x) = �( ax - !!_) a - b  x 

1 
2 

3. Step 1: Differential coefficient of y = .f{x) at 

x = 0 is represented by !l,=a or f(a) (It is 

obtained by differentiating function and then 
substituting x = a) 

( 
1 

)
2 1 

Step 2 :  y= f( x) = ✓x + ✓x = x+
:;

+ 2  

dy 
= f'( x) = l- _!_ 

dx x2 

1 3 Step 3 :  1- 2=- ⇒ x2 = 4 ⇒  x =± 2 
X 4 

1 2 
4. Hint: y= 2-- +1 

X X 

Formula :  - - = -
d 

( 
1 

) 
-n 

dx x" x
n+l 

5. Step 1: f (x) = 32x7 : Power of x is odd 

Hence, 1(-½ ) = 1( ½) 
7. Step 1 : y = e' 

dy 
X 

dx 
=e = y 

10. Hint: p= �, dp = -�l l =-1 
v dv v v=9 

11. Step 1: y= {l- x 1 14 ) {l + x1 14 ) {l + x 1 1 2 ) 

Step 2 :  y = ( 1 - x
1 1 2  ) { 1 + x 1 1 2 ) = 1- x 

Step 3 :  dy = -1 
dx 

( differentiating with respect to x) 
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L E C T U R E  

Fundamental 
Theorems 

p BASIC CONCEPTS d 
1. If y = f(t) and t = $(x) Function of a function 

( chain Rule) then dy = dy dt 
dx dt · c1x 

du du dy , dy 2. If u = f(y) , then dx = dy · dx = f (y) dx 

3_ dy . 
dx = I or dy = _I _ 

dx dy dx dx/dy 
4. Differentiation of one function with respect 

to another function. 
Let y = f(x), z = $(x) and we have to differ­
entiate f(x) with respect to $(x) i.e., y with 
respect to z so that we have to find the value of 
dy dy dz dy dx 
dz 

= 
dx + dx 

= 
dx

.
dz · 

5. Logarithmic Differentiation: 
If y = [J;(x)Y, <xl or y = f1(x}J;_(x}J;_(x). .. 

J;(x)J;(x) . .  t h  · ·11b · or Y = <l>i(x) <1>2 ( x).. 
en 1t w1 e convement 

to take log of both sides before performing dif­
ferentiation. 
Note: Quicker Method: 

�[f (x)Y <xl= [f(x)g(xl ] [ � {g(x)log f  (x)} ] 
dx dx 

= [f(x)]8<xi [ ! (exponent t imes log of base) ] 

6. P arametric Equations: 

If x = f(t), y = $(t), then dy = dy 
+ 

dx. 
dx dt dt 

7. Differentiation of lmplicit Function/(x, y) 
= c: Differentiate each term with respect to x 

d d dy 
and note that dx 

( (j)( y)) = 
dy 

( (j)( y)) 
dx · 

For example x3 + y3 - 3my = 0 
Differentiating with respect to x 

3x2 + 3 y2 : - 3a( I .y + x :  ) = 0, 

(x2 
- ay) + (y2 

- ax): = 0 

dy x2 - ay 
dx 

= -
y 2 - ax 

8. By the help of partial differentiation : 
(Quicker method) 

Iff(x, y) = c, then we can find : by the help 

f . I d "f"' . . d 
dy f, o parha 1 ,erenhahon as un er dx 

= -
JY 

whereJ: is differential coefficient offix,y) with 
respect to x treating y as con stant. Similarly 
f is differentiation of fix, y) with respect to y 
treating x as constant. For example if fix, y) 
= x3 + y3 - 3axy = 0, thenl = 3x2 - 3ay, J;, = 
3y2 - 3ax 

dy f, x2 - ay 
dx 

= - JY 
= -

y 2 - ax 



E.24 Fu ndamenta l Theorems 

p Jbtitb JSMk I lib PZJlb!IIJ liii JOANS ll.J.J.bh ill bh. 
591 15JJ51 I itiPflfltt!Pitif 3?12 SSNCII Ii iii Pit!@ Sf IXF WI!£ t 

1. If y = ax,,x • ' then dy = __ Y_2
_Io_g_y __ 

dx x(l- y log xlog y) 
Solution 

y = a x' :. Iog y = xY log a log log y = y log x + log (log a) 

1 I dy dy I --.-- = -.log x + y.­
Iog y y dx dx x ( -1 - - logx ) dy = }:._ 

ylog y dx x 

dy _ y2 log y 
dx - x(l- y log xlog y) 

2. If sin y = x sin (a + y), then 
dy sin 2 (a + y) sin a - = --'---'-'- or 2 dx sin a I +  x - 2xcosa 

Solution . . ( ) sin y sm y= x sm a + y ,  :. x = . ( ) sm a +  y Differentiate with respect to x 1 = sin(a + y) cos y - sin ycos(a + y) dy sin2 (a + y) · dx 
dy _ sin2 (a + y) sin 2 (a + y) 
dx - sin(a + y - y) sin a 

2nd form: In this form we want the value of : in terms of x where as the value found earlier was in terms of y only. Hence from given relation we have 
xsina xsina tan y = --- : .  y = tan- 1

---
1- xcosa 1- xcosa 

dy . :. - as given. 
dx 

3. If j(x) = sin (log x) and 
dy find 
dx · 

Solution 

Y -- 1[( 32x
_

+
2x

3 ) ] 
Sincej(x) = sin log x, we have 
Y = 1( ���! ) = sin log( ���! ) = sin [log (2x + 3) - log (3 - 2x)] : = cos[log(2x + 3) - log(3 - 2x) .  

( 2/+ 3  
+ 

3 _:2x) = ( 9 �!x2 }os log( �� �! ) 
, 6itJOLJbb JSJJk I lib P£Jlb!I!§ iii! J&kb ll.J.J.bJ§ ill bh. 

1. 2. 3. 4. 

W 89015 THE WEIS t8h¥5 THESE FB8Phf 00t ◄ 
e"" cos (bx + c) [CBSE-89/ 

✓cos ✓x [MP-98, 99/ log 1 + sin x [MP-99, 2005/ 1 - sin x If y = a cos (log x) + b sin (log x) then find dy 
dx 

[MP-98/ 

5. 
6. 
7. 

If y = cos x0 then find dy 
dx If y = 5 log (sin x) then find dy ' dx 

[CBSE-90/ 

esin x 

dy If y = -- then find the value of -sin x" dx 
[MP-2004/ 



8. Ify = log log (log x) then find dy 
• • , 

dx 
[MP-98, 99, 2001/ 

9. If y = },f ( x2 + 2) 2 , find : 

10. Differentiate log sin x cos x with respect to x 

11. Find the derivative of cos(sin x2) at x = ✓ nfi.  
[DSB-97/ 

1-cos x dy 12. If y = --- , then find dx
. [MP-2004/ 

1 + COS X 

13. If y = sin2x2 then find : [MP-2001/ 

14. Find the differential coefficient of esinx with 
respect to x. [MP-2007/ 

15. Find : , when ax2 + 2hxy + by2 + 2gx + 

2/y + c = 0 [AICBSE-90; J & K-95/ 

16. If ( cos xY = (sin y) ·' find : . [CBSE-90/ 

Fundamenta l  Theorems E.25 

dy Iog x  
17. lfxY = ex -y , then prove that dx = (l + log x) 2 

[CBSE-90C, 99, 2000C; SP-2006 ; 
MLNR-84; UP-81, 83 ; HPSB-98; 

HB-2002C; MP-2007/ 

18 Find dy when x 213 + y 213 = a 213 • . 
dx ' 

19. If x = a cos 3 t and y = a sin 3t then find dy. 
dx 

[MP-2000; CBSE-90, 91 ; HSB-93/ 

20. If sin y = x cos (a + y), then prove that 
dy cos 2 (a + y) 
dx cosa [MP-2007/ 

21. Find the differential coefficient of (tan x) cot x + 
(cot x)1811 ' [MP-2000, 2001, 2006/ 

22. If y = .Jcos x + ✓cos x + ✓cos x + . . . . . . .. . . . + 00 

dy sin x then prove that 
dx = 1 _ 2 y

. 

[MP-98, 2000, 2006 ; PB-2001CJ 

ANSWERS 

1. eax [a cos(bx + c) - b sin 
(bx + c)] 

2 -l xsin ✓x . 
4✓x✓ cos ✓x 

3. sec x 

4_ -asin(log x) + bcos(log x) 
X 

5. -7t s in x0 

180 

6. 5 iog (sin x) (cot x) (log 5) 

dy 7. 
dx 

sin x"esin x  COSX -
esin x cos x" . nx• -I 

s in 2 x" 

dy 
8· dx = 

xlog xlog (log x) 

4x 
9· 3},f ( x2 + 2) 

-{tan xlogsin x + 
cot xlogcos x} 10. 2 (logsin x) 

11. 0 

12. tan x/2 sec2 x/2 
13. 4 x sin x2 cos x2 

14. COS X esin x 

dy -(ax + hy +g) 
15· dx = hx + by + f 

logsin y + ytanx 
16. 1 t ogcos x - xco y 

18. dy = - � ( 
)1/3 

dx x 
19. -tan t 

21. (tan x) cot x COSeC2 X { 1 -
log (tan x) } 
+ (cot x) tan x sec 2 X 
{ log( cotx) - 1} 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. If f( x) = cosrn[x] - x3 
}, 1 < X < 2, and [x] = the greatest integer ::;; x, then /'( � ) is equal to (a) 0 (b) 3( i 

r

3 

( 
)

3 /2  (c) -3 i (d) None of these 
Solution (a) Around x = �, [x] = l . So, f( x) = cos{ i - x3 } = sin x3 around x = �- :. f'(x) = 3x2 cos x3 

2. If y = (sin x ) 1811 X, then f is equal to 
[IIT JEE-1994/ (a) (sin x) 1811'( 1  + sec2x log sin x) (b) tan x(sin x) tanx - l . COS X ( c) (sin x) tanx sec2 x log sin x (d) tan x (sin x) tan., - , 

Solution (a) Differentiating with respect to x _!_ dy
d 

= sec2 xlogsin x + tan x.-.-1- .cosx 
y x sm x 

dy = (sin x)'•n x [l + sec2 x logsin x] 
dx 

3. If r = [2<1> + cos2 (2<1> + n:/4) ] 112 then what is the value of the derivative of drld<I> at <I> = n:/4. 
2( -1 )"2 (a) 

7t + 1 (c) 2( -l )-112 
7t + 1 

f Orissa JEE 2005/ ( 2 )-1/2 (b) 2 n + l  (d) 2 -2-n + l  ( )1/2 

Solution d [ ( ) ]- 112 (d) d; = 2(j> + cos2 2(j> + i  [ 2 - 2 x 2 sin( 2(j> + i ) x cos( 2(j> + i ) ] ( dr ) = _!_[ :: + cos2 31t ]-112 
d(j> � = � 2 4 4 

4 

x 2(1 + 1) = 2 X -( 2 )"2 n + l  
4. If 1n ( x + y) = 2xy, then y'(O) = (a) 1 (c) 2 [IIT Screening-2004/ (b) -1 (d) 0 

Solution (a) 1n (x + y) = 2xy Differentiate both sides with respect to x, 

⇒ dy 1- 2xy- 2y2 

dx 2x2 + 2xy - 1 As at x = O, y = 1 , (From 1n (x + y) = 2xy) 1 - 2  Hence y'(O) = --=-i- = 1 
5. A curve is given by the equations x = acos0 + ½ bcos 20, y = asin 0  + ½b sin 20, then the points for which Z = 0, is given 

by [Kurukshetra CEE-2002/ . 2a 2 + b 2 (a) sm 0 = ---
5ab 

3a 2 + 2b 2 (b) tan 0 = 
4ab 



( ) 0 _ -(a 2 + 2b 2) c cos - 3ab (d) cos 0 = (a 2 - 2b 2) 
3ab 

Solution 

(c) 1 x = acos0 + 2 bcos 20, 
y = a sin 0 + ½b sin 20 
de = acos0 + b cos 20, 
dx = -a sin 0 - b sin 20 
d0 

dy _ dy/d0 _ acos0 + bcos 20 
dx - dx/d0 - -asin 0 - b sin 20 !!_ = ( dy ) = .!!_ ( dy ) d0 

dx dx de · dx . dx 

[ (a sin 0 + b sin 20)(a sin 0 + 2b sin 20) l (a sin 0 + b sin 20)2 d = + (acos0 + b cos 20)(a cos0  + 2b cos 20) · d0 (a sin 0 + b sin 20)2 
d2y but - = 0  
dx2 ⇒ a2 + 2b2 + 3ab [sin20 sin0 + cos20. cos0] = 0 ⇒ a2 + 2b2 = - 3ab cos (20 - 0) ( a 2 + 2b 2

) :. cos0  = - 3ab 

6. If x2 + y2 = I- ! , x4 + y4 = 12 + _!_2 , then dy 
I I dx equals f PET (Raj.)-90, 99; NDA-2005/ 

(a) x2y (b) xy3 

(d) -
xy3 

Solution (a) Squaring the first equation, we have 1 x4 + y4 + 2x2y2 = 12 + - - 2  
12 ⇒ 1 1 12 + - + 2x2 y2 = 12 + - - 2 

12 12 (from second equation) 

dy 2 2y - = ­
dx x3 

Fundamenta l Theorems E.27 

2 1 ⇒ y = -­x2 

dy 1 ⇒ - = ­
dx x3y 

7. If Y = 1( 2: - l )  andf'(x) = sin2x, then dy 
X + 1  dx is equal to f PET (Raj.) 90; IIT 82/ (a) 

(b) (c) (d) 
Solution 

Slll --2(1 + x - x2) . ( 2x  - 1 J (l + x2 )2 x2 + 1  
Slll --2(1 + x - x2) . 2 ( 2x - 1 ) (1 + x2 )2 x2 + 1 

Slll --. 2 ( 2x - 1 )  
x2 + 1  

Slll --· ( 2x - 1 J  
x2 + 1  

!!_( 2x - 1  ) = ( x2 + 1)2 - ( 2x  - 1)2x 
dx x2 + 1 ( x2 + 1)2 

2( 1 + x- x2) (1 + x2) 2 

dy = f'( 2x - 1  )·!!_( 2x - 1 ) dx x2 + 1  dx x2 + 1  = sin 2 ( 2x - 1  ) · 2(1 + x- x2 ) 

x2 + 1 ( x2 + 1)2 
8. If/ and g are two differentiable functions such that g' (a) = 2, g (a) = b and fog= I (identity function) thenf'(b) is equal to [DCE-94/ (a) 1 /2 (b) 2 

(c) 2/3 (d) 1 

Solution 

(a) · : (Jog) (x) = x V x  ⇒ f[g(x)] = x ⇒ f'[g(x)] g'(x) = 1 [ on differentiating both sides] ⇒ f'[g(a)] g'(a) = 1 ⇒ f'(g(a)) = -1- = .!_ 
g'(a) 2 ⇒ f'(b) = l/2 [ · :g (a) =b] 
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9. If xe'Y = y + sin 2 x, then at x = O, dy is equal 
dx 

to 
(a) 1 
(c) 2 

Solution 

(b) - 1  
(d) -2 

[IIT-96/ 

(a) On differentiating e'Y + xe'Y ( Y + x :) 
dy . 2 = - + Slll X 
dx 

exr [ 1 + xy + x2 
: ] = : + sin 2x 

Putting X = 0, l + 0 = ( : 1 + 0 

10. If y = sin x0 and z = log 10 x , then dy is equal 
dz 

to [NDA-2005/ 

x° COS XO 

(a) log 1 0 e 
X COS XO 

(c) log 10 e 

Solution 

(a) dy ( ! ) 
dz = (: )  

(� x  )cos x0 

log 1 0 e 

X COS XO 

(b) log, 1 0  
x° COS XO 

(d) log, 1 0  

x0 cos x0 

log 1 0 e 

11. g(x) is the inverse function of an invertible 
function.f{x) which is differentiable at x = c, 
then g' [/{ c)] is equal to 
(a) f'(c) (b) 1 /f'( c) 
(c) .f{c) (d) 1 /j(c) 

Solution 

(b) Since g(x) is the inverse of function.f{x), 
therefore go.f{x) = I, for all x. Now gof (x) = I 
(x), V x 
⇒ gof (x) = x, V x 
⇒ (gof)'(x) = 1, V x 
⇒ g'(j(x))f'(x) = 1, V x (using chain rule) 

⇒ g'(f(x)) = 
f'�x)' Vx 

⇒ g'(f(c)) = 
f'�c)

(putting x = c) 

12. Derivative of function .f{x) = logs (log7 x) , 
x >  7 is 1 
(a) 

x(ln5)( 1n7)(log 7 x) (b) x(ln5)( 1n7) 

(c) x(lnx) (d) None of these 

Solution 
(a) 

⇒ 

⇒ 

⇒ 

⇒ 

⇒ 

.f{x) = log s (log-rX) 

f ( ) _ 1 ( 
log, x 

) x - ogs log, 7 
.f{x) = log s log

0
x - logs log

0
7 

f( ) _ log, log, x _ 1 1 7 x - l 5 ogs og, og, 

f'( x) = 1 0 
x log, x log, 5 1 

f'(x) = 
log,5 xlog,x-1 7log, 7 og, 1 

x(ln5)(1n7)(log 7 x) 

13. If sin y + e-xcosy= e then : ( 1, 7t) is 

(a) sin y (b) -x cos y 
(c) e (d) sin y- x cos y 

Solution 
(c) sin y + e-x cos y = e, 

cos y dy + e-x cosy 
dx ⇒ 

⇒ 

⇒ 

cos y dy + xsin ye-x cos y 
dx 

( : - COS ye-x cos y ) = 0 

( 
dy

) cos 1te- cor n 
dx ( ! , it) 

= 
COS 7te + sin 7te- cor n 
(-l)e 

= -- = e 
-1 + 0  



�- � dy 14. If Y = ,--:- ,--, then dx equal to va + x + va- x 

ay 
(a) 

x✓a2 - x2 

ay 
(b) 

✓a 2 - x2 

ay 
(c) 

x✓ x2 -a 2 (d) None of these 

Solution 

(c) �- � 
y = 

.Ja + x + .Ja- x 

⇒ ( � - �)
2 

y = (a + x)- (a- x) 

_ (a + x) + (a- x)- 2 ( � ) 

or 

- 2x 
( 2x- 2� 

2x 
a- ✓a 2 - x2 

y = ---- .................... (i) 

Differentiation with respect to x of y , we get 
dy ⇒ -
dx 

x[ 
1 (-2x) ]- (a- ✓a 2 - x2 ) 

2✓a 2 - x2 
x2 

x2 -a � +a 2- x2 

x2 ✓a 2 - x2 

_ a (a-� )  
-

x2 ✓a 2 - x2 

= 
a [ a -�] 

x✓a 2 - x2 x 

- ay 
[ B  ( l)] -

x✓a 2 - x2 y 

15. If f( x) = 5 1og, s then/'( 5) =? 
(x ER +- { l}) 
(a) - 1  
(c) 1/5 

(b) 5 
(d) None of these 

Fundamenta l Theorems E.29 

Solution 

(a) f( x) = 5 108•
5 , x E R+ - {l} 

= 5 Iog., e log, 5 = ( 5 1og, 5 ) log., e 

(Recall that log • b = log • c loge b) 
Differentiating with respect to x using chain 
rule 

f'(x) = ![ ( S log, 5 ) log, e
] 

= ( 5 Iog, 5 )�x Jn ( 5 Iog, 5 ) .{__2__} 
x(ln x) 2 

Putting X = 5 

f'(S) = ( 5 Iog, 5 )1�5 .ln ( 5 Iog, 5 ).{--1 - } 5(ln 5) 2 

= 5.(ln 5)(ln 5).{- 5(
�

S) 2 }=-1 

16. If  y = log x'. then the value of ix is: 

[MPPET-2009/ 
(a) x'( l + log x) (b) log(ex) 

(c) log ( � )  (d) log ( ; ) 

Solution 

Given, y = x Iogx 
On differentiating w.r.t. x, we get 

dy X dy -= - + log x ⇒ -
dx x dx 

= log e +  log x 

⇒ ix = Iog(ex) 
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OBJECTIVE PROBLEMS:  IMPORTANT QUESTIONS WITH SOLUTIONS 

1. If y = .Jsin x + y, then dy equals to 
dx 

[RPET-2001/ 
sin x 

(a) 2y- l  
COS X  

s in x  
(c) 2y + l 

(b) 2y- l  

COS X 
(d) 2y + l 

2 If _ l + tan x th dy _ 
· y- 1- tan x' en dx-

[AISSE-1981, 83, 84, 85; DSSE-1985; 
AICBSE-1981, 83/ 

(a) 1 1- tan x 2(
7t + ) 2 1 + tan x

.sec 4 x 

(b) ! : ::;.sec 2 (i + x) 

(c) _
2
1 1- tan x _sec( �4 

+ x ) 1 + tan x 
(d) None of these 

3. If f( x) = log :�;� , u'(2) = 4, v ' (2) = 2, u ( 2) 

= 2, v(2) = 1. Then /'(2) = 
(a) O (b) l 
(c) - 1  (d) None of these 

4. If x = y.JI - y2 , then dy = dx 
(a) O (b) x 

(c) .J1- y2 
(d) .J1- y2 

l- 2y2 1 + 2y2 

5. ! log.Jx(l/x) is equal to 

1 (a) -
2✓x (b) -2 

1 (c) -
x2 ✓x (d) 0 

6. The differential coefficient off [ log(x)] when 
j( x) = logx is 

[Kurukshetra CEE-1988; DCE-2000/ 
(a) x log x (b) x/logx 
(c) 1 /xlogx (d) logx/x 

7. For the curve ✓x + Jy = 1, f at ( ¼ , ¼) is 

(a) 1/2 
(c) - 1  

[Karnataka CET-1993/ 
(b) 1 
(d) 2 

8. If f( x) = 3ex' , then f'(x) - 2 xf(x) + i f( O) 

- /(0)= 
(a) 0 

( ) 7 x' C 3
e 

(b) 1 

(d) None of these 

9. If y = log sin.(tan x), then ( :) = 
ff/4 

(a) log 2 (b) --4log2 

(c) log 2 (d) None of these 

10. ! {2 logx } 

(a) 2 1ogx . log 2 
X 

(c) -2 Iogx . log 2 
X 

(b) 2logx . log2 

(d) 2log x .  log 2 
X 

d 11. 
dx {

ex log( l + x2) }  = [AICBSE-1987/ 

(a) ex [1og( l + x2) +  2x z ] 
I + x  

(b) ex [ log( l + x2) - 2x 
2 ] I + x  

( c) ex [ log( l + x2 ) + � ] I + x  

(d) ex [ log( l + x2)- � ] I + x  

12. !!._exsin x = {DSSE-19 79/ 
dx 

(a) e x sin x (x cos x +  sin x) 
(b) e x sin x (cos x + x sin x) 
(c) e x sin x  (COS X + sin x) 
(d) None of these 



13. If Y = 1( 1i;2+!3 ) andf'(x)= cos x, then : 

is equal to 

(a) cos( 
5x + 1 

) 1 Ox2 - 3  

(b) cos( 
5x + 1 )!!...( 5x + 1 

) 1 Ox2 - 3  dx 1 Ox2 - 3  

(c) 5x + l  
cos( 

5x + l  
) 1 Ox2 - 3 1 Ox2 - 3 

(d) None of these 

14. If f( x) = log)108xl"
, thenf'(e) = 

(a) 1/3e (b) 8 1 e 
(c) 9/e (d) 1 

15. If y = .J x + ✓ x + .J x + ..... to oo , then dy 
= 

dx 
[RPET-02; NDA-2007/ 

(a) X (b) 
2 

2y- 1  2y- 1 
- 1 

(c) 2y- 1 (d) _1 _ 
2y- 1 

16. The rate ofchange of .J ( x2 + 1 6) with respect 
to x/(x - 1) at x = 3 is 
(a) 2 
(c) - 1 2/5 

(b) 1 1/5 
(d) -3 

17. If 2x + 2Y = 2x + y, then the value of dy at x = y dx 
= 1 is 
(a) 0 
(c) 1 

18. Ifx = a (cos 0 + 0sin 0), 

(b) - 1  
(d) 2 

. dy 
y = a (sm0 - 0cos 0) dx 

= [DCE-99/ 

(a) cos 0 (b) tan 0 
(c) sec 0 (d) cosec 0 

19. The derivative of .J ✓x + 1 is [SCRA-1996/ 
1 

(a) ✓x(✓x + 1) 
1 (b) 

✓x✓x + 1 

(c) .Jx(✓x+ l) 
1 

(d) {/x( ✓x + l) 
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20. If x3 + y3 - 3axy 
= 0 then dy equals ' dx 

ay- x 2 
(a) 

y 2 - ax 

(c) x 2 
+ ay 

a2 + ax 

[RPET-1996/ 2 
(b) ay- x  

ay - y2 

(d) x 2 + ay 
ax- y 

21. If sin (x + y) = log (x + y), then : = 

(a) 2 (b) -2 
(c) 1 (d) - 1  

22. If.f(x) = (log cou tanx) (log 1anx cot. ) -1, thenf'(2) = 

(a) 2 (b) O 
(c) 1/2 (d) -2 

23. Ifxm y• = 2(x + y) "' + nthen dy is 
dx 

(a) x+ y 
(c) y/x 

[MPPET-03 ; JEEWB-92/ 
(b) x/y 
(d) x- y 

24. Derivative of F [f{ �(x)}] 
(a) F' [f{�(x)}] 

[AMU-02/ 

25. 

(b) F'[f{�(x)}]f' { �(x)} 
(c) F'[f{ �(x)}]f { � (x)} 
(d) F'[f{ � (x)} ] f { � (x)} � '(x) 

�[ log 1 + ✓x
] = dx 1- ✓x  

(a) ✓x 
1- x  

(c) ✓x 
l + x 

(b) 
1 

✓x( l- x) 

(d) 1 

✓x( l + x) 

26. If y = (tan x) <m, then dy = [AISSE-1985/ 
dx 

(a) y cosec 2 x( l - log tan x) 
(b) y cosec 2 x( l + log tan x) 
(c) y cosec 2 x(log tan x) 
(d) None of these 

21. x = t2 + 3t- 8,y = 2t2 - 2t- 5, then : at (2, - 1) 

(a) 22/7 (b) 6/7 
(c) 6 (d) None of these 

28. If x = er+eY + '"= , then dy is [AIEEE-2004/ 
dx 

X 
(a) 1 + X 

1- x 
(c) 

X 

(b) .!. 
X 

(d) None of these 
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29. If xv = e ·' -Y, then dy = dx 
{MPPET-198 7, 2004; MNR-1984; Roorkee 

1954; BIT Ranchi-1991 ; RPET-2000} 
(a) logx . [ log (ex)J -2 (b) log x [ log (ex)]2 

(c) log x .  (log x)2 (d) None of these 

30. If (f)( x) = log 5 log 3 x, then <P'( e) = 

1 (a) -log 5 e 
e 

(c) e log , 5 

{Kerala PET-2008} 

(b) 1 

(d) log 5 e 

31. If./(x + y) = 2fix)fiy),f'( 5) = 1024 (log 2) and 
.fi:2) = 8, then the value of/'( 3) is 

(a) 64 (log 2) 
(c) 256  
( e)  1024 (log 2) 

{Kerala PET-2008} 
(b) 1 2 8  (log 2) 
( d) 256  (log 2) 

32. If x = sin t - t cos t and y = t sin t + cos t, then 

what is dy at point t = � ? 
dx 2 

(a) 0 
(c) -rc/2 

{NDA-2008} 
(b) rc/2 
(d) 1 

sBtofioNS 

1. (b) Step I: y = ✓sin x + y 

Square on both side, we get 

y2 = sin x + y 
Step 2: differentiate with respect to x 

dy dy dy cos x 
2y -= cos x + - ⇒ -= --

dx dx dx 2y- l  

1 + tan x 2. (a) Step 1: y= 
1-tan x 

NOTE 

dy 1 -- ----,.====.sec 2 ( n/4 + x)  
dx 2 l + tan x 

1-tan x 

·: --- tan(1t/4 + x) ( 
l + tan x 

) 1-tan x 

. d I I 
Usmg formula - v x = , 

3. (a) Step l :  

dx 2v x 

f( x) = log u( x
) = log[u( x)]-log[ v( x)] 

v( x) 

J'( x) = -
1- �[u( x)]- -1- �[ v( x)] 

u( x) dx v( x) dx 

f'( x) = 
u'( x) _ v'( x) 
v( x) v( x) 

Now, put the value of x = 2 

NOTE 

/'( 2)= 
u'( 2) _ v'( 2) 

= i- �
= O 

u( 2) v( 2) 2 1 

by using formula � (log x) = !._ 
dx x 

4. ( c) Step I: differentiate with respect to y 
dx � 1 -= lvl- y + y x � (-2y) 
dy 2vl- y2 

dx -h1- y2 

= 
l- 2y2 

dy .J1 - l .J1 - y2 
. 

d � Hence , -2'.. = � 
dx 1 - 2y2 

NOTE 

d dv du - (u, v) = u - + v ­
dx dx dx 

5. (d) Step 1: �log
..,,; ( !_) dx " x 

d -I d = dx 2log,( x  )= 
dx 

(-2)= 0 

( differentiation of constant term is zero) 



6. (c) Step I: f(log x) = log (log x), 

d 1 -(log(log x)) = -­
dx xlog x 

Now comparing with the given data in the 
question. 

7. (c) Step I: ✓x + Jy = 1 

Differentiating both side w.r. t. x 

_l_ + _l_ dy 
= O  

2--Jx 2.jy dx 

dy = 
-

2--Jx ⇒ dy = _ {i_ 
dx 1 dx f:; 

2.Jy 

⇒ !l(H) = -1 

NOTE 

By using formula .!!__ ✓x  = 1, 
dx 2vx 

8. (b) Step I: f( x) = 3/ 

1 2 d 2 2 2 
f ( x) = 3ex -( x  ) = 3ex 2x = 6xex 

dx 
f(0) = 3e0 = 3 
f'( 0) = 0 

from equation ( I), put the values 
x2 x2 1 6xe - 6xe + -[3 - 0] = 1 

3 

NOTE 

By using formula .!!_ (ex ) = ex 

dx 

9. (c) Step I: y= log,inx (tan x) 

( 
s in x

) Y = log ,inx --
cos x 

y = log ,inx sin x-log,inx COS X  
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logcos x 
y = l-log,inx cos x = l- . logsm x 

( ·: log b a = 
log e a ) 
log eb 

Now, differentiating both side w.r.t. x 

r . sin x COS X 

1 d logsm x-- + -.-logcos x y - COS X smx  
dx 

--
(log sin x) 2 

dy
l = _ [½log 2 + ½log 2] 

dx x=nl4 
(-½log 2 J 

= -[ 
4log 2 

]- _ _ 4_ 
(log 2) 2 -

log 2 

NOTE 

V du 
- u

dv 

By using formula .!!__( U )  = dx 
, 

dx 
dx V v -

NOTE 

By using formula .!!_ (ax ) = a' log a and 
dx 

d 1 - log x = -
dx x 

d 11. (a) Step I: -{e' log( l + x2)} 
dx 

.!!_{ ex log( l + x2 )} = e' log( l + x2 ) + �e' 
dx l + x  

= e' [1og( l + x2
) + �] 

l + x  

NOTE 

By using product rule formula 

d dv du -[uv] = u - + v -dx dx dx 
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d . . d 12. (a) Step I: - ex sm x  = ex s'" ' -[xsin x] 
dx dx 

= ex sin x [ X COS X + sin x] 

NOTE 

d dv du By us ing formula - uv = u -+ v - (Product 

rule ) 
dx dx dx 

13. (b) Step I: Y = fc�:2+� 3 ) 

and J'( t) = cos t 

5x + 1  t = 2 (given) 
1 Ox - 3  

Ste 2: f'( x) = cos ( 
Sx + 1 )!!_( Sx + 1 

) p 
I Ox2 

- 3 dx 1 Ox2 
- 3 

14. (c) Step I: f( x) = log,, (log x)" 
27 f( x) = 3log, (log x) 

/'(x) 

f( x) = 9 loge(log x) 
log e x 

9 [log,x 1 1 -log,(log,x) _!_] log x x x 
= �-��--�----� 

(log;) 2 

[ 

I 

l 

-- 0 
= 9 � = 9/e 

NOTE 

By using formula log b = !... log b a* k a 

Quotient rule and - - = v -- u - Iv . d 
( 

u 
) ( 

du dv
) 

2 

dx v dx dx 

15. (d) Step I: y= ✓x + Jx + .Jx + ....... = 

y= .Jx + y 

Squaring both side, we get, 
y i= x + y ................ ( 1) 

Step 2: Differentiating the equation ( I) w.r.t. x 
dy dy 2y-= 1 + -
dx dx 

dy
( 2y- 1)= 1 ⇒ dy = -

1
-

dx dx 2y- 1  

16. Step- I : 

Let u = N+i6, v= _..::._= 1 + -1-
x- 1 x- 1 

Then a function u with respect to another 
function v from the formula of differential co­
efficient : 

du 2x 
-

du
l - dx = 2.Jx2 + 1 6  = _

2_
=

-12 
dv x=3 dv I I 

dx x=3 

-
(x- 1 )2 

x=3 

17. ( d) Step I : Differentiate by formula 
d -(a ')= a'  log a 
dx 

2' log 2 + 2 y log 2 dy 
= 2 x+y log 2( 1 + dy

) dx dx 

5 

By cancelling log2 and adjusting the terms, 
we get 

dy 2'- Y ( 2 Y- J) = ----
dx 1- 2' 

18. Step I: 
dy 

dy _ d0 _ a (cos0-cos0 +0sin0) 
dx 

- dx -a (-sin0 +sin0 +0cos0) 
d0 

19. (d) Step I: y= J✓x + l  

tan0 

Differentiating with respect to x, we get 

dy = 
1 d (✓x) 

dx 2J✓x + l  dx 

I I I 

2J✓x + 1 ' 2✓x 4✓xJ✓x +1  

I 

4✓x(✓x + I) 



NOTE 
. 

d 1 1 By usmg fomrnla - (v x) = , dx 2-vx 

20. (a) Step 1: Given f( x,y) = x3 + y3 - 3axy 

Also dy = 
dx 

df � Y) I 
y=constant 

df�

y )

l x=constant 

Here J, = partial differential coefficient of 
j(x, y) with respect to x. 
andj, = partial differential coefficient ofj(x,y) 
with respect to y. 

Step 2: dy = -( 
3x2 + � - 3ay

) = 
a{- x2 

dx 0 + 3y - 3ax y - ax  

21. (d) Step l: f( x,y)=sin( x + y)-log( x + y) 

J, = df
( x,y)

I = cos( x + y)- -1 -
dx y=constant X + Y 

J, = df( x,y)
I = cos( x + y)- -1 -Y dy x=constant X + Y 

Step 2: 

j 

1 

l 

cos( x + y)- --
dy =- fx =- x +  y =-1 
dx fy cos( x +  y)- -1 -

x +  y 

22. (b) Step 1: 

log,01 , tan x = logc1an .
,)-, tan x 

1 = _ 
1 

Iog ,.11 ., 
tan x = -1 

Therefore f( x) = ( l)( lf 1 = 1 

clearly j'(x) is zero for all x 

/'(2) = 0 
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23. (c) Step 1: Given x111 y" = 2(x + y)111 + n 

Taking log of both sides, we get m log x + n 
log y = log 2 + (m + n) log (x + y) 
Step 2: Differentiating both sides we get 

m + � dy = O + m + n
{l +  dy

} 
x y dx x + y dx 

This is true for all m and n therefore 
Let us take m = 1, n = 0 to make easy calcula­
tion as follows: 

or 

.!_ = -1- {1 + dy
} 

x x +  y dx 

x + y= l + dy 
x dx 

dy
=

x + y _ l=
l'.. 

dx x x 

24. ( d) Step 1 : y = Flf{ �(x)}] can be differentiated 
by chain rule as follows: 

y = F(t), t = f(u), u = �(x) 

Step 2: dy = dy x dt x du 
dx dt du dx 

= F'(t) x f(u) x � • (x) 
= F' (f(�(x)))f (�(x)) x � '(x) 

25. (b) Step 1: y= log (l + ✓x )-log (l- ✓x) 

: = 
l +

l
✓x

x /
✓

x -
1-

l
✓x

x( 2-.l) 
( 1 - ✓x) + ( 1 + ✓x) 

= �--=��-=c--'= 2( 1  + ✓x) ( 1 -✓x )✓x 

(1 + ✓x) (1 -✓x)✓x 

✓x( l- x) 

26. (a) Step 1: If y = u'' where u and v both are 

functions of x then 
dy = u v {� ( v log u )} 
dx dx 

d Also -{logtan x} = sec xcosecx 
dx 
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d Step 2: - {(tan x) °01 x } 
dx 

= ( tan x t•
x
) { ! ( cot xlog tan x) } 

= (tan x)«otx) {-cosec 2 x log tan x +  cot x x sec x 
cosec x} = y cosec 2 x {-log tan x + I } 

27. (b) Step 1: On solving given equations at 
x = 2 and y = - I we get t = 2 ( common value) 

dy 
Also dy = dt at t = 2 

dx dx 
dt 

6 Step 2: dy = 
4t- 2 1 

dx 2t + 3  1=2 7 

28. ( c) Step 1 : Given equation may be written as 

or y + x = log, x 
Step 2: Differentiating with respect to x we get 

dy + I= .!_ or dy = .!_- l=
l- x 

dx X dx x  X 

29. (a) Step 1: According to Question e• -y = xY 

log on both side, we get 
x- y = y log x 

or y + y log x= x or y= ---
1 +log x 

Step 2: From Quotient Rule 

dy Iog x  
dx 

= 
(1 + log x) 2 

30. (a) Step 1: By base changing theorem 

1 log,a og ba = -­
Iog,b 

Given (j>( x) = logs (
log,x

) 
log,3 

(j>(x) = logs (log , x) - logs (log, 3) 

or (j>( x) = 
log, (log, x) constant 

log,5 
, 1 Step 2: (j> ( x)= ---- 0 

log, xx xlog,5 

:. (j> '( e) = 
1 

=
log s e 

l x e xlog, 5 e 

31. (a) Step 1: .f{x + y) = 2.f{x) .f{y) for all x and y 
/(5) = 1024 log 2 and /{2) = 8 

Step 2:/{x + 2) = 2/{x)/{2) 
On differentiating we get 

f(x + 2) = 2f(x)j{2) 
put x = 3 in the above we get 

/(5) = 2/(3)/{2) 
1024 log 2 = 2/(3) x 8 

or 24/(3) = 2 10  log 2 
or f ( 3) = 2 6 log 2 = 64 log 2 

dy 

32. (a) Step 1: : = </Jx 

dt 1=-"-2 
dy . . - = sm t + tcos t -smt = tcos t 
dt 
dx . . - = cos t-cos t + tsmt = tsm t  
dt 

dx tcos t Step 2 :  - = -- = cot t 
dt ts in t 

dy
l = cot 90° = O 

dx n t=-2 
► SN&Otitb JJ§b@ I lbb P kbdlt!!I§ l!Bbit I illt P kbdlti!IY PUN P kk I Ilk ,cr :01:wwre ,,,, c r:rr ess: :resr d 

1. ![ log { ex( : : � r
4 } ]  equals to 

[RPET-2001/ 

(a) 1 

x 2 -1 (c) 
x 2 - 4  

(b) 

(d) 

x2 + l  
x2 - 4  

x2 -1 ex 
__ 
x2 - 4  



d 2. 
dx [e0x cos(bx + c)]= [AISSE-1989/ 

(a) e"' [ acos (bx +  c)-b sin (bx + c)] 
(b) e"' [ a  sin (bx + c)-b cos (bx + c)] 
(c) e"' [ cos (bx + c)- sin (bx + c)] 
(d) None of the se 

3. If y = Iog.e<•an x+x' > , then : = 

[AICBSE-1985/ 

(a) e<tan x + x' > [ � + ( sec2 x + x) Iog x ] 

(b) e<tan x + x' > [ � + ( sec
2 x- x) Iog x ] 

(c) e<tan x + x' > [ � + ( sec
2 x + 2x) Iog x ] 

(d) e<tan x + x' > [ � + ( sec
2 x- 2x) Iog x ] 

d 4. - (x2 + cos x)4 = 
dx 

(a) 4(x2 + cos x)(2x- sin x) 
(b) 4(x2- cos x)3(2x- sin x) 
(c) 4 (x2 + cos x) 3 (2x- sin x) 
(d) 4 (x2 + cos x) 3 (2x + sin x) 

5. If y = sm --2 , then - = 
. 

(
l + x2

) 
dy 

1 - x  dx 

(a) 1 �:2 .cos( ! � :: ) 

(b) ( l-
x
x2) 2 .cos( ! � :: )  

(c) 
0 _:\2 rcosC � :: ) 

(d) (1 �=2) 2 .cos( ! � :: ) 

[DSSE-79/ 

6. Ifx = a cos40, y = a sin40, then dy at 0 = 
3n 

dx 4 

(a) -1 
(c) -a 2 

[Kera/,a (Engg.)-2002/ 
(b) 1 
(d) a 2 

1 
7. If f( x) = � ,...,...-:-;-:; , thenf'(x) i s 

v x2 + a 2 + v x2 + b 2 

equal to [Kurukshetra CEE-1998/ 

Fundamenta l Theorems E.37 

(a) (a 2 : b2)[ � - k] 
(b) (a 2 : b2)[ � - k] 
(c) (a 2 : b2) [ � + k] 
(d) (a 2 - b2) [ 

1 - 2 
] 

� H+62 

8. If.f{ l) = 3,f'( l) = 2 ,  then ! {log f( ex + 2x) }  

at x = O i s 

(a) 2/3 
(c) 2 

[AMU-1999/ 
(b) 3/2 
(d) 0 

9. If x3 + 8,9' + y3 = 64 then dy 
= 

dx 

(a) 3x2 + 8y 
8x + 4y2 

3x + 8y2 

(c) 
8x2 + 3y 

10. ! {( sin x) Iogx } = 

[AICBSE-19 79/ 

(b) 3x2 + 8y 
8x + 4y2 

(d) None of the se 

[DSSE-84/ 

(a) ( sin x) 108' [ �log sin x + cot x ] 

(b) ( sin x) 108x [ �log sin x + cot xlog x ] 

(c) ( sin x) 108x [ �log sin x + log x ] 

(d) None of the se 

11. If y = x<xx > , then : = [AISSE-1989/ 

(a) y [ r (log ex). log x + x'] 
(b) y [ r (log ex) . log x + x] 
(c) y [ r (log ex) . log x + xx- 1] 
(d) y [ r (log ,x) . log x + xx - 1] 

12. If xY = y, then dy = 
dx 
[DSSE-1996 ; MPPET-1997/ 

y( xlog,y + y) 
(a) x(ylog,x + x) 

x( xlog,y- y) 
(c) y(y log, x - x) 

(b) 
y( xlog,y- y) 
x(y log, x - x) 
x( xlog,y + y) 

(d) y(ylog,x + x) 
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13. Function y = ✓sin x + ,Jsin x + .jsin x + ... oo 

satisfies any one of the following which is 
[MPPET-1998; Pb. CET-2001/ 

(a) ( 2y - 1) : -sin x = 0 

(b) ( 2y- l)cos x + : = 0 

(c) ( 2y- l)cos x - : = 0 

(d) ( 2y - 1) : - COS X = 0 

14. If y = (sin x) (sin xl'';. , , � 

y2 cot x 
(a) 

1- y logsin x 
ycot x 

(c) 
1- ylogsin x 

y2 cot x 
(b) 

1 + ylogs · 
ycot x 

(d) 
1 + y logs · 

15. Differential coefficient of y = sin .J cos x 

(a) -sin xcos � 
2.Jcos x 

( C) -Sin X COS X 

[MP PET-2007/ 

(b) sin xcos x� 
2.Jcos x 

(d) sin x cos x 

16. If 2x2 - 3,9' + y2 + x + 2y - 8 = 0 then : = 

[EAMCET-2007/ 
3y- 4x- 1 

(a) 2y- 3x +  
3y- 4x + I  

(c) 2y- 3x-

3y + 4x + I 
(b) 2y + 3x + 

3y- 4x + I  
(d) 2y + 3x +  

17. ![sin - 1 ( 3x- 4 x3)] = ?  ( I x I < ½) 

[Gujarat CET-2007/ 
4 3 

(a) ,.--------, 
v l- x2 

-3 
( C) ,.--------, v l- x2 

(b) 
.Jx2 - 1 

3 
(d) 

.J1 - x2 

18. If y = log, ( sec( ex' ) )  then : is equal to 

(a) x2. ex' .tan ( ex' ) 

(b) ex' . tan ex' 

(c) 2x.(  tan ex' ).ex' 

(d) 2x.(  ex' . sec ex' )tan ex' 

19. If r = y", then dy is 
dx 

(a) _r 
X 

( c) 1 + log( � ) 

[Karnataka CET-2007/ 

(b) 
X 

y 

(d) 1 + log x 
1 + log y 

20. If.f{x) = sin x, the derivative of.f{log x) with 
respect to x is [Kera/,a PET-2008/ 

(a) COS X 

(c) cos (log x) 
1 (e) -
X 

(b) /'(log x) 

(d) cos(log x) 
X 

21. If y = -
1- then what is dy equal to? 

log 1 0 x' dx 

(a) X 

(b) x log , 10  

(c) (logx 1 0) 2 (1og 1 0 e) 

(d) x log 10 e 
X 

[NDA-2008/ 

22. If f( x) = e•in(logcosx) and g(x) = log (cos x), 
then what is the derivative of.f{x) with respect 
to g(x)? [NDA-2008/ 
(a) j{x) cos (g(x)) 
(b) .f{x) sin (g(x)) 
(c) g(x) cos (j(x)) 
(d) g(x) sin (j(x)) 

23. If y = .J§ then ( 1- x2): + y is equal to 

(a) 1 

(c) 2 

[MP PET-2008/ 
(b) - 1 

(d) 0 

24. If x = a (t cos t - sin t); y = a (t sin t + cos t) 

Then dy is equal to 
dx 

(a) -tan t 
(c) tan t 

[MP PET-2008/ 

(b) -cot t 
(d) cot t 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 
1.  The answer sheet is immediately below the 

worksheet . 
2. The test is of 1 6  minutes . 
3. The worksheet consists of 1 6  questions . The 

maximum marks are 48 .  
4.  Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohibited . -----------

1. If y = 3 x' , then dy is equal to 
dx 

(a) ( x2)J'' -1 (b) J'2. 2x 

(c) J'
2

• 2x .  log 3 ( d) (x2 -1) . 3 

2. Differential coefficient of .J sec ✓x is 
{MPPET-1996} 

(a) 1,(sec ✓x) 312 sin ✓x 
4'1  X 

(b) 1, sec ✓x sin ✓x 
4'1  X 

(c) ½✓x(sec ✓x) 312s in ✓x 

(d) ½✓xsec ✓xsin ✓x 

3. ![ log( x + � ) ] = {MPPET-1995} 

(a) ( X + � ) 

4. ! ( e'' ) is equal to 

(a) 3xe'' 

(c) 3x2 ( e'' f 

( 1 + �) (b) ( 1 + � ) 

{MPPET-1995} 

(b) 3x2e'' 

(d) 2x2e'' 

5. At x = �' ! cos(sin x2) = 

(a) -1 (b) 1 
(c) 0 (d) None of these 

6. If y = sec x°, then dy = 
dx 

(a) sec x tan x 
7t 

(c) 
18O

sec x0 tan x0 
{MPPET-199 7} 

(b) sec x0 tan x0 

180 (d) -sec x0 tan x0 
7t 

� dy 
7. If y = 'V�' then dx 

= 

ex 
(a) (1- ex)✓l + e2x 

e' 
(c) ( l- ex)✓l- e2, 

ex 
(b) (1- ex)✓l - e' 

( d) (1 - e' ).Ji"+7 

8. If x = acos 30, y = a sin 30, then ✓l + (: J = 

(a) tan20 
(c) sec0 

{EAMCET-1992} 
(b) sec 20 
(d) lsec0 1 

9. If x = a( cot + log tan � ) and y = a sin t, then 

dy 
dx {RPET-199 7; MPPET-2001} 

(a) tan t 
(c) cot t 

(b) -tan t 
(d) -cot t 

10. The derivative of sin 2x with respect to cos 2x 
1s {DCE-2002} 
(a) tan 2 x (b) tan x 
(c) -tan x (d) None of these 

11. If y = log e ( x + ✓ x2 -a 2 ) ,  then : = 

(a) 
x + � 

( c) x - ✓ x2 -a 2 (b)
h X -a 

( d) Undefined 
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12. If t = ex and y = t 2 - l then dx at t = l , 
dy 

(a) l/2e2 
(c) 2 

(b) 1/2 
(d) 2e2 

13. If x = a (t - sin t) and y = a ( l- cos t), then 
dy 
dx 

(a) tan ( t/2) 
(b) -tan (t/2) 
(c) cot ( t/2) 
(d) -cot (t/2) 

[AISSE-84; Roorkee-74; 
SCRA-96; Karnataka CET-03/ 

14. If y= .Jlog x + ..}log x + ✓log x + ... oo , then 

dy -
dx -

X (a) 2y- l  

1 (c) 
x( 2y- l) 

X (b) 2y + l 

(d) 1 
x( l- 2y) 

15. If y = log log x , then eY : = 

1 
(a) xlog x 

1 
(c) log x 

[MPPET-1994, 95/ 

(b) .!. 
(d) eY 

16. D1 1erenha coe c 1ent og, --. - o "f"" · 1 ffi · 1 ( 
l + sin x

) f 
1-sm x 

with respect to x is [MPPET-1993/ 
(a) cosec x (b) tan x 
(c) cos x (d) sec x 

ANSWER SHEET 

1 . @ @ © @  
2. ® @ © @  
3. ® @ © @  
4. ® @ © @  
5. ® @ © @  
6. ® @ © @  

2. Step 1 : From Chain rule 

7. ® @ © @  
8. ® @ © @  
9. ® @ © @  

10. ® @ © @ 
11. @ @ © @ 
12. ® @ © @ 

AIMs lNo EXPLlNlfioNs 

13. ® @ © @  
14. ® @ © @  
15. ® @ © @  
16. ® @ © @ 

� (.Jsec ✓x )= 
2� x 

3. Step 1: From formula �{log( y)} = _!_ dy 
dx y dx 

= -1 
{1- __!_} 

(sec ✓x) 3i2 sin ✓x 
4✓x 

sec ✓xtan ✓x x 1, 
2-v x 

1 x2 
x + -

x 

6. Step 1 : Before differentiation, the degree is to 
be converted into radian. 



Hence y = sec ( � x) 1 80 

and dy = (�)sec( �x)tan (�x) dx 1 80 1 80 1 80 

= �sec x0tan x0 

1 80 

8. Step 1: 

dy 
dy de 3asin 2 ecos e -= -= ---,-------- =-tan e 
dx dx 3acos 2 e(-sin e) 

de 

Step 2: 

✓1 + ( :  J = ✓l + tan 2 e = ✓sec 2 e = l sec e l 

Fundamenta l Theorems E.41 

1 5. Step 1 : From formula e'0s, N = N 

Step 2: eY = elog (log x ) = log x 
Step 3: Differentiate with respect x, 

y dy 1 
e - = -

dx x 

NOTE 

Remember forever 
e log, N = N ⇒ e2 1og, N = N2 e- log, N = _.!._ , 

N 

16. Step 1: 

1 + sin x 1 + s in x sec x +  tan x 
1-sin x ✓1-sin 2 x 

d Step 2 :  -[log(sec x + tan x) ] = sec x 
dx 

By given formula 
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LECTURE 

Differentiation 
of Inverse Function 

► BASIC CONCEPTS d 
x- y 

1. tan -1 x - tan -1 y = tan _, __ 
I +  xy 

1 1 2x l - x2 

3. 2tan- x = tan - --= cos -1 
--

. -I 2x = sin --
1 + x2 

1- x 2 l + x2 

4. sin-1x ± sin -1y = sin-1 [ x� ± y�] 

5. cos-1x ± cos -1y = cos -1 [ xy + �,Ji - y2 ] 

6. sin -1 x + cos -1 x = tan -1x + cot -1 x = sec -1 x + 
7t 

cosec -1 x = 2 , 

7. sin _, l- x2 

= �- cos -' (
l- x2

) l + x2 2 l + x2 ' 
1- x2 

7t tan -' --= -- 2tan -' ( x) 
2x 2 · 1 · 1 · ( l ) l 8. Sill - COS X = Sill - Sill 2n - X = 2n - X 

9. tan -1 (tan0) 0, sin -1(sin0) = 0, cos -1 
(cos0) = 0 

10. sin -1 ::. = cos -1 � = tan -1 ,.!..-., l v 1- x2 

- I � -I l _ , I 
= cot ---= sec ---= cosec -

X � X 

-I X . - I X -I l 11 .  tan -= sm ---= cos ---
1 ✓I+? ✓I+? 

- I l -I ✓I+? -I ✓I+? = cot -= sec ---= cosec ---
x l X 

tan - 1 x- y 
= tan -1 Y x l + xy l + ( l/y)( l/x) 

13. 2 cos -1x = cos -1( 2x2 - l ), 2sin -1 x = cos -1 
( l - 2x2) = sin -' 2x� 

14. 3sin-1x = sin-1( 3x - 4x3), sin -1 
1- x 7t r --= -- 2 tan -' v x l + x 2 
3 cos -1 x = cos -1 ( 4 x 3 - 3 x), 3 tan -1 x 

3x- x3 
= tan-1 ---

l- 3x2 
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15. 4cos -1 x = cos -1( 8x4- 8x2 + 1) 

16. 5cos -1 x = cos -1 (l 6x5 - 20x3 + 5x) 

17. 5sin -1 x = sin -1 (l 6x5 - 20x3 + 5x) 

18. sin 2 tan -1 x = 
2x 2 ,cos 2 tan -1 x 

I + x  
1- x2 _ 1 2x 

= -- tan 2tan x = --
I +  x2 ' 1- x2 

19. cos2cos -1 x = 2x2 - 1, cos2 sin -1 x = I - 2x2, 
cos3cos -1 x = 4x3 - 3x 

20. sin -1(-x)= - sin -1x, cos -1(-x) = 1t - cos -1 (x), 
tan - 1(-x) = - 1an -1 x 

_1 {
acos x + bsin x

} 21. tan 
b cos x-asm x 

b
+ tan x a ! 

a 

) 

= tan -1 
1- (a/b)(tan x) = tan -1 b + x  

22. tan -1 { � }= tan -1 5x- tan -1 x 
I + 5x 

23. tan -1 { 
1 

} l- x + x2 

= tan -1 { 
x - ( x - I) } = tan -1 x - tan -1 ( x -1) 

1 + x( x-1) 

-! [� +�] 7t 1 -1 2 24. tan 
.JI +  x2 _ .JI _ x2 = 4 + 2cos ( x ) ,  

a +bx a tan -1 --= tan -1 - + tan -1 x b-ax b 

25. tan --- = tan _1 { 
log e.x2 } _ 1 {

1 + 2log x
} 

log( e/x2 } 1- 2log x 

= 1an -1 1 + 1an -1(2 log x) 

-1 �- x  1 -1 tan --= -cos x 
I + x  2 

27. sin -1 x + sin -1 ✓x = sin -1 { x..JI - x + ✓x.JI - x2 } 
= sin -I { x� + .J x - x3 } 

• SOM E I M PO RTANT D IFFERENTIATIONS 

1.  log [ .J x2 + I - x ] = � 
v x2 + I  

2. f '(x) = kf (x), then.f{x) = ekx 

3. !!_(vers -1 ( .:: ) )  = 1 
dx a .J2ax - x2 

(1 - cos 0 = vers0 and 1 -sin 0 = covers 0) 

4. !!_(_!_log a + x 
) = � 

dx 2a a- x a - x  

5 - -log -- = - -
d ( l x-a

) 
I 

. dx 2a x + a x2 -a 2 

► Y&ti bb §J§§bl I lib P k&dlb:UJ (Ill d&ikb ll.d.Y.bh iii bh. 
128 rune I INCfH§ft t!P!Nf t t:C (Stlff§J r: iii Pit!@ Sf IHI wr:s 

1. Differentiate sin -i 
I - x with respect to ✓x 
I + x  

Solution 

✓x = tan0 
. " .  X = tan 20 
y = sin-I COS 20 

= �- 20 = �- 2tan -1 ✓x 2 2 

y= �- 2tan -1 z, where z = ✓x; 
2 

dy _ 2 2 
dz 

--
I + z2 = -1 + x 

t 



2. Differentiate x•i•- 1 
• with respect to sin -1 x. 

Solution 

Put sin -I X = t .". X = Sin t, .Jo - X2) = COS t 
......... ( i) 

y = (sin t) ' and z = t, 

we have to find : or ! 
log y = t log sin t. Differentiate with r espect 
to t 

1 dy . cos t - -
d 

= logsmt + t.-. -y t smt 

2= x'10 X log x + sin - x---du . -1 [ 1 .J( I - x2) ] 
dt X 

If _ _ 1 ( 2cos x + 3s in x
) th dy _ 1 3. y - cos 

../(l 3}  
, en dx -

Solution 

Put 2 = r cosa, 3 = r sina. 

r = -JIT, tan a = 3/2 

or 

_1 (cos xcos a + sin xsin a) y = cos m 
= cos -1 cos (x - a) = x - a 

- -1 3 . dy -y- x- tan 2, . .  dx- 1. 

Differentiation of Inverse Function E.45 

then show that 
dy _ 1 
dx -a +bcos x an d 

d2y _ bsin x 
dx2 - (a + bcos x) 2 

Solution 

= --.=======c�tan -- tan -2 -i { lf+fja - b ) X } y 
.J(a 2 -b 2) a +b 2 

dy 2 1 
dx 

= 
.J(a 2 -b 2) " ( 1 + a -b . sin 2 ( x/2)

) a +  b cos 2 ( x/2} 

F) 2 x l  v l ""i+h f
ee 2·2 

( 
1 

)[ (a + b)cos 2 ( x/2)sec 2 ( x/2) l = 
a +  b a {cos 2 ( x/2) + sin 2 ( x/2) }  

+b {cos 2 ( x/2)-sin 2 ( x/2) }  = ---
a +bcos x 

Differentiating again, we get 

d2y 1 
dx2 =-

( b ) 2 .(-bs in x) 
a +  COS X 
bsin x = ------c-

(a + bcos x) 2 

, Slt§Gtlbb Jb§Jk I !Jb PNG&lbii!J Uh RAS £.3.J.b.)§ iii bh. 
W SPOsr THE Wflf iStYE THESE rPSPLfOOs d 

1. (3 - 2x) sin -I 2x f AICBSE-88} 

2. If y = sin-1(x/a) then find : . 

{ 
l- x2" } d 3. If y = cos -I 
1 + x

2n then find ! 

4. If y = tan -1 ( 1 _:;x2 ) then find : . 

5. Differentiate with respect to x 

sec -- +sm ---t ( ✓x + l J . -t ( ✓x - l J ✓x - 1  ✓x + l  
/MNR-1984; PSB-93, 95C, 2002} 
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6. If y = tan -1( �) then find dy 
a 2 - x2 dx 

/HSB-93} 

7. If y = cos -1 J¥, then find : . 

/CBSE-88} 

8 D.fli . 1(
5cos x-12cos x

) 
. • 1 erent late cos -

13 with 
respect to x. 

f CBSE (SP)-2006} 

9. Differentiate with respect to 

- i ( 2x  
) x . y = tan 

1 _ x2 • /MP-2003, 2004} 

- I 1 + COS X dy 
10. If y = tan 

l 
, find dx. f CBSE-92} - cos x 

11. If y = sin -1 ( 2x.Jl - x2 ) then find dy/dx 
/MP-95, 2002} 

12. If y = tan -1( �) then find dy 
v X2 -1 dx

. 

13. If tan -1( ! � : )  then find : . 

/MP-2000} 

14. If y = tan -1( 
1 + s in x

) then find dy 
COS X dx

. 

15. If Y = sm then find ..2:'. 
· -1 ( ✓l + x - � J  d 

2 dx
. 

/MP-2007} 

16. If Y = cos -1 --_1 then find ..2:'. _ ( 
x- x-1 ) d 
x + x  dx 

17. Find the differential coefficient of sin -1 x with 
respect to cos -1 .J1 - x2 

/MP-2001} 

18. Find the differential coe fficient of 

sec -1 (-21-) with respect to .J1- x2 at 
2x -1 

x = 1/2. /MP-2001} 

19. Differentiate y = tan -1 � 1 + 1- x2 
with respect to x. /MP-2007} 

20. Find the differential coefficient of y = s in -1 .:: 
9 

with respect to x. /MP-2007} 

ANSWERS 

2( 3- 2x) 2 . _ 1 2 
8. 1 -2 

1. �
- sm x 2 16. 1 + x2 2 9. 

1 1 + x2 
17. 1 

2. 
.Ja2 - x2 10. -1/2 2 

2 18. - and 4 
2 n.xn - l 11 .  

.Ji- x2 
X 

3. 
1 + x2n 

-1 19. 2.J1 - x' 
3 2 12. 

x.Jx2 - 1  4. --+ -- 1 1 + 9x2 1 + 4 x2 20. 
5. 0 13. 1 .Js1 - x2 

1 1 + x2 

6. 
.Ja

2 - x2 1 14. 
2 

-x 1 
7. 

.Ji - x4 15 . 2.J1 - x2 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. If y = cos -1 cos ( I x I -j{x)), where 
x > 0  

l 
1, if 

f(x)= -1, if 
0, if 

dy
l X < 0 ,  then dx x =

� lS 

x=0 4 

/J&K-2005} 
(a) -1 
(c) 0 

(b) 1 
(d) Indeterminate 

Solution 
(b) y = cos-1 cos (x- 1) , x >  0 
⇒ y=x- 1, x > 0 and O :o;; x- 1  :,;; x  

y=x- 1, 1 :,;; x :,;; x+ 1 
57t we have, 1 < 
4 < 7t + 1 

57t : . y = x - 1, 1 :,;; x :,;; x + 1 and 4 E [1, 7t + 1] 

dy
l - 1 1 - 1 

dx x = � 
-

x = � 
-

2. ! [tan -1 ( ��;x) J ]= 

/Kera/a (Engg.) 2005} 
3 

(a) 2(1 + x)✓x (b) (1 + x)✓x 

3 
(c) (1 + x)✓x (d) 2(1 + x)✓x 

Solution 
d (  _ 1 (✓x(3- x) J (d) dx tan 1- 3x 

Put ✓x = tan 0 ⇒ 0 = tan -1 ✓x 

- tan d 
( 

_ 1 (tan 0( 3  - tan 2 0)
) dx 1- 3tan 20 

d ( _ 1 ( 3 tan0- tan 30}
) - tan 

dx 1- 3tan 20 

!( tan -1(tan 30) = ! ( 30)) 

d ( -I ' )  3 
dx 

3.tan v x  = 
2✓x(l + x) 

{( 
l + X )114 } 1 dy 3. y = log 1 _ x 

- 2tan -1 ( x), then 
dx = 

/EAMCET-2007} 

X (a) 
l- x2 

x2 
(b) 

1- x4 

X (c) 
1 + x4 

X (d) 
1- x4 

Solution 

(b) y = log � - -tan -1 x ( 
1 + 

)
1 '4 1 

1- x 2 
1 1 

= -tan h -1
x - -tan -1 x 

2 2 

: = ½( i ! x2 - 1 +\2 ) = 1 ��4 
4. If the functionj{x) =x3 + ex12 andg(x) = J- 1(x), 

then the value of g'( l )  is: /IIT-2009 J 
(a) 0 (b) 1 
(c) 2 (d) 3 

Solution 
1 x/2  (c)j{O) = 1,f(x) = 3x2 + 2e 

·: J-1(x) = g(x) ⇒ f (g(x)) = x 
⇒ f'(g(x)) g' (x) = 1 

1 
Put x = 0 ⇒ g'(l)  = f'( O) 

= 2. 

5. If x"' yn = (x + y)m + n, then : = 
/MIPPET-2009} 

(a) X 

y 
(b) 2:. 

X 

(c) 
x+ y 

(d) _.:2:._ x+ y 
Solution 

(b) Given, x"' y"' = (x + y)"' + n 

Taking log on both sides, we get 
m log x + n log y = (m + n)log(x + y) 

⇒ m 
+ �dy = (m + n).-1 -.(1 + dy ) 

X y dx  x+ y dx 

⇒ dy
( � _ (m+ n)

)= 
m+ n _ m 

dx y x+ y (x+ y) x 

⇒ dy
( 

nx- my
) 

nx- my dy y 
dx y(x+ y) = x(x+ y) ⇒ dx = -; 

6. Ifj{x) = sin2 x2, then what isf (x) equal to? 
{NDA-2009} 

(a) 4x sin (x2) cos (x2) (b) 2 sin(x2) cos (x2) 
( c) 4 sin (x2)sin2x ( d) 2x cos 2 (x2) 
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Solution 
() ·:j{x) = sin2 x2 

:.f'(x) = 2 sinx2 cos x2.2x = 4x sin x2 cos x2 

7. If j{x) = cos x, g(x) = ln x and y = (got) (x), 

then what is the value of ! at x = 0? 

(a) 0 (b) 1 
(c) -1 (d) 2 

Solution 

(a) ·:j{x) = cos x, g(x) = log x 
y = goj{x) = g{/{x)} = log(cos x) 

dy l ( . )--= -- -sm x -- tan x  
dx COS X  

⇒ (! ) =- tan 0 = 0 at x = O  
8. Let y be an implicit function of x defined by 

x1x- 2r cot y- 1 = 0. Then y'(l) equals: 

(a) -1 
(c) log 2 

/AIEEE-2009} 
(b) 1 
(d) -log 2 

Solution 

9. 

(a) x1x- 2xY cot y- l = 0 ......... (1) 
Now x = l, 1 - 2 cot y - l = 0 ⇒ cot y - 0 

⇒ y = 
2 

Now differentiating eq. (1) w.r.t. 'x' 
2x1x( l + log x) 

-2 [xY (-cos ec 1y) : + cot xY (l + log x)] = 0. 

Now at (1, � ) 

2(1 + logl)- 2 [1(-1{ : ) � + o ]  = 0 
( 1 .i ) 

⇒ 2+ 2 ( dy ) = o ⇒ ( dy ) =-1 ax H'.l ax ( 1 . ; ) 

lfxY = y' then dy = , 
dx 

(a) y(xlog y- y) 
x( ylog x - x) 

(c) y( ylog x- x) 
x(xlog y- y) 

/MPPET-2009} 

(b) y(xlog y+ y) 
x( ylog x + x) 

(d) y( ylog x+ x) 
x(xlog y + y) 

Solution 

(a) GivenxY = y' ⇒ y log x = x log y 
On differentiating w.r.t. x we get 

y dy x dy - = log x- = -- + log y 
X dx y dx 

⇒ dy (log x- �) = log y- 2:'.. 
dx y X 

dy y(xlog x - y) ⇒ -= --- -
dx x( ylog x- x) 

10. If y = [ x + ✓1 + x 2 J ,  then the value of 

z d 2y dy . . (1 + X ) 
dx2 + X 

dx 
lS . 

(a) n2y 

/MPPET-2009} 

(b) -n2y 
(c) ny (d) -ny 

Solution 

() Given, y = [x + ✓1 + x 2]n 

On differentiating w.r.t. x, we get 
dy

dx 
= n[x+ ✓ l + x2 r- 1 [ 1 + � ]  

2 1 + x 2 

n[x+ �r 
✓ l+ x 2 

= � ⇒ (1 + x 2 ) ( dy )2 
= n2 y2 

✓1 + x 2 dx 

Agaubm differentiaing w.r.t.x, we get 

⇒ 2(l+ x 2) dy d 2 y 
+ 2x ( dy )

2 

= 2n 2y dy 

dx dx2 dx dx 

⇒ (1 2)
d 2 y dy 2 + X 
dx2 + X 

dx 
= n y 

11. Let f(-1, 1) ➔ R be a differentiable function 
withj{0) = -1 and / (0) = 1. Let g(x) = [/{2j{x) 
+ 2)]2. Theng'(0) = /AIEEE-2010} 
(a) -4 (b) 0 
(c) -2 (d) 4 

Solution 

Step- I: g(x) = [/{2j{x)) + 2]2 with j{0) = -1, 
.f(0) = 1 Differentiating both sides with re­
spect to x by chain rule, we get as follows. 
t = j{2j{x)), t = j{u) + 2, u = 2j{x) 

dy dy dt du _ 
-= - x - x -- 2t xf(u) x 2f(x) 
dx dt du dt 

g'(x) = 2[/{2j{x) + 2)]f(2j{x) + 2)2f(x) 
g'(0) = 2 [/{21{0) + 2)]/(21{0) + 2)2/(0) 
=2 [/{-2 + 2]/(2(-1) + 2))2/(0) = 2 =21{0) 
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. If y = sin -1 ✓x, then dy = /MPPET-1995} 
dx 

2 
(a) ✓x

� 

1 
(c) 2.Jx� 

-2 (b) 
✓x

� 

(d) _1 _ 
� 

2. The differential coefficient of -1 (�-�J tan ,,-;-- ,,---- is v l + x + vl- x /MPPET-03} 

(a) ✓l- x2 (b) 1/✓l- x2 

(c) 1/2✓1- x2 (d) x 

3. Differential coefficient of tan -1 ( ;.__, ) 
1 + vl- x2 

with respect to sin -1 x, is 

(a) 1/2 
(c) 2 

/Kurukshetra CEE-2002} 
(b) 1 
(d) 3/2 

4. The derivative of sin -i ( 2x  
2 ) with respect 

l + x 

to cos -1 ( l- x: ) is 
l + x 

(a) -1 
(c) 2 

/Karnataka CET-2000; 
Pb. CET-2004} 

(b) 1 
(d) 4 

5. If y = tan -1 ( ,.!-, )• then dy = 
-vl- x2 dx 

(a) -
✓1- x2 

1 
(c) 

✓1- x2 

/MPPET-1999} 
X 

(b) 
✓l- x2 
✓l- x2 

(d) 
X 

If _ 1 [ ✓l +s in x + ✓l-sin x
] th 6. y = cot , en 

.Jl + s in x  - .Jl -sin x  
dy -
dx -

(a) 1/2 
(c) 3 

(b) 2/3 
(d) 1 

7. Derivative of sec -1(-!-) with respect to 
2x -1 

.J1 + 3x at x = _! 
3 

(a) 0 
(c) 1/3 

/EAMCET-1991} 

(b) 1/2 
(d) None of these 

8 If _ s in -1 x th (l 2) dy . . y- -- en - x - lS 
✓1- x2 ' dx 

(a) x + y 
(c) 1- xy 

/RPET-1995} 
(b) l + xy 
(d) xy- 2 

acos-• X 

-I d 
9. If y = 

-I , Z = Q
COS X then ..2:'. = 

1 + a cos X dz 

(a) 
l +aco,-•x 

1 
( C) ( _, )2 1 + Q

COS X 

/MPPET-1994} 
1 

(b) -
1 + Q

COS- I 
X 

(d) None of these 

10. If y = sin (2sin -1x) then dy = dx 

2- 4x2 

(a) ,.----, 
-vl - x2 

2- 4x2 

(c) 
✓1 + x2 

/AICBSE-1983} 
2 + 4x2 

(b) 
✓1- x2 
2 + 4x2 

(d) 
✓1 + x2 

11. If f( x) = tan -1 ( 1 
s in x  

) • thenf'(x/3) = 
+ cos x 

1 
(a) (b) 1/2 

2(1 + cos x) 
(c) 1/4 (d) None of these 

12. Differential coiffiecient cos -1 { ✓l 
� 

x
} of 

with respect to x is 

(a) - �= 
2✓1- x2 
1 

(c) ,,---­vl- x  

/MPPET-93} 

1 (b) 
2✓1- x2 

(d) sin -1 { l�x } 
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13. If y = coc 1 ( 1 + x 
) • then dy = 1- x dx 

1 (a) 
l + x2 

2 (c) 
1 + x2 

1 (b) -
1 + x2 

(d) 2 
l + x2 

_ _1 [ log( e/x2)
] _ 1 [ 3 + 2log x

] 14. If y - tan 
1 ( 2) 

+ tan 
1 61 og ex - og x 

then dy = dx 
(a) 0 
(c) 2 

(b) -2 
(d) 1 

15. Differential coefficient of · -1 l - x ·th sm l + x W1 
respect ✓x = 

1 (a) -
2✓x 

(c) 1 

/Roorkee-84} 

(b) ✓x 
� 

(d) -2 
l + x 

16. If y = sin -1 ( x� + ✓x.Jl - x2 ) , then 
dy -
dx -

-2x 1 
(a) .J1- x2 

+ 
2� 

- 1 1 
(b) .J1- x2 

-
2.Jx- x2 + 1  1 

(c) .J1- x2 
+ 

2� 
(d) None of these 

17. If y= sin [ 2 tan -1 ✓l- x
] , then dy = l + x dx 

(a) 
2 .J1 - x2 

-x 
(c) ,.---, vl- x2 

-2x 
(b) .J1- x2 

X 
(d) .J1 - x2 

• -1 ( x2 - y2 

) 
dy 18. If sm 

x2 + y2 = log a , then 
dx 

to 
(a) x/y 
(b) y/x 

(c) ylx2 

(d) x2- y21x2 + y2 

d 
[ . _ 1 

( 
3x x3 ) 

] 19. dx sm 
2 

-
2 is equal to 

3 -3 
(a) .J4- x2 (b) .J4- x2 

1 - 1 
(c) .J4- x2 (d) .J4- x2 

d [ · 2 1 ff="x ] 20. dx sm cot ~ V � is equal to 

(a) 0 
(c) -1/2 

(b) 1/2 
(d) -1 

is equal 

h d . . f i ✓l- x2 
"th 21. T e envatlves o tan -

1 + x2 w1 respect 

to cos -1 x 2 is 
(a) 1/2 
(c) 1 

3 (a) .J9 - x2 

-3 (c) .J9- x2 

(b) -1/2 
(d) 0 

(b) .J9- x2 

-1 
(d) .J9- x2 

23. If .f{x) = (x + 1) 1an -1(e -�, then what is the 
value ofj'(O)? 

{NDA-2007} 
(a) ( x/4) + 1 
(b) (x/4)- 1 
(c) (x/2) + 1 
(d) x/4 
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SOLUTIONS 

1. Step ! : Formula � (sin -1 y)= � dy dx v l - y2 dx 
2. (c) Let y= tan -1 [�-�i 

✓1 + X + ✓1 - X 

0 put x = cos0,l + x = 2cos 2 -2 
1 2 . 2 0 - x = sm -2 

cos --sm-
:. y = tan -1 � 

. 
� 

[ 0 . 0 ]  

cos - +sm-
2 2 

3. (a) y= tan -1 ( �J 1 + 1- x2 
put x = sm0, y = tan -1 ---. 

( 
sin0 

) 1 + cos0 

[ 2 . 0 0 ] sm -cos -
= tan -1 2 

0 
2 = tan -1 (tan ;) 

2cos 2 -2 
0 1 . -1 y= -= -sm x 
2 2 d 

· · d(sin -1 x) 
1 . -] ) 

1 -
2

sm x = -
2 

4. (b) Step 1: we know that 

2 tan -1 x= sm-1 --2 = cos -1 --2 . 2x 
(
1- x2 ) 

l + x l + x 

Step 2: Given equation is equivalent to differ­
entiate 2tan-1 x with respect to 2tan -1x 
. d( 2 tan -1 x) 1 i .e . , 

d( 2 tan -1 x) 

5. ( c) Step 1: Formula 

. _1
(

perpendicular
) 

_1
( 

Base 
) sm ----- = cos 

hypotenuese hypotenuese 

-1 ( 
perpendicular

) = tan 
Base 

-I X . -I X dy 1 y = tan 
.J1- x2 

= sm I; dx 
= 

.J1- x2 

Here perpendicular = x, and base = .J1 - x 2 

Hence hypotenuese = 1 

6. (a) Here 

1 + sin x = cos 2 .:. + sin 2 .:. + 2 cos .:.s in .:. 

2 2 2 2 

• X • X ( )2 
Similarly 1-sm x = cos 

2
-sm 

2 

l X . X  X . X ]  cos - + sm - + cos --sm -
:. y= coc 1 2 2 2 2 

X • X X • X cos
2

+sm
2

- ( cos
2

-sm
2) 

- I ( X
) 

X 
= cot cot 2 = 2 

7. (a) put x = cos 0 in 

sec -1 ( -1 
)= sec -1 ( 

1 
) 2x2-l 2cos 20-1 
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= sec- 1 (sec20) = 20 = 2cos- 1 x !!___(2cos- 1 x) 
- dx - � ( ✓1 + 3x )  

-2 2✓1 + 3x ---x --- 0 ✓l - x2 3 - 1  a t  x = -sin- 1 x ,.----------:; . 8. (b) y = ,.-------,- ⇒ v l  - x2 y = sm -i x v l - x2 differentiating we get 
-X � dy 1 ---y + vl - x- - = ---✓1 - x2 dx ✓1 - x2 -xy + (.J1 - x2 f :  =1 (1 - x2

) dy = 1 + xy 
dx 

z l + z - 1  1 9. (c) Step 1 :  y = - = -- = 1 - -l + z  l + z  l + z  
dy 1 1 Step 2 :  - = 0 + -- = 
dz (1 + z}2 (1 + aco,- x

)
2 

10. (a) y = sin(2 sin- 1 x} = 2x✓l - x2 - = 2vl - x2 + 2x ,.----------, dy ,.----------:; 
( 

-x J 
dx vl - x2 
dy 2(1 - x2)- 2x2 

dx ✓l - x2 
11. (d) Step 1 :  If 

2- 4x2 

✓l - x2 

. [ 2 sin �cos� ] f(x) = tan- 1
( 

sm x ) = tan- 1 2 2 1 + cosx 2cos�cos � 2 2 f(x) = tan-1 ( tan i ) = i Step 2 :  dy = f'( x) = .!.. 
dx 2 

12. (a) Step 1 :  Formula 
d _ 1 - 1  dy -(cos y)= -- -
dx .J1- y2 dx 

d � 1 and - vax +b = � -a 
dx 2vax +b 

- 1  1 1 Step 2 :  Ji-( J1¥J x 2J1¥ x 2 

1 1 - 1  = ------=X - = ---✓1 - x  2✓1 + x  2 2✓1 - x2 _✓2_
2
_ x _✓2_

2
_ 

-1 l + x  _ 1 l - x  13. (b) Step 1 :  y = cot -- = tan --1 - x l + x  
y = tan- 1 1 - tan- 1 x Step 2: dy = 0 

dx -1  - l + x2 
14. (a) Step 1 :  loge = 1, log (x2 } = 2 logx tan- 1 x +  y = tan- 1 x + tan- 1 y 1 - xy  log. mn = log. m + log. n; log. ( : ) 

= log. m - log. n Step 2 :  _1 { 1 - 2 log x } _ 1 { 3 + 2 logx } 
y = tan --"--- + tan 1 + 2 log x 1 - 6 log x 

y = tan-1 1 - 1an-1 (2 log x) + 1an-1 (3) + 1an-1 (2 log x) 
y = tan-1 1 + tan-1 3 = a constant 

dy Hence, - = 0 
dx 

15. (d) Let ✓x = t ⇒ x = t2 

• -1 ( 1 - t2 J 7t -1 ( 1 - t2 J sm 
1 + t2 = 2 - cos 

1 + t2 
= � - 2 tan- 1 t 

2 d ( . _ 1 ( 1 - t2 JJ d ( 1t 2 -1 ) : . dt sm 1 + t2 = dt 2 - tan t -2 -2 -2 l + t2 l + (✓x)2 l + x  



= sin- 1 x + sin- 1 ✓x 
dy 1 1 1 - = --- + -- --
dx ✓1 - x2 .Ji- x  · 2✓x 

17. (c) y = sin [2 tan- 1 ✓�=: ] 

= tan -2 .·. y = sin [ 2 tan- 1 ( tan !)] 
y = sin [ 2 ,!) = sin0 
y = .Ji - cos2 0 = ✓1 - x2 

dy _ -x 
dx 

- ✓1 - x2 

18. (b) sin- 1 ( X: - y: J = log a 
X + y  2 2 

X - y  -2 --2 = sin(log a) 
X + y  Using componendo and devidendo, 
x l + sin ( log a) 
y 1 - sin (loga )  

dy y- x-Differentiating w.r.t. x, dx 

dy = }:_ 
dx X 

/ 0 

2 sin 2 � 2 --0 2cos2 -2 

Differentiation of Inverse Function E.53 

20. (a) Step 1 :  Given expression 1 

21 .  (a) 
1 J§- x = --- when cot 0 = --cosec20 l + x  
1 l + x  dy 1 --- = -- ⇒ - = -1 + -1 -_x 2 dx 2 l + x  

y = tan- 1 

22. Step 1 :  From Formula 3 cos- 1 x = cos- 1 (4x3 - 3x) 

23. (b) f(x) = (x + l) tan- 1 (e-2x ) ( 2 -2x ) f '(x) = tan-1 (e_2, ) + (x + l) .  - e 1 + (e-2x )2 put x = O;f '(O) = tan- 1 (1) + i�I 
= �-1 
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► SitJOL! tb Olk I I J t PNOdttit!J hbtit I iLAL P NOdttii!J PON PAil I iLh Fer rrrrrncre H55P r:rr ess: :resr ◄ 
1. The derivatie of cos -1 ( 

1 - x: ) with respect to 
l + x 

cot ~ 1 --3 is ( 
1- 3x2

) 3x - x  

(a) 1 
(c) 2/3 

/Karnataka CET-2003} 

(b) 3/2 
(d) 1/2 

2. If x = sin -1 ( 3 t- 4t3) and y = cos -1 ( � ). 

then : is equal to 

(a) 1/2 
(c) 3/2 

/Kerala (Engg.)-2002} 

(b) 2/5 
(d) 1/3 

3. If y = (1 + x2) tan-1 x - x, then dy = dx 

(a) 1an -1 x 

(c) 2x tan-1 X - 1  

/Karnataka CET-2001} 
(b) 2x tan -I X 

(d) � 
tan -1 x 

4. Differential coefficient of cos -1 ( ✓x) with 
respect to .J (1 - x) is 

(a) ✓x 
(c) 1/✓x 

/MPPET-1997} 

(b) -✓x 

(d) -1/✓x 

5 If · -1 .Jo+xj + � th dy . y = sm 2 , en 
dx = 

(a) 
.J(l- x2) 

(b) 
.J(l- x2) 

1 (c) 
2.J(l- x2) 

(d) None of these 

6. If y= tan -1 � +sin { 2 tan -1 ✓l- x
} 

1 +  1- x2 l + x 
dy 

then dx = 

X 
(a) 

.J1- x2 

1- 2x 
(c) 

2.J1- x2 

1- 2x 
(b) 

.J1- x2 

1 (d) 
l + x2 

. .  f 1 (
.Jl + x2 - l

J 
.th 7. Danvatlve o tan -

x 
wi respect 

to 1an -1 x is 
/Kurukshetra CEE-1998; 

RPET-1999} 
(a) 1/2 
(b) -1/2 
(c) 1 
(d) None of these 

8. !( cos -1 l + 
�

o s x  
J = 

(a) 1 
(c) 1/3 

/AICBSE-1982} 

(b) 1/2 
(d) None of these 

( x 11J + a 11J  ) d 
9. If y = tan -' 

1 _ x1 13 • a 113 , then J:: = 

1 
(a) 3x2'3 (l + x2'3) 

1 (c) -
3x2'3 (l + x2n) 

a (d) -
3x2'3 (l + x2n) 

t - I 

10. Differential coefficient of an x with 
l + tan -' x 

respect to 1an -1 x is 
1 (a) 

1 + tan -1 x 
- 1  (b) l + tan -1 x - 1  

(c) 
(1 + tan -' x2) 

(d) 2(1 + tan -1 x) 2 



_ 4x _ 1 2 + 3x dy 11. If y= tan 1 - - + tan --, then -= 
1 + 5x2 3 - 2x dx 

/Kerala PET-08} 
1 2 5 2 (a) 

1 + 25x2 + 
l + x2 (b) 

1 + 25x2 + 
l + x2 

5 (c) 
1 + 25x2 1 (d) 

1 + 25x2 
. _ 2x _1 l + x2 dy 12. If y = sm 1 -- + sec -- , then -= 1 + x2 1- x2 dx 

4 (a) 
l- x2 

1 (b) 
1 + x2 

4 (c) 
1 + x2 

(d) � 
l + x2 
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13. !( tan -1 
l :

o

s::x) = 

(a) - 1/2 
(c) - 1  

(b) 1/2 
(d) 1 

1 14. The differential coefficient of cosec -1 
2x2 _ 1 

,.---, 1 . with respect to v 1 - x- at x = 2 1s 

(a) -4 
(c) -1 

(b) 4 
(d) None of these 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 
1 .  The answer sheet is  immedi at ely below the 

worksheet .  
2. The test is of 1 7 minutes . 
3. The worksheet consists of 1 7 questions . The 

maximum marks ar e 5 1 .  
4. Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohibit ed . 

1. If.f{x) = x tan-1x ,  then/'(l) = 

1t 1 1t (a) l + - (b) - + -
4 2 4 

(c) .!_ _ � (d) 2 
2 4 

2. If y = sec (tan -1 x ), then : is 

[DCE-2002; Kurukshetra CEE-2001/ 
X -x (a) ✓l + x2 

(b) ✓l + x2 

X (c) ✓l- x2 
(d) None of these 

3. ![ tan -1 ( ;+
-
a

:) ]= 

(a) 

(c) 

[Karnataka CET-2001 ; Pb. CET-2001/ 1 (b) _l _ _ _  l _ 1 + x2 1 + a 2 l + x2 

( 
)2 

a- x  l +  --
1 + ax 

-1 
(d) -.==== 

✓1 - (  ;+
-

a: J 

4. If y = tan -1 
--3-12 , then y'(l) 1s ( ✓x - x ) l + x  

(a) 0 
(c) -1 

[AMU-2000; NDA-2007/ 
(b) l/2 
(d) -l/4 

5. If /( x) = cos -1 [l- (log x): ] , then the value l + (log x) 
of/'(e) = 

[Karnataka CET-99; Pb. CET-2000/ 

(a) l 
(c) 2/e 

(b) l ie 
(d) 2/e2 

6. If u = tan -i { � -l 
} and v = 2tan -1 x, 

du . l then 
dv 

1s equa to 

(a) 4 
(c) l/4 

[RPET-1997/ 

(b) 1 
(d) -l/4 

7. If Y = sin -1 ( :: :: } then : is equal to 

[EAMCET-1991 ; RPET-1996/ 
1 (b) 

1 + x2 

+ -2 -(c) - l + x2 
2 (d) -

l + x2 

8. If y = tan -1 �, then : is 

(a) 0 
(c) l/2 

[Roorkee-1995/ 
(b) -1/2 
(d) l 

9. If y = cos , then _ = 
_1(

3cos x- 4sin x
) dy 

5 dx 
(a) 0 (b) l 
(c) -1 (d) l/2 

d X lo -tan -1 = . dx � 

(a) 
a

2 + x2 
a 

(c) 
a✓ a2 - x2 

-a (b) 
a

2 + x2 

(d) 
.Ja2 - x2 

11. If y = tan -1 (cot x) + cot -1 (tanx), then : is 
equal to 
(a) 1 
(c) -1 

(b) 0 
(d) -2 

12. ![ coc 1 ( �:��::: ) ] = 

(a) -1 (b) 0 
(c) 2 (d) l 



13. If sec-' - = a, then - 1s c + x ) dy . 1 - y dx 
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16. If y = sin-1 (3x - 4x3) + cos-1 ( 4x3 - 3x) + 1an-1 
dy -

/Karnataka CET-2007} 
(e), then dx - /Kerala PET-2008} (a) y - 1  (b) y + 1 x + l  x - 1  x - 1 x - 1  (c) y - 1  (d) y + 1 

14. 
d , c + x ) Value of dx 

tan- l - x  is 
3 3 (a) ✓l - x2 - .Jx2 - 1  

7t (c) -2 2 (e) ✓1 - x2 

(b) 0 3✓x2 - 1  (d) -✓=1 -=x2�.J�x=2=+=1 
/MPPET-2007} 

17. If y = sin- 1 x + sin- 1 ✓1 - x2 , what is : (a) 1 l + x (c) 1 l + x2 
1 (b) 1 - x2 (d) _1_ l + x2 

equal to? {NDA-2008} (a) cos-' x + cos-' ✓1 - x2 

1 1 (b) - + ,.----:; cos x cosv l - x2 
15. - tan -d [  -1 �] -dx l + cos x /MPPET-2007} (c) � 2 (a) -1 /2 (c) 1 /2 

1 . @ @ © @ 
2. @ @ © @ 
3. @ @ © @ 
4. @ @ © @ 
5. @ @ © @ 
6. @ @ © @ 

(b) 0 (d) 1 (d) 0 
ANSWER SHEET 

7. @ @ © @ 
8. @ @ © @ 
9. @ @ © @ 

10. @ @ © @ 
11. @ @ © @ 
12. @ @ © @ 

13. @ @ © @ 
14. ® @ © @ 
15. @ @ © @ 
16. ® @ © @ 
17. ® @ © @ 

AiNfs lNB exPLlNlfioNs 

2. (a) Step 1 :  f( x) = ✓1 + x2 From formula ( _, perpendicular ) hypotenuese sec tan ��== = �---Base Base (Here perpendicular = x and base = 1 )  
Step 2 :  d ( ) , 1 x - f( x) = f ( x)= �.2x= � 
dx 2vl + x2 v l + x2 

d r:: 1 dy (From formula -v Y = r:: - ) 
dx 2vY dx 
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5. (b) Step 1: From formula 
1- 2 

2 tan -1 y = cos -i _Y
_ 1 +  y 2 

Given question can be written as: 
f( x) = 2tan -1 (log x) 

Step 2: J'( x) l x=e= 
2 x.!.. I 1 + (log x) 2 

X x=e e 

17. (d) Step 1: Perpendicular in sin - 1 ✓l- x2 

= ✓1- x 2 and hypotenuese = l. Hence base 
= x  

Step 2 :  From formula 

• _1 
( 

perpendicular 
J sm 

hypotenuese 

_1
( 

Base 
J = cos 

hypotenuese 

Given question : 

7t y = sin -1 x +  cos -1 x = -= constant 
2 

dy Hence -= 0 

ANSWERS 

LECTURE 1 

Worksheet: To Check the Preparation Level 

1. (a) 5. (c) 9. (d) 13. (a) 
2. (b) 6. (d) 10. (b) 
3. (a) 7. (a) 11. (b) 
4. (d) 8. (b) 12. (d) 

LECTU RE 2 

Unsolved Objective Problems (Iden tical Problems 
for Practice): for Improving Speed with Accuracy 

1. (c) 8. (c) 15. (a) 22. (a) 
2. (a) 9. (d) 16. (a) 23. (d) 
3. (a) 10. (b) 17. (d) 24. (b) 
4. (c) 11. (c) 18. (c) 
5. (d) 12. (b) 19. (d) 
6. (a) 13. (d) 20. (d) 
7. (a) 14. (a) 21. (c) 

Worksheet: To Check the Preparation Level 

1. (c) 6. (c) 11. (b) 16. (d) 
2. (a) 7. (c) 12. (b) 
3. (c) 8. (d) 13. (c) 
4. (b) 9. (a) 14. (c) 
5. (c) 10. (d) 15. (b) 

LECTU R E 3 

Unsolved Objective Problems (Identical Problems 
for Practice): for Improving Speed with Accuracy 

1. (c) 5. (c) 9. (a) 13. (a) 
2. (d) 6. (c) 10. (c) 14. (a) 
3. (b) 7. (a) 11. (c) 
4. (c) 8. (b) 12. (c) 

Worksheet: To Check the Preparation Level 

1. (b) 6. (c) 11. (d) 16. (b) 
2. (a) 7. (d) 12. (d) 17. (d) 
3. (a) 8. (b) 13. (a) 
4. (d) 9. (b) 14. (c) 
5. (b) 10. (d) 15. (c) 
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L E C T U R E  

Monotonic (Increasing and 
Decreasing) Functions, 

Mean Value Theorem and 
Approximations 

► BASIC CONCEPTS d 
8 MO NOTO NIC FUNCTION 

1. Monotonocity: A function fix) is said to be 
monotonic on an interval (a, b) if it is either 
increasing or decreasing function. 

2. Strictly Increasing Function: A function fix) 
is said to be a strictly increasing fwiction on ( a, 
b) if 

(i) /(x) > 0 V xE (a, b) 
OR 

(ii) x 1 > x2 ⇒ fix1) > fix2), Vx l ' x2 E (a, b) 
OR 

(iii) x 1 < x2 ⇒ fix1) <fix2), Vx1, x2 E (a, b) 

NOTE 
Non-decreasing Function: A function fix) is said 
to be a non-decreasing fwiction on (a , b) if 

xi < x2 ⇒ fix 1) �fix2) 
xi > x2 ⇒ fix 1) ?.fix2) ---=---------

3. Strictly Decreasing Function: A fwictionfix) 
is said to be a strictly decreasing fwiction on 
(a,b) if: 

(i) /(x) < 0 '<Ix E (a, b) 
OR 

(ii) x 1 > x2 ⇒ fix1) <fix2) V x l ' x2 E (a, b) 
OR 

(iii) x 1 < x2 ⇒ fix1) > fix2) Vxl ' x2 E (a, b) 

NOTES 
1. Non increasing Function: A fwiction fix) is 

said to be a non increasing fwiction on (a. b) if 

x 1 < x2 ⇒ fix) ?.fix2), x 1 > x2 ⇒ fix 1) �fix} 
2. Non-Monotonic Function: 

A fwiction fix) is said to be non-monotonic on 
an interval (a , b) if it is increa sing in some part 
of interval and decreasing in other or remaining 
part of the same interval . 

-----'====-----

4. Concave up and concave down: 
The graph of a differentiable function y = fix) 
is concave down on an interval (a, b) when 
d d2 

-1'.. = y' decreases i.e., � < O and concave 
dx ' dx2 

dy , . . up on interval where - or y mcreases 1.e., 
dx 

Examples 

1. Fwiction y = x2 is concave up on the entire x-axis 

b " dzy 2 O ecause y = dx2 = > . 

2. Fwiction y = sin x is concave down on entire 
d2 

interval (0, n) because /" = � = -sin x < O dx2 

on its interval. 
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5. P oint of Inflection: A point on a curve y = j{x) 
where the concavity changes from up to down 
or vice versa is called a point of inflection. Thus 
a point of inflection on a twice differentiable d2 
curve is a point where y" or J is positive 

on one side and negative on the other, 

The points on the curve at which � = 0 ( or 

d2 d3 J does not exist) but J * 0 are known 

as the points of inflection. 

II LARG RANG E'S M EAN VALU E TH EO REM 
(LMVT) 

Let j{x) be a function of x subject to the following 
conditions: 

(i) j(_x) is a cont inuou s  function of x in the 
closed interval a ::, x ::,  b .  

(ii) j(_x) is differentiable for every point in the 
open interval ( a, b) then there exist s  at least 
one value  of x, say c such that a < c < b 

where f'(c) = f(b)- f(a) 
b-a 

► §St! bb JJM& I I J b t iiGbbbi!J liii &SANS il.d.J.b.)§ iii bh. 
f@§ lfIIf§ : !NSf§fft n:s:n:e , t:S Wt:fif§J rw: stN@@f TUC wr:s d 

1. Let/be differentiable for all x. Ifj{l) = -2 and 
f '(x) � 2 for all x E [1, 6], then prove thatj{6) 
� 8. 

Solution 

By lagrange 's mean value theorem, there exist 

E (1, 6) such that f'(c) = f( 6� = {<1) 

⇒ /( 6) + 2 = f'( c) > 2 
5 -

[ ·:f'(x) � 2 for all x E [1, 6]] 

⇒ 1{6) + 2 �  10 ⇒ 1{6) � 8 P roved. 

2. Using Lagrange 'e mean value theorem, show 
that sin x < x for x > 0. {NCERT-Book} 

Solution 

Consider the function j{x) = x - sin x defined 
on the interval [ 0, x] where x > 0. Clearly,j{x) 
is everywhere continuous and differentiable. 
So, it is continuous on [ 0, x] and differentiable 
on (0, x). Consequently, there exists c E (0, x) 

such that f'( c) = f( x)- f( O) [ By Lagrange 's 
x- 0 

mean value theorem] 

⇒ 

⇒ 

1 x-sin x -cos c= --­
x 

x-sin x
> O  [ ·: 1- cos c> 0] 

X 

⇒ x- sin x> 0  [ ·: x> 0] 
⇒ x> sin x ⇒ sin x < x for all x> 0. 

P roved. 

3. Using mean value theorem, prove that tan x > 
x, for all x E (0, x/2). 

Solution 
Let x be any point in the interval (0, x/2). Con­
sider the function/ given by j{x) = tan x - x, 
where x E [ 0, x] c (0, x/2) 
Clearly, j{x) is continuous on [ 0, x] and dif­
ferentiable on (0, x). 
So, there exists c E (0, x) such that 

f'(c) = f( x)- f(0) 
x- 0 

tanx- x- 0 ⇒ sec 2 c-1= ---­
x 

⇒ tanx- x
> O  

X 

[ ·: sec2 c > I for all c E (0, x) c [ 0, x/2]] 

⇒ tan x- x> 0 
[ ·: x> 0] 

⇒ tan x > x for all x E [ 0, x/2] 
4. Let/be a function defined on R (the set of all 

real numbers) such that 
f(x) = 2010(x - 2009)(x - 2010)2 (x - 2011)3 
(x- 2012)4,forallx eR.Ifgisa functiondefinedon 
R with values in the interval (0, oo) such that 
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j{x) = fn(g(x)), for all x ER, then the nwnber 
of points in R at which g has a local maximwn 
is /IIT(2)-2010} 

Solution 

Here j{x) = ing(x) ⇒ f(x) = g'(x) 
g(x) 

(Here g(x) > 0 to satisfy the domain of log) 
g'(x) = f(x)g(x) = 20 IO(x - 2009)(x - 2010)2 

(x - 2011)3(x - 2002)4.g(x) 
:. Nwnber line of g'(x) is 

+ + + 

2009 201 0  201 1  201 2  

for local maximwn, sign changes from posi­
tive to negative 
. · . x = 2009 is point of point of local maxima 
: . nwnber of points = 1 

5. Let/ be a real-valued differentiable function 
on R (the set of all real nwnbers) such that 

j{l) = 1. If the y-intercept of the tangent any 
point P(x, y) on the curve y = j{x) is equal to 
the cube of the abscissa of P, then the value of 
j{-3) is equal to. /IIT(l)-2010} 

Solution 
Y - y  = m(X - x) y-intercept (x = 0) 
y= y- mx 
Given that y- mx= x3 ⇒ x dy _ y =- x3 

dx 
dy y 2 ⇒ -- -=-x 
dx X 

-J!dx 1 Integrating factor e x = -
X 

Solution y . .!.. = f.!...(-x 2)dx 
X X 

xJ 

⇒ f (x) = y = -
2

+ cx 

. u 3 G1ven J,l) = 1 ⇒ c  = 2 
x3 3x 

f (x) = -
2

+
2 

⇒ f (-3) = 9 

, Sit&GLI lb JSJJ& iitt Pk@Jtll!!§ iii! JGA!tb ll.5.9.EJJ ill t,,. 
w GRASP JM§ WEIS SOLVE THESE PROBLEMS ◄ 

1. j{x) = (x-a)m (x - b? o n  [a, b] where m, n are 
positive integers. Find the value of c. 

/PB-91C, 96, CBSE-91C, SP-2006} 

2. Verify Lagrange's Mean value Theorem for 
the following functionj{x) = x2 + 2x + 3, [ 4, 6] 

/CBSE-2006} 

3. Verify Lagrange's Mean value Theorem for 
the followingj{x) = 2 sin x + sin 2x on [ O , x] 

4. Verify Lagrange's Mean value Theorem for 

{ 
2 + x3 if x � l 

the following f ( x) = 
"f 

on 
3x 1 x > l 

[-1, 2] 

5. Using Lagrange 's mean value theorem prove 

that b 
� 

a 
< log(�) < 

b
: 

a where O < a < b. 

6. Using Lagrange 's Mean Value Theorem find a 
point p on the curve y = .J x2 - 4 defined in 

the interval [ 2, 4], where the tangent is parallel 
to the chord joining the end points on the curve. 

f CBSE-86, 90, 94, 2002; 
PSB-93 S, 98 CJ 

Directions for Q 7 and 8: Find c of the La­
grange 's Mean value Theorem for the follow­
ing functions 

7. j{x)=x2- 3x- 2; x E [-1, 2] /PB-91CJ 

8. j{x) = ex on [ O , 1] 

9. Prove that the functionj{x) = x2 - x + l is nei­
ther increasing nor decreasing in the interval 
(0, 1). 

X X 
10. j{x) = log (1 + x) --- . Or Prove that -

1 -l + x  + x 
< log (1 + x) < x. for x > 0. 

f CBSE-2000C, 2002C; IIT-87} 

11. Determine the values of x for which j{x) = r, 
x > 0 is increasing or decreasing. 
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12. Separate the interval [ 0, x/2] into sub-intervals 
in which.f{x) = sin 4x + cos4 x is increasing or 
decreasing. / CBSE-2000 CJ 

13. Find the values of k for which.f{x) = kx3 - 9kx2 

+ 9kx + 3 is increasing on R. 

14. Find the intervals in which the following 
function are increasing or decreasing .f{x) = 
(x -1 )3 (x - 2)2 

15. If a <  0, prove that the function.f{x) = ear + e-ar 

is a monotonically decreasing function for 
values of x given by x < 0. 

16. Find the least value of a such that the function 
x2 + ax + l is increasing on [1, 2]. 

/HPSB-95, 2002; NCERT Book} 

17. Prove that the function ex is an increasing 
function for every value of x. 

/MP-99; NCERET Book} 

18. Find the increasing and decreasing function of 

f (x) = 4x2 + 1 /CBSE-2004} 

19. Find the increasing and decreasing function of 
X

J 

f( x) = x4 
- 3 

/CBSE-78, 80, 83, 92CJ 

20. Find the intervals in which.f{x) = sinx - cos x, 
where O < x < 2n is increasing or decreasing. 

/CBSE-2005; SP-2006} 

21. Prove that the function/ given by .f{x) = log sinx 

is strictly increasing on ( 0, � ) and strictly 

decreasing on ( � • 7t } /NCERT Book} 

22. Find the interval in which the function.f{x) = 
x3 - 12x is increasing or decreasing. 

/CBSE-92} 

ANSWERS 

1. C = mb + na 
m + n  

6. Point ( ✓
6

, ✓
2
) 

7. C = 1/2 
8. C = Jog (e - 1) 

10. Increasing (0, oo ), 
decreasing (-1, 0) 

11. Increasing on ( � . oo) , 
decreasing on ( 0, � ,  ) 

12. Increasing [ x/4, x/2], 
decreasing [ 0, x/4] 

13 . .f{x) is increasing on R, if k 
E (-oo, 1/3) 

14. increasing on (-oo, 8/5) u 
(2, oo) decreasing on 
( 8/5, 2) 

15. decreasing for x < 0. 

16. -2 

18. Increasing on 

( -oo, ½ ) u ( ½, oo) 
decreasing on 

( �1 , 0) u ( 0, ½) 

19. Increasing ( ¼ , oo) 
decreasing (-oo, 0) and 

( o, ¼) 
20. Increasing on 

( 0, 3:) u ( ?47t , 27t) 

( 37t 77t
) decreasing on 4, 4 

22. Increasing (oo, -2) u ( 2, 
oo) decreasing (-2, 2) 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. The function / defined by .f{x) = (x + 2)e-x 
is: 

/IIT-Screening-1994} 

(a) Decreasing for all x 
(b) Decreasing in (-oo, -1) and increasing in 

(-1, oo) 



Monotonic (Increasing and Decreasing) Functions, Mean Value Theorem and Approximations f.7 

( c) Increasing for all x 
(d) decreasing in (-1, oo) and increasing in 

(-oo, -1) 

Solution 

(d) j{x) = (x +2) e -•  
f(x) = e-•- e-• (x + 2) 
f(x) = -e-• [x + I] 

For increasing, -e-• (x + 1) > 0 or e_,, (x + 1) < 0 
e-• > 0, (x + I) < 0 
x E (-oo, oo) and x E (-oo, -1) 
X E (-oo, -1) 

Hence, the function is increasing in (-oo, -1) 
For decreasing, -e-• (x + 1) < 0 or- e-• (x + 1) 

> 0, x  E (-1, oo) 
Hence the function is decreasing in (-1, oo ). 

X X 2. If f( x) = -. - and g( x) = - , where 0 < x  
s m x  tan x 

:S 1, then in this interval: 
[IIT-199 7 Re-Exam} 

(a) Bothj{x) andg(x) are increasing functions 
(b) Bothj{x) andg(x) are decreasing functions 
(c) j{x) is an increasing function 
(d) g(x) is an increasing function 

Solution 

(c) f'( x) = sin x � xcos x = cos x(tan x - x) 
sm2 x s in 2 x 

0 < x :S l ⇒ x e Q 1 

⇒ tan X > X, COS X > 0 
f'(x) > 0 for 0 < x :S 1 
j{x) is an increasing function. 

'( ) 
tan x - xsec 2 x 

g X = 
tan 2 X 

sin xcos x - x sin 2x - 2x 
2sin 2 x 

(sin 2x- 2x)' = 2cos 2x- 2 = 2 [ cos 2x-1] < 0 
⇒ sin 2x - 2x is decreasing 
⇒ sin 2x- 2x < 0  

g'(x) < 0 
⇒ g(x) is decreasing. 

3. The function f( x) = I - e-•' 12 is: 

[AMU-1999} 
(a) Decreasing for all x 
(b) Increasing for all x 

( c) Decreasing for x < 0 and increasing for x > 0 
( d) Increasing for x < 0 and decreasing for x > 0 

Solution 

(c) f( x)= l- e-,' 12 

f'(x) = -e-x' ,2 (-x) = xe-x' 12 

For j{x) to be increasing,f(x) > 0 

⇒ xe-•' 12 > 0 ⇒ x > 0 and j{x) to be de­
creasing for x < 0. 

4. In the Mean - Value theorem 
f(b)- f(a) = f'( c) ifa = 0 b = !. 

b-a ' ' 2 
and j{x) = x(x- I) (x - 2), the value of c is: 

[MPPET-2003} 

(a) 1- ,Jfs 
6 

(b) I + .Jfs 

(d) 1 + -Jfi 
(c) 1- -Jfi 

6 

Solution 

( c) From mean value theorem 

⇒ 

f'(c) = f(b)- f(a) a= 0,f(a) = 0 
b-a 

1 3 
b = 2 , f(b) = 8 

f'(x) = (x- I) (x- 2) + x(x- 2) + x(x- I) 
f '(c) = (c -1) (c - 2) + c(c - 2) + c(c-1) 

= c2 - 3c + 2 + c2 - 2c + c2 - c 
f'(c) = 3c2- 6c + 2 

According to mean value theorem, 

f'( c) = f(b)- f(a) 
b-a 2 - ( 3/8) - 0 - 3 ⇒ 3c - 6c + 2 - (1/2) _ 0 - 4 

⇒ 3c2 - 6c + � = 0 
4 

C = 6 ± .J36"=1s = 6 ± -Jfi = 1 ± -Jfi 
2 x 3  6 6 

5. The functionj{x) = sin4 x + cos4 x increases, if: 
[IIT-1999; Pb. CET-2001} 

7t (a) 0 < X < S 
37t 57t (c) - < x < -
8 8 

7t 37t (b) - < x < -
4 8 
57t 37t (d) - < x < -
8 4 
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Solution 

(b) f (x) = sin4 x + cos4 x = (sin2 x + cos2.x)2-
2 sin 2x cos 2 x 

= 1 _ 4sin 2 xcos 2 x 
= 1 _ sin 2 2x 

2 2 

= 1- ¼( 2sin 2 2x) 

(
1-cos 4x

) 
3 1 = 1- 4 = 4 + 4cos 4 x  

Hence function fix) i s  increasing when f(x) 
> 0  

f '(x) = -sin 4x > 0 
⇒ sin 4 x < 0 

37t Hence 7t < 4x < -2 
7t 37t or - < x < -
4 8 

6. Let h(x) = fix) - (j{x))2 + (j{x))3 for every real 
nwnber x. Then 

/IIT-1998} 
(a) h is increasing whenever/is increasing 
(b) h is increasing whenever f is decreasing 
(c) h is decreasing whenever/is decreasing 
(d) Nothing can be said in general 

Solution 

(a, c) h(x) = fix)- (j{x))2 + (j{x))3 

h'(x) = f (x) - 2fix)f (x) + 3 [/{x)]2 f (x) 
= f(x) [ 1  - 2 fix) + 3 [/{x)]2] 

= 3 f '(x) { ( f (x) - i 
J + ¾ }  

h'(x) and / (x) have same sign. 

7. In [ 0, 1] Lagrange's mean value theorem is 
NOT applicable to 

2 - x, 
j 1 

(a) f (x) = 
( ½ - x  J. 

(b) f (x) = �• 

/IIT Screening-2003} 
1 

x < -2 
1 

x > -- 2 lsin x 

1, 
(c) fix)= x l x l 
(d) fix) = I x I 

x = 0 

Solution 

(a) The function defined in option (a) is not 
differentiable at x = 1/2. 

8. fix) = 2x2 - log I x I (x -:f. 0) is monotonic 
increasing in the interval: 

/IIT-83} 
(a) (1/2, oo) 
(b) (-oo, -1/2) u (1/2, oo) 
(c) (-oo, -1/2) u (0, 1/2) 
(d) (-1/2, 0) u (1/2, oo) 

Solution 

(d) f(x) = 4x - 1 /x fix) is monotonic increas­
ing when/ (x) > 0 

4x2 -1 ⇒ 4x- 1 /x > 0 ⇒ -- > 0  
X 

⇒ { 
4x2 -1 > 0 when x > 0 
4x2 -1 < 0 when x < 0 

But x > 0, 4x2
- 1 > 0 ⇒ x2 > 1/4 

⇒ I x I> 1/2 ⇒ x E (1/2, oo) 
and x < 0, 4x2- l < 0 ⇒ x2 < 1/4 ⇒ l x l < l/2 
⇒ X E (-1/2, 0) . " . X E (-1/2, 0) U (1/2, oo) 

9. If y = ax3 + 3x2 + (2a + 1) x + 1000 is strictly 
increasing function for all real values of x, 
then: 

(a) -3/2 < a < 1 
(c) a <-3/2 

Solution 

I JEE (WB)-98} 
(b) a> 1 
(d) a> 1 or a <-3/2 

(b) y is increasing function 
⇒ 3ax2 + 6x +(2a + 1) > 0 V x 

⇒ 36 - 4 . 3a (2a + 1) < 0 and a > 0 
⇒ 3- 2a 2-a < 0 anda> 0 
⇒ (2a + 3) (a - 1) > 0 

anda> 0 
⇒ a> 1 or a <-3/2 

anda> 0 ⇒ a >  1 

10. Function fix)= 2x + cot -1 x-log ( x + .Ji + x2 
) 

is increasing in: 

(a) (-oo, 0) 
(c) (-oo, oo) 

{UPSEAT-98} 
(b) (0, oo) 
(d) no where 
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Solution 

(c) f(x) > 0 

⇒ 

⇒ 

1 1 2- --- --> 0 
l + x2 .J1 + x 2 

2 + 2x 2 -1- � 
> 0 

l + x2 
⇒ 

⇒ 

(2x 2 + 1) - .J1 + x 2 > 0 [ ·: 1 + x2 > 0] 

2x 2 + 1 > .J1 + x 2 which is true V x ER 

11. y = [x (x - 3)]2 is increasing when: 

(a) 0 < x  < 3/2 
(c) -oo < x < 0  

/Rookee (Screening)-93} 
(b) 0 < x < oo  
(d) l < x < 3  

Solution 

(a) : = 2x(x - 3)( 2x - 3) > 0 

⇒ 4x(x - 3/2) (x - 3) > 0 
⇒ X 8 (0, 3/2) U ( 3, oo) 
⇒ 0 < x < 3/2 

12. If a <  0, the function ( e"" + e� is decreasing 
function for all values of x, where: 

(a) X > 0 
(c) X > 1 

Solution 

f Orissa JEE-2008} 
(b) X < 0  
(d) x < 1 

(b) Let.f{x) = e"" + e__,,., 

d 
f'(x) = -(eax + e-ax ) = a(eax - e-ax ) dx 

If.f{x) is decreasing then/ (x) < 0 
⇒ a (e""- e-) < 0 
⇒ e""> e__,,., 

⇒ e2"" > 1 ⇒ e2"" > e0 
⇒ 2ax > 0 ⇒ x < 0  

( ":a < 0) 

( ":a < 0) 
e"" + e- is decreasing when x < 0. 

13. Match List I with List II and select the correct 
ANSWER using the code given below the 
lists: List I {UPSC-2007} List II 
A The function x3- 6x2- 36x 1. x =-2 

+ 7 increases when 
B The function x3- 6x2- 36x 2. x = 6 

+ 7 is maximwn at 

C The function x3 - 6x2 - 36x 
+ 7 is minimwn at 

D The function x3- 6x2- 36x 
+ 7 decreases when 

Code: 
A B C 

(a) 4 2 1 
(b) 3 1 2 
(c) 3 2 1 
(d) 4 1 2 

Solution 

(b) .f{x) = x3 - 6x2 - 36x + 7 

3. x < -2 or 
x > 6  

4. -2 <x < 6  

D 
3 
4 
4 
3 

f(x) = 3x2 
- 12x- 36 = 3(x2 

- 4x - 12) 
= 3(x- 6) (x+ 2) 

f (x) = 0 ⇒ X = -2, 6 
f '(x) = 3(2x - 4) = 6(x - 2) 

f'(-2) = 6 (-2 - 2) = -24 < 0 
f'(--6) = 6(6- 2) = 6 X 4 = 24 > 0 

.f{x) is max at x = -2 and min at x = 6 

The sign off(x) = 3(x - 6) (x + 2) is as fol­
lows. 

+ I - I + 

-2 6 

.f{x) is increasing when f (x) > 0 i.e., x E 
(-oo, -2) u (6, oo) 
.f{x) is decreasing when f (x) < 0 i.e., x E 
(-2, 6) 

14. For function f(x) = xcos .!..,x ;?: 1, : 
X 

/IIT - 2009 J 
(a) for atleast one x is interval [ 1, oo),f(x + 2) 

-f(x) < 2  
(b) lim f '( x) = 1 

x➔� 

(c) for all x in the interval [ 1, oo), f (x + 2) 
-f(x) > 2 

(d) f '(x) is strictly decreasing in the interval 
[1, =) 

Solution 
1 

(b, c, d ) For f(x) = xcos- , x ;?: 1, 
X 

f'(x) = cos (.!..) + .!..s in .!.. ➔ 1 for x ➔ oo 
X X X 
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also 

f '(x) = _!_sin (
!

)- _!_sin (
!

)- _!_cos (!) x2 x x2 x x3 x 

= _ _!_cos (
!

) < 0 for x ;?: 1 
X

3 
X 

⇒ f '(x) is decreasing for [1, =) 

⇒ f '( x + 2) < f'( x). 

Also 
lim f( x + 2) - f(x) 
x➔� 

= lim [( x  + 2)cos -1 -- xcos !] = 2 
x➔� X + 2 X 

:. f(x + 2) - f(x) > 2'ilx ;?: 1 

15. The function j{x) = x2 - 2x increases for 
all: {NDA-2009} 

(a) x>-1 
(c) x> 1 only 

(b) x <-l only 
(d) x <1 

Solution 
(c) ·:j{x) = x2 - 2x 

On differentiating w.r.t. x, we get 
f(x) = 2x-2 
j{x) is increasing, if 2x- 2 > 0 ⇒ x > l 

16. Ifj{x) = 3x2 + 6x - 9, then 
(a) j{x) increasing in (-1, 3) 
(b) j{x) is decreasing in ( 3, oo) 
(c) j{x) is increasing in (-oo, -1) 
(d) j{x) is decreasing in (-oo, -1) 

Solution 

(d) ·: j{x) = 3x2 + 6x - 9 
On differentiating w.r.t.x, we get 
f(x) = 6x + 6 ⇒ f(x) < 0, 'ii (-oo, -1) 
j{x) is decreasing in (-oo, -1) 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. For all the real values of x, the increasing 5. 
function is /PET-1996} 
(a) x-1 (b) x2 

(c) x3 (d) .x4 
2. The function j{x) = x3 - 3x2 - 24x + 5 is 

an increasing function in the interval given 
6. below /MP PET-1998} 

(a) (-oo, -2) u (4, oo) (b) (-2, oo) 
(c) (-2, 4) (d) (-oo, 4) 

3. Ifj{x) = x3 - l 0x2 + 200x -10 then 
/Kurukshetra CEE-1998} 7. 

(a) j{x) decreasing in]-oo, 10] and increasing 
in [10, oo) 

(b) j{x), increasing in]-oo, -10] and decreasing 
in [10, oo [  8. 

(c) j{x) is increasing throughout real line 
(d) j{x) is decreasing throughout real line. 

4. The function j{x) = x + cos x is 
/DCE-2002} 

(a) Always increasing 
(b) Always decreasing 
( c) Increasing for certain range of x 
(d) None of these 

If the functionj{x) = cos I x I -2ax + b increas-
ing along entire nwnber scale then the range 
of 'a ' is: /EAMCET-1991} 
(a) a �  b (b) a = b/2 
(c) a �  -1/2 (d) a ?:.-3/2 

The function j{x) = log (1 + x) - 2 
2x 
+ x  

is 

increasing on /EAMCET-2002} 
(a) (-1, oo) (b) (-oo, 0) 
(c) (-oo, oo) (d) None of these 

Let j{x) = x3 + bx2 + ex + d, 0 < b2 < c. Then/ 
/IIT-Screening-04} 

(a) Is bounded (b) Increasing 
(c) Stationary (d) Discontinuous 

A function is matched an interval where it is 
supposed to be increasing which of the fol-
lowing pairs is incorrectly matched? 

/AIEEE-05} 
Interval Function 

(a) (-oo, -4) x3+ 6x2+ 6  
(b) (-oo, 1/3) 3x2- 2x + 1 
(c) [ 2, oo) 2x3 - 3x2 -12x + 6 
(d) (-oo, oo) x3- 3x2 + 3x + 3  
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9. For all x e (0, 1) 

(a) e' < 1 + x  
(c) si nx > x  

/IIT (Screening)-2000} 
(b) log, (1 + x) < x  
(d) log, x > x 

10. If function 2x2 + 3x - m log x is monotonic 
decreasing in the interval (0, 1) then least 
value of the parameter 'm ' is 
(a) 7 (b) 15/2 
(c) 31/4 (d) 4 

11. Function 

ing if 
(a) A >  l 
(c) A < 4  

f(x) = As�n x  + 6cos x is increas-
2sm x  + 3cos x 

/MPPET-2001} 
(b) A < l 
(d) A >  4 

12. The function.f{x) = cos x - 2ax is monotoni­
cally decreasing for 

(c) a <  2 

/RPET-1987; MPPET-2002} 
1 (b) a > 2 

(d) a >  2 

13. The length of a longest interval in which the 
function 3 sin x - 4 sin3 x is increasing is 

(a) rrJ3 
(c) 3rr12 

/IIT (Screening-2002} 
(b) rr12 
(d) n 

14. If .f{x) = kx3 - 9x2 + 9x + 3 is monotonically 
increasing in each interval, then 
(a) k < 3 (b) k � 3  
(c) k >  3 (d) None of these 

15. The function x' is increasing, when 

(a) x> l/e 
(c) X < 0 

/MPPET-2003} 
(b) x < l /e 
(d) For all real x 

16. The function.f{x) = 1an -1 (sin x + cos x) is an 
increasing function in 

(a) (rrJ4, rr12) 
( C) (0, rrJ2) 

/AIEEE-2007} 
(b) (-'IU2, rrJ4) 
( d) ( -'IU2, rr12) 

17. If.f{x) = sin x - cos x, the function decreasing 
in O � x  � 2n is 

(a) [ s; , 3: ]  
(c) [ 3; , s; ] 

{UPSEAT-2001} 

(b) [ � · i ] 
(d) None of these 

18. The value of a in order that f(x) = -J3 sin x -
cos x - 2ax + b decreases for all real values of 
x, is given by 
(a) a <  l 
(c) a '?:. ✓2 

(b) a ?:. l 
(d) a < ✓2 

19. A value of c for which the conclusion of mean 
value theorem holds for the function .f{x) = 
log, x on the interval [1, 3] is: 

/AIEEE-2007} 
1 (a) 2 log 3 e (b) 2log, 3 

(c) log 3 e (d) log , 3 

7t 20. If.f{x) = cos x, 0 � x � 2 , then the real num-
ber 'c ' for the mean value theorem is 

(a) rrJ6 
(c) sin-1 (2/x) 

/MPPET-1994} 
(b) rr,/4 
(d) cos -1 (2/x) 

21. From mean value theorem.f{b) -.f{a) = (b - a) 
f'(x), a < x 1 < b If.f{x) = 1 /x, then x 1 = 

/MPPET-1992} 
a+ b (a) .Jab (b) 

2 
2ab (c) 

(a+ b) 
b - a (d) 
b + a 

22. The abscissas of the points of the curve y = x3 

in the interval [-2, 2] where the slope of tan­
gents can be obtained by mean value theorem 
for the interval [-2, 2] are 

(a) ±2/-/3 
(c) ±-/3/2 

/MPPET-1993} 
(b) ±--13 
(d) 0 

23. If f (x) = g(_x) (x - a)2 where g(_a) -:f. 0 and 
g(_x) is cotinuous at x = a. Then 

/Roorkee (Screening)-1999} 
(a) /is increasing in the nbd of a if g(_x) < 0. 
(b) /is decreasing in the nbd of 'a' if g(_a) > 0 
(c) /is increasing in nbd of 'a ' if g(_a) > 0 
(d) None of these 

24. Let.f{x) and g(_x) be differentiable for 0 �x � 1, 
such that.f{0) = 0, g(_0) = 0,.f{l) = 6. Let there 
exist a real number c in (0, 1) such thatf(c) = 
2g' (c), then the value of g(_l) must be 

(a) 1 
(c) -2 

/Pb. CET-1991} 
(b) 3 
(d) -1 
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SOLUTIONS 

1 .  (c) Step 1: Monotonicity: continuous function 
is monotonically increasing in (a, b) 

f '( x) > 0, 'ilx E (a ,b) 

d � -1 d 2 
dx 

( x  ) = 
x2 < 0; 

dx 
( x  ) = 2x > 0 

if x> 0 
d Also -( x3

) = 3x2 ;?; 0 , for all real x 
dx 

Ans is (c) 

2. (a) f '(x) = 3x2 
- 6x - 24 > 0 , 

f(x) is increasing function 
3( x2 

- 2x - 8) > 0 
⇒ ( x  - 4)( x + 2) > 0 

X E (-oo, -2) U (4, oo) 

3. (a) Step 1: For increasing function, f'( x) > 0 

3x2 
- 20x + 200 > 0 

But D = B2- 4AC = 400- 2400 < O  
expression is always positive. 
f'( x) > 0 or f( x) is increasing for all 
X E  R 

4. (a) f( x) = x + COS X 

f'( x) = 1 - sin x ;?: 0 ; 

f ( x) is increasing for all xE R 

5. (c) Step 1: cos x = cos I x I= cos( x) 

Step 2: f( x) = cos x - 2ax + b 

Step 3: For increasing function f '( x) > 0 
-sin x - 2a > 0 ⇒ 2a < -sin x 

-1 2a � -1 ⇒ a �  -
2 

2x 6. (a) f( x) = log(l + x) - -- ; 
x + 2  

Here x > -1 
( ": log is defined for +ve values) 

f' ( X) = _1_ - 4 2 ;?: 0; 
l + x (x + 2 ) 

x2 + 4x + 4 - 4 (1 + x) > 2 - 0 
(x + 2 ) (x + l )  

x2 2 ;?: 0 ⇒ xE (-1, oo) 
( x + 2) ( x + 1) 

7. (b) f( x) = x3 + bx2 + ex +  d; 

f'( x) = 3x2 + 2bx + c ;  

Here D = ( 2b) 2 
- 4.3.c = 4(b 2 

- 3c) 

b 2 
- c < 0 ⇒ b 2 

- 3c < 0 

D < O; j'( x) > 0 ¥- XER 

So, f( x) is increasing ¥- xER 

8. (d) 

(a) f( x) = x3 + 6x2 + 6; 
for increasing f' ( x) > 0 

3x2 + 12x > 0 ⇒ 3x( x + 4) > 0 

X E (-oo,-4) U ( 0, oo) 

(b) f( x) = 3x2 
- 2x + 1 

f'( x) = 6x - 2 > O⇒ x > !. 
3 

(c) f( x) = 2x3 - 3x2 - 12x + 6 

J'( x) = 6x2 
- 6x - 12 = 6 (x2 

- x - 2) 
= 6( x - 2) ( x + 1) 

f'( x) > 0 ¥- xE (-1, 2) 

(d) f( x) = x3 - 3x2 + 3x + 3 
f '(x) = 3x2 

- 6x + 3 = 3( x - 1) 2 ;?: 0 

f ( x) is increasing for x E R 
( d) is correct. 

9. (b) Step 1: Let f( x) = ex - (1 + x) then 
f '( x) = ex - 1  

clearly f'( x) > 0'ilx E (0,1) 

f(x) is increasing in (0, 1) 

f( x) > f(0) 
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f '(x) = -- - 1  = -- < 0v'x E (0, 1) l + x l + x 

f(x) is decreasing in (0, 1 )  So x > 0 or j{x) <j{0) log ( l  + x)- x < 0 ⇒ log ( l  + x) < x 

NOTE Similarly, we can prove that ( c) and ( d) are not true. 
10. (a) f( x) = 2x2 

- 3x - mlog x ,  Here x > 0 
f'( x) � 0 ; where xE (0, 1) 
4x + 3 - m � 0 ; 4x2 + 3x - m � 0 (x can be cross multiplied since x > 0) at x = O; m ;?;  0 at x = 1 m ;?; 7 ⇒ m ;?; 7 min. value of m = 7 11. (d) Step 1 :  f( x) is monotonically increasing in (a, b) if 

X1 > X2 ⇒ f (x1 ) > f (x2 ) Step 2 :  % > 0 ⇒ /( % ) > /(0) A + 0 > 0 + 6 ⇒ A > 4  2 + 0  0 + 3 
12. (b) Step: For monotonically decreasing function f '(x) < 0 ⇒ -sin x - 2a < 0 

2a > - sin x ⇒ 2a > 1 or l . . l f . a > - ( ": mrmmum va ue o sm x = -1 )  2 
13. (a) f( x) = 3 sin x - 4 sin3 x = sin 3x 

f( x) is increasing f'( x) > 0 3cos 3x > 0 ⇒ cos3x > 0 . "bl "f  1t 1t 1s poss1 e 1 -- < 3x < -
2 2 

X E (-� �) 
6' 6 

7t ( 7t ) 7t length of interval = - - - - = -6 6 3 
14. (d) Step 1 :  Monotonically increasing function is always strictly increasing function and func­tion f ( x) is monotonically increasing function in interval (a, b) then f'( x) > 0 

3kx2 
- 1 8x + 9 > 0 ⇒ kx2 

- 6x + 3 > 0 Step 2 :  ax2 +bx + c and a are of same sign. If b2 
� 4ac Hence k > 0, 3 6 � 1 2K i.e., k > 0, 3 � k ⇒ k ;::; 3 

15. (a) Step 1 :  For increasing function f'( x) > 0 Step 2 :  f '( x) = xx (l + log x) > 0 
⇒ log x > - 1  ⇒ x > e- 1 

16. (b) f( x) = tan- 1 (sin x + cos x) Here, 
J'( x) = . 1 2 x (cosx - sin x) 1 + (sm x + cos x) For increasing function f'(x) = 0 cos x - sin x > 0 ⇒ cos x > sin x 

XE (-� �) 2 ' 4 
17. (a) f( x) = sin x - cos x 

f'( x) � 0 ⇒ cos x + sin x � 0 ✓2 sin(% + x) � o � + xE [1t, 2n]⇒ xE [ 37t , ?n ] 4 4 4 (a) is satisfied. 18. (b) For decreasing function, J'( x) � 0 ✓3 cosx + sin x - 2a � 0 
2a ;?; ✓3 cosx  + sin x -2 � ✓3 cosx  + sin x � 2 
(·: -.Ja 2 + b 2 

� asin x + bcos x � .Ja 2 + b 2
) 

2a ;?; 2 ⇒ a ;?; l 
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19. (a) By mean value theorem 

f'(c) = /(3) - /(1) 
3 - 1  

1 log 3 - logl 2 
-= ⇒ c = --
c 2 log,3 

c = 2log 3 e 

20. ( c) Step 1: If a function f(x) satisfies mean 
value theorem in [ a, b] , then their exist a vari-

able c for which f '(c) = 
f(b) - f(a) 

b -a 
Step 2: f( x) = COS X 

-sin e = i( � ] - f(O) 

�- 0  
2 

. 0- 1 . 2 l -sm c  = -- ⇒ smc = - < 
7t 7t 

2 

1 -1 21. (a) Step 1: f( x) = - ,f '( x) = 2 
X X 

Step 2: f(b) - f(a) = (b -a{- ;2 ) 
.!_ _ .!_ = (b -a)(

-� ) b a x1 

x� = ab ⇒ x1 = M 

22. (a) Step 1: By mean value theorem 

Slope of tangent = f'(c) = 
f(b) - f(a) 

b -a 
Step 2: a = -2, b = 2 

/( 2) - f(-2) 
Slope of tangent = 

2 _ (-2) 

3 2 - 8 - ( -8) - 4 X1 -
---'---'- -

2 X1 = ±

✓

3 

4 

23. (c) Step 1: Any function.f{x) is increasing if 
f(x) > 0 and decreasing if f'( x) < 0 

Step 2: f '(x) = g( x)( x -a) 2 
Here (x -a) 2 is non negative 

if g( x) > 0 ;  f'( x) > 0 or f( x) is 
increasing 

if g( x) < O,f  '(x) < 0 or f( x) is decreasing. 

24. (b) Step 1: If f( x) andg(x) are differentiable 
in X E [0,1] , 

Both function satisfies mean value theorem 

f '(c) = /(1) - /(0) 
1- 0 

g '( c) = 
g(l) - g( 0) 

1- 0 
Step 2: f'( c) = 2g'(c) 

/(1) - /(0) 
= 2 [

g(l) - g(0)
] 

1- 0 1- 0 

6 - O 
= 2[g(l) - 0] ⇒ g(l) = 3 

1 

► s.aoa Lb GJJL@ I I I L 'KGJLL!i!J (ib[A I Ilk[ 'KGJLL!i!J I Ok 'kl( I ILL). 
Fer :rrrrncre Hff P r:rr es s: :resr ◄ 

1. .f{x) = x3 
- 27x + 5 is an increasing function, 

when 

(a) x <-3 
(c) l x l :S-3 

/MPPET-1995} 
(b) l x l> 3  
(d) I x I <  3 

2. The function.f{x) = tan x - x is 
(a) Always increasing 
(b) always decreasing 

(c) Never decreasing 
( d) Some time increased some time decreased 

3. 2x3 - 6x + 5 is an increasing function if 
{UPSEAT-2003} 

(a) 0 < x < l  
(b) -1 < x < 1 
(c) x <-1 or x> 1 
(d) -1 < x  <-1/2 
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4. Function.f{x) = 2x3 - 9x2 + 12x + 2 9  is mono- 12. The function.f{x) = x "•is: 
tonically decreasing, when: 

(a) X < 2 
(c) x >  1 

/RPET-1996} 
(b) x > 2  
(d) 1 < x < 2  

5. The function f(x) = log x is increasing in 
X 

the interval: 

(a) (1, 2e) 
(c) (2, 2e) 

{UPSEAT-2001} 
(b) (0, e) 
(d) (lie, 2e) 

6. The function .f{x) = 1 - x3 - x5 is decreasing 
for: /Kera/a Engg.-2002} 
(a) l :S x :S 5  (b) x :S l 
(c) x ,::  1 (d) All values ofx 

7. On the interval (1, 3) the function 

f ( x) = 3x + 3_ is: /AMU-99} 
X 

(a) Strictly decreasing 
(b) Strictly increasing 
( c) Decreasing in (2, 3) only 
(d) Neither increasing nor decreasing 

8. If .f{x) = x5 - 20x3 + 240x, then.f{x) satisfies 
which of the following: 

/Kurukshetra EE-1996} 
(a) It is monotonically decreasing every where 
(b) It is monotonically decreasing only in 

(0, oo) 
( c) It is monotonically increasing every where 
(d) It is monotonically every where 

9. If.f{x) = sin x - x/2 is increasing function, then 
/DCE-2002; MPPET-198 7} 

7t 7t (c) - - < x < -
3 3 

(b) - � < x < O 3 

10. For the function.f{x) = e•, a = 0, b = 1 the value 
of c in mean value theorem will be: 
(a) log x (b) log (e -1) 
(c) 0 (d) 1 

11. What is the interval in which the function 
f (x) = .J9 - x2 is increasing? (j{x) > 0) 

(a) 0 < x < 3  
(c) 0 < x < 9  

{NDA-2007} 
(b) -3 < x  < 0  
(d) -3< x < 3 

(a) Increasing in (1, oo) 
(b) Decreasing in ( 1 ,  oo) 

/AMU-2002} 

(c) Increasing in (1, e) decreasing in (e, oo) 
(d) Decreasing in (1, e), increasing in (e, oo) 

13. If f (x) = __!_l - log (1 + x), x > 0, then/ is: 
x+ 

/RPET-2002} 
/Kerala (Engg.)-2002} 

(a) An increasing function 
(b) A decreasing function 
( c) Both increasing and decreasing function 
(d) None of these 

14. If .f{x) = x2 e-• is monotonically increasing 
function then the interval of 'x' are: 

/MNR-94; Kurukshetra CEE-98} 
(a) (--oo, oo) (b) (-2, 0) 
(c) ( 2, oo) (d) (0, 2) 

15. The function sin x - bx + c will be increasing 
in the interval ( --oo, oo) if: 
(a) b :S l  (b) b :S 0  
(c) b <-1 (d) b ,:: 0  

. e2x -1 . 16. Function -2-- 1s: 
e x + I  

/Roorkee (Screening)-1998; 
Orrisa JEE-2005} 

(a) Increasing 
(b) Decreasing 
( c) Neither increasing nor decreasing 
(d) Even function 

17. If from mean value theorem 

f'(x1 ) = f(b) - f(a) then 
b - a  

(a) a < x 1 ::S b  
(b) a ::S x 1 < b  
(c) a < x 1 < b  
(d) a ::S x 1 ::S b  

18. If for.f{x) = 2x - x2 Lagrange 's theorem satis­
fies in [ 0, 1], then the value of c E [ 0, 1] is 
(a) c = 0 (b) c = l/2 
(c) c = l /4 (d) c = l 

19. The interval of the decreasing function.f{x) = 
x3- x2-x- 4 is 
(a) (1/3, 1) 
(c) (-1/3, 1/3) 

(b) (-4/3, 1) 
(d) -1, -1/3) 



F.1 6  Monotonic (Increasing and Decreasing) Functions, Mean Value Theorem and Approximations 

20. 

21. 

22. 

The values of 'a ' for which the function (a + 2) 
x3 - 3ax2 + 9ax - 1 decreases monotonically 
throughout for all real x, are 

/Kurukshetra CEE-2002} 
(a) a <-2 
(b) a >-2 
(c) -3 < a  < O  
(d) -oo <a :S-3 

The function.f{x) = x3 + 6x2 + ( 9  + 2k) x + I 
Strictly increasing for all the value of 'x' then 
(a) k >  3/2 
(b) k ?::.  3/2 
(c) k >  3/2 
(d) k ::S 3/2 

If /( ) s in x +bcos x . t . x = . 1s mono omc 
smx + 4cos x 

decreasing then: 
(a) b < 8 
(b) b < 4 
(c) b > 4 
(d) b > 8 

23. Let.f{x) satisfy the requirements ofLagrange 's 
Mean Value Theorem in [ O, 2]. If.f{O) = 0 and 

I f'(x) I :s; ½ for all x in [ O, 2], then: 

(a) .f{x) :S 2 
(b) lfix) I :::; 1 
(c) .f{x) = 2x 
(d) .f{x) = 3 for at least one x in [ O, 2] 

24. The function/ defined by .f{x) = x3 - 6x2 - 36x 
+ 7 is increasing, if 

/MPPET-2008} 
(a) x > 2 and also x > 6 
(b) x> 2 and also x < 6  
( c) x < -2 and also x < 6 
(d) x < -2 and also x > 6 

25. In the interval (-oo, 0) function.f{x) = x2 is: 
/MPPET-2007} 

(a) increasing 
(b) decreasing 
( c) constant 
(d) continuously increasing 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is immediately below the 
worksheet . 

2. The test is of 1 5  minutes . 
3. The worksheet consists of 1 5  questions . The 

maximum marks are 4 5 .  
4. Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohibited . 

1. For the function /( x) = x + !, x E x E [ l, 3], 
X 

the value of 'c '  for the mean value theorem is : 

(a) l 
(c) 2 

[MP PET-199 7/ 
(b) ✓

3 

(d) None of these 

2. Which of the following statement is correct 
for the function fix) = sin 2x : 

(a) Function fix), increasing in ( o,i ) and 

decreasing in ( i, 7t) 

(b) Function fix), decreasing in ( 0, i ) and 

. . . 7t mcreasmg m 0  < x < 3 

(c) Function fix), increasing in ( 0, i ) and 

. . ( 7t 7t) decreasmg m 4, 2 
(d) option (a), (b) and (c) all are correct. 

3. If fix) = x3 - 6x2 + 9x + 3 be a decreasing func­
tion, then x lies in: 

[RPET-2002/ 
(a) (-oo, -1) n ( 3, oo) 
(b) (l, 3) 
(c) ( 3, oo) 
(d) None of these 

4. The function which is neither decreasing nor 
increasing in (rc/2, 3rc/2) is: 

(a) cosec x 
(c) x2 [MPPET-2000/ 

(b) tan x 
(d) l x- 11 

5. The function a sin x + b cos x is decreasing if: 
csin x + d cos x 

(a) ad- bc > 0  
(c) ab-cd > 0  

[RPET-1999/ 
(b) ad- be < 0  
(d) ab-cd < 0  

6. 2x3 + l 8x2 - 96x + 4 5 = 0 is an increasing func-
tion when: [RPET-1997/ 
(a) x :'.S-8, x 2: 2  (b) x <-2, x 2: 8 
(c) x :'.S-2, x 2:8 (d) 0 :'.S x :'.S-2 

7. The least value of k for which the function 
x2 + kx + l is an increasing in the interval 
1 < X < 2 is: 
(a) --4 
(c) -1 

(b) -3 
(d) -2 

8. Let fix) = x3 + 6x2 + px + 2, if the largest pos­
sible interval in which fix) is a decreasing 
function is (-3, -1), then p equals: 

(a) 3 
(c) -2 

[MESRA-JEE-2002/ 
(b) 9 
(d) None of these 

9. For which interval the given function fix) = 
-2x3 - 9x2 -12x + l is decreasing: 

[PET-1993/ 
(a) (-2, oo) 
(b) (-2, -1) 
(c) (-oo, -1) 
(d) (-oo,-2) and (-l, oo) 

10. If the mean value theorem fib) -fia) = (b - a) 
/'(c). If a = 4, b = 9 and /( x) = ✓x. Then the 
value of c is: [J and K-2005/ 
(a) 8.00 (b) 5.25  
(c) 4.00 (d) 6.25  

11. If function fix) = x2 + ax + l is monotonic 
increasing in the interval [ l, 2] then the mini­
mum value of 'a ' is: [VIT-2006/ 
(a) -1 
(c) l 

(b) -2 
(d) 0 

12. Let /( x) = log x + log 51, then fix) is: 
X 

(a) increasing for x > e 
(b) decreasing for x > e 
( c) decreasing for 2 < x < e 
(d) f(x) = 0 for x = 2e3 . 
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13. If y = 8x3 - 60x2 + 144x + 27 is a decreasing 
function in the interval (a, b) then (a, b) is: 

(a) (-4, 2) 
(c) ( 5, 6) 

/CET-1996; Pb. CET-2002} 
(b) (2, 3) 
(d) (-4, 2) 

14. The function.f{x) = ( 9  - x2)2 increases in: 
/Kerala PET-2008} 

(a) (-3, 0) u ( 3, oo) 
(b) (-oo, -3) u ( 3, oo) 

(c) (-oo, -3) u (0, 3) 
(d) (-oo, 3) 

15. If the mean value theorem is .f{b) - .f{a) = 
(b -a)f'(c). Then for the function x2 

- 2x + 3 

in [ 1, ¾ ] . the value of c is: 

(a) 6/5 
(c) 4/3 

/MP PET-2008} 
(b) 5/4 
(d) 7/6 

lNswEfi sAEH 

1. @ @ © @  
2. @ @ © @  
3. @ @ © @  
4. @ @ © @  
5. @ @ © @  

6. @ @ © @  
7. @ @ © @  
8. @ @ © @  
9. @ @ © @  

11. @ @ © @ 
12. @ @ © @ 
13. @ @ © @  
14. ® @ © @  
15. @ @ © @  10. @ @ © @ 

AiNfs lNB HPElNlfioNs 

1. (b) Step 1: If f (x) satisfies mean value theo­

rem in [a, b], then f'( c) = f(bl = :(a) 

1 Step 2: f( x) = x + - ,a = 1, b = 3 
X 

10 
1 -- 2 1 2 

1- -= -3 -- 1- -= - ⇒ c= ✓3 
c 2 3 - 1  c 2 3 

2. ( c) Step 1: For increasing function f'( x) > 0 
and for decreasing function f '(x) < 0 

Step 2: f( x) = s in 2x f '(x) = 2cos 2x  

Here f '(x) > 0 if 2x E (-% ,%) 
or x E (-� �) 4'4 

and f'( x) < 0 

if 2x E ( � 
31t ) x E ( � 

31t ) 2 '  2 ' 4 '  4 
from options ( c) is answer. 

4. (a) Step 1 : A function is neither increasing nor 
decreasing if f'( x) contain both +ve and -ve 
sin in given interval. 

· 1 ( 1t 31t ) Step 2 :  In mterva 
2

, 
2 

(a) f( x) = cosec x, f'( x) = -cosec xcot x 

f'( ) 
-cos x . . . l x = -. -2 -> 0 m given mterva . 
sm x 

But f( x) = cosec x is discontinuou s  m 

( 7t 3n ) I . . 2
,
2 

or at n, :. t 1 s  non monotomc. 

11. (b) Step 1: If f( x) is monotonically increas­
ing in [a, b], then f'( x) ;?: 0 'ii XE [a , b] 
Step 2 :  f'( x) = 2x + a f'(l) ;?: 0 

⇒ 2 + a ;::: o or a ;?: -2 

/'( 2) ;:::: 0⇒ 4 + a ;::: 0 

........ (i) 

a ;?: -4 .......... (ii) 
combinin g  (i) and (ii) a ;?: -2 
min. value  of a = -2 



LECTURE 

Rolle's Theorem and 
Rate of Change of 

Quantities 

► BASIC CONCEPTS d 
i1 RO LLE'S T H EOREM 

Letj(x) be a fwiction of x subject to the following 
conditions: 

(i) /(x) is a cont inou s  function of x in the 
closed interval of a :S x :S b. 

(ii) /(x) is different iable for every point in the 
open interval (a, b) 

(iii) /(a) = /(b) 
Then there exist s  at least one value  of open 
interval (a, b) say c such that f(c) = 0. 

NOTE 

Roll 's Theorem is a special case of LMVT since 
j(a) = j(b). 

8 DER IVATIVES AS TH E RATE O F  CHANG E 

1 oy dy . 
s: dy s: ( 

. l ) . . -= - 1.e., uy = -ux approxunate y 1.e., 
ox dx dx 

corresponding to a small error 8x in the value of 
x, the approximate error in the value of y is 8y. 

NOTES 

1. 8x is known as absolute error in x. 
2. 8x/x is known as relative error in x. 

3 ox " kn . . - x I 00 1s own as percentage error m x. 

4. 8x and 8y are known as small increments in 
x and y respectively. 

5. j(a + 8x) =/(a) + 8xf'(a) (approximately) 
6. An error (8x or 8y) is taken positive when the 

measured value is greater than the actual value 
and negative when it is less . 

dy 
2_ dy 

= dt = 
rate of change ofy (The rate of 

dx dx rate of change of x 

dt 
change of one variable can be obtained when 
the rate of change of the other is given by 

dy = dy x dx ) 
dt dx dt 

3. Velocity of a particle at P at time t: V = 
ds 
dt 

i.e., rate of displacement of the particle. 

NOTE 

ds/ dt is positive or negative according as the particle 
is moving away from origin or towards origin. 

4. Acceleration of a particle at P at time t: 
. dv d

2s dv Acceleration = / = -= -= v -
dt dt 2 ds 

NOTE 

The rate of increasing velocity is c alled accelera­
tion and the rate of decreasing velocity is called 
retardation . 
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► §Ott lb §b§Jk I I J b P kOdlbS!§ till JOANS ll.3.9.bh iii bh. 
598 f fIIf f I :t:Sfffft n:r:re t t:S (St:5581 fl Ill r:t:e Sf JM§ WI!( d 

1. A particle is moving in a straight line such that 
its distance from a fixed point in straight line 
at any instant t is given by S = 3t". If at time t, 
velocity is v and acceleration /, then show that 2 nfs V = --. 

n-1 

Solution 

Given S= 3 t" 
ds 3 n- 1  V = - =  nt 
dt 

and f= 3n (n - 1) t • - 2 
........ (i) 

........... (ii) 

.......... (iii) 

Now R.H.S. = nfs = n.3n( n -l }t" -2 3t" 
n -1 (n  -1) 

= 9n2 . t 2• - 2 

= (3n t • - 1)2 = v2 = L.H.S. P roved. 

2. A particle is moving in a straight line. Its 
displacement s at time t is given by the law 
S = 3 t- t3. Find the velocity and acceleration 
of the particle after half second. When it will 
come into rest? 

Solution 

Given S= 3 t- t3 :. ds 
= 3- 3t2 

dt 
....... (i) 

Velocity of particle after !. second is 
2 

�; = 3 - 3( ½ J = 3 - ¾ = 2.25 units/sec. 

Again differentiating equation (i) with respect 
to t, we get 

d2s -= 0- 6t=-6t 
dt2 

Acceleration of particle after 1 /2 second is 

d2s 1 · / 2 - = -6 x - = -3 umts sec 
dt2 2 

Let the particle comes to rest after t second, 

then ds = 0, from equation (i), we get 3 - 3t2 
dt 

= 0 ⇒ t2 = l ⇒ t= ± l  
neglecting negative sign, the required time is 
1 second. 

3. A particle according to the formula S = 10 + 20 
t- f-, starts moving from a distance of 10 metres 
from a mark and moving forward in a straight 
line. How far from the mark does it go before it 
starts moving in the opposite direction? 

Solution 

Given S = 10 + 20t - t2 
ds 

V = - = 20- 2t 
dt 

d2s and - =-2 
dt2 

........... (i) 

............ (ii) 

.......... (iii) 

when particle starts moving in opposite direc­
tion, at that time its velocity is zero, then from 
equation (ii) we get 20 - 2t = 0 
⇒ t= lO sec 
Therefore, particle starts moving in opposite 
direction after time t = I 0 seconds with accel­
eration = -2 
Putting t = I 0 sec in equation (i), we get 

8 = 10 + 20 X 10 - (10)2 
= 10 + 200 - 100 = 110 metres. 

4. A particle is moving on X-axis. The posi­
tion of particle x and time t are related by 
x = aea' + be-a', where a, b and a are con­

stants. Show that at any time, its acceleration 
is proportional to the displacement. 

Solution 

Given x = aea' + be-at ........... (i) 
Differentiating equation (i), with respect to t, 
we get 

Velocity = : = aea'.be-a' (-a) = a(aeat -be-at) 

and acceleration 
d2

x = 
dt2 = a[aeat.a-be-a'.(-a)] = a2 [aea' + be-at ] 

Acceleration = a2 x [ from equation (i)] 
P roved. 



5. If the distance S is given by S = at2 + bt + c, 
where t is time and a, b, c are constants. 
Prove that 4a(s - c) = v2

- b2, where v denotes 
the velocity. f CBSE-2000/ 

Solution 

Given S = at2 + bt + c ............ (i) 
differentiating equation (i) with respect to t, 
we get 

" l . ds ve ocity (v) = 
dt 

= 2at + b 

Now R.H.S. = v2 -b 2 
= (2at + b )2 -b 2 = 4a 2 t2 + b 2 + 4abt -b 2 
= 4a [at2 + bt] = 4a [at2 + bt + c- c] 
= 4a(s - c) = L.H.S. P roved. 

6. The length x of a rectangle is decreasing at the 
rate of 2 cm/sec and the width y is increasing 
at the rate of 2 cm/sec. When x =12 cm and 
y = 5 cm. Find the rate of change of: 
(i) the perimeter (ii) the area of rectangle. 

{NCERT-Book/ 

Solution 

G. dx iven -= -2 cm/s 
dt 

dy and -= 2 cm/s 
dt 

(i) Let p be the perimeter of the rectangle 
Then, p = 2x + 2y 

⇒ 
dp = 2

dx + 2 dy 
dt dt dt 

= 2 (-2) + 2(2) = 0 

Rate of change of perimeter = 
dp = O emfs 
dt 

(ii) Let A be the area of the rectangle 

Then A = -'J' ⇒ dA = x. dy + y dx 
= 2x - 2y 

dt dt dt 

Rate of change of area when (x = 12 and 
y = 5) 

dA ⇒ 
dt 

= 2 xl 2- 2 x 5= 14 cm2/s. 
7. A man is moving away from a tower 41.6 m 

high at the rate of 2m/sec. Find the rate at 
which the angle of elevation of the top of tower 
is changing, when he is at a distance of 30 m 

Rolle's Theorem and Rate of Change of Quantities F.2 1  

from the foot of the tower. Assume that the eye 
level of the man is 1.6 m from the ground. 

Solution 
B 

41 .6 m 

0 X p ,__,_  __________ ____. C  
1 .6 m 

Q A 

Let AB be the tower. Let at any time t, the man 
be at a distance of x metres from the tower AB 
and let e be the angle of elevation at that time. 
Then 

BC 40  tan e = - ⇒ tan e = - ⇒ X = 40  COt e 
PC X 

⇒ 
dx de -= -40 cosec 2 e. -
dt dt 

. h dx we are given t at -= 2 m/sec 
dt 

de 2 = -40 cosec 2 e. 
dt 

.... (i) 

⇒ de 
dt 20 cosec 2 e 

.............. (ii) 

when x = 30 we have from equation (i) 
3 0  3 cot e= -= -40  4 

9 25  cosec2 e = l + cot2 e = l + -= -16 16 

Substituting cosec 2 e = 25 in  equation (ii), 
16  

de l 4 . we get 
dt 

= -� = -125 
radians/sec. 

20 x -16 
Thus the angle of elevation of the top of tower 
is changing at the rate of 4/125 radians/sec. 
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8. A ladder 20 ft long has one end on the ground 
and the other end in contact with a vertical 
wall. The lower end slips along the ground. 
Show that when the lower end of the ladder is 
16 ft away from the wall, upper end is moving 
4/3 times as fast as the lower end. 

Solution 

Let OA = x and OB = y at time t 
Now in right angle !i AOB 

B 

y 20 

�---� A 
0 X 

x2 + y2 = (20)2 ....... (i) 
Put x = 16 in equation (i) we get (16)2 + y2 

= ( 20)2 
⇒ y2 = 400 - 256 = 144 ⇒ y = 12 
Differentiating equation (i) with respect to t 
we get 

dx dy 2x 
dt 

+ 2 y 
dt 

= 0 

⇒ 
dy x dx  
dt y dt 

Rate of change of upper end at (16, 12) 

⇒ ( dy) 1 6 dx -4 
dt 0 6. ,2 i 

= -
12 dt 

= 
3 

(Rate of change of lower end) 
P roved. 

9. A man on a wharf 20 m above the water level, 
pulls a rope to which a boat is attached at the rate 
of 4m/s. At what rate is the boat approaching the 
shore, when there is still 25 m of rope out? 

Solution 

Let x be the horizontal distance and y be 
the length of rope out at time t. Given 1 = -4 m/s ... (i) 

[ ·: Length of rope out is decreasing] 

B 

y 
20 m 

o�-----x------� A 

Now in right angle Ii OAB y2 = x2 + (20)2 
⇒ y2 = x2 + 400 ........... (ii) 
Differentiating both sides with respect to t 

⇒ 

⇒ 

dy dx 
2y  

dt 
= 2x 

dt 

dx 
=

l'.. dy 
dt X

. dt 
dx -4y 
dt X 

Put y = 25  in equation (ii) 
we get x2 = 625  - 400 
⇒ x2 = 225 ⇒ x = 15 

... (iii) 

Rate of change of horizontal distance of boat 

at (15, 25) = [ dx
] dt ( 1 5 , 25 ) 

= -4 x 25 = -20 m/sec. 
15 3 

10. A kite is 120 m high and 130 m of string is 
out. If the kite is moving away horizontally at 
the rate of 52 m/sec. Find the rate at which the 
string is being out. 

Solution 

We have y2 = x2 + (120)2 
C (kite) 

⇒ 2 dy = 2x_ dx ⇒ dy = � dx 
y 

dt dt dt y dt 



⇒ dt = 52
f [ ·-- ! = 52 ] 

Putting y= 130 in y2 = x2 + (120)2 

we get x = 50 

dy 52 x 50 - = -- = 20 m/sec 
dt 130  

11. If  y = x4 - 10 and if  x changes from 2 to 1. 99, 
what is the approximate change in y? 

/HPB-93C; PSB-95; 
CBSE-99C, 2002; NCERT-Book} 

Solution 

Let x = 2, x + Li x = 1. 99 Then Li x = 1. 99 - 2 
=-0.01 
Let dx = Li x  = -0.01 we have y = x4-10 

⇒ dy = 4x3 ⇒( dy) = 4 X ( 2) 3 = 3 2  
dx dx x = 2  

Now dy
= :.dx 

⇒ dy = 32 (-0.01) = -0.32 
⇒ Liy=-0.32 approximately [ ·: Liy :: dy] 
when x= 2, we have y= (2)4 -10 = 16-10 = 6 
So, changed value of y = y + Liy 

= 6 + (-4.32) = 5.6 8  
y changes from 6 to 5.6 8  

12. A circular metal plate expands under heating 
so that its radius increases by 2%. Find the 
approximate increase in the area of the plate if 
the radius of the plate before heating is 10 cm. 

{NCERT-Book} 

Solution 

Let at any time, x be the radius and y be the 
area of the plate 
Then y = x.x2 

Let & be the change in the radius and let Liy 
be the corresponding change in the area of the 
plate. Then 
& x 100 = 2 (given) when x = I 0, 
X 

& & 2 - xl O0 = 2 ⇒ - x l O0 = 2 ⇒ &  = -
X 10 10 

⇒ ......... (i) [ ·: dx = &] 
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Now y = xx2 ⇒ dy = 27tX , 
dx 

⇒ ( : 
1 =10 

= 207t 

dy
= dy dx 

dx 

⇒ 2 
dy = 20n x - = 4n 

10 
⇒ Liy = 4n 

[ ·: dy :: Lly] 
Hence, the approximate change in the area of 
the plate is 4n. 

13. Calculate the approximate value of log 10 
(4.04), it is being given that log 104 = 0.6021 
and log 10 e = 0.4 343. 

Solution 

Let 

⇒ 

Ji( ) = l 4 04 = 
log 4.04 

x og 1 0  . 
log l O 

j{x + h) = log 10 (x + h) 

f'(x) = -1 -.! = !1og 1 0 e 
log l O x x 

Taking x = 4 and h = 0.4 
we know that j{x + h) = hf'(x) + j{x) 

⇒ log 10(x + h) = h( �log 1 0  e ) + log 1 0  4.04 

⇒ log1o(4 + 0.04) = ·�4 ( 0.4343) + 0.6021 

⇒ log1o(4.04) = .004343  + 0.6021 
= .606443 

14. The radius of a sphere is  measured as 4 cm 
with an error possibly as large as 0.01 cm. 
Find the approximation to the greatest pos­
sible error and the percentage error in the 
computed volume. 

Solution 

Let r be the radius and v be the volume of the 
sphere 
Given Lir = ±0.01 .............. (i) 

4 3 4 3 2567t 3 Now, v = 
3

nr = 
3

n(4) = -
3
- cm ... (ii) 

⇒ dv = i(3nr 2 } = 4nr 2 

dr 3 
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Greatest possible error in v 

= L'iv = ( �; ) t1r = ( 4nr 2)L'1r 

= [4n ( 4)2] (±0.01) = ±0.64n cm3 
1 . . L'iv ±O.647t Re abve error m v = -;- = 

2567t 
= ±0.0075 

3 
. L'iv Percentage error m v = - x  100 = ±0.75% 

V 

15. Calculate the approximate values of cos 61 °, 
it is being given that 1° = 0.01745 radians. 

Solution 

Let.f{x) = cos x, .f{x + h) = cos (x + h), f '(x) 
=-si nx 
Taking x = 60° and h = I O = 0.01745  radians 
we k now.f{x + h) = h f '(x) + .f{x) 
⇒ cos(x + h) = h(-si nx) + cos x 
⇒ cos(6O ° + 1°) = (0.01745) (-sin 60°) + 

cos6O ° 

(-✓3 J 1 ⇒ cos 61° = (O.O1745) -
2
- + 2 

⇒ 

⇒ 

610 ( 0.01745)(-1.73) +1 cos = 
2 

610 -0.3022 + 1 cos = 
2 

= 0.484 9. 

16. Apply Rolle 's Theorem to find the position 
of zeroes of f '(x) where.f{x) = (x - 1) (x - 2) 
(x - 3) (x - 4). 

Solution 

/being polynomial is derivable and therefore 
continuous V x E R and .f{l) = 1{2) = 1{3) = 

1{4) = 0 
Thus f satisfies all conditions of Rolle 's theo­
rem in [1, 2], [ 2, 3], [ 3, 4]. 
Hence :l at least one c in each of the intervals 
(1, 2), (2, 3), ( 3, 4) where/' is zero. 
So, f '  has zeros between 1 and 2, between 2 
and 3 and between 3 and 4. 

17. Find the intervals in which the following 
functions are increasing or decreasing .f{x) = 

x4- 8x3 + 22x2- 24x + 21 
/HSB-93, CBSE-84CJ 

Solution 

We must have.f{x) = x4- 8x3 + 22x2 - 24x + 21 

⇒ f '(x) = 4x3 - 24x2 + 44x- 24 

⇒ f '(x) = 4 (x3 - 6x2 + 1 lx - 6) 

⇒ f '(x)=4(x- l) (x2- 5x + 6) 

⇒ f '(x) = 4 (x- l) (x- 2) (x - 3) 

For .f{x) to be increasing, we must have 
f '(x) > 0 

⇒ 4 (x- l) (x- 2) (x- 3) > 0  

⇒ (x- l) (x- 2) (x- 3)> O  
[ ·: 4> 0] 

⇒ l < x < 2 or 3 < x < oo  
⇒ X E(l, 2) u (3, oo) 

So,.f{x) is increasing on (1, 2) u ( 3, oo) 

,c: 
- 00 

j + j - j + 

1 2 3 
► 

00 

For.f{x) to be decreasing, we must havef'(x) < 0 
⇒ 4(x- l) (x- 2) (x- 3) < 0  
⇒ (x -1) (x - 2) (x - 3) < 0 

[ ·: 4> 0] 
⇒ 2 < x < 3 or x < l 
⇒ X E (2, 3) U (--oo, 1) 

I + I - I + 
► 

-co 
1 2 3 00 

So,.f{x) is decreasing on ( 2, 3) u (--oo, 1) 

18. Sand is poured from a pipe at the rate of 
12 cm3/sec. The falling sand forms a cone 
on the ground in such a way that the height 
of the cone is always one sixth of the radius 
of base. Find how fast the height of the 
sand cone is increasing when the height 
is 4 cm. 

/HPSB-98; NCERT-Book} 

Solution 

Let r be the radius and h be the height of 

the sand-cone at any time t sec. Then h = !_ 
6 

........... (i) 
Let Vbe the volume of cone, then 



l 2 l 2 3 V = ftr h = 
3

n( 6h) h = 121th . 

A 

a 

h 

dv =l2n x 3h2 _ dh ⇒ dv =361th 2 dh 

dt dt dt dt 
........... (ii) 

Given that, dv = rate at which sand is pouring 
dt 

= 12 cm 3/sec. 

⇒ 

from equation (ii), we get 

12 = 361th2 . !� 
dh 12 
dt 36nh2 3nh2 

but at h = 4 cm, the rate of increasing of height 

( 
dh

) 
l l 

dt h = 4 

= 
3rt( 4) 2 = 

48rt 
cm/sec. 

19. A ladder 5 m long is leaning against a wall. 
The bottom of the ladder is pulled along the 
ground away from the wall at the rate of 3cm/ 
sec. How fast is its height on the wall decreas­
ing. When the foot of the ladder is 4 m away 
from the wall? 

Solution 

Let at any time t, the bottom of the ladder be 
at a distance x cm from the wall and the height 
of the wall be y cm. 
Then x2 + y2 = ( 500)2 ............. (i) 
Differentiating with respect to t, we get 

dx dy h � + � � = 0 . . . . . . . . .  M 

G. dx 1ven - = 3 cm/sec 
dt 
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A X 

fi . .. dy dx rom equation (n) 2y 
dt 

= -2x 
dt 

⇒ 

⇒ 

y dy = -x x 3 
dt 

dy _ -3x 
dt - y 

B 

y 

0 

.... (iii) 

when = 4m = 400 cm, from equation (i), we get 
y2 = 250000 - 160000 

⇒ y2 = 90000 ⇒ y = 300 cm 
Putting x = 400 cm & y = 300 cm in equation 
... dy 3 x 400 ml (m) we get -

d 
= ---- = -4 c sec. 

t 3 00 

20. A source of light is hung a metres directly 
above a straight horizontal path on which 
a boy b metres in height is walking. How 
fast is the shadow lengthening when he is 
walking away from the light at the rate of C 
metres/minute? 

Solution 

p 

B 
a 

b 

N�-x--�A�-�y--� C 

Let P be the source of light and AB is boy, we 
have 

PN=a, AB= b 
further, Let NA = x and shadow AC = y then 
dx I . 
dt 

= c metres mm 
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We have to find dt, the rate of change of 

shadow. 
Consider the similar triangles PNC and BAC 
PN NC NA + AC a x +  y - - - - ---- ⇒ - = --
AB A C  AC b y 

⇒ 

⇒ 

yb = x +  y 

y( � - 1 ) = x ⇒ y = _b_x 
b a-b 

... (i) 

Differentiating equation (i) with respect to t, 
we get 
dy = _b __ dx = _b __ c = � metres/min. 
dt a -b dt a -b a -b 

21. An air force plane is ascending vertically at the 
rate of 100 km/hr. If the radius of the earth is 
r km. How fast is the area of the earth visible 
from the plane increasing at 3 minutes after it 

started ascending. (Visible area A = 21tr 2h 
r + h ' 

where h is the height of the plane above the 
earth) {NCERT Book/ 

Solution 

Rate of ascending the plane = l 00 km/hr 
= l00 x 3 = S km  Height of plane after 3 minutes 60 

5 k . .bl 2rtr 2 h m v1s 1  e area A = --
r + h 

........ (i) 

where h is the height of plane above the earth 
dh and 
dt = 100 km/hr 

Differentiating equation (i) with respect to t, 
we get 

⇒ 

dA = 21tr 2 [ r + h - h ] dh 
dt (r +  h) 2 dt 

2nr 3 dh 
- (r + h) 2

• dt 

dA = � x 100 = 
200rtr J 

km2/hr 
dt (r + 5) 2 (r + 5) 2 

22. The radius x of a cylinder is increasing at the 
rate of 2 ft/sec. and its height y is decreasing 
at the rate of 3 ft/sec. Find the rate of change 
of its volume when x = 3 ft, y = 5 ft. 

{NMOC-98/ 

Solution 

. . dx ft/ Given at any time t, 
dt = 2 sec 

and dt = -3 ft/sec. 

If V be the volume at time t, we get V = nx2 y 
...... (i) 

Differentiating equation (i) with respect to t, 
we get 

⇒ 

- = n -( x  y) = rt y.2x- + x  -dV d 2 [ dx 2 dy ] dt dt dt dt 

- = rt 2xy- + x  -dV [ dx 2 dy
] dt dt dt 

= rt[ 2.\)'.2 + x2 (-3)] = n[ 4xy- 3x2] 
when x = 3 ft, y = 5 ft, then the rate of change 
of volume is 
dV = 1t [ 4  X 3 X 5 - 3 X 32] = rt[ 60 - 27] = 
dt 

33rt ft 3/sec. 

23. The two equal sides of an isosceles triangle 
with fixed base b are decreasing at the rate of 
3 cm/sec. How fast is the area decreasing when 
the two equal sides are equal to the base? 

Solution 

Let at any time t, the length of each equal side 
be x cm and area of triangle be A. Then 

⇒ 

B 

l A= 2BC x AD 

l /,b2 A = 2 x b x  V x2 - 4 

A 

X 

b/2 
D 

X 

b/2 
C 



⇒ 

⇒ 

⇒ 

⇒ 

⇒ 

⇒ 

A= 1:__.J4x
2 -b 2 

4 
dA b 1 d ( 4 2 b 2) 
dt = 4

x
2✓ 4x

2-b 2 dt 
x -

dA b x 4  2 dx 
x x-

dt s.J 4x2 -b 2 dt 

dA bx dx 
dt .J4x2 -b 2 dt 
dA 3bx [ ·: ! = 3 cm/sec ] 
dt .J4x2 -b 2 

- = = ✓
3
b cm2/sec. ( 

dA
) 

3b 2 

df x = b .J4b 2-b 2 

24. The bottom of a rectangular swimming tank is 
25  m x 40 m. Water is pumped into the tank 
at the rate of 500 m 3/h. Find the rate at which 
level of water in the tank is rising. 

Solution 

Let h be the height and v be the volume of the 
water at time t 

Given dv = 500 m3 /h 
dt 

⇒ 

⇒ 

⇒ 

d d/25 x 40 x h) = 500 

l OOO
dh = 500 
dt 

dh = _!. m/h 
dt 2 

Hence water level is rising at the rate of 
1 
2 m/h . 

25. A hemisphere is constructed on a circular base. 
If radius of base is increasing at the rate of 0.5 
cm/s, find the rate at which volume of hemi­
sphere is increasing when radius is 10 cm. 

Solution 

Let r be the radius and V be the volume of 

h . h . G. dr I em1sp ere at tune t. 1ven 
dt = 0.5 cm sec 

N 2 3 dv 2 2 dr ow V = -nr ⇒ - = -n x 3r -
3 dt 3  dt 

⇒ dv 
dt = 2nr 2 x 0.5 = nr 2. 
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Rate of change of volume when r = I 0 cm 

( �
v 

) = 7t x 100 = 1007t cc/sec f r=l O cm 
26. Use differential to approximate -J36.6 : 

Step 1: Let y + ,Jy  = (x + ✓x)= -J36 +.6 
clearly 

j{x) = y ✓x, X = 36, ✓x = .6 

Step 2: ✓Y = dy ✓x 
dx 

1 1 1 
= 

2
,✓x x.6= 12,

X.6= 
20 

=.05 

Step 3: y + ,J"y  = -✓36 +.05 = 6.05 
Thus the approximate value of 

,J36.6 is 6.05. 

27. Find the approximate Change in the volume 
V of a cube of side x meters caused by increas­
ing the side by 2%. 
V = x3 (Note that). 
Step: Clearly using the following formula 
OU= dv ✓x 

dx 

We get ✓v = 3x
2 ✓x = 3 x x2 x (�) 100 

= 
6x3 

= .006x3m 3 

100 

f . 2 as 2% o x 1s - x x=.02x0 

100 
Thus the approximate change in volume is 
0.06 x3 m 3 

28. If the radius of a sphere is measured as 
9 cm with an error of 0.03 cm, then find the 
approximate error in calculating its volume: 
Solutions 
Step 1: Note that volume of the sphere 

4 V=- 7tr 3 

3 
Formula for the approximate error is 

✓v = dv -✓r = i
(n)(3r 2

)✓r 
dr 3 

=nr 2✓r = 4n x (9}2 x (.03) 2= 9.72 x cm 3 

= approximate error in calculating the volume: 
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1. State Rolle 's theorem /MP-2007} 

2. Verify Rolle 's Theorem for the following 
functions: 

(i) x(x - 3)2 on [ O , 3] /CBSE-94 CJ 
(ii) j{x) = (x - 2) (x - 3) (x - 4) on [ 2, 4] 

/CBSE-94 CJ 

(iii) j{x) = ex cos x on [ 
-

2
1t , i ] / PB-9 7 (S)J 

(iv) j{x) = x2
- 4x + 3 on [1, 3] /CBSE-2007} 

3. Discuss the applicability of Rolle 's theorem 
for the following functions. / CBSE-99} 
(i) j{x) = x 213 on [-1, 1] 

(ii) j{x) = 3 + (x - 2)213 on [1, 3] 
/HSB-1993} 

4. The Rolle 's Theorem holds for the function 
j{x) = x3 + bx2 + ax + 5 on [1, 3] with 

1 c = 2 + 
✓

3 find the values of a and b. 

{NCERT-Book; CBSE-SP-2006} 

5. A particle is moving in a straight line. Its dis­
tance S in metres at time t seconds is given by 
the law S = 5 + 2t + t3 find: 

(i) velocity of the particle after 2 !. seconds. 
2 

(ii) acceleration after 3 !. seconds 
2 

(iii) Distance travelled by the particle in 
fourth second. 

6. A particle starts from rest and moves accord­
ing to the law x = a cos ro t + b sin ro t, where 
a, b, OJ are constants. Show that acceleration 
at time t is proportional to x and is always 
opposed to x. 

7. A particle is moving in a straight line. Its 
displacement s at time t is given by the law of 
motion S = 2t3 - 5t2 + 4t - 3 find 

(i) The time when the acceleration wil be­
come 14 

(ii) Velocity and displacement at that time. 
/MP-99} 

8. A particle is moving in a straight line such 
that its position x after t seconds is given by 
the law x = 3t + cos 3t . Show that its veloc­
ity and acceleration become simultaneously 
zero. 

/MP-2005, 2008} 

9. A particle is moving in a straight line. The dis­
tance x at time t is given by the law x = 4t2 + 
2t. Find the velocity and acceleration of the 

. 1 . 1 part1c e at t rme t = 2 sec. 

f CBSE-81 ; SP-2006; MP-2005} 

10. If a particle moves in a straight line accord­
ing to the law S = t3 - 6t2 - 15t find the time 
interval during which the velocity is negative 
and acceleration is positive. 

11. A particle is thrown vertically upwards. The 
law of motion is S = ut- 4.9t2 • Find the initial 
velocity of the particle to reach the height of 
20 metres. 

/MP-98} 

12. A man standing on the 9.8 metre high pole 
throws a stone vertically upwards in the direc­
tion of the pole. The stone after reaching a 
height come back to the ground. If the equa­
tion of motion is given by S = 19.6t  - 4.9t2 
where S is measured in metres and t in sec­
onds, find what time is taken by the stone for 
the vertical motion. 

13. The radius of a balloon is increasing at the 
rate of 10 cm per second. At what rate is the 
surface area of the balloon increasing when its 
radius is 15 cm. 

/HSB-86; CBSE-94C; 
PSB-2002} 

14. The radius of the base of a certain cone is 
increasing at the rate of 3 cm/min and altitude 
is decreasing at the rate of 4 cm/min. Find the 
rate of change of total surface of cone when 
radius is 7 cm and altitude 24 cm. 



15. Using differentials, find the approxi­
mate value of ( 82)114 upto three places of 
decimal. 

f CBSE-2005} 

16. Height of a tank in the form of an inverted 
cone is 10 metres and radius of its circular 
base is 2 metres. The tank contains water 
and it is leaking through a hole at its vertex 
at the rate of 0.02 m 3/sec. Find the rate at 
which the water level changes and the rate 
at which the radius of water surface changes 
when height water level is 5 metres. 

17. A man is walking at the rate of 8 km/hr. 
towards the foot of a tower of 60 metres high. 
At what rate is he approaching the top of the 
tower, when he is 80 metres away from the 
foot of the tower? 

18. The edge of a variable cube is increasing at 
the rate of 10 cm/sec. How fast the volume 
of the cube is increasing when the edge is 
5 cm long? / CBSE-95C; HSB-2002} 

19. A body moves along a horizontal line accord­
ing to the law S = t3 - 9t2 + 24t  
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(i) When is S increasing and when decreasing? 
(ii) When is V increasing and when decreasing? 
(iii) When is the speed of the body increasing 

and when decreasing. 

20. A stone is dropped into a quite lake and waves 
moves in circles at speed of 4 cm per second. 
At the instant when the radius of the circular 
wave is 10 cm. How fast is the enclosed area 
increasing? /MP-2008} 

21. A ladder 5 metres long is leaning against 
a wall. The bottom of the ladder is pulled 
along the ground away from the ball, at the 
rate of 2 metres per second. How fast is 
its height on the wall decreasing when the 
foot of the ladder is 4 metres away from 
the wall? 

/MP-98, NCERT BOOK} 

22. A balloon which always remains spherical is 
being in flated by pumping in 900 cc of gas 
per second. Find the rate at which the radius 
of the balloon is increasing when the radius is 
15 cm. Verify Rolle 's Theorem for the follow­
ing functions /CBSE-2003} 

ANSWERS 

3. (i) not applicable. 
(ii) not applicable 

4. a = 11 and b = --6 

5 ( ") 83 • 1 - m/sec 
4 

(ii) 21 m/sec 2 

(iii) 39  metres 
7. (i) 2 sec 

(ii) 8 units/sec, 1 unit 
9. 6 units/sec, 8 units/sec 2 

10. 2 < t < 5 

11. 14.J2 m/s. 
12. t = 2 seconds. 

13. dA = 1200 7t cm 2/sec. 
dt 

14. 9611: cm 2/min 
15. 3.0093 

16 0.02 ml . -- sec. 
7t 

17. 6.4 km/hr. 
18. 750 cm 3/sec 

19. (i) t < 2 or t > 4 and 2 < 
t <  4 

(ii) t > 3 and t < 3 
(iii) t > 4, 2 < t < 3 and 0 

< t < 2, 3 < t < 4 
20. 80 1t cm 2/sec 

-8 21. - m/s 3 

dr 7 22. - = - cm/sec. 
dt 22 
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. A particle is moving on a straight line, where 
its position s (in metre) is a function of time t 
(in seconds) given by s = at2 + bt + 6, t 2: 0. It 
it is known that the particle comes to rest after 
4 seconds at a distance of 16 metre from the 
starting position ( t  = 0), then the retardation in 
its motion is {MPPET-1993/ 

(a) -lm/sec 2 
(c) _..!_ m/sec 2 

2 

5 (b) 
4 

m/sec 2 
d 5 ml 2 ( ) -

4 
sec 

Solution 
(b) Given equation s = at1 + bt + 6 ..... (i) 

Differentiating with respect to time, we 
get velocity (v) = 2at + b ..... (ii) 

After 4 sec, v = 0 and distance s = 16 metres 
0 = 2a x 4 + b ⇒ 8a + b = 0 ...... (iii) 
and 16 = 16a + 4b + 6 ⇒ 16 = 16a + 4 
(-8a) + 6  

a= --8 

Butretardationinitsmotionis, 2a = -5 m/sec 2 
4 

Retardation= ¾ m/s 2 • (Retardation itself 
means- ve) 

2. A ladder 5 m in length is resting against verti­
cal wall. The bottom of the ladder is pulled 
along the ground away from the wall at the rate 
of 1.5 m/sec. The length of the highest point of 
the ladder when the foot of the ladder 4.0 m 
away from the wall decreases at the rate of 

(a) 2 m/sec 
(c) 2.5 m/sec 

{Krukshetra CEE-1996/ 
(b) 3m/sec 
(d) 1.5 m/sec 

Solution 

(a) According to figure x2 + y2 = 25  ..... (i) 

Differentiate (i) with respect to t, we get 
dx dy 2x 
dt 

+ 2y 
dt = 0 ..... (ii) 

Here x = 4 and dx 
= l 5 From (i), 4 2 + y2 = 

dt 
25  ⇒ y= 3 

y 

r, , m  

1 ,  �+----------',.---..x 0 ----..x-----A 

From (ii), 2(4) ( l . 5) + 2 (3) dy = O So, 
dt 

dy = -2 m/sec 
dt 

Hence, length of the highest point decreases at 
the rate of 2m/sec. 

3. If the rate of increase of area of a circle is not 
constant but the rate of increase of perimeter 
is constant, then the rate of increase of area 
vanes {SCRA-1996/ 
(a) As the square of the perimeter 
(b) Inversely as the perimeter 
( c) As the radius 
(d) Inversely as the radius 

Solution 

(c) Perimeter P = 21t r 

⇒ 

dp = 2n dr and A = 1t r 2 
dt 

. 
dt 

dA dr - = 2nr.­
dt dt 

dA dP dA - = - Xr ⇒ - oc r  
dt dt dt 

4. Moving along the x-axis are two points with 
x = 10 + 6 t; x = 3 + t1. The speed with which 
they are reaching from each other at the time 
of encounter is (x is in cm and t is in seconds) 

(a) 16 cm/sec 
(c) 8 cm/sec 

{MPPET-2003/ 
(b) 20 cm/sec 
(d) 12 cm/sec 



Solution 

(c) Titne of encounter 10 + 6 t  = 3 + t2 

⇒ t2 - 6t - 7 = 0, t = 7 sec. 

At t = 7 sec., v1 = !!.... (10 + 6 t) = 6 cm/sec 
dt 

At t = 7 sec, v2 = !!.__ ( 3  + t2) = 2t  = 2 x 7 = 
dt 

14 cm/sec 
Resultant velocity = v 2 - v 1 = 14 - 6 = 

8 cm/sec. 

5. The position of a point in titne ' t' is given by 
x = a + bt - ct2, y = at + bf. Its acceleration at 
titne ' t' is /MPPET-2003} 
(a) b- c (b) b + c  
(c) 2b - 2c (d) 2.J b 2 + c2 

Solution 

( d) Acceleration in direction of 
. d2x 

d 1 . . x - axis = 
dt2 

= -2c an acce erabon m 

direction of y - axis = �;; = 2b 

Resultant acceleration is 

= .J(-2c) 2 + ( 2b) 2 = 2.Jb 2 + c2 
6. A point on the parabola y2 = l 8x at which 

the ordinate increases at twice the rate of the 
abscissa is /AIEEE-2004} 

(a) ( � . ;) (b) (2, -4) 

( -9 9 ) (c) 
8' 2 (d) (2, 4) 

Solution 

(a) y2 = l 8x Differentiate both sides with re­
spect to t 

2y( ! ) = 1 8( !) 
⇒ 2y( 2 !) = 18( ! } ( --- !  = 2 1) 9 y2 9 

4y = 18 or y = 
2 and x = 

18 
= 

8 

Hence the required point is ( � ,  ; ) 
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7.  A spherical iron ball 10 cm in radius is coated 
with a layer of ice of uniform thickness that 
melts at a rate of 50 cm3/min. When the thick­
ness of ice is 5 cm, then the rate at which the 
thickness of ice decreases, is /AIEEE-2005} 

( )  1 1 · (b 5 m1 · a -cm mm ) 
6
,,.. c  mm 

54n ,. 
I I . (c) -cm mm 

3 61t 
d 1 / . ( )  - cm mm 

l 81t 

Solution 

(d) V = ; n( x + 10}3 where x  is thickness of ice. 

dV dx dt = 4n(10 + x) 2 

dt 

At x = 5 ( 
dx 

) = -1- cm/min ' dt l 81t 
. 

8. A spherical balloon is being inflated at the 
rate of 35  cc/min. The rate of increase of the 
surface area of the balloon when its diameter 
is 14 cm is /Karnataka CET-2005} 
(a) 7 cm2/min (b) 10 cm2/min 
(c) 17.5 cm 2/min (d) 28  cm2/min 

Solution 

(b) Volume = V = inr 3 

3 

⇒ 

⇒ 

dV 2 dr - = 4nr .- at r = 7 cm 
dt dt 

35  cm/min = 4x (7)2 : 
dr 5 
dt - 28n 

Surface area, S = 4xr2 

dS 
= Snr dr = 

Sn. 7.5 
= 10 cm 2/min. 

dt dt 2 8n 
9. If a particle moves such that the displacement 

is proportional to the square of the velocity 
acquired, then its acceleration is 

/Kerala (Engg.)-2005} 
(a) Proportion to s2 

(b) Proportional to 1/s2 

( c) Proportional to s 
(d) A constant 

Solution 

(d) If diplacement oc (velocity)2 s oc v2 

⇒ v2 = 2as. 
Hence a is constant. 
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10. The radius of a cylinder is increasing at the 
rate of 3m/sec and its altitude is decreasing 
at the rate of 4m/sec. The rate of change of 
volume when radius is 4 metres and altitude 
is 6 metres is 

{Kerala (Engg.)-2005/ 
(a) 801t m 3/sec 
(b) 1441t m 3/sec 
(c) 80 m 3/sec 
(d) 64 m 3/sec 

Solution 

(a) V = nr 2h; � = n [ 2r ! h + r 2 !� ] 
� = 1t [ 2 (4) ( 3) (6) + (4)2 (-4)] = 1t 

[ 144 - 64] = 801t m 2/sec 

11. A ladder l 0 m long rests against a vertical 
wall with the lower end on the horizontal 
ground. The lower end of the ladder is pulled 
along the ground away from the wall at the 
rate of 3 cm/sec. The height of the upper end 
while it is descending at the rate of 4 cm/sec is 

{Kerala (Engg.)-2005/ 
(a) 4✓3 m 

(c) 5✓2 m 

Solution 

(b) 6 m  

(d) 8 m  

(b) We have x2 + y2 = 10 2 
y 

⇒ 

B 

1 0  
y 

---o+------x---�A�-..x 

dx dy 2x 
dt 

+ 2 y 
dt 

= 0 

⇒ X .  3 + y .  (-4) = 0 

4 
( 

4 
)

2 
x = 

3 
y. Thus 

3 
y + y2 = l 02 

⇒ y = 6 m. 

12. Consider the function.f{x) = e-2, sin 2x over the 

interval ( 0, � } A real number c E ( 0, � } 

as guaranteed by Rolle 's theorem, such that 
f '(c) = 0 is {AMU-1999/ 
(a) n/8 (b) n/6 
(c) n/4 (d) n/3 

Solution 

(a) .f{x) = e-2• sin 2x 
⇒ f'(x) = 2e-2

' (cos 2x - sin 2x) 
Now,/'(c) = 0 

⇒ cos 2c - sin 2c = 0 
7t ⇒ tan 2c = l ⇒ c = s· 

I
X = {

xo. ln x, X > o } 
13. Let ( ) 

0, x = 0 
, Rolle 's theo-

rem is applicable to/for x E [ 0, l], if a = 

(a) -2 
(c) 0 

Solution 

{IIT Screening-2004/ 
(b) -1 
(d) 1/2 

(d) For Rolle 's theorem to be applicable to /, 
for x E [ 0, l], we should have 

(i) .f{l)  = .f{0), 
(ii) / is continuous for x E [ 0, l] and/ is dif­

ferentiable for x E (0, l )  
Form (i),.f{l )  = 0,  which is true 
Form (ii), 0 = .f{0) = /(0j = lim x" ln x  

x➔O+ 

Which is true only for positive values of a, 
thus ( d) is correct. 

14. If a path of a moving point is the curve x = at, 
y = b sin at Then its acceleration at any instant 
(a) Is constant 
(b) Varies as the distance from the axis of x 
( c) Varies as the distance from axis of y 
(d) Varies as the distance of the point from the 

origin 

Solution 
dx d2x (c) 
dt

= Vx = a ⇒ 
dt2 

= 0 = a,, ax is ac-

. . d� • celerahon along x-axis, -2 = -ba- sin at 
⇒ ay= -a2y 

dt 

Hence, aY changes as y changes. 



15. The length of the normal at point ' t' of the 
cwve x = a(t  + sin t), y = a(l  - cos t) is 

/REPET-2001} 
(a) a sin t 
(b) 2a sin 3 ( t/2) sec(t/2) 
(c) 2a sin(t/2) tan(t/2) 
(d) 2a sin(t/2) 

Solution 
( c) x = a(t  + sint), y = a(l  - cost), 

dx = dy/dt = a(sin t) = tan .!. 
dt dx/at a(l + cos t) 2 

Length of normal = yRU 

= a(l - cos t}✓l + tan 2 ( ½ ) 
= a(l  - cos t) sec(t/2) 
= 2a sin2 ( t/2) sec(t/2) 
= 2a sin ( t/2) tan ( t/2) 

16. If the function.f{x) = ax3 + bx2 + 1 l x  - 6 satis­
fies the conditions of Rolle 's theorem for the 
interval [ l , 3] and f'( 2 + 1/✓

3
) = 0, then the 

values of a and b are respectively 
{UPSEAT-2001} 

(a) 1, --6 
(c) -1, 1/2 

Solution 

(b) -2, 1 
(d) -1, 6 

(a) Step 1: from conditions ( 3) of Rolle 's 
theorem/(1) = 1{3) 

.f{l)  = 1{3) 
⇒ a +b + 5 = 27a + 9b + 27 
⇒ 26a + 8b + 22 = 0 ........... (1) 

Step 2: f'( 2 +1 � ) =  3ax2 + 2bx + 11 

1 
at x = 2 + - = 0 

✓
3 

3a( 4 + � + 2 
;/ ) + 2b( 2 + � ) + 11 = O 

⇒ 

12a 2b 
12a + 

✓
3 + 4b + 

✓
3 + 11 = 0 

24a 4b (2) 26a + 
✓

3 + Sb + 
✓

3 + 22 = 0 · · · · · · 
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from (1) and (2) 
24a 4b - + - = 0 ⇒ b = -6a 
✓

3 
✓

3 

from equation (1) & ( 3) we get 
a = l ,b = --6 

Quiker Method: (Alternative) 
Given that 

......... ( 3) 

f'( 2 + �) = 3ax2 + 2bx + 111 , v 3 x=2+
✓3 

= 24a + 4b = O 
✓

3 
✓

3 

Which is satisfied the option (a) only 

17. Find the percentage error in calculating the vol­
rune of a cubical box if an error of 1 % is made 
in measuring the length of edges of the cube. 
v = x3 
(a) 1% 
(c) 3% 

(b) 2% 
(d) 4% 

Solution 

(c) 

log 1 3 v = 3log x, - 8v = -& 
V X 

1 3 - 8v x 100 = -& x l O0 
V X 

= 3( : X 100) = 3 X 1; : X 100 = 3 

so there is 3% error in calculating the volrune 
of the cube. 

18. A stone thrown vertically upward satisfies the 
equation s = 64t  - l 6 t2, where s is in meter 
and t is in second. What is the time required 
to reach the maximrun hight? {NDA-2009} 
(a) ls  (b) 2s 
(c) 3s (d) 4s 

Solution 
(b) ·: s = 64t- 16t2 

:. On differentiating w.r.t. t, we get 
ds - = 64-32t dt 

ds . h .
gh Put - = 0 for maxrmrun e 1  t 

dt 
64 - 32t  = 0 ⇒ t = 2 ⇒ t = 2 

:. ( !:: )1=2  < Q 
Hence, required time = 2s 
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OBJECTIVE PROBLEMS:  IMPORTANT QUESTIONS WITH SOLUTIONS 

1. For which interval the function 
x2 

- 3x · fi 11 th d. · f F( x) = --- sabs es a e con 1bons o 
x-1 

Rolle 's Theorem /MPPET-93} 
(a) [ 0, 3] (b) [-3, 0] 
(c) [ 1. 5, 3] (d) For no-interval 

2. Rolle 's theorem is true for the function.f{x) = 
x2 - 4 in the interval 
(a) [-2, 0] 
(c) [ 0, 1/2] 

(b) [-2, 2] 
(d) [ 0, 2] 

3. A body moves according to the formula V = 
1 + t2 where V is the velocity at time t. The 
acceleration after 3 sec. will be ( V gm cm/sec) 

(a) 24 cm/sec 2 
(c) 6 cm/sec 2 

/PET-1988} 
(b) 12 cm/sec 2 

(d) None of these 

4. The law of motion in a straight line is 

S = !.vt, the acceleration is /MPPET-1991} 
2 

(a) Constant 
( c) Proportional to v 

(b) Proportional to t 
(d) Proportional to S 

5. A particle moves in a straight line in such a 
way that its velocity at any point is given by 
V 2 = 2 - 3x, where x is measured from fixed 
point. The acceleration is /MPPET-1992} 
(a) uniform (b) zero 
(c) non-uniform (d) Indeterminate 

6. A particle moves so that S = 6 + 48 t - t3. The 
direction of motion reverses after moving a 
distance of /KCET-1998} 
(a) 63  (b) 104 
(c) 134 (d) 288 

7. A particle moves in a straight l ine so that 
S = ✓t then its acceleration is porportional to 
(a) velocity (b) (velocity) 312 
(c) (velocity) 3 (d) (velocity)2 

8. A point moves in a straight line during the t = 
0 to t = 3 according to the law S = 15t  - 2f-. 
The avg-velocity is /PET-1992} 
(a) 3 (b) 9 
(c) 15 (d) 27 

9. A particle moves along the curve 6y = x3 + 2, 
Points on the curve at which y co-ordinate is 

changiing 8 times as fast as the x-coordinate 
are 
(a) (4, l l ) and (-4,-31/3) 
(b) (4, -11) and (-4, 31/3) 
(c) (-4, l l ) and (4, 31/3) 
(d) (-4, -11) and (4, 31/3) 

10. A particle is moving on a straight line where 
its position 'S' in meters is a function of time, 
t in seconds given by S = t3 + at2 + bt + c, 
where a, b, c are constants. It is known that 
at time t = I sec. The position of the particle 
is given by S = 7mt, Velocity is 7 m/sec and 
acceleration is 12m/sec 2, find the values of a, 
b and c = ? 
(a) a = l ,b = 2, c =-1 
(b) a = 3, b = -2, c = 5 
(c) a = -1, b = 2, c = I 
(d) None of these 

11. If the path of a moving point is the curve x 
= at, y = b sin at then its acceleration at any 
instant /SCRA-96} 
(a) Is constant 
(b) varies as the distance from axis of x. 
( c) varies as the distance from axis of y 
( d) varies as distance of point from the origin. 

12. If t = � , then ( -! ) is equal to (where/ is 

acceleration) /PET-1997} 
(a) /2 (b) /3 
(c) -/3 (d) -/2 

13. A point is moving along the parabola 
y2 = 12x at the rate of l 0cm/sec. Component 
velocity parallel to x-axis when it is at the 
point ( 3, 6) 
(a) 5-J2 
(c) 10,.fi, 

(b) 3,.fj, 
(d) g,.fj, 

14. A stone thrown vertically upwards from the 
surface of the moon at a velocity of 24 cm/ 
sec reaches a height of S = 24 t - 0.8 t2 meter 
after 1 sec. The acceleration due to gravity in 
m/sec 2 at surface of moon is 

(a) 0.8 
(c) 2.4 

(b) 1.6 
(d) 4.9 

/PET-92} 



15. The volwne of a spherical balloon is increas­
ing at the rate of 900 cm 3/sec then the rate of 
change of radius of balloon at instant when 
radius is 15 cm (in cm/sec) /RET-1996} 
(a) 22/7 (b) 22 
(c) 7/22 (d) None of these 

16. The sides of an equilateral Li's are increasing 
at the of 2cm/sec. The rate at which the area 
increases when the side is 10 cm is: 
(a) ../3 sq unit/sec (b) 10 sq unit/sec 
(c) 10../3 sq unit/sec (d) 10/../3 sq unit/sec 

17. A man 1.80 m high moves directly away from 
a lamp post of 4.5 metres hight at the rate of 
1.2 m/sec. How fast does the length of his 
shadow increase /MPPET-1989} 
(a) 0.4 m/sec (b) 0.8 m/sec 
(c) 1.2 m/sec (d) None of these 

18. A 10 cm long rod AB moves with it 's ends on 
two mutually perpendicular straight line OX 
and OY. If the end A be moving at the rate of 
2 cm/sec, and when the distance of A from 
0 is 8 cm the rate at which the end B is 
moving is 

/SCRA-1996} 
8 (a) 
3 

cm/sec 4 (b) 
3 cm!sec 

2 (c) 
9 

cm/sec (d) None of these 

19. On dropping a stone in stationary water 
circular ripples are observed. Rate of flow 
of ripples is 6 cm/sec. When radius of cir­
cle is 10 cm, then fluid rate of increased 
in area. 

/RPET-1996} 
(a) 120 sq cm/sec 
(b) -120 sq cm/sec 
( c) n sq cm/sec 
(d) 120n sq cm/sec 
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20. If y = sin x and x changes from x/2 to 22/14. 

Th . hang . h 355  . en approxnnate c e my w en 7t = ill 1s 

(a) 0 (b) n/6 
(c) n/15 (d) n/12 

21. The time T of a complete oscillation of a 
simple pendulwn of length I is given by the 

equation T = 2nf-r where g is constant then 

percentage error in T when I is increased by 1 % 
(a) 2% (b) 1/3% 
(c) 1/2% (d) 3% 

22. Cube root of 127 by differential is 
2 1 (a) 5 + 75 

(b) 5 + 75 

(c) 5-
!5 

(d) 5- ;
5 

23. A ladder is resting with the wall at an angle of 
30° A man is ascending the ladder at the rate 
of 3 ft/sec, his rate of approaching the wall is 
(a) 3 ft/sec (b) 3/2 ft./sec 
(c) 3/4 ft/sec (d) 3/.J2 ft./sec 

24. The velocity of a particle at time t is given 
t2 

by the relation v = 6t -
6

. The distance 
travelled in 3 sec is 
(a) 39/2 
(c) 51/2 

(b) 57/2 
(d) 33/2 

25. A spherical iron ball of radius 10 cm, coated 
with a layer of ice of uniform thickness, melts 
at a rate of 1007t cm3/min. The rate at which 
the thickness of ice decreases when the thick­
ness of ice is 5 cm, is /Kerala PET-2008} 

( )  1 ml . a 
54 

c mm 

( )  1 ml . c 
3 6  

c mm 

(b) 1 ml . - c mm 
9n 

(d) � cm/min 

SOLUTIONS 

1. (d) Step 1: If f( x) satisfies Rolle 's them in 
[a, b] then 
f( x) must be continuous in [a, b] and differ­
entiable in (a, b) Also f(a) = f(b) 

x2 
- 3x Step 2:  f( x) = -­

x - 1  
(a) [ O , 3] 

f( O) = 0 
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f ( 3) = 3 2 - 3.3 = 0 
3 - 1  

f(O) = /(3) 

But f( x) is discontinuous at x = I 
(b) and ( c) also don 't satisfy Rolle's theorem 
( f(a) * f(b)) 

(d) is Ans. 

2. (b) f( x) = x2 
- 4 satisfies rolle 's theorem in 

[a, b] 
if f(a) = f(b), and f( x) is continuous and 
differentiable in (a , b) 

option (b) is correct /( 2) = f(-2) .  

1 1 . dv 1 . 3. ( c) Step : acce eration = -, v = ve oc1ty 
dt 

dv Step 2: v = 1 + t2 ⇒ - = 2t 
dt 

. dv 6 I 2 at t = 3 acceleration = - = cm sec ' dt 

4. (a) Step 1: Given S=
2

vt 

1 11erentiatmg w.r.t. t, - = - v + t-d.,,,, . . ds 1 ( dv
) dt 2 dt 

v dv -v dv . v = - + t - ⇒ - = - = acceleration (/) 
2 dt 2t  dt 

. df ,(
-

�I .j. 1J -f V Step 2. - = � = -+ -
dt 2t2 2t 2t2 

df _ -f _ ft _ -f + f _ o 
dt 2t 2t2 2t 2t  

f is  constant 

. dv dv dx 5. (a) Step 1: Acceleration (f) = - = -· -

Step 2: Given v2 = 2 - 3x 

dt dx dt 

d.,,,, . . dv 1 11erentiatmg w.r.t. x, 2v - = -3 
dx 

dv -3 
f = v - = -

dx 2 

6. ( c) Step 1 : Direction of the motion reverses if 
velocity of the particle = 0 and f * 0 

Step 2: Given S = 6 + 4 8t - t3 

ds 
= 4 8  - 3t2 = 0 ⇒ t = 4sec 

dt 
s = 6 + 4 8.4 - 4 3 = 134 

7. (c) S = ✓t;v = ds = -1-
dt 2Ji 

Also dv = _.!_r3
'
2 = acceleration 

dt 4 
acceleration oc v 3 

ds 
8. (b) Step 1: Velocity = 

dt 
So differentiating with respect to t 

ds V = - = 15 - 4t 
dt 

Step 2: Now Put t= O, V= 15 
and putting t = 4,  V = 3 

. 15 + 3 Step 3: So average velocity = -- = 9 
2 

9. (a) Step 1: Here dy = 8 dx 
dt dt 

Step 2: Given curve 6y = x + 2 
differentiating w.r.t. t, 

6 dy = 3x2 dx 
dt dt 

( 
dx

) 2 dx 2 8 
dt 

= x 
dt 

⇒ x = ± 4 

When x = 4, 6y = 4 3 + 2 ⇒ y = 11 

3 -31 When x = -4, 6y = -4 + 2 ⇒ y = -
3 

( 
-31

) Points are ( 4, 11) -4, -
3
-

10. (b) at t = 1; S = 7 
I +a +b + c = 7 ⇒ a +b + c = 6 

at ds t = I v = 7= -' dt 
3 + 2a +b = 7 
2a + b = 4 



l . dv acce erahon = - = 12 
dt 

6 + 2a = 12 ⇒ a = 3 ,  b = -2, c = 5 

b . . d� 11. ( ) acceleration along x axis a = -2 = 0 

acceleration along 
. d2y 2b 

. y axis a.,, = - = -a sm at 
dt2 

X dt 

acceleration = .Ja; + a: = a 2bsin at 

= a 2 y = a 2 ( distance from axis of x) 

dv ds 12. (c) Step l :  / = v -, - = v 
ds dt 

Here,/ is acceleration 

v 2 dt 2v dv Step 2: t = - ⇒  - = --
2 ds 2 ds 

I = 1 = /⇒ I = � 

dt 

df = 
-l x dv = -/2./ 

dt v 2 dt 

df = -Ji 
dt 

13. (a) Here 2y dy = 12 dx ⇒ y dy = 
6dx 

dt dt dt dt 

v = iv ( ·:v = dy v = 
dx I 

-" y x -" dx ' x dt ) 

Also .Jv; + v �  = 10 

v; + ( ivx Y = 102 ⇒ vx y ) 

l Oy 
.Jl + 3 6  

1 0  X 6 r,;:; at point ( 3, 6) v x 
= ,:,--;:-; = 5-v 2 = v 

Y v 62 + 3 6  

d 2s 14. (b) Step l :  Here / = -2 dt 

Step 2: S = 24t - 0.8t2 
ds d2s - = 24 - l .6t⇒ - = -1.6 
dt dt2 
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f = -1.6 cm/sec2 

(acceleration is -ve, since stone is thrown up­
wards) 

15. (c) Step l :  Volume of spherical balloon 
4 J = - nr 
3 

. dv Step 2: Given - = 900 ( V  = volume) 
dt 

!!...(inr3 1 = 900 ⇒ 4nr 2 dr = 900 
dt 3 ) dt 2 dr dr l 7 41t X 15 - = 900 ⇒ - = - = -

dt dt 1t 22 

16. ( c) Step l: Area ofequilateral � = ✓
3 

x2 = A 
4 

Where x = length of side of� 

✓
3 2 Step 2: A= - x 

4 

dA = ✓
3
( 2x dx I 

dt 4 dt ) 

. dx dA ✓
3 

Given - = 2; - = - .20.2 
dt dx 4 

dA r,; ·t1 - = 10v3 sq. um sec. 
dt 

17. (b) Step l :  Here OP= Lamp Post = 4.5 m 
QR = man =l . 8  
QS = Shadow of man = x(Let) 

p 

E 
l{) 
'SI' 

R 

OC> 

o�-Y--Q�-x-�s 

Also dy = 1.2 m/s 
dt 

Step 2: � OPS and � QRS are similar. 

4.5 X + y 
1.8 X 

or l + 2:'.. = � 
X 2 

dy = 2 x (1.2) = 0. 8 m/s 
dt 3 
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18. (a) Step l: Here a 2 + b 2 = 102 

Also d( OX) 
= 

da 
= 2cm 

dt dt 
db . - 1s to be calculate. 
dt 

Step 2: a 2 + b 2 = 100 

y B 

1 0  
b 

0 a 
A 
X 

. ..,, . . da db d1uerenhatmg w.r.t. t, a - + b - = 0 
dt dt 

also when a = 8, b 2 = ✓100 -a 2 = 6 

. . db Put m equation, 8.2 + 6.- = 0 
dt 

db 8 - = --cm/sec 
dt 3 

dA d 2 19. (d) - = -(nr ) 
dt dt 

dr dA dr Here - = 6- - = 2nr -
dt ' dt dt 

dA - = 2n x 10 x 6 = 120n sq. cm./sec. 
dt 

20. (a) y = sin x ⇒ ,ly = cos x� 

,ly = cos �U� - � j 
,ly = 0 

21. (c) T = 2nH , taking log on both sides l l log T = log 21t + -log / - -logg 
2 2 

differentiating we get 
,lT l ,l/ 
T 2 I 

,lT l 
⇒ -% = - x l %  = 1/2 % 

T 2 

22. (a) y = x1 1 3  be function l 
log y = -log x ⇒ differentiating we get 

3 

,ly l � 
y 3 X 

,ly l 2 ⇒ -= - X -
5 3 125 

2 5 + -
75 

2 
,ly = - . 

75 

! 
(Intially x = 125; : . y = (125) 3 = 5 )  

23. (b) 

30 

60° 
v, 

Rate of approaching the wall 
= vx = 3cos 60° = 3/2 

dx 12 
24. ( C) - = 6t - -

dt 6 

f dx = f 6t - - dt 
x x (  fl J 0 0 6 

2
1
3 !3

1
3 

27 
X = 3t 

O - 18 0 

= 27 - 18 
3 51 = 27- - = -
2 2 

25. ( d) Let x be thickness of ice 

V = 3ft 

!!._[_±n((l O + x) 3 

- 103
) ]  = -l 001t 

dt 3 

4 dx 
- X 1t X 3(10 + x) 2 X - = 1001t 
3 dt 

dx (10 + x}2 - = 25  
dt 

dx 25  l at x = 5 - = - = - cm/mm. ' dt 225 9 
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1. Rolle 's theorem holds for the function x3 + bx2 

+ ex, 1:S x :S 2 at the point 4/3, the value of b 
and c are 

/Pb. CET-1999, Him CET-2004} 
(a) b = 8, c = -5 (b) b = -5, c = 8 
(c) b = 5, c =-8 (d) b =-5, c =-8 

2. A particle moves in a straight line so that. Its 
velocity at any point is given by v2 = a + bx, 
where a, b -::f. 0 are constants. Then accelera-
tion is / PET-89} 
(a) Zero (b) Uniform 
(c) Non-uniform (d) Indeterminate 

3. If 2t  = v 2, then �� is equal to 

(a) 0 

(c) .!_ 
2 

/PET-1992} 

4. A particle is moving in a straight line accord­
ing to formula S = t3 - 9t2 + 3 t  + 1 where 'S' 
is measured in meters and t in seconds when 
velocity is -24m/sec then their acceleration is 
(a) 0 (b) 1 
(c) 2 (d) 3 

5. If the distance travelled (S) by a particle in 
time ' t' is S = a sin t + b cos 2t; then the accel­
eration at t = 0 is 
(a) a 
(c) 4b 

(b) -a 
(d) -4b 

6. A particle moves along a straight line so that 
it 's distance S in time t sec is S = t + 6 t2 

- t3. 
After what time is the acceleration zero. 

(a) 2 sec 
(c) 4 sec 

/AMU-1999} 
(b) 3 sec 
(d) 6 sec 

7. The distance travelled s (in metre) by a par­
ticle in t seconds in given by s = t3 + 2 t2 + t. 
The speed of the particle after 1 second will 
be /UPSEAT-03} 
(a) 8 cm/sec (b) 6 cm/sec 
(c) 2 cm/sec (d) None of these 

8. A particle is moving along the curve x = at2 + 
bt + c. If ac = b 2, then the particle would be 
moving with uniform 

(a) Rotation 
( c) Acceleration 

/Orissa-JEE-2003} 
(b) Velocity 
(d) Retardation 

9. The distance S meter covered by a body in t 
seconds is given by S = 3t2 

- 8t + 5, the body 
will stop after 
(a) 1 sec 
(c) 4/3 sec 

(b) 3/4 sec 
(d) 4 sec 

10. A ball thrown vertically upwards falls back on 
the ground after 6 second. Assuming that the 
equation of motion is of the form S = 4 t- 4. 9 t2, 
where S is in metres and t is in second find the 
velocity at t = 0 
(a) 0 m/s 
(c) 29.4 m/s 

(b) 1 m/s 
(d) None of these 

11. The radius of a cylinder is increasing at the 
rate of 2 m/sec and its height is decreasing at 
the rate of 3 m/sec. At what rate is the volume 
of the cylinder is changing when radius of 
cylinder is 3 m and height is 5 m 

(a) 87 1t m 3/sec 
(c) 27 x m 3/sec 

/Kerala (Engg.)-2005} 
(b) 33x m 3/sec 
(d) 15 1t m 3/sec 

12. A particle is moving in a straight line. It 's 
displacement at time ' t' is given by S = -4t2 + 
2t, then it 's velocity and acceleration at time 
t = 1/2 sec are 

(a) -2, -8 
(c) -2, 8 

/AISSE-1981} 
(b) 2, 6 
(d) 2, 8 

13. Gas is being pumped into a spherical balloon 
at the rate of 30 ft 3/min. Then the rate at which 
the radius increases when it reaches the value 
15 ft is 

/EAMCET-2003 ; RPET-2000} 

( )  l
ft/

. a 
3 01t 

mm 

( C) _!_ ft/min 
20 

(b) 1 
ft/ 

. 
15n 

mm 

(d) _!_ ft/min 
25  



F.40 Rol le's Theorem and Rate of Change of Quantities 

14. If by dropping a stone in a quiet lake a wave 
moves in circle at a speed of 3.5cm/sec, then 
the rate of increase of the enclosed circular 
region when the radius of the circular wave is 
10 cm is 

(a) 220 cm2/sec 
(c) 35 cm2/sec 

/MPPET-1998} 
(b) 110 cm 2/sec 
(d) 350 cm2/sec 

[ When value of 1t is 22/7] 

15. A particle is moving in a straight line accord­
ing as S = Jf+i, then the relation between 
its acceleration (a) and velocity (v) is 

(a) a a v2 

1 (c) a a. 3 V 

/MPPET-2004} 
(b) a a v 3 
(d) a a v 

16. Aspotlight on the ground shines on a wall 12 m 
away from the light. If a man of 2 m height 
walks from the spotlight towards the wall at 

1 a speed of 2 m per second, then the rate at 
which the length of his shadow on the wall is 
decreasing at the instant when he is 8 m from 
the wall is /Kerala PET-2008} 

(a) � m/s (b) � m/s 
4 4 
3 (c) - m/s 
8 

(d) � m/s 
8 

17. If y = 3x2 + 2 and if x changes from 10 to 
10 .1, then the approximate change in y will be 

{NDA-2003} 
(a) 4 
(c) 6 

(b) 5 
(d) 8 

18. Using differentials find the approximate value 
of .J4fil 
(a) 20.100 
(c) 20.030 

(b) 20.025  
(d) 20.125  

19. A man 2 meters high walks a t  a uniform speed 
5 metres per hour away from a lamp post 
6 metres high. The rate at which the length of 
his shadow increases is 

(a) 5 m/h 
(c) 5/3 m/h 

(b) 5/2 m/h 
(d) 5/4 m/h 

20. If the function.f{x) = x3 - 6x2 + ax + b satisfied 
and Rolle 's theorem in the interval [ l , 3] and 

if f'( 2✓'Jt 1 
J = 0 then 

(a) a = l l  
(c) a = 6 

/PET-2000} 
(b) a = --6 
(d) a = I 

21. The edge of a cube is increasing at the rate of 
5 cm/sec. How fast is the volume of the cube 
increasing when the edge is 12 cm long 
(a) 432 cm 3/sec 
(b) 2160 cm 3/sec 
(c) 180 cm 3/sec 
(d) None of these 

22. The rate of change of the surface area of a 
sphere of radius r when the radius is increas­
ing at the rate of 2cm/sec is proportional to 

(a) 1/r 
(c) r 

/Karnataka CET-2003} 
(b) 11,2 

(d) ,2 

23. The law of rectilinear motion of a particle is x 
= a cos (n t + k), then acceleration of the body 
towards the origin is proportional to 
(a) X (b) -X 

(c) x2 (d) l/x2 
24. A spherical balloon is expanding. If the radius 

is increasing at the rate of 2 centimetres per 
minute, the rate at which the volume increases 
(in cubic centimetres per minute) when the 
radius is 5 centimetres is 

(a) 10 1t 
(c) 200x 

/VITEEE-2008} 
(b) l 001t 
(d) 501t 

25. For.f{x) = x2 - 5x - 6 Rolle 's theorem is appli­
cable at 

(a) 5/3 
(c) 6 

/MPPET-2007} 
(b) -1 
(d) 5/2 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 7. A particle is moving in a straight line accord-

1. The Answer sheet is immediately below the ing as S = 45t + 11 t2 - t3, then the time when 
it will come to rest is worksheet .  (a) - 9  seconds (b) 5/3 seconds 2. The test is of 1 6  minutes . 

3. The worksheet consists of 1 6  questions . The ( c) 9 seconds (d) -5/3 seconds 

maximum marks ar e 48 .  8. The law of motion of a particle in a straight 
4. Use Blue/Black Ball point pen only for writing line is S = e' (sin t- cos t), then acceleration 

particulars/marking responses . Use of pencil is at the end of time t is 
strictly prohibit ed . (a) e' (cos t +  sin t) (b) e' ( cos t - sin t) 

( c) 2e' ( cos t - sin t) (d) 2e' (cos t +  sin t) 
1. The value of c in Rolle 's theorem when f{x) = 

9. The radius of a circle is increasing at the rate 
2x3 - 5x2 - 4x + 3, x E [ ½, 3 ] is of 3cm/sec. At what rate is the area increasing 

when the radius of the circle is 10 cm 
(a) 2 (b) -1/3 (a) 60n (b) 60n cm2/sec 
(c) -2 (d) 2/3 (c) 60n cm/sec (d) 60n cm3/sec 2. The speed v of a particle moving along a 10. A function/ is defined by J{x) = 2 + (x - 1 )213 in 
straight line is gives by a + bv2 = x2 (where x [ 0, 2]. Which of the following is not correct? 
is its distance from the origin) the acceleration (a) f is not derivable in (0, 2) 
of the particle is {MPPET-2002/ (b) /is continuous in [ 0, 2] 
(a) bx (b) xla (c) J{0) = 1{2) 
(c) x/b (d) xlab (d) Rolle 's theorem is true in [ 0, 2] 

3. If the edge of a cube increases at the rate of 11. The radius of a shpere is increasing at the rate 
60 cm per second, at what rate the volume is of 0.1 %. At what rate is the volume increasing 
increasing when the edge is 90 cm (a) 0.3 (b) 0.1 
(a) 486000 cm 3/sec (c) 0.2 (d) 0.5 
(b) 1458000 cm3/sec 
(c) 43740000 cm 3/sec 12. Which one of the following statements is cor-
(d) None of these rect in respect of the curve 4y - x2 - 8 = 0? 

4. If the distance travelled by a point in time 
(a) The curve is increasing in (-4, 4) 
(b) The curve is increasing in (-4, 0) 

t is S = l 80t - l 6t2, then the rate of change in (c) The curve is increasing in (0, 4) 
velocity is [MPPET-1995/ (d) The curve is decreasing in (-4, 4) 
(a) -16 unit (b) 48 unit 
(c) -32 unit (d) None of these 13. Rolle 's Theorem is applicable in case of �(x) 

The motion of stone thrown up vertically is 
= asin .Y in 

5. (a) any interval given by S = 13.8  t - 4.9 t2, where S is in (b) the interval [ 0, n] metres and t is in seconds. Then its velocity at 
t = 1 second is ( c) the interval ( 0, i ) 
(a) 3 m/s (b) 5 m/sec 
(c) 4 m/sec (d) None of these (d) None of these 

6. Radius of a circle is increasing uniformaly at 14. What is the smallest value of m for whichj{x) 
the rate of 3m/sec. The rate of increasing of = x2 + mx + 5 is increasing in the interval 1 :'.S 
area when radius is 10cm, will be: X :'.S 2? {NDA-2008/ 
(a) 7t cm 2/s (b) 2n cm2/s (a) m = 0 (b) m =-1 
(c) l 01t cm2/s (d) None of these (c) m =-2 (d) m =-3 
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15. A particle moves in a straight line so that it cov­
ered a distance at3 + bt + 5 metre in t seconds. 
If its acceleration after 4 seconds is 48 metre/ 
(sec)2, then a is equal to /MPPET-2008} 
(a) 1 (b) 2 
(c) 3 (d) 4 

16. The volwne of a spherical balloon is increas­
ing at the rate of 40 cubic centimeters per 

minute. The rate of change of the surface of 
the balloon at the instant when its radius is 
8 centimetres is 

/Roorkee-1983} 
(a) 5/2 square cm2/minute 
(b) 5 square cm2/minute 
(c) 10 square cm2/minute 
(d) 20 square cm2/minute 
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AiNfs lNB exPElNlfioNs 

2. ( c) Step 1: Acceleration ofa particle f = v dv 
dx 

Step 2 :  a + bv2 = x2 

diff. w.r.t. x, b ( 2v : ) = 2x 

So dv x v- = -
dx b 

X bf= x  ⇒ f = -b 

� 
10. (d) Given f(x) = 2 + (x -1) 3 in [ 0, 2] 

, 2 
f ( x) = 

3( x - l) 1 13 doesn 't exist at x = I 

f(x) is not different iable at x = I 

But f(x) is continuous  everywhere 

Also f ( 0) = f ( 2) 

and so Rolle 's theorem is not applicable in 
[O, 2] 

. dv 0 16. (c) Given - = 4 
dt 

- -nr = 40  ⇒ -n 3r - = 40  d
(

4 3 ) 4 
( 2

dr

) 
dt 3 3 dt 2 dr Here r = 8 cm; 4n x 8 - = 40 

dt 
dr 5 - - -
dt 3 2n 

d Rate of chan ge of surface area = -( 4nr
2

) 
dt 

dr 5 21 . = 81tr - = 81t x 8 x - = 10cm mm 
dt 3 2n 



LECTURE 

Tangent and Normal 

► BASIC CONCEPTS d 
. . dy 1. Geometncal meamng of 

dx 
: The value of 

dy at any point P(x I ' y 1) of a curve represents 
dx 

the gradient ( or slope) of the tangent at the 
point P of the curve. 

2. Equation of Tangent The equation of tangent 
to the curve y = j(x) at the point P (xl ' y 1) is: 

y - yi = 11 (x - x1 ) 
(x1 , Yi l  

where ( : ) = tan 0 is the value of : at 
(xi , Yd 

(x I ' y 1) and 0 is the inclination of the tangent at 
P with positive direction of x-axis. 

NOTES 

1. The equation of tangent at any point t(x = 
f ( t) ,  y = g(t)) on the curve is given by 

Y - g(t)  = ;:�:� (X - f (t)) 

2. If the tangent i s  parallel to the x-axis then 
dy = 0 
dx 

3. If the tangent i s  perpendicular to the axis of X 

i .e . ,  parallel to the axis of y then dy ➔ oo or 
dx 

dx = 0 
dy 

4. If the tangent at any point on the curve i s  e qually 
. . h dy mclmed to both the axe s t en 

dx 
= ± I .  

5. The equations of the tangent (or tangent s) pass­
ing through the origin i s  obtained by e quating 
the lowest degree terms in the equation of the 
curve to zero .  

6. For e quation of tangent at (x 1 , y1), substitute xx 1 

for x2 yy for y2 x + Xi for x Y + Yi for y and ' I ' 2 ' 2 

XYi 
+ XiY for xy and keep the constant as such . 
2 

This method i s  applicable only for second degree 
conic s, 
i .e . ,  ax2 + 2hxy + by2 + 2gx + 2.fy + c = 0 

3. The equationofnormaltothecurvey=j(x)atthe 
. . - 1 pomt (x l ' y 1) 1s ( y- y1 ) = 

(:) 
( x- x1 ) 

(x1 , J'1 ) 

OR 

4. If the normal is parallel to the axis of y, then 
dy = 0 
dx 

5. If the normal is parallel to the axis of x, then 
dx 

= O  
dy 
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6. Quicker method to find normal at (x i, Y i) of 
second degree conics ax2 + 2hxy + by2 + 2gx 
+ 2jy + C = 0 is 

7. Length of Sub-tangent: T M  = : 

1 ( x1 , Y1 )  
y 

y = f(x) 

'I' 90° - 'I' 
-+--+-+�--��---'-',----+- X 

0 T M N 
L 

Yi 
m 

8. Length of Sub-Normal: 

9. Length of Tangent: 

PT = � .Ji +  m 2 , m = ( : ) I 
(x1 , )'1 ) 

10. Length of Normal: 

� 
dy 

I 
PN = Yi '\J I +  m-,  m = 

dx (x1 , )'1 ) 

11 sub - normal _ Length of normal ( )2 
· sub - tangent - Length of tangent 

p YGLJ lb Ybdfal I I I b P kddbbii!Y liii ddkkb ll.d.lbh !kl iii. 
fQS rune I itiPfffft t!Pitif t DIP Wtiff fl Ii W 21)1@ Qf TUC we:s d 

1. Find a point on y = (x - 2)2 where the tangent 
is parallel to the chord joining (2, 0) and ( 4, 4). 

{CBSE-93/ 

Solution 

We apply Lagrange's mean value theorem for 
the functions 

j(x) = (x - 2)2 on [ 2, 4] 
(a) j(x) being a polynomial in x, it is continu­

ous on [ 2, 4]. 
(b) /'(x) = 2(x - 2), which exists for all val-

ues ofx E (2, 4). 
Therefore,j(x) is differentiable in (2, 4) 
Thus, both the conditions of Lagrange's mean 
value theorem are satisfied consequently 
there exists at least one c E (2, 4) such that 

/'( c) = /(4)- /( 2) 
4- 2  

⇒ 2( c- 2) =
( 4- 2) 2 - ( 2- 2) 2 

= 2 2 
⇒ c- 2 = l ⇒ c = 3 
and j{c) = (3- 2)2 = 1 
Hence ( 3, l )  is the point on the curve such that 
the tangent at it is parallel to chord joining the 
points (2, 0) and ( 4, 4). 

2. Find a point on the curve y = (x - 3)2 where 
the tangent is parallel to the line joining ( 4, l )  
and ( 3, 0). 

{CBSE-91, 93C, HPSB-2002/ 

Solution 

Let the required point be P(x I ' yJ The equa­
tion of the given curve is y = (x - 3)2 . . . . .  (i) 

⇒ dy 
= 2( x- 3) 

dx 

⇒ (: ) = 2( x1 - 3) 
( X1 , )'1 ) 

Since the tangent at P is parallel to the line 
joining ( 4, l )  and ( 3, 0). Therefore slope of the 
tangent at P = slope of the line joining ( 4, l )  
and ( 3, 0). 

⇒ (
dy

) 
0 - 1  

dx 
= 3 - 4 

⇒ 2 (x i - 3) = l 
(x1 , )'1 ) 

⇒ Xi = 7/2 
Since the point P(xl ' y i) lies on (i). Therefore 
Yi= (xi - 3)2 

Xi = i ⇒ Yi = (i- 3  )
2 

= ¼ 

Thus, the required point is (7/2, 1/4) 



3. Find the equation of the tangent to the cwve 
y = -5x2 + 6x + 7 at the point (1/2, 35/4). 

/CBSE-1994} 

Solution 

The equation of the given cwve is y = -5x2 + 
6x + 7  

⇒ dy 
= - 10x + 6  

dx 

⇒ ( dy � =-l O x !. + 6=1 
dx .!. �

) 
2 

2 ' 4 

The required equation of the tangent at (1/2, 
35/4) is 

⇒ 

3 5  
( 

dy I ( 1 ) y - 4 = 
dx 

J( 
½,¥ ) X - 2 

y _ 3 5  = l ( X _ !_) ⇒ y = X + 3 3  
4 2 4 

4. Find the equation of the tangent line to the 

cwve x = 1 - cos 0 y = 0 - sin 0 at 0 = � , 
4

· 

/CBSE-93, 2004; PSB-97, 2001S, 02} 

Solution 

When 0 = � , we have x = 1 - cos 0 
4 

7t 1 
= I-cos-= 1- - and 

4 ✓2 

0 . 0 7t . 7t 7t 1 y = - sm = 4 - sm 4 = 4 - ✓2 
So, co-ordinates of the point of contact are 

(1 -l·� -l ) 
Now x = 1 - cos 0 and y = 0 - sin 0 

⇒ dx = sin 0 and dy = 1-cos 0 
d0 d0 

⇒ dy = dy/d0 
dx dx/d0 

have 

1-cos0 7t at 0= -
4

, 
sin0 

7t 1 
I-cos - 1- -
-�4 = ✓2 = ✓2-1 

. 7t 1 s m 4  -
✓2

-
2 

So the equation of tangent line at 0 = � is 
4 

we 
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y-(�- -1 
) = ( ✓2- l)( x-1 + -1 

) 
4 ✓2 ✓2 

⇒ ( ✓2- l)x- y= 2( ✓2-1)- � 
4 

5. Show that the line :: + l = 1 touches the 
a b 

cwve y = be-x1• at the point where it crosses 
the y-axis. 

f CBSE-2005; MNR-81 ; 
Karnataka CET-2002} 

Solution 

The equation of the given cwve is y = be - xla 
...... (i) 

It crosses y-axis at the point, where x = 0 
Putting x = 0 in equation (i), we get y = be0 = b 
So, the point of contact is (0, b) 
Differentiating (i) with respect to x, we get 
dy = be-xla .!!_(

-x
) dx dx a 

⇒ 

⇒ 

dy -b -xla 
dx 

= -;;e 

( : thl 
= -�eo = -: 

The equation of the tangent at (0, b) is 
b 

y - b = - -(x - 0) 
a 

⇒ ay - ab = -bx ⇒ bx + ay = ab 

⇒ .:: + l= l 
a b 

Hence, :: + l = 1 touches the cwve y = be - xla 
a b 

at the point where it crosses the axis of y. 

6. Show that the cwves lY = a 2 and x2 + y2 = 2a 2 
touch each other. 

f CBSE-2002} 

Solution 

The given cwves are lY = a 2 .......... (i) 
x2 + y2 = 2a 2 .......... (ii) 

Substituting the value ofy obtained from (i) in 
equation (ii), 
we get x2 + (a 2/x)2 = 2a 2 
⇒ x4- 2a2 x2+ a4 = 0 
⇒ (x2-a 2)2= 0 ⇒ x = ± a  
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from (i), we have y = a for x = a and y = -a 
and x =-a 
Thus, the two curves intersect at P(a, a) and 
Q(-a, -a) N _ 2 dy dy -y OW X)l -a ⇒ X 

dx + y = 0 ⇒ 
dx = � 

and x2 + y2 =a 2 ⇒ 2x + 2y
dy = 0 dx 

⇒ 
dy _ -x 
dx - -;-

At P (a, a), we have 

( 1 l = -
a

a = -1; ( 11, = �
a= -1 

Clearly ( 1 l = ( 11, at P 

So, the two curves touch each other at P. Simi­
larly, it can be seen that the two curve touch 
each other at Q. P roved. 

7. Determine the values of x for which the func­
tion.f{x) = x2 - 6x + 9 is increasing or decreas­
ing. Also find the co-ordinates of the points 
on the curve y 

= x2 - 6x + 9 where normal is 
parallel to the line y 

= x + 5. 
/CBSE-94 CJ 

Solution 

Given.f{x) = x2 - 6x + 9 ⇒ f'(x) = 2x- 6 
f'(x)> 0 when ⇒ 2x- 6> 0 ⇒ 2x> 6 ⇒ x> 3 
Hence.f{x) is increasing on ( 3, oo) 

f'(x) < 0 when ⇒ 2x- 6  < O  ⇒ 2x < 6  ⇒ x <  3 
Hence.f{x) is decreasing on (--oo, 3) 
Given equation of the curve is y 

= x2 - 6x + 9 
........ (ii) 

Let (x l ' y 1) be foot of normal and we know foot 
of normal lies on the curve :. y1 

= x/- 6x1 + 9 
. . . . . . .. . (iii) 

Differentiating equation (ii) we get 

⇒ dy = 2x- 6 
dx 

Slope of normal at ( x1 , Yt) = -( 1 )  
!)' (x, , y, )  

-1 
2x1 - 6  

Since the normal is parallel to the line y 
= x + 

5 whose slope is 1. 

-1 5 --=1 ⇒ 2x - 6 =-1 ⇒ X = -2X1 - 6  I I 2 

5 . . ... Put x1 = 
2 m equation (111), we get 

(
5
)

2 6 x 5  25 1 
Y i 2 - -2

- + 9 = 4 -15 + 9 = 4 

Hence, foot of normal is ( � ,  ¼ ) 
8. Using Rolle 's Theorem, find points on the 

curve y 
= 16 - x2, x E [-1, l], where tangent 

is parallel to x-axis. / CBSE-2000} 

Solution 

Here y=.f{x)= 16- x2; x  E [-1, l] ........ (i) 
Being a polynomial, .f{x) is continuous on 
[-1, 1] and it is differentiable in ]-1, 1 [ .  
Also.f{l )  = 1 5  = .f{-1) 

conditions of Rolle's Theorem are satis­
fied. 

So, there must exist at least one real value of c 
in ]-1, l [  such thatf'( c) = 0 

- 2c = 0 ⇒ C = 0 E ]-1, 1 [ 
Hence Rolle 's theorem is verified. As we 
know the value of c obtained in Rolle 's the­
orem is nothing but the x-coordinate of that 
point on the curve where the tangent is parallel 
to x-axis. 

Put x = 0 in equation (i), we get y 
= 16 

Hence the required point is (0, 16). 

9. For which values of x, the function 

f ( x) = _x_ is increasing and for which 
x2 +1 

values of x, i t  i s  decreasing. Find also the 
points on the graph of the function at which 
tangents are parallel to the x-axis . 

Solution 

X We have f ( x) = -­
x2 +1 

/CBSE-2003} 

⇒ f'(x)= ( x2 +1).1- x(2x + 0)= 1- x2 
( x2 + 1)2 ( x2 + 1)2 

For .f{x) to be increasing, we must have 
f'(x)> 0 



1- x2 

⇒ > 0  
( x2 + 1) 2 

⇒ ( l - x2)> 0 [ " : (x2 + 1)2> 0] 
⇒ --{x2- l )> 0 ⇒ (x2- l) < 0 
⇒ (x- l ) (x +l ) < 0  
⇒ -1 < x  < 1 

+ + 
-oo -1 00 

⇒ X E (-1, 1) 
So,.f{x) is increasing on (-1, 1) 
For .f{x) to be decreasing, we must have 
f '(x) < 0  

1- x2 
⇒ ----=----=- < 0  

( x2 + 1) 2 

⇒ ( l - x2) < 0 [ " . " (x2 + 1)2> 0] 
⇒ x <-l or x> l  
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So,.f{x) is decreasing on (-oo, -1) u (1, oo) 
For tangent parallel to x-axis f(x) = 0 

⇒ (1 + x)(l - x) = 0 
( x2 + 1) 2 

⇒ x=-l or x= l 
X Let y = .f{x) Then y = -2-x +1 

........... (i) 

Put x = -1 in equation (i), we get 
-1 -1 y =

(-1) 2 +1
=

2 
Point is (-4, -1/2) 

1 1 
Putx= 1 in equation (i), we get Y = 

(l) 2 + 1 
= 

2 

Point is ( l ,  1/2) 
Hence (-4, -1/2) and (1, 1/2) are two points at 
which tangents are parallel to x-axis. 

, SltY&Lbbb JSJJk I !Ji P Zdttii!Y iii! JOANS &.d.lb 9 I 21 bk 
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1. Find the point on the curve y = cos x - 1, 

x E [ i , 3; ] at which the tangent is parallel 

to the x-axis. 

2. Determine the values of x for which the function 
.f{x) = x2 + 2x - 3 is increasing or decreasing. 
Also find the co-ordinate of the points on the 
curve y = x2 + 2x - 3 which normal is parallel to 
the line x - 4y + 7 = 0. / CBSE-94CJ 

3. Find a point on the curve y = x3 - 3x where the 
tangent is parallel to the chord joining (1, -2) 
and (2, 2). / CBSE-93} 

4. Find the equations of all lines of slope -1 that 
1 are tangents to the curve y = --. 

x-1 
5. Find the slope ofnormal at the point (am 3, am 2) 

to the curve ax2 = y3 . 
/CBSE-1991} 

6. Find the equation of normal to the curve x2 = 

4y which passes through the point (1, 2). 
{NCERT-Book} 

7. Show that the curves 4x = y2 and 4.xy = k cut 
at right angles, if k2 = 512. 

f CBSE-96, 2002} 

8. For the curve y = 4x3 - 2x5 • Find all points at 
which the tangent passes through the origin. 

{NCERT-Book} 

9. The curve y = ax3 + bx2 + ex + 5 touches the 
x-axis at P(-4, 0) and cuts the y-axis at the 
point Q where its gradient is 3. Find the equa­
tion of the curve completely. 

10. Show that the condition that the curves ax2 

+ by2 = 1 and a 'x2 + b'y2 = 1 should intersect 
. 1 1 1 1 orthogonally 1s that -- - = ---

a b d b' 
11. Find the equations of tangent and normal to 

the curve 
x = a cos t + at  sin t 
y = a sin t -at  cos t 

at any point t. Also show that the normal 
to the curve is at a constant distance from 
origin. 

f CBSE (SP)-2006, NCERT-Book} 
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12. Prove that ( � J + ( t" J = 2 touches the 

straight line � + t" = 2 at (a, b) for all n. 

13. Prove that no angle of intersection exists for 
the curves x2 + y2 = a 2 and x2 + y2 = 4a 2 

14. Find the equations of tangent and normal to 
x2 y2 

the ellipse - + -= 1 at (x 1 , y ). 
a 2 b 2 1 

{NCERT-Book, J & K-2004} 

15. Find the equation of the tangent line to the 
curve y = ✓ 5x - 3 - 2 which is parallel to 
the line 4x- 2y + 3= 0 

/CBSE-83, HSB-89} 

16. Find the point on the curve y = 2x2
- 6x - 4 at 

which the tangent is parallel to x-axis. 
/CBSE-94, 95} 

17. Find the equations of the tangent and the nor­
mal to the curve y = x2 + 4x + 1 at x = 3. 

f CBSE-2004} 

18. Show that the curves x = y2 and lY = k cut at 
right angles, if 8k2 = 1 

f CBSE-96, 2003, 2004, 2005, 
CHSB-2001, HPSB-2002SJ 

19. Find the equation of the tangent to the curve 
y = ✓3x - 2 which is parallel to the line 

4x - 2y + 5 = 0. /CBSE-2005} 

20. Find the equation of tangent to the curve 

✓x + ✓Y = a at ( �
2 , a: } 

/CBSE-1994} 

21. Find the equation of the tangent and normal 
x2 y2 

to the hyperbola -- -= 1 at the point 
(xo, Yo). 

a 2 b 2 

/NCERT BOOK, 
HPSB-2000, 2001, 2003} 

22. Find the point on the curve y = x3 at which 
tangent is horizontal. 

23. If the straight line x cos a + y sin a = p touches 
x2 y2 

- + -= 1 prove that p2 = a 2cos2 a + b2 sin2 a 
a 2 b 2 ' 

24. Find a point on the parabola y = (x - 2)2 whose 
tangent is parallel to the line joining (2, 0) and 
(4, 4) 

/CBSE-93} 

25. Findthe equationoftangent to thecurve x2- 2y2 
= 8, which are perpendicular to the line x - y 
+ 29  = 0. 

26. At what point on the curve y = x2 on [-2, 3] is 
the tangent parallel to x-axis? 

27. Using Rolle's Theorem find the points on the 
curve y = x2, x E [-2, 2] where the tangent is 
parallel to x-axis. 

f CBSE-2000, 2001} 

ANSWERS 

1. (1t , -2) 
2. Increasing on (-1, ao); 

decreasing on (-ao, -1) 
Required point (-3, 0) 

4. x + y + I = 0 and x + y - 3 
= 0 

-3 5. - m  
2 

6. x+ y- 3 = 0 

8. Points are (0, 0), (1, 2) 
and (-1, -2) 

1 3 3 2 9. y = -
2

x -
4

x + 3x + 5  

11. Equation of tangentis y -
(a sin t - at cos t) = tan t 
fx - (a cos t + at sin t)]; 
equation of normal x cos t 

+ y sin t-a = 0 

15. 80x- 40y- 103 = 0 

(
3 -17

) 16. 2' 2 

17. l 0x - y - 8 = 0 and x + 
l 0y- 223 = 0 
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19. 48 X - 24y = 23  

20. 2x  + 2y = a 2 
y- Yo x- xo - 0 
a 2y0 - b 2x0 -

25. x + y ± 2 = 0 

21. XXo - YYo = 1 and a2 b2 

22. (0, 0) 
24. ( 3, 1) 

26. (0, 0) 

27. (0, 0) 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. Co-ordinates of a point on the cwve y = x log 
x at which the normal is parallel to the line 
2x- 2y = 3 are: 

(a) (0, 0) 
(c) (e2, 2e2) 

/RPET-2000} 
(b) (e, e) 
(d) e-2 - 2e-2) 

Solution 

(d) y= x log x ⇒ : = l + log x 

1 -1 
The slope of the normal = -

( dy/dx) 
= 

1 + log x 
The slope of the line 2x - 2y = 3 is 1. -1  --- = 1 ⇒ log x = -2 ⇒ x = e-2 

1 + log x 
y =-2e-2 
Co-ordinate of the point is (e-2, -2e-2) 

2. If the normal to the cwve y2 = 5x - 1, at the 
point (1, -2) is of the form ax - 5y + b = 0, 
then a and b are: /Pb. CET-2001} 
(a) 4, -14 (b) 4, 14 
(c) -4, 14 (d) -4, -14 

Solution 

(a) We have y2 = 5x- 1 ............... (i) 

At (1, -2); d
dx

y 
= [ 2

5 
] = 

-5 
y ( 1 , -2 ) 4 

:. Equation ofnormal at the point (1, -2) is, i 
5 

y- (-2) = (x- l ) ( ·: Slope ofnormal = i )  
5 

4x- 5y- 14 = 0 ........ (ii) 

As the normal is of the form ax - 5y +b = 0, 
comparing this with (ii), we get a = 4 and 
b =-14. 

3. The normal to the cwve x = a (1 + cos 0), 
y = a sin 0 at '0 ' always passes through the 
fixed point /AIEEE-2004} 
(a) (a, a) (b) (0, a) 
(c) (0, 0) (d) (a, 0) 

Solution 

(d) Slope of normal 

-d{a(l + cos0) }  
-dx d0 _ asin0 _ 0 = 

dy 
= ---,d

,..,.
(a=s=in__,0

,.,...
) -- -

a
-
co

_
s
_
0 -

tan 

d0 
Now, the equation of normal at 0 is, 
y-a sin 0 = tan 0 [ x  -a (1 + cos 0)] 
Clearly, this line passes through (a, 0). 

4. If ST and SN are the lengths of the subtangent 

and the subnormal at the point 0 = i on the 

cwve x = a(0 + sin 0), y = a(l  - cos 0), a -:f. 1, 
then: 

(a) ST= SN 
(c) ST2 = aSN3 

Solution 

/Karnataka CET-2005} 
(b) ST= 2SN 
(d) ST3 =aSN 

(a) ! = a(l + cos0),  de = a(sin0) 

dy 
dy

l = d0 = 
asin0 

= l Y I 
dx 0 = � dx a(l + cos0) ' e = i = • 2 d0 

y a 
Length of sub-tangent ST = 

dy/dx 
= 

1 
= a 

and length ofsub-normal SN = y : = a .1 = a 

Hence ST= SN 
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5. The equation of the tangent to the cwve x = 
2cos 3 0 and y = 3 sin 3 0 at the point 0 = x/4 is: 

/J & K-2005} 
(a) 2x + 3y= 3✓

2 
(b) 2x- 3y= 3✓

2 

(c) 3x + 2y= 3✓
2 

Solution 

2 1 
(c) x 10=( 2✓

2 = 
✓

2' 

(d) 3x- 2y= 3✓
2 

y I = _
3_ dy l = 

9sin 20cos0 
I = -3 

B = �  2✓
2'dx 8 = .". -6cos 20sin0 8 = .". 2 

4 4 

Equation of tangent is 

( y - 2� ) =  �( x -l) 
⇒ 3✓

2
x + 2✓

2
y = 6 ⇒ 3x + 2y = 3✓

2 

6. The cwve given by x + y = e•Y has a tangent 
parallel to the y-axis at the point 

(a) (0, 1) 
(c) (1, 1) 

Solution 

/AMU-2005} 
(b) (1, 0) 
(d) (-1, -1) 

(b) Cwve x + y = e'Y. Differentiating with re­
spect to x 

or 

1 + :  = e� ( y + X: ) 
dy _ yexy -1 
dx - 1- xe'Y 
dy 

dx = 00 

⇒ 1- xe•Y= 0 ⇒1- x (x + y) = 0 
This hold for x = l , y  = 0 

7. The function j{x) = (x - 3)2 satisfies all the 
conditions of mean value theorem in [ 3, 4]. 
A point on y = (x - 3)2, where the tangent is 
parallel to the chord joining ( 3, 0) and (4, 1) is: 
(a) (7/2, 1/2) (b) (7/2, 1/4) 
(c) (1, 4) (d) (4, 1) 

Solution 

(b) Let the point be (x 1 , yJ Therefore y 1 = 
(x 1 - 3)2 • • • • • • • • • • • • • • •  (i) 
Now slope of the tangent at (x" y 1) is 2(x 1 - 3), 
but it is equal to 1. Therefore, 2(x1 - 3) = 1 ⇒ 
x , = 7/2 

Y, = ( � - 3 J = ¼- Hence the point is 

( � , ¼) 
8. At what points of the cwve y = � x3 + .!. x2 

3 2 ' 
tangent makes the equal angle with axis 

{UPSEAT-1999} 

(a) ( ½ ,  }4 ) and ( -1, -¼ ) 
(b) ( ½ , ;) and (-1, 0) 

(c) (} , ½) and (-3, ½) 

(d) ( } , 4� )  and ( -1, - } )  
Solution 

( ) 2 3 1 2 dy 2 a y= -x + -x ⇒ -= 2x + x  3 2 dx 
... (i) 

Now tangent makes equal angle with axis 
y = 45 ° or -45 ° 

dy = tan (± 45°) = ± tan (45 °) = ± 1 
dx 

From equation (i), 2x2 + x = 1 (taking + 
ve sign) 

⇒ 2x2 + x- l= 0 
⇒ (2x- l ) (x + l )= 0 

X = 1/2, -1 

From the given cwve, when x = .!. , 2 

Therefore, required points are ( ½ ,  }
4 
) and 

( - 1, - ¼ ) 
9. The length of the subtangent to the cwve 

x2 y2 = a" at the point (-a, a) is: 

(a) 3a 
(c) a 

/Karnataka CEE-2001} 
(b) 2a 
(d) 4a 



Solution 

( c) Equation of cwve x2 y2 = a4 

Differentiating the given equation 

x2y2 : + y2 2x  = 0 ⇒ : = -: 

⇒ ( : ) = -( !!... ) = 1 
(-a, a )  -1 Therefoce Sub-hmgent - ( ± ) - a. 

10. An equation of tangent to the cwve y = x4 from 
the point (2, 0) not on the cwve is: 

(a) y= 0 
/RPET 2000} 

(b) X = 0 
(c) x+ y = 0 (d) None of these 

Solution 

(a) Let the point of contact be (h, k) where k = h4 

Tangent is y- k= 4h3 (x-y) [ .-. : = 4x3 ] 

It passes through ( 2, 0) :. -k = 4h3 ( 2  - h) ⇒ h = 0 or 8/3 
k = 0 or ( 8/3)4 

points of contact are (0, 0) and 

( �, ( � J J  
Equation of tangents are y = 0 and 

y-(� J = 4 0 J( x- n i.e., y = 0. 

11. The sum of intercept on the co-ordinates 
axes made by tangent line to the cwve 
✓x + ✓Y = ✓a is /RPET-1999} 
(a) a (b) 2a 
(c) 2✓a (d) None of these 

Solution 

(a) ✓x + .Jy= ✓a=a; _
l
_ + _

l_ dy _ O 
2✓x 2.Jy dx -

dy ✓Y 
dx 

= -
✓x

, Hence tangent at (x, y) is 

Y - y = -✓Y (X - x) 
✓x 

or X .Jy + Y ✓x = ,,/xy( ✓x + ✓Y) = Jax; 
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X y 
or ✓x✓x 

+ 
✓a.Jy 

= 1, Clearly, its intecepts 

on the axes are ✓a✓x and ✓a.Jy 
Sum of intercept 
= ✓a( ✓x + .Jy) = ✓a x ✓a = a 

12. If tangent to the cwve y2 = x3 at point (m2, m3) 
is also a normal to the cwve at point (M2, M3), 
then mM is equal to 

(a) -1/9 
(c) -1/3 

Solution 

(b) -2/9 
(d) -4/9 

{NDA-05} 

(d) On differentiating 2y dy 
= 3x2 

dx 

⇒ 

⇒ 

dy 3x2 
dx = 2y 

slope of tangent at point (m2, m 3) 

3m4 3 
= -2 3 

= -m and slope of the normal at 
m 2 

point (M2, M3) 

= -( 
:; t = -:z: = - 3� 

3 2 -m=--
2 3M 4 mM=--9 

13. The equation of the tangents to the cwve y = 

(x3 - 1) (x - 2) at the points where it meets 
x-axis are /Roorkee-80} 
(a) y + 3x = 3, y- 7x - 14 = 0 
(b) y- 3x = 3, y- 7x + 14 = 0 
(c) y + 3x = 3, y- 7x + 14 = 0 
(d) None of these 

Solution 

(c) y = 0 ⇒ x = 1, 2. Hence given points are 
(1, 0) and (2, 0). 
Now find equation of tangent at two points. 
dy = 3x2 ( x- 2) + x3- l  
dx 

slope of tangents at (1, 0); m 1 
= -3 

at ( 2, 0); m2 = 7 
:. eqn are y- 0 = -3(x- l ); y- 0 = 7(x- 2) 

14. If the sum of the squares of the intercepts 
made by the tangent to the cwve x 113 + y113 = a 113 
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(a> 0) at point (a/8, a/8) on coordinate axes is 
2, then the value of a is: /DCE-94} 
(a) 1 (b) 2 
(c) 4 (d) 8 

Solution 

(c) Equation of tangent (x l ' y 1) is X Y 113 
-in + -in = a 
x, y, 

Swn of squares of intersects 
x/13 a'113 + y/13 a'113 = a'113 

⇒ a = 4 

..... (i) 

15. The point on the curve y2 = 2x3 where tan­
gent to the curve is perpendicular to the line 
4x - 3y = 0 is: /MNR-98} 
(a) (2, 4) (b) (1, -J2) 
(c) (1/2, 1/2) (d) (1/8, -1/16) 

Solution 

dy _ 3x2 • • dy 3 (d) dx - y . At requrred pomt 
dx 

= -4. 

3x2 3 ⇒ - = -- ⇒ y = -4x2 

y 4 
Solving this with the equation of the curve, 
X = 1/8, y = -1/6 

16. One angle of intersection between the curves 
y2 = 2xht and y = sin x is: 
(a) tan -1 (-l ht) (b) cot -1 (-l ht) 
(c) tan -1 x (d) cot -1 x 

Solution 

(d) For point of intersection sin 2 x = 2xht 
⇒ x = 0, x/2 ⇒ y = 0, I 
⇒ points of intersection are (0, 0), ( x/2, 1) 2 2x dy I 

Now y = - ⇒ -= -
n dx ny 

. dy 
y

= sm x ⇒ - = cos x 
dx 

At (x/2, 1), ( !J = ¾{ :1 = 0 

Angle of intersection = tan _, ( /�
1t

l �1t�O ) 

= tan -1 (1/x) = cor' x 

17. The length of the tangent at any point to the 
curve x'113 + y

'113 = a'113 which is intercepted 
between the axes, is 

(a) a 
(c) ✓a 

/EAMCET-91, PET (Raj.) -2002} 
(b) 2a 
(d) a/2 

Solution 

(a) Any point on the curve is (a cos 30, a sin30) 
dy y 113 s in0 - - :. equation of the tangent 
dx - -

x1 13 - cos 0 
at this point is 

. s in0 y -a sm3 0 = ---( x  -acos 3 0) 
cos0 

⇒ _x_ + -1:'._  = a 
cos0 sin0 

Its length intercepted between axes 

18. The angle of intersection between curves x2 + 
4y + 1 = 0 and x2 - 4y - 1 = 0 is: 

/UPSEAT-2002; Haryana (CEET)-2004} 
(a) rr/2 (b) x/4 
(c) rr/3 (d) 0 

Solution 

(d) ( : J = -1,  ( : l � Point of inter-

section = (0, -1/4) 

. . 
(

dy) (
dy) At this pomt dx 1 = 0, dx 2 = 0 

⇒ angle of intersection = oc. 

19. The equation of the normal to the curve x2 = 4y 
which passes through the point (1, 2) is: 

(a) x- y- 3 = 0 
(c) x + y- 3  = O 

Solution 

/IIT-84; PET-92} 
(b) x + y + 3 = 0 
(d) x- y + 3 = 0 

(c) : = 1 · Let normal point be (x l ' y1) . Then 

slope of the normal = -2/x 1 • Hence equation of 
normal at (xl ' y 1) is: 

........ (1) 



It passes through given point (1, 2), so 
2 2- Yi = --(l- x1) 
X1 

⇒ � � = 2 ... w 

Also (xl ' y 1) lies on the given curve, so 
x/ = 4y1 • • • • • • • • • • • •  ( 3) 
(2), ( 3) ⇒ X

1 = 2, y1 = 1 
Hence from (1), equation of normal will be 
y- 1 =- (x- 2) 
⇒ x+ y = 3 

20. If the function.f{x) = x3 - 6ax2 + 5x satisfies the 
conditions of Lagrange 's mean value theorem 
for the interval [ l , 2] and the tangent to the 

curve y = .f{x) at x = ?... is parallel to the chord 
that joins the points of intersection of the 
curve with the ordinates x = I and x = 2. Then 
the value of a is 

/MPPET-1998} 
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(a) 3 5  (b) 35  
16 48  

(c) 7 (d) 5 
16 16 

Solution 

(b) .f{b) = 1{2) = 8 - 24a + 10 = 18- 24a 

.f{a) = .f{l)  =l - 6a + 5 = 6 - 6a 

f'(x) = 3x2-12ax + 5 
From Lagrange's mean value theorem, 

⇒ 

f'(x) = f(b) - f(a) = 18- 24a - 6 + 6a 
b - a 2-1 

f(x) = 12 - 18a 

At x = ?_ 3 x 4 9  -12a x ?_ + 5 = 12 -18a 
4' 16 4 

147 3 5  3 5  3a = --7 ⇒ 3a = - ⇒ a = -
16 16 48  

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. The slope of the normal to the curve y = cos 6. The equation of tangent to the curve y = 2 cos 
2x at x/6 is x at x = x/4 is 
(a) .J?, (b) -1/J3 (a) y - v'l  = 2v'2( x - �) 
(c) 2/J3 (d) None of these 

2. The tangent to the curve x2 + y2 - 2x - 3 = 0 is (b) y + v'2 = v'2( X + �) 
parallel to x-axis at the point 
(a) ( 2 , ±J3) (b) (1, ± 2) ( C) y - v'2 = -v'2( X - � ) 
(c) (± 1, 2) (d) (± 3, 0) 

3. The tangent to the curve y = 2x2 
- x + I is par- (d) y - v'l  = v'2( x - �) allel to the line y = 3x + 9 at the point whose 

co-ordinate are 7. The normal to the curve x = a ( cos 0 + 0 sin 0) (a) (-1, 5) (b) (1, 2) 
(c) (2, 7) (d) ( 3, 16) y = a (sin 0 - 0 cos 0) at any point 0 is such 

that 
4. The equation of normal to the curve y = x + /IIT-1983 ; DCE-2000; 

sin x cos x at x = x/2 is AIEEE-2005} 
(a) X = 2 (b) x = -1t (a) It makes a constant angle with x-axis 
(c) X = 1C (d) x = x/2 (b) It pass through the origin 

5. If y = 4x - 5 is tangent to the curve y2 = px3 + q 
( c) It has constant distance from the origin 

at (2, 3) then (d) None of these 

(a) p = 2, q =-1 (b) p =-2, q = 1 8. If the parametric equation of the curve is 
(c) p =-2, q =-1 (d) p = 2, q = 1 given by x = e' cos t, y = e I sin t, then the angle 
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made by tangent to the cwve at the point 
t = x/4 with axis of x: 
(a) 1t 

(c) 2x 
(b) x/2 
(d) x/4 

9. The abscissa of the point on the cwve y = a 
(ex/a + e-xla) where the tangent is parallel to the 
x-axis is: /MPPET-2008} 
(a) 0 (b) a 

(c) 2a (d) -2a 

10. The line :: + l = 1 touches the cwve y = be-xl• 
a b 

at the point 
(a) (a, b/a) 
(c) (a, a/b) 

(b) (-a, b/a) 
(d) None of these 

11. The co-ordinates of the point on the cwve y = 
x2 + 3x + 4. The points at which tangent passes 
through the origin are: 
(a) (2, 2); (-4, 14) (b) (-2, 2); (2, 14) 
(c) (-2, -2); (2, -14) (d) None of these 

12. The length of subtangent to the cwve 
✓x + Jy = 3 at the point (4, 1) is: 
(a) -2 (b) l l2 
(c) -3 (d) 4 

13. If ax + by + c = 0 is a normal to the cwve 
xy = I then: /IIT-1986; UPSEAT-2005} 
(a) a <  0, b > 0 
(b) a <  0, b < 0  
( c) a> 0, b < 0 or a <  0, b > 0 
(d) a, b ER 

14. If at any point S of the cwve by2 = (x + a)3, the 
relation between subnormal SN and subtan­
gent ST be p(SN) = q(ST)2 then pi q is equal to 

(a) 8b/27 
(c) b/a 

/PET (Raj.) -99; EAMCET-1991} 
(b) 8a/27 
(d) None of these 

15. The point (S) on the cwve y3 + 3x2 = l 2y 
where the tangent is vertical (Parallel to 
y-axis), is (are): /IIT Screening-2002} 

(a) ( ± �, - 2 ) (b) ( ± � , 1 ) 

(c) (0, 0) (d) ( ± � • 2 ) 

16. For the cwve by2 = (x + a)3 the square of sub­
tangent is proportional to: 

(a) (subnormal) 112 

(c) (subnorma1)312 /RPET-1999} 
(b) subnormal 
(d) None of these 

17. The area of the triangle formed by the 
co-ordinate axes and the normal to the cwve 
y = e2x + x2 at the point (0, 1) is: 

(a) 0 
(c) l l2 

/Kerala PET-2008} 
(b) 1 
(d) 2 

18. The tangent to the cwve y = e2x at the point 
(0, 1) meets the x-axis at: 

(a) (0, 0) 
(c) (-l l2, 0) 

/RPET-2002} 
(b) ( 2, 0) 
(d) None of these 

19. The slope of the tangent cwve represented 
by x = f + 3 t- 8y = 2f - 2t - 5 at the point 
M(2, -1) is: 

(a) 7/6 
(c) 3/2 

/MPPET-2008} 
(b) 2/3 
(d) 6/7 

20. If the normal to the cwve y = j{x) at the point 

( 3, 4) makes an angle 3n with the positive 
4 

x-axis then/'( 3) is equal to: 

(a) -1 
(c) 4/3 

/IIT Screening-2000; 
DCE-2001} 

(b) -3/4 
(d) 1 

21. The slope of normal at the point (at2, 2at) of 
parabola y2 = 4 ax is: 
(a) l it 
(c) -t 

(b) t 
(d) -l it 

22. The length of tangent to the cwve x = a ( cos t 
+ log tan t/2) y = a sin t is: 
(a) ax (b) ay 
(c) a (d) xy 

23. For the cwve xy = c2 the subnormal at any 
point varies as: 

(a) x2 

(c) y2 

/Karnataka-CET-2003} 
(b) x3 

(d) y3 
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SOLUTIONS 

-1 -1 
1. (d) Slope of normal dy -

-2sin 2x 
at 

dx 

2. (b) · :  tangent is parallel to x axis dy = 0 ; 
dx 

Given equation is y2 = -x2 + 2x  + 3 

differentiating, 2y dy = -2x + 2 = 0 
dx 

x = I , put in equation y2 = -1 + 2 + 3 
y = ± 2 ; point is (1, ± 2) . 

4. (d) Given cwve y = x + sin xcos x 

7t . 7t 7t 7t at x = n/2 · y = - + sm-cos- ⇒ y = -' 2 2 2 2 

Also : = 1 + :( ½sin 2x) at x = � 

7t 
= 1 + cos 2x at x = - = I - 1 = 0 

2 

5. (a) Step 1: The equation of tangent to the 
cwve Y = f( x) at the point P ( xl'y1 ) is 

y - Yi = :1 ( x  - X1) 
(x1 ,Yi ) 

So from given cwve 
dy 2 2y- = 3px 
dx 

dy
l _ 3 px2

1 
_ 12p _ 2p 

dx ( 2 , 3 )  2Y (2 , 3 )  6 

⇒ 

The equation of tangent is 
y - 3 = 2p( x  - 2) ⇒ y - 3 = 2 px - 4p 

y = 2px - 4p + 3 

y = 4x - 5 (given) 
................ (1) 
................ ( 2) 

Equation (1) and (2) are coinciding each other 
if 2p = 4 ⇒ p = 2 
Step 2: Putting x = 2, y = 3 and p = 2 in cwve 
9 = 16 + q ⇒ q = -7 

6. (c) Given y = 2cos x is cwve 

7t 7t 1 r,:; If x = - · y = 2cos- = 2.-= v 2 
4' 4 ✓

2 

Equation is y - ✓
2 

= !( x - �) 

dy = -2sin x 
dx 

at X = � = -✓2, 

: .  Equation is y - ✓
2 

= -✓
2

(x - }i J 

7. (c) Step 1: x = a(cos0 + 0sin0) 

⇒ dx = a(-sin0 + sin0 + 0cos0) 
d0 
dx ⇒ -= a0cos0 
d0 

and y = a(sin0 - 0cos0) 

dy = a[ cos0 - cos0 + 0sin0] 
d0 

⇒ dy = a0sin0 
d0 

........ (1) 

........ (2) 

Step 2: From equation (1) and (2) we get 
dy -= tan0 ⇒ slope of normal= -cot e 
dx 

Equation of normal at '0 ' is 
y-a(sin x 0- 0 cos 0) 
= cot 0(x-a(cos 0 + 0 sin 0)) 

⇒ y sin 0 -a sin2 0 + a 0 cos 0 sin 0 
= -x cos 0 + a cos 2 0 + a 0 sin 0 cos 0 

⇒ x cos 0 + y sin 0 = a 
Clearly this is an equation of straight line 
which is at a constant distance 'a ' from origin. 
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dy dy 1 -e' (cos t + s in t) 
8· (b) 

dx 
= 

dt 
x dx = 

e' ( cos t - sin t) 
dt 

7t . 7t cos - + sm -
at t = � - dy = 4 4 = Not defined 

4' dx 1t . 7t 
' 

cos -- sm -
4 4 

0= 90° 

with x-axis. 

dy 1 9. (a) - = a (  ex/a - e-x/a ).- = 0 
dx a 

ex/a = e-xla 
⇒ X = 0 

NOTE 

If a line is parallel to x-axis, slope = 0 

10. (d) Let point of contact be ( x1 , Yt) 

dy = be-x, la
(
-1

) = -b 
dx a a 

e-x, la = l ⇒ xl = 0; put in � + f = 1 

to get y = b, 
Point is (0, b) 

11. (b) Step 1: The given equation of the curve is 
y = x2 + 3x + 4 ......... (1) 

Differentiating (1) w.r.t. x, we get 
dy

= 2x + 3  
dx 

Let the tangent at (x l ' y 1) to the curve (1) pass­
es through the origin 

(
dy

)I = 2x1 + 3 
dx 

{x, ,Y, ) 

Step 2: The equation of tangent to (1) at (xl ' 
Y 1) is 

y- Yt = ( ! )I (x- x1 ) 
(xi ,yi ) 

or y - Yi = ( 2x1 + 3)( x - x1) 
But it passes through the origin (0, 0) 

0 - Ji = ( 2X1 + 3)( 0 - X1) 

or -Yi = -2xt - 3x1 
Yi = 2xt + 3x1 

But ( x1 ,y1 ) is on (1) 
........ ( 2) 

Yi = xt + 3x1 + 4 
From (2) and ( 3), 

Step 3: xt = 4 ⇒ x1 = ±2 

when x1 = 2 , from (2), 

Y1 = 2.(-2) 2 + 3.(-2) = 2 

........ ( 3) 

Hence the required points are (2, 14) and (-2, 2). 

12. (a) Consider ✓x + .Jy = 3 
differentiating w.r.t. x 

_
1
_ + _l _ dy = O 

2✓x 2.Jy dx 

dy - ✓Y I dx 
- - ✓x (4, 1 ) 

dy 
dx 

= 1 
2 

Length of subtangent = 
: 1 

(x1 ,Y1 ) 

= Yi = -2 
m 

-a 
13. (a, c) Slope ofnormal = 

b 
-1 -a dy 1 -= - ⇒ -= b/a where y = -dy b dx X 

dx 
-1 b 
2 =bla ; :. - < 0 
X a 

i.e., a> 0 then b < 0 or a <  0 then b > 0 

14. (a) Given b/ = ( x  + a) 3 .................. (i) 

2by dy = 3( x + a) 2
⇒ 

dy = 3( x + a) 2 

dx dx 2by 

3( x + a) 2 

SN= y x m= ---
2b 

ST= 2:'.. = 2by2 

m 3( x + a) 2 

2( x  + a) 3 2(x + a) = = ---
3( x +a) 2 3 

(using ............. (i)) 

J!... = ( ST) 2 

= i( x + a) 2 x 2b _ 8b 
q SN 9 3( x + a) 2 27 



dx 
15. (d) Step l :  For vertical tangent dy 

= 0 

Differentiating w.r.t. y 

dy dx 12 - 3y2 
3y2 + 6x- = 12 ⇒ - = --- = 0 

dx dy 6x 

⇒ 3y2 = 12 ⇒y = ±2 

Putting y = -2 , 3x2 = -24 + 8 

NOTE 

-1 6 x2 = - not possible 
3 

only possible values is y = 2 ,  which is 
in option (D) 

For real x, x2 :2'. 0 i .e ., 
Square of real value is positive or zero. 

16. (b) From Question 14; 

( ST) 2 
= const ⇒ :. ( ST) 2 is proportional to 

SN 
SN. 

-1 
17. (b) Slope of normal = 

dy 
= 

2e1' + 2x 
dx l at x = 0 slope = --

2 l Equation of normal, y - 1  = -2( x  - 0) 

(0 , 1 ) 
p 

0 
Q(2,0) 

2y - 2 = -x ⇒x + 2y = 2 

::. + l'.. = l ,  
2 l 

OPQ is required triangle 

Area = .!_ x OP x OQ = .!_ x l x 2 = l sq.unit. 
2 2 
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18. ( c) y = e2x is given curve. 
Equation of tangent; y - l = m(x - 0) 

m = 
dy 

= 2e2x at x = 0, m = 2 
dx 

y - 1  = 2x  ⇒ -2x + y = l 

-;- + T = 1, x intercept is (-½, 0) 
2 

19. (a) Here x = 11 + 31 - 8 = 2 

Also 

t1 + 3t - l 0 = 0 ⇒ ( t + S)( t - 2) = 0 

t = -5 or t = 2 ..... (i) 

y = 211 
- 21 - 5 = -1 ⇒ 12 - I - 2 = 0 

( t- 2) ( t + l )  = 0 or t = -1, 2 .......... (ii) 
Taking common value from (i) and (ii) t = 2 

dy 

-
dy 

= 
.s!J... 

= 
21 + 3 

at I = 2 Slope - dx dx 41 - 2 
di 

7 
6 

20. (d) Step l :  Slope of normal at a point ( 3, 4). 
-1 l = 

dy
l 

= -
/'( 3) 

dx ( 3 , 4) 

Step 2: By definition; slope of normal = tan 0 
where 0 is angle between positive direction of 
x-axis and normal. 

tan0 = tan l 3 5 = -1 

3 _ _ l_ = -1 ⇒/'( 3) = l Step : /'( 3) 

-1 -dx 
21. ( c) Slope of normal = 

dy 
= 

dy 
dx 

Given curve y2 = 4ax 

differentiating, 2y ! = 4a 

dy 2a -y - 2 1 - = -; m (normal) = - at y - a 
dx y 2a 
:. M (normal) = -t 
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dy 

22. ( c) Slope of tangent = m = </Jx 

dt 
a cos t m = ---------[ . 1 2 f l l  a -sm t + ---sec -.-

tan !_ 2 2 

cos t cos ts in t cos tsin t 
m = --- - = = ---

. 1 1 - sin 2 t cos 2 t -sm t + -
sin t 

= tan t 

length of tangent = Y ✓I + �2 

= y.JI + cot 2 t = y x cosec t = asin t. -.
1
-

sm t 
y = a 

23. (d) subnormal = y x m; m = slope of tangent 
dy -c2 

m = - = - ( ·: y = : ) dx x2 

C -c -c 2 ( 2 ) 4 
Subnormal = -. - = -

x x2 x3 

Subnormal varies as y 3
• 

p SN§bt! Lb SJJ& I I I L , kbdlll!!§ ll&Lil I mat PNSdlll!!§ PSN , kl@ I ILL). wr :vrrrncre HHP r:rr ts s: trtsx ◄ 
1. 

2. 

3. 

4. 

5. 

The slope of tangent to the cwve y = (x + 1) 
(x - 3) at the points when it cut the axis of x 
are: 
(a) 1, 3 (b) -1, 3 
(c) 4, -4 (d) None of these 

For the cwve x = t2 - l , y  = t2- t. The tangent 
line is perpendicular to the x-axis where: 
(a) t= 0 (b) t= oo 
(c) t = 1/✓

3 
(d) t = -1/✓

3 

The straight line x + y = a will be tangent to 
x2 y2 

the cwve - + - = 1 at a = 
9 16 

(a) 8 (b) ± 5 
(c) ± 10 (d) ± 6 

The points on the cwve y = l 2x - x3 at which 
the gradient is zero are 
(a) (0, 2), (2, 16) 
(b) (0, -2), (2, 16) 
(c) (2, -16), (-2, 16) 
(d) (2, 16), (-2, -16) 

The point of cwve y2 = 2(x - 3) at which the 
normal is parallel to line y - 2x + 1 = 0 is: 

/MPPET-1998} 
(a) ( 5, 2) (b) (-1/2, -2) 
(c) ( 5, -2) (d) ( 3/2, 2) 

6. If the equation of the cwve remain unchanged 
by replacing x and y from y and x respectively 
then the cwve is: 
(a) Symmetric along x-axis 
(b) Symmetric along y-axis 
( c) Symmetric along the line y-axis 
(d) Symmetric along line y = x. 

7. The slope of the tangent to the cwve x = 3 t2 
+ 1, y = t3 - 1 at x = I is: 

/Karnataka-CET-2003} 
(a) 0 (b) 1/2 
(c) oo (d) -2 

8. If the line y = 2x + k is a tangent to the cwve 
x 2 = 4y, then k is equal to 
(a) 4 (b) 1/2 
(c) -4 (d) -1/2 

9. At what point on the cwve x3 - 8a2y = 0, the 
slope of the normal is -2/3 

/RPET-2002} 
(a) (a, a) (b) ( 2a, -a) 
(c) (2a, a) (d) None of these 

10. The equation of tangent at (+4, -4) on the 
cwve x2 = -4y is 

/Karnataka CET-2001 ; 
Pb. CET-2000} 



(a) 2x+ y+ 4 = 0 
(c) 2x+ y- 4 = 0 

(b) 2x- y- I 2 = 0 
(d) 2x- y+ 4 = 0 

11. The abscissa of the points where the tangent 
to curve y = x3 - 3x2 - 9x + 5 is parallel to 
x-axis, are /Karnataka CET-2001} 
(a) O and O (b) x= l and-1 
(c) x= l and-3 (d) x=-l and 3 

12. If normal to the curve y = j{x) is parallel to 
x-axis, then correct statement is 

(a) dy = O dx 
dx (c) - = 0 
dy 

/RPET-2000} 

(b) dy = I dx 

(d) None of these 

13. The equation of the normal to the curve 

y = s in m at (l, l) is 
2 

(a) y= I 

(c) y= x 

(b) X = I 
-2 (d) y -l= -(x - I) 
7t 

/AMU-99} 
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14. The tangent to the curve y = ax2 + bx at (2, -8) 
is parallel to x-axis. Then 

(a) a = 2, b = -2 
( c) a = 2, b = -8 

/AMU-1999} 
(b) a = 2, b = -4 
(d) a = 4, b = -4 

15. The abscissa of the points of curve y = x(x - 2) 
(x - 4) where tangents are parallel to x-axis is 
obtained as: {UPSEAT-1999} 

2 1 (a) x = 2 ± 
✓

3 (b) x = I ± 
✓

3 

1 (c) x = 2 ±
✓

3 (d) x = ± I 

16. The length of normal to the curve x = a (0 + 
sin 0), y = a ( I- cos 0) at the point 0 = x/2 is 

(a) 2a 
(c) ✓

2
a 

/RPET-1999} 
(b) a/2 
(d) a/✓2 

17. The line x + y = 2 is tangent to the curve x2 = 

3 - 2y at its point /MPPET-1998} 
(a) (1, 1) (b) (-1, 1) 
(c) ( ✓

3

, 0) (d) ( 3, -3) 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is  immediately below the 
worksheet . 

2. The test is of 1 7 minutes . 
3. The worksheet consists of 1 7 questions . The 

maximum marks are 5 1 .  
4. Use Blue/Black Ball point pen only for writing 

particulars/marking responses . Use of pencil is 
strictly prohibited . 

1. W hat is the x-coordinate of the point on the 
cUIVe /( x) = ✓x(7x- 6), where the tangent 
is parallel to x-axis? [NDA-2007/ 
(a) -1/3 (b) 2/7 
(c) 6/7 (d) 1/3 

2. The tangent to the cUIVe y = 2x2 - x + l at 
a point P is parallel to y = 3x + 4, the co-
ordinates of P are [RPET-2003/ 
(a) (2, 1) (b) (1, 2) 
(c) (-1, 2) (d) (2, -1) 

3. The equation of the tangent to the cUIVe 
(1 + x2) y = 2 - x, where it crosses the x-axis, is 

(a) x+ Sy = 2 
(c) 5x- y= 2 

[Kerala (Engg.)-2002/ 
(b) x- Sy= 2 
(d) Sx+ y- 2 = 0 

4. The point at which the tangent to the cUIVe 
y = 2x2 - x + l is parallel to y = 3x + 9 will be 

(a) (2, 1) 
(c) ( 3, 9) 

[Kurukshetra CEE-2001/ 
(b) (1, 2) 
(d) (-2, 1) 

5. Equation of the normal line to the cUIVe y = x 
log x parallel to 2x - 2y + 3 = 0 is 
(a) x - y = 3e-2 (b) x - y = 6e-2 
(c) x- y = 3e2 (d) None of these 6. The points on the cUIVe 9y2 = x3 where the 
normal to the cUIVe makes equal intercepts 
with the axis is 

(a) ( 4, � ) or ( 4,-� ) (b) (-4 ,�) 

(c) ( -4 ,-�) (d) None of these 

7. The slope of the tangent to the cUIVe y = l 6 - x2 
at x = 0 is 

(a) 0 
(c) 2 

(b) -2 
(d) 16 8. The tangent to the parabola x2 = 2y at the point 

( l ,  ½ )  makes with x-axis an angle 

(a) 0° (b) 45 ° 

(c) 30° (d) 60° 9. The tangent to the cUIVe y = e2"' at the point 
(0, 1) meets the x-axis at 
(a) (0, 0) (b) ( 2, 0) 

(c) ( -½ , o) (d) None of these 

10. The equation to the normal to the cUIVe y = sin x 
at (0, 0) is 
(a) X = 0 
(c) x+ y = 0 

(b) y = 0 
(d) x- y= 0 

11. The length of the subtangent to the cUIVe x2 + 
xy + y2 = 7 at (1, -3) is 
(a) 3 
(c) 15 

(b) 5 
(d) 3/5 

12. Equation of normal to the cUIVe y = x (2 - x) 
at the point (2, 0) is 
(a) x- 2y = 2 
( C) X - 2y + 2 = 0 

(b) 2x+ y= 4 
(d) None of these 

13. The subtangent, ordinate and subnormal to the 
parabola y2 = 4ax at a point ( different from the 
origin) are in 
(a) G.P. 
(c) H.P. 

(b) A.P. 
(d) None of these 

14. The points at which the tangent to the cUIVe y 
= x3 + 5 is perpendicular to the line x + 3y = 2 
are: 
(a) ( 6, 1), (-4, 4) 
(c) ( 6, 1), (4, -1) 

(b) ( l , 6), (1, 4) 
(d) (1, 6), (-1, 4) 

15. If x = t2 and y = 2t then equation of normal at 
t = l is [RPET-1996/ 
�) x+ y = 3 �) x + y = l 
�) x + y + l = 0 @) x+ y+ 3 = 0 

16. What is the slope of tangent to the circle x2 + 
y2 = 2 at (1, 1 )? [Gurajrat CET-2007/ 
(a) 0 (b) 2 
(c) 1 (d) -1 



17. What is the equation of tangent to the cwve x 
= cos t, y = sin t at t = x/4 

/Gujrarat CET-2007} 

(a) x +  y = ✓
2 

(c) x- y = ✓
2 
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(b) x- y= 2 

(d) x + y = 2 

ANSWER SHEET 
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3. (a) Step 1: The equation of tangent to the 
cwve at the point ( x"Yi) is: 

Step 2: 

(l + x2 /Y + 2.xy = -l⇒ dy 
= _ (1 + 2 .xy) 

dx dx 1 + x2 
For abscissa ofrequired point y= 0 (x-axis) in 
equation of cwve. 

0 = 2- x ⇒ x = 2 
⇒ Point of cwve is (2, 0) 

: 1(2 , 0 )  = -(¼) 
So, the equation of tangent from step 1 

1 
y - 0 = --(x - 2) 

5 
or x + Sy = 2 

6. (a) · : Normal makes equal intercept 
-1 

(MN) slope = ± 1 = 
dy/dx 

Given cwve is 9y2 = x3 

Differentiating, 

18  dy 3 2 dy x2 + 1 y 
dx 

= X ⇒ 
dx 

= 
6y 

= -

Squaring x4 = 36y2 
⇒ x4 = 3 6( � J (·: y2 = � J 

2 4 3 64 8 x = 4 ; y  =
9

=
9

⇒ y = ±
3 

:. Points are ( 4 , ±fl 

10. (c) Step 1: M = 
dy

l = cos xl co 0 > = 1 = 
dx (0 , 0 ) 

Slope of tangent 

Slope of normal = -1 
Step 2: The equation of normal 

y- O =-l(x- 0) 
x + y= O 
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15. (a) Step 1: The equation of normal to the 
cwve y = f( x) at point ( x"y,) is 

-1 
y- y = -( x- x ) 

l dy l 

dx 

Step 2: The point (x, y) = (1, 2) is defined at 
t= I 

dy 
dy = dt = �1 = 1 
dx dx 2( t= l 

dt 
The equation is 

1 
y - 2 = --( x  -1) ⇒ y - 2 = -x + I 

1 
⇒ x + y= 3 



L E C T U R E  

Maxima and 
Minima 1 

p BASIC CONCEPTS d 
1. A function fix) has a maximum value at x = a, 

iffi:a) is greater than any other value of./{x) in 
some interval (a - h, a+ h) where h is small. 
This is also called local or relative maxima. 

2. A function fix) has a minimum value at x  = a, if 
fia) is less than any other value of./{x) is some 
interval (a - h, a+ h) where h is small. 

3. The necessary condition for a function y = f(x) 
to have a maximum or minimum value at a point 
is that dy = O or f '(x) = 0 at this point. But the 

dx 
converse of the above theorem is not ture i.e., 
Iff (a)= 0, then fia) may not be the extreme 
value for example:fi:x) = x3 at x = 0. 
Heref '(x) = 3x2;f(0) = 0. 
But O is neither maximum nor minimum value 
of fix). 

4. Critical P oint If/ is defined at c, then c is 
called a critical point of/if/(c) = 0 or if/' is 
undefined at c. 

5. First Derivative Test If a function has a maxi­
mum value at x = a, thenf(x). 
(i) Changes sign from +ve to-ve as x  increases 

from values slightly less than a to those 
which are slightly greater then a. 

OR 
If./{x) is maximum if/(x) = 0 and/(x) changes 
sign from +ve to -ve. 
(ii) If function fix) has a minimum value at 

x = a, thenf(x) changes sign from-ve to 
+ve as x increases from values slightly 

OR 

less then a to those which are s lightly 
greater than a. 

If./{x) is minimum if/(x) = 0 and /(x) changes 
sign from- ve to + ve. 
Example: fix)= 2x3 - 9x2 + 12x - 3, x = 1 point 
of maxima. 

6. U se of Second Derivative Test 
1. A function fi:x) is maximum at x = a iff(a) 

= 0 andf'(a) < 0. 
2. A function fi:x) is minimum at x = a iff(a) 

= 0 andf'(a) > 0. 
Working Rule when/'(a) = 0 
(i) f"(a)-:/- 0, x = a is a point of inflection. 
(ii) If/"(a) = 0 and pv (a)-:/- 0, then 
(1) fia) is maximum at x = a ifpv (a) < 0 
(2) Minimum at x = a if/iv(a) > 0 and so on. 

NOTES 

1. If/'(a) = f "(a) = . . . . . .  = J • - 1(a) = 0 a nd f " (a) 
-:/- 0. If functionfi:x) has maximum or minimum 
value, then n is even . 
(i ) fia) is minimum at x = a; ifj"(a) > 0 and 

n is even . 
(ii) fia) i s  maximum at x = a ifj"(a) < 0 and 

n is even . If n is odd then function has 
neither maximum nor minimum at x = a. 

2. In an open interval , a continuous function may 
not hav e a m aximum or minimum value but 
in closed interval it always has a maximum 
and a minimum v alue. (Every continuous 
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3. 

4. 

5. 

6. 

7. 

function has a maximum and a minimum value in 
closed interval) .  
Maximum and minimum values of a function 
j(x) are called extremum or turning or st ationary 
or critical values and a point which is either a 
point of local maxima or local minima is called 
an extreme point . 
By maximum values of a functionj(x) at x = a we 
do not mean the greatest value of the function , of 
course, it is the greatest only in the neighourhood 
ofa i .e . ,  in the interval (a - h, a +  h). A function 
can have several maximum values and similarly 
it can have several minimum values . 
The rate of change of function at stationary point 
is zero . 
General properties of m aximum and mini-
mum values of a function:  
1. 

2. 

Between two equal values ofj(x), there must 
lie at least one maximum or minimum value .  
Maximum and minimum values of a func-
tion occur alternately i .e . ,  if there are three 
successive critical values of j(x) then if 1 st 
gives maximum, 2nd will give minimum and 
3 rd maximum and so on . 

The largest (smallest) values of a functionj(x) in 
an closed interval value [ a, b] is either a maxi-
mum (minimum) value ofj(x) at a point inside 
the interval or the value ofj(x) at an end points 
of the interval i .e . ,  at x = a or x = b. 

7. 

8. 

9. 
10. 

Angle oflntersection of two Curves The angle 
of intersection of two curves is defined as the 
angle between the tangents to the two curves 
at their point of intersection. Let two curves be 
y = j(x) and y = g(x) and if point of intersection 
is (x l'y 1) and let 

m1 = dy I = f'(x) 
dx <x, . y, l 

and m2 = !I = g'( x) 
(x, , yi ) 

If angle between the two curves is 0, then tan 

0= 
m1 - m2 

I + m1m2 

If two curves cut e ach other orthogonally 

( 0 = �) then m m = -1 
2 I 2 . 

If the two curves touch each other, then m 1 = m2 

Points of intersection of parabolas y2 = 4ax and 
x2 = 4by are V(0, 0) and P( 4a 113 b213, 4a 213, b 113) 
and angle between two parabolas at 
(i) V (0, 0) is 90° 

(ii) P( 4a u3b213, 4a 213, b u3) is 

3a"3b"3 
tan -' 

Z(a 213 + b2'3) 

► YbtJ bb YSM& I ii b Pkbdbblt!§ iii! Jblkb ll.d.9.bh 121 b,,. 
§@§ lfIJf§ : :t:Sf§flt n:s:n:e , PIP (@tiff II"::: BING Sf IHF IDS:£ 1 

1. The side of a square sheet is increasing at 
the rate of 4 cm per minute. At what rate is the 
area increasing when the side is 8 cm long? 

{HSB-92} 

Solution 

Let a be the side of square sheet. 
Let A be its area at time t, then A = a 2 . . . . .  (i) 
Rate of change of its side with respect to 

da I . t, 
dt = 4 cm mm ...... (ii) 

and the rate of change of its area with respect 
to 

= 2a x 4 = 8a (form equation (ii)) ........ (iii) 

If a = 8 cm, then by equation (iii), 

dA , . we get -= 8 x 8  = 64 cm-/mm 
dt 



Maxima and Minima 1 F.65 , 3it96lt bb YJJ§b@ I ii b Pkbdbbii!Y till £!kb ii.3.9.bh ill bh. 
W f Mir JUE WEIS iRtYE JYHE f PSBLfOOi ◄ 

1. If the function /(x) = x4 - 62x2 + ax + 9 attains 
the maximum value at x = l in the interval 
[ 0, 2], find the value of a. 

[NCERT-Book/ 

2. Find the points of local maxima and local 
minima of the function.f{x) = (x-1)3 (x + 1)2. 
Find also the local maximum and local mini­
mum values. 

[CBSE-91; PB-89/ 

3. A ship of an enemy is moving along the curve 
y = x2 + 2. A soldier is at the point ( 3, 2). Find 
the minimum distance between the soldier and 
the ship. [NCERT-Book/ 

4. The combined resistance R of two resistors 
1 1 1 

R 1 and R2 (R l ' R2 > 0) is given by R = R 
+ 

R I 2 

If R 1 + R
2 

= C (a constant), show that the 
maximum resistance R is obtained by choos­
ing R 1 = R2 

[HPSB-2001C; CBSE-9 7 CJ  

5. A point on the hypotenuse of a right triangle 
is at distance a and b from the sides of the 
triangle. Show that the minimum length of the 
hypotenuse is (a 213 + b 213)312 • 

[NCERT-Book/ 

6. The perimeter of a triangle is 16 cm. If one 
side is 6 cm and area of triangle is maximum, 
find the other two sides. 

f CBSE-(SP)-2006/ 

7. Find the largest term in the sequence 
n2 

a = ----=---
• n3 + 200 

8. N characters of information are held on mag­
netic tape, in batches of x characters each, the 
batch processing time is u + J3x2 seconds; u 
and J3 are constants. Find the optimal value of 
x for fast processing. 

[MNR-1986/ 
For what value of x, the following functions 
are maximum or minimum 

9. y =x ( 5  -x) [MP-94, 98/ 

10. Find the maximum value of .J3 sin x  + 3cos x. 
[MP-1999/ 

11. A square piece of tim of side 24 cm is to be 
made into a box without top by cutting a square 
from each comer and folding up the flaps 
to a box. What should be the side of the square 
to be cut off so that the volume of the box is 
maximum? Also, find this maximum volume. 

[CBSE-95/ 

12. Show that the height of the right circular 
cylinder of maximum volume that can be 
inscribed in a given right circular cone of 

height h is �. 
[HSB-99, 2001, 2002; 

PB-2003 ; CBSE-2000'SJ 

13. Show that of all the rectangles inscribed in 
a given circle, the square has the maximum 
area. [CBSE-91, 93C, 2002; PSB-99/ 

14. Divide a number 4 into two positive numbers 
such that the sum of the square of first and the 
cube of the second is a minimum. [CBSE-88/ 

15. If y = sin x(l + cos x), O < x < � find the val-
2 

ues of x where local maxima and local minima 
occur. Also find the local maximum and local 
minimum values of y. [CBSE-89/ 

16. Show that all the rectangles with a given 
perimeter the square has the largets area. 

[PSB-91C, 99; HSB-96 ; 
HPSB-98; CBSE-81, 90, 92/ 

17. Prove that the maximum value of sin x + cos 
x is .J2. [MP-93, 98/ 

18. For what value of x, y = x ( 5  - x) is maximum 
or minimum? [MP-2007/ 

19. A wire of length 28  m is to be cut into two 
pieces. One of the two pieces is to be made 
into a square and the other into a circle. What 
should be the length of the two pieces so that 
the combined area of these is minimum? 

[CBSE-90, 91, 2007/ 
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20. A ball thrown vertically upwards, moves 
according to the formula S = 13.8  t - 4.9 t2, 
where S is in metres and t is in seconds. Find 

1. maximum at x = l and 
a = 120 

2. x = l, -1, -1/5; 0; 
-3456/3125 

3. ✓
5 

units. 

ANSWERS 

9. Maximum value 
25  5 

= - at x = -
4 2 

10 . .Jf2 at x =  � 
6 

(i) its velocity at t = l second 
(ii) its acceleration at t = l second 

(iii) The maximum height reached by the ball. 

18. x = 5/2 is point of maxima 

112 19. Length of square = --
4 + n 

circumference of circle 
2 81t 

6. Two sides of the triangle 
are 5 cm and 5 cm 

11. Maximum volume 
= 1024 cm 3 4 + 7t 

20. (i) 4 m/sec 
14. 8/3, 4/3 

49  7.  a 1 = 543 
i s  the greatest 

term 
15. x = j" is a point of local 

maxima and the local 

(ii) -9.8  m/sec2 
(iii) 9.716 m 

8. x = � 3✓
3 

max. value y = 4 

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. The value of a so that the sum of the squares 
of the roots of the equation x2 - ( a - 2) x -a + 
1 = 0 assume the least value, is 

(a) 2 
(c) 3 

Solution 

[RPET-2000; AIEEE-2005/ 
(b) 1 
(d) 0 

(b) Let u, 13 be the roots of the equation 
x2 - (a - 2) x -a + l = 0, 
then u + 13 = a - 2, ul3 = -a + 1 
: . z = u2 + J32 = ( u + 13)2 - 2ul3 
= (a - 2)2 + 2 (a -1) = a 2 - 2a + 2 
dz = 2a- 2 = 0 ⇒a = l 
da 
d2z 2 ha . .  
da 2 = > 0, so z s mlillIIla at a = l 

So u2 + J32 has least value for a = l . This is 
because we have only one stationary value at 
which we have minima. 
Hence a = l. 

2. A minimum value of J te_,, dt is 0 
(a) 1 
(c) 3 

Solution 

[EAMCET-2003/ 
(b) 2 
(d) 0 

(d) f(x) = J te-12 dt 

⇒ f'(x) = xe-x' = 0 ⇒ x = 0 

f"(x) = e-x' (l - 2x2 ) ;  f"(0) = 1 > 0 
Minimum value.f{0) = 0. 

3. The minimum value of [ ( 5 + x) ( 2  + x)]/ 
[ l  + x] for non-negative real x is 

(a) 12 
(c) 9 

[Kurukshetra CEE-1998/ 
(b) 1 
(d) 8 



Solution 

(c) G"  f( ) _ [( 5 + x)( 2  + x)] 1ven x - [l + x] 

4 4 f(x) = 1 + 
1 + x + ( 5  + x) = ( 6  + x) + 

1 + x 

⇒ f'( x) = 1 -
(1 +\) 2 = O; x2 + 2x - 3 = O 

⇒ x=-3, 1 

Now f"( x) = -8- = O (1 + x) 3 , 

f"(-3) = -ve, f"(l) = +ve 

Hence minimum value at x = 1 

f(l) = 
( 5  + 1)( 2 + 1) 

= 
6 X 3 

= 9 
(1 + 1) 2 

4. One maximum point of sin" x cos q x is 
[RPET-1997; AMU-2000/ 

(a) x = tan - 1 .j( p/q) 

(b) X = tan - 1 .j(q/p) 
(c) x = tan-1 (plq) 
(d) x = tan-1 (q/p) 

Solution 

(a) Let y= sin P x . cos q x 
dy 

= p sin P - 1 x . cos x . cos q x + q cos q - 1 
dx 

x .  (-sin x) sin Px 
dy 

= p sinP -1 x .  cosq+ I x- q cosq - l x .  sin1'+1 x 
dx 

Put dy 
= O :. tan 2 x = !!... 

dx ' q 

⇒ tan x = ±� 

Point of maxima x = tan - 1 Jpiq. 

5. The minimum value of e<2x' - 2x+ l ) sin' x is 

(a) e 
(c) 1 

Solution 

[Roorkee Qualijying-1998/ 
(b) l ie 
(d) 0 

(c) Given e(2x2 - 2x+ l ) sin2 x 

. . . dy For mlillIIla or maXlffia, 
dx 

= 0 

Maxima and Minima 1 F.67 

e(2x2 - 2x+ l ) sin2 x [ (4X 
_ 2) sin 2 X + 2 (2x2 _ 

2x + 1) sin X COS X ] = 0 
⇒ [ (4x - 2) sin2x + 2(2x2 - 2x + 1) sin x 

cos x] = 0 
⇒ 2 sin x [ ( 2x - 1) sin x + (2x2 - 2x + 1) 

cos x] = 0 
⇒ sin x= O 

y is minimum for sin x = 0 
Thus minimum value of 
y = e(2x2 - 2x+ l )(0) = eO = 1. 

6. What are the minimum and maximum values 
of the function x5 

- 5x4 + 5x3 - 10. 
[DCE-1999/ 

(a) -37, -9 
(b) 10, 0 
( c) It has 2 min. and 1 max. values 
( d) It has 2 max. and 1 min. values 

Solution 

(a) y = x5 - 5x4 + 5x3 - 10 

dy = 5x4- 2Ox3 + 1 5x2= 5x2 (x2- 4x + 3) 
dx 

= 5x2 (x- 3) (x- 1) f = 0, gives x = 0, 1, 3 

d2 
Now, ----2'.. = 20x3 - 6Ox2 + 30x 

dx2 

= 10 X (2x2- 6x + 3) 
d3 

and J = 1O( 6x2 -12x + 3), 

For 

For 

For 

X = 0: dy 
= 0, d

2y 
= 0, d

3y * 0 
dx dx2 dx3 

Neither minimum nor maximum 
d2 

x = 1, ----2'.. = -1 O = negative 
dx2 

Maximum value y max. 
= -9 

d2y 9 . .  x = 3 ,  
dx2 

= 0 = positive 

Minimum value y min. = -37 

7. The maximum value of sin x (1 + cos x ) will 
be at the [UPSEAT-1999/ 

7t (b) x = 6 (a) 7t x = -
2 

(d) x= 1t (c) 7t x = -
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Solution 

8. 

(c) y= sin x (l + cos x) = sin x +  .!. sin 2x 
2 

dy = cos x + cos 2x  
dx 

d d2y · 2 . 2 an 
dx2 = -sm x  - sm x 

0n putting : = 0, COS X + COS 2x = 0 

⇒ COS X = -COS 2x = COS (7t - 2x) 
⇒ x= 1t- 2x 

x = �; . . . (Z ) 
3 x = ff/3 

-✓
3 

✓
3 

-3✓
3 

= -
2
-- 2 ·2 

= -
2

-, 

which is negative. 

At x = i the function is maximum. 

__ x __ is maxima at 
1 + xtan x 

(a) x = sin x 
7t (c) X = -
3 

[UPSEAT-1999/ 
(b) X = COS X 

(d) x = tan x 

Solution 

(b) If x is maxima, then its recipro-
1 + xtan x 

l l + xtan x 'llb . .  ea --- wi e mlillIIla. 

Let 

X 

1 + xtan x 1 y = --- = - + tan x 
X X 

dy l 2 - =-- + sec x, 
dx x2 

d2y 2 
-2 

= 3 + 2sec xsec xtan x 
dx X 

On putting dy 
= O - _!_ + sec 2 x = 0 

dx ' x2 

⇒ 1 sec 2 x = 2 X 

⇒ x2 = cos2 x 
⇒ x= COS X 

d2 2 -{ = --3- + 2sec 2 xtan x dx cos x 
= 2 sec 2 x (sec x + tan x), 

which is positive. 

A l + xtan x . . . t X = COS X, lS mlillIIlum 
X 

So __ x __ will be maximum. 
1 + xtan x 

9. The maximum value of x4e-x' is 

(a) e2 
(c) 12e-2 

Solution 

[AMU-1999/ 
(b) e-2 
(d) 4e-2 

⇒ X2 = 2 ⇒  X = ±✓
2 

f"(x) = l 2x2e-x' + 4x3e-x' (-2x) 

-l 0x4e-x' - 2x5e-x' (-2x) 

⇒ f"( ✓
2
) = 24e- 2 - 32e- 2 - 4oe- 2 + 32e- 2 

=-ve 
Hence,f(x) is maximum at x = ✓

2 

Maximum value = 4 e-2• 
10. If a 2 x4 + b2 y4 = c6, then maximum value of )JI 

is [RPET-2001/ 

c2 

(a) -
.,Jab 

c3 

(c) -­
.J2ab 

Solution 

c3 

(b) 
ab 

c3 

(d) 
2ab 

(c) az x4 + b2 y4 = c6 ⇒ y = ( 
c6 -

b
�

2x4 

J
4 

C -a X 
( 

6 2 4 )
1/4 

Hence f( x) = )JI = x 
b2 

⇒ 



differentiate f(x) with respect to x, then ' - .!.( c6x4 - a 2xs 

)
- 3/4

( 
4x3c6 

-
8x1 a 2 

) f ( x) - 4 b2 b2 b2 

4 3 6 g 1 2 
Put f'(x) = 0 � - ...!..!!_ = 0 , 

b2 b 2 

⇒ c6 c312 
x4 = 

2a 2 ⇒ x = ±
21/4✓a 

c312 

At x = u4 , thef(x) will be maximum, so 
2 va 

( 
3/2 

) ( 
12 12 

)
1/4 

f 
2 1�4✓a = 

2;2b2 - 4;2b2 

11. On [ l, e] the greatest value of x2 log x 
[AMU-2002/ 

(a) e2 

(c) e 2log ✓e 

Solution 

1 1 
(b) ;log ✓e 
(d) None of these 

(a) f(x) = x2 log x ⇒ f'(x) = (2 log x + l) x 
Nowf'(x) = 0 ⇒ x = e-u2, 0 ·: 0 < e-u2 < 1 

None of these critical points lies in the 
interval [ 1, e] 

So we only find the value of f(x) at the 
end points 1 and e. We have f(l ) = 0, 
j(e) = e2 

Greatest value = e2. 

12. The minimum value of 4ez. + 9e - z. is 

(a) 11 
(c) 10 

Solution 

[J & K-2005/ 
(b) 12 
(d) 14 

(b) Let j( x) = 4ez. + 9e-z. 

f'(x) = 8ez. -18e-z. 

Put f'(x) = 0 
⇒ 8e z.-1se - 2T= O 

ez.= 3/2 ⇒ x = log ( 3/2) 112 

Againf"(x) = 16 ez. + 36 e-2T> 0 

Now !(log ( 3/2) 112) = 4e 2 - Clog(3t2 J 1 I' > 

+ 9e- 2 (log(3/2 ) 112 ) 
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3 2 
= 4 x - + 9 x - = 6 + 6 =12 

2 3 
Hence minimum value = 12. 

13. The minimum value of j(a) = ( 2a 2 - 3) + 3 
( 3  - a)+ 4 is [DCE-2005/ 
(a) 15/2 (b) 11/2 
(c) -13/2 (d) 71/8 

Solution 

(d) j(a) = 2a2- 3a+ 10 
f(a) = 4a - 3,f' (a) = 4 > 0 

3 for exteremum,f'(a) = 0 ⇒ a = 4 
r. . . . 3 :. J ra) lS mrmmum at a = 4 

( 3 )2 ( 3 ) 71 f(a) m;n = 2 X 4 - 3 X 4 +10 = 8 
14. Let j( x) = 1 + 2x2 + 2 2 x4 + ... + 2 10 x20 , then j( x) 

has [AMU-2005/ 
(a) More than one minimum 
(b) Exactly one minimum 
(c) At least one maximum 
(d) None of these 

Solution 

(b) j(x) = 1 + 2x2 + 2 2 x4 + 2 3 x6 + ... 2 10 x20 
f'(x) = x(4 + 4.2 2 x2 + ... + 20.2 10 x 18) 
f'(x) = 0 ⇒ x = 0 only. Also f' (0) > 0. 

15. On the interval [ O, l], the function x25 (l -x)75 

takes its maximum value at the point 
[IIT-1995/ 

(a) 0 
(c) 1/3 

Solution 

(d) j(x) = x25 ( l-x)15 

(b) 1/2 
(d) 1/4 

f (x) = x25 (75) (1 -x)74 (-1) + 25 x24 (1 - x)75 

For maxima and minima. 
-75x 25 (l -x)74 + 25  x24 (1 -x)75 = 0 

⇒ 25  x24 (1 -x)74 [ (l -x)- 3x] = 0 
⇒ Either x = 0 or x = l or x = l/4 

At x = ¼ , f'( ¼ - h )  > 0 

and f'( ¼ + h ) <  0 

j(x) is maximum at x = l/4. 
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16. If the function.f{x) = 2x3 - 9ax2 + 12a 2 x + l, 
where a > 0 attains its maximum and mini­
mum at p and q respectively such that p2 = q, 
then a equals [AIEEE-2003/ 
(a) 3 (b) 1 
(c) 2 (d) 1/2 

Solution 

(c) f(x) = 2x3 - 9ax2 + 12a 2 x + l 
f'(x) = 6x2-18ax + 12a 2 ;f"(x) = 12x-18a 
For maximum and minimum, 
6x2 -18ax + 12a 2 = 0 
⇒ x2- 3ax + 2a 2 = 0 

x = a or x = 2a, at x = a maximum 
and at x = 2a minimum. 

p2= q 
a 2 = 2a 

⇒ a = 2 ora = 0 
But a> 0, therefore a = 2. 

17. The interval in which the function x3 increases 
less rapidly then 6x2 + 15x + 5 is 
(a) (-oo, -1) (b) (-5, 1) 
(c) (-1, 5) (d) ( 5, oo) 

Solution 

( c) The function f ( x) = x3 increases for all x 
and the function g(x) = 6x2 +l 5x +5 increases 

-5 If g'( x) > 0 ⇒ l 2x + 15 > 0 ⇒ x > 
4 

-5 Thus,.f{x) andg(x) both increases for x > 
4 

It is given that.f{x) increases less rapidly than 
g(x), Therefore, the function �(x) = .f{x) -g(x) 
is decreasing function, which implies that 
f(x) < 0 ⇒ 3x2- 12x- 5 < 0 

XE (-1, 5) 

18. The points of extrema of f( x) = jsin t  
dt in 0 t 

the domain x > 0 are [Orissa JEE-2002/ 
7t (a) ( 2n  + 1)
2

, n = l, 2 ........ . 

7t (b) ( 4n  + 1)
2

, n = l, 2 ........ . 

7t (c) ( 2n + 1)
4

, n = l, 2 ...... . 

(d) mt, n = l, 2 ..... 

Solution 

(d) f( x) = jsin t dt f'( x) = 
sin x 

0 I X 

put f'(x) = 0 ⇒ sin x 
= 0 ⇒ sin x = 0 

X 

x = nn , n = l, 2, 3 .... 

19. If )JI = c2, then minimum value of ax + by is 
[MPPET-01/ 

(a) c✓cdl 
(c) -c✓cib 

Solution 

(b) 2c✓cdl 
(d) -2c✓cdl 

c2 
(b) )JI = c2 ⇒ y = - ⇒ .f{x) = ax + by, 

X 

bc2 

f( x) =ax + -

Differentiatte with respect to x 
bc2 

f'(x) =a- -
x2 

bc2 

Put f'(x) = 0 ⇒ ax2 - bc2 = 0 ⇒ x2 = -
a 

⇒ X = ±c.J°bkz , 
{b . f . . Here X = -cv-;; lS pt O mlillffia 

.f{-c ✓bfu )  = - (c ✓bfu )  a +  b (-c✓a/b ) 

=-2c.J;;b 
[ Here at x = -c✓bfu y = -c✓a/b ] 

20. The maximum and minimum values of 
sin 2x- x are 
(a) 1, -1 

(b) 3./3 - 1t 1t - 3./3 
6 ' 6 

(c) 7t - 3./3 3./3 - 7t 

6 ' 6 
( d) do not exist 

Solution 

(b) f(x) = sin 2x- x;f (x) = 2cos 2x-1 ;f"(x) 
=-4 sin 2x 
Now f'(x) = 0 ⇒ 2 cos 2 x - l = 0 
⇒ X = n1t ± 1t/6, n = 0, 1, 2, .... . 
⇒ X = 1t/6, 51t/6, 71t/6, - 1t/6, ...... . 



But f"(rc/6) = -2✓
3 

< 0 
⇒ x = 1t!6 is a maximum point 
Also f"(5rc/6) = 2✓

3 
> 0 

⇒ x = 5 1t!6 is a minimum point 
Hence one maximum value 

= /( rt/6) = 
3✓

3 
- rt 

6 

. . 1 /( 5 /6) 3✓
3 

+ 5rt one mlillIIlum va ue = rt = 
6 

But it is not there in given alternatives. Hence 
by alternate position another minimum point 
is -'rr,/6 so one minimum value 

= /(-rt/6) = 
rt- 3✓

3 

6 

21. sin x + cos 2x (x > 0) is minimum when x 
equals f PET (Raj.)-90; MNR-98/ 

(a) mt 
2 

(b) 3(n + l)rt 
2 

(c) ( 2n + l)rt 
2 

(d) None of these 

Solution 

(c) Let.f{x) = si nx + cos 2x 
⇒ /'(x) = cos x- 2 sin 2x 

f "(x) = - sin x- 4 cos 2x 
Now f '(x) = 0 ⇒ cos x (1- 4 sin x )  = 0 
⇒ COS X = 0, sin X = 1/4 
⇒ X = 1t/2, 31t/2, 51t/2, ... , sin-I (1/4), ... . 
Alsof"(1t/2) = 3 > 0,f"(31t/2) = 5 > 0 ,  .......... . 

j( . . . h ( 2n + l)rt ⇒ x) lS mlillIIlum w en x = 
2 

22. The minimum value of 64 sec x + 27 cosec x, 

(a) 91 
(c) 125 

[CET-1992/ 

(b) 25  
(d) None of these 

Solution 

(c) Let y = 64 sec x + 27 cosec x 

⇒ dy = 64 sec x tan x - 27 cosec x cot x 
dx 

d2 
----1'.. = 64 sec 3 x + 64 sec x tan 2 x + 
dx2 

27cosec 3 x + cosec x cot 2 x 
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dy Now - = O ⇒ 64 sec x tan x = 27 cosec x 
dx 

cot x 
⇒ tan 3 x = 27 /64 ⇒ tan x = 3/4 

d2 
Also then ---{ > O [ ·: 0 < x < 1t!2] 

dx 
So y is minimum when x = tan-1 ( 3/4) and its 
minimum value = 64 ( 5/4) + 27 ( 5/3) = 125 

23. Maximum value of the function 
5 

f (x) = �)x - k) 2 is at [CET (Pb.)-91/ 

(b) x = 5/2 
k = l  

(a) X = 2 
(c) X = 3 (d) x = 5 

Solution 

(c).f{x) = (x-1)2 + (x- 2)2 + (x- 3)2 + (x- 4)2 

+ (x- 5)2 
f(x) = 2 [ (x -1) + (x - 2) + (x - 3) + (x - 4) + 
(x- 5)] = 2 [ 5x-15] 
f"(x) = 10 > 0, whenf'(x) = 0 ⇒ x = 3 when 
f "(x) > 0 

24. The rate of change of the function.f{x) = 3x5 -

5x3 + 5x - 7 is minimum when 
(a) X = 0 (b) X = 1/✓'2, 

(d) x = ±l/✓'2. (c) x = - 11✓'2. 

Solution 

(b) If v is the rate of change of the given 
function, then 

⇒ 

At 

At 

v = f '(x) = 15.x4-15x2 + 5 

dv d2v - = 60x3 - 3x - = l 80x2 - 3 0  
dx 

, 
dx2 

dv 1 
dx 

= 0 ⇒ x = 0 ±  .J2 

d2v x = 0, - =-3 0 < 0  
dx2 

1 d2v x = ± r;:;2 
- = 60 > 0  

v L. dx2 

. . . 1 Hence v 1s mlillIIlum at x = ± .J2 

25. f (x) = 1 + 2sin x + 2cos 2 x, 0 � x � n/2 is 
maximum at 
(a) X = 1t/2 
(c) x = 1t/3 

(b) x = 1t/6 
(d) No where 
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Solution 

(b) f'(x) = 2 cos x- 4 cos x sin x= 2 cos x- 2  
sin 2x 

f "(x) = - 2  sin x- 4 cos 2x 
f '(x) = 0 ⇒ cos x (l - 2 sin x) = 0 

⇒ X = 1t/6, 1t/2 
[ ·: 0 :::, x :::, 1t/2] 

Butf"(1t/6) = - 1 - 2 < 0, Hence x = 1t!6 is a 
maxima. 

26. A point on the curve xy 2 = 1 which is at mini­
mum distance from the origin is 

(a) (1, 1) 
[Kerala (CEE)-2003/ 
(b) (1/4, 2) 

(c) (2 116, 2 -113) (d) (2 -113, 2 116) 

Solution 

( d) Let ( t2, lit) be a point on the curve. If its 
distance from origin is 1., then 

1 
'),_ 2 = t4 + -

t2 

⇒ �(A 2) = 4t 3 - � 
dt t3

' 

d2 6 -2 (A2) = 1 2t2 + 4 > o 
dt t 

Now �(A2 ) = 0 ⇒ t = 2 - 116 
dt 
d2 where -2 (A2) > 0 
dt 

so required point = (2 -113, 2 116) 

27. f (x) = 
x
J

' t2 - 5t + 4dt has 0 2 +  e' 
(a) two maxima and two minima 
(b) two maxima and three minima 
( c) three maxima and two minima 
(d) one maxima and one minima 

Solution 

(b) f '(x) = x4 - 5x2 
,+ 4 

(2x) 
2 +  ex 

2x(x2 
- 4)( x2 -1) 

2 +  ex' 
f '(x) = 0 ⇒ x = 0, ± l, ± 2 

Now observing the change in the sign off '(x) 
at these points we find that x = -l, 1 are two 
maxima and x = -2, 0, 2 are three minima. 

28. The function/(x) = cos I x I - 2ax + b increases 
along the entire number scale. The range of 
'a ' is given by [CET-91/ 
(a) a = b (b) a = b/2 
(c) a :::,-1/2 (d) a>-3/2 

Solution 

(c) f '(x) =- sin x - 2a ( ! cos I x  I= -sinx) 

Hence/'(x) > 0 ⇒ - sin x - 2a > 0 
1 . 1 ⇒ a <  --smx ⇒ a < --
2 - 2 

[ ·: min of (-½sin x ) =-½ ] 

29. Suppose the cubic x3 - px + q has three dis­
tinct real roots where p > 0 and q > 0. Then 
which one of the following holds? 

[AIEEE-2008/ 
(a) The cubic has maxima at both Jp1j and 

-.jp/3 

(b) The cubic has minima at .J p/3 and 
maxima at -.J p/3 

(c) The cubic has minima at -.J p/3 and 
maxima at .J p/3 

(d) The cubic has minima at both .J p/3 and 
-.jp/3 

Solution 

(b) Denote x3 - px + q by f(x) 
i.e., f(x) = x3 -px + q 

Now for expression,/(x) = 0. i.e., 3x2 - p = 0 

x = -J¥, J¥ 
f'(x) = 6x 

r( -J¥) < o  

r( J¥) > o  
Thus maxima at -.J p/3 and minima at 

.jp/3 .  

30. The angle between curves y2 = 4x and x2 + y2 = 5 at (1, 2) is [Karnataka CET-1999/ 
(a) tan-1 ( 3) (b) tan-1( 2) 
(c) 1t/2 (d) 1t/4 



Solution 

dy 4 
(a) For curve y2 = 4x ⇒ -= -

dx 2y 

⇒ 

(
dy

) 1 , , - = and for curve x- + y-= 5 dx <1 . 2 1 

dy -x 
dx y 

( :1. 2) 
-1 
2 

Angle between the curves is 

0 = tall-I 

-1 
--1 2
( -l ) = tan - 1 ( 3) 

l +  -2 

31. The greatest value of j(x) = (x + 1) 113 -
(x - 1) 1/3 on [ 0, l] is {Orissa JEE-2008} 
(a) 1 (b) 2 
(c) 3 (d) 4 

Solution 

(b) f(x) = (x + 1) 113 - (x -1) 113 

1 - � 1 - � f'(x) = 
3

(x + 1) 3 -
3

(x -1) 3 
To be maximum or minimum/(x) = 0 

[ 1 - � 1 - � ] ⇒ 
3

(x + 1) 3 -
3

(x -1) 3 = 0 ⇒ x = 0 

/(0) = (0 + 1) 113 - (0-1) 1/3 

=1- (-1)= 2 
/(1) = (1 + 1) 1/3 - (1 -1) 1/3 = (2) 1/3 _ 
greatest value in/(0) and/(1) is 2. 

32. The profit function, in rupees, of a firm selling 
x items (x � 0) per week is given by P(x) = 
-3500 + ( 400 - x)x. How many items should 
the firm sell so that the firm has maximum 
profit? {NDA-2009} 
(a) 400 (b) 300 
(c) 200 (d) 100 

Solution 

(c) P(x) = - 3500 + (400-x)x 
On differentiating w.r.t. x, we 
P'(x) = 400 - 2x 
Put P'(x) = 0 for maximum 
400 - 2x = 0 ⇒ X = 200 
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Now, P"(x) = -2x 
⇒ P"(200) = -400 < 0 
:. P(x) is maximum at x = 200 
Hence, required number of items = 200 

33. Given P(x) = x4 + ax3 + bx2 + ex+ d such that 
x = 0 is the only real root of P'(x) = 0. If P (-1) 
< P (1 ), then in the interval [-1, 1]: 

{AIEEE-2009} 
(a) P (-1) is the minimum and P(l) is the 

maximum of P 
(b) P (-1) is not minimum but P(l) is the 

maximum of P 
( c) P(-1) is the minimum but P(l) is not the 

maximum of P 
( d) neither P(-1) is the minimum nor P(l) is 

the maximum of P 
Solution 

p(x) = x4 + ax3 + bx2 + ex+ d;p'(x) = 0 has only 
are root i.e., x = 0 
:. x = 0 is minima 

0 

:. Graph of y = p(x) i s  

-1 0 

Here p(-1) <p (1) 

+ 

:. p(0) minimum and p(l) is maximum. 
34. The maximum value of/(x) = sin x. (1 + cos 

x) is: {MPPET-2009} 

(a) 3✓
3 

(b) 3✓
3 

4 2 
(c) 3✓

3 
(d) ✓

3 

Solution 
(a) Given,/(x) = sin x( l + cos x) 

. . 7t It 1s maximum at x = 3 

:. 1( i ) = sin ( i )( 1 + cos i ) 

= ✓
3

(1 + .!..) = 3✓
3 

2 2 4 
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35. The local minimum of the function 

f 
X 2 . (x) = - +- 1s: 
2 X 

(a) at x = 2 
(c) at x = 0 

Solution 

[MPPET-2009/ 

(b) at x=-2 
(d) at x = 1 

. X 2 X2 + 4 
(a) Given, f (x) = 

2 + -; 
= � 

⇒ f '(x) = 2x(2x)- ( x2 + 4).2 
(2x) 2 

For local minimum, put/(x) = 0 

2x2 - 8  ⇒ -- = 0 ⇒ x = ± 2  
(2x) 2 

N f"( ) = 
4x 2 ( 4x) - (2x2 - 8)8x 

OW, X 
( 4x2) 2 

16x3 - 16x3 + 64x 4 
16x4 x3 

4 At x = 2, f"(x) = 8 > 0 

Hence, it is local minimum at x = 2 
36. If the function.f{x) = 2x3 - 9ax2 + 12a 2 x + I, 

where a >  0, attains its maximum and mini­
mum at p and q respectively and p2 = q, then 
a equals: [MPPET-2009/ 
(a) 1 (b) 2 
(c) 3 (d) ½ 

Solution 

(b) Given.f{x) = 2x3 - 9ax2 + 12a 2 x + I 
⇒ f(x) = 6x2 - 18ax + 12a 2 

Putf(x) = 0 
⇒ 6x2- 18ax + 12a 2 = 0 
⇒ (x-a)(6x- 1 2a) = 0 
⇒ x = a, 2a 
Now,/'(x) = 12x- 18a 
At x = a,f'(x) = 12a - 18a = -6a < 0, maxima 
At x = 2a,f'(s) = 24a- 18a = 6a >0, minimum 

p = a, q = 2a 
Also, p2 = q 
⇒ a2 = 2a 
⇒ a = 2 

37. The maximum value of the function 
.f{x) = 2x3 - 15x2 + 36x - 18 on the set 
A = { x l x2 + 20 :5: 9x l } is: [IIT-2009/ 

(b) 5 (a) 3 
(c) 7 (d) None of these 

Solution 

(c)/(x) = 6(x - 2) (x - 3) 
so.f{x) is increasing in ( 3, oo) 
Also A = { 4  :5: x  :5: 5} :.fmax = /{5) = 7. 

38. Let p(x) be a polynomial of degree 4 having 

extremum at x = I, 2 and lim ( 1 + 
p(:)

) = 2. x➔O X 

Then the value of p(2) is: [IIT-2009/ 
(a) 0 (b) 1 
(c) 1/2 (d) None of these 

Solution 

(a) Let P(x) = ax4 + bx3 + cx2 + dx + e 
P'( l )  = P'(2) = 0 

lim(
x2 + P(x)

) = 2 ⇒ P(0) = 0 ⇒ e = 0 x➔O X2 

lim ( 2x+ P'(x)
) = 2 ⇒ P'(0) = 0 ⇒d= 0 x➔O 2X 

lim ( 
2 + P"(x)

) = 2 ⇒ c = I x➔O 2 

On solving, a = 1/4, b = - I  

x4 

So, P(x) = 
4- x3 + x2 ⇒ P(2) = 0 

Consider the polynomial.f{x) = 1 + 2x + 3x2 + 4x3 

Let's be the sum of all distinct real roots of.f{x) and 
let t= ls l. 

39. The real number s lies in the interval: 

(a) ( -¼, o ) 
(c) ( -¾, - ½) 

Solution 

[IIT(2)-201 OJ 

(b) ( -1 1 , - ¾) 

(d) ( 0, - ¼ ) 

Given.f{x) = 1 + 2x + 3x2 + 4x3, f(x) = 2 + 6x 
+ 12x2 

·:Discriminant = 6 2- 4.12 < 0, :. f(x) > 0'v'x 
ER 
: . .f{x) is strictly increasing function 'v'x ER 
No. of real root = 1 
If.f{x) has root in (a, b).f{a) + .f{b) < 0 



40. The area bounded by the curve y = j(x) and the 
lines x = 0, y = 0 and x = t, lies in the interval: 

[IIT(2) -201 OJ 

( 
21 11

) (b) 
64 ' 16 

(c) ( 9, 10) 

Solution 

(a) By estimation of integration 
1 1 2  t 3/4 

f t(x)dx < f f (x)dx < f f (x)dx 0 0 0 
15 

f
l 525 

⇒ 16 < f (x) dx < 256 0 
Hence option (a) is correct. 
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41. The function /(x) is: [IIT(2)-2010/ 

(a) increasing in ( -t,-¼) and decreasing in 

( -¼, t ) 
(b) decreasing in ( -t, -¼ ) and increasing in 

( -¼, t ) 
( c) increasing in (-t, t) 
(d) decreasing in (-t, t) 

Solution 

(b) f(x) = 2 + 6x + 12x2 

⇒ f'(x) = 6 + 24x 
1 

⇒ f'(x)=6(4x+ l )> 0 ⇒ x>-
4 

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS 

1. The angle of intersection of the curve y = x2 

and 6y= 7- .x3 at ( l ,  l ) is 

(a) 7t 
(c) 21t 

[Kurukshetra CEE-2002/ 
(b) 1t/2 
(d) None of these 

2. The angle of intersection between the curves 
x2 = 32y and y2 = 4x at the point (16, 8) is 

(a) 60° 

(c) tan-1( 3/5) 

[PET (Raj.) -1986/ 
(b) 90° 

(d) tan-1(4/3) 

3. Ifj(x) = (x + 1)2'3; 0 ::, x ::, 8, then the maximum 
value and minimum value off(x) are 
(a) 3✓3

, 1 (b) 3{13, 1 
(c) ✓3

, 1 (d) ifi, 1 

4. The minimum value of 2x + 3y, when )JI 
= 6 is 

(a) 12 
(c) 8 

[MP PET-2003/ 
(b) 9 
(d) 6 

5. The points of local maxima and local minima. 
If any of the function j( x) = (x - 1) (x + 2)2 

(a) 0, 2 
(c) 0, -2 

(b) 2, 0 
(d) None of these 

6. Find the points of local maxima and local 
minima. If any of the function y = sin 2x - x 

when -� < x < � 
2 - - 2 

(a) 1t/6, - 1t/6 
(c) 'It, - 'It  

(b) 1t/2, - 1t/2 
(d) None of these 

7. Local maximum value of the function log x is 
X 

[MNR-1984; RPET-1997, 2002; 
DCE-2002; Karnataka CET-2000, 08; 

UPSEAT-2001; MPPET-2002, 08/ 
(a) e 
(c) l ie 

(b) 1 
(d) 2e 

8. Which of the following is not true 
(a) Every differentiable function is continuous. 
(b) If derivative of a function is zero at all 

points then the function is constant. 
( c) If a function has maxima or minima at a 

point, then its derivatives is zero. 
( d) If a function is constant then its derivatives 

is zero at all points. 
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9. Maximum slope of the curve y = - x3 + 3x2 + 
9x - 27 is 

(a) 0 
(c) 16 

[MPPET-2001/ 
(b) 12 
(d) 32 

h . .  1 f 40 10. T e mlillIIlum va ue o 4 3 2 3x + Sx - l 8x + 60 
is [MNR-88/ 
(a) 2/3 
(c) 40/53  

(b) 3/2 
(d) None of these 

11. The points of maximum and minimum of the 
curve y = (x - 1 )113 (x - 2) ; 1 ::, x ::, 9 are 
(a) ( 9, 5/4) (b) (-9, 5) 
(c) ( 9, -5/4) (d) ( 9, 5) 

12. x and y be two variables such that x > 0 and 
)JI = 1. Then the minimum value of x + y is 

[Kurukshetra CEE-1998; MPPET-2002/ 
(a) 2 (b) 3 
(c) 4 (d) 0 

13. If.f{x) = 2x3 - 2 lx2 + 36x - 30, then which one 
of the following is correct 
(a) j{x) has maximum at x = I 
(b) .f{x) has minimum at x = 6 
(c) j{x) has maxima at x = I 
(d) j{x) has no maxima or minima 

14. The function.f{x) = x-x, (x ER) attains a maxi­
mum value at x = 

(a) 2 
(c) l ie 

[EAMCET-2002/ 
(b) 3 
(d) 1 

15. The function f( x) = i + � has a local mini-

mum at [AIEEE-2006/ 
(a) x = 1 (b) x = 2 
(c) x =-2 (d) x = 0 

16. The maximum value of 2x3 - 3x2 - 12x + 5 for 
-2 ::, x ::, 4 occures when 

(a) X =-2 
(c) X = 2 

[MNR-93 ; MP-2000/ 
(b) x =-1 
(d) x = 4 

17. If sum of two numbers is 3 then maximum 
value of the product of first and the square of 
second is 

(a) 4 
( c) l /../2 

[MPPET-1996/ 
(b) 2 
(d) ../2 

18. The minimum value of the function 2 cos 2x ­
cos 4x in 0 ::, x ::, 7t is 
(a) 0 
(c) 3/2 

(b) 1 
(d) -3 

19. The real number which most exceeds its 
cube is [MPPET-2000/ 
(a) 1/2 (b) l /✓

3 

(c) 11../2 (d) None of these 

20. In the graph of the function ✓
3 

sin x + cos x. 
The maximum distance of a point from 
x-axis is 
(a) 4 
(c) 1 

21 .  For real values of x, 

f( x) = 2 x - I + 
2!_ 1 is 

(a) -1 
(c) 1 

(b) 2 
(d) ✓

3 

the least value of 

[KCET-1997/ 

(b) -2 
(d) 2 

22. If y = a log I x I + bx2 + x has its extremum 
values at x = -1 and x = 2, then 

(a) a = 2, b =- I  
(c) a =-2 , b = l /2 

[IIT-1981/ 
(b) a = 2, b = -1/2 
(d) None of these 

23. If ax2 + bx + 4 attains its minimum value 
-1 at x = I, then the values of a and b are 
respectively. 

(a) 5, -10 
(c) 5, 5 

[Kerala PET-2008/ 
(b) 5, -5 
(d) 10, -5 

24. The angle between the curves x2 = 4y and x2 + 
y2 = 5 at the point ( -2, 1) is 
(a) 7t (b) 1t/2 
(c) 21t (d) None of these 

25. The angle of intersection between the curves 
x3 - 3)Jl

2 + 2 = 0 and 3x2y - y3 - 2 = 0 is 

(a) 4 5° 

(c) 60° 

[UPSEAT 2002; AIEEE-2002/ 
(b) 90° 

(d) 30° 

26. If the curve y = if and y = bx intersect at angle 
a, then tan a = 

(a) a - b 
1 +ab 

(c) a +  b 
1-ab 

[MPPET-2001/ 
log a -logb 

(b) 1 + logalogb 

(d) log a +  logb 
1-logalogb 



27. The angle of the intersection of the curves y = 

x2 and x = y2 at ( l ,  l ) is 
[Roorkee-2000; Karnataka CET-2001/ 

(a) tan-1 ( 4/3) (b) tan-1 (1) 
(c) 90° (d) tan-1 ( 3/4) 

28. The curves ax2 + by2 = 1 and a' x2 + b' y2 = 1 
intersect orthogonally if 

OO 1 1 1 1 (b) ! + ! = ! + ! 
;

-
i

=
�

-
� a b d V 

1 1 1 1 (c) - + - = - + - (d) None of these 
a a' b b' 

Maxima and Minima 1 F.77 

29. Let /( x) = x2 e - 2x; x > 0. Then, the maximum 
value ofj( x) is 

[VIT-2007/ 
1 (a) -

(b) 
2e 

(c) 
e 2 

(d) 4 
e4 

SOLUTIONS 

1. (b) Let angle of intersection be 0 

tan0 = 
m1 - m2 

1 + m1m 2 

Given curves y = x2 , 6y = 7 - x3 

Differentiating both curve m 1 
= 2x at x = I, 

m 1= 2 

-3x2 -1 1 m2 
= -

6
- = 

2
·12 = -2 ( ·: X1 

= 0) 

Angle = 90°; ( ·: m1m2 = -1) 2 dy 2x 2. (c) x = 3 2y; m1 = 
dx 

= 
3 2  

= 1 

2 2 2 1 y = 4x; m2 = y = 
8 

= 
4(·: Yi = 8) 

1 1- -
4 3 tan0 = 

m1 - m2 = 
1 + m1m 2 1 + .!_ 

= 5 

2 /3 ' 2 1 
3. (b) f( x) = ( x  + 1) ,f  ( x) = -. 1 13 3 ( x  + 1) 

+ 

-1 

:. -1 is point of minima. 
But xE [0, 8] , 

f( O) = 1, /( 8) = 9 2 13 = 3¼ 

Max value = 3¼ , min. value = 1 

4. (a) f( x) = 2x + 3y , xy = 6 

or y = -
X 

18 fi . . 1 f( x) = 2x + - , or mlillIIlum va ue 
X 

f'( x) = 0 ; f"( x) > 0 

18  2 - 2 = 0 ::::} X = 3 ,-3 
X 

d2y 3 6  - = -> 0 at x= 3 
dx:2 x3 , 

. . f . . 6 2 3 1s pomt o mlillIIla, y = - = 
X 

f( x) min = 2x + 3y = 2.3 + 3.2 = 12 

5. (c) Here f( x) = (x - l) ( x  + 2) 2 

f'( x) = ( x  + 2) 2 + ( x  -1) ( 2( x  + 2)) 

= ( x + 2) [x + 2 + 2x - 2) = ( x + 2) ( 3x) 

For max. or min. f'( x) = 0 

X = 0, -2 
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b . 2 n n 
6. ( ) y = sm x - x;-- � x � -

2 2 

dy = 0 ⇒ 2cos 2x -1 = 0 ⇒cos 2x = .!_ 
� 2 

n -n -n n 2x = - - ⇒ x = - -
3' 3 6 ' 6 
-n . n n n 1 at x = - · y = -sm- + - = - - -

6 ' 3 6 6 2 

7t 
2 

-7t 

n . n n 1 n 
X = - y = Sill- - - = - - -

6' 6 6 2 6 

at 

at 

n -n 
X = 2 ;y = 2 -n n x = T ;y = 2 
. . n n y 1s max and mm. at - and --

2 2 

7. (c) For maximum value 
f'(x) = 0; f"( x) < 0 

1 x x -- log x x  1 
f'(x) = x = 0 ⇒ log x = 1 

x2 

⇒ x = e ⇒ Number of stationary point = 1 

step 2: f'( x) = 1 - log x 
x2 

(x
2 ) - (I - log x)(2x) 

:. f"( x) l,=e = -�-
x�_

x
_4 ____ , 

-e 1 = - = -- <  0 
e 4 e 3 

Function has maximum value at x = e 
or : . x = e is a point of maxima 

Step 3: If function f( x) is continuous at close 
interval [a, b] , then maximum or minimum 
value at stationary point and as well as at end 
extreme points 

f( e) = 
log e  

= .!_ ,/( 2) = 
log 2  

e e 2 
f( e) > /( 2) 

8. ( c) By definition 

9. (b) Slope = dy 
= -3x2 + 6x + 9 = m 

dx 
. dm For maximum slope, - = -6x + 6 = 0 

dx 
x = 1, m = -3 + 6 + 9 = 12 

40 lO. (a) y = 
3x4 + 8x3 -18x2 + 60 

For min. value, consider 
g( x) = 3x4 + 8x2 -18x2 + 60 
must be maximum, 
g'( x) = 12x3 + 24x2 - 3 6x 

g'( x) = 12x( x2 + 2x - 3) = 12x( x  + 3) ( x  - 1) 

-3 

min max 

+ 

0 

+ 

min 

Critical points are 
g( x) is maximum at x = 0 

11. (a) dy 
= .!._( x  - l) - 2 '3 ( x  - 2) + ( x  - 1) 1 13  

� 3 
x - 2 + 3( x -1) 4x - 5 

3( x - 1) 213  3( x - 1) 2 13 

+ 

5/4 

But l � x � 9  

/(1) = 0, /( 9) = 8 1 13.7 = 14 

/( 5/4) = - - 1 - - 2 = -( 5 )1 ' 3 ( 5 ) 3 
4 4 2 2 13.4 



:. f( x) is maximum at x = 9 

d . . 5 an mlillIIlum at x = -
4 

:. points are ( 9,¾) 
12. (a) Step 1: From given conditions 

1 x + y= x + -
x 

1 :. f( x) = X + -
X 

Step 2: f'(x) = 0,f"( x) > 0 

:. f'(x) = 1- � = 0 ⇒ x= ±1 
X 

and f"(l) = 41 = 2 > 0 
X x=l  

where f'(l) = 0,f"(l) > 0 

minimum value, put x = I in function 
f(l) = 1 + 1 = 2 

13. (a) f( x) = 2x3 - 2 lx2 + 36x - 3 0  

f'( x) = 6x2 - 42x + 3 6  = 6( x2 - 7x + 6) = 6( x - l) ( x  - 6) 

max min 

+ ( - ( + 

.f(x) is minima at x = 6 and maxima at x = I 

14. (c) f( x) = x-x 

for max. points, f'( x) = 0 

x-x ( ; (-xlog x) ) = 0 ⇒ 1 + log x = 0 

1 
X = - , 

e 
Consider f'( x) = -x-x (l + log x) 

1 . . f :. x = - 1s pomt o max. 
e 
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, 1 2 15. (b) f ( x) = o ⇒ 2 -
x2 = 0 

,, 4 x = ± 2, Now f ( x) = 3 
X 

f"( x) is> 0 at x = 2 ; :. x = 2 is min . 

16. (b) Step 1: f'(x) = 0 For maxima 
f'(x) = 0, f"(x) < 0 

⇒ 6x2 - 6x - 12 = 0 ⇒ x2 - x - 2 = 0 
⇒ x = 2,-l 
Step 2: 
⇒ f"( x) = 12x - 6, /"( 2) 

= 18 > 0,f"(-1) = -18 < 0 
x = -1 is point of maxima 

17. (a) Step 1: According to question, 
function./(x, y) = ,9'2 where (given) 
x + y = 3 = First number + Second number 
:. f( y) = ( 3  - y)y2 = 3y2 - y2 ........ (1) 
Step 2: f'(y) = 0, f"(y) < 0 

f'( y) = 6 y - 3 y2 = 0 ⇒ y = 0, 2 

f"(y) = 6 - 6y ⇒ f"( 2) = -6 < 0 
y = 2 is point of maximum and minimum 
value 

= 3(2)2- (2)3 = 12 - 8 = 4 

18. (b) f( x) = 2cos 2x - cos 4x 

f'( x) = -4sin 2x + 4sin 4x 
= 4(s in 4x - sin 2x) = 8sin xcos 3x 
For extreme values, sin x = 0 or cos 3x = 0 

F O < < · - 0 1t 1t Sn or _ x _ 1t , x - , n, 6, 2, 6 

f"( x) = �4(sin 4x - sin 2x) 
dx 

= 16cos 4x - 8cos 2x 

,, 7t 
f ( x) > 0 for x = 0,n,-

2 

at f ( 0) = 1, f(n) = 1,1( �) = 3 

min. value = 1 

19. (b) Stepl: Let number = x and its cube = x3 

andf(x) = x - x3. 
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Step 2: 
, 2 2 1 1 

f ( x) = I - 3x = 0, x = - ⇒ x = ± r;; 
3 v3  

and /"( �) = -6x, f"( 1) = -:A < 0 

Step 3: /'( 1) = 0,f"( 1) < 0 

1 :. X = ✓3 

20. (b) Distance of point ( x,y) from x axis is = y 

Where y = ✓
3 

sin x + cos x 

NOTE 

Max . value of a sin x  + bcosx  = .Ja 2 + b 2 

21. (d) f( x) = 2 x- l + _1 _ = 2 x- l + 2 - x+ l 

2 x - 1 

For least value of x, f'( x) = 0, f"( x) > 0 

f'( x) = ( 2 x- 1)log 2 + i- x+ I log 2(-1) = 0 
2 •- l = i- •+ l 

==} X  - 1 = -X + 1 

x = I , Also f"(l) = +ve 

:. f (1) = 2 is minimum. 

22. (b) Step 1: For maximum or minimum values 
extreme values can also be use. 

Step 2: dy l = o⇒ � + 2bx + ii = O 
dx x=- l X x=- l x=2 x=2 

-a - 2b + 1 = ol 
1 :. a ⇒ a = 2,b = --

2 
+ 4b + 1 = 0 2 

23. (a) f( x) has minimum value -1 at x = I 

f (1) = -1, f'(l) = 0 

a +b + 4= -1 

or ( 2ax + b)x=I = 0 
b = -2a ; :.a = 5,b = -10 

24. (d) cl : x2 = 4y, dy 
= 

xl = ml dx 2 

tan0 = 1 2 = 3 ⇒ 0 = tan - 1 3 
I

m - m  

I 1 + m 1m2 

25. (b) Let ( xl' Yi) be point of intersection 

C1 : X
3 - 3.xy2 + 2 = 0 

⇒ 3x{ - 3 y{ - 6x1Yi 
dy = 0 
dx 

dy x{ - y; -= ---= ml dx 2x1y1 

c2 : 3x2y - l - 2 = o 
dy -2X1Y1 - = -2--2 = m2 dx X1 - Yi 

m 1m2 = -1, :. Angle between them is 90° 

26. (b) Point of intersection of y = a x and 
y = b x 

a x = b x ⇒ :. x = 0 ( ·: a * b) 

at x = 0, y = I ; (0, 1) is point 

Cl :y = a x ; dy = a x loga 
dx 

m1 = loga 

Similarly, m2 = log b 

m1 - m2 loga - logb tan a = ---'----=- = --''----"--
1 + m 1m2 1 + logalogb 2 dy 27. (d) y = x , - = 2x, m1 = 2 at (1, 1) 

dx 2 dy I x= y , -= - , 
dx 2y 

1 
m2 = - at (1, 1) 

2 



Angle between them = tan - i 1 2 (
m - m  

) 1 + m2m3 

28. (a) cl : ax2 + by2 = 1 

Differentiating 2ax + 2by dy = 0 
dx 

dy -ax -aXj_ - = - ⇒ m1 = --
dx by bYi 

where ( xi , Yi) is point of intersection 
I -a x m = --1 2 b'Yi

' 

For orthogonal curve m1m2 = -1 
, 2 2 bb' aa x1 = _ 1 ⇒ .5_ = 

=-- .. . . . . . . . . . . . . . . . . . .  (i) 
bb'y{ y; aa' 

Also ax; + by; = I 
a'x; + b'y; = 1 
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By cross multiplication method: 
x2 _1 _ 

b -b' a -a 
-1 

ab' -a'b 

x2 b -b' -bb' :. � = -,-- = --, .. using (i) 
y1 a -a aa 

b -b' 
-bb' 

I a - a 
I aa 

-1 1 1 1 1 1 1 1 - + - = - - - ⇒ - - - = - - -
b' b a a' a b  d b' 

29. (c) f( x) = x2e-2x ......... (1), X > 0 

for maxima; f'( x) = O; f"( x) < 0 

f'( x) = -2x2e-2x + 2xe-2x = 0 

⇒ 2xe-2x (l - x) = 0 
and 
f"( x) = (-4e-2xx + 2e-2x)(l - x) - 2xe-2x 

=-2e-2 < 0  

So x = I is a point of maxima; then put it in 
equation (1) 

1 f( x) = -
e2 

► j!J§JL! 23 J§][( I I J L PNS&tllt!§ ,mm: I Ill[ ) NS&tllt!§ PON P kl( I !ill 
f21 111112WN@ flff B r:JH SSC :resr d 

1. The maximum value of x (1 - x)2 when O ::S x 
::S 2 is 
(a) 2 
(c) 5 

(b) 4/27 
(d) 0 

2. The maximum value of 2x3 - 24x + 107 in the 
interval [-3, 3] is 
(a) 75 
(c) 125 

(b) 89 
(d) 139 

3. The function.f{x) = 2x3 - 15x2 + 36x + 4 has 
maximum value at [KCET-2001/ 
(a) x = 4 (b) x = 2 
(c) x = 3 (d) x = 0 

4. The difference between maximum and mini­
mum values of the function a sin x + b cos x 
is [ICS-2001/ 

(a) 2.J a 2 + b2 

(b) 2 (a 2 + b2) 
(c) ✓a 2 +b 2 

(d) -.Ja 2 + b2 

5. If x - 2y = 4, the minimum value of xy is 

(a) -2 
(c) 0 

[UPSEAT-2003/ 
(b) 2 
(d) -3 

6. The minimum value of x2 + -1 -2 is at 
I + x 

(a) X = 0 
(c) X = 4 

[UPSEAT-2003/ 
(b) X = I 
(d) x = 3 
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7. The minimum value of ( x2 + 2�
0 
) is 

(a) 75 
(c) 25  

[Kurukshetra CEE-02/ 
(b) 50 
(d) 55 

8. If f( x) = x + .!., x > 0, then its greatest value 
X 

is 
(a) -2 
(c) 3 

[RPET-2002/ 
(b) 0 
(d) None of these 

1 9. If f( x) - then its maximum - 4x2 + 2x + I' 
value is 
(a) 4/3 
(c) 1 

[RPET-2002/ 
(b) 2/3 
(d) 3/4 

10. If A +  B = i, the maximum value of cosA 

cosB is 
(a) 1/2 
(c) 1 

(b) 3/4 
(d) 4/3 

[AMU-99/ 

11. 20 is divided into two parts so that product of 
cube of one quantity and square of the other 
quantity is maximum. The parts are 

(a) 10, 10 
(c) 8, 12 

[RPET-1997/ 
(b) 16, 4 
(d) 12, 8 

12. The maximum value of function x3 - 12x2 + 
36x + 17 in the interval [ 1, 10] is 
(a) 17 (b) 177 
(c) 77 (d) None of these 

13. The function y = a (1 - cos x) is maximum 
when x = 

(a) 7t 

(c) - 1t/2 

[Kerala (Engg.)-2002/ 
(b) 1t/2 
(d) - 1t/6 

14. The angle of intersection of curves y = 4 - x2 
and y = x2 is 

(a) 1t/2 
(c) tan - 1 ( 4 .J2/7) 

[RPET-89; MNR-78/ 
(b) tan-1( 4/3) 
(d) None of these 

15. If curves y = I - ax2 and y = x2 intersect 
orthogonally then values of 'a ' is 
(a) 1/2 (b) 1/3 
(c) 2 (d) 3 

16. Angle between the tangents to the curve y = 

x2 - 5x + 6 at the points (2, 0) and ( 3, 0) is 

(a) 1t/4 
(c) 1t/2 

[AIEEE-2006/ 
(b) 1t/3 
(d) 1t/6 

17. The angle between the curve y = sin x and y = 

cos x is [EAMCET-2003/ 
(a) tan - 1 ( 2.J2) (b) tan - 1 ( 3.J2) 

18. What is the maximum slope of the curvey = 

- x3 + 3x2 + 2x - 27? [NDA-2007/ 
(a) 1 (b) 2 
(c) 5 (d) - 23 

19. If y = a log x + bx2 + x has its extremum value 
at x = I and x = 2, then ( a, b) = 

(a) ( 1, ½ )  
(c) ( 2 , �

l
) 

[UPSEAT-2002/ 

(b) ( ½, 2 ) 
20. What is the maximum value of y = sin 3 x cos 

x, 0 < x < 1t? [UPSC-2007/ 
(a) -3✓

3
/16 (b) 3✓

3
/4 

(c) - 3/16 (d) 3✓
3

/16 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is immediately below the 
worksheet .  

2. The test is of 1 6  minutes . 
3. The worksheet consists of 1 6  questions . The 

maximum marks are 48 .  
4 .  Use Blue/Black Ball point pen only for writing 

particulars/marking responses. Use of pencil is 
strictly prohibited . -----------

1. Function 2x3 - 3x2 - l 2x + 4 has 
{KCET-96; DCE-2002} 

(a) Two maximum points 
(b) Two minimum points 
(c) No maximum, no-minimum point 
( d) One maximum and one minimum point 

2. The maximum value of the function fi:x) = x3 

- x2 - 5x + 6 is at {Ranchi-2001} 
(a) x =-1 (b) x = 5/3 
(c) x = 2 (d) No-where 

3. What is the product of two parts of 20, such 
that the product of square of one part and the 
cube of the other is maximum? 

(a) 75 
(c) 84 

(b) 91 
(d) 96 

{NDA-2007} 

4. The real number x when added to its inverse 
gives the minimum value of the sum at x equal 
to {RPET-2000; AIEEE-2003} 
(a) -2 (b) 2 
(c) 1 (d) -1 

5. The sum of two non-zero numbers in 4. The 
minimum value of the sum of the reciprocals 
1s {Kurukshetra CEE-1998} 
(a) 3/4 (b) 6/5 
(c) 1 (d) None of these 

6. The minimum value of 2x2 + x - 1 is 

(a) -1/4 
(c) -9/8 

{EAMCET-2003} 
(b) 3/2 
(d) 9/4 

7. The value of the function (x -1) (x - 2)2 at its 
maxima 1s 

(a) 1 
(c) 0 

(b) 2 
(d) 4/27 

8.  The sum of two numbers is fixed. Then its 
multiplication is maximum, when 
(a) Each number is half of the sum 
(b) Each number is 1/3 and 2/3 respectively of 

the sum 
(c) Each number is 1/4 and 3/4 respectively of 

the sum 
(d) None of these 

9. The function x5 - 5x4 + 5x3 -1 is 
{MPPET-1993} 

(a) Maximum at x = 3 and minimum at x = 1 
(b) minimum at x = 1 
( c) Neither maximum nor minimum at x = 0 
( d) maximum at x = 0 

10. The maximum value of the function x3 + x2 + 
X - 4  is 
(a) 127 
(b) 4 
( c) does not have a maximum value 
(d) None of these 

11. The point for the curve y = xe' 
{MNR-90} 

(a) x = -1 is minimum 
(b) x = 0 is minimum 
(c) x = -1 is maximum 
( d) x = 0 is maximum 

12. The height of the circular cylinder of maxi­
mum volume that can be inscribed in a given 
right circular cone of height 6 h is 
(a) h (b) 3h 
(c) 2h (d) 4h 

13. The curves y2 = 16x and 9x2 + by2 = 16 are 
orthogonal, then b = 

(a) 2 (b) 4 
( c) 9/2 (d) None of these 

14. The angle of intersection between the curves 
x 2 = 8y and y2 = 8x at origin is 
(a) n/4 (b) n/3 
(c) n/6 (d) n/2 
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15. The curves 4x2 + 9y2 = 72 and x2 - y2 = 5 at 
( 3, 2) 

(c) intersect at 4 5 ° 

( d) intersect at 60° 

(a) touch each other 
(b) cut orthogonally 

1 . @ @ © @  
2. ® @ © @  
3. ® @ © @  
4. ® @ © @  
5. ® @ © @  
6. ® @ © @  

fKerala PET-lOOJJ 16. The least value of 2 sin2 0 + 3 cos 2 0 is 
(a) 1 (b) 2 
(c) 3 (d) 5 

ANSWER SHEET 

7. ® @ © @  
8. ® @ © @  
9. ® @ © @  

10. ® @ © @ 
11. @ @ © @ 
12. ® @ © @ 

AiNYs lNB ExPEXNlfiBNs 

13. ® @ © @  
14. ® @ © @  
15. ® @ © @  
16. ® @ © @ 

1. (c) Step 1: For maxima or minima f'( x) = 0 

f'(x) = 6x2 
- 6x - 12 = 0 ⇒ x = -1, 2 

f"( x) = 12x - 6 and f"(-1) = -18 < 0 

/"( 2) = 6 > 0 

⇒ x2 (1200 + 5x2 - 160x) = 0 

⇒ x = 0, x2 
- 32x + 240 = 0 

==} X = 12, 20 

--{ = 2400x + 20x3 
- 40x2 d2 

I Step 2: f '(-1) = 0, f "(-1) < 0 ⇒ x = -1 
point of maxima 

dx x=1 2 

= 20( x3 + 120x - 24x2
) !.

=12 
< 0 

and f '( 2) = 0,/ "( 2) > 0 ⇒ x = 2 point of 
minima 

x = 12 and y = 8 and then product of two 
parts 

3. (d) Let 20 = x + y and 

P = x3y2 = x3 ( 20 - x) 

d d2 

:. For maxima ..!E.. = o;--{ < 0 
dx dx 

P = x3 ( 400 + x2 - 40x) 

= 400x3 + x5 
- 40x4

, then 

dp = 1200x2 + 5x4 
- 160x5 = 0 

dx 

= 12 X 8 
= 96 

4. (b) Step 1: Consider f ( x) = x + .!.; x > 0 
X 

Step 2: f'(x) = 1 - � = 0 ⇒ x = I, -1  
X 

f"(x) = -;-I = 2 > 0 
X x=I 

:. minimum value 2 offunction f( x) = x + .!. 
X 



. 4 1 1 
5. (c) Step 1: Given x + y = ,R = - + -

X y 

1 1 R= - + -­
x 4- X 

. . dR d2R Step 2: For mlillIIlum R: -= 0, -2 > 0 
dx dx 

dR 1 1 -= -- + ---= 0 
dx x2 ( 4- x) 2 

1 1 ⇒ --- = -
( 4- x) 2 x2 

⇒ x = ±( 4 - x) ⇒ 2x = 4 ⇒ x = 2 

1 1 1 1 - + -= - + -= 1 
X y 2 2 

10. (d) Step 1: 
(i) Function y = j(x) will have a maxima or 

minima at point x = a if f'(a) = 0 .  
(ii) Function f( x) will have a maxima at 

point x = a if f'(a) = 0 and f"(a) < 0 
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(iii) Function f ( x) will have a minima at 
point x = a if f '(a) = 0 and f"(a) > 0 

(iv) Function f( x) will have neither maxima 
nor minima at point x = a if /"'(a) ;t 0 

Step 2: f'( x) = 5x4 
- 20x3 + 15x2 = 0 

⇒ x2 ( x - l)( x - 3) = 0 ⇒ x = 0, 1, 3 

f"(x) = 20x3 
- 60x2 + 3 0x 

f'"( x) = 60x2 - 120x + 30, f"'( 0) = 3 0  

12. (a) Step 1: 
dy = ex + xex = ex ( x + 1) = 0 ⇒ x = -1 
dx 

d2 ----? = ex ( x  + 1) + ex = ex ( x  + 2) 
dx 

fi . . dy d2y Step 2: y or mlillIIla -= 0,-2 > 0 
dx dx 

d2y l - 1 1 - = e (1) = -> 0 
dx2 e x=-1  
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LECTURE 

Maxima and 
Minima 2 

p BASIC CONCEPTS d 
I) PO I NTS TO REM EM BER 

B 

1. 0 

A 
If centre is at O and radius is r, then 

1 2 (i) Area of sector GAB of circle = 2r 0 

where 0 is in radian. 
(ii) Perimeter of this sector = 2r + r0. 

2. Volume ( V) of a right circular cylinder = nr2h 
3. Cmved surface area (S) of cylinder S = 21trh 
4. Total surface area (T. S.) of cylinder= 21trh + 2v 

4 5. Volume ( V) of sphere = 3w 3 

6. Surface area (S) of a sphere S = 41tr2 

7. Volume of the right circular cone V = !nr2h 
3 

8. Cmved surface area of cone S = 1trl (/ = slant 
height) 

9. Total surfce area of right circular cone T. S. 
1trl + 1tr2 . 

10. Right circular cylinder in sphere: 
AM= .J(R2 - x2

) 

V(Volume of the cylinder) 

0 

= 1tr2 h = 1t(AM)2 . 2x 
= 7t (R2 - x2) . 2x = 21t x (R2 - x2) 

S (cmved surface area of cylinder) 
= 21trh = 21t (AM) . 2x = 41tX .J�(R_2 ___ x_2_

) 

T.S. (Total surface area of cylinder) 

= 21trh + 21tr2 = 41tx .J(R2 - x2
) + 21t 

(R2- x2) 
11. Right Circular cone in a sphere: 

AM= .J(R2 - x2
) 
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V (Volume of the cone) 
1 2 2ru 2 2 = ftr h = -3-(R - x ) 

S (Curved surface area of cone) = nrl = n( AMhf ( AM) 2 + (x + R2) 

T. S. (Total surface area of cone) = nr/ + nr = n( AM)✓ ( AM) 2 + (x + R2) + n( AM) 2 = nrl = n( AM)✓( AM) 2 + (x + R2) 

12. Right circular Cylinder in cone: I:!,., s AOB and 
AO' B' are similar 

⇒ 
AO' O'B' 
AO OB 
H- h r 

H R ⇒ h = h( 1 - i ) 
V(Volume of the cylinder) = nr 2h = nr 2 x H( 1 - f ) 
S(Curved surface area of cylinder) = 2n rh = 2nr x H( 1 - f ) 
T.S. (Total surface area of cylinder) = 2nrh + 
2nr2 = 2nr x H( 1 -f )  + 2nr 2 

A 

h 

·.•·.·.·.·.•··· B j 
---R---..., 

13. Cone around sphere: 
Height of cone h = OB + OA = R + R cosec 0 
Radius = r = n tan 0 

= R (1 + cosec 0) tan 0 

1 Volume of cone V = -nr 2h 
3 

= ! nR3(1 + cosec 0)3 . tan 2 0 
3 

S (Curved surface area of cone) = nrl 
= nr . r cosec 7t 
= nR2 (1 + cosec 1t )2 cosec 0 

T. S. (Total surface area of cone) = nrl + nr2 

= nR2 (1 + cosec 0)2 cosec 0 + nR2 (1 + 
cosec 0)2 

= nR2 (1 + cosec 0)3 
A 

. . .  B . . . . . . .  . 

14. Cone around cylinder: 
1:!,.'s AOB and AO'B' are similar 

A O' O'B' 
A O  OB 

h- H R ⇒ -h- - 7 rH :. h= -­
r-R 

1 2 1 nr 3H 
V (Volume of cone) = 3nr h = 3 (r _ R) 

H 
R 

I 
· · · · · · · · · · · · · · · · · · ·  

· · · · · . . . . · · · · · · · · · · · · · · · · · · · ·
·
·::

·
.:·.::·.·_-.::· B 

--- r ---..., 



(Now differentiate with respect to x) S(curved 
surface of cone) 

= nrl = nr.J (r 2 + h2) 

= nr ( r
2 + r 2 H 2 

z ) 
(r-R) 

= ( 
1tr 2 

)
✓{(r-R) 2 + Hz } 

r-R 
T. S. (Total surface area of cone) _ 2 { ✓-{ (r ___ R_

)
2 _

+
_
H

-2 } } 
= 7tf / + 1tr2 - nr 

(r _ R) 

15. The triangle of maximum area that can be 
inscribed in a given circle is an equilateral 
triangle. 

16. The volume of the greatest cylinder which can 
be inscribed in a cone of height h and semiverti­
cal angle a is. 

Volume of greatest cylinder = 
2
� rth 3 tan 2 a 

height of the greatest cylinder H = !!_ = ! . 
3 3 

height of cone 

!!:.. = � , R = Radius of the greatest cylinder 
r 3 
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17. Find the maximum value of the volume of a 
right circular cylinder situated symmetrically 
inside a sphere of radius a .  Height of the cyl-

inder of greatest volume = � 

Volume of the cylinder = vh 

4rta3 

Maximum value = ,-;; . 3-v  3 

18. The cone of the greatest volume which can be 
inscribed in a given sphere has an altitude equal 

to �rd the diameter of the sphere. 
3 

19. For any closed right circular cylinder of given 
total surface area the maximum volume is 
such that height is equal to the diameter of the 
base. i.e., h = 2r. 

20. The semivertical angle of the cone of maxi­
mum volume and of given slant height is 
a= tan -1 ./2 

21. The semivertical angle of the right cone of 
given total surface (including area of base) and 
maximum volume is a= sin -1 (1/3) 

► §Git JS §j§]b( I I Jb )kQ§bbii!§ iii! JOANS ll.d.ld] 121 rn. 
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1. Prove that the area of a right angled triangle 
of given hypotenuse is maximum when the 
triangle is isosceles. 

Solution 

[MP-98, 2003 ; HB-87, 2003 ' 
CBSE-88 ' PSB-91, 97, 99, 2002/ 

Let 11ABC be right angled triangle. 
Again, let AC= y 

AB = y sin 0 
BC= y cos 0 

1 e y 2s in 20 Area = 2ysin 0  ycos = 4 
area will be maximum if sin 20 = 1 

20 = 90° 

⇒ 0 = 45 ° 

Hence area is maximum when /1 is isosceles 
right A 

2. An open tank with a square base and vertical 
sides is to be constructed from a metal sheet 
so as to hold a given quantity of water. Show 
that the cost of the material will be least when 
depth of the tank is half of its width. 

[CBSE-99, 2003 ; HSB-2001/ 

Solution 

Let the length, width and height of the open 
tank be x, x and y units respectively. Then 
its volume is x2y and the total surface area is 
x2+ 4xy. 
It is given that the tank can be hold a given 
quantity of water. 
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This means that its volume is constant. Let 
it be V. 

V= � y  ............... 00 
The cost of the material will be least if the to­
tal surface area is least. Let S denote the total 
surface area. Then 

.............. (ii) 
We have to minimize S subject to the con­
dition that the volume is constant. Now, 
S= x2 + 4.xy 

⇒ 

⇒ 

2 4 V  S = x + ­
x 

dS = 2x- 4 V  
dx x1 

and d2S - 2 8V 
dxz - + 

x3 

For maximum or minimum values of S, we 
must have 

⇒ 

⇒ 
⇒ 

dS = O 
dx 

4V 2x - -= 0 ⇒ 2x3 = 4 V 
xz 

2x3 = 4x� 
x= 2y 

d1S 8V Clearly, -2 = 2 + 3 > 0 for all x 
dx x 

Hence, S is minimum when x = 2y i.e., the 
depth (height) of the tank is half of its width. 

P roved. 

3. If the sum of the lengths of the hypoytenuse 
and a side of a right angled triangle is given, 
show that area of triangle is maximum when 
the angle between them is n/3. 

{CBSE-90, 2005 (Foreign)} 

Solution 

Let ABC be a right angled triangle with Base 
BC= x and hypotenuse AC= y such that x + y 
= k, where k is a constant. 
Let 0 be the angle between the base and hy­
potenuse. 
Let A be the area of the triangle. Then 

B 
e 

⇒ 

⇒ 

⇒ 

A 

y 

X C 

1 1 � A =- BC x AC =- xv y - x  
2 2 

k1x1 
- 2kx3 

Az = ----
4 

.... ( i) 

Differentiating with respect to x, we get 
dA 2k1 

X - 6kx1 
2A - = ---- . . . . . . .  (ii) 

⇒ 
dx 4 

dA k1x - 3kx1 

dx 4 A  
For maximum or minimum, we have 

dA k1x - 3kx1 k - = 0  ⇒ ---- = 0 ⇒ x = ­
dx 4 A  3 

Now, differentiating (ii) with respect to x, we 
get 

2 - + 2A - = ----( 
dA 

)
1 d1A 2k1 -12kx 

dx dx1 4 ...... (iii) 

. dA k Puttmg 
dx 

= 0 and x = 3 in (iii), we get 

d1A -k1 - = - < 0 
dx1 4 A  

. . k Thus, A 1s maximum, when x = 3 
k k 2k Now x = - ⇒ y = k- -= - ( ·: x +y= k) 3 3 3 

⇒ 

⇒ 

.:: = cos0 
y 

k/3 1 
cos0 = --= -2k/3 2 0 = � 3 P roved. 



4. Show that the surface area of a closed cuboid 
with square base and given volume is mini­
mum, when it is a cube. 

{CBSE-90, 98, 2005} 

Solution 

Let V be the fixed volume of a closed cuboid 
with length x, breadth x and height y. Let S be 
the surface area of the cuboid. 
Then V = x2 y and S = 2 (x2 + .xy + xy) = 2x2 
+ 4.xy 

Now V = x2 y ........ (i) (Given condition) and 
S = 2x2 + 4.xy ........ (ii) (To be minimized) 

Now, S = 2x2 + 4.xy ⇒ S = 2x2 + 4x. � 
X 

⇒ 

⇒ 

4V S = 2x2 + ­
x 

dS = 4x- 4 V  
dx x2 

F . . . dS or maximum or mimmum -= O 
dx 

4V ⇒ 4x- - = 0 
xz 

⇒ V= x3 

⇒ x2 y= x3 ⇒ x= y 

... (iii) 

Differentiating (iii) with respect to x, we get 

⇒ 

d1S 
= 4 + 8V 

= 4 + 8x2y= 4 + 8y 
m2 � � X 

( d2S ) 
dx1 y =x 

= 12 > 0 

Hence, Sis minimum when length= x, breadth 
= x and height= x i.e., when it is a cube. 

5. A square piece of tin of side 18 cm is to be 
made into a box without top by cutting a 
square from each comer and folding up the 
flaps to form a box. What should be the side 
of the square to be cut off so that the volume 
of the box is maximum? 
Also, find this maximum volume. 

{CBSE-91, 95, 2003; HPSB-2002SJ 

Solution 

Let x cm be the length of a side of the square 
which is cut-off from each comer of the plate. 
Then sides of the box as shown in figure are 
18 - 2x, 18 - 2x and x. 

Maxima and Minima 2 F.91 

X 
N 

I 
(X) 

1 8  - 2x-----j 

+IX !-+ 1 8 - 2x +I X i-+  

Let V be the volume of the box. Then 
V= (18- 2x)2 x = (324 + 4x2

- 72x) x 
= 4x3 - 72x2 + 324 X 

dv I ? ⇒ m = 2x-- I44x + 324 and 

d2v -= 24x-144 
dx2 

F . . . dv or maximum or mimmum v -= O ' dx 
dv = 0 ⇒ I2x2 144 x + 324 m 
⇒ x2 - I2x + 27 = 0 

⇒ (x - 3) (x - 9) = 0 ⇒ x = 3, 9 

0 

But x = 9 is not possible, Therefore x = 3 

Now, ( ::� l.
3 

= 24 x 3 -144 < 0. 

Thus, v is maximum when x = 3. 
Hence, the volume of box is maximum when 
the side of the square is 3 cm. 
The maximum volume is v = (18 - 6)2 x 3 = 
144 x 3 = 432 cm3 

6. Show that the height of the closed cylinder of 
given surface and maximum volume is equal 
to the diameter of its base. 

{PSB-99, 2002, 2003; HSB-93, 97; 
CBSE-92, 92C, 99, 2003} 

Solution 

Let r be the radius of the base and h be the 
height of a closed cylinder of given surface 
area s. Then 

S = 2nr2 + 2nrh ⇒ h = 
S - 2nr 1 

2nr . . . .  (i) 
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Let Vbe the volume of the cylinder. then 
, 

( 
S - 2nr 2

) V= nr h ⇒ V = nr 2 

2nr 

⇒ V = ( 
rS -

}nr 3
) 

⇒ dV S 2 - = -- 3nr 
dr 2 

[ using (i)] 

...... (ii) 

. . . dV For maximum or m1mmum, we have 
dr = 0 

⇒ 
⇒ 
⇒ 

� - 3nr 2 = 0 ⇒ S = 61tr2 
2 

2nr2 + 21trh = 61tr2 

41tr2 = 21trh ⇒ h = 2r 
Differentiating (ii) with respect to r, we obtain 
d 2V 
-- = -6nr < 0  
dr 2 

Hence, Vis maximum when h = 2r i.e., when 
the height of the cylinder is equal to the diam­
eter of the Base. 

7. Show that the semi-vertical angle of a right 
circular cone of given surface area and maxi­
mum volume is sin -1 (1/3). 

{CBSE-2004} 

Solution 

Let r be radius, / be the slant height and h be 
the height of the cone of given surface are S. 
Then 

S-nr 2 
S= 1tr2 + 1trl ⇒ l = --­

nr 
D 

a 

h 

..... (i) 

A------�-------B 
0 

Let V be the volume of the cone. Then 
1 2 V = -nr h 
3 

⇒ 

⇒ 

⇒ 

⇒ 

⇒ 1 V2 = - S(Sr2 - 2nr 4 ) 9 
Let Z = V2 . Then Vis maximum or minimum 
according as Z is maximum or minimum. 

⇒ 

Z = is( Sr2 - 2nr 4) 

dZ I S S 3 
dr 

= 9 (2r - 81tr ) ....... (ii) 

⇒ . . . dZ For maximum or m1mmum 
dr 

= 0 

⇒ .!_ (S 2r - 81tr3) S = 0 ⇒ 2Sr - 81tr3 = 0 
9 

⇒ S = 4nr2 ... (iii) 
Differentiating (ii) with respect to r, we get d2z 1 s [ s ] -= - S(2S - 241tr2) = -9 

2S - 24n.-
dr 2 9 4n 

[ ·: Putting r2 = :n from ( iii) ] 

-4S2 
= -- < 0  9 
So, Z is maximum when S = 41tr2 . 

Hence Vis maximum when S = 41tr2 . 

Now S = 41tr2 ⇒ 1trl + 1tr2 = 41tr2 

⇒ 1trl = 31tr2 ⇒ I = 3r 
. r r I Sill CX = - = - = -

/ 3r 3 
Hence, Vis maximum when a = sin-1 (1/3) 

8. An open box with a square base is to be made 
out of a given quantity of card board of area c2 

square units. Show that the maximum volume 
. c 3 . . of the box 1s ,-;; cubic units. 

6--.., 3 
{CBSE-2001C; CBSE-2006} 



Solution 

Let the length, breadth and height of the box x, 
x and y units respectively. Then 
x2 + 4xy = c2 • • • • • • • • •  (i) (Given condition) 
Let Vbe the volume of the box. Then 
V= x2y ..... (ii) [ To be maximized] 

⇒ V- x - -_ 2
( 

c2 - x2

) 4x [ using (i)] 

⇒ 

⇒ 

c2 x3 
V = -x- -

4 4 

dv c2 3x2 d2v -3x -= -- - and -= -
dx 4 4 dx2 2 

. . . dv For maxrmum or mlillIIlum 
dx 

= 0 

⇒ c2 3x2 c 4 - 4 = 0 ⇒ x = ✓3 

( 
d2v ) -3 x c  

Now dx2 
x =.!:... 

= 
2✓3 < 0. Thus Vis max-

,13 

C 
imum when x = ✓3 

C C 

Putting x = ✓3 in (i), we obtain Y = 
2✓3 . 

The maximum volume of the box is given by 
c2 c c3 

V = x2 y = - x --= -- cubic units 3 2✓3 6✓3 
9. A wire of length 36 cm is cut into two pieces. 

One of the pieces is turned in the form of a 
square and the other in the form of an equi­
lateral triangle. Find the length of each piece 
so that the sum of the areas of the two be 
minimum. 

[CBSE-2005/ 

Solution 

Let the piece forming square be 4x cm long 
and the piece forming equilateral triangle be 
3y cm long. Then length of each side of the 
square = x cm length of each side of the equi­
lateral triangle = y cm 

4x + 3y = 36 ................ (i) 

Let A = sum of their areas = x2 + .JJ y2 

2 ✓3
(

3 6- 4x
)

2 ✓3 = x + - --- = x2 + - ( 3 6- 4x) 2 
4 3 3 6  
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dA ✓3 ⇒ dx 
= 2x + 36.2( 3 6  - 4x)(-4) 2✓3 
= 2x- -

9
-(36- 4 x) 

d2A 2✓3 8 and -= 2- -(-4) = 2 +- ✓3 
dx2 9 9 

F . . . dA or maxrmum or mlillIIlum -= O 
dx 

⇒ 
⇒ 
⇒ 

⇒ 

2✓3 2x - -
9
-( 3 6  - 4x) = 0 

18x + 8✓3x- 72✓3 = 0 

( 9 + 4✓3)x = 3 6✓3 
3 6✓3 x = -�= 

9 + 4✓3 

d2A For this value of x, clearly 
dx2 > 0 

Area A is minimum. Now piece forming 
144✓3 . the square = 4x = ✓3 cm and piece 
9 + 4  3 

forming the equilateral triangle = 3y 

144✓3 324  
= 36 - 4x = 36 -

9 + 4✓3 = 
9 + 4✓3 cm 

10. An open box with a square base is to be 
made out of a given iron sheet of area 27 m2 • 
Show that the maximum volume of the box is 
13.5  m3 • [CBSE-2005/ 

Solution 

Let the open box with a square have dimen­
sions a x a x b in metres. Surface area of the 
box a 2 + 4ab = 27 (Given) 

⇒ 27-a 2 
b= --

4a 
Also V = volume of the box = a 2 b 

⇒ 

= a 2 --- = -( 27a -a 3 ) ( 
27 -a 2

) 1 
4a 4 

dv = .!_( 27 - 3a 2) 
da 4 

d2v 1 and -2 = -4
(-6a). For maximum or 

da 
. . dv mlillIIlum -= 0 

da 

⇒ 27- 3a 2= 0 ⇒a 2= 9 ⇒a = 3m (a -::f.- 3) 
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d2v 1 For this value of a 
da 2 = i-6 x 3) < 0 

v is maximum, when a = 3m from (i), 
27- 9 3 b = -- =- m 

12 2 
Maximum volume 

= (3) 2 x( �)=
2; = 13.5 m3 

11. Given the sum of the perimeters of a circle 
and a square show that the sum of their areas 
is least when the diameter of the circle is 
equal to the side of the square. 

[CBSE (foreign)-2005/ 

Solution 

Let x units and y units be the side of the square 
and radius of circle respectively and p be the 
perimeter of square and circle. P = 4x + 2ey 

P- 4x 
y = 2n . . .  (i) 

Let A be their combined area :. A = x2 + ey2 

= xz + n( P- 4 x  )2 = x2 + _!:__( P- 4x) 2 

21t 41t2 
dA I 
dx 

= 2x + 47t
.2(P- 4x)(-4) 

2 
= 2x- -(P- 4x) 

7t 

A b . . . dA to e maxrmum or mlillIIlum 
dx 

= 0 

2 2x - -(P - 4 x) = 0 
7t 
2 ⇒ 2x = - ( P- 4x) 
7t 

⇒ 
⇒ 

1t x= P- 4x 

(4 + 1t) x = P ⇒ p x = --4 + n 
d2A 2 8 and -= 2 - -(-4) = 2 + - > 0 
dx2 1t 1t 

A . . . h p 
lS mlillIIlum w en X = --

4 + n 

Put the value of x in (i) y = i :. x = 2y 

Combined area is minimum when side of 
the square equals to the diameter of the 
circle. 

12. The sum of the surface area of a rectangular 
parallelopiped with sides x, 2x and x/3 and a 
sphere is given to be constant. Prove that the 
sum of their volumes is minimum ifx is equal 
to three times the radius of the sphere. 

[CBSE-2002 CJ 
Solution 

Let r be the radius of the sphere. 
Then surface area of sphere is 47tr2. 
Surface area of parallelopiped is 

2 ( 2x2 + 2;2 + �2 } 
Total surface area (which is given to be con­
stant) 

s = 4v + 6x2 

⇒ xz = S- 4nr2 

6 

⇒ x = (
s-;nr2 r 

... (i) 

Total volume of parallelopiped and shpere, 

x 4 3 2x3 4 3 V = x x h x - + - w = - +- w 

⇒ 

3 3 3 3 
2 4 = --- (S - 41tr2) 312 + - 1tr3 

3 x  6
../6 

3 

dv 1 -
d 

= 17 ( S - 4nr2 ) 1 12 ( -81tr) + 4nr
2 

r 6v 6 
. . . dv For maxrma or mlillIIla 

dr 
= 0 

⇒ 

⇒ 

4 -- ( S - 41tr2) 112 1tr = 4nr2 

3
../6 

1 
( 

S - 4nr2 

)
1 12 _ 1 _ 

3 6 - r ⇒ 3x- r 

[ using (i)] 
⇒ x= 3r 

dzv -4n ( S 4 2 )1 12 Now - = -- - nr ' dr2 3
../6 

-21tr(-81tr) 8 -�---- + nr 
3./6( S - 4nr2) 1 12 

2 2 x2 

( 
d V )  41t l 61t ·9 X 
dr2 I = --x + --- + 81t.-

r=3, 3 18x 3 



= (
-41t + l 61t2 + 81t )x 

3 162 3 

= ( 
41t  + l 61t2 )x > 0 
3 162 

Hence, total volume is minimum when x = 3r. 

13. A closed cylinder has volume 2156 cm 3. What 
will be the radius of its base so that its total 
surface area is minimum. 

{CBSE-90, 2000 CJ 
Solution 

Let r be the radius, h be the height, v be the 
volume and s be the surface area of the closed 
right circular cylinder. 
Given v = 2156 

⇒ nr2 h = 2156 ⇒ h = 
2156  
1tr 1 

Now s = 2nr2 + 2nrh 

⇒ 

⇒ 

⇒ 

⇒ 

( 
2156

) s(r) = 2nr 2 + 2nr 
1tr 2 

4312 s(r) = 2nr 2 + --
r 

, 4312 s (r) = 41tr- -­
r 1 

"( ) 4 4 312 x 2  
s r = n +  3 r 

For maxima or minima 
4312 s'(r) = 0 ⇒ 4nr - --= 0 r 1 

..... (i) 

⇒ 4nr = 4312 ⇒ r 3 = 4312 ⇒ r 3 = 1078 
r 1 4n 1t 

⇒ r 3= 1078 x 7  
= 343 ⇒ r= 7 22 
8624 Now s"(7) = 4n + (7) 3 > 0 

Hence surface area is minimum when r = 7. 

14. Find the largest possible area of a right angled 
triangle whose hypotenuse is 5 cm long? 

{CBSE-2000} 

Solution 

Let x and y be the sides of the right angled 
triangle 
Then x2 + y2 = 25  

y = ✓25- x2 
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5 

X 

Now area 
1 

(A) = 2 xy 

⇒ 

⇒ 

A= "!._ x✓25- x2 

2 

dA= "!._
[ ✓25- xi - x1

] dx 2 ✓25- x2 

. . . dA For maxima or m1mma 
dx = 0 

⇒ 
⇒ 
⇒ 

x1 
✓25- x2 - �=== 0 

✓25- x1 

25  - 2x2 = 0 ⇒ x2 = 25/2 

X = 5/.J2 

y 

= ½[ �- �-
( 2 5 ::2) 3/2 ] 

5 d1A Clearly, for x = 
.J2

, 
dx2 < 0 

:. Area (A) is maximum and its maximum val-

ue is = ½ x }i ✓ 25 - 2; = ½ }i x }i = 21 

cm2 

15. A window is in the form of a rectangle sur­
mounted by a semicircular opening. If the 
perimeter of the window is 20m, find the 
dimensions of the window so that the maxi­
mum possible light is admitted through the 
whole opening. 

{CBSE-2000} 

Solution 

Let the length of window be 2x and breadth 
by y. 
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y 

X C 

2x 

Given perimeter = 20 

1 2x  + y + y + 2( 2ru) = 20 

⇒ 2x + 2y + 1tX = 20 
⇒ (1t + 2) x + 2y= 20 

⇒ 20- (n + 2)x y = 
2 

Now A = Area of the window 

1 = 2x x y +-nt2 

2 

X 

2 [
20- (n + 2)x

] 
1 2 = X ---- + - X 1t 2 2 

1 
= 20x - ru2 - 2x2 + - x2

1t 
2 

..... (i) 

= 20x-( i + 2  )x2 

dA 
dx

= 20- (n + 4)x 

For maxima or Minima 
dA - = 0 
dx 

⇒ 20- (1t + 4) x = 0 
20 ⇒ x = -­

n + 4  

d2A Also 
dx2 = -(7t + 4) < 0 

For maximum possible light, the dimensions 

f . 40 o the wmdow are 2x = -­
n + 4 

20 _ (7t + 2).20 
and y = 1t + 4  

2 

207t + 80 - 207t - 40  = -------
2(7t + 4) 

20 
7t + 4  

Hence dimensions of the window are 

� and � 
7t + 4  7t + 4  

, 6it96it lb 983Jk I I J t t k&ttlt!I§ till J@lkb tt.J.9.239 ill lh. 
W SPOM THE To515 f StyE THESE FPSPLEMs ◄ 

1. Find the point on the curve x2 = 4y which is 
nearest to the point (-4, 2) 

{CBSE-2007} 

2. Find the volume of the largest cylinder 
that can be inscribed in a sphere of radius 
r em. 

{CBSE-95C, 2001} 

3. Find the shortest distance between the line 
y - x = 1 and the curve x = y2 . 

4. Show that a cylinder of a given volume which 
is open at the top, has minimum total surface 

area, provided its height is equal to the radius 
of its base. 

{CBSE-87, 92C; HSB-96} 

5. Show that the volume of the largest cone that 

can be inscribed in a sphere of radius R is }
7 

of the volume of the sphere. 
{CBSE (SP)-2006} 

6. A straight line AB of length 8 cm is divide into 
two parts AP and PB by a point P Show that 
P is a mid-point if AP2 + BP2 is minimum. 
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7. A rectangle is inscribed in a semicircle of 11 .  Show that the rectangle of maximum perime-
radius r with one of its sides on diameter of ter which can be inscribed in a circle of radius 
semicircle. Find the dimensions of the rect- a is a square of side ../2 a. 
angle so that its area is maximum. Find also [CBSE-92, 2002/ 
the area. 

[CBSE-88, 98; SP-2006/ 12. Show that the semivertical angle of a cone of 
maximum volume and given slant height is 

8. Show tht the maximum volume of the cyl- tan -I ../2. 
inder which can be inscribed in a sphere of [HSB-97, 2003 ; 
radius 5✓

3 
cm is 500 7t cm3 . PSB-96, 98, 2003, CBSE-92/ 

[CBSE-04/ 
13. Show that the volume of the greatest cylinder 

9. A wire of length 25 m is to be cut into two which can be inscribed in a cone of height h 
pieces. One of the pieces is to be made into a 

and semivertical angle a is 
2
� rrh3 tan 2 a square and the other into a circle. What should 

be the lengths of the two pieces so that the [CBSE-2001C, 2004; 
combined area of the square and the circle is HB-2003 ; CET-98/ 
minimum. 

[CBSE-96C, 99/ 14. Show that the height of the cone of maximum 
volume that can be inscribed in a sphere of 

10. A window in the form of a rectangle is sur- radius 12 cm is 16 cm. [CBSE-2005/ 
mounted by a semi-circular opening. The 

Show that the height of the cylinder of maxi-total perimeter of the window is 1 O rn. Find 15. 
the dimensions of the rectangular part of the mum volume that can be inscribed in a sphere 
window to admit maximum light through the 2a 
whole opening. 

of radius a is ✓
3. 

[ CBSE-96C, 2000, 2002/ [ CBSE-2001 ; Karnataka CET-2002/ 

ANSWERS 

4w 3 

2. 
3✓

3 

3. 3../2/8 
7. a = 1t!4; r2. 

9. 100 
' 

251t 
1t + 4  1t + 4  

20 10 10. length = --
4 , breadth = --

4 n +  n +  

SOLVED OBJECTIVE PROBLEMS: HELPING HAND 

1. A population p(t) of 1000 bacteria introduced 
into nutrient medium grows according to 

. l OOOt the relation p( t) = 1000 + 
100 + t2 • The max-

imum size if this bacterial population is: 

(a) l l O O  
(c) 1050 

[Karnataka CET-2005/ 
(b) 1250 
(d) 5250 

Solution 

(c) ( t) = 1000 + 1 OOOt 
p 100 + t2 

dp _ (100 + t2)1000 -1000t.2t 
dt - (100 + t2) 2 
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1000(100 - t2 ) 

(100 + t2 )2 

For extremum, ! = 0 ⇒ t = 10 

dp
l 

dp
l Now - > 0 and - < 0 dt 1<1 0 dt 1>10 

dp . .  At t = I 0, 
dt 

change from positive to 
negative. 
p is maximum at t = I 0. 

P,,."" = p( l 0) 

= 1000 + l OOO. l O = 1050 
100 + 102 

2. A cone of maximum volume is inscribed in 
a given sphere, then ratio of the height of the 
cone to diameter of the sphere is 

{MNR-1985; UPSEAT-2000; 

(a) 2/3 
(c) 1/3 

Orissa JEE-2004} 
(b) 3/4 
(d) 1/4 

Solution 

(a) Let diameter of sphere AE = 2r 
Let radius of cone is x and height is y 
AD = y, since BD2 = AD . DE or x2 = y 
(2r- y) ........... (i) 

A 

y 

E 

1 1 Volume of cone V = - ru2

y 
= -n

y
( 2r -

y
)

y 3 3 
1 = - 1t( 2,y

2 - y3) 3 

⇒ dV 1 2 dV -=- 7t( 4 ,y- 3y ) ⇒ -= 0 
d

y 
3 d

y 

1 ⇒ 37t(4 ,y- 3y2) = 0 

⇒ 
y

( 4r- 3
y

) = 0 

4 ⇒ y = 3r, O 

d2y 1 
Now d

y

2 = 3n( 4r - 6
y

) ,  

Put 
y

= ir 
d2

y = !n(4r- 6 x ir)= 
3 dy

2 3 3 
negative value 

. . 4 So, volume of cone 1s maximum at y = 3
r 

⇒ Height y 2 
Diameter 2r 3 

3. If PQ and PR are the two sides of a triangle, 
then the angle between them which gives 
maximum area of the triangle is 

(a) 7t 

(c) n/4 

Solution 

{Kerala (Engg.)-2002} 
(b) n/3 
(d) n/2 

(d) Let PQ = a and PR= b, then I). = !ab sin 0 
2 
-l :S sin 0 :S l  

Since, area is maximum when sin 0 = I 

⇒ 0= � 
2 

4. If P = ( I, 1), Q = ( 3, 2) and R is a  point on 
x-axis then the value of PR + RQ will be mini­
mum at : 

(a) ( 5/3, 0) 
(c) ( 3, 0) 

{AMU-2005/ 
(b) (1/3, 0) 
(d) (1, 0) 

Solution 

(a) Let co-ordinate of R (x, 0). Given P( l ,  1) 
and Q(3, 2) 

PR +  RQ = .J ( x  -1) 2 + ( 0  -1) 2 
+ .J( x- 3) 2 + ( 0- 2) 2 

= .J x2 
- 2x + 2 + ✓ x2 

- 6x + 13 



For minimum value of 
d PR +  RQ, 
dx ( PR + PQ) = 0 

⇒ ! ( ✓ x2 - 2x + 2 ) + ! ( ✓ x2 - 6x + 13 ) = 0 

( x -1) 
⇒ ✓x2 - 2x + 2 
Squaring both sides, 

( x -1) 2 
( x2 - 2x + 2) 

⇒ 3x2 
- 2x - 5 = 0 

( x- 3) 
✓x2 - 6x + 13 

( x- 3) 2 

x2 - 6x + 13 

⇒ ( 3x- 5) (x + l )= O, 
5 

X = - -1 
3' 

Also I < x  < 3. 
:. R = ( 5/3, 0). 

5. Area of the greatest rectangle that can be 2 2 
inscribed in the ellipse ;2 + �2 = 1 is: 

(a) -✓cdJ 
(c) 2ab 

Solution 

(c) 

(-acose , -bsin0) 

(-acose , -bsin0) 

y 

{AIEEE-2005} 
(b) a/b 
(d) ab 

(acose , bsin0) 

(acose , -bsin0) 

Area ofrectangle ABCD = (2a cos 0). (2b sin 0) 
= 2ab sin 20 
Hence, area of greatest rectangle is equal to 
2ab, when sin 20 = 1. 

6. The volume of a spherical balloon is increas­
ing at the rate of 40 cubic centimetre per 
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minute. The rate of change of the surface of 
the balloon at the instant when its radius is 
8 centrimetre, is: 

5 ? . (a) 
2 

cm-/mm 

{Roorkee-1983} 

(b) 5 cm 2/min 

(c) 10 cm2/min 

Solution 

(d) 20 cm2/min 

4 (c) Here V = 3
nr 3 and S = 4nr 2 

⇒ dV 2 dr dr 40  5 -= 4nr - ⇒ - -
dt dt dt - 4nr 2 - 3 2n 

dS dr 5 -= 8nr -= 8n x 8 x -= 10 
� � 3 2n 

7. The radius of the cylinder of maximum vol­
ume, which can be inscribed in a sphere of 
radius R is: {AMU-1999} 

(a) ¾R (b) �R 

(c) IR 
4 

(d) �R 

Solution 

(b) If r be the radius and h the height, then 
from the figure, 

r 2 + ( � J = R2 ⇒ h2 = 4 (R2 -r2) 
Now, V = nr 2h = 2nr 2 ✓ R2 -r 2 

0 

R 

dV 1 (-2r) 
dr 

= 4nr✓R2 -r 2 + 2nr 2 • 2 � 
. . . dV For maximum of m1mmum, 

dr 
= 0 
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⇒ 

⇒ 
⇒ 

⇒ 

4 ,;:;:;---,Rz i 2nr3 
nr v 1( - -r- = ,;:;:;---, 

v R2 
-r 2 

2 (R2 - r2) = r2 

2R2 = 3r2 

r = �R ⇒ d2V 
= -ve V 3 dr2 

. . {2 Hence V 1s max1mum, when r = V3
R 

X Jcos t 
8. Let f( x) = 

�t, x > O then fi:X) has: 0 
{Kurukshetra CEE-2002} 

(a) Maxima when n = -2, -4, -6, . 
(b) Maxima when n = - I, -3, -5, 
(c) Minima when n = 0, 2, 4, . 
(d) Minima when n = 1, 3, 5, . 

Solution 
X Jcos t 

(b, d) f( x) = �t, x > 0 0 
⇒ /'( ) _ COS X 

O X - -- , X >  

⇒ f'( x) = 0 ⇒ COS X 
= 0 

X 

1t ⇒ x = ( 2n + 1)
2 

for n E z. 

Now f"( x) = 
-xsin x- cos x 

x2 

-2 /'1(2n  + l)n/2 ] = 
( 2 ) 

(-1) " n + 1 1t 

2(-1)"' 1 
( 2n + l)n 

Thus f'(x) > 0 n = -2, -4, -6, 
f' (x) < 0 n = 0, 2, 4, . 
f'(x)> 0 n = 1, 3, 5 .. 
f'(x) < 0  n =-1,-3,-5 . 

Thus fix) attain maximum for n = - I, -3, -5, 
....... and minimum for n = I, 3, 5, . 

9. The semi vertical angle of a right circular 
cone of given slant height and maximum 
volume is: 

(a) tan-1 2 
(c) tan-1 1/2 

{PET (Raj.)-1996} 
(b) tan - 1 .J2 
(d) tan - 1 l/.J2 

Solution 

Step I: 
Let / be given slant height and a be semi­
vertical angle of the cone. Then its height h 
= I cos a 

rad i us of the base r = / sina 

�,----__i_L_ __ � sem i  vertical ang le 

. dv d2v Step 2: For maximum, - = 0, - ,co 
dx dx2 

Volume V = ½nr 2h = ½n/3sin 3 acos a 

⇒ �: = ½n/3 [ 2  sin a cos 2 a - sin3 a] 

d2V 
= !n/3 [ 2cos 3a - 7 sin 2a cosa] 

da2 3 

dV . r;:.2 Now 
da 

= 0 ⇒ sm a = 0 or tan a = v L. 

But sin a -::j:. 0 so a = tan - 1 .J2 

d2V Also then -2 < 0, hence when 
da 

a = tan - 1 .J2, volume is maximum. 

10. If u = .Ja 2 cos 20 +  b 2 sin 20 + 

.J a 2 s in 2 0 + b 2 cos 2 0 then difference 
between the greatest and least values of u2 is: 

{AIEEE-2004} 
(a) (a + b)2 
(c) 2 (a 2 + b 2) 

Solution 

(b) 2.Ja 2 +b 2 

(d) (a -b)2 

(d) u2 = a 2 + b 2 + 2 .Ja 2 cos 20 +  b 2 sin 20 x  
.Ja 2s in 20 +b 2 cos 20 

=a 2 +b2 + 2  
,j(a 4 + b 4)sin 2 0cos 2 0 + a 2b 2 (sin 4 0 + cos 4 0) 

=a 2 +b2 + 2  



= ( a
2 + b 2 ) + .J4a 2b 2 + ( a

2 -b 2 )2 sin 2 20 

max. (u2) = (a2 + b 2) + (a2 + b2) 

= 2(a2 + b2) 

(when sin 2 20 is maximum i.e., 1) 
min. (u2) = (a2 + b 2) + 2ab (when sin2 20 
is minimum i.e., 0) 

Hence required difference = a2 + b 2 
- 2ab = 

(a -b)2 . 

11. A triangular park is enclosed on two sides by 
a fence and on the third side by a straight river 
bank. The two sides having fence are of same 
length x. the maximum area enclosed by the 
park is 

(a) 7tX2 

[AIEEE-2006/ 

(b) �x2 2 
(d) f; 

Solution 

( c) Let A B C be given park with two sides 
A B and A C equal to x, Let LACB = 0 If A D 
to perpendicular on BC, then AD = x Sin 0 and 
DC = x cos 0 

area of the park � = (AD)(DC) 2 
x2 sin0cos0 = � sin 20 

It is maximum when sin 20 = 1. 

Hence maximum area enclosed = ½x2 
12. A line is drawn through a fixed point (a, b), 

(a> 0, b > 0) to meet the positive direction of 
the coordinate axes in P, Q respectively. The 
minimum value of OP + OQ is: 
(a) ✓a + .Jb (b) ( ✓a + .Jb) 2 

(c) ( ✓a + .Jb) 3 (d) None ofthese 

Solution 

(b) Let equation of the line be � + � = 1. 
p q 

Since it passes through (a, b), so we have 
a b - + - = l 
p q 

⇒ a q-b aq -= -- => p= --
p q q-b 
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aq 
Now S = OP + OQ= p + q = q + q-b 

dS 
= l + a[( q-b)- q] = l- � 

dq ( q-b) 2 ( q-b) 2 

dS = 0 => q-b= ..fcib 
dq 

⇒ q = b + .../ah, p = a +  .../ah 

d2S 
Obviously dq2 > 0, so min. (p + q) = a + b + 

2 .../ab  = ( ✓a + .Jb) 2 

13. The ratio between two sides of a rectangle of 
given area with minimum perimeter is. 
(a) 2 : 1 (b) 3 : 2 
(c) 1 : 1 (d) 4 :  3 

Solution 

( c) Let x, y be length and breadth of the rect­
angle. Then its area = xy = A (constant) 

Perimeter S = 2x + 2y = 2x + 2'). = f ( x) 

ds 2'J.. " Now - = 2 - - = 0 ⇒ x = v A then 
dx x2 

y = J'i., 
x : y = l : l  

14. The lengths of the sides of the rectangle of 
greatest area drawn in the ellipse x2 + 2y2 = 8 
are: 
(a) 2 , ✓'2. 
(c) 4 , 2✓'2. 

(b) 2✓'2. , 2 
(d) None of these 

Solution 

(c) Let ( 2✓'2. cos0,  2sin 0) be a point on the 
2 2 

ellipse � + � = 1. If it is one vertex of the 

rectangle, then sides of the rectangle are: 
4 ✓'2. cos0,  4sin 0  

⇒ 

Area of the rectangle A =  16✓'2. s in0cos0 = 8✓'2. s in 20 

dA d2A - = 4✓'2. cos 20, -2 = -8✓'2, sin 20 de de 
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dA Now 
de = 0 ⇒ cos 20 = 0 ⇒ 0 = n/4 where 

d2A 
de2 < 0 

Hence sides of the rectangle of greatest area 
are 4 , 2-J2. 

15. A circle of radius r is drawn in an isosce­
les triangle. The least perimeter of such a 
triangle is: 

(a) 2✓3
r 

(c) 6✓3
r 

Solution 

{Hayana (CEE)-91} 
(b) 4✓3

r 
(d) 8✓3

r 

( c) Let ABC be the required isosceles trian­
gle and AB = AC. 
If I be its incentre, then AD will be the bisec­
tor of LA; where D is the mid point of BC. Let 
LBAD = 0, then perimeter of triangle. 

A 

0 

s = AB + AC + BC= 2AB + 2BD 
= 2 (AB + BD) = 2 (AF+ BF+ BD) 
= 2 (AF+ 2BD) 
= 2 [r cot 0 + 2(r cosec 0 + r) tan 0] 
= 2 r (  cot 0 + 2 sec 0 + 2 tan 0) 

ds Now -= 2r (-cosec 2 0 + 2 sec 0 tan 0 + ' de 
2 sec 2 0) 

ds = 0 ⇒ 2 sin30 + 3 sin 20 = I 
de 

It is satisfied by sin 0 = 1/2 ⇒ 0 = 1t/6 
Hence � ABC is equilateral and its perimeter 
= 6✓3

r 

16. The point (0, 5) is closest to the curve x2 = 2y 
at {MNR-1983} 
(a) ( 2-J2, 0) (b) (0, 0) 
(c) (2, 2) (d) None of these 

Solution 

( d) Let a point on the curve by (h, k) Then h2 

= 2k �--- .......... (i) 
Distance = D = ✓h2 + (k - 5) 2 

By (i); D = ✓2k + (k- 5)2 

dD 
dk 

1 ----;a==== X 2(k - 5) + 2 = 0 
2✓2k + (k - 5) 2 

⇒ k= 4 
So, at k = 4 function D must be minimum 
Then point will be ( ±2-J2, 4) 

17. Let P(x) = a 0 + a 1x2 + al'4 + ..... + a. x2" is a 
polynomial in x and O < a 0 < a 1 < ...... < a.; 
then p(x) has: 

{Delhi (EEE)-98; IIT-86} 
(a) only one maxima 
(b) only one minima 
( c) no maxima and no minima 
( d) none of these 

Solution 

(b) P'(x) = 2a 1x + 4a 2 x3 + ..... + 2na. x 2• - 1 

P"(x) = 2a 1 + 12a 2 x2 + ........ + 2n (2n - 1) a. 
x2n - 2 

Now P'(x) = 0 ⇒ 2x(a 1 + 2a 2 x
2 + ... + n a. 

xZ• - 2) = 0 
⇒ x= 0 
( ·: other factor :;t O as O <a1 <a2 < ........ <a.) 
Also P"(0) = 2a 1 > 0, which shows that x = 0 
is a minimum point of P(x) and it is the only 
minimum point. 

18. If O :S c  :S 5, then the minimum distance of the 
point (0, c) from parabola y = x2 is: 

(a) � 
(c) ✓c + l/4 

Solution 

{IIT-82} 
(b) ✓c- 1/4 
(d) None of these 

(b) Let ( ✓t, t) be a point on the parabola 
whose distance from (0, c) be d. Then z = d2 = 
t + ( t- c)2 = t2 + t ( l - 2c) + c2 

⇒ dz d2z -= 2t + 1 - 2c -= 2 > 0 
dt ' dt2 

dz Now -= 0 
dt 

⇒ t= c- I/2 



Which gives the minimum distance, So mini­
mum distance 

= ,./(c - 1/2) + (- 1/2)2 = ✓c-1/4 

19. A point is motion along a line and at time t its 
distance s is given by x = t4!4 - 2t3 + 4f-7. Its 
acceleration will be minimum when: 
(a) t= l (b) t= 2 
(c) dt= 3 (d) t= 4 

Solution 

20. 

d1s (b) Acceleration f = -1 = 3t2 -12t + 8 
dt 

⇒ df = 6t -12 dzf = 6 dt ' dt1 

df 
dt 

= 0 ⇒ t = 2. 

The value of 'a ' for which the function (a + 2) 
x3 - 3ax2 + 9ax - 1 decreases monotonically 
throughout for all real x, are: 

(a) a <-2 
(c) -3 <a < O 

{Kurukshetra CEE-2002} 
(b) a>-2 
(d) -oo <a :S-3 

Solution 

( d) If./(x) = ( a + 2)x3 - 3ax2 + 9ax - 1 decreases 
monotonically for all x E R, then f(x) :S O  for 
all xeR 
⇒ 3(a + 2)x2 - 6ax + 9a :S O  for all xeR 
⇒ (a + 2)x2

- 2ax + 3a :S O  for all xeR 
⇒ a + 2 < 0 and Discriminant :SO 
⇒ a <-2,-8a 2- 24a :S O 
⇒ a <-2 anda(a + 3) � 0 
⇒ a <-2, a :S-3 or a �  0 
⇒ a :S-3 ⇒-oo <a :S-3. 

21. Consider the following statements S and R 
S: Both sin x and cos x are decreasing func-

tions in ( �' 1t) 
R: If a differentiable function decreases in ( a, b) 
then its derivative also decreases in (a, b). 
Which of the following is true 

{IIT Screening-2000} 
(a) Both Sand R are wrong 
(b) Both S and R are correct but R is not the 

correct explanation for S 
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( c) Sis correct and R is the correct explanation 
for S 

( d) S is correct and R is wrong 

Solution 

( d) From the trend of value of sin x and 
cos x we know sin x and cos x decrease in 1t - < x < n. So, the statement S is correct. 
2 

y 

The statement R is incorrect which is clear 
from graph. 
Clearly fix) is diffemtiable in (a, b). 
Also, a < x 1 < x2 < b. 

But f'( x1) = tan <1> 1 < tan <1>2 = f'( xz) 

22. If./(x) = xe ,(1 -•l, then fix) is: 
{RPET-95; IIT Screening-2001} 

(a) Increasing on [-½ , 1] 
(b) Decreasing on R 
( c) Increasing on R 

( d) Decreasing on [-½ , 1] 
Solution 

(a) j'( x) = ex ( l-x ) + X.ex ( l-x ) .(1- 2x) 

= ex
< J -x ) {l + x(l- 2x) }  

= ex(l - x ) _(-2x2 + x + l) 
Now by the sign-scheme for - 2x2 + x + 1 

+ 

-1 /2 

f(x) � 0 if xE [-½ , 1 J because e' <1 - x) is 

always positive. 

So,fix) is increasing on [-½ , 1 J 
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23. Let.f{x) = x3 + bx2 + ex + d, 0 < b2 < e. Then f-
[IIT Screening-2004/ 

(a) Is bounded 
(b) Has a local maxima 
( c) Has a local minima 
(d) Is strictly increasing 

Solution 

(d) Given.f{x) = x3 + bx2 + ex +  d 
f'(x) = 3x2 + 2bx + e 

Now its discriminant = 4(b2
- 3e) 

⇒ 4(b2- e)- 8e < 0. as b2 < e and e > 0 
Therefore,/ (x) > 0 for all x E R, 
Hence f is strictly increasing. 

24. The function .f{x) = tan-1 (sin x + cos x), 
x > 0 is always an increasing function on the 
interval 

(a) (0, 1t) 
(c) (0, 1t/4) 

Solution 

[Kerala (Engg.)-2005/ 
(b) (0, 1t/2) 
(d) (0, 31t/4) 

(c) f( x) = y= tan-1 ( ✓
2

s in (x + �)) 

⇒ tan y = ✓
2

s in ( x + �) 

⇒ sec 2 y : = ✓
2 

cos ( x + �) 

: > O ⇒ cos ( x + �  )> 0. 

25. The function.f{x) = x(x + 3) e --<112).T satisfies all 
the conditions of Rolle 's theorem in [-3, 0]. 
The value of e is: 
(a) 0 
(c) -2 

Solution 

(b) -1 
(d) -3 

(c) To determine 'e '  in Rolle 's theorem, 
f(e) = 0 

Her f'( x) = ( x2 + 3x) e- c 1 12 >•. 
(-½ ) + ( 2x + 3) e- ( I /2 )x 

= e- ( I /2 ), {-½( x2 + 3x) + 2x + 3 } 

= _ .!.e- (x /2 ) {x2 - x- 6} 2 
f(e) = 0 ⇒ e2- e- 6  = 0 ⇒ e = 3,-2 

But e = 3 !t: [-3, 0]. 

26. Let .f{x) satisfy all the conditions of mean 
value theorem in [ 0, 2]. If .f{0) = 0 and 

if'( x) I  � ½ for all x, in [ 0, 2] then: 

[Punjab CET-1988/ 
(a) j{x) :S 2 
(b) 1/Cx) I :s 1 
(c) j{x) = 2x 
(d) j{x) = 3 for atleast one x in [ 0, 2] 

Solution 

(b) 

⇒ 

⇒ 

⇒ 

/(2)-f(0) 
f'( x) 

2- 0  

/(2)- 0 
f'( x) 2 

df( x) /(2) 
dx 2 

f( x) = /(2) x + e  2 
.f{0) = 0 ⇒ e = 0; 

f( x) = f( 2) 
X 2 .. (i) 

Given lf'( x) l � .!. ⇒ 1
/(2)

1 � .!.  ........ (ii) 
2 2 2 

(i) ⇒ lf( x) I = 1
1

;
2) xl = I 1;

2)
1 lxl � ½ lxl 

[ from (ii)] 
In [ 0, 2], for maximum x (x = 2) 

lf( x) I � .!..2 ⇒ l f( x) I � 1 2 
27. The function 

f(x) = f t( e' - l)(t- l)( t- 2) 3( t- 3) 5 dt has a 

local miirimum at x = 

(a) 0 
(c) 2 

(b) 1 
(d) 3 

[IIT-1999/ 



Solution 

(b, d) f ( x) = J t(e' - l)( t- l)( t- 2) 3 ( t- 3) 5 dt 
-1 

:. f(x) = x (e'- l ) (x- l ) (x- 2)3 (x- 3)5 

For local minima, slope i.e., f'(x) should 
change sign from -ve to +ve. 

f(x) = 0 ⇒ X = 0, 1, 2, 3, 
If x = 0 - h, where h is a very small number, 
then 

f(x) = (-) (-) (-1) (-1) (-1) = -ve 
Ifx = 0 + h;f(x) = (+) (+) (-) (-1) (-1) = -ve 
Hence at x = 0 neither maxima nor minima. 

If x = 1 - h;f(x) = (+) (+)(-) (-1) (-1) = -ve 
Ifx = 1 + h;f(x) = (+) (+) (+) (-1) (-1) = +ve 
Hence at x = 1 there is a local minima. 

Ifx = 2- h;f(x) = (+) (+l)  (+) (-) (-) = +ve 
Ifx = 2 + h;f(x) = (+) (+) (+) (+) (-1) = -ve 
Hence at x = 2 there is a local maxima. 

Ifx = 3 - h;f(x) = (+) (+) (+) (+) (-) = -ve 
Ifx = 3 + h;f(x) = (+) (+) (+) (+)(+) = +ve 
Hence at x = 3 there is a local minima. 

ln(n + x) 
28. The function f(x) = 

ln(e + x) is: 

[IIT-1995/ 
(a) Increasing on [ 0, oo) 
(b) Decreasing on [ 0, oo) 
(c) Decreasing on [ 0, 1t!e) and increasing on 

[ 1t!e, oo) 
(d) Increasing on [ 0, 1t!e) and decreasing on 

[ 1t!e, oo) 

Solution 

(b) Let f(x) = 
ln(n + x) 
ln(e + x) 

1 1 ln(e + x) x -- -ln(n + x)--
f'(x) = n + x  e + x  

ln 2 ( e + x) 

(e + x)ln (e +  x) - (n + x)ln(n + x) 
ln 2 ( e + x) x (e + x)(n + x) 

⇒ f(x) < 0  for all x c::  0, { ·: 1t> e} 
Hence.f{x) is decreasing in [ 0, oo) 

29. The area of the tringle formed by coordinate 
axes and the tangent to curve.f{x) = x2 + bx -b 
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at point ( 1, 1) is 2 units if this triangle lies in 
first quardrant, then b is equal to 

[IIT-Screening 2001/ 
(a) -1 
(c) -3 

Solution 

(c) .f{x) = x2+ bx- b 
⇒ f'(x) = 2x + b 

(b) 3 
(d) 1 

⇒ f'(l )= 2 + b= slope ofthe tengent at ( l ,  1) 
equation of the tengent at ( 1, 1) is y - 1 = 
(2 + b) (x-1) 

⇒ (2 + b) x - y = 1 + b 

⇒ _x_ + _Y_= l 
( 

l + b
) 

-(l + b) 
2 + b  

Area of given triangle = 2 

⇒ I½( �:� }-( l + b) } l= 2 

⇒ -(1 + b)2 = 8 + 4b (taking '+' sign) 
⇒ b2+ 6b + 9 = O 
⇒ b =-3 

30. If p(x) be a polynomial of degree 3 satisfying 
p(-1) = 10, p( l )  = -6. 
If p(x) has maxima at x = -1 and p(x) has min­
ima at x= 1, then distance between the local 
maximum and local minimum of the curve is: 

[IIT (Main)-2005/ 
(a) 4✓65 

(c) 2✓65 

(b) 3✓65 

(d) ✓65 

Solution 

(d) Let p(x) = ax3+ bx2+ ex+ d. As given 
p(-1) = 1 0 ⇒-a+ b-c+ d= lO ... (1) 
p( l )  = 6 ⇒-a+ b+ c+ d=-6 .... (2) 

Also p(x) has maxima at 
x = -1 ⇒ pl (-1) = 0 ⇒ 3a - 2b + c = 0 

and p(x) has minima at 
x = 1 ⇒ p"(l)  = 0 ⇒ 6a + 2b = 0 

⇒ 3a+ b = 0 ............. (4) 
(1), (2), ( 3), (4) ⇒ a = 1, b =-3, c =-9, d= 5 

p(x) = x3 - 3x2 
- 9x - 5 = 3(x + l )(x - 3) 

p"(x) = 6x- 6 
Now 

p'(x) = 0 ⇒ x = -1, 3. Also p"(-1) = -12 
< 0, p"(3) = 12 > 0 
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⇒ x = - I is maxima and x = 3 is minima. 
Hence local maximum and minimum 
points are (-1, 10) and ( 3, -22) 
required distance = .Ji 6 + 1024 = 4 ✓65 

31. If f( x) = 2-ex- J , l < x ::, 2  
! e' , 0 ::,  X ::, 1 

x- e 2 < x ::, 3  

and g( x) = f' f( t)dt, xE [l, 3 ] Then g(x) has 

{IIT-JEE-2006} 
(a) Local maxima at x = 2 and local minima at 

x = I 
(b) Local maxima at x = I + In 2 and local 

minima at x = e 
(c) No local maxima 
(d) No local minima 

Solution 

(b) g'( x) = f( x) = 2- ex- J l < x ::, 2  
! e' , 0 ::,  X ::, 1 

x-e 2 < x ::, 3  
g'(x) = 0 ⇒ x= e, I + ln 2 now 

g"(x) = 1 , 2 < x ::, 3  
!-ex- I , 1 < X:,; 2 

g"( l +  In 2) = -e 1" 2 =-2 < 0  ⇒ x = I +  in 
2 is a local maxima. Also g" (e) = I > 0 
⇒ e is a local manima. 

Hence (b) is the correct answers. 

32. Cosine of the angle of intersection of curves y 
= 3-• -1 Iog x and y = x-'- 1 is: 

(a) 0 
(c) 1/2 

Solution 

{IIT-JEE-2006} 
(b) I 
(d) 1/3 

(b) Given curves meet at x = I 
d 3x-i 

For first curve -1'..= - + 3'- 1 log x 
dx x 

(at x = 1) 

For second curve dy 
= x' ( I  + log x) = I 

dx 
(at x = 1) 
If 0 be the angle between these curves at x = I , 
then tan 0 = 0 ⇒ cos 0 = I 

33. Curve y = ax3 + bx2 + ex + 5 touches x-axis at 
point A (-4, 0) and intersects y-axis at point B 
where its slope is 3. Then 

{IIT-84} 
(a) a = I/2, b = 3/4, c = 3 
(b) a = I/2, b = -3/4, c = 3 
(c) a =-l/2, b =-3/4, c = 3 
(d) a = I/2, b = 3/4, c = -3 

Solution 

(c) dy 
= 3ax2 + 2bx + c 

dx 
Given curve touches x-axis at (-2, 0) ( : 1-2.0) - o 

⇒ 12a - 4b + c = 0 ............ (1) 
Also (-2, 0) lies on the given curve, 
so - 8a + 4b - 2c + 5 = 0 ...... (2) 

. dy As g1ven at x= 0, -= 3 
dx 

⇒ c = 3 ........... ( 3) 
(1), (2), ( 3) ⇒a = - I/2, b = -3/4, c = 3 

34. The total number of local maxima and local 
minima of the function 

= {
( 2 + x) 3 ,-3 < x ::,-l . . 

/(x) 
213 IS .  

x , -l < x < 2  

(a) 0 
(c) 2 

Solution 

{IIT JEE-2008} 
(b) I 
(d) 3 

{
( 2 + x) 3 ,-3 < x ::,-l 

(c) f( x) = 213 1 2 X , - < x <  

Y = xz/3 

-2 

One can easily graph the function. It is an ex­
ample of a piecewise continuous function. The 
function has a local maxima at x = - I and a 



local minima at x = 0. Thus the total number 
of local maxima and local minima of the func­
tion is 2. 

35. Let the function g: (-oo, oo) --> ( -�,�) be 

given by g (u) = 2 tan - 1 ( e")- �. Then, g is: 
2 
{IIT JEE-2008} 

(a) even and is strictly increasing in (0, oo) 
(b) odd and is strictly decreasing in ( -oo, oo) 
( c) odd and is strictly increasing in (-oo, oo) 
( d) neither even nor odd, but is strictly increas­

ing in (-oo, oo) 

Solution 

2 - ) ( ") 7t 
(c) g (u) = tan e -

2 
= 2 tan -1 (e")- (tan-1 (e") + cot-1 (e")) 
= tan-1 (e")- cot-1 (e") 

thus g (-u) = tan -1 (e-") - cot-1 (e-") which can, 
after transformation, be seen to beg (-u) = g(u) 
Hence g is odd 
Also g'(u) > 0, which means g is increasing. 

36. Consider the function f (-oo, oo) --> (-oo, oo) 
x2 -ax + I  

defined by f(x) = 2 , 0  < a < 2. 
x + ax + I  

Which of the following is true? 
{IIT JEE-2008} 

(a) j(x) is decreasing on (-1, 1) and has a local 
minimum at x = I 

(b) j(x) is increasing on (-1, I) and has a local 
maximum at x = I. 

( c) j(x) is increasing on (-1, I) but has neither 
a local maximum nor a local minimum at 
x = I 

( d) j(x) is decreasing on (-1, I) but has neither 
a local maximum nor a local minimum at 
X = I. 

Solution 

(a) J'( x) = 2a ( x2 - l) 
( x2 +ax + l) 2 

= 2a ( x- l)( x- 1) 
( x2 + ax + I)2 

It is easily seen that /(x) decreases on (-1, 1), 
and has a local minimum at x = I, because the 
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derivative changes its sign from negative to 
positive. 

{
I x I if 0 I x I :=; 2 

37. Let f(x) = . thet at x = 0, f 
1 If X = 0 

has {IIT (Screening)-2000} 
(a) a local maximum 
(b) not a local maximum 
( c) a local minimum 
( d) no extreme value 

Solution 

(a) /( x)= t 
' 

y 

-2 :=; x < 0 
x= 0 

0 < x :=; 2  

Obviously j(x) is discontinuous at x = 0. Also 
it can be easily observed from its graph that 
/(0) = I > j(x) V x E (-h + 0, 0 + h) 

j(x) is locally maximum at x = I. 

38. Let/(x) = (x-a) (x - b) (x-c) be a real valued 
function where a <  b < c (a, b, c ER) such that 
f'(a) =0. Then ifa E ( c1 , cz), which one of the 
following is correct? {ICS-2006} 
(a) a <  c 1 < b and b < c2 < c 
(b) a < c l'c2 < b  
(c) b < c l'c2 < c 
(d) None of these 

Solution 

(a) j(x) is continuous and differentiable. Also 
j(x) = 0 at x = a, b, c (three points), so by 
Rolle's theorem f(x) = 0 atleast at two points 
say c 1 and c2 such that a < c  1 < b and b < c2 < c. 
Then f'(x) = 0 atleast at one point a lying be­
tween c 1 and c2. Hence (a) is correct. 

39. If/(x) is twice differentiable andj(l)=l,/(2) = 
4,/(3) = 9, then {IIT (Screening)-2005} 
(a) f'(x) = 2 V x e (1, 3) 
(b) f'(x) = 2 for atleast one x E (1, 3) 
(c) f'(x) = 3V x E (1, 3) 
(d) At any x E (1, 3),f'(x)= f(x) = 5 
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Solution 

(b) Letg(x) = j(x)-x2 . Theng (x) is also twice 
differentiable and so continuous also. Further 
g( I) = /(I) - I = 0, g(2) = /(2) - 4 = 0, g( 3) 
= /(3)- 9 = 0 
Hence g(x) satisfies Rolle 's theorem condi­
tions in [ I, 2] and [ 2, 3]. Consequently there 
exist atleast one a E ( I, 2) and one b E (2, 3) 
such thatg'(a) = 0 and g'(b) = 0 
Further g'(x) satisfies Rolle 's theorem in 
[a, b], so there exists atleast one x E (a, b) i.e., 
x E ( I, 3) such thatg"(x) = 0 
⇒ f'(x)- 2=0 ⇒f'(x)=2 

40. If j(x) is twice differentiable function such 
that /a)= 0, j(b) = 2, j(c) = -I, j(d) = 2, j(e) 

= 0, where a < b < c < d < e; then minimum 
number of zeroes of g(x) = (f(x))2 + f'(x)f(x) 
in the inteival [ a, e] is: 

(a) 4 
(c) 6 

Solution 

{IIT-JEE-2006} 
(b) 5 
(d) 7 

(c) Obviously f(x) is continuous and /(a) = 0 
= f(e),f(b) > 0,f(c) < 0,j(d) > 0, so f(x) meets 
x-axis atleast at 4 points in [ a, e] 

d 
Now g(x) = 

dx 
(f(x).f(x)) 

Let h(x) = f(x)f(x), theng(x) = h'(x) 
j(x) is zero at least four places in [ a, e] 

⇒ f (x) is zero at atleast three places in [ a, e] 
[ by Rolle's theorem] 

⇒ h(x) is zero at atleast seven places in [a, e] 
⇒ h'(x) is zero at atleast six places in [a, e] 

g(x) has minimum six zeroes in [a, e] 

41. What is the maximum area of the rectangle 
whose sides pass through the angular points 
of a given rectangle of sides a and b 

(a) (a+ b)2/2 
(c) (a 2 + b2)/2 

{UPSC-2007} 
(b) (a+ b)2 

(d) (a 2 + b2) 
Solution 

(a) Let ABCD be the given rectangle with sides 
a and b. Also let PQRS be the rectangle pass­
ing through the angular points of the given 
rectangle. 
PQ = a cos (90° - 0) + b cos 0 

= a sin 0 + b cos 0 
PS= a cos 0 + b cos ( 90°- 0) 

= a cos 0 + b sin 0 
Q 

s 

R 

PQ . PS= (a sin 0 + b cos 0)(a cos 0 + b sin 0) 
= a 2 sin 0 cos 0 + ab sin 2 0 + ab cos2 0 + b2 sin 
0 cos 0 
= ab + (a 2 + b2) sin 0 cos 0 = ab + (a 2 + b2) 
sin 20 2 
Maximum area is obtained when sin 20 

b (a 2 + b2 ) = I , and then the area is a + -'---
2
--'--

a 2 + b 2 + 2ab (a + b)2 

= ---- = 
2 2 

OBJECTIVE PROBLEMS: IMPORTANT QUESYiONS MYA sotdfioNS 
1. Area of the greatest rectangle that can be inscri-2 2 

bed in the ellipse .; + y 2 = I is: MPPET-201 OJ 
a b 

(a) � (b) .Jab 
b 

(c) ab (d) 2ab 

2. If axis of the parabola y = j(x) is parallel to 
y-axis and it touches the line y = x at ( I  , I), 
then: 

(a) f(0)- 2/(0) + I = 0 
(c) 2/(0) + /(0) = I 

{MPPET-2010} 
(b) f(0) + 2/(0) = I 
(d) 2/(0) -:f(O ') +  I = O 



3. Let f: R➔ R be defined by 

f( x)= 
- ' . If f has a local {

k 2x if x ::;- 1  
2 x  + 3 ,  if  X > -1 

minimum at  x = - I, then a possible value 
of k is: {AIEEE-2010} 

(a) 0 (b) _.!_ 2 
(c) -1 (d) I 

4. The volume of the greatest cylinder which can 
be inscribed in a cone of height 30 cm and the 
semi-vertical angle 30°. Is 

4 3 . (a) ft (10) cubic cm 

(b) 41t( l 0)3 cubic cm 
4 3 . (c) ft (15) cubic cm 

(d) None of these 

5. The height of a cylinder if maximum volume 
inscribed in a sphere of radius 'a ' is 
(a) a/✓

3 
(b) 2a /✓

3 

(c) ✓
3
a (d) 2✓

3
a 

6. A wire 34 cm long is to be bent in the form 
of a quadrilateral of which each angle is 90°. 
What is the maximum area which can be 
enclosed inside the quadrilateral? 

(a) 6 8  cm 2 
(c) 71.25 cm2 {NDA-2007} 

(b) 70 cm 2 
(d) 72.25 cm2 

7. The number of values of x where the function 
j(x) = cos x + cos( ✓'2.x) attains its maximum 
1s {IIT-1998; DCE-2001, 2005} 
(a) 0 (b) I 
( c) 3 ( d) infinite 
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8. If from a wire of length 36 metre a rectangle 
of greatest area is made, then its two adjacent 
sides in metre are {MPPET-1998} 
(a) 6, 12 (b) 9, 9 
(c) 10, 8 (d) 13, 5 

9. The maximum area of a rectangle of perimeter 
176 ems is {PET Raj. -90, 98} 
(a) 1936 cm2 (b) 1854 cm2 
(c) 2110 cm2 (d) None of these 

10. If/(x) = x2 + 2bx + 2c2 and g (x) = -x2 - 2cx 
+ b2 such that min /(x) > max g (x), then the 
relation between b and c is {IIT JEE-2003} 
(a) no real vlaue of b and c 
(b) 0 < c < b✓'l. 
(c) l c l < l b l ✓'l. 
( d) I C I > I b I ✓'2, 

11. Let /(x) = (1 + b2) x2 + 2bx + I and let m(b) 
be the minimum value of/(x). As b varies, the 
range of m(b) is {IIT Screening-2001} 

(a) [ 0, I] (b) ( o, ½ ] 
(d) (0, I] 

12. The minimum value of 

I x I + I x + ½ I + I x - 3 I + I x - � I is 

(a) 0 (b) 2 
(c) 4 (d) 6 

13. The greatest distance from the point ( ✓
7

, 0) 
to the curve 9x2 + l 6y2 = 144 is 

(a) 4 
(c) 2 + ✓

7 

{Kerala PET-2008} 
(b) ✓

7 

(d) 4 + ✓
7 

SOLUTIONS 

1. (d) Step I: 
C I early are a of the rectangle = PQ x RQ 

= (2b sin 0) ( 2a cos 0) 
A = 2ab sin 20 
Step 2: For maximum area: 
dA d 2A -= 0 and -- < 0  
d0 d0 2 

y 
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i.e. 2ab x 2 cos 20 = 0 
⇒ 0 = 45° 

maximum area = 2ab 

2. (b) Let equation of parabola be j(x) = ax2 + bx 
+ c  
Line y = x touches curve at (1, I);/( I) = I 

I =a + b + c  . . . . .  00 

dy I = slope of tangent = I 
dx cuJ 

f'(l) = 1 ⇒ 2a + b = I 
Also/(0) = c;f(0) = b 

Now 2(i) - (ii) given 
b + 2c = I 
f (0) + 2/(0) = I 

3. (b) f( x) = 
- ' {

k 2x- if x �-1 
2x  + 3 ; if X > -1 

if x = - I is a local minima then 
f(- I- h) "c.f(- I ) �f(-1 + h) 
:. Consider /(-!) �/(-1 + h) 

k + 2 � 2(-1) + 3  
k �- I  

...... (ii) 

: . (b) From options k = - I  is only possible 

4. (a) Step I: 
Given height of the cone OC = 30 cm, a= 30 cm 
Using formula, maximum volume 

4 7tli3 tan 2 a 
= V= ----

27 
Step 2: Volume 

= _i_ 7t X ( 30) 3 X .!._ = 
47t

(
3 0

)
3 

27 3 3 3 
47t 3 . = -( 1 0) cubic cm 
3 

5. (b) Step I : Let R be the radius and 2A be the 
height then from the figure. 

clearly from the figure R2 + H2 = a 2 . . . . . . . . . .  (i) 
2H = ?? or 
Step 2: Now for maximum volume 
V = 1t(a2 - H 2)( 2H) ....... (ii) 

dV d2V we have -= 0 and -- < O dH dH2 

Solving (ii) we find 
dV 2 2 - = 2nr - 2n( 3H ) = 0 
dH 

a2 = 3H2 ⇒ a = H ✓
3 

a, 
from (i) and (iii) we get H = 

✓
3 

... (iii) 

2a . . or 2H = 
✓

3 = he ight ofthe cylmder ofmax-

imum volume. 

6. ( d) Step I: We know that maximum area 
which can be inclosed as the quadrilateral 
must be square. 
Therefore 4 x a = 34  cm. 

17 . or a = -cm = each s ide of the square 
2 

Step 2: Maximum Area 

= (s ide) 2 = 
289  

= 72.25  (cm)2 

4 

7. (b) Step I: For maximum value 
f '( x) = 0,f "( x) < 0, 

f '( x) = -sin x - ✓
2

s in ✓
2

x = 0 
⇒ Hence x = 0 is only value as ✓

2 
is a ir­

rational number 
Step 2: 

f ''( x) l,=0 = -cos x - 2cos ✓
2

xl
x =o = -3 < 0 

8. (b) Step I : Perimeter of rectangle = 2(x + y) 
= Sum of four sides = 36 

x + y= 18, y= 18- x 
Step 2: For maximum area off(x) 
f( x) , x = a is a point of maxima if 
f'(a) = 0 and f "(a) < 0 

dA d2A -= 0, --2 < 0 ,  where 
dx dx 



A = xy = x( l 8  - x) 
dA :. - = 1 8  - 2x  = 0 ⇒ X = 9,y  = 9 
dx 

9. (a) The Area of the rectangle is maximum 
when it is square. 
Also given = 4a = 176 

a = 44 
Step 2: Maximum area 
= ( 44) 2 = 44 x 44 = 1 93 6  cm 2 . 

4ac -b 2 

10. ( d) Step I : The value --- of the qua-
4a 

dratic ax2 + bx + c is maximum or minimum 
according as a is negative or positive respec­
tively. 
Given, for the quadratic 
f( x) = x2 + 2bx + 2c 2 ,a = 1 > 0 

and quadratic 
g( x) = -x2 

- 2cx + b 2 , a = -1 < 0 
Step 2: min. 

f( x) = 
4 x 1 x 2c2 - 4b 2 

= 2c2 _ b 2 

4 x l  
Also max. 

g( x) = 
4 x (-l) ( b2) - 4c2 

= b i + c2 

4 X (-1) 
Step 3: Given: 
min f( x) > maxg( x) 

2c2 -b 2 > b 2 + c2 

c2 > 2b 2 or I c l>I b I ✓
2 

11. (d) Step I: Clearly co-efficient of 
x2 = 1 + b 2 > 0 
Hence minimum value of the given quadratic 
f(x) 

4( 1 + b2) ( 1) - ( 2b) 2 
= _l _ > O 

4( l + b2
) l + b2 

Step 2: Clearly 1 + b 2 
;:: 1 

_l _ < l 
1 + b 2 -

The range of m(b) = ( O, I] 
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12. (d) Step I: 
1 5 

Let I x I + I x + - I + I x - 3 1 + Ix - - I 
2 2 

Since absolute value of a function is never 
negative therefore minimum value of the 
given expression can be obtained on equat-

ing each of I x I, Ix +  ½I , I x - 3 I and Ix - %1 
to zero separately and comparing the resulting 
values, thus obtained as follows. 
Step 2: If (i) I x I = 0 then x = 0 and 

1 5 I x I + I x +  - I + I x- 3 1 + Ix- - I = 6 
2 2 

(ii) If Ix + .!.. 1  = 0 then x = _ .!_ and 
2 2 

1 5 
I x I + I x +  - I + I x- 3 1 + Ix- - I = 7 

2 2 

(iii) If Ix - 31 = 0 then x = 3 and 

1 5 
l x l + l x +  - l + l x- 3 l + lx- - 1 = 7 

2 2 

. 5 5 ( 1v) If lx- - l = O then x = - and 
2 2 

1 5 I x I + I x +  - I + I x- 3 1 + Ix- - I = 6 
2 2 

:. minimum value of f( x) = 6 .  

x2 Yi 

13. (d) Step I: Given curve is - + - = 1 
1 6  9 

y 

B 

B' 

Clearly from figure the greatest distance of 
the point P ( .fi, O) on x-axis from the curve 

is PA' = CA' + CP = 4 + ✓7 
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► masa LB SJ§ll I it L Pkbbtl!U§ (l§[!l I iElt ) kbbtll!!§ )bk PAUL I iEb. 
f21 111819't:Nf flff P 'NIIH t(S: :resr d 

1. Find the dimensions of the rectangle of area 
96 cm whose perimeter is the least, find also 
its perimeter 
(a) 6✓

6 
(b) 16✓

6 

(c) ✓
6 

(d) 16 

2. The radius of the cylinder of maximum vol­
ume which can be inscribed in a sphere of 
radius R is [AMU-1999/ 

(a) ¾R (b) �R 

(c) ¾R (d) JiR 

3. x" has a stationary point at 

(a) x = e 
(c) x =I 

[Karnatka CET-1993/ 
(b) x = l ie 
(d) X = ✓e 

4. The adjacent sides of a rectangle with given 
perimeter as 100 cm and enclosing maximum 
area are [MPPET-1993/ 
(a) 10 cm and 40 cm (b) 20 cm and 30 cm 
(c) 25  cm and 25  cm (d) 15 cm and 35  cm 

5. If two sides of a triangle be given, then the 
area of the triangle will be maximum if the 
angle between the given sides be 

(a) 1t/3 
(c) 1t/6 

(b) 1t/4 
(d) 1t/2 

6. The point on the curve y2 = 4x which is at 
minimum distance from the point (2, 1) will 
be [KCET-2000/ 
(a) (1, -2) (b) (-2, 1) 
(c) ( 1, 2✓'2. ) (d) (1, 2) 

7. The function.f{x) = x + sin x has 
[AMU-2000/ 

(a) A minimum but not maximum 
(b) A maximum but no minimum 
( c) Niether maximum nor minimum 
( d) Both maximum and minimum 

8. The maximum value of f ( x) = x 2 on 
4 + x + x  

[-1, l] is 

(a) -1/4 
(c) 1/6 

[MPPET-2000/ 
(b) -1/3 
(d) 1/5 

9. The minimum value of exp 
( 2 + ✓

3
cos x + sin x) is 

(a) exp (2) 
(c) exp (4) 

[AMU-1999/ 
(b) exp ( 2- ✓

3
) 

(d) 1 
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WORKSHEET: TO CHECK THE PREPARATION LEVEL 

Important Instructions 

1. The answer sheet is immediately below the 
worksheet . 

2. The test i s  of 1 5  minutes .  
3. The worksheet consists of  15  questions .  The 

maximum marks are 4 5 .  
4 .  Use Blue/Black Ball point pen only for writing 

particular s/marking re sponses .  Use of pencil i s  
strictly prohibited . 

1. A fucntion fix) has a minimum value at x = c 
iff (c) = 0 and 
(a) f (x) changes sign from +ve to negative as 

x passes through c 
(b) f (x) changes sign from negative to positive 

as x passes through c 
(c) f(x) does not change sign as x-passes 

through x = c 
(d) None of these 

2. The maximum value of � when x + 2y = 8 is: 
(a) 20 (b) 16 
(c) 24 (d) 8 

3. The function fix) = x2 (x - 3)2 
(a) increases on (0, 3/2) u ( 3, oo) 
(b) decreases on (-oo, 0) u ( 3/2, 3) 
( c) has minimum value 0 
( d) has maximum value at x = 3/2 1 X + 2, -1 :,; X < 0 

4. Let f(x) = 1, x = 0 
x/2, 0 < X:,; 1 

[-1, I], this function has: 
(a) a minimum 
(b) a maximum 

Then on 

( c) neither a maximum nor a minimum 
(d) /'(0) does not exist. 

5. fix) = sin6 x + cos 6 x attains: 
(a) a maximum value of I 
(b) a minimum value of I 
(c) a maximum value of 7/4 
(d) a minimum value of 1/4 

6. Let fix)= (x- 1)2 (x- 2)3 e'. Then fix) has: 
(a) local maximum at x = I 
(b) point of inflexion at x = I 

( c) local minimum at x = 2 
( d) point of inflexion at x = 2 

7. A stone thrown vertically upwards satisfyies 
the equation S = 80t - l 6 t2 . The time required 
to reach the maximum height is: 

(a) 2 
(c) 3 

{Kerala PET-2001} 
(b) 4 
(d) 3.5 

8. The function fix) = 2x3 - 15x2 + 36x + 4 is 
maximum at: 
(a) X = 3 
(c) X = 4 

(b) x = 0 
(d) x = 2 

9. The value of k in order that fix)= sin x - cos 
x - kx + b decreases for all real values is given 
by: 

(a) k < I 
(c) k "c. ✓2 

{Him. CET-2002} 
(b) k "?.  I 
(d) k < ✓2 

10. The minimum value of x log,x is equal to: 

(a) e 
(c) -1/e 

{Kerala PET-2001} 
(b) 1 /e 
(d) 2/e 

11. If x - 2y = 4 then least value of � is 

(a) 2 
(c) 0 

{UPSEAT-2003} 
(b) -2 
(d) -3 

12. Which point on the line 3x - 4y = 25  is nearest 
to the origin? 

(a) (-1, -7) 
(c) (-5, -8) 

{NDA-2004; VIT-2004} 
(b) ( 3,-4) 
(d) ( 3, 4) 

13. What is the area of the largest rectangular 
field which can be enclosed with 200 metre of 
fencing? 

(a) 1600 m2 

(c) 2400 m2 

{NDA-2008} 
(b) 2100 m2 

(d) 2500m2 

14. What is the maximum value of x .  y subject to 
the condition x + y = 8? 

(a) 8 
(c) 24 

(b) 16 
(d) 32 

{NDA-2008} 
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15. The perimeter of a sector is p. The area of the 
sector is maximum when its radius is: 

[Karnataka-CET-2002/ 

(a) 1/Jp 
(c) p/4 

(b) p/2 
(d) ✓P 

ANSWER SHEET 

1 . @ @ © @ 
2. @ @ © @ 
3. @ @ © @ 
4. @ @ © @ 
5. @ @ © @ 

6. @ @ © @ 
7. @ @ © @ 
8. @ @ © @ 
9. @ @ © @ 

11. @ @ © @ 
12. @ @ © @ 
13. @ @ © @ 
14. ® @ © @ 
15. @ @ © @ 10. ® @ © @ 

AiNfs lNo ExPElNlfioNs 

2. (b) Let equation of parabola be 
f( x) = ax2 + bx + c 
Line y = x touches curve at (1, l );f( l )  = 1 

l = a +b + c 00 
dy 

I = slope of tangent = 1 
dx ( 1 , 1 ) 

f'( l) = 1 ⇒ 2a + b = I (ii) 
Also f ( 0) = c; f'( 0) = b 

Now, 2( i) - ( ii) given 
b + 2c = l 
f'( 0) + 2/(0) = 1 

{
k - 2x  ; if x :5 - 1  

3. f(x) = 
2x + 3 ; if x > - 1  

If x = -1 is a local minima 
then f(-1 - h) :e:: f(-1) :5 f(-1 + h) 

consider f(-1) :5 f(-1 + h) 

k + 2 :5 2(-1) + 3  
k :5 -1 

from options k = -I is only possible. 

14. (b) Step 1: x( 8 - x) ; x + y = 8 

d d2 
and for maximum P .E = 0 _!!_ < 0 

dx 
, 

dx2 

Step 2: dp = 8 - 2x = 0 ⇒ x = 4 
dx 

Hence y= 4 

15. (c) Step 1: Radius of circle = r, angle of 
sector = 0 
where / = r0 and p = re + 2r (given) 

0 = p - 2r 
= !!.. - 2 

r r 

Step 2: Area of sector A 

= ½ r 20 = ½ r2 ( f - 2 ) = fr - r2 

dA d2A For maximum area - = 0 - < 0 
dr ' dr2 

dA p p :. - = -- 2r = 0 ⇒ r = -
dr 2 4 



LECTURE 

Test Your Skills 

► ASSERTION/REASONING d 
8 ASSERTION AND R EASONING 

TYP E  QU ESTIONS 

Each question has 4 choices (a), (b), (c) and (d), out 
of which only one is correct. 

(a) Assertion is True, Reason is True and Reason 
is a correct explanation for Assertion. 

(b) Assertion is True, Reason is True and Reason 
is not a correct explanation for Assertion. 

(c) Assertion is True and Reason is False. 
(d) Assertion is False and Reason is True. 

1. Assertion: The points of contact of the verti­
cal tangents to x = 2 - 3 sin 0, y = 3 + 2 cos 0 
are (-1, 3) and ( 5, 3). 

. dx 
Reason: For vertical tangent, - = 0. 

d0 
2. Assertion:  If y2 = 3 + 2x - x2 then, at ( 3, 0) 

and (-1, 0) tangent is perpendicular to x-axis. 
dy 

Reason: At ( 3, 0) and (-1, 0), dx 
= 00

-

3. Assertion:  the points on the curve y2 = x + sin 
x at which the tangent is parallel to x-axis lie 
on a straight line. 
Reason: Tangent is parallel to x-axis, then 
dy dx _ -= 0 or -- 00

-

dx dy 

4. Assertion:  Equation of tangents to the curve 
.f{x) = x2 at the point where slope of tangent 

is equal to functional value of the curve is 
4x- y- 4 = 0, y= 0. 
Reason: /'(x) = .f{x). 

5. Assertion: If S be the area of a circle having 
radius x and A is the area of an equilateral 
triangle having side 1tX at any instant, then 
dA ds - > -. 
dt dt 
Reason: A > S. 

6. Assertion: The ordinate of a point describing 
the circle x2 + y2 = 25  decreases at the rate of 
1.5 emfs. The rate of change of the abscissa of 
the point when ordinate equals 4 cm is 2 cm/s. 
Reason: x dx + y dy = 0. 

7. Assertion:  The possible percentage error 
in computing the parallel resistance R of 
three resistances R l ' R2, R3 from the formula l l l l .f h . -= - + - + -, 1 R 1, R,, R3 are eac m 
R Rl R2 � 
error by plus 1.2% is 1.2%. 

Af?_ Af?_l Mz Af?_l 
Reason: F.2= R2 +

F.2
+ 

R2 · 
"1 2 3 

8. Assertion: Two cyclists move on two seper­
ate roads angled at 60° to each other at the 
rate of 5 m/s and l O m/s respectively. The rate 
which they are seperating from each othen is 
5✓3 m/s. 
Reason: Using sine Rule. 
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9. Assertion: f(x) = -1- is decreasing in 
( x- 5) 

X E (-oo, 5) U ( 5, oo). 
Reason:f'(x) < 0 for all x -=I- 5. 

10. Assertion: If Rolle 's theorem be applied in 
j{x), then LMVT is also applied in j{x). 
Reason: Both Rolle 's theorem and LMVT 
cannot be applied in j{x) = I sin I x I I in 

[-�·�l 
11. Assertion: If  Rolle 's theorem is  applicable in 

j{x) then j{x) is many one function. 
Reason: If LMVT is applicable in j{x), then 
j{x) is one-one function. 

aex + be-x 

12. Assertion: The function f(x) = , d _, is 
ee + e 

increasing function of x, then be > ad. 
Reason:f'(x) > 0 for all x. 

13. Assertion: Let J- R - R be a fucntion such 
that j{x) = x3 = x2 + 3x + sin x. Then,f is one­
one. 
Reason: j{x) is decreasing fucntion. 

14. Assertion: If j{x) is continuous in [a, b] and 
differentiable in (a, b ), then there exists at least 

f(b) - f(a) J'(e) 
one e E (a, b), then 

b 3 3 = -2- · -a 3e 

Reason: /'( e) = f(b
l =:

(a)
, e E (a, b) 

15. Assertion: Ifj{x) = x (x + 3) e-x12, then Rolle 's 
theorem applies for j{x) in [-3, O]. 
Reason: LMVT is applied in j{x) = x (x + 3) 
e-x12 in any interval. 

16. Assertion: A tangent parallel to x-axis can be 
drawn for j{x) = (x - 1) (x - 2) (x - 3) in the 
interval [ 1, 3]. 
Reason: A horizontal tangent can be drawn in 
Rolle 's theorem. 

17. Assertion: Ifj{x) = max { I  6 - x2 I, I x I} the 
minimum value ofj{x) in the interval [-3, 3] 
is 2. 
Reason: The minimum value of j{x) attains 
only at x= 2. 

18. Assertion: Ifj{x) = (x - 3)3, then j{x) has nei­
ther maximum nor minimum at x = 3. 
Reason:f'(x) = 0,f"(x) = 0 at x = 3. 

19. Assertion: Iff'(x) = (x - 1)3 (x - 2)8, thenj{x) 
has neither maximum nor minimum at x = 2. 
Reason: f'(x) changes sign from negative to 
positive at x = 2. 

20. Assertion: Ifj{x) = max { x2 - 2x + 2, Ix - 1 1} 
the greatest value ofj{x) on the interval [ O , 3] 
is 5. 
Reason: Greatest value fi..3) = max ( 5, 2) = 5. 

21. Assertion: The graph y = x3 + ax2 + bx+ e has 
no extremum, if a2 < 3b. 
Reason: y is either increasing or decreasing 
Vx e R. 

22. Assertion: The least value of the function 

j{x) = -x2 + 4x + 1 + sin-1 ( i) on the interval 

[-1, l] is - 4 - x/6. 
Reason: The least value ofj{x) in [-1, l] = min 

{ f{-1),f{l ) } = min {-4- �, 4 + �}=-4- � 

23. Assertion: The greatest value of abc for posi­
tive values of a, b, e subject to the condition 
ab + be+ ea = 12 is 8. 
Reason: ab = be = ea. 2 1 6  

24. Assertion: The function f(x) = x +- has a 

minimum value 12 at x = 2. 
Reason: As x increases through 2, f'(x) 
changes sign from positive to negative. 
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ASSERTION/REASONING: SOLUTIONS 

. dx 
1. (a) For vertical tangent 

dS 
= 0 

-3 cos 0 = 0 ⇒ cos 0 = 0 ⇒ 0 = x/2, 3x/2 
at 0 = x/2; x = 2 - 3 = -1 
and y= 3 + 0= 3 i.e., (-l , 3). 
and at 0 = 3x/2; x = 2 + 3 = 5 
and y = 3 + 0 = 3 i.e., ( 5, 3). 

2. (a) 2y dy = ( 2-2x) ⇒ dy = (
l- x

J 
dx dx y 

dy dy 
dx 1(3 ,oJ = 00 and 

dx l< -1,oi =
00 

i.e., tangents makes an angle 2 with x-axis. 

3. (d) ·: y2 = x +  sin x 

2 dy ( · ·  dy - o) y 
dx 

= I + cos x = 0 · 
dx 

-

cos x = -1, then sin x = 0. From equation 
(i), y2 = x (Parabola) 

4. (a) Givenf'(x) = j{x) 
⇒ 2x = x2 

⇒ x = 0, 2 
at x = 0, y = 0 and at x = 2, y = 4 
So we have to find equation of tangents at (0, 
0) and (2, 4) at (0, 0),f'(0) = 0 and at (2, 4), 

/'(2) = 4 
Tangents are y - 0 = 0 (x - 0) and y - 4 = 
4 (x- 2) 

i.e., y = 0 and 4x- y- 4 = 0. 

dS dx 
5. (b) ·: S = x.x2 ⇒ 

dt 
= 2m 

dt 
and 

⇒ 

A= ✓
3 

1t2X2 

4 

dA = 21t2 ✓
3 

x dx 
then 

dS 
= ds!dt 

dt 4 dt dA dA!dt 

27tX dx 

_-=""'d�t-= _4_ < 1  2 ✓3x dx n✓
3 

1t --
2 dt 

dS dA dA dS - < - or - > ­
dt dt dt dt 

✓
3 2 2 -n x 

But � = -4�,--­S m2 
✓

3 

- 1t > l  
4 

A> S. 

6. (a) ·: x2 + y2 = 25  
⇒ 2x dx + 2y dy = 0 

dy 
dy =-.::. 

⇒ 
.s!J....

= _ .::_ 
dx y dx y 

or 

⇒ 

or 

7. (a) 

⇒ 

⇒ 

⇒ 

⇒ 

-1.5 3 
dx/dt 4 

dt 

dx = 1.5 x 4  = 2 emfs. 
dt 3 

1 1 1 1 -= - + - + ­
R R, R2 R,, 

_ _!__M=-_!__M 
R2 R,2 I 
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8.  (c) 

0 

x2 + (2x) 2 - y2 

cos 60° = -----
2 · x · 2x 

60 ° 

A 

2x 

y 

X 

B 

⇒ 2x2 = 5x2 - y2 

y= x✓
3 

dy = ✓3 dx = 5✓3 m/s. 
dt dt l 9. (a) ·: f( x) = -­

( x- 5) /, l ( x) =-
( x- 5) 2 < O  V x ER - { 5} 

10. (b) For Rolle 's theorem and LMVT,.f{x) must 
be continuous in [ a, b] and differentiable in 
(a, b). 

IfRolle 's theorem be applied in.f{x), then 
LMVT is also applied in.f{x) . 

.f{x) = I sin I x 1 1  in [-� �J is non dif-
4' 4 

ferentiable at x = 0 

.. ····· · ·· ... .. ····· ... 
0 

Rolle 's theorem and LMVT cannot be ap­

plicable in.f{x) = I sin I x I I Vx E [-� �J -
4' 4 

11. (c) Suppose, Rolle 's theorem is applicable 
in [a, b], then .f{a) = .f{b) = 'A. (say) .f{x) is 
many one. 

Also, if LMVT is applicable in [a, b], then 

f'( e)= f( b
�=:

(a) 
V e E (a, b) 

or we can say that Rolle 's theorem is a special 
case of LMVT. 
Since,.f{a) = .f{b) if.f{a) =f. .f{b) 
Then,/'(e) =f. 0 : . .f{x) is one-one. 

12. (d) ·: f'( x) = 2(ad- be) 
( eex + de-x) 2 

13. 

.f{x) is increasing function :. f'(x) > 0 

⇒ 2(ad- be) > 0  :. 2 (ad- be)> 0 
(eex + de-x) 2 

or ad> be or be < ad 

(c) ·: f'(x) = 3x2 + 2x + 3 + cos x { 2 2x 
} = 3 x +

3
+ l  +cos x 

= 3 {( x + i J- i + l } +cos x 

( 
l 

J 
8 

= 3 x + 3 + 3 +cos x > O 

[ ·.- 3 (x + i J � 0,- 1 :;; cos x :;; 1 ) 

.f{x) is an increasing function. 
⇒ .f{x) is one-one. 

14. (b) Let h(x) = .f{x) - J{a) + 'A. (x3 -a 3) where, 
..1. is selected in such a way h( b) = .f{ b) -.f{ a) + 
'A.(b3 -a 3) = 0 .............. (i) 
but h(a) = 0 
Hence, h(x) satisfies all conditions of Rolle 's 
theorem. 
·: e e (a, b) :. h'(e) = 0 
⇒ f'(e) --0 + 3..1.e2 = 0 

A.=- f'(e) 
3e2 

From equation (i), A = 
/( b)- f(a) 

( bi -a i) 

f( b)-/(a) _ f'(e) 
b3-a 3 - 7 

15. (b) ·: x (x + 3) and e-"12 are continuous and 
differentiable everywhere 



x (x + 3)e-x12 are continuous and differ­
entiable and .f{-3) = .f{O) = 0 and f'(x) 

= (x2 + 3x) - e-x/2 (-½ J + e-x /2 • (2x + 3) l x12 = --e- (x2 + 3x - 4x - 6) 
2 

= _ ..!_e-x 11 (x1 - x - 6) 
2 l -x12 = -2e (x - 3)(x + 2) 

f'(x) = 0 ⇒ x = 3, -2 
3 t [-3, OJ . - . x = -2 E[-3, O J  
Rolle 's theorem is verified. 
LMVT is also applied. 

J'(c) = f(b) - f(a) 
b - a  

i.e., Rolle 's theorem is a special case of 
LMVT. 
Since,.f{a) = J{b) ⇒f(c) = 0. 

16. (b) ·: J{x) = (x - l)  (x - 2) (x - 3) 
= x3 - 6x2 + l l x  - 6  

⇒ 

y 

-6 

f'(x)= 3x2 - 12x + 11 ·: f'(x) = 0 
3x2 - l 2x + 11 = 0 

x = 
12 ± ✓144-132 

= 2 ± _1_ 
6 ✓3 

1 � 2 ± -1 � 3  

17. (c) Solve, 16 - x2 I = lx l 
⇒ 6-x2 = ± x  
⇒ x2 ± x- 6 = 0 
⇒ x = ± 2, ± 3 
In the interval [-3, 3J 

l 

lxl , -3 � x <-2 
f(x)= l6- x2 I , -2 � x � 2 

lxl 2 < x � 3 

Clearly, minimum value of.f{x) obtains at x = 

-2, 2 and is equal to 2. 
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18. (b) ·: f'(x) = 3(x - 3)2 
For maximum or minimum,f'(x) = 0 
⇒ x = 3 

f"(x) = 6(x - 3) ⇒ f"(3) = 0 
f"'(x) = 6 

Since, f"'(x) =I- 0 
Hence,.f{x) neither maximum nor minimum at 
x = 3. 

19. (c) It is clear from figuref'(x), sign no change 
at x = 2 
Hence,.f{x) neither maximum nor minimum at 
x = 2 

� - 1 2 

20. (b) ·: .f{x) = max { (x- 1)2 +1, lx- 1 1} 
= (x- 1)2 + 1  

f(x) = 2(x- l ) = O 
x = l e  [ O , 3J  

Greatest value of.f{x) = max {/{O),.f{l ),.f{3)} = 

max { 2, l ,  5} = 5. 

21. (a) For no extremum dy 
> O or dy 

< O for 
dx dx 

all x ER 

dy = 3x2 + 2ax + b > 0 
dx 

⇒ 3x2 + 2ax + b > 0 
D < O  

⇒ 4a 2- 4.3 . b < O  
⇒ a 2 < 3b 

_U_�--- x-axis 

l l 
22. (b) ·.· f'(x) = -2x + 4  + ✓

I
- (� J

' 
l 

= 2(2- x) + � > 0 in x E [-1, l J  
v( 4- x2) 

⇒ J{x) is increasing function in [-1, l J  
Least value of.f{x) is.f{-1) = -4 - rc/6. 
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23. (a) Given ab + be + ea = 12 (constant) the 
value of (ab) (be) (ea) is greatest when ab = 
be = ea = ,1 (say) 

3,1 = 12 ⇒ A= 4 
⇒ (ab) (be) (ea) = 4 3 
⇒ abe = 8. 2 16 

24. (c) · :  f(x)= x + ­
x 

f'(x) = 2x - �= 
2(x3 - 8) 

x2 x2 

2(x - 2)(x 2 + 2x + 4) 
x 2 

2(x - 2)((x + 2) 2 + 3) 
x 2 

� 

0 2 - -

⇒ f (x) > 0 for x > 2 and/ (x) change sign 
From negative to positive 
Minimwn value ofj{x) is 

16 
/( 2) = 4 +-=12. 

2 

MENTAL PREPARATION TEST 

1. The radius of circular plate is increasing at the 
rate of 0.2 cm/sec. Find the rate of change of 
the area of plate when its radius is 10 cm. 

/MP-99} 

2. Using differentials find the approximate value 
of (29)113 • /CBSE-9 7} 

3. Verify Rolle 's theorem for the function j{x) = 
x2- 4x + 3 on [ l , 3] 

/CBSE-95, 98, 2002CJ 

4. Verify Lagrange's Mean value theorem for the 
function j{x) = x2 + x - I on [ 0, 4]. 

f CBSE-2002} 

5. Prove that the function 4x3 - 6x2 + 3x + 12 is 
increasing on R. 

/CBSE-92} 

6. Verify Rolle 's theorem for the function j{x) = 

cos x on [ -7t �J- /CBSE-96} 
2 ' 2 

7. Verify Lagrange's mean value theorem for the 
1 

function f(x)= x + - on [ l , 3] 
X 

/CBSE-87, 94C, 2000} 

8. The radius of a Soap bubble is increasing at 
the rate of 0.2 emfs. Find the rate of increase 
of its volwne when the radius is 5 cm. 

/CBSE-9 7 CJ  

9. A particle moves along the curve 

y = ( 
¾ }3 + 1. Find the points on the curve 

at which the y-coordinate is changing twice as 
fast as the x-coordinate. / CBSE-96CJ 

10. If y = x4 - 10 and if x changes from 2 to 1. 97 
what is the approximate change in y? 

/CBSE-99CJ 

11. Find the point on the curve x2 = 8y which is 
nearrest to the point ( 2, 4). 

/CBSE-98} 

12. Divide a nwnber 15 into two parts such that 
the square of first multiplied with the cube of 
the second is a maximwn. 

/MP-99; CBSE-83} 

13. Verify Lagrange 's Mean Value Theorem for 
the function j{x) = (x - 1) (x - 2) (x - 3) on 
[ l , 4]. /CBSE-94} 

14. Find the intervals in which the function 
j(x) = x3 - 12x2 + 36x + 17 is increasing or 
decreasing. / CBSE-98, 2001, 2006} 

15. A man 2 metres high, walks at a uniform 
speed of 6 metres per minute a way from a 
lamp post, 5 metres high. Find the rate at 
which the length of his shadow increases. 

/CBSE-91, 94} 



16. Show that the height of the cylinder of greater 
volwne which can be inscribed in a right cir­
cular cone of height H and having semi verti­
cal angle 30° is one-third that of the cone and 

the greatest volwne of cylinder is �7tll 2 
81 

/CBSE-2001 CJ 

17. A radius of circle is increasing at the rate of 
0.5 cm./sec. At what rate the circwnference is 
increasing when the radius is 2 cm. 

/MP-2005} 

18. Using differentials find the approximate value 
of ✓50 . / CBSE-2000} 

19. Verify Rolle 's Theorem for the functions.f{x) = 
x2

- 5x + 6 on [ 2, 3] 
f CBSE-96, 98, 2002CJ 

20. Verify Lagrange 's Mean Value Theorem for 
the function.f{x) = x2 - 2x + 4 on [ l , 5] 

/CBSE-04} 

21. Prove that the function y = sin x is maximwn 

at x=�.  
2 

/MP-98} 

22. Verify lagrange's mean value Theorem for the 
function.f{x) = log

0 
x on [ l , 2]. 
f PB-94C, 98; HPSB-99S; 

NCERTBOOKJ 

23. The radius of a spherical soap bubble is 
increasing at the rate of 0.2 cm/sec. Find the 
rate of increases of its surface area when the 
radius is 4 cm. /CBSE-92 CJ 

24. Find the interval in which the function.f{x) = 
5x2 + 1x - 13 is increasing or decreasing. 

/CBSE-82} 

25. For the function y = x3 + 21, find the value of 
x when y increases 75 times as fast as x. 

/CBSE-99} 

26. Find the intervals in which the function.f{x) = 
8 + 36 x + 3x2 - 2x3 is increasing or decreas­
ing. /CBSE-95 CJ 

27. Find the equation of the tangent to the curve 
x2 + 3y - 3 = 0 which is parallel to the line y = 
4x - 5. /CBSE-2001 C, 2005} 

28. A man 2 metres high walks at a uniform speed 
of 5 km/hr. away from a lamp-post 6 metres 
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high. Find the rate at which the length of his 
shadow increases. 

/CBSE-94C; HSB-94C; 
PSB-91C, 92} 

29. The radius of a circle is increasing uniformly 
at the rate of 2 cm per second. At what 
rate is the area increasing when the radius 
is 8 cm? 

/MP-2003} 

30. Using differentials find the approximate value 
of ✓o.48. /CBSE-2002CJ 

31. Find the point on the curve y = x2 - 4x - 32 at 
which tangent is parallel to x-axis. 

/CBSE-95} 

32. Verify Rolle 's Theorem for the function.f{x) = 
cos x -1 on [ O , 2x] 

/HPB-97; NCERT BOOK} 

33. At what points of the ellipse l 6x2 + 9y2 = 400 
does the ordinate decreases at the same rate 
which the abscissa increases? 

/CBSE-99} 

34. If y = x4 + 4 and x changes from 2 to 2.1, find 
the approximate change in y. 

/CBSE-99 CJ 

35. Find two positive nwnbers whose swn is 
14 and the swn of whose square is minimwn. 

/HB-91} 

36. Show that the curves 2x = y2 and hy = k cut 
at right angles if k2 = 8. 

/CBSE-96} 

37. Show that the height of the cylinder of maxi­
mwn volwne that can be inscribed in a right 
circular cone of height 9 m is 3 m. 

/HB-2002} 

38. A wire of length 36 m is to be cut into two 
pieces. One of the pieces is to made into a 
square and the other into a circle. What should 
be the length of the two pieces, so that the 
combined area of the square and the circle is 
minimwn? /CBSE-96} 

39. A particle is moving in a straight line. The 
distance x (in metres) travelled by it in time 
t is given by the relation x = 4t + 2t2. Find the 
velocity and acceleration of the particle after 
4 seconds. /MP-2004} 
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40. The distance S travelled by a particle in 
t seconds is given by S = 7t2 

- 4t + 1 find the 
velocity and acceleration at t = 3/2 sec. 

/MP-2003} 

41. A rectangular window is swmounted by an 
equilateral triangle. Given that the perimeter 
is P, find the dimensions of the window so 
that maximwn amount of light may enter. 

/CBSE-(SP)-2006} 

42. Show that the semi-vertical angle of the cone 
of maximwn volwne and of given slant height 
is tan - 1 ✓

2
. 

f CBSE-2008} 

43. Show that the volwne of the greatest cylinder 
that can be inscribed in a cone of height h and 

4 
semi-vertical angle a is - rrJz3 tan 2 a. 

27 
f CBSE-2008} 

44. Find the intervals in which the function.f{x) = 
2x3 - 9x2 + 12x + 15 is /CBSE-2008} 
(i) increasing and 
(ii) decreasing. 

45. At what points will the tangent to the curve 
y = 2x3 - l 5x2 + 36x - 21 be parallel to x-axis? 
Also, find the equations of tangents to the 
curve at those points. / CBSE-2008} 

LECTUREWISE WARM UP TEST 

1. If the swn of the squares of the intercepts 
made by the tangent to the curve x113 + y113 = 
a113 (a > 0) at point (a/8, a/8) on coordinate 
axes is 2, then the value of a is: 
(a) 1 (b) 2 
(c) 4 (d) 8 

2. The function.f{x) = 2x3 - 3x2 + 90 x + 174 is 
increasing in the interval: 

1 1 �) i
< x < l (b) j < x < 2 

59  (c) 3 < x < -
4 

(d) --oo < x < oo  

3. The equation of the common tangent to the 
curves y2 = 8x and lY = -1 is: 
(a) 3y = 9 X + 2 (b) y = 2x + 1 
(c) 2y = x + 8  (d) y= x + 2  

4. Let the function/ : R - R be defined by .f{x) 
= 2x + cos x. Then f-

/Karnataka CET-2002} 
(a) has maximwn at x = 0 
(b) has minimwn at x = 1t 

( c) is an increasing function 
(d) is a decreasing function 

5. The rate of change of the surface area of a 
sphere of radius r when the radius is increas­
ing at the rate of 2 cm/sec. is proportional to: 

/Karnataka CET-2003} 

(a) l /r2 

(c) r2 
(b) 1/r 
(d) r 

6. Gas is being pwnped into a spherical balloon 
at the rate of 30 ft 3/min. Then the rate at which 
the radius increases when it reaches the value 
15 ft. is: /EAMCET-2003} 

(a) -1-ft/min. 
3 01t 

( c) _!_ ft./min 
20 

(b) -1-ft./min 
151t 

(d) _!_ft/min 
25  

7. Find which function does not obey, mean 
value theorem in [ 0, 1]: 

lsin x 
(b) f( x) = --:;-; 

1· , 
(c) .f{x)= x l x l 
(d) .f{x) = I x I 

/IIT (Screening)-2003} 
1 x < -
2 
1 x ;?; -
2 

x= 0 

8. The necessary and sufficient conditions that 
continuous and differentiable function.f{x) has 
a maximwn at x = a are: 



(a) f '(a) = 0 andf"(a) > 0 
(b) f '(a) = 0 andf"(a) < 0 
(c) f '(a) < 0 andf"(a) = 0 
(d) f '(a) > 0 andf"(a) > 0 

9. Let j{x) be an even function in R. If j{x) is 
monotonic increasing in [ 2, 6], then: 
(a) /(3) > j{-5) (b) f(-2) <1{2) 
(c) f(-2) > 1{2) (d) f(-3) <1{5) 

10. A particle moving on a cwve has the position 
given by x = f '(t) sin t + f "( t) cos t, y = f '(t) 
cos t - f " (t) sin t at time t where f is a thrice -
differentiable function. Then the velocity of 
the particle at time t is: 
(a) f " '(t) 
(c) f '(t) + f "(t) 

(b) f '(t) + f " '(t) 
(d) f '(t)-f " '(t) 

11. The slope of the tangent to the cwve tan 
�- � Y = �I r,----1 at x = 1/2 is: 
v i + x  + v1- x 

(a) 1/3 (b) ✓
3 

(c) 1 (d) 1/2 

12. The slope of the tangent to the cwve x = sec y 
at the point y= sec-1 (-2) is: 

1 -1 (a) 
2✓

3 (b) 
2✓

3 

1 -1 (c) 
2✓

3 or 
2✓

3 (d) None of these 
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13. If y = ( 1 + x Y, + sin-1 ( sin2 x ), then slope of the 
tangent at x = 0 is: 
(a) 1 
(c) 0 

(b) -1 
(d) 2 

14. Which one of the following statements is not 
correct? 
(a) The derivative ofj{x) at x = a is the slope 

of the graph ofj{x) at the point [a,j{a)] 
(b) j{x) has a positive derivative at x = a means 

j{x) increases as x increases from 'a' 
(c) The swn of two differentiable functions is 

differentiable 
(d) If a function is continuous at a point, it is 

also differentiable at the same point. 

15. What is the minimwn value of px + qy 
(p > 0, q > 0) when l:Jl = r2? 

(a) 2 r ..fiq  

(b) 2pq✓r 
(c) -2r ..fiq  
(d) 2 rpq 

16. Let j{x) = (1 + b2) x2 + 2bx + 1 and m(b) is a 
minimwn value ofj{x). If b can asswne differ­
ent values, then range of m( b) is equal to: 

(a) [ 0, l] 
(c) [ 1/2, l] 

/IIT (Screening)-2001} 
(b) (0, 1/2] 
(d) (0, l] 

LECTUREWISE WARM UP  TEST: SOLUTIONS 

1. 

2. 

( c) Equation of tangent (x l' y 1) is 
X Y 113 ----ii3 + 213 = a 

X1 Yi 

⇒ 

Swn of squares of intersects 
x:'3 a 213 + Y:'3 a 213 

=a 2l3 [( i r
3 

+ ( i r
3

] 

=a 2l3 __ = -=1 ( 
2 xa 4

'
3 

J 
a 2 

a = 4. 

16 16 

(d)f(x) = 6 (x2- x+ 15)> 0 \f x 

3. ( d) Any point on y2 = 8x is (2t2, 4t) where the 
tangent is yt = x + 2t2 

...... (1) Solving it with l:Jl = -1, y(yt - 2t2) = -1 
or ty2 - 2fy + l= 0 
For common tangent, it should have equal 
roots . 

4t2 - 4t = 0 :. t = 0, I 
The common tangent is y = x + 2, (when 
t = 0, it is x = 0 which can touch l:Jl = -1 
at infinity only). 

4. (c) j{x) = 2x + cos x ⇒ f (x) = 2- sin x 
·: 0 ::,  I si nx I ::,  1 

f '(x) > 0 and thusj{x) is increasing func-
tion : 
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5. ( d) Let S be the surface area of sphere 
: . S= 4xr2 

ds dr -= 4n x 2r - = 81tr x 2 cm2/sec. = 
dt dt 

l 61tr cm2/sec. 
Which is proportional to r: 

6. (a) Given that 
dv 

= 30 ft3/min. and r = 15 ft. 
dt 

v = �nr 3
; 

dv = 41tr 2 dr ; d
r 

3 dt dt dt 
dv 

= _sfJ_ = 3 0  _ _ l_ft/min. 
4nr 2 4 xn x 1 5 x 1 5 3 0n 

Answer is (a) 

7. (a) The function defind in option (a) is not dif­
ferentiable at x = 1/2. 

8. (b) It is the fundamental concept. 

9. (d) As.f{x) is given,.f{-2) = 1{2) 
As.f{x) is monotonic increasing in [ 2, 6], 1{3) 
<1{5) = .f{-5) 
Also,1{3) <1{5) ⇒ .f{-3) <1{5). 

10. (b) : = f "(t) sin t + f '(t) cos t +  /1 1 1  (t) cos 

t - f " (t) sin t 
= { f '(t) + f"'(t)} cos t 
dy = f "( t) cos t - f '(t) sin t - f " '(t) sin t -
dt 

f "(t) cos t 
= -{f'(t) + f " '(t) } sin t 

velocity = ( : J + ( : J = f ' (t) + f 1 1 1(t). 

(�-.,n-;f 
11. (a) tan y= 

l + x-( 1- x) 

I + x + I- x- 2� 
2x 

1- ✓l- x2 
X 

_1 l- ✓l- x2 
y= tan 

Put x = sin 2 0. Then 
_1 1-cos 20 _1 2 s in 20 y = tan --- = tan 

s in 20 2 sin 0. cos 0 

= tan-1 tan 0 = 0 :. 
dy 

= 
dyld0 

dx dxld0 

1 1 
= 

2cos 20 
= 

2✓1- x2 
I dy I 1 

at x = 2 • dx 
= 

2.✓1- ¼ 
= 

✓
3 

dy I 12. (a) Here y = sec-1 x So, -= ,......,---: dx l x l vx2 -1 

at x=-2, : 
1 1 

l-2 1 ✓(-2) 2- 1 
= 

2✓
3 

13. (a) We have y = (1 + x)Y + sin-1 (sin 2x) ... (1) 
when x = 0, we have y = I, differentiating (i) 
with respect to x, we get 
dy 

= ( I + xY {
dy log(l + x) + L} dx dx I + x  

+ sin 2x ⇒ ( dy ) = l ✓1 -sin 4 x dx <0 ,1 ) 

14. (d) It is the fundamental concept. 

15. (a) px + qy ?:.  2 ,J pqxy 

⇒ px + qy ?:.  2 J pqr 2 

⇒ px + qy ?:.  2r fpii 

16. (d)f'(x) = 2 (1 + b2)x + 2b, 
f "(x) = 2 (1 + b2) > 0 

b 
f'(x) = 0 ⇒ x = -

1 + b 2 wheref'(x) > 0 

b 
.f{x) is minimwn at x = - 1 + b2 

b2 
m( b) = (l + b2

) 
(l + b2) 2 

+ 2b -- + 1 = --( 
-b 

) 
1 

1 + b2 1 + b2 

0 < m (b) ::, l . 
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ANSWERS 

LECTU RE 1 LECTU R E 3 

Unsolved Objective Problems (Identical Unsolved Objective Problems (Identical 
Problems for Practice): For Improving Speed Problems for Practice): For Improving Speed 
with Accuracy with Accuracy 

1. (b) 8. (c) 15. (c) 22. (c) 1. (c) 6. (d) 11. (d) 16. (c) 
2. (a) 9. (c) 16. (a) 23. (b) 2. (a) 7. (a) 12. (c) 17. (a) 
3. (c) 10. (b) 17. (c) 24. (d) 3. (b) 8. (c) 13. (b) 
4. (d) 11. (b) 18. (b) 25. (b) 4. (d) 9. (c) 14. (c) 
5. (b) 12. (c) 19. (b) 5. (c) 10. (c) 15. (a) 
6. (d) 13. (b) 20. (d) 
7. (b) 14. (d) 21. Worksheet: To Check the Preparation Level 

1. (b) 6. (a) 11. (c) 16. (d) 
Worksheet: To Check the Preparation Level 2. (b) 7. (a) 12. (a) 17. (a) 

1. (b) 5. (b) 9. (d) 13. (b) 3. (a) 8. (b) 13. (a) 
2. (c) 6. (a) 10. (d) 14. (a) 4. (b) 9. (c) 14. (d) 
3. (b) 7. (d) 11. 15. (b) 5. (a) 10. (c) 15. (a) 
4. (a) 8. (b) 12. (b) 

LECTU R E 4 
LECTU R E 2 Unsolved Objective Problems (Identical 

Unsolved Objective Problems (Iden tical Problems for Practice): For Improving Speed 

Problems for Practice): For Improving Speed with Accuracy 

with Accuracy 1. (a) 7. (a) 13. (a) 19. (d) 
1. (b) 8. (c) 15. (b) 22. (c) 2. (d) 8. (d) 14. (c) 20. (d) 
2. (b) 9. (c) 16. (a) 23. (c) 3. (b) 9. (a) 15. (b) 
3. (d) 10. (c) 17. (c) 24. (c) 4. (a) 10. (a) 16. (c) 
4. (a) 11. (d) 18. (b) 25. (d) 5. (a) 11. (c) 17. (a) 
5. (d) 12. (a) 19. (b) 6. (a) 12. (b) 18. 
6. (a) 13. (a) 20. (d) 
7. (a) 14. (a) 21. (b) Worksheet: To Check the Preparation Level 

1. (d) 6. (c) 11. (a) 16. (a) 
Worksheet: To Check the Preparation Level 2. (a) 7. (d) 12. (c) 

1. (a) 5. (c) 9. (b) 13. (b) 3. 8. (a) 13. (c) 
2. (c) 6. (d) 10. (d) 14. (c) 4. (c) 9. (c) 14. (d) 
3. (b) 7. (c) 11. (a) 15. (b) 5. (c) 10. (c) 15. (b) 
4. (c) 8. (a) 12. (c) 16. (c) 
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LECTU R E S 

Unsolved Objective Problems (Identical 
Problems for Practice): For Improving Speed 
with Accuracy 

1. 16✓
6 

4. (c) 7. (c) 
2. (b) 5. (d) 8. (c) 
3. (b) 6. (d) 9. (d) 

Worksheet: To Check the Preparation Level 

1. (b) 5. (a, d) 9. (c) 13. (d) 
2. (d) 6. (a, d) 10. (c) 14. (b) 
3. (a, b, c, d)7. (c) 11. (b) 15. (c) 
4. (c, d) 8. (d) 12. (a) 

LECTU RE & 

Men tal Preparation Test 

dA 
1. -= 4n cm2 /sec 

dt 
2. 3.074 
8. 20 1t cc/sec 
9. (1, 5/3) and (-1, 1/3) 

10. y changes from 6 to 5.04 
11. (2, 4) 
12. 6, 9 

14. Increasing (-oo, 2) u (6, oo), decreasing 
( 2, 6) 

15. 4 m/minute 

dC 
17. -= 7t cm/sec. 

dt 
18. 7.07 
23. 6. 4 1t cm2/sec. 
24. Increasing (-7/10, oo), 

Decreasing (-oo, -7 /10) 
25. x = ± 5  
26. Increasing (-2, 3), decreasing 

(-oo, -2) u ( 3, oo) 
27. 4x - y + 13 = 0 
28. 5/2 km/hr 
29. 32 1t cm 2/sec. 
30. 0.693  
31. (2, -36) 
33. ( 3, 16/3) and (-3, -16/3) 
34. y changes from 8 to 8.4 
35. The required numbers are both equal to 7. 

37. 367t
' 

144 
7t + 4  7t + 4  

39. 20 m/s, 4 m/sec2 
40. 17 cm/sec, 14 cm/sec2 

( 6 + ✓3)P ( 5- ✓3)P 
41. x = 

3 3  
and y = 

22 
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