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PREFACE

When a new book is written on a well known subject like Calculus for class XI/XII Academics/AIEEE/IIT/
State engineering entrance exams and NDA, several questions arise like—why, what, how and for whom?
What is new in it? How is it different from the other books? For whom is it meant? The answers to these
questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps to the
authors. We are certainly not under the illusion that there are no good books. There are many good books
available in the market.

However, none of them caters specifically to the needs of students. Students find it difficult to solve
most of the problems of any of the books in the absence of proper planning. This inspired us to write
this book Calculus I, to address the requirements of students of class XI/XII CBSE and State Board
Academics. In this book, we have tried to give a connected and simple account of the subject. It gives a
detailed, lecture wise description of basic concepts with many numerical problems and innovative tricks
and tips. Theory and problems have been designed in such a way that the students can themselves pursue
the subject. We have also tried to keep this book self contained. In each lecture all relevant concepts,
prerequisites and definitions have been discussed in a lucid manner and also explained with suitable illus-
trated examples including tests.

Due care has been taken regarding the Board (CBSE/State) examination need of students and
nearly 100 per cent articles and problems set in various examinations including the IIT-JEE have been
included.

The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic
motive is to attract students towards the study of mathematics by making it simple, easy and interesting
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is
as follows:

1. Basic Concepts: Lecture Wise

2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept
Building of the Topic.

3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Lecture Solve These
Problems.

4. Solved Objective Problems: Helping Hand.

Objective Problem: Important Questions with Solutions.

6. Unsolved Objective Problems (Identical Problems for Practice)
For Improving Speed with Accuracy.

ok



vi Preface

7. Worksheet: To Check Preparation Level
8. Assertion-Reason Problems: Topic Wise Important Questions and Solutions with Reasoning
9. Mental Preparation Test: O1

10. Mental Preparation Test: 02

11. Topic Wise Warm Up Test: 01: Objective Test

12. Topic Wise Warm Up Test: 02: Objective Test

13. Objective Question Bank Topic Wise: Solve These to Master.

This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE (state level
engineering entrance exam) and IIT-JEE. We suggest each student to attempt as many exercises as possible
without looking up the solutions. However, one should not feel discouraged if one needs frequent help of the
solutions as there are many questions that are either tough or lengthy. Students should not get frustrated if
they fail to understand some of the solutions in the first attempt. Instead they should go back to the beginning
of the solution and try to figure out what is being done At the end of every topic, some harder problems with
100 per cent solutions and Question Bank are also given for better understanding of the subject.

There is no end and limit to the improvement of the book. So, suggestions for improving the book are
always welcome.

We thank our publisher, Pearson Education for their support and guidance in completing the project
in record time.

K.R. CHOUBEY
RAVIKANT CHOUBEY
CHANDRAKANT CHOUBEY
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LECTURE

Definitions, Value
of Functions

l BASIC CONCEPTS

—

. Quantity Any thing on whichmathematical opra-
tion such as addition, subtraction, multiplication,
division can be perfomed is called a Quantity.

. Constant A Quantity which retains the same
value through out a mathematical operation is
called a constant.

. Absolute Constant A constant which retains

the same value in every mathematical operation
is called an Absolute constant. Thus 1,2,3 ........
Nj 2, J3 , T, e, etc are the absolute constant.
Arbitrary Constant A constant which retains
the same value throughout in one problem but
may have different values for different prob-
lems is called and arbitary constant. It is usually
denoted by a, b, c, ........ Lmn... etc

For Example In the equation of a straight line
y =mx + ¢, m and c are arbitrary constant as
they have same values for one line and other
values for the other lines.
. Variable A quantity which can take a number
of values is called a variable. They are generally
denoted by

R 00 - U,V W e, etc.

For Example In the equation: y =mx + ¢; ax +
by +c¢=0,x>+)?=a% x and y are variables.
. Independent Variable A variable which can as-
sume any value it likes is called an independent
variable.
. Dependent Variable A variable whose value
depends on the value of another variable is
called a dependent variable.

Domain of a Variable If the values of variable
x lie between a and b, then the set of all values
of x between a and b is called the Domain of
the variable x.

Open Interval If the values of the variable x
lie between a and b but cannot be equal to a or
b, then the set of all values of x between a and
b is called an open Domain and is denoted by
(a, b)or [a, b].

. Closed Domain If the values of the variable x

lies between a and b including a and b also,
then the set of all values of x between a and b
including a and b also is called closed domain
and is denoted by [a, b]. The semi open domain
are denoted (a, b] or (a, b) interal (a . b] is the
domain open on the left and closed on the right
i.e., It is the set of values of x between a and b
including b also the x # a. [a, b) is the domain
closed on the leftand open on therighti.e., it is the
set of values of x between a and b including a also
the x# b.

. A Continuous Variable Is a variable that can

take all the numerical values between two given
numbers.

. Discrete Variable Quantities which are inca-

pable of taking all possible values between two
givennumbers are called discrete or discontinu-
ous variables. Avariable whose possilbe values
form a discrete set (eg., Any randon variable
that has only a finite numbers of value is neces-
sarily discrete).
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14.

Discrete Set The set of integers is a discrete
set. The set of rational numbers is not discrete,
since any interval of non-zero length that con-
tains a rational number contains other rational
numbers.

Function Let X and ¥ be two non empty sets:
If function ‘f” defined from set X to Y is a rule
or a collection of rules which associate to each
element x in X a unique element y in ¥. Sym-
bolically we write it as f> X — Y and is read as
function defined from the set X to Set Y. The
word function is also replaced by “mapping™
or “correspondance” or transformation.

NOTES

1.

1 Ify=f(x)=Z;

. Given f(x)= {

The unique y of Y is called the value of ‘/” at
x (the image of x under f): If is written as f{x).
Thus y = f(x).

Theelementx of Xis called preimage (or inverse
image) of y.

The set X is called the domain of f. The domain
of the function y = f(x) is the set of all real x for
which real function f{x) is defined.

The set Y is called the co-domain of f.

The set consisting of all images of the elements
of X under fis called the range of f. This is de-
fined by f(x).

(3x—1 when x>3
. If f(x)={x*-2 when -2<x<3. Then
2x+3 when x<-2

find the values of f{2), f(4), f-1), -3) and
S0). [MP-2001)

o~

, show that x = f{y).

N

3x -8, for
7, for
the value of the function.
()atx=3and (i) atx =7
[CBSE Sample Paper]

x<5

. What is
x>5

CIf f(x) =

Thus range of f: y = {f{x) | for all x € A’}

This is a subset of ¥,which may or may not be
equal to I In other words range of y = f(x) is set
of all values of the function f{x) corresponding
to each real number in the domain.

. If X and Y have m and » distinct elements re-

spectively, then the number of mappings from
Xto Y =n"

15. Some Important Fast Track Formulas

@ If y= %8 then )=
cx—a
@11) If fix) f1/x) = fix) + f1/x), then fix) =
+x"+ 1

@iD) If fix +y) = f(x) fy) > fx) =
f(x)=a™,\ is constant. or f{x) = e*

V) If fix + ) = fix) + y) = fix) = Ax or
f(x) is odd function.

W) If fy) = fx) + fiy) = fix) = A log x or
fix) =0, A is constant

D) If fixy) = f(x) ) > fix) =x",n e R

(vii) If f(%) = 19) = fO), fle) = 1, then

Jx)=log=Inx.

(viil) fx) fO) —f(xy)=x +yforallx,y e R
and f(1)> O then f{ix) =x + 1.

2 —
L If f(x) = ;—J , then prove that f{x) + f{1/x)
=0. [MP-99]

. () If fix) = log x, then find £1). (ii) If fix) = 1

+ sin x, then find f{n/3)

2

x
= Show that f{tan 0) = cos 20

1-
1+
and f(y/cos 0) = tan® (8/2), 0 <6 < m/2.

2

LI f(x) = x—z, then find the value of
1+x

ftan®). [MP-2007; MP-98]



8. If f{x) = log e*, when x > 0, then prove that

Savw) = flu) + fv) + fw).

Definitions, Value of Functions A.5

10. If a function f : R — R be defined by

[MP-2007] 3x-2, x<0
9. Letf: R — R be given by f{x) =x*>+ 3. Find )= L, x=0 Find f(1), -1,
@ {x:flx)=28} 4x+1, x>0
(b) The pre images of 39 and 2 under f. f0),A2)
ANSWERS
1. 2; 11, -1, -3; 2. 7. sin?> Q
3.0 1 (i) 7 9. (@ {-5, 5}

5. () 0 (ii) 1+?

(b) 6 and 6, 2 does not have any pre-image.
10. 5,-5,1,9.

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

L Iffix +y,x—y)=xy, then f(x,y)+f(y,x) _

[AMU-2002]
(@ x by
© 0 (d) None of these
Solution
(c)Letx +y=wandx—y=v. Then, x = utv
u-v

andy=

fx+y,x=)=xy

N f(u’v)=(u;v)(u;v)

2

uz—v
4

vi-u?

= Su)=—p

S, v)+fv,u)=0
o S+ fow

2
S+ S () _
2

= f(u’v) =

Thus,

0

2. Letf{)=1and f(n)= 25‘,]‘ (r). Then
zm: f(n) is equal to

(a) 3"—1

(b) 3m

(C) 3m—1

(d) None of these
Solution

n-1

© f(m)= 2Zf(r), D=1
)= 2§_Jf(r) =T2/Q1) and A1) =1
(given)
S =23 f()=2LfO+ )]

=2[1+2]=23=6

SO =2[1) +f2) + f3)]
=2[1+2+6]=18

§2:f(n)=1+2=3=32-1
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> Solution
Y fm)=1+2+6=9=3=3"
=l (®) Given f{x + y) = fix) + fy), therefore
Ef(n) - 3m—| Vxe R,
po We have f{x) = f{x + 0) = f{x) + f0)
3. Letg(x) be a function defined on [-1, 1]. If the > f0)=0
area of the equilateral triangle with two of its ¢ B d 0. th
vertices at (0, 0) and (x, g(x)) is ¥3/4, then | O W+ ”;.f(" ~1)=2/tn) and f10) = 0, then
the function g (x) is j(‘(r;);( ; s ® ()Y
N — a) n
(@) g(x)=%Vl-x (b) V1+x (© 0 (d) None of these
© g@=—1+x" (@ I+’ :
Solution
Solution (a) Putting: n =1, we get
(a) Since the area of the equilateral triangle is = MR)+A0)=2A1
V3 = f2)=211 w 0)=0
(T a’, a being the side of the triangle, we S =2 [ 0)=0]
Putting n = 2, we get
= MB+AD=212
must have ﬁ[(x—0)2+(g(x)—0)2]=£ " )_f( )= )
4 4 = fB)=22)-f1)
= x2+(g(x))2=1 = =4f(1)—f(1)=3f(1)and SO on
= 7 v fim)=nf1)
= gx)=vl-x" or g(x)=—-1-x
Hence (a) is the correct answer. 7. Letfbe a function satisfying fix + y) = fix) +
-1 ) ' fy)forallx,y e R Iff{1)=K, thenf(n),n € N,
4. If f(x)= T then f{(2x) in terms of f{x) is is equal to
(a) K (b) nK
(@) J)+1 (b) 3f()+1 (c) K™ (d) None of these
f(x)+3 f(x)+3
© F(x)+3 @ f(x)+3 Solution
c :
f(x)+1 3f(x)+1 (b) Puttingx=1,y=1, we get
Solution D=1 +[1)=2/1)=2k
2x—1 Puttingx=2,y =1, we get
&) f@) =5 f3)=/2) + 1) =3 f(1) = 3k and s0 on
1 . fin)=nk
3( — ) +1
3f(x)+1 x+1 ,
= 8. If fix) =x*-3x+ 1 and f20) = 2 f{a), then a
F(x)+3 x-1 .
Tl +3 is equal to
1 1
_3x-3+x+1 (@ — ®) —
T x-1+3x+3 V2 V2
4x -2 _ 2x —1 © %or—% (d) None of these
4x+2 2x+1
3f£(x)+1 Solution
H 2x) = —"—
ence f(2x) 7(x) +3 (©) Givenf2a) = 2/0)
5. If for a function fix), fix + y) = fx) + fiy) for 20)* -3 Qa)+1=2 (o ~3a+1)
all reals x and y then f{0) is equal to 40 —6a+1-20°+60=2
(@) 1 () 0 2 _ 21 _4 L
©) fx)VxeR (d) None of these 2o’ =1=o 27T




9. A function f : R — R is defined by

_ 1, ifxe O
S = {—1, ifxe (R-0Q)

f(n)—f(-?) is

@ 0
(c) 2

Solution

The value of

(b) 2
(d) None of these

(c) mis an irrational number and 22/7, a ra-

tional number i.e., %e Q andw e (R-¢)

10. If a function F is such that F(0) =2, F(1) =3,
F(n+2)=2F(n)—-F(n+1)forn >0, then F(5)

is equal to

(@ -7 (b) -3

©) 7 @ 13
Solution

(d) FQ2)=2F0)-F1)=2x2-3=1
F3)=2F(1)-F2)=2x3-1=5
F(4)=2F2)-F3)=2-5=-3

and F(5)=2F(3)-F(@)=10-(-3)=13

4* 1
— |+
775 hen f(1997)

f 2 .+ 1996
1997 |7 " 1997 | 18 equal to
(a) 998 (b) 1997
© 0 (d) None of these
Solution

(a) Since f(x)=

1. If f(x)=

4X
4 +2
4= 44
4742 44742
4 2
=———+
4424 244

4 +2
SO+ fU-2)= 3 =

1 2 1996
Now f(1997)+f(m)+"+f(1’99—7]
= Ef(1997) (1997)

1996
2 57

fA-x)=

-x)=

Definitions, Value of Functions A.7

=§f( ) ff(19199797nj

§f 1997 —n
711997 1997

2l ) )]

998

=¥ 1) =998

_ S©)- f(0)
0 0, A A\
12. If f{0) = tanO, then 1+ 70/

[PET (Raj.)-96]

is equal to

(@ f6-¢)
(®) (4 -6)
(©) f6+9)
(d) None of these

Solution

@ J©-/@ _tan6-tang _
T+/©0)f©®) 1+ tan0tan®

tan (0 — ) =fO—¢)

13. If &/ =ig—ti,xe (~10,10) and f(x)

200x
B kf( 100 + x*

(a) 0.8
() 0.6

J, then £ is equal to
[EAMCET-2003]

() 0.7
@ 0.5

Solution

@ S =tog 5%

200x
:>f[ 100 + x? )
[10(100 + x?) + 200x |
L10(100+x ) —200x |

- 210g( igti% 2 f(x)

=log

1
f(’”)=5f(100+xZ

= k=05

200x )
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1+
14. If f(x)= log( 1—_%) when -1 <x, x,< 1,

then f{x,) + fix,) equals [DCE-97]

oiE) o iER)

© f (lx_—xi) @ f( e )
Solution

@ S ey =log|

+x, 1+x,
— |+1
—x) Og(l—xz)

g(1 +x)(1+x,) gl T Xt X XX,
(1=x)(1~-x,) 1= —x, +xx,
(1+ X+ x, )
~ log 1+ xx, _ ( X +x,
1+ xx,

(1_x,+x2
1+ xx,
15. If f: RO R, flx +y)=fx) +fy), Vx,y €R
and f{(1) = 7, then Zf(r) is equal to
r=1

[AIEEE-2003]
Tn(n +1) Tn
@ 5 (b) 5
© @ @ Tn(n+1)
Solution

@ f)=M1+D=AD+A)=T+7=14
SB=R2+ D= +f1)=14+7=21
fBH=/B+D=/3)+/1)=21+7=28

IV GRIORGRIOL B +fn)

=T7+14+21+......... + n terms

_n _ _In(n+1)
= 2[14+(n D7]= —

18 - vC +

2¢-5§

16. The domain of the function f{x) =

%3P, _, where the symbols have their usual
meamngs is the set:
(@ {4.5} () {1,2}
© {2,2} @ {3,3}
Solution
(@ ForD,18-x>0,2x-5>0,26-3x>

Oand4x-13>0

Also 18 —x >2x — 5,26 —3x > 4x — 13 and
xeN

5 26 13
= 18>x,x>5,?>x,x>z
18+52>3x,39>7x

23 39
—2x.—2Xx
3°%7

= x>52andx>13/4

B, 3,2
3 3

Also
xs 7

,x<18

H {élj}<x<mm{2 39 26 8}

ence max {7 3T

. 13 39

ie, — <z
1°%%7

Hence Dfis {4,5}. [

Proved.

x € N]

17. Letfbe a function satisfying 2 f{xy) =[f(x)P +
[fO)]* and 1) = k # 1, then if(x) is

equal to:
k(k" -1) k(k" +1)
(@ Py (b) P
k" +1 k(k"-1)
© k-1 @ k+1
Solution
@  2/9) = [ + M

Puty=1

2fx) = [f0)]' + KD
= 2f6) - fx) =D
= fo=k )=k

Now Zf(x) Zk‘ =K+

x=1
k(K" -1)
k-1

18. If " = y+\/1+y2 , then y is equal to
[UPSEAT-2000]
(b) e—e™

]' x -x
@ E(e +e™)

(@) ef+e™

© %(e’ —e )

Solution
(©) e =y+4l1+)?
= x=log(y+l1+y")=sinhy

= y=sinhx =%(e‘ -e™)



19. If fix) is an even function and g(x) is an odd
function, and x> f{x) — 2/{1/x)= g(x), then f{5)

is equal to
@5 (b) 1/75
©)0 (@ &)
Solution
@)fﬂﬂd{i}mn ............ M
replace x by l
x
S %fp}dﬂﬂ=4l)
x x x
= Zf(l)—4x2f(x)=2x2g(l) ........ )
x x

X

(D+Q2)= -3x2f(x) = g(x) + 2x2g( L J

= fm=—§{mﬂ+n%pﬂ]

1
3x2

= 317|:g(x) + 2x2g( % )]

[ g(x) is odd] = —fx) [by (3)]
= f{x)is odd function but f{x) is given as an
even function, so f(x) =0 = f(5) =0.
20. The function f'satisfies the functional equation

3f(x)+2f(x+59)=10x+30for all real

x-1
x # 1. The value of f{7) is
[kerala (Engg.)-2005]
(b) 4
(@ 11

(@) 8
) -8

Solution
(b) wm+%(
For x=17,3f7) + 2(11) =70+ 30 =100
Forx =11, 3/(11) + 2(7) = 140

J()_/ay _ -1
-20 -220 9-4

x+59
x-1

j=10x+30

= f(7)=4.

21 If f(x)‘fGJ=f(X)+f(%) and f(4) = 65,

then f(6) is [Orissa-JEE-2007]

Definitions, Value of Functions A.9

(@) 215 (b) 217
(c) 220 (d) None of these
Solution

®) Iffix). f(1/x)=fx)+ [1/x)
Then f{x)=1-x"or 1 +x"
If Ax)=1-x"thenf(4)=-4"+1+#65
so  flx)y=1+x"
f(H=1+4"=65
4= 43
n=3
f6)=1+63=217

22. Letf: R — R be defined by f{x) = 2x + | x |,
then f(2x) + f{— x) — f{x) is equal to

[EAMCET-2000]
(@) 2x ®) 2|x]|
(c) —2x @ -2|x|
Solution

() f2)=2|2x|+|2x]=4x+2]|x]|
R=x)==22+|—=x|==2x+]|x|
Jo)=2x+ x|

= A2)+A=x)—fx)=4x+2|x|+|x|-2x—
2—|x|=2]x|

23. Ifx,y,z are distinct positive numbers different
from 1 suchthat(log x . log x—log x) + (log y .
logy —logy) + (log z .log z — log 2) = 0, what

is the value of xyz [NDA-2004]
(a) 2 ®) 1
© -1 @ 0

Solution

(®) (log,x.log x—log x)+ (logy . log y—
log}y) +(og z. logyz —log.z)=0

= logx[(logx)*—logylogz] +1logy [(logy”
—log x . log z] + log z [(log z)* — log x
logy] =0

= (logx)’+(logy)’+(log z)’~3 log xlogy
logz=0
logx+logy+logz=0=1log1l

Sooxpz=1

(o Ifa*+b*+c*=3abcthena+b+c=0)

24. Let f{x) = |x — 1], then

(@) fix?) = fix))y®

®) fix+y) =1x) + /)

(©) flx) =1/

(d) None of these

[IIT-JEE-1983]
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Solution
—x+1, x<I1 )
@fx)=px-1]= Consider
x—1, x>
ey = )y

If it is true it should be true V x .. Putx=2
LHS =f(2%) =]4-1| = 3 RHS = ({2))*=1

.. () is not correct Consider f{x +y) = fix)
+/)

Putx =2,y =5 we get {7) =6;2) +f(5) =1
+4=5

.. (b) is not correct

Consider f{|x|) = | f{x)| Put x = =5 then f{|-5|)
=fi5=4

I =35)=-5-1=6

.. (¢) is not correct.

Hence (d) is the correct alternative.

2S. If x satisfies |x — 1| + |x — 2| + |x — 3| = 6,
then
[IIT-JEE-1983]
(@) 0<x<4
(b)x<-2o0rx>4
() x<0orx>4
(d) None of these
Solution
@© p-1+px-2|+x-3|=6
Consider f{x) = |x — 1| + |x — 2| + |x — 3]
6—3x, x<1
4—x, 1<x<2
x 2<x<3
3x -6, x>3

Graph of f{x) shows f{(x)> 6 forx <0 or x> 4.

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. LetA={1, 2,3}, B={2, 3, 4}, then which of
the following is a function from A4 to B?
(@) {(1,2),(1,3),(2,3),(3,3)}
(®) {(1,3), (2,9}
(© {(1,3)(2,2),3,3)}
@ {(1,2),(2,3),(3,2), 3, 9}

2. If y= f(x) = :;‘—ii’, then iy) [AMU-2001]

(@) 1ftx) ®) 1)
©) yfix) @ x

3. If f(x)= :—i, then f{cos 20) =

[MPPET-1994, 2001; Pb.CET-02]
(a) sin’0 (b) tan?
(c) tan’6 (d) None of these

4. If fix) = bx> + cx +d, then find value of b and
¢ for which the identity f(x + 1) - fix) =8x + 3
is satisfied

(@ b=4,c=-1 ®) b=3,c=1
() b=4,c=1 (d) None of these
X+ —-X 3
5. f(x)=a 2a , then fix + y) fix — p) is

equal to

(@) 2/x) . f»)
(©) S

(b) f&x) . )
(d) None of these

6. If for non-zero x, af(x)+bf(l)=l_5
x) x

where a # b, then if f{x)=A
[(ﬁ—bx—5a+5bj] then A = ?

x
1 1
® 7 ® T
(c) a*-b* (d) a>+b*
o falb)
7. If f(x)= PURE then (bl is equal to
@) a (b) alb
(c) bla @ 1

8. If f{x) is a polynomial stisfying f(x) . f(1/x)
= f(x) + {1/x) and f(3) = 28, then f(4) =
(a) 63 (b) 65
() 17 (d) None of these

9. Let A be a set containing 10 distinct elements,
then the total number of distinct functions
from A to A4 is



10.

12.

14.

(2) 10! (b) 10%°
(c) 21 (d)21-1
y = fix) = cos (log x), then f(x)f(¥)~
%[f[§)+f(xy)]=isequalto 15
[1IT-83; RPET-95; MPPET-95;
Karnataka CET -99; UPSEAT-2001]
(@ 0 (b) cos(log xy)
(c) sin (log (x +y)) (d) None of these
. Iffx+ 1/x)=x>+1/x%, x# 0, then f{x) isequal | 1¢
o [Kerala (CEE)-2003; VIT-2004]
(@) ¥~ 1 (b) x2+2
©) -2 ) x2+1
If f(x)= x_(x_z—_l), then f{x + 2) equals
[PET (Raj.)-1986] | 17-
@ G+ DA ® (5 )7
2
@)(ig—}ﬂx+n @)(igﬁ)ﬂx+n
18
If f(x) = x> — x2, then f{1/x) equals
[SCRA-99]
(@ 1/ftx) (b) -1/ftx)
© fix) (@ x)
If f(x* + 1) = 3x — 1, then f{x) is equal to
[AITSE-99]
SOLUTIONS

Definitions, Value of Functions A.11

(@) 3Wx-1+1 (b) 3Vx-1-1
() vx-1-3 (d) None of these

. If f(x)=x3—)%, then

1
ro+A(5)-
X
(@0 () -1
©) x? (d) None of these

. If fix) = x* — 3x + 4, then find the values of

x satisfying the equation f{x) = f(2x + 1)
(a) 5/3

(b) 213

()1

(d) None of these

If g(x) is a polynomial function satisfying g(x)
g0 =gx) +tg()+g () —2foralx,y €R
and g(2) = 5, thenfind g(3) =

(a) 10 M) 15

(c) 20 (d) 28

1+x

. If f(x)=log(1~_-;j,—l<x<l, then

f(3x+x3J_f( 2x Jis

1+3x2 1+
[Kerala PET-2008]
@ [P ®) [f))
(© x) (@) fCx)

1.

2.

(c) By definition of function

AL Al

cy—a
a(axlb]+b
{(ax+b\_ cx—a

Nex-a) C(ax+bj_a

cxX —a

@ y=r(x)=

cx—a

_ a(ax+b)+bc(x —a)
cdax+b)—alcx—a)
(a® +bc)x
Az_-:x
a +bc

3.

4.

®) f(x)= I_—X,f(COSZS)
I+x

_1-cos20 _ 2sin’0 -

2
= = = 0
1+cos20 2cos’0 an

@ f(x)=bx"+cx+d
Ffx+1D)-f(x)=8x+3
b(x+1)* +c(x+1)+d—[bx’ +cx+d]=8x+3
2bx+b+c=8x+3

2b=8;b+c=3

b=4c=-1



A.12 Definitions, Value of Functions

5 (@' f(x)= @ -;a =cos(logx)cos(logy)—%
F+y)+ fx—y) [cos(log x — log y) + cos(log x + log y)]
_ a’ +a-(ﬁy) N a™ +a-(x-y) 1
) ) = cos(logx)cos(log y) - 5
=ax|:ay +a-y}+a-x[a"" +a'V:| [2cos(logx)cos(log y)] =0
2 2
Fra Y o s g 1y , 1 1Y
= ( a J[a *ta ] 11. () f(x+—]=x +t—=|x+—]| -2
2 2 X X X
L f=t-2
6 @ af(x)+bf(l)=l-5 .......... M| o f=x-2
x) x
replace x by 1 in the equation 12. (o) ﬁ@—M
x
af(l)+bf(x)=x—5 .......... @ fx+2)= %;*21)
X
From (1) and (2) we get _ (x+2)(x+1)
1 a 2
/ Z_bz[;—bx—5a+5b] (e +2) x(x+])
alb x 2 :
a _x+2[(x+Dx+I-D ] x42
7. ® fet L@ b _a s 2 T /e
x+1’ f(bla)y bla b
by 13 @I f(x)=x'-—
a x?
1 1 1y 1, , 1
8. (b) Given that f(x)f(—)=f(x)+f(—J fl=|F5—x"=-x"-=
x x x) x x
A f()=x"+1,f(3) =28 =-/()
+1=28=n=3 14. () f(x*+1)=3x-1
=x+1
f(4):f(;)+::65 put x’ +1=r=>x=+r-1
9. (b) No. of functions = no. of ways in which J@)=3i-1-1
each element can be assosciated = 10 x10 x . _a o q1_
10 . 10 times = 10° () =3x=1-1
10. (a) f(x) = cos(logx) 15. (a) Here fix) = xa_i ) f(l) _ 1 3
fixy) = cos (log x y) = cos (log x + log ) x? X x?
1 1
f(£]=cos[log£)=cos(logx—logy) = f(;):_(x3__3)
Y y x
1
f(x)f(y)—g{f(ij"'f(xﬂ} f(l)=—f(x)= = f(x)+f(l) =
y x x
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16. (b)f(x)=x2—3x+4andf(x)=f(2x+1) 2n=4=22=>n=2
X2=3x+t4=(2x+1)*3(22x+1)+4
= 32+x_2=0 Therefore: g(3)=3" +1 from (3)
= x=-1,23 ie, g3)=3+1=10
17. (a) Step 1: 1+
_ 18. (d) /(x)=1log[ — |, then
Given g(2) = 5 and g(x) g(») = g(x) + g(») + 1-x
gey-2 M +3x+x3
allxandy € R f(3x+x3)=lo 1+3x°
2 3
therefore on putting x =2 and y =1 in (1) I+3x 1- 3x+x2_
1+ 3x
we get g(2)g(1)=g(2)+g(1) +g(2)-2 1+x) 1+x
=log| —— | =3log| ——
5g(1)=10+g(1)-2 w L-x
2x
= = 1+
4g)=8=g()=2 . @) and 72\, e
i dbr i s
Step 2: Now on putting " fory in (1) _1+x2
. 1 oo X 2_21 1+x
we get g(x)g(;j=g()c)+g(;) using (2) i Wl B e
. Now
Step 3: Using formula
3x+x° 2x
1 1 N1 | iee
If g(x)g| — |=8(x)+g| — | then x
x x 1+x 1+x
=3log| — [-2log——
glx)=x"+1 e 3) -x 1-x
we get
g =10g H_x :f(x)
g2)=2"+1=5 1-x

1. If fix) = cos (log x), then f{x*) f)®)

@ 307G+ G

‘%[f( f;J+f(x2yz)} has the value 1
y
[MNR-1992] b) /20 + 72y
@) =2 () -1 1 )
(© 172 (d) None of these © Fl/@0)-s@y)]
- 1oy -
2. If f(x)= 2 ;2 , then flx + y). fix — y) is @ FU/®-f2y)

equal to
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B {Zx -3, x22 )
I f(x)= X, <2 then f(1) is
equal to
(@) 2f(2) () f2)
© 4@ @ 2/0)

. Iflog x =y, then log,, x* equals

@ 3 OF
© %y @ 3y
-IfJTX)=;%jythm1j%}%%j=
[MPPET-1996]
@ f-a (b) f(%)
© fla?) @ f(-a_"I)

. If ¢(x) = a*, then [¢ (P)]? is equal to

[MPPET-1999]
@ ¢ (3P) (®) 30P)
© 64(P) @ 2¢(P)

_ 1-
L If f(x):i—+§, then f(ﬁ] is equal to

@ x @
-X
1-x 1
© 1+x @ x

1+x 2x
= l — |, - :
. I f(x) Og(l—x) then f(l_l_xfj is
equal to
[MPPET-99; RPET-99; UPSEAT-2003]

10.

11.

12.

13.

1-x ,
(a) f(m) (®) fix*)
©1 (@ 2ftx)
1
. If f(X)=xL_1=;, then f{y) =
[MPPET-1995, 97]
(@) x
®) x+1
() x-1
@ 1-x
If f(x)= M for x € R, then
sin’ x + cos* x
f(2002) is equal to [EAMCET-02]
(@1 ) 2
©3 @ 4
If a polynomial function satisfies the condi-
tion f{x) A1/x) = fix) + f1/x). If £10)=1001,
then f(20) =
(a) 2001 (b) 3001
(c) 8001 (d) 5001
If fix) = 4x° + 3x* + 3x + 4, then x*f{1/x) is
[SCRA-1996]
1
(@) fi=x) ® —
W 5
1 2
(c)[f[;jj @ fx)

Let f{x) be defined for all x > 0 and be continu-
x
ous. Let f{x) satisfy f( ;J =f(x)- f(») for

all x, y and f(e) = 1, then
(a) flx)=Inx
(b) f{x) is bounded

©) f(l]—>0 asx—>0
x

@ xfx)>1lasx >0
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S ——
WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

N

The answer sheet is immediately below the
worik sheet.

The test is of 9 minutes.

The worksheet consists of 9 questions. The
maximum marks are 27.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

. Which of the following is function

(@) (2, 1),(2,2),(2,3). 2,4}
®) {1, 4).(2,5),(1,6),(3,9)}
(© 1(1,2),3,3),(2,3).(1,4)}
@ {(1,2),2,2),(3.2), (4. 2)}

5. Iff0x) + /%) = f0x) /%) and {5) = 626, then

f2)=
(a) 17 (b) 65
(c) 576 (d) 257

. If y=f(x)=ax—+b, then x 1s equal to
cx—a

[AMU-2001]
@ 1ftx) ® 1)
(©) yfx) @ /)

1

L If 3f(x)+5f(%)=;—3Vx (#0) € R, then

fx) is equal to

(a) %(%Jrsx—s)

1 3
m(—;+5x—6j

®)

2. If f(x)=%, then f{x) + f{1 — x) equal to 1/ 3
* . © —(——+5x+6)
[JEE (Orissa)-2000] 14 «x
@0 (b) -1 (d) None of these
(©1 @ 4 ,
. 1 . 8. Let f{x) = sin (log x), then the value of
3. If f(x)= . > then f{x) fiy) is equal to f) +f(§j 2./ (x) cos (log y) is
[PET (Raj.)-88; MP-95, 97] [Orissa JEE-2004]
(@ -1 (®) 0
(@) —x (®) x
© » @ (e @1
4. If 2f(x) — 3f(1/x) = x%, x is not equal to zero, 9. If2f(x+1)+ f( Lj = 2x and x # -1, then
then —4f(2) is equal to x+1
[11T-1991] f2) is equal to [MPPET-2004]
(a) 25 ) +7 (a) -1 ®) 2
© 5 @ -7 (c) 5/3 (@ 512
ANSWER SHEET
LO®O® OJOXOXOY TOOOO
20000 5000 HONOXOXO)
3000 OO .00 @
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HINTS AND EXPLANATIONS

4)( 4l—x
2. (c =— 1- =
© J@)= g /9=
4/4 4 2
D= =1rr ara
—+2 '
4)(
4" +2
+f1-x)= =1
S+ f1-x) I

4. (b) Given 2 £(x)—3 f(lJ =y
x
1. . .
replace x by — in given equation
X

1 1
Zf(—)—3JXX)=—7
x x
o 1
Eliminating f (—) , we get
x

r@=3(+ 3]

X

9, (c)Put x+l=t,- . x=t-1
2f(’)+f(%)=2(t—l) ........ 6))

replace ¢ by 1
t

2f(%)+f(t)=2(%—l) ......... 2

From (1) and (2)



B
LECTURE

Domain and Range
of Real Functions

BASIC CONCEPTS

Now we discuss some standard real functions which
are frequently used in calculas.

1. Constant Function Let o be a fixed real num-

ber, then a real function f defined by fix) = o
for all x € R is called a constant function. The
domain of the constant functionis R,

Y4

f(x)=a

o X
Y

Constant function is defined for all real
numbers. The range of f'is set {o}.
The graph of a constant function is a straight
line parallel to x-axis at a distance |ot| from it
figure.
It is above or below x-axis according as o is
positive or negative. If o = 0, then its graph is
x-axis itself.
. Identity Function The real function f defined
by f{x) = x for all x € R is called identity
function.
The domain of function is R and its range is
also R.
The graph of identity function is a straight line
passing through the origin making an angle
of 45° with the x-axis.

pr

X' X

Y’
Remark: In general, the identity function is
denoted by I, i.e., I(x) = x.

If identity function is defined from a set 4 to
itself, then it is denoted by I, i.e., I (x) = x for
allx € 4.

. Square Root Function The real function f

defined by f{x)= +x is called the square root
function.

The domain of square root function is [0, o [ as
square root of negative numbers is not defined
on real line. The range of square root function
is also [0, « [.

Y
A

f(x) = +Vx
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4. Reciprocal Function The real function f
defined by f(x) = I/x is called the reciprocal
function.

The domain of reciprocal function is R — {0},
as it is not defined at 0. The range of reciprocal
function is also R — {0}

Y
y

5. Polynomial Function Areal function fdefined
byfix)=a,+ax+ax’+.......+a x" where
a,a,a, ... a_are real numbers and » is
a non-negative integer is called a polynomial
function.

The domain and range of polynomial function
are both R for example:

@ fx)=2x+3

(i) fix)=3x*+2x+3
@) fx) = (x +1) (x + 3)

6. Rational Function A real functionfdefined by
fx) = 2 where p(x) and g(x )are polynomi-

q(x)
als and g(x) # 0, is called a rational function.

For example

. 3x +1
» fo=
x+1
.. 2x+3
i) f)=—7—"
x +x+1
x—1
@) f)=
x+2
7. Modulus Function The real function f defined
T T
X)=|X|=
Y —xif x<0
M4

/f(X) = |x|

10.

is called modulus function. The domain of
modulus function is R. The range of modulus
function is [0, o [.

Signum Function The real function f defined

- 1ifx>0
by f(x)= 'jf-',? *#0_10ifx=0
0 if x=0 ]
> -1if x<0
XY
17
> X

is called the signum function. The domain of
signum function is R. The range of signum
function is the set (-1, 0, 1).

Square Function The function that associates
a real number x to its square i.e., x* is called
the square function. Since x? is defined for all
x € R. So, we define the square function as
follows

\ /sz
x =X

Yy

The function /' : R —> R defined by f{x) = x*is
called the square function.

Clearly, domain of the square function is R
and its range is the set of all non-negative real
numbers i.e., [0, ©). The graph of fix) = x? is
parabola as shown in figure.

Cube Function The function that associate
a real number x to its cube is called the cube
function. We observe that x* is the meaningful
forallx e R.

So we define the cube function as follows
The function f: R — R defined by f{x) = x3 is
called the cube function.



11.

12.

X X

;

We observe that the sign of x? is same as that of
x and the values of x* increase with the increase
in x. So, the graph of f{x) = x* is as shown in
figure.

Clearly, the graph is symmetrical in opposite
quadrants.

Cube Root Function The functionthat associ-
ates a real number x to its cube root x? is called
the cube root function.

Clearly x' is defined for all x € R.

So, we define the cube root function as follows

N

Y

/_?= X113
X = ’/ X

Y

The function f: R — R defined by f{x) = x'* is
called the cube root function.

Clearly, domain and range of the cube root
function are both equal to R.

Also, the sign of x"* is same as that of x and x'3
increase with the increase in x.

So, the graph of f{x) = x is as shown in figure.
Polynomial Function
fx)=a,+ax+ax*+ax’+ ... +a x",
a, # 0 where a, ‘s are real numbers and » is a
non-negative integer is called a polynomial
function of degree n. It is also called a algebraic
function. A polynomial function of:

(1) degree O is called a constant functioni.e.,
f)=c
(i1) degree 1 is called a linear function i.e.,

fx)=ax +b.

13.

14.
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(ii1) degree 2 is called a quadratic function
and cubic function (degree 3) and Bi-
quadratic (degree 4) function etc are also
defined. i.e., Ax)=ax>+bx+c; f{x)=ax>+
bx* + cx + d, fix) = ax* + bx* + cox* +
dx +c.

Rational Function

x*=5x+3 xt-x+1
fx) = x* =1 /() = 2 +x+1
A function defined by the quotient of two poly-
nomial function is called a rational function.
Domain of the rational function is usually set
of real numbers excluding those x for which
denominator is zero.
Irrational Function
A function involving one or more radicals of
polynomial or polynomials is called an irratio-
nal function.

Example
, (% +2x* +7)°

Vx?+2x +3;x —
Vi+x

NOTE

All polynomial, rational and irrational functions are
algebraic function.

15.

16.

17.

Real Function F: X —» Y If X and Y are sub-
sets of real numbers then function is called real
function (f: R > R)

Examples
(i) y=+v9-x* Domain [-3, 3], Range
=10, 3]

. 1 .
@) y= N CTPIED) = Domain (-2, 5)
Square Root Function
7(x) =x. (only + ve square root is associ-
ated)

Domain = set of all non negative real numbers
=[0, o) Range

Transcendental Function All functions which
are not algebraic are called transcendental
functions. A transcendental function is not ex-
pressed in a finite number of algebraic terms.
Also expressed as the incommensurable powers
of a variable as for example. x°, x*° (general

exponential): x*, x'°%, x*%; (log *: log (1 +x);

e, a’)
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18.

19.

20.

21.

22.

Indentity Function The function that associ-
ates each real no. x the same number x, is called
the identity function.

Domain: set of real number;, Range = set of real
number.

Reciprocal Function The function that as-
sociates to each non-zero real number to its
reciprocal denoted by 1/x i.e.,y = 1/x is called
reciprocal function. Domain of this function is
denoted by R — {0} Range is also R — {0}.
Exponential Function The function that asso-
ciates number e* to each real number x is called
exponential functioni.e., y = e*. Domain: set of
real numbers R; i.e., (—o0, + )

Range (0,x)

Logarithmic Function

The function that associates log x to x is called
the logarithmic function. Domain (0, ©), Range
(=00, )

y =logx, O<a<1;
x>0

I (1,0)

Modulus Function
fx)=|x|= It = max {x, —x}
when x>0

_{x
"~ |=x when x<0
[0, o).

; Domain R, Range

23.

24.

@ |x|<a=>-a<x<a

1) k—a|<l=>a-l<x<a+l

(i) |x +y[<[x[+]y]

V) [x=yl2[x[-|y]

(V)Ixy|=|X||Jf|
=———,y¢0

“‘ K

(vil) If la=b| <L, | b—c|<m,then|a—c|
<l+m
(viii) |x|>a=>-a>x>a

o

graph

Example

@ y=|x|+|x-1forx<0;isy=1-2x

@@ |x+1|£2=>3<x<1

(i) 0<|x-1|<2=>-1<x<3

(iv) —3<x<7isequivalent to | x —2| <5
| x —3| <4 1isequivalent to -1 <x <7

V) x+2|<10=>-12<x<8

i) |x|<4=>-4<x<4

Signum Function The real function f defined

| x| . 1 if x>0

— #
by f@={ x* "7 7={0 if x=0
0, ifx=0 |-1 if x<0

Y

1

is called the signum function. The domain of
signum function is R. The range of signum
function is the set (-1, 0, 1).

Greatest Integer Function Greatest integer
function defined by y = f{x) = [x] is the greatest



integer less than or equal to x. In general [x] =
nforn<x<n+lnel

A function °f” defined by f{x) = [x] is called
greatest integer or integral part function. OR [x]
=x if x is an integer and an integer immediately
on the left of x if x is not an integer.

Example

17 -7
[5]=5;[-3.9]=—4;[0]=0 [3—} = 5;[7} S
[x]<x<[x]+1[n]=3[V5]=2

[n+h]l=n O0<x-[x]<1=x-[x]iscalled
the fractional part of x and [x — 4] =n — 1 where
0<h<l
Domain: set of real numbers; Range: set of
integers.

—w J.2

— 1-3
y

Y’

o

It consists of many broken pieces.

2. Each piece coincides with the graph of a
constant function.

3. The graph lies within the first and third

quadrant.

It is not continuous.

5. Oneach interval [n, n+ 1] the function takes

the constant value ».

x and [x] have same sign for all x.

7. fix) =x — [x] is a periodic function with
period 1 and is called the fractional part
of x.

8. Let f be the greatest integer function

and g be the modulus function, then (gof)

(-5/3) - fog (-5/3)=1

=

a

25. Explicit Function y = f(x)
26. Implicit Function f{x,»)=0
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27. Trigonometric Function (Domain and

Range)

(i) Table of Trigonometric Functions

Function Domain (x) Range ()

1. y=sinx x€R yvel-1,1]

2.y=cosx xe€R yvel-1,1]

3. y=tanx xeR- yeR
{(2n+1)§,ne 1}

4. y=cotx xeR-{nmnn yeR
el}

5.y=secx xeR- yeR-(-1L1)

| (—0,-1]u

{(2n+1)5,n€ I} [1, o)

6. y=cosecx xeR-{nmn,n yeR-(-1,1)
el}

(ii) Table of Inverse Trigonometric Functions

Function Domain (x) Range ()
1. y=sinlx [-1, 1] [-7m/2, 7/2]
2. y=coslx [-1, 1] [0, =]

3. y=tanlx R (-n/2, =/2)
4. y=cotlx R O, m)

5. y=seclx R-(-1,1) [0, =] — {n/2}
6. y=coseclx R—-(-1,1)(—0,-1] [-m/2, n/2]

U [1, ) - {0}
(iii) Domain and Range of Some Standard
Functions

Function Domain  Range
Polynomial function R R

Identity function x R R
Constant function ¢ R {c}
Reciprocal function 1/x R, R,

x| x| R R U {0}
x5, x| x| R R

Signum function R {-1,0, 1}
x+|x| R R*u {0}
x—|x]| R R-u {0}
[x] R VA

x—[x] R [0, 1)

Jx [0, ) [0, )

a R R*

log x Rt R
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£55) WORKING RULE FOR FINDING DOMAIN Step 3: The set of values of x for which y is well
AND RANGE OF A REAL FUNCTION defined and real is domain of fi.e., D,.

Important: For range we repeat steps (1) and (2)
Step 1: Solve for y in terms of x if not givenin this form. | \yith the roles of x and y interchanged.

Step 2: Find those values of x for which y is well- | i.e., Domain of fi.e., D,={x eR:fix) € R}
defined and real. Range of fi.e., R={fx):x €D}

— ]

Yo tdy—T 10. Find the domain and range of

1. Name the function f£(x)= i Fx) = \/(x——WS'_—_;c_) [CBSE-78]

and find its domain

[CBSE-1981] x
11. Find the domain and range of m
2. Find the domain and range of fix) =1 + x — x

[x-2]. [PSB-96]
3. Find the domain and the range of the function
1 12. Find domain and range of f(x) = V4 —x’
)=
5—2cos3x [PSB-97,99; PET (Pb)-89]
i i sin”'x 13. Find domain and range for the function
4. Find the domain of
f(x) = [NCERT Book]
[NCERT Book; HSB-96; J & K-1997] x—4
5. Find domain and range for the function | 14. Find the domain of each of the following real
2 valued function
fl =210 [PSB-1999] | o
x*+6x+5 A fx) =
x=3
6. Find domain of f(x) = \/log”’ 8- log§s Gi) f(x) = _2x-3
M x*-3x+2
U-1999,
£ / (i) flx)=vx-2
7. Find the domain and range of f(x) = w iv) flx)=~v4-x’
x
W) fx)=—7—
8. Find the range of function f{x) = 11 — 7 sin x l_lx
[MP-98] i) f(x) = ——
NESED
9. Find the domain and range of the function —
. 1-{x|
i S0 =215

x
/)= x*+1
which are associated with the number 3/10 in | 15. Find the range of each of the following
the range. Is this function one-one. functions
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16. Find the domain and range of each of the fol-
lowing real valued functions of real variable

@ fx)= 7;—_5

(i) f(x)=V16-x* () fx)=v9-x?
3 . _x=2
@i)) f(x) = T ) f(x)= T
ANSWERS
-11 7. Set of all real numbers V) (o, 1)
1. R‘{T} other then 4; {~1, 1} i) ¢
2. Set of all real numbers; 8. Rf =[4,18] (vii) E:T’;]Z) V@2, 0)
3 <flx) <4 9. D=R,R,=[-1/2,112], f1s ’
11 not one-one. 15. (@) (0, )
3 D =RR, =[_,_}
A 10. D,= [1,3],R,= [0, 1] (ii) [0, 4]
4. D,=[ -1, 1] expect zero. 11. D,=R-{0},R,= {~1,1} (iii) (_w,o)u(g,wj
5 BmR- {_5;_1} 5 12. D,= [-2, 2], R,= [0, 2] 2
=| —co.—=— |2 16. Domain Range
R, =| —oo0,— 13. D,=R - {4}, R,= {-1
’ ( 4 2} y =R R () [3,3110,3]
-3 3 14. () R- {3} D 12.3) [0
U[T+@,w] R Gi) 12, 3) [0, )
8 (iit) [2, )
6 by =(§’°°J i) [-2,2]
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. The range of the function f{x) =""*P __,is (@) [0,1] (b) (0, 1/2]
[AIEEE-2004] © [172,1] @ (,1]
(@ {1,2,3} (b) {1,2,3,4 5,6} | Solution
(© {1,2,3,4} ) {1,2,3,4,5} @ 14550

S(x) will have minimum value of
A0+ -2 1

Solution
(a) From the above solution, we find that the

domain of f(x) is, {3, 4, 5}. Now, (3) =3P, = 40+06%) 1457

1,f(4)=>P =3 and f(5) =P, = 2 Hence, range i o dac — b?

of f={1,2,3} (ax® + bx + ¢ have minimum value VR
2. Let fix) = (1 + %) x>+ 2bx + 1 and m (b) the when a > 0)

minimum value of f{x) for a given b. As b o om(b) = 1+1b2, Range of m(b) is (0, 1].

varies, the range of m(d) is
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3. Iflog,, (x—1) <log,,, (x— 1), then x lies in
the interval

(@) (2, ) ® (1,2)
(©) (-2,-1) (d) None of these
Solution

() Sincelog,, (x—1)<log (x-1)
= log, (x-1)< log g, (x=1)

= log, (x-1)< %logo_s(x -1)

= %log0_3(x -1)<0

= x-1>(03)°=1[.base<l1]
= x>2>x€e(2,)

4. If f{ix) = cos [n*]x + cos [-n*] x, where [x] =

greatest integer < x, then [1IT-91]
(a) fm/2)=-1
(®) fim) =1
(c) femy =-1
(@) fin/d) =2
Solution

(@ " [#*]=9and[-x*=-10,s0

Sx)=cos 9x + cos (-10)x
=cos 9x + cos 10 x

= f(w/2)=cos 9/2 + cos 5t =-1
Am)=cos 9+ cos 10m =0
S(=m) =cos (-97) + cos (-10m) =0
A(n/4) = cos 9n/4 + cos 5m/2 =1/32

5. If x be real then the range of the function

S =1 +" _is  [Aligarh-98; NDA-2006]
X
@ [-122,172] (b) (-2,2)
(© L1 @) (=172, 172)
Solution
(a) Let _x_2 =y 2yx>-x+y=0"x€R,
I+x
B*-44C>0

= 1-4220=(1-2)(1+20)>0
=> G-12)p+12)<0=>-12<Ly<1R2
. range =[-1/2, 1/2]

6. Domain of the function f{x) = log | log x | is
[CET (Pb.)-98]

(®) (1, o)

(CONGEIRY

() (0, )
(©) (0, (1, )

Solution

(c) flx)is defined when |log x |>0
= xe(0,w),x#1
D=0, DU, )

7. Match list I with list IT and select the correct
answer using the codes given below the lists

[SCRA-99]
List I (function) List II (range)
A. y=sinlx l. w/2<y<m=f2,
y#0
B. y=seclx 2.0<y<m
C. y=cotlx 3.0 y<my#n/2
D. y =cosec! x 4. 0<y<m
5. -n2Ly<wf2
Codes:
ABCD ABCD
(@2145 ® 1325
()54 31 @5341

Solution

(d) Refer to the table given in theory.

8. The range of the function fx)= ex_—e-“xll
X + x| 2
then f'is o
(@) [0, 1] () [0, 1)
©) [0, 1/2) @R
Solution
(©) “x<0=fx)=0
x>0 f = 1L
262)( 2

= fix)e©,172)
["x>0>e™e(0,1)] .. R.=[0,1/2)
9. Domain of the function sin™ (log , x/2) is

[PET (Raj.»2002; AIEEE-2002;
Kerala (CEE)-2003, 2005]

(a) [0,1] (b) [1/4, 1/2]
() [1,4] @ [-11]
Solution

(c) Given functionis defined when -1 <log,
®xR”)<1

= 271<x/2<2'[". log function is increasing]
= 1<x<4

10. The range of the function f{x) = cos x — sin x

is [MP-95]
@ L1 ®) [-V2,V2]
(© [-1,1] @ (—vV2,V2)



Solution

) flx)= ﬁcos[ x+ %J Also

—lScos(x+§)Sl
—V2< fix)<V2

11. If —g <x< g, then the range of the function

Sx) =cos [x] is [CET (Pb.)>-94]

(a) {1,cos1,cos 2} (b) {cos1,—os 1,1}

(© {-1,0,1} @ 1.1}
Solution

) xe[ =2 S =-2-1,0,1
(@ 53 | =

= fx)

= cos (-2), cos (-1), cos 0, cos 1
cos2,cos 1,1

12. The range of the functionf{x) = sin® x + cos*x

is equal to [JEE (Orissa)-2000]
(@) [-1.1] (b) [3/4,1]
(c) [3/4, ©) @ ©,2

Solution

®) fix)=1-cos’x + cos*x =1 + (cos* x

) 3 , 1Y
—cos-x)=Z+ cos x—E

This shows that max. f(x) = % + % =1
3 3
= —+4 = —
f)=7+0=7

range = [3/4, 1]

13. The domain of the function

S = ,’IOgﬁ is  [PET (Raj.)-2001]

(@ R—(-=, ) (b) (—0, o)
(c) R—{2nn,ne Z} (d) R-{nm,neZ}
Solution

(d) flx)is defined when log—,l— >0
| sinx |

—log|sinx|2>0
log|sinx|<0
|sinx [#0

x#Znn,neZ

Uy oy

Domain=R— {nwt |n € Z}
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14. If f: R = R is defined by f{x) = [2x] — 2[x]
for x € R, where [x] is the greatest integer not
exceeding x, then the range of f'is

[EAMCET-2006]
(@ {xeR:0<x<1} (b) {0,1)
) {xeR:x>0} (d {xeR: x<0}

Solution

(b) Verification method:
x=% S0=1,x=12/0=0
x=10=>fx)=0
x=99=fx)=19-18=1

x=-15=>fx)=-3-2(2)=1
x=-1=>fx)=-2+2=0and so on.

15. If /: R - R is defined byf(x)=x-.[x]_%

For

for x € R, where [x] is the greatest integer not
exceeding x, then{ x€R:f(x)= %} is equal to

[EAMCET-2006]
(@) Z, the set of all integers
(b) N, the set of all natural numbers
(c) ¢, the empty set
@R

Solution

(c) Weknow that [x] <x<[x]+1
0<x—-[x]<l

Sof(x) =x—[x]- %wﬂl never be equal to 1/2
solution set of x is the empty set.

16. The domain of the function

y= log,,log,,logyg ........ log,, x
n times

() (107, + o)
(© (10772, + )

(®) (10", 00)
(d) None of these

Solution
_ logy,......1og;p x
(@ log, = (n — Dtimes
= log, 10801080 X g0y
" (n - 2)times
- log......Jog o x "
" (@ - 3)times
logy,...... log,, x
= log,, —2M0 B0 7 o 1 (gI0 g
810 () ~ Z)times o

(d) is true.
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17. If f: R —> R is defined by f(x) =

2 —cos3x
for each x € R, then the range of f'is
[EAMCET-2007]
(@ (18,1 (b) [1/3,1]
() (1,2) (@ [1,2]
Solution

(b) Wehave-1<-——cos3x<1VxeR
Hence %Sf(x)Sl VxeR

Range of f=[1/3, 1]

18. Correct graph for f{x) = e* is
[MPPET-2007]

@ ——

®

© ‘Aj

@ ‘K’

Solution

(a) Value of f{x) = e*, for positive or negative
value, x is always positive and at x = 0, y = e°
= 1 therefore the correct graph is

/

19. Graphofy=|x|is
(a) above x-axis
(b) below x-axis
(c) right side of y-axis
(d) left side of y-axis

[MPPET-2007]

Solution
x x>0

(a)y=|x|ory={_x <0

/

X' X

y

y’

Clearly this graph is above X-axis.
20. Domain of the function f{x) = sin”!(1 + 3x +
2x?) is
(@) (-0, )
®) -1, 1)

3
©|-39)
@ (—oo,_?lj U (2,0)

Solution

(©) -1=<1+3x+2x*<1
Casel: 2x>+3x+1>-1;2x>+3x+2>0
3+0-16 3+i\7T .
x= = (1maginary).
6 6
CaseIL: 2x>+3x+1<1

3
= 2X*+3x+<0 = 2x(x+5j50

= i <x<0>xe —3,0
2 2

In case I, we get imaginary value hence, re-
jected

Domain of function = [—%,0} R



21. If S is the set of all real x such that
2x -1
2% +3x7 +x

o=
T2
11

© (—Z,Ej

is positive, then S contains

3 1
(b) (—— —Zj
1
=3
@ (2, j

Solution
2x -1
@,(d) —5——5— >0
2x* +3x +x
(a) option is not match to the question
(2x-1)
x(2x* +3x+1)
or (2x— 1)
x(2x+l)(x+l)
-t - + - +
—0 -1 -1/2 0 112 ©

Hence, the solution set is,
x € (oo, -1) U (-1/2,0) U (1/2, )

22. Domain of the function f{x) = Jsin'1 2x +§

is [IIT (Screening)-2003]

(a) [-1/4, 1/2] (b) [-172, 1/2]

() [-1/2,19] (d) [-1/4, 1/4]
Solution

(a) fx)is denied when

O<sin'2x+Z<X 4T [osin2x< X
26 2
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T . o

= _—Z<sinT2x<—
) T .
= sin|—— |<2x<sin—
6 2

<x<

4>|-
N | —

=

23. What is the range of the function fix) = log,
{(sinx—cosx+ 3\/5)/\/5}? [UPSC-2007]

(@ [1,2] (®) [0, 1]
© (1,2) @ O, 1)
Solution

(@) The maximum and minimum value
of the function sin x — cos x is /1> +1” and

517, ie, V2 and -2
V2 <sinx-cosx< V2

= —V2+3J2 <sinx
—cosx+3vV2 <V2+3V2

= 2\/ESSinx—cosx+3\/5s4\/5

sinx —cosx +3+v2

NA

= log, 2 <log {smx c\(;sax+%/2\]<lo 4

J_
~ l<log {smx c\(;;x+3x/—}sz Thus

= 2< <4

the range is (1,2)

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. The domain of definition of the function y(x)
given by the equation2*+ 2> =2
(@) o<x<l1 (b) —o<x<1
() 1 <x<w (d) 1 <owo<x

2. Domain and range of v5—4x—x* respec-
tively

(@ [-5, 11, [0, 3] (®) [5,1],[3,0]

(©) [5,-11,[3,0] (d) None of these
3. Range of the function 1 — |x—2 | is

@) [1,0) (®) (=0, 1)

(©) (o, 1] @ (1, )
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4.

10.

If f{x) = cos[n? ] x + cos [-n?]x, then

[Orissa JEE-2002]
(@) fin/4) =2 ®) fm)=2
(©) flm)=1 (D) fnf2)=-1

. Domain of the function \/ log,(x* — 6x +6) is

[Roorkee-1999; MPPET-2002]
@ (==3-v3]U[3++/3,%)
(b) (—e0,3-3)U(3++/3,)
(© (==>1]1U[5,)
@ (== 1)U (5,%)

. A real valued function f{x) satisfies the func-

tional equation f{x — y) = f{x) Ay) — fa — x)

fla +y) where a is a given constant and f{0) =

1,/(2a—x) is equal to [AIEEE-2005]
@ f=) (®) fla) + fla—x)
(©) fx) (@) +x)

. Domain of f(x) = 5cot§ is

(@ R

() R—n=

() R—{3nm;nel}
(d) None of these

X
. The domain of ¥ = Ny is

(@) (0, 1)

(®) (2,0)

(©) (00, 1) v (2, )
(@) oo, )V (2, )

. Domain of log  [1 —log,, (x*— 5x + 16)]

(@ (1,3)

() (2,3)

© -1,3)

(d) None of these

Domainof 1 <|x|<5
(@ [-5,-1] v [1,5]
®) [+5,1]V [-1,-5]
© [5. 1]

(d) None of these

11.

12.

13.

14.

15.

16.

17.

Domain and range of y = log(3x*— 4x + 5)

@) (o, oo);(log%oo)

(®) (3,-5): (5, 3)
© G3,-5

(d) None of these
Domain of the function fix) = log, (log,
(log,(18x —x*~77)))
@ (2,98

(© (8,10)

() (6,8)
(d) None of these

Range of the function f(x) = 3sin[ \/%% + x* }
is

(@) [0,3/V2]

() [-3//2,3/32]

© [-3,3]

(d) None of these

2
The domain of the function sin™ {logz( % ]}

is [MPPET-1998]
@ (2,-Hv(d,2)
®) =1,-Du(,2)

© 2,-Hvd,2)
(d) None of these

If x>+ y*+ 22 =1, then xy + yz + zx lies in
(a) [-1/2,1]

(®) [172,1]
(© [-172,-1]
@ [172,-1]
2 —
Find domain and range of xz—x+4 ?
x*+2x+4

(a) [1, 5/4]
(©) [1,4/4]

(d) [2,5/4]
(d) [1,4/5]

2
The solution set of ﬂ >, xe R is
x+1

[UP SEE-2007]

(@) (3, + )

®) (-1, Hu (3, +o)

©) [F1L, 1] [3, + o]

(d) None of these
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W

1. (b)Step1: 2"=2-2">0 ... @)
as 2V >0
From (1) clearly 2*<2'= x<1 ... 2

Step 2: Therefore from (2) domain of the defi-
nition of the function y(x) is given by (—o, 1)

2. (a) Step 1: Given function is square root func-
tion. Therefore 5—4x—x*>>0

ie, ¥’ +4x-5<0
or (x+5)(x-1)<0

Step 2: Using the sign of quadratic interval
of x
i.e., domain of the function is [-5, 1]

Step 3: Maximum value of the quadratic ax?

2
+bx+cis4—ac J
4a

. 2 .
fore maximum value of 35—-4x-x" is

4x (-D)x5-(-4) _-36 .

4x(-1) -4

when a < 0. There-

Now range of \/5—4x —x* =10, 3] as square
root function can not take negative values.

3. (b) Step 1: | x — 2| is always positive therefore
f)=1-]x-2|<1
Hence its range is (-, 1)

4. (d) Step 1: [n*]1=[(3.14)*1=[9.86]=9
[-n*]=[-9.86]=-10

v cos(—x)=cosx
o f(x)=cos9x +cosl0x

T T T
Step 2: — |=cos9—+cosl0—
2 f(4] 4 4

=Cos 21'L+E +cos 21'L+E
4 2

4 n 1 1
=cos—+cos—=—4=+0=—
4 2

V22
f(-m)=cos9In +coslOn
=(-1’+(-1)"=0
f(n)=cos9m+coslOn=0

f kid :cos9£+cos10—n
2 2 2

=0+ (-1 =-1
NOTE
cosnn=(-1)",neN

cos(2n+ 1)% -0

5. (c¢) Step 1: log, (x> — 6x + 6) = 0 as quantity
within square root cannot be negative.
ie, X’ —6x+6>e°=1
x*—6x+520
(x-1)(x-520
ie, x<1 and x>5
or x€ (—oo,1) U[5,0)

NOTE

If (x—a)(x—b)>0 and a<b thenx € (o, a)
(b, ©)

6. (d) Step 1: can be verified for /= cos and a =
90 as follows

Fa==f)f)-fla-x)f(a+y) is

true for f =cos and a=§

e.g., cos(x — y) = cos(x)cos(y) —sin x(—sin y)
Step 2: options can be verified as follows:
cos (2 X 90° —x) = —cos x = —f(x)
(a) cos (—x) =cos x = f(x)
(b) cos 90°+ cos (90 —x)
(©) f(x) = cos (x)
d) —f(x)=-cosx

7. (c) Step 1: By definition, domain of f{x) =
cot x is R — {nm} because cot x is not defined
when x is integer multiple of 7 ie., x#nn
where » is any integer.

Step 2: %#nn:x#:hm

Domain is: R—{3nn},ne I
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x
(c) Step 1: f(x)= \/2= = A quotient
x

function. —3x+2
Step 2: Domain of

Vx?=3x+2 =\J(x-1)(x-2)

(x-1)(x-2)>0 (as denominator can-
not be zero and quantity within radical
sign cannot be negative).

Its domain is (-, 1) (2, o).

(b) Step 1: As negative numbers donot have
log therefore,

log  (x*-5x+16)<1

or x2-5x+16<10

or x>-5x+6<0

or (x-2)(x-3)<0

or 2<x<3orx e (2,3)

NOTE

10.

11.

Ifx-—a)(x—b)<O0andO0<a<bthena<x<b
or x € (a, b)

(a) Step 1: Given inequalities are equivalent to
following two inequalities:
[x2l=>x<-1,x2>1

and x]<5= -5<x<5
Step 2: On taking common of both (1) and (2)
we get domain as [-5,—1]U[1,5]

(a) Step 1: Range of quadratic

f(x)=ax’ +bx+c is

2
[4ac b Jlfa>0
4a
and(— dac- b}lfa<0

Step 2: Range of f(x)=1log(3x*>—4x+5) is

o AX3x5-16 ) [ 11
B3 oty

Step 3: Sign of quadratic f(x)=3x>—4x+5
is same as sign of coefficient of x*
i.e, positive as B? —4A4C = (—4)*
=16-60=—-44<0

Therefore domain is set of real numbers i.e.,

(_°°’°°)

—4x3x%x5

12.

13.

14.

15.

16.

(c) For domain of

f(x)= log“(log5 (log3 (18x -x’ - 77)))
log (log, (18v x> = 77)) > 0

log, (18x - x* - 77)> 5"
18x—x*-77>3'

x2-18x+80<0

(x-10)(x-8)<0

x€ (8,10)

2

. T 2
(a) Here consider g(x)= o x

4

=il

Range = {3sin 0,3 sinﬂ = [0,

) T
whose range is | 0>

%
7
@ f(x)= sinl[logz[%zn is defined when

2 2
—1Slog{%]£l=>2lﬁx7ﬁ2

1£x*<4=xe (-2,-1)uU(l,2)
@) If X*+y*+z°=1;then (x+y+2)* 20
X+ + 22+ 20y +yz+2x)20
-1
= xy+yz+zx27

Also (x-y)* +(¥y-2)* +(z—x)* 20

x2+y2+zz2xy+yz+zx=>xy+yz+zx£l
-1
xy+yz+zxe —2—,1

-x+4
(a) Given y = i———
r= 242x 44
Here y is deﬁned when x? + 2x + 4 # 0 which
is true for real x.

Domain € R



Forrange y(x?+2x+4)=x*-x+4
Xy -D+xQ2y+1)+4(y-1)=0

For real x,

D>20=(Qy+1)-16(y-1)>20
-12y* +36y-1520

=4y’ -9y +5<0

(4y-5)y-1)<0= ye [1,%}

17.
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2
“3x+4
®) X 3x1+ >1 or

x+ x+1

2
x 3x+4_l>0

2

x 4x+3>0=>(x 1(x 3)>0
x+1 x+1

number line will be

- + - +

xe (-1,1) U3,)

s o ) o 6

. If x is real, then value of the expression

2
x +14x+ 9. lies between

x?+2x+3
[UPSEAT-2002]
(@) Sand 4
(b) 5and 4
(¢c) Sand 4
(d) None of these
Th f the function f(x) = 2
. e range of the function x—|x+2|1s
[RPET-2002]
(a) {0’ 1} (b) {_la 1}
(© R (d) R-{-2}
. The domain of the function y = ,, 1 -1is
X
(a) x<1 () 0<x<1
(c) 0<x<1 (d)0<x<1

. If the domain of function f{x) = x> — 6x + 7 is
(-0, ), then the range of function is

[MPPET-1996]
(@) (o0, ) (®) (=2, )
(© (=2,3) (d) (—»,-2)

. Range of f(x) = %ﬁ:;l is

[Roorkee-1983]
(®) [-0,5] U [9, ®)
(d) None of these

(@) [5,9]
© 6.9

6.

10.

The domain of the function
) =v2-2x-x* =3-(x+1)?
[Roorkee-92]

@@ [-1-+3,v3-1]
(®) [1-+3,+3-1]
(©) [-1++3,V3+1]
(d) None of these

Domain of the function f(x) = Ja—x? is
(@) (=0, -2) v (2,0)

(®) (-2,2)

(© [-2,2]

(d) None of these

The range of the function f{x) = x? is

(@ R (®) (0, )
(© [0, ) @ [1, )
X Hx+2

Range of the function f(x) = ;XER

x4+ x+1
[IIT (Screening)-2003]
() (1, 11/7]
) (1,7/5]

is

(@) (1,)
(©) (1,7/3)

Domain and range of y = 1 + x — [x — 3]
@) (=0, 0), [4,5)

(®) (0, 0),[4, 5]

(©) (=0, ),(4,5)

(@) (0,),[4,5)
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11. The range of f(x) = sec(%coszxj, x

-0 < x < oo is

@ [1,v2]

(b [1, 0]

© [V2,-1]U[1, V2]
(@) (~0, 1] U [1,0)

[Orissa JEE-2002]

12.

13.

1 1
If x) = +
Ax) Vx+2V2x-4 Jx-2V2x-4
for x > 2, then f{11) is equal to
(@) 76 (b) 5/6
(c) 677 @ 517

log,,(x —2) < logge(x—2), then x lies in
the integral

(@) (3, ) ) (2,3)
(© (1,2) (d) None of these
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions \/ﬁ \/ﬁ
1. The answer sheet 1s immediately below the © 3’ @ 3’
work sheet. — s
2. The test is of 11 minutes. 6. The function f(x) = ,|log,| ————— | exists
3. The worksheet consists of 11 questions. The f 4
maximum marks are 33. or 4 b
4. Use Blue/Black Ball point pen only for writing @ [0’ 5] (b) [1,0]
particulars/marking responses. Use of pencil © [0, 3] @ [5,0]
ERRaLgpiohibited. 7. The range of the function f(x) = 3 > = is
-x
1. If the domain of function f{x) = x>— 8x + 11 is 5
(—o0, + o), then the range of function is @ (=, 0 v [g’w]
[KUKCEET-1994; MPCET-1996] 5
(@ [-5, 5] (b) [-5, ) (b) (=, 0) U( §’°°j
(©) (=, 5] (@) (-0, + )
5
2. The domain of the function (©) (==, 0]U [g,wj
1
i (d) None of these
A = vl o 1
(a) (~o, 1) (b) (=0, 1) A (2, ) 8. The range of the function sin (sin™! x + cos™ x),
© (_OO’ oo @ @ O’o) ’ |x|<lis [Kerala CEE-2004]
’ ’ | (@ [F1,1] (b) [1,-1]
3. The range of the function is y = l-i-% is (©) 1} @ {1}
x
1 11 9. The domain of the function flx) = exp
(@ [0,5} ®) {—5,5} (Jm) is [MP PET-2004]
1 (@) [3/2, x) (®) [1,3/2]
©) {—5,0} (d) None of these © (=0, 1] @ (1,30)
h f the functi X 10. Domain and range of f(x) = ﬂ-
4. Terangeoteunct10ny—l+x215 g g Y+t 4
(a) [0, 1[ () [0, 1] (@) (-0, ), [1, 3] (b) [—00,00], [1/3, 3]
(©) 10, 1] (d) None of these () (0, 0] (d) None of these
. _ Ja2_4-.= | 11. Letn be a natural number. Then the range of
5. The range of the function f(x) = V3xi—4x+5 the function fin) = *~"P_ 4 <n <6, is
18 [Kerala PET-2008]
oy & _w,\ﬁ @ {1,2,3,4) ® {1,2.3,4,5,6)
. . (© {1,2,3} @ {1,2,3,4,5
ANSWER SHEET
LO®OO 5000 .00
20000 @O0 10.OO®O0
3000 TO®OO nLAE®OO
4000 @GO
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HINTS AND EXPLANATIONS

2. (c) For domain of
|

()= —— x*-3x+2>0
VX' =3x+2

(x-D(x-2)>0

S x€ (=0,1) U(2,00)

2
4. (a) yzlx _, for range y+yxi=x’
+x

x=-2_>0
y-1

Num ber line for

5 YE (—o0,0]U (1,00)

5. (c) Range of f(x)=+3x"—4x+5

We know that 3x? —4x+5> ;—D
a

~(16-4.5.3)
43

or 3x?—4x+52

3x2—4x+52%

M1

R —.c0

ange € { T J

(@) f(x)= ,loglo(sx;xzj will exist,

5x — x’
iflogw( 2 JZO

2
5x —x

>10°=5x—x*>4

x2=5x+4<0
x€[1,4]

(d) Range is {sm(gj}

yell} ( sin"' x+cos'x= gj

. (c)Forrangen=4,5,6

Range € {/(4),/(5),7(6)}
€{'R,/RP)
€ {1,3,2}



LECTURE

Algebra of
Functions

I BASIC CONCEPTS '

(Sum, Difference, Product and Quotient of function)
Letf: A — Rand g : B— Rbe two real function with
domains 4 and B respectively then

1. Sum Function (f+ g) : 4 n B - R is defined
as (f+ ) (x) =fx) + g(x): and domain of f+ g
ie,D(f+g)=ANB.

2. Difference Function (f—g): A "B > R is
defined as (f— g) (x) = f(x) — g(x): and domain
off-g
ie,D(f-g)=AnNB.

3. Product Functionfg: AN B — R is defined
as fg(x) = f{x) g(x) and domain of fgis 4 N B.

4. Quotient Function

é:{AmB—{ﬂg(x)=0}—>Risdeﬁnedas

o f®

g(x) g(x)’ - 80 =0,
D(f/lg)=ANnB-{x|x€e ANnB
and g(x) = 0}

Example
fand g be two functions defined by

flx)=+vx-1; g(x) =+v4-x* then
D(f)=1[1, ) D(g)=[-2,2]
D=D,AD,=[1,m)~[2,2]=[1,2] #§

Then the following function with domain D are de-

fined by (f+ g) (x) = fx) + g(x) = Vx -1+ V4 —x?

(F-2) &) =fix) —g(x) =vx—1-V4-x*
(o) ) =f(x) g(x) = Vx —1V4— x>

NOTE

A great care is taken in finding domain of quotient
function

/ ( y =L _ Vx-1 L Domain(f/g)=[1,2)
g(x) 4-x?
va-x* . g)\_
7( ) \/—1 , 1€, D(7)—(l, 2]
Example

Let fand g be two real functions defined by f{x) =
x),VxeR,gx)=|x|VxeR;find
1. f+g:R>R=fx)+g(x)
{Zx; x>0
= VxeR
0;
2 f 9 =) —200) 0 wherex>0
g (x)=fx) —gkx) =
e £ —2x wherex <0

2

3. /21 () =A%) g(x) ={ .

—x* whenx<0

when x > 0

x —
(fJ() f(x) ;—1, when x > 0
g(x) S -1, whenx<0
(=x)
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EQUALITY OF TWO FUNCTIONS

Two functions f{x) and g(x) are said to be equal iff
(1) D(f)=D(g)i.e., domain of f= domain of g.
(1) fx)=g); Vxe D domain f

Example

Sx)=x|x|and g (x) = x? are equal if

D(f)=D(g) =10, »)

NOTE

If fand g are defined on different domains then
they are not equal.

E<) EVEN AND ODD FUNCTION

Even Function A function y = f{(x) is said to be an
even function if f—x)=f(x),Vx € D -

0Odd Function A function y = f{x) is said to be an
odd function if fx)=—Ax),Vx € D/.

NOTES

1. Inverse of an even function is not defined.

2. Every function can be expressed as the sum of
an even and an odd function.
e

£ = 3UA0) + F=0)} + 5 (700) = =)

= {Even Function} + {odd function}

3. If f{ix) — f{(—x) = 0 then f{x) is an even func-
tion and if f{x) + f{—x) = 0 then f{x) is an odd
function.

. A function may neither be even nor odd.

5. f{x) = 0 is the only function which is defined
on the entire number line is even and odd at
the same time.

6. Every odd continuous function passes through
origin.

7. Every even function y = f{x) is not one-one
VxeD b

8. The denvative of an odd function is an even
function and derivative of an even function is
an odd function.

9. If fand g both are even or any one of them is
odd then fog will be even. If f'and g both are
odd then gof is odd.

10. The square of an even or an odd function is

always an even function.

=

11. The graph of an even function is symmetrical
about the I-axis.

12. The graph of an odd function is symmetrical
about the origin.

13. Table of two functions which are attached:

L2 g |+ [ - |fx) | f(x)|(fog) x
8(x) g(x) gx) | g(x)
Even | Even|Even Even Even|Even | Even
Even | Odd |Neither |Neither |[Odd |Odd |Even
even nor | even
odd nor odd
Odd |Even|Neither |Neither |Odd |Odd |Even
even nor | even
odd nor odd
Odd |Odd | Odd Odd Even|Even | Odd
Example

f(x) +2f () 4(x) - g(=x)] is odd function

x

1. x even.

X

o —
2. log[x+ 1+x2:|odd
(1-x)

3. log =x odd function
l+x

4. V1+x+x* —J1—x+x? odd function.
a*+1
a* -1

5 x even function

e +1

e —1

odd function

7. —x|x|odd function.

a* -1
a +1

is odd function

9. |x|even
Following are examples of neither even nor
odd function: (x> + x : sin x + cos x : e*. [x],
| x — 2| etc.

<) PERIODIC FUNCTION

A function f{x) is called a periodic function if there
exists a positive number T such that f{ix + T) = f{x).



T is called the period of the function f{x). If T is
least then it is called fundamental period of the
function.

Example: does there exist a function which is peri-
odic but has no fundamental period:

1) 0, if x is irrational
x =
1, ifx is rational
0, if x isirrational
fix+m)= e
1, ifx is rational
NOTES

1. The period of sin x, cos x, sec x and cosec x is
2.

2. The period of tan x and cot x is 7.

3. IfT'isthe fundamental period of the function f{x)
then the function f{ax + b) where a (> 0) and b
are any numbers is also a periodic function with

fundamental period equal to Z
o

4. When a function consists of several terms, each
of which is periodic, any common multiple of
the periods of the terms is a period of the func-
tion. The least common multiple is the funda-
mental period of the function.

5. Period of | sin (ax + b)|, | cos (ax + b)|, |sec
(ax + b) | or | cosec (ax + b) | is L.
a
6. Period of | tan (ax + b) |, | cot (ax + b) | is ~
a

7. cosvx is not a periodic function.
8. f{x)=x—[x]isa periodic function with period 1.

E:) COMPOSITE FUNCTION

Letf: A —> Band g : B— Cbetwo functions then the
composite function gof : 4 — C defined by:

gof(x) = g [{x)] is called the composite of two func-
tions fand g.

f:A—=B g:B—C

gof: A—>C
D(gof ) =D (f); R(gof) c R(g)

Algebra of Functions A.37

NOTES

1. fand g are injective, gof is injective.

2. fand g are surjective = > gof is surjective

3. fand g are bijective = > gof is bijective

4. Composite of two functions is even if at least
one of them is even function (composite of two
odd function is odd)

£5) KEY SKILLS

(1) The composite fof is defined when the domain
of fis equal to the co-domain of f'; fand g do
not commute under the operation of compos-
ite function.

(i) The product function fg and the composite
function fog are different.

(i1) f and g commute under the product of two
functions.

(vi) (fog) oh = fo (goh); (c¢f) og = fo (cg) = c(fog)
If f:4— B; andg :B — C be one-one
(v) |onto maps then (gof) is invertible and

(gof)" = flog™

Examples

1. If fix) = x* + 1, g(x) = 3x — 2, the (gof) (x)
=g(f(x))=gx*+ 1)=3(x*+1)-2=3x>+1

2. If A= {2, 4, 6} and function is defined
[:A—> A, then f=1{(2,4),(4,6); (6,2)}, thenf

of is

(@) {(2,6);(4,2); (6,4}

3. If fix) = 2x; g(x) = 1 — x; h(x) = x + 1, then
[hogof] (x) =
(@ 1-2x
b)) 1-x
() 2x+1
@20-x
Ans. (d)
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J— 38 U A O B 8
— S

(ii1) x, domain = (—o0, o)
6. fog = x, gof = x, gof # fog.

11. D,=[-1,0) U {1}. 14.

12. x-1,vx* -1, fog # gof

1. f: R > Ris an identity function. What is the 9. If the domains of f and g are R, then find
fof and ff. the value of f.g, when flix) = x* and g(x) =
x>+ 1.
3x
I f(x) = T—1 and ¢(x) = x—ig, prove that | 10. If f{x) = x> + 2x sin x + 3, then prove that f{x)
1000} = ¢ {0} [MP-2000] is an even function of x.
-1
. If fix) = x3 + 3x — 4 sin’x, then prove that f(x) 11. Find domain of f(x) = cos _x
is an odd function of f(x). [x]
. If f(x) = €, g(x) = log V'x where x > 0, then 12. If f(x) = \/; (x 20) and g(x) = x>— 1 are two
real functions, find fog and gof. Is fog = gof.
find the value of
. .. .. [CBSE-2002]
O (.9x @) (fog)x (i) (gof)x
Indicating the domains of the respective 2x -3 x+1
functions. 13. Iff(x) = m and g(x) = m, then find
. If fix) = (a — x*)'». Prove that f{f{x)) = x. the values of f{g(x)} and g{fx)}.
[CET-1997] | 14. State, giving justification for your answer,
which of the following pairs of functions
. If fix) = e* and g(x) = log x (x > 0), find fog are equal.
and gof. Is fog = gof. [CBSE-2002] [PSB-1998]
' = . x?
. Prove1 that the fundamental period of f(x) @ flx)=x g(x) = =
2cos§(x —m) is 67. ' + )= 1) r-1)
[DCEE-98] ii A=l oy =T
( ) ﬂx) x2(x2 +1) 5g(x) X
. Find the value of log, log,(VV...~/2). Square | 15. If f{x) =x*—3 x cos x + 5x, then prove that f{x)
root being taken » times. is an odd function of x.
ANSWERS
1.x,x2 8. -n 13 ll:i:;x_z
(i) e .logVx 9. X2+ 1) Vx eR 2x-2"-x-6
(i) x (i) Not equal

(i) Equal
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND

-1,
1. Letg(x)=1+x—[x]and f(x)={ 0 ,
1 , x>0

then for all x, f{g(x)) is equal to (Here [.] rep-
resents greatest integer function)

[IIT (S)-2000, DEC-2005]

x<0

x=0,

(a0 ® 1
(c) -1 (@ 2
Solution

(b) gl)=1+{x},gx)>1
0<x—[x] <1Hence: flg(x)=/1)=1

w

x—

, then f[f {f{x)}] is equal to

(b)) =
d) —1/x

2. If fix)=

(a) x
(c) x/2

x+1

Solution

x—3_3
f(x)_3=x+l
fx)+1 x—3_+l

x+1
_x—3-3x-3 -2x-6 3+x
T x-3+x+1  2x-2 1-x

3+x

3+x)_[l—x)_3

1-x 3+x+1
1-x

@ fif(}=

Now /L/{(0}] = f(

_3+x—3+3x_4_x_

T3¥xtl-x a4~

3. Iffx)=—-1+|x—1],-1<x<3,gx)=2—|x
+ 1|, -2 <x < 2 then for x € (0, 1), (fog) (x) is

equal to [Roorkee-90]

(@ x—1 ® 1-x

() x+1 @ —(x+1
Solution

@ 0<x<l=ofx)=-1-x-1)=—x
gx)=2-(x+1=1-x
x € (0, 1) = (fog) () =flgx)] =A1 —x)
=(l-x)=x-1.

4. If fix) = xale’ x # —1, then for what value of

o, fIf))= x
[IIT (Screening)-2001;
Kerala (CEE)-2005]

) -2
@ -1

ax ]=°‘(:—XJ

x+1

(a) V2
©1

Solution

@ S = f(

= x (given)

o’x ‘
(+Dx+1
= o=landoa+1=0=2a=-1

= =x Dd*x=(a+ Dx*+x

5. Function f(x) = log(x® + V1+ x°) is

[Roorkee (Screening)-2000]
(a) even function
(b) odd function
(c) algebraic function
(d) discontinuous function

Solution
) " f(=x)=log(—x* +V1+x°)

Jo) +fi=x)=log (1 +x*-x% =0
= fA=x)=-fx)>fisodd

6. For the graph of the function y = sin”'x, —1 <
x £ 1, correct statement is
[Kerala (CEE)-2003]
(a) graph is symmetrical about x-axis
(b) graph is symmetrical about y-axis
(c) line y =1 is a tangent
(d) line x = 1 is a tangent

Solution
(d) By the graph of sin! x, only (d) is correct.

7. I f(0) =, g(x) = fF(x)) and ) =

1-x’
JUx))), then fix) g(x) h(x) is equal to
[VIT-2005]
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! b L
@ m (b) 1—x
©1 (d) -1

Solution

1y 1
@ g =ffx) =f( ﬁ})‘ T
1-x

_ -( 1—‘1j . h) =) = f[ —1‘—)‘]
X X

S 8(x) h) =(—1 1 I . j(x)
-X X
=—1

8. Let fix) =ax + b and g(x) = ex + d. If (fog) (x)
= (gof ) (x), then

[Kerala PET-2008]
[NDA-2005]
(@) fla)=g(c) (b) f(b) = g(a)
(©) fle) =g(d) (@) Ad) = g(b)
Solution

(d) (fog) (x) = (gof) (x)

= alex+d)+b=clax+b)+d
= ad+b=bc+d
= fld)=g®)

9. Given f(x)= logit—i d g(x) = %
then fTg(x)] is equal to

[NDA-2006]
(a) +x) (®) 3x)
©) P (@ 3fx)
Solution

@ flge)] =1og[”g(x)}
1-g(x)
(1+3x2+3x+x3j
=log| ——M8M8M .
143x>=-3x-x>

1+x

= log(—] =3f(x)

1-x

10. Iff: R > R is defined by

x+4 for x<-4
f(x)={3x+2 for —-4<x<4,thenthe
x—-4 for x=4
correct matching of List I from List II is
[EAMCET-2006]
List-I List-11
&) f=5) + /=4 @ 14
®) M8 D () 4
©) 7D+ 3) (i) -11
D) fFSAONN + 1 @av) -1
w1
(vi) O
@ B © O
(@ @) (v @@ )
(b) @) Gv) @) )
(© @v) (@i) (1) @)
@ @) (v (v) ()
Solution

(@) (A):fi-5)=-5+4=-1andf{-4)=3 x

-4+2=-10
Then f{-5) + f(—4) = -1 — 10 = —11 Hence (A)
— (iil)

B):f[-8)=-8+4=-4=>|f(-8)|=4
Now f{] i—8) |) =4 — 4 = 0 Hence (B) — (Vi)
©O):fH=-T+4=Bandf3)=3x3+2
=11

> f-H+f3)=8

Now fIfi-7) +f3) =8 -4 =4

Hence (C) — (ii) Hence (a) is the correct an-
swer.

11. If the function f{x) is defined by fix) = a + bx
and f* = fff ..... (repeated r times), then f* (x)
is equal to [MPPET-2005]
(@) a+bx
(b) ar + b'x
(c) ar + bx"

@a@-1b-1)+bx
Solution
() fxX)=a+bx
f{fx)}=a+b(a+bx)
=ab+a+b’x=a(l+b)+b*x
FUYAS}} =7 {a( +b)+b°x}

=a-b(a(l+b)+b%x)
=a(l+b+b)+bx



frx)=a(l+b+b2+ ... +b Y+ b'x
b -1 .
—a( 51 J+b X.

12. The domain of fx) = M is
x> +3x+2

[IIT (S)-2001]
(b) {2, o}
(d) (3,0)—{-1,-2}

() R—{-1,-2;
(¢) R-{-1,-2,-3}

Solution

(d) fx)is defined, if
x+3>0and x>+ 3x+2#0

= x>-3andx#-1,-2

= xe(3,0)-{1,-2}

Hence, the domain of f(x) is (-3, ) — {-1, -2}

. ) _sin”'(x-3)
13. The domain of the function f (x) = o7
is [AIEEE-2004]
(@ [1,2] (®) [2,3)
(© (1,2) @ [2,3]
Solution

(b) sin™ (x —3)is defined when—1 <x—-3<1
= 2<x<4
domain of sin™ (x — 3) =[2, 4]

Also v9 —x? is defined when 9 —x2>0
= x*<9

= |x|<3

1
domain of N =(-3,3)

Hence Df= [2,4] " (-3,3)=1[2,3)

14. The domain of the real valued function

f(x) = 3eVr log(x —1)is
[CET (Pb.)-91, 94]

(@ R-{1}
() R-[-1,1]
(©) [1, )
(@ (1, )
Solution
(d) fx)willberealifx2>~1>0andx—1>0
= x*>2landx>1
= |x|2landx>1
=

x>1 . D,=(1,)

Algebra of Functions A.41

2—| x|

15. Domain of the function f{x) = sin™ 2

+cos”! 2= | x| +tan™! 2-1x| is
4 4

(@ R () [0, 6]
(c) [-6, 6] @ [3,3]
Solution

(¢) IfD,,D,,D,be domains of

Sin—l 2- I X I COS_I 2__| x |
4 ) 4 )
A 2= .
tan " respectively, then
D =D,=[-6,6],D,=R
~D.=D nD,nD,=[-6,6]

16. The domain and range of the function
/4 — 2
flx) = sin{log[ o .

1-x
[IIT-85, DCE-98, PET (Raj.)-2003]
(@) (-2, Dand [-1, 1]
() (2, 1)and [-1, 1]
(¢) (2,-1)and [-1,1]
(d) None of these

Solution

Since log x is defined for x > 0. Therefore, f{x)

4 - x?

is defined for >0=4-x>>0 and

- X
1-x>0=x"-4<0 andx<1
= -2<x<2andx<] = x€ (-2,1)
Hence, the domain of f{x) is (-2, 1)
\/4—x2]} .
and sin x

1-x

Since f(x) = sin{log[

assumes all values between —1 and 1. There-
fore, range of f{x) =[-1, 1].

17. If the function f'satisfies the relation f{x + y) +
fx=y)=2fx). ),V x,y € Rand {0) # 0,

then prove that f{x) is an even function.
Solution
Givenfix + ) +flx-») =2/ ) ...(D)

Replacing x and y and y by x in (1) then
SO +x)+fy—x)=2 ) fix)
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From (1) and (2) we get
Sy —x) = f{x—y) Putting y = 2x then
Jx) = fi=x)
Hence f{x) is an even function.
18. If f: R > Rand g : R — R are defined by f(x)
=x — [x] and g(x) = [x] for x € R, where [x] is
the greatest integer not exceeding x, then for

every x € R, flg(x)) = [EAMCET-2007]
(@ x () 0
() fix) (@) g(x)

Solution

®) Mgt =AxD=[x]-[x]=0VxeR
Co[@1=[xD
in of the functi . S B
19. Domain of the function f{x) = -1 m is
(@) (1,2)
(b) (0, -2) U (2, ®)
(©) (0, 2) v (1, x)
(d) (—o0,0) — {1, £2}
Solution
(b) Obviously, here [x| >2andx# 1 ie.,x €
(-0, 2) U (2, )

20. If a, b be two fixed positive integers such that
fla+x)=>b+[b+1-3bAx) + 3pf(x)* -
(fx))*1"? for all real x, then f{(x) is a periodic

function with period. [Orissa(JEE)-2003]
(@ a (b) 2a
() b (d) 2b
Solution
®) fa+x)=b+(1+{b-f})"

= fla+x)-b=(-{fx)-b}H"
= ¢@+tx)={1-{¢ () }*}"

[¢ () =/x) - ]
dGx+2a)=1{1-{¢ x+a}’}""=¢ &)
fx+2a)-b=fx)-b
Six + 2a) = fix)
fx) is periodic with period 2a.

udl

21. If g : [-2, 2] ¢ R where g(x) = x> + tan x +

)
24

[x P 1} is a odd function then the value of

parametric P is [DCE-2005]

(a) 5<P<S5 (b) P<5

(c) P>5 (d) None of these

Solution

22.

g(-x)=—x'—tanx +

() gkx)=x*+tanx+ [x‘ +1}
P

£ = () +tan () + {—("C)' ”}
P

x?+1

g(x) + g(—x)=0because g(x)is a odd function

3 x?+1 3
x  +tanx+| — -X
P

—tanx + ¥ +l =0
P
) (x*+1) =0
P
- Osx_+1<1'.'xe[—2,2]:>05%
<l=>P>5

If fix) = cos™! [%) +[log 3 —x)]™, then

its domain is

(@ [-2,6] ®) [-6,2) v (2,3)
(© [-6,2] @ [-2,2)v (2,3]
Solution

23.

(b) The domain of cos™ [2—T|x|j is given

2-|x|

by —1ST Sl<:>—6§—|x\§2<3—2

<k|<6© x| <6

isD, =

1

2

Thus, the domain of cos™ [%j
(-6, 6].
The domain of is the set of all real

log(3—x)
numbers for which3 —x>0and3-x#11ie,
x<3andx#2
Hence, domain of the given function is
{x| 6<x<6} N {x|x#2,x<3}=[-6,2)
u(2,3)

Let f{x) = sin x and g(x) = In |x|. If the ranges
of the composition functions fog and gof are
R, and R, respectively, then [IIT-JEE-1994]



@ R ={u:-1<u<l},R,={v:—0<v<0}
() R ={u:—-0<u<0},R,={v:.-1<v=<0}
© R ={u:-1<u<l},R,={v:—0<v<0}
@R ={u:-1<u<l},R ={v:—0<v<0}

Solution

(d) Wehave fog(x) = f{g(x)) =sin (In |x|)
R ={u:-1<u<l}

Algebra of Functions A.43

(..-1<sin0<1,V 0}

Also gof(x) = g(f(x)) = In |sin x|
0L sinx|<1

= —o<In|sinx| <0
SR,={v:i-0<v <0}

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The domain of the definition of the function

SR
log,,(1-x)

[IIT-83; Roorkee-93]

(@ [-2, D) -[0] (b) [2,-1]
(© [-1,2] (d) None of these

. Domainof y =~1+x++v2-x

(a) [1,2],[0,v61] (b) [-1,2],[0,V3]
(©) [-1,2);[V3,6] (d) None of these

. 1 - 1
. D f — 251n x
omain of f{(x) p + + —
(a) [1,2] ®) [2,1]
(©) [0,2] @ ¢

. ]iZomain of the function f(x) = (x—l);%
(a) (1,2)

(b) (o0, 2) U (2, )
(©) (=0, 2) U (1, ™)
(@) (—o0,0)—(1,+2)

. For what value of x function be identi-

cal fix)=log (x — 1) —log(x — 2) and g(x) =

-1
log( ;C_ > j
(@ (1, )
(©) (3, )

(®) (2, )
(d) None of these

CIf f(x) =logt—i, then f(x) is

(a) Even Function

(b) fix Mx,) = fx, +x,)

S(x) _ _
© =) = flx, - x,)

(d) Odd Function

Which of the following is an odd function
(@) f{x)=cosx b)) y= 27
(€ y=27~ (d) None of these

Which of the following function is even
function

1

@ flx)= %

() f(x) = x( @ “‘)

a*+1

© fin =24
a +a
(@) flx)=sinx

a -1

If the real valued function f(x) = ————,
x"(a* +1)

is even then n equals
() 2
(c) 1/4

(b) 213
(d) -1/3

If fis an even function defined on the interval
(-5, 5), then four real values of x satisfying

1
the equation f(x) = f( x-_:-—Zj are
x

@ —3-5 =3+J5 -1-5 -1-+/5
2 2 2 2

®) 5+~/3 345 3+53-45
2 ° 2 ° 2 2

© 3-V5 3+5 -3-5 5+/3
2 2 ° 2 ° 2

@ -3-v5-3++5,3-V5,3++/5
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11.

12.

13.

14.

15.

16.

17.

18.

19.

Period of sin( 27mx +§)+ ZSin(}n.x + §j+

3 sin Smx is

(@1 (b) 2/3

(c) 2/5 (@ 2

The period of f(x) = sin3§ is

(@m (b) 2n

(c) 3n (d) None of these

The Valqe of n € I, for which the function

fx) = S has 4r as its period is n is equal
sin =

to "

(@) 2 (®) 3

©5 @ 4

If fix) = is an odd periodic function with
period 2, then f{4) equals

(@ o0 (b) 2

© 4 @ —4

Period of f{(x)= singx + 20057—;)( - tan%x
is equal to

(@) 4 (b) 8

(c) 12 @@ 16

1 {|sinx|, sinx

The function f(x) = 2| cosx |cosx|

odic with period

} is peri-

(@ n (b) =2
(c) 2n (d) 3n
Period of the function y =sin 2043 is
(a) 3n? (b) 5%2
(c) 7n? (d) 672

Ifg(x)=1+x and flg(x)) =3 + 2/x +x,
then f{x) is equal to
(a) 1+2x2

() 1+x

(b) 2+ x2
(d) 2+x

x .
If f(x) = Nk then fofof(x) is equal to

[RPET-2000]
3x 3
@ V1+x? ® V1+x®

(d) None of these

X
© T

20.

21.

22.

23.

24.

25.

26.

Ifg(x)=x>+x—2and %(gof)(x) =2x* -5x+2,
then f{x) is equal to
(a) 2x-3

(€) 2x*+3x +1

(b) 2x+3
(d) 2x*-3x—1

. . T T
If f{x) = sin® x + sin? x+§ +cosxcos x+§)

and g(5/4) = 1, then gof(x) is equal to

@1 (b) 2
(5 (@) 4/5

Domain of definition of the function

flx) = ﬁ +log,,(x* —x) is
[AIEEE-2003]

@ (-1,0)u(,2)u (2, )

(®) 1,2)

© 1,0uvd,2)

@ (1,2)v (2, )

If fix) = x and g(x) = | x |, then what is (f + )

(x) equal to? [NDA-2008]

(@ Oforallx e R (b) 2x forallx e R

. {fooerO {OfoerO

Oforx<0 2x for x <0

The period of the function flx) = g™ >l
where a > 0, [ . ] denotes the greatest integer
function and x is a real number, is

[Kerala PET-2007]
@ (b) ©/2
(c) /4 @1

If fix) = e* and g(x) = log, x then which of the
following is true [MPPET-2008]
(@) f{gt)} # g {0}

(®) f{gt)} =g {fx)}

(©) f{gk)} +g {fx)} =0

@) figt)} —g Yx)} =1

The domain of the real valued function

f(x) =v1-2x +25in"(3xT_lj is

[Kerala PET-2007]
-1 1
@ [5] o (5]
-11 -11
© [7’5} @ [?’ﬂ



= ++x+2
L @7 log(1-x)
For domain .. 1-x>0; 1-x#1
(*~ logl =0)
x<l,x#0

Also x+220, or x=>-2

.. Combining all intervals we get
xe (=2,1)-{0}

. (¢) Domain x+120;2-x2>0
x2-lorx<2

D, e[-1,2]
Forrange, y = V+x+2-x
for extreme values 4 =0
dx

1 1

.
2Vl+x  242-x
N2-x =\/1+x=>x=%

at x=l=>y=\/g
2
at x=—1;y=\/§
at x=2y=3
.. Range ¢ [\/5, \/E]

1 -
. (d) f(x)=;+25"' X+E

1
— existsif x#0 .

X

sin™ x exist if -] <x<1 .

1
ﬁ existif x-2>0=>x>2
x—
Domain € (I)N(2)N((3) = x€ 0
x-3

. (b =
TN S
Here x#1 ......... (D, x*-4>0

(x—2)(x+2)>0

= x€(—c0,— 2)U(2, )
From (1) and (2)

X€ (—00,—2)U(2,%0)

SOLUTIONS

Algebra of Functions A.45

5. (b) For identical function domain must be

same domain of f(x) be D,
x—=1>0 and x-2>0

D, is xe(2,00)
Domain of &(X) be D,

For Dz;x—_l>0
x=2
x€(—o0,1)U(2,0)
... for equal function
D, N D, x&(2,)

. f(x) is odd function.

7. (d) For odd function

f(=x)==/()
(a), (b) are even function (c) is neither even
nor odd function.

so(d) s
. (b) For even function
f(=x)=71(x)
1
- —+1
s
@ f(-x)=L 1 -a
f( x) a’+1 L—l
aX
I+a*
S = =1 (x)
—-a
. It is odd function.
a' -1
(®) f(x)_x(ax+l]
x is odd and ax—l is odd.
a +

. f(x)=(0dd)(odd)=even
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10.

11.

12.

13.

a’ -1
x"(a* +1)

For even function f(-x)= f(x)

@ f(x)=

_a’-l _[a 1)1
(=)@ +1) | a +1)x"

_1-a y 1 a-11
1+a* (=)"x" a“+1 x"
(-1 =-1

.. From option we get (d)

(a) Here f(x)=f(—x)=f(;c:;)

_x+l

So—x = = -x'-2x=x+1
x+2

3445
¥*+3x+1=0; x= 3+V5

Also x = x+1 =S x4+4x-1=0
x+2
-1+5
X =
2

@ f&) =sin(27r.x+ §)+
2sin(31nx + %]+ 3sin(5mx)

period =L.C.M. o 3n 5w

122
=LCM. | L33

-Lem (B R8
15°15°15

0
Liem (15, 10, 6) = 0,
15 15

(b) We know that period of sinx is

. period of sin’ L =27
2) 12
(a) Here period = 4z
L.CM. (z—n,znnj =47
n

m=4r=>n=2

14.

15.

16.

17.

18.

19.

20.

(a) For odd function f(—x) = —f(x)
put x = 0;/(0) =-(0)
= f(0)=0
period = 2
fO=/@=/#H=0

Period =L.C.M 2n 2n m
(¢) Period =L.CM. | 205 3" /a

L.CM.(4,6,4)=12
(¢) Period of S*! —1 M. @, 27) = 27
COSx
Sinx —on
| cosx |

Similarly, period of
.. Period = 2r

@ y=sin[2t+3j
61
. t 1
=sin| —+—

. Period = 2 6n’
1731

() g(x)=1+x
f(g(x)=3+2Jx +x
f(l+\/;)=2+(\/)?+1)2

L f(x)=2+x

© fofor (x) =f[f[ — ]]

+x
_x
_ V1+x? _ x
\/l+x2 \/1+2x2
1+x2
S x
- f x | oVl+2x? [ x
J1+2x2 \/1+ X J1+3x%°

1+2x°

(@) g(x)=x"+x —2;%g(f(x)) =2x*=5x+2
g(f(x)=4x*-10x+4=2x-3) +(2x-3)-2

UOF+[/(0)]-2=(2x-3)*+(2x-3)-2
comparing we get f(x)=2x-3



21. (a)
f(x)=sin’x+ sinz[x + g] + cosxcos(x + g]

s (o3 emsneo{ v+
=1-|cos” x—sin x+§ + COS xCcos x+§
=1-cos 2x+E cosE+l cosE+cos 2x+E
3 3 2 3 3

=1—lcos 2+t +l 1 +lcos 2+ 2 23

2 3/ 212/ 2 3/ 4

g(f(x)) = g[%j =1 (Given in question)

22. (a) f(x)= 7 3 ~+log,(x" = x)

Fordomain, 4 - x> 20=> x =12

and x*-x>0= x(x-1)(x+1)>0

~xe (-1,0)u(l,e)

But x #2,-2

~xe (-L,0)u ((1,2) U (2,0)
23. (© (f+8)x)=f(x)+g(x)

=x+ x|

Algebra of Functions A.47

if x>0

C|xtx
T x-x if x<0
2x ifx=20

SUrR0=

24. (d) f(x)=atan1tx$x7[x)

- atanmt+{x}
Period =L.C.M. [E,lj =1
T

25. (a) f(x)=¢€" and g(x)=log, x

Here f(g(x))= f(log,x)=¢"*"
=x,Herex>0

and g(f(x))=g(e")

=lne" =x

Here xe R

*." Domain are different f(g(x)) # g(f(x))

26. (d) f(x)=1-2x +zsin-1[3x2—1]

For domain

3L__1<1

1-2x20;-1<
1 1

x<—=-2<3x-1<2 —-—<x<I
2 3

-11
taking common of both interval x€ [?,5}

dﬂﬂimmi_

1. If A = {2, 4, 6} and function is defined from
f:A > A, then for f= {(2, 4), (4, 6), (6, 2)}
fof is

(a) {(2,6),(4,2),(6,4)}
(b) {(6,2),(4,2), (6,4}
© {(2,6),(2,4, (6,9}
(d) None of these

2. The equivalent function of log x? is

[MPPET-1997]
(a) 2logx (b) 2log | x|
(©) |log x* (d) (log x)*

3. If function f(x)———tan(nzx) -1<x<1
and g(x)= V3+ax —ax? , then the domain
of gof is [1IT-1990]
@ =L, 1 (b) [-1/2,1/2]

(©) [-1,1/2) @ [-172,-1)

4. The fundamental period of the function
flx) = 2005%(): -7) 18

(a) 61
(©) 2n

(b) 4=
@
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5.

If f: R - R satisfies the condition f{x + y) =
fx) + fy) for all x, y in R, then f{x) is

(a) zero every where

(b) an even function

(c) an odd function

(d) defined atx =0

. The period of f{x) = 3x—[3x], if it is periodic,

is
(a) f{x) is not periodic
(©1

(b) 173
@) 2

. If f be the greatest integer function and g be

the modulus function, then

-5 -5
gof( —3—j—(fog)( —3—j =
(@ 1 (®) -1
(© 2 (d) 4

. Iff:R—>R,g:R—>Rand h:R— Rare such

that f{x) =x’, g(x) = tan x and h(x) = log x, then
the value of (ho (gof)) (x) if x = V/2 will be
@ 0 (®) 1
(0 -1 @p

. If g(fx)) = | sin x| and f(g(x)) = (sinv/x)?,

then

(a) f(x)=sin’x,g(x) = Vx
(b) flx)=sinx, g(x) =|x|
(©) flx)=x g(x) =sinvx
(d) fx) and g(x) cannot be determined

[IIT-1998]

10.

11.

12.

13.

14.

If fix) = 2x, g(x) = 1 — x; h(x) = x + 1; then
[hogof] (x)=1—-2x;1—x; 2x+ 1, 2 (1 —x).

The graph of the function y = f{x) is symmetri-
cal about the line x = 2, then

[AIEEE-2004]
(@) fix) = A=)
(®) 2 +x)=f2-x)
(©) fx) =f—x)
@ fx+2)=fx-2)

The domain of the function

Sx) = log(“x) (x>*=1)is [Orissa JEE-2003]
(@ (3B,-DHud,x)

®) [B,-Du]l, o)

©) (3,2)u(2,-Hu(l,)

@[3, 2)u(2,-DHu|lw)

Domain of the function y =log,,,(x-1/2) +

log,V4x* —4x +5

(@) (o0, + ) (b) (o, 1/2)
(©) (172, ) @ (-1/2,1/2)
. . . (-mtm
The largest interval lying in ( ERE) ) for the
function
[/(x) =4+ cos"(g -1 J + log (cosx) ]
is defined, is [AIEEE-2007]
(@ [0, m] (b) (-=n/2, n/2)
(©) [-n/4, =/2) (@) [0, =/2)
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

N

The answer sheet is immediately below the
worksheet.

The test is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

. If {x) is an odd periodic function with period

2, then f{4) equals
(a) +4 (b) 4
(©) 2 @0

Iff:R—> Rand g: R > R defined by f(x) =
2x + 3 and g(x) = x> + 7, then the value of x
for which f{g(x)) = 25 are

[EAMCET-2000]
(a) =1 (b) 2
) 3 (d) +4

Letf/:R>R:fix)=x*and g : R >R :g(x)
=x + 5, then gof is [Kerala CEE-2004]

(@) *+5) (®) (x+5?)

(©) (*+5?) (@ (x+5)

If f(x)= iij;, then (fof) (2) is equal to
[Kerala CEE-2002]

() 1 () 3

() 4 @ 2

Iff:R—> Rand g: R — R are defined by f(x)=

2x + 3 and g(x) = x> + 7, then the values of x
such that g(f(x)) = 8 are

[EAMCET-2003]

(@ 1,2 (b) -1,2
(©) -1,-2 1,2
If fix)= xL_l then (fo fo...of)(x) is
equal to Im[clsllPPE 1-2004]

x x 19
@ o (b) (m)

19x
©) =D @ x

7.

10.

11.

12.

13.

14.

The domain of the function fix) = JT-x + /6 —x
is

(®) (2,1]
(d) None of these

The domain of the function f{x) = IL’L
-x
" 1

2 s

Vx-=-2
(@) (—o0,0)— {1} ) (2, ©)
© [-1, D @ ¢

The domain of the function
fx)=vx—-1++5-xis

(@) [1, ) (b) (=, 5)
(© 1,5) @ [L,5]

The domain of the function f{x) =
log,o(vx =4+ 6 —x) is

(@) 4,6 (b) [4,6]

(c) [4,6) (d) None of these
If f{x) = x*~x and ¢(x) = sin 2x, then

(@) ¢ (2))=sin 12

(®) o(1)) =1
o (53
@ D)) =2

If Ax) = 3x + 2, g(x) = x*>— 1, then the value of
(fog) (x*- D) is

(@) 3x*-6x*+2

() 3x*+3x*+ 4

(©) 6x*+3x2+2

(d) 3x2+6x +2

The natural domain of the real valued function
defined by f(x) = vx*=1+Vx*+1 is

[SCRA-1996]
(@ 1<x<ow
(b) —0<x <o
() —o<x<-1
(d) (=0, 0)~ (-1, 1)
. . . [ 2x . ([ 3x
The period of the function sm( =y j + sm( 5 j

is [Orissa-2004]
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(a) 2n (b) 107 1
(©) 61 (d) 12 (@)1 O ET)
15. Ifgx)=sinx,x € R o s 1
and f(x)=$,xe(0,gj what is (gof) © sin’(x) @ (sinxj
(x) equal t0? [NDA-2008]
ANSWER SHEET
LOO®OO 6@OO®OO LEOOD
200 TO®O®OO 20000
NOIOJIOXO) .@®OO BEOO®OO
10000 2:0®O@ 4HEOO®OO
5000@ 0.0 00O 5L@®OO

—WWHMHSM—

. e /o)) (w22

= fl sin™ = l_ls_l_:j.
| Aot (334
2x"=8=x=%2

3. @ f(f(x)=g(x)=r+5 14. f(x)=sin(2‘3—x-j+sin(3_-j

2. (b) f(x)=2x+3g(x)=x"+7
Given f(g(x))=25

f(F*+7)=2(x"+7)+3=25

2
= ‘ [ J
—-1 Period = LCM | —,—~
x-1 2’3
S = s (f(f(x)=1(x) 3 2
N fof......i....f(x)=f(x) oM (m_;ij
(S even times ) = x (12 an\ 12
=LCM | —, — |=—===4n
FU S e oddtimm:il 3°3) 3

x -

9. (d) for domain of the function f(x)
x-120and 5-x20 ( 1 j .
g| — |=sin

x2land x<5 .. xe[l, 5]




LECTURE

Mapping of
Functions

I BASIC CONCEPTS '

1. Cartesian Product of Two Sets X and ¥ symboli-
cally written asX x Y= { (x,)) |x e X;y € T}.

2. Function as a Set of Ordered Pairs A function
is a set of ordered pairs if no two of the ordered
pairs have the same first component:
Domain={x|x € (x,y) } Setof 1st co-ordinates
of ordered pair
Range={y|y € (x,y) } set of 2nd co-ordinates
of ordered pair

3. Injective or One-One function
If different elements of the domain have differ-
ent fimage in ¥
ie, flx)=fx,)=>x =x,orx#x,=>flx)#
S(x,). Then the function is said to be one-one
function. Also it is called Injective Function.

4. Many One Function If a function is not one-
one, it is called a many one function. In this
case at least one element of Y is the image of
more than one element of X.

5. Into Function If there is at least one element
of ¥ which is not the fimage of any element in
the domain X of the function so that Range of
function is a proper subset of ¥ then the func-
tion is said to be an Into function: symbolically
[ X2,y

6. Onto Function (Surjective) If the function f:
X — 7Y is such that each element of ¥ is the
f~image of at least one element in X then we say
that f'is a function from X “ONTO” Y and this

is symbolically expressed as: f: X —210 sy

In this case the range of f is the same as the
co-domain of f.

7. Bijective If f is both injective and surjective
then f'is called Bijective. Thus f'is bijective if
every element of ¥ is the fimage of exactly one
element of 4. Bijective function is also called
One to One correspondence.

8. (D) Methods to Test Many One

NOTES

1. If X and ¥ are finite sets having n and m ele-
ments respectively then (i) Number of one-one
functions from

nP

m

if n2m
XtoY =
=0 if n<m
Let.Xand ¥ be two sets having n elements each.
Then the total number of bijective functions

from Xto Yis:n!.

2. Thenumber of surjective from A= {1, 2, 3,...,n),
n>2toB={a, b}is2"—2.

3. If X'and Y are two sets having m and »n elements
respectively such that 1 <n <m, then number of

ONTO functions from Ato Bis: 2 =np="C.r"

r=1

4 mn=2= (17 1C, ()" > (-1p2C, Q)

= 2”1 - 2
(1) If any line parallel to x-axis cuts the graph

of the function at atleast two points, then
the function is many one.
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(i) Any function which is neither increasing
nor decreasing in whole domain, then f{x)
1S many one.

(1i1) Any continuous function f{x), which has at
least one local maxima or local minima is
called many ones.

(II) Methods to Test One-One

(1) If any line parallel to x-axis cuts the
graph of the function at most at one
point,then the function is 1-1 (one-one).

(i1)) Any function which is entirely increasing
or decreasing in whole domain, then f(x)
is one-one.

9. Inverse Function Let /: X — Y be a one-one
onto function then the function f: ¥ - X
whichassociates to each element b € Y aunique
element a € X such that f{x) =y is called the
inverse function of the functionf: X > Y.

OR
Invertible Function A mapping f: A > B is
said to be invertible if there exists a mapping
g:B — A suchthat fog =1, and gof =1, where
I, and I, are theidentity maps. In such a case the
map g is called the inverse of fand is denoted
by f L If fis invertible if the inverse function
f!is a mapping from B to 4; fhas an inverse
iff if f'1s both one to one and onto.

9.1 Working Rule for Formula of inverse of
Function f: X > Yory=f{(x)is
Step 1: To start take y = f{x)
Step 2: Interchange x and y ie., x = f{y) and
solve for y.

Step 3: y =f~!(x) = Inverse of desired function.

Q. Iff: R > R be defined by f{x) =2x —3;find a
formula for /.

Solution

Step 1: Let y be the image of x under the map-
ping fx)=y=2x-3
Step 2: Interchange x and y to obtainx =2y —3;

Step 3: Solve for y ie.,y = i; Thus the

formula defining the inverse function is

fe =532

NOTE

y of step 3 is called the inverse function.

Q. Find a formula for the inverse of g(x) = x>— 1.
Solution
Lety=x>—1 interchange x and y to get x = — 1
ie, y= Vx+l
gl () =Vx+1

10. Least Integer Function
(x) or [ x| denotes the least integer function
which is greater than or equal to x. It is also
known as ceiling of x.

Thus, (3.578) =4, (0.87) =1, (4) = 4,
[-8.239]=-8-0.7]=0

XI=n (x)=[x]=n+

—0 L g X
n n+1
X >

In general if » is an integer and x is any real
number between n and (n + 1)

ie,n<x<n+lthenx)=n+1
S(x) = (x) = [x]
Df=R,Rf=[x] +1

NOTE

Domain and range of ﬁ are R — [0, 1) and
X

l, n€ I —{0} respectively.
n

Forxe (-2,-1]; (x)=-1.

11. Definition of the Extension of the Function
Extension of Function Let f(x) be a given
function defined in the interval [0, a] and we
are required to extend the function in the inter-
val [—a, a] to make it either even or odd in the
interval [—a, a]. We define f{(x) in the interval
[—a, 0] such that for

(i) Odd Extension

[ f(x); 0<x<a
$00= {—f(—x); ~asx<0
(ii) Even Extension
[ f(x); 0<x<a
gE(x)_{f(—x); -a<x<0
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HMMHIHNMHMUEF

5. (1) 9x+4 (i) x*—2x?

‘ x—1 _ 1) fX=x",VxeRandgx)=x—1,Vx eR
LI f(n) = 1" #1,—1, show that fof ! is (i) fx)=x,VxeAdandg(x)=x+1,VxeB
the indentity function, 8 Let f be the greatest integer function and g be
[CBSE-2002] the modulus function. Then find the value of
. Are the following invertible in their respec- following functions.
tive domain If so, find the inverse in case -5 -5
(1) (gof){—=-¢ - (fog)} =
3 3
Jfx) = —1
tx 5 5
2 onf)-wof2)
. If functions fand g are such that f{x) = x* and @ (gof) 3 (fog) 3
g(x) = sin x, then find the value of(gof) x. 3) (f+29) (-1
[MP-2000]
] N 9. Iscos+t periodic function if yes, find the
- If fix) =sinx, x € Rand g(x) =x*, x € R, then period if not, give reason for your answer.
prove that gof # fog. [Roorkee-82; I.S.M. Dhanbad-90]
. Iffix) =x*—1, g(x) = 3x + 1, then describe the N
following functions (i) gog (ii) fof 10. Let f(x) = 7 and g(x) = x*+ x + 1.
X —
[J & K Board-95] Isf=g?
. If fix) = x*>+ x + 1 and g(x) = sin x, then show If not, modify f'so that /= g.
that fog and gof are not equal. 11. Let f be the greatest integer function and
[HSB-97 (S)] g be the modulus function. Prove that
. Find the value of f+ g for following function (gof) { } (fog) { }
fand g.
ANSWERS
2. f1=R-{-1} 7. ) x*+x-1VxeR
3. sin x* i) ¥*+x+1VxednB

8. (D1(2)0@3)1

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. Period of the function

f(x) = exf[x]+\cosm’|+|cos27Lr|+....+\cosn1u\ iS

(a) 2nm ® 1
(c) Not periodic (d) 2n/n

Solution

(b) Given f(x) =ex—[x]+\cosmH\coszm|+...,+|cosmrx\

[x]=1

Since period of x —
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Period of | cos mx |= g =1

L
2
I

. s
Period of | cosmmx |= — = —.
nt n

Period of | cos 2mx |= 21 =

So, period of f{x) will be L.C.M. of all periods
so period is 1.

Hence (b) is the correct answer.

. Letf:R— Rdefinedby f{x) = ez;ez_, then
e’ +e”

(a) fis one-one but not onto

(b) fis neither one-one nor onto

(¢) fis many one but onto

(d) fis one-one and onto

Solution

(b) e —e ™ >0Vxand

8x

(")

f'(x)=0, has real values ofx. .. f{x) is many one.

f)>0 - fixyisinto f(x) =

3. Functionf:R—> R, f{x)=x|x]|is

[PET (Raj. )91, 98, NDA-2004]
(a) one-one but not onto
(b) onto but not one-one
(c) one-one onto
(d) neither one-one nor onto

Solution

y=%

(c) Observing to the graph of this function
we find that every line parallel to x-axis meets
its graph only at a single point.

So it is one-one. Also range of f= R = codo-
main, so it is also onto

4. Functionf: N> N, fix)=2x+ 3 is

[IIT-73; MNR-83]

(a) one-one onto (b) one-one into
(c) many one onto (d) many one into
Solution

(b) fis one-one because f(x,) = f(x,)
= 2x+3=2,+3>x =x,

Further f7'(x) = )62;362 N (domain) when x
=1,2,3 etc.
fis into which shows that f is one-one
into.

5. Which of the following functions defined
from R to R is onto
[PET (Raj.)-84, 85, 86]

(@) fx)=|x| (®) fix)=e~
©) fixx)y=x @) fix) =sinx
Solution

(¢) Range of | x | # R, range of e* # R so
that these two functions can not be onto. Also
range of sin x = [-1, 1] # R, so it is also not
onto. The only alternative is that x3 is onto.

6. Which of the following functions from | —/2,
/2 [ to R is a bijection [PET (Raj.)-86]

(a) tanx (b) sinx
(c) cosx (d) es+te™
Solution

(a) Values of sin x and cos x lie between —1
and 1, so these are not onto. Also e* + e=* =
2 cos hx assumes only positive values so it is
not onto. Hence the remaining function tan x
is a bijection.

7. Functionf: R —> R, f{x)=x>+x1is
[PET (Raj.)»-91, 99]

(a) one-one onto (b) one-one into
(c) many one onto (d) many one into
Solution

@ fx)=fix) D x’+x =x2+x,= x?-
x, +x, —x,=0

= () -x)(x,+x,+1)=0

which shows that f{x ) = f(x,) when x +x,+ 1

= 0. For example — 2 # 1 but -2) =2 =f{1)
fis many one.

Alsox>+x=y=>x*+x-y=0

-1+ J1+4y
2

= Xx=



-1+ J1+4
= [l=—5—
which shows that f-!(-1) = Lz\/j e

domain ... fis into

8 Ifflx)=(x+1Y—-1(x>-1),thensetS= {x |
Sx)=f"1(x)} is equal to

[IT Screening-95]

(@) ¢

(®) {0,-1}

(© {0,1,-1}

o {07_17—3 -I_—Zi\/g

Solution

® fT)=Vl+x-1 S fx)=71)

> (x+1)’-1=Vl+x-1=x+1)
=1+x

= x+D[Ex+1)P-1]=0>x=-lorx+
1=1, 0, >

Butx>-1=>x¢C .. §={-1,0}

9. Value(s) of k for which [IIT-2009]
|x=1[+|x=2|+|x+1|+|x+2|=4k has inte-

ger solution(s)

(@ 1 (d) 2

(© 3 @ 4
Solution

(b, c,d)Let

f(x)=|x+2|+|x+l|+|x—l|+|x—2|

Here for solution

_4x 4x
3
4-2x 2x—4
6
} f —>
-2 -1 1 2
3
dk>26=>k> E
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10. From the following, one-one function is
[PET (Raj.)-88]
@ RO R fx)=x
B fRORfx)=x+1
© fRORfix)=ete™
(d) None of these

Solution
(b) Range of x>=[0, ©] #R
range of (e* +e ¥ ie,coshx=[2,0)%R
range of (x + 1) = R (codomain). So it is onto.
11. If f(x) = i;—i(x # —1), then f (x) is equal
to
(@) ~x) (®) fix)
(©) Uftx) @ -1/ftx)
Solution
1-
() Letf~(x)=y, thenfy) = x = 17% =x
l1-x
=2y=i;=

12. The inverse of the function f{x) = | sin x | will
exist if its domain is [EAMCET-94]

@ [0, m] ®) [0, n2]
() [-w/4, m/4] (d) None of these
Solution

(d) Iff: [0, =2] —[0, 1], then it will be a
bijection. Only then /! will exist.

13. Function y = ﬁ,xe R,yeR is

[IIT (Hyderabad)-2001]
(a) one-one onto
(b) onto but not one-one
(c) one-one but not onto
(d) neither one-one nor onto

Solution
(¢) Letx,x,e Rand x, # x, then
X
= #
e = J) # fw)

2x, =

X, X. —

T 4 | x|
X

1+ x|
= range# R .. Itis not onto

= fis one-one Also <lVxe R

14. If f{x) = sin x + cos x and g(x) = x2 — 1, then
g(f{x)) is invertible in the domain
[IT Screening-2004]
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(®) [0, 2]
(d) [-n/2,0]

() [0, 7]
(c) [-n/4, m/4]

Solution

() g(ftx))=g(sinx +cosx)
=(sinx+cosx)’—1=sin2x

It is invertible in that domain where it is one-

one. But sin 2x is one-one when 2x € [-/2,

n/2]i.e., when xe [-t/4, m/4]

The period of the function f{x) = | sin x + cos
x|+ |sinx—cosx]|is [NDA-2005]
(@) =6 (b) n/4

(c) =2 dn

Solution

16.

©) f(g+xj= sin(g+xj+cos(g+xj

sin E+x —cos E+x
2 2

=|cosx—sinx|+|cosx+sinx |

+

=|sinx—cosx |+ |sinx+ cosx | =fx)
period of f{x) = /2

Iff:R>R,flx)=(x-1)(x—2), then fis
[NDA-2005]

(a) one-one but not onto

(b) onto but not one-one

(c) one-one onto

(d) neither one-one nor onto

Solution

17.

(d) Obviously f{x) = x>—3x + 2. It is a sec-
ond degree polynomial function which is nei-
ther one-one nor onto R.

If X = {1, 2, 3, 4}, then total number of pos-

sible one-one onto functions from X to X for

which (1) =1, 2) # 2, f(4) # 4 will be
[Roorkee-2000]

d) 4

@ 2

@ 3
(c) 6

Solution

@) 1) =1,[2)# 2,f(4)# 4 and fis one-one
onto, so f{1)=1,

f(2)=3 or 4, f(4) =2 or 3, A3) = remaining

fourth element

Hence f can be defined as follows: f{1) =1,

f2)=3,4)=2,f3)=4

f=1/2)=4,f4)=2,/3)=3

f)=1/2)=4,£4)=3,/3)=2

18. Functionf:R - R, fix)=2*+ 2l*lis
(a) one-one onto
(b) many one onto
(c) one-one into
(d) many one into
Solution
() "2>0,21>0Vx€eR
. R,#R(codomain) = fis into
Alsox, #x,
= 2% 4 2|-“|\ # 2% 4 2|xz\
= fx)#fx,)
= fis one-one.
19. Let the function f:R — R be defined by
f(x)=2x+sinx,x€ R. Thenf'is
(a) One-to-one and onto
(b) One-to-one but not onto
(c) Onto but not one-to-one
(d) Neither one-to-one nor onto
Solution
@ f'(x)=2+cosx>0. So, fix) is strictly
monotonic increasing. So f{x) is one-to-one
and onto.
x, ifx isrational
20. f(x)= e .o
0, ifxisirrational
0, ifx isrational )
g(x) = oo .. Thenf-gis
x, ifxisirrational
(a) one-one and into
(b) neither one-one nor onto
(c) many one and onto
(d) one-one and onto
Solution
x, xeQ
@ o(x) = f(x)-g(x) =
-x, x&€Q

Now to check one-one

Take any straight line parallel to x-axis which
will intersect §(x) only at one point = one-one.
To check onto

As, f(x)= HoXe Q, which shows y = x
- o

and y = —x for rational and irrational values =
y € real numbers

X,

Range = Codomain = onto Thus f— g is
one-one and onto.



21. Letf: (2,3)—(0, 1) be defined by fix) = x — [x]
then /! (x) equals

[Orissa-JEE 2005]
(a) x-2 ® x+1
() x—-1 (d)x+2
Solution

(d) Givenf:(2,3)—> (0, 1)and fix)=x —[x]
f)=y=x-2=x=y+2=f710)=
[ =x+2
22. Letf{lx)=x>+x+sinx—cosx+log (1l +]|x]|)
be defined over the interval [0, 1]. The odd
extension of f{x) to interval [-1, 1] is
[UPSEAT-2000; MNR-94]
(@) x*+x+sinx+cosx—log(l+|x])
(b) =x*+x+sinx +cosx—log (1 +|x )
(¢) x>+ x+sinx—cosx—log (1 +]|x])
(d) None of these

Solution

(b) Odd extension from [0, 1] to [-1, 1]
means that function from given choices which
satisfies the condition f(—x) = —f(x)
Now |—x|=]|x|,cos(—x)=cosx
sin (—x) = —sin x, (—x)? = x~
So we observe that f{—x) = x>—x —sin x — cos x
+log (1 +|x])

= —(function given in (b))

(b) is the correct answer.

23. Letf: R > R be a function given by fix) =
x?+ 1. Find f {26}

(@ {-5,5} (b) {5, 5}
(©) {3.2} (@ {5, 6}
Solution

Recall that if f: 4 — B such that y € B.
Thenf™ {y} ={x € 4 : fix) =y}

In other words, f~!{y} is the set of Pre-images
of y.

Let /™' {26} = x, Then f{x) = 26

= xX+1=26

= x==£5.f71{26}={-5,5}

24. Letf: N > Y be a function defined as f{x) =
4x + 3 where
Y={yeN:y=4x+3 for some xeN}.

Show that fis invertible and its inverse is
[AIEEE-2008]
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- 3
@ =27 m =5t
© s0)=4+22 @ g0)=2
Solution

(a) Letfix)=Ax,),x,x,€ N=4x +3=4x,
+3=>x =x,

Thus fix) = fix,) = x, = x, Hence the
function is one-one. Let y € ¥ be a number
of the form y = 4k + 3, for some k € N, then
y=fx)=>4k+3=4x+3>=>x=keN

Thus corresponding to any y € ¥ we have x €
N. The function then is onto.

The function, being both one-one and onto is
invertible

,V=4x+3:>)c=—y;3

AR
y-=3

7 is the inverse of the function

or g(y) =

25. If f: R > R is defined by f{x) = | x |, then

[Karnataka CET-2007]
@ /)=
) /()=
| x|

(c) the function /! (x) does not exist

@ £ = ﬁ
Solution
©) fx)=|x]|
Sx)=xifx>0
=—xifx<0

Therefore the function /! (x) does not exist.
26. For real x, let f (x) = x* + 5x + 1, then

[AIEEE-2009]
(a) fis one-one but not onto R
(b) fis onto R but not one-one
(c) fisone-one and onto R
(d) fis neither one-one nor onto R

Solution
(c) Given, f(x)=x’+5x+1,Now
f(x)=3x*+5>0,VxeR

" f(x) is strictly increasing function
.. It is one-one.
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Clearly, f(x) is a continuous function and
also increasing on R.

Lt f(x)=—oo and Lt f(x)=co
.. f(x) takes every value between —o and oo.
Thus, f(x) is onto function.

27. Letf: R — R be a function defined by f{x) =

e —e

Then

e"+e’”
(a) fis both one-one and onto
(b) fis one-one but not onto
(c) fis onto but not one-one
(d) f1is neither one-one nor onto

Solution
We have, if x <O |x| = —x

-X -X

e

S = 'e,;,r=0,
e'+e”
fx)=0Vx<0 .. f{x)isnotone-one.
Nextifx>0, jr|=x, -~ fi)= —
e'+e”
ex_e—x e2x_1
Lety= ——> y=—
e +e’ e +1
ez":—“-y forx>0,e>*2>1
1-y
.1_+Z21:>iy__20
1-y 1-y

= y-1D=<0,y#1=>0=<y<I
Range of f{x) =0, 1),
f(x) is not onto

28. The interval of values of o for which the func-

2+6x-8
tionf: R — R defined by f{x) = —— >~
o+6x—8x”
is onto, is [1IT-1996]
(@) (2, 14] () (2,14)
© [2,14) (d) None of these
Solution
ax?+6x—8
a) Lety= ———
@ Y o +6x—8x>

= (a+6x—-8x)=ax>+6x—8

= (@+8)x*+6(1-yx-@+ay)=0
Since x is real
36 (1 =32 +4 (o +8y) (8+2))>0

= 9(12y+yH+Ba+ay+64y+8ay*>0

= A9+ 8x) +ya*+46)+(O+8a)=0
(D

(1) will hold for eachy € Rif 9+ 8 a >0 and

(46 + a%)* — 4(9 + 80.)> < 0 (Disc. <0)

9
= a> 3 and [46 + o> —2(9 + 8a)] [46 +
a’+2(9+8x)] <0
= o> 22 and [0 — 160 + 28] [a® + 160

+64] <0

= o> —% and (a0 —2) (o — 14) (a +8)*<0

= a>—§and(a—2)(a—l4)50
. (a+8)P=>0)
9
— 0c>—§and2§ot$l4
L 2Za<l4

Hence f{x) willbe onto if 2 <a. < 14

required interval is [2,14]

29. If £ [0, ) = [0, 00) and fix) = —— , then f
1+x

is [IIT (Screening)-2003]
(a) one-one and onto

(b) one-one but not onto

(c) onto but not one-one

(d) neither one-one nor onto

Solution
1
(1+x)°

= flx) is increasing

® fx)= >0V x e [0, =]

= flx) is one-one

Also R =10, 1] #[0,%0) = fisnot onto

30. Let.X, ¥ be two sets and f: X — Y. If {f{c) =
yvyecXycliand {f1(d)=x,dc¥,xC
X}, then correct statement is

[IIT (Screening)-2005]
@ f(fa)=a
®) f'a)=a,acX
© [ @n=>
@ [ bN=b,bcY



Solution

® S =x
= fix)=d

so, if a C x, then fla) C f(x)
> flaycd
> /' (fay=a

[Note: If a & x then this is not necessarily true]

31. The shortest distance between the line y —x =1
and the curve x =)? is: [AIEEE-2009]
3V2 23
i b) =2
@ = ) =3
3V/2 V3
X4 ) 22
© = @ 3
Solution

(a) Step-1: For the shortest distance between
the line and the curve. We have to find a point
on the curve at which tangent drawn is par-
allel to the given line and then perpendicular
distance of this point from the line will be
required shortest distance.

0,1

Step-2: Givenx—y+1=0

x=)*
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Differentiate that,
dy _dy _ 1 .
l=2y—>—=—>=
Ve = e 2y Slope of given
line (1)
L = l = = l
2y N 2

=, )= (%,%) The shortest distance is
l 1 +1 L,
4 2 _ 3 3
Ji+l 42 8

The equation of the tangent to the curve
4 . o
y = x+—, that is parallel to the x-axis, is:
x
[AIEEE-2010]

(@) »=1 (b) y=2
(©)y=3 @y=0
Solution

Step-1: If tangent is parallel to the x-axis, then

dy
—=O
dx
TP |
y o
dy 8
dx x
=>x*=8

=>x=2andy=2+ %:3

(2, 3) is point of contact
Thus y = 3 is tangent.
Hence correct option is (c)

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. SetA has 3 elements and set B has 4 elements,

the number of injections that can be defined

from 4 to B is [UPSEAT-2001]
(a) 144 (b) 12
() 24 (d) 64

2. The number of bijective functions from set

A to itself when A contains 106 elements
is

(a) 106
(c) 106!

(b) (106)*
(d) 2106
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3.

A function f from the set of natural numbers
to integer defined by

n-1 .
fn) = - when n is odd s
—-n/2 when nis even
[ICS-2001]
[AIEEE-2003]

(a) neither one-one nor onto
(b) one-one but not onto

(c) onto but not one-one

(d) one-one and onto both

. f:R—> Rgivenby flx)=3 -2 sinxis

(a) 1-1
(c) bijective

(b) onto
(d) None of these

. ffROR fx)=x-1D)(x-2)(x-3)is

[Roorkee-1999]
(a) one-one but not onto
(b) onto but not one-one
(c) both one-one and onto
(d) neither one-one nor onto

. If £ [0, 00) = [0, o) and f(x):%, then

fis

(a) one-one and onto
(b) one-one but not onto

(c) onto but not one-one

(d) neither one-one nor onto

[IIT Screening-2003]

. Let E={1, 2, 3, 4} and F = {1, 2}, then the

number of onto functions from E to F'is

[IIT Screening-2001]
(a) 14 (b) 16
(c) 12 @ 8

. Let/: R — Rbe defined as f{x) = x| x |. Which

one of the following is correct?
(a) fis only onto

(b) fis only one-one

(c) fis neither onto nor one-one
(d) fis one-one and onto

. Letf: N —> Ndefined by {x)=x*+x+1,x €

N, then f'is
[AMU-2000]
(a) one-one onto
(b) Many one onto
(c) one-one but not onto
(d) None of these

10.

11.

12.

13.

14.

15.

16.

If the functions f{x) and g(x) are defined on
R — R such that

0, x € rational
J(x) = s
X, X € irrational
0, x € irrational
g(x) = .
x, X € rational

then (f— g) (x) is

(a) one-one and onto

(b) neither one-one nor onto
(c) one-one but not onto

(d) onto but not one-one

Let f: (-1, 1) > B, be a function defined by
f(x) =tan™' 2x =,

1-x
Then f'is both one-one and onto when B is the
interval
(a) [0, =/2) (b) (0, ®/2)
©) (-n2, =/2) (d) [-w/2, =/2]

If a function f{x) is defined for x€[0, 1], then
the function f{2x + 3) is defined for

(a) [3/2, 1] () [-3/2,-1]

© [1,-32] @ [-1, 3/2]

A condition for a function y = f{x) to have

inverse is that it should be

(a) defined for all x

(b) continuous everywhere

(c) an even function

(d) strictly monotonic and continuous in the
domain

10" -107"
10 +107F

1 1+x
@ y= 510&0 1—x (b) log,,

The inverse of function y =

1-x

1+x

© 210g1+—x
l-x

(d) None of these
The inverse of the functionf{x) = {1 — (x — 3)*}"”
is
@ (A=x)7+3 () (1-x)+3
© (1-x)*"-3 (d) None of these
Let fix) = (x + 1)> = 1, (x 2 —1), then set
s=(x: flix)=f"(x) )is
(a) Blank
(b) <0, - 1>
() <0,1,-1>

-3+iV3 -3-iV3\
@ <0,‘1, 2 0 2 )




17. If fx)= 22 thenf(x) is
2% 427
1 x 1+ x
(@) EInglT (®) —1 82
l+x 2+x
c) 210g2 (@) —10g22

Which one of the following function is one-
to-one? [Kerala PET-2008]

(a) fix)=sin x, x €[-x, ™)

(b) flIx) =sinx, xe{ zﬂ: _471

(c) flx)=cosx, x€ [_—; g)
(d) fIx)=cosx, x € [x, 2T)

19.
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If fix)=2x+ 1and g(x) = XT—I for all real x,

1
then (fog)™ ( ;] is equal to

[Kerala PET-2008]
(@) x (b) l/x
(c) = @ -1/x
. If f: R —> R is defined by f(x) = x* then f7(8)
is equal to
[Karnataka CET-2008]
(@ {2,-2}
(b) {2,2}
© {2}

@ {2,20,207%

SOLUTIONS

1.

(c) For injection, b,
one or no preimage.

b,, b,, b, can have only

O T T T

1
2
3
4

No. of injections = 4 x 3 x 2 = 24 ways

. (c) No. of bijjection = 106 x 105 x 104 ...........

3 x2x1=(106)!

. @) fN>I

f(n)= nT—l , when n is odd

Here n€{1,3,5,........ }
.. f(x) can have values
{0,1,2,3,

and f(x) = % , When n is even

Here n € {2,4,6,........ 1
f(x) can have values {-1, 2, -3,......}

. Range will be {....., =3, =2, -1, 0, 1, 2,
3,...}

.. function is onto, and one-one.

4.

(d) f(x)=3-2sinx, Here -1 <sinx<1
Range €[1,5]# codomain

Also f'(x)=-2cosx is positive as well as
negative,

f(x) is many one. Also function is into.

e
v

Graph of f(x)=(x—1)(x—2)(x—3) by graph
function is many are (a line | | to x-axis cuts
graph more than once)

Also range = (—e0,00) =codomain

... it is onto.

(®) f:[0,%0) = (0,%°)

f(X)— ,f()—— >0

(1+x)?

f(x) is monotonic, f(x) is one-one
function.
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For range f(0) = 0;
f(oo)=1imi= 1imL1
X—o0 1 +x x—)wl 4o

X

7. (a) Here all the function will be onto except
two cases:

.. Required case =2*-2 =14

8. (d)Here f(x)=x|x|
=x%x>0
-x%x<0
.. f(x) is monotonic, it is one-one function,

Also range = codomain, fv onto function.

9. (©) f:N->N;f(x)=x"+x+1

Range € {f(l)af(z)af(3)s """ }

# codomain
.. function is one one and into.

-x; xeQ
x, x€Q
Which is one-one and onto.

1. (d) f:(-L) >R

10. (a)Here f—-g(x)= {

1f xe (L) f@=tan 2
- X

or f(x)=2tan'x
.. f(x) is one one and onto if

2tan"'x € (2tan_1(—l), 2tan”" 1)

: tn
S f(x)E( > ,2j

12.

13.
14.

15.

16.

17.

18.

(b) . f(2x+3) is defined if
0<2x+3<1

_—3 <x<-1
(c) By definition.

(a) For inverse, replace x by y and y by x in

10" -107" 10° =10~

y= JooxX= - —

10 +107* 10° +10™
_107 -1 x+1_10%
10 +1  x-1 -1

(By applying componendo and devidendo)

—llo 1+x
y 2 s 1-x

(b) Given function is ¥ = f(x)
y=Q1-(x-3""
For inverse, replace y by x and x by y

x=(l_(y_3)4)1/7

x'=1-(y-3)"
y-3={1-x"
y=3+1-x

(®) f(x)=f""(x) theny =x
Here y=(x+1)*-1
Lx=x"+2x+1-1
x=0,-1
[ f(x)=f""(x) is possible wheny = x]

20— 2l
25 427% Y 27 +1
2% -1

22}'

+1

®) y=

For inverse, x =

x+1 2%

-1

x—1

—llo 1+x
“ 2 s 1-x

(¢) For f(x)=sinx
Graph is

/4 /\
—3n/2 —n\%O m




-3n -1
In [-7,7) , functionis one one and Iy

2
-T T
where as for f(x)=cosx in [7,—}

it is many one

—7/2 /2

NOTE
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19. (b) Here
f)=241; g =221
then

(fog)x = f(2(x))

A

=X
X

a1 1
o fog'x=x or fog l(—)=—
x

NOTE

Inverse of y = x is the function itself.

20. (¢) f(x)=x"; f7'(8), means value of x

If a line parallel to x axis cuts the graph more than
once it is many one.

wheny =8 iny = f(x)

8=x’=x=2

[Jp SN S R RS AN P N P R A —
s 450 R M B e ff

1. Let f : R > R be a function defined by
fx)= XM Where m # n. Then
X—n

[UPSEAT-2001]

(a) fis one-one onto (b) fis one-one into
(¢) fis many one onto  (d) fismany one into

2. The domain and range are same for
(a) aconstant function
(b) Identity function
(c) an injective map
(d) A surjective map

3. The function f: N — N, where N is the set of
natural numbers, defined by f{x) =3x + 5 is:
(a) Injective
(b) Surjective
(c) Injective but not surjective
(d) Many one

4. Functionf: R - R, f{ix) = x>+ x, is
[RPET-1999]

(b) one-one into

(d) many one into

(a) one-one onto
(c) many one onto

5. On the set Z of all integers define f: Z — Z as

follows

f(x) = {

x/2, ifxiseven
0, ifxisodd

(a) onto but not one-one
(b) one-one and onto
(c) one-one but not onto
(d) into

, then fis

. Which one of the following is a bijective

function on the set of real numbers

[Kerala (Engg.)-2002]
@ 2x-5 ®) |x|
©) x* (@) x*+1

. If f{x) is periodic function with period T then

the function flax + b) where a > 0, is periodic

with period [AMU-2000]
(a) T/b (®) aT
(c) bT @) Tla

. If for two functions g and f, gof is both

injective and surjective, then which of the
following is true  [Kurukshetra CEE-1998]
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10.

11.

(a) gand fshould be injective and surjective.
(b) g should be injective and surjective.
(c) fshould be injective and surjective.
(d) None ofthem may be surjective and injective.

. Letf: R — R be defined by f{x) = 3x — 4. Then

S (x)is equal to [SCRA-1996]
x+4 x
a b) Z—
(@) 3 (®) 34
(c) 3x+4 (d) None of these

If fix)=1 + ax, a# 0 is the inverse of itself,

then the value of a is [Screening-1992]
(@) 2 () -1
©0 @2

If the function f: [1, 00) —> [1, ) is defined by
Sx)=2*-D_then f(x) is [1IT-1999]

1 x(x-1)
(@) (EJ

®) %(l +/1+4log,x)

12.

13.

(© %(1 - JT+4log, x)
(d) None of these

3
If flx)= 3t x # = |, then which one of
5x-3 5

the following is correct?
(@) f7'6e) =f(x)

(®) f7(x) = Ax)

(©) (fof) (x) =

@ [0 =15/

Iff:[1,00) > [2,0)is givenby f(x)=x+ l,
x
then f'(x) is equal to [IIT Screening-2001]

+Vx? -4 x+Vx*+4
@ XXX 77 (b ¥Hvx +4
2 2
_ 2
© = ; 4 (d) None of these
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WORKS-EEET: TO CHECK THE PREPARATION LEVEL
__

Important Instructions

1.

The answer sheet is immediately below the
wortksheet.

The test is of 13 minutes.

The worksheet consists of 13 questions. The
maximum marks are 39.

Use Blue/Black Ball point pen only for writing
particular/marking responses. Use of pencil is
strictly prohibited.

. Letf: (-0, 2] = (-, 2] be a function defined

by f{x) = 4x — x*. Then f~'(x) is

(a 2-V4-x (b) 2+~4-x
() vd—x (d) None of these
. If fix) = x>+ 1, then f71(17) and f 1 (-3) will
be [UPSEAT-03]
(@) 41 () 4,0
() 3,2 (d) None of these
. If fix) = 3x + 10, g(x) = x> — 1, then (fog)™ is
equal to [UPSEAT-2001]
u 1/2 b x+7 1/2
@ | =5 j ® | j
x — 3 172 d x+ 3 1/2
© | = j @ | = j

. Which of the following function is inverse

function?

@ fix)= 1
x—1

(b) fix)=x2, for all x

©) flr)y=x>x>0

(d) fx)=x%x<0

[AMU-2000]

. If f: R > R is defined by f{x) = x> — 6x — 14,

then f1(2) equal to [Kerala CEE-2004]

(@) {2,8} (®) {-2,8}
(©) {-2.-8} () {2,-8}
. If fx) = i;—i,(x # —1), thenf(x) equals to
[Kerala CEE-2004]
(@) f&x) (b) 1/fix)
© +x) (@ -1/ftx)

10.

11.

12.

13.

Let the function f'be defined by f(x) = 12x ; 1 ,
—-3x
then /1 (x) is [Kerala CEE-02]
x-1 3x+2
a) — b
@ 3x+2 ®) x-1
x+1 2x +1
c) —— d
© 3x-2 @ 1-3x
. Which one of the following is a bijective
function on the set of real numbers?
[Kerala CEE-2002]
(@ 2x-5 ®) x|
(©) x* @ x*+1

If R denotes the set of all real numbers, then

the function f: R — R defined f{x) = | x | is
[Karnataka CET-2004]

(a) one-one only

(b) onto only

(c) both one-one and onto

(d) neither one-one not onto

If f(x)= i;i(x # —1), then f'(x) equals to
[MPPET-2005]
1

(a) ftx) ® 7@
1

(©) +x) @ T0)

What is the inverse of the function y = 5&*?
[NDA-2008]

(a) x = Sl/logy (b) x =y1/log5

(c) x=5le» (d) x=yloes

Which one of the following is correct? The func-
tion f: A = R where 4 ={xe R,—g <x< g}

defined by f{x) = tan x is [NDA-2008]
(a) Injective (b) Not injective
(c) Bijective (d) Not bijective

Which one of the following real valued
functions is never zero? [NDA-2008]
(a) Polynomial function

(b) Trigonometric function

(c) Logarithmic function

(d) Exponential function
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ANSWER SHEET
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1 @) f(x)=4x-x 4. (a) Inverse of a function exist if it is one one
) onto
Here y=4x—-x Here codomain is R.

(b), (c), (d) has range as [0, ©),

For inverse x =4y -y’ (b), (€), :
it is an into function

Yy +4y=—x
y-2)=4-x NOTE
y=2+ [4—x Whenever codomain is not given, it is considered
— R
or y=2- \/4 -X a
Range is (—°,2] 12. (c) Graph of f(x)=tanx
y=2-J4-x

53]
Here x| ——,—
2. (d) f(x)=x*+0 22

For f'(17);y=17,f"'17)=x

17=x*+1=x=4,-4

Similarly —-3=x’+1= x* =—-4
No ¢ values of x is possible

.. d is answer. .. Function is one one onto i.e., bijection.




LECTURE

Test Your Skills

I ASSERTION/REASONING '

5. Assertion (A): If f{x) is odd function and g(x)

£ ASSERTION AND REASONING

TYPE QUESTIONS

Each question has 4 choices (a), (b), (c) and (d), out
of which only one is correct.

@
®)

©
@

1.

Assertion is True, Reason is True and Reason
is a correct explanation for Assertion.
Assertion is True, Reason is True and Reason
is not a correct explanation for Assertion.
Assertion is True and Reason is False.
Assertion is False and Reason is True.

Assertion (A): If f{x) = In x> and g(x) = 2In
x, then f{x) = g(x).

Reason (R): For x <0, g(x) is not defined,
Assertion (A): The function f{x) = |x| is not
one-one

Reason (R): The negative real number are not
the image of any real numbers

Assertion (A): Iff:R—>Randg:R —>Rbe
two mappings such that f{x) = sin x and g(x) =
x?, then fog # gof.

Reason (R): (fog)x =f(x) g(x) = (gaf)x.
Assertion (A): A function y = f{x) is defined
by x* — arc cos y = =, then domain of f{x)
isR.

Reason (R): cos'y € [0, n]

10.

is even function, then f{x) + g(x) is neither
even nor odd.

Reason (R): Odd function is symmetrical
in opposite quadrants and even function is
symmetrical about the y-axis.

. Assertion (A): Every even function y = f{x)

are not one-one, V x € Df
Reason (R): Even function is symmetrical
about they y-axis.

. Assertion (A): A function f : R > R be

defined by f{x) = x — [x] (where [x] is greatest
integer < x) for all x € R. f'is not invertiable
Reason (R): f{x) is periodic function

. Assertion (A): The function f{x) = x> — x +

1 , 3
1, x> E and g(x) = %+( x—ZJ, then the

number of solutions of the equation f{x) = g(x)
is two.

Reason (R): f{x) and g(x) are mutually inver-
stion.

. Assertion (A): f{x) = sin x + cos ax is a peri-

odic function.
Reason (R): a is rational number.

Assertion (A): The least period of the function,
fx) =cos (cos x) + cos (sin x) + sin 4x is .
Reason (R): fix + 1) =f(x).
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11.

. Assertion (A): The domains of f{x)

Assertion (A): If f{x + ) + fix —y) = 2 fx).
SOV x,y € Rand f{0) # 0, then f(x) is an even
function.
Reason (R): If f—x) = f(x), then f{x) is an even
function.

. Assertion (A): The equation x* = (A x — 1)?

has atmost two real solutions (is A > 0)
Reason (R): Curves fix) = x* and g(x)
(Ax — 1)? cut atmost two points.

Jeos(sinx) and g(x) = .fsin(cosx) are

same.

Reason (R): " -1 <cos (sinx) <1 and -1 <
sin (cos x) < 1

. Assertion (A): If f{x) = x* — 16x + 2, then f{(x)

= 0 has only one root in the interval [-1, 1].
Reason (R): f{-1) and f{1) are of opposite
sign.

. Assertion (A): The domain of the function

Slx)=sin? x + coslx + tan! x is [-1, 1]
Reason (R): sin™ x and cos™ x isdefined in |x|
<1 and tan™ x is defined for all x.

Assertion (A): The period of f{x) = sin 3x cos
1
[3x] — cos 3x sin [3x] is 3 where [.] denotes

the greatest integer function < x.

Reason (R): The period of {x} is 1, where
{x} denotes the fractional part function
of x.

. Letf(x)=(c+ 12— 1,x>-1.

Assertion (A): The period of f{x) = sin 2x cos
1

[2x] — cos 2x sin [2x] is 3

Reason (R): The period of x — [x] is 1

Assertion (A): If fix) =[x — 1|+ |x = 2|+ |x = 3|
where 2 < x < 3 is an identity function.
Reason (R): f: A — A defined by f{x) =x is an
identity function.

Assertion (A): f: R — R defined by f{x) =sinx

is a bijection

Reason (R): If f is both one and onto it is

bijection

Assertion (A): /: R — R is a function defined
2x+1 3x-1

by f(x)="— Thenf' @)= =

Reason (R): ﬁx) is not a bijection

. Assertion (A): If fis even function, g is odd

f

function then <, (g # 0) is an odd function.
g

Reason (R): If f{—x) = — f{x) for every x of its
domain, then f{x) is called an odd function and
if f{—x) = fx) for every x of its domain, then
S(x) is called an even function.

Assertion (A): Let 4 = {x/~1 < x < 1}, then
f:A—> Aisdefined by f{x) =sintx,Vx eAd
is onto but not one-one.

Reason (R): If range set is equal to the codo-
main set then the function is onto.
[AIEEE-2009]
Assertion: The set {x:f(x)=f"1(x)} = {0,-1}
Reason: f'is a bijection.

ASSERTION/REASONING: SOLUTIONS

1.

2.

3.

@ " Inx>=21In|x|] =2 In x and g(x) is
defined only when x > 0

(¢) The function f{x) = |x| is many one
0 fl=x) =fx) i.e., not one-one and the image

of —x is x.

(c) " (fog) x = flg(x)) =f(x*) = sin x*and (gof)
x = g(f(x)) = g(sin x) = sin> x = fog # gof

4.

5.

(d) " x’—arccosy=m>cos'y=(x*-n)
" 0<cos'y<m
= 0<x>-n<n
= n<x*<2n

e [ R[]

() " flx)is odd = fl—x) = Ax)
and g(x) is even = g(—x) = g(x)



let F(x) = f(x) + g(x)
F(=x) = f{=x) + g(—x) = -f(x) + g(x)

#+ F(x) .. F(x)is neither even nor odd.

6. (a) Since every even function is symmetrical

about the y-axis.

any line parallel to x-axis cuts the graph
move than one point, then f{x) is not one-one
VxeD ),

. (a) " flx) is periodic function = f{x) is many
one
Hence, f{x) is to invertible

. (d) Lety=x*-x+1=>x>-x+1-y=0

1£1-41.0-y) 1 3
x= =—x./ly——
2 2 4

1 3 1
=5t (y—z]( x25]=g(y)

y=g'(x
= f)=¢g'®
Hence, f{x) and g(x) are mutually inversion.
= The graph of the original and inver-
sion functions can intersect only on the
straight line y = x
x=fx) >x=x>-x+1

= x*-2x+1=0
= x-12=0
x=1

2 .
. (a) . Period of sin x is Tn and period of cos

2n

ax = —

Hence, period of f{(x)= LCM of {211,2—7[}
a

_LcMm of {2m, 21} _2n
© HCFof {l,a} &k

when k is HCF of 1 and a

= % = integer = q (say) (# 0) and
% = integer = p (say)
Gy SR 2
1k ¢ q

= aisrational

10.

11.

12.

13.
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(d) Let f{x) be periodic with period A, A # 0O,
A>0

S+ L) =A%)

= cos (cos(x + A)) + cos(sin(x + A)) + sin(4(x
+1))

= cos (cos x) + cos (sin x) + sin 4x

Putx=0,

cos (cos A) + cos (sin A) + sin (4 L) = cos(1) +
cos(0) +sin 0

= cos (sin ©/2) + cos (cos w/2) + sin (2 1)

= A==

(b) Given flx +y) + fix —y) = 2 fix) f»)
.......... i

Replacing x by y by x in equation (i), then ®

SO +x) + iy - x) = 2/) fx)
from equation (i) and (i1), we get f{y — x)
=fx-y)

Putting y = 2x, the f{x) = f{—x)

Hence, f{x) is an even function.

@ x=x-1)

x*=x(Mx-1)
= x*=Ax-1.x*-Ax+1=0
LA -
_ s
2
A—-42>0

= Ae(-o0, 2) U [2, )
butA>0 .. A € [2, o)

andx’=—-(QA x-1)

X+Ax-1=0
=AM +4)
2

A > 0 = infinite solutions cut at two points.

f(x) = x*

(d) cos (sinx) =0
= 2mt—§£sin(x)s2nn +g,n el

but-1<sinx<1=>-1<sinx<1=>xeR
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14.

15.

16.

17.

D= R Also, sin (cos x)=0
= 2nwm<cosx<2nm+m,nel
but-1<cosx<1

= 0<cosx<l1

i o
= xel|2pr——,2pn+—|,pel
22 2pe2]

- Dg=[2p1t—£,2p7:+£},pel
) D

= DD,

) " f-D)=-1+16+2=17
2

1

Il Il

- 0}[1'

and (1) =1-16+2=-13

(a) . sin™ x is defined in [-1, 1]
cos!xisdefinedin[-1, 1]
and tan! x is defined inR
Hence, f(x) is defined in [-1, 1]
(@) . fix) =sin 3x cos [3x] — cos 3x sin [3x]
= sin (3x — [3x]) = sin ({3x})

{x} =x— {x} is periodic with period 1

Period of {3x} is %

@ Sx)=x—[x]
fx+D=x+1-(x] +1D)=x-[x]

Period of x — [x] is 1

Sx) =sin (2x — [2x])

f(x+l] = sin[2(x+l]—[2(x+lﬂ]
2 2 2
=sin (2x + 1 — [2x] = 1) = sin 2x — [2x])

1
eriod is —
P 2

18.

19.

20.

21.

22.

23.

(@) 2<x<3=>x-1>0
x-2>0
x-3<0
> fix)=x-1+x-2+3-x=x
= fis an identity function

(d) Range of sinx is [-1, 1]

= f: R > R defined by f{x) = sin x in not
onto

= itis not a bijection.

If f'is both one and onto then fis bijection.
A s false R is true.

2x+1

3 is a bijection.

©)f:R>R fix)=

3x-1

o>f1=
s 2

(a) Let h(x) = M then
g(x)

b= LD _ S

g(-x) —g(x)
f

h(x) =+ is an odd function.

—h(x)

(@ A:sinx:—[-11] >[-11]

w3

= fis not one-one
= onto R : def
(c) There is no information about codo-
main, it will be consider as R
Also
y=(x+1y-1
Range € [-1,00)
Range # codomain

.. it is into.
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MENTAL PREPARATION TEST
1—x 13. Find domainandrange of f{x)=4sinx—3 cos x.
1. If fix) =log, o then prove that f{a) + f(b) [PSB-2002 Simiilar]
+x
a+h 14. Find the domain of the function cos™ (3x —1).
=f [MP-2000]
1+ab 15. Prove that f{x) = 2+ 2~ 2 > 0 for x> 0
1 [W.B.J.E.E--99]
2. Find the domain of the function ———7—
Vl—x+x-2 16. If f{ix)=x*and g(x) = tan x, then find the value
[MP—93] of (gOf) X.
3. Find the domain and range of following func- 17. I_ff(x) = log, x; (x> 0). Then prove that f{uvw)
tion y = sin"'(2x + 1) [MP-98] =fu) + fv) + f(w).
4. Determine the domain and range of the func- | 18. Iffx)= x*+ 2x — 3, then find the value of £0),
2_ —1), A1/3) and f(sin x). 'MP-2001
tion = 11 [MP-2003] JED, R1/3) and fisin x) F /
x p—
. . x+7
5. Find domain of six x + sinx.  [HSB-9s5] | 19 Find the domain and range of ~—
6. Find the domain and range of the function [MP-98]
x—3 20. If function f and g are such that f{x) = 2x>
x+2 and g(x) = cos x then find the value of
7. Ify=fx)= e then prove that x = f{y). (gof) x.
*- [MP-2000]
. 1
8. Draw the graph of the functiony = —. 21. Find k if fix) = x*- kx> + 2x, x € R is odd
X function.
2x+1, when x>2 [NCERT Book]
9. If ix)= Show that f{x)
X, when x <2 22. If ¢ (x) = a* prove that [¢ @I =6 (3p)
does not exist when x — 2, find 1) and f(2). [M.M. CET-99]
[CBSE-1986]
23. If f{x) = 5x°— 4 tan*x + 3 cos® x then prove that
10. If fix) = x*— 4x + 6, then find the value of fx) is an even function of x.
2 +n). [MP-2001]
11. Find the domain and range of the function f{x) | 24. If fx) = x and g(x) = l , then prove that
x* -1 x
= T [MP-98] S1g™)] = glftx)]
x p—
12. If f(x) = sin x, then prove that 0 =S = | 25 If fix) = Ll’ then prove that f{sec? 0) =
x p—
cot x cos x. [MP-99] cosec? 6.
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LECTUREWISE WARMUP TEST 1

. If [x]®> = 5[x] + 6 = 0, where [.] denotes the
greatest integer function, then
(a) x €[3,4] (d) x € [2,3]
(c) x € {2,3} @ xel2,4
. The inverse of the function y = ﬂ is
10" +107°
equal to [NDA-2003]
1
(@) log , 2 -x) () 3 log ,2x-1)
1 2x 1 I+x
—1 —_— d) =1 —
(©) 1 Ogloz_x CY) > Oglo[l—x]
. If 3 fix) -2f(1/x) = x, then 5f(2) =
() 2 () 3
()8 @7

. If f{x) is a function satisfying f{x + y) = f(x)

S for all x, y € Nsuch that f{1)=3 and Z

f(x) =120. Then the value of n is =
(a) 4 (®) 5
(c) 6 (d) None of these

. If f{x) =ax + b and g(x) = cx +d, then f{g(x)}

=g {f{x)} is equivalent to [NDA-2005]
(@) fla)=g(c) (®) f1b) = g(b)
() fid) = g(b) (@) fle) = g(a)

. The function f{x) = sin (log (x + \/x2 +1)) is
[Orissa JEE-2002]

(a) Even function

(b) Odd function

(c) Neither even nor odd

(d) Periodic function

. If f{x) = log x and F(x) = &", then F[f(x)] is
[SCRA-1996]
(@) fIF)] (®) fIF(2x)]
(©) FIfi2x)| (d) FI()]

x # —1. Then, for what value of

. I ) = x“j_cl ,

o is f{fix)) =x [IT (Screening)-2001]
@ 2 ® —2
(© 1 @ -1

9.

Let Function f{x) = x? + x + sin x — cos x + log

(1 + |x|]) be defined over the interval [0, 1]. The

odd extentions of f{x) to interval [-1, 1] is
[UPSEAT-2000; MNR-94]

(a) x*+x +sinx +cosx —log (1 + |x|)

(b) =x*+x +sinx +cos x —log (1 + |x|)

(¢) =x*+x+sinx —cosx +log (1 + |x|)

(d) None of these

_ e*.‘(
+2
-X

The inverse of the function f{x) = ¢

is given by [Kurukshetra CEE-1996]

2

1/2 1/2
@ loge(ﬁj () log, [x—_lj
x—1 3—x
X 12 x—1
1 — d) 1
ous(z] @)

. Given f{x) = log {(1 +x)} and

(1=x)

3

g(x)= (?lx%) then what is f[g(x)] equal to
[NDA-2006; DCE-1996]

(@) +x) (®) 3]

© or (@) -3[fx)]

Let IR be the set of real numbers and let/: IR —

5

IR be a function such that f{x) = " X — . What
+x”

is the range of /? [NDA-2006]

(@) IR () IR- {1}

© [0, 1] @ [0, 1)

Iff:R— R and g : R — R where f{x) = |x|
and g(x) = [x], then {x € R | g(fx) <fg(x))}

is equal to [EAMCET-2003]
(@) Zv (=0, 0) (®) (==, 0)
© Z @R

IfA={x:-1<x<1}andf: 4 > A,fx)=x|x],
then =

(a) one-one

(¢) one-one onto

(b) onto
(d) many one-into

The number of all onto functions which can

be defined fromA4={1,2,3,..........,n},n=>
2toB = {a, b} is [EAMCET-1992]
(a) 2"— (b) 2"—1

(c) 2" @ P,



16.

17.

18.

19.

20. f{x)=cos

21.

Which of the following is an even function
[PET (Raj.)-2000; MNR-1998]
a*—1
a*+1

(a) x (b) tanx

a*—a” a +1
d
2 @ a -1

©

Let f{ix) = sin x, g(x) = log |x|. If ranges of
function fog and gof are R, and R,, respec-
tively, then [T Screemng-] 994]
(@) R = (-1, 1),R, = (-, 0)
(b) R, = (—0,0),R, =[-1,1]
(©) R =[-1, 1),R, = (-, 0)
(@ R =[-1, 1R, = (-,0]

If fix ) = fCx,) = f[ J x, %, € -1 1];

then f{x) is equal to
[Roorkee Screening-1998]
(@) log(l_—xj
1+x

(b) tan™’ [l—_xj
I+x
1
o

2x7) (d) tan™ [H—_x]
-x 1-x

If for two functions f, g; gof'is a bijection, then
correct statement is

[Kurukshetra CEE-1998]
(a) both g and f'must be bijection
(b) g must be a bijection
(c) fmust be a bijection
(d) neither of them may be a bijection

I-xx,

x , correct statement is
[Kurukshetra CEE-1998]

(a) f(x) is periodic and its period = \/En
(b) flx) is periodic and its period = 4 &
(c) f{x) is periodic and its period = \/;

(d) f{x) is not periodic
Va-x* H

Domain of the function sin {lo g[ ]
—x

is
[IIT-85; Delhi (EEE)-98;

PET (Raj.)-2003]
(@ [-2,1] ®) (-2, 1)
(© [1,2] @ (-1, 2)

22.

23.

24.

25.

26.

27.

28.

29.
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If X = {1, 2, 3, 4}, then total number of pos-
sible one-one onto functions from X to .X for
which f(1) =1, 2) # 2, f(4) # 4 will be

(@ 3 (b) 4

©) 6 @ 2

Rangeof f{x)=1+x—[x] [Roorkee-2000]
@ [0,1] ®) [1,2)

(© ©,2] @ [1,2]

Iff:[1,0)—[2,0)isgiven by fix)=x + l,
x

then f7 (2) is equal to [IIT Screening-2001]
(a) -1 @® o0
© 2 @1

2
The domain of the function cos™ [log2 %j

is [MP-98]
(@ [-172] - {0} (®) [1,2]
© [2.2]- {0} @ [2,2] -1, 1)
Ifflx)= — thenj[ﬂcos 20)] =

[MPPE 1-94, 01; Pb. CET-02]
(a) tan?> 0 (b) sec26
(c) cos26 (d) cot20
The domain of definition of the function y(x)

given by the equation 2% + 2% =2 is
[IIT Screening-2000]

@ 0<x<l (b) 0 <x<0

(c)—oo<x<_;— (d) o<x<l1

Given the function f{x) = Ha” , (@a>2).
Thenfix +y) +flx - y) =
@ 2fx) . f») (®) ) . )
Jf(x)
(c) —= (d) None of these
J»)
If ix + ay, x — ay) = axy, then f(x, y) is equal
to [MPPET-2009]
@) xy (®) x> —a?%?
© =2 L
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LECTUREWISE WARMUP TEST 2

. Let f{x) =x?and g(x) = 2%, then the solution set
of fog (x) = goflx) is

@ R (b) {0}
() {0,2} (d) None of these
I fix) = —M]—) for([x]=0 where

[x] “for[x]=0

[x] denotes the greatest integer < x, then

lim f(x) equals
x—>0"

(@1 ()0

(c) -1 (d) None of these
. The range of 3sin x + 4cos x + 5 is

(a) [3,4] (®) [5, 10]

() [0, 10] (@ [3,12]

. The domain of the function f{x) =

\sin” (log, x) +sin™' (Lj is
- 1+x

(@) [1,3] (b) (0,2]
(¢) (0,1] (@ [1,2]

. For x € [0, 2], let fix) = [x*] — [x]? then the
range of f'is

(@ {-1,0} (®) {-1,0,1}

(© {0,1,2} (@ {0}

. Iff:R— Rand g: R — R are defined by f{x) =

2x + 3 and g(x) = x> + 7, then the value of x
such that g(f(x)) = 8 are

(@ 1,2 (b) -1,2

(c) -1,-2 @1,-2
. Domain of f{x) = log | log x| is

(@) (0, ) (®) (1, )

(© 0, Hu(d, o) (@) (e, 1)

. The domain of the function

1
fo) = ——
JEx=2)(1-x)
(@) (1,2] (®) [1,2]
(© (1,2) (d) None of these

. The set of all x for which f(x)=log_,2

x+3

are both not defined as

1
and g(x)=————
Vx* =9

@ (3,2) ®) [3.2)
© (3.2] @ [3.2]
x*—4 .
Letfix)= — , for |x| > 2 then the function
x +4

fi(—0,2]U[2,0)—= (-1, is.........
(a) one-one into

(b) one-one onto

(c) many one into

(d) many one onto

-1
. The domain of the function f{x) = M
: In(| x|-2)
is
(@) [2,4] ®) (3, 4]
(©) [2, ) (d) (=o0,-3)U[2,0)

Period of the function

fx) = - [x]+Icos x| Hleos2 mxl+... +eosnme| ywhere []
denotes the greatest integer function is
(@) 2nrt ()1

(¢) not periodic d) 27a/n

The equivalent function of logi: is equal to

4
b) ~log"
()30g

¥

4.
(@) glogy

4/3

@) [log}

4y
© ;]log'y

. The functionf: R — R, f{x) =x;, x € Ris

[MPCET-97]
(a) Injection but not surjection
(b) Surjection but not injection
(c) Injection as well as surjection
(d) Neither injection nor surjection

J(x) = cos x + cos 2x + cos 4x is periodic with
period
(a) m

(c) 3n

(b) 2n
) 4n

. fog (x) = F(x). If F(x) = \/a2 —x* and g(x)

= —x2, what is the value of f{(x)?
(a) Vvx*—x ) Va'+x
© Jai+x @ Jai—x*




17.

18.

19.

20.

21.

22.

23.

A function f: R — R satisfies the equation f{x)
o) -fixy)=x+yforallx,y € Rand f{1)>0,
then

1
(@ fx)=x+ —

2
®) fx)=x+1

(C)f(x)=%x—l

(d)f(x)=%x+l

If flx + 2) = %{f(x+1)+%} and fix) > 0

for all x € R, then f{x) is

(@1 (b) 2

(c) -2 (@o

If ¢(x)= 1_ , then the value of ¢(5) +
l+e™

0@ +9) + ... +9(=3) + 9(-4) + 9(=5) is

(@5 (b) 92

() 112 (d) None of these

If f: (3, 4) — (0,1) is defined by f{x) = x — [x]
where [x] denotes the greatest integer function
then f(x) is

(a)

1
=[] (®) [x] -x

() x-3 (d)x+3

Mark one incorrect statement. If x and y are
independent variable, then

(@) fix+y) =fx) ) = fx) =a™, \is constant
(b) fix +y) = fx) = fy) = fx) = kx, A is con-
stant

(©) fl) = fx) + fy) = fix) = h in x or flx) =
0, A is constant

(D f) =fx) . S) = fx) =e™ neR.

If the function f satisfies the relation f{x + y) +

fx=»)=2x) ) Vx,y €Rand f0) #0,

then f{x) is

(a) an odd function

(b) an even function

(c) Periodic function

(d) a constant function

The fundamental period of the function f{x) =
3x — [3x]

24.

25.

26.

27.

28.

29.

30.

31.
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(@) 1 () 13
©3 (d) None of these
If log?, = m; then log,*® is equal to
@ 21 +2m) O
© 2 @ 1+m
14+2m

If f'be a function defined as f{ix) = x* -3x, -1 <
x < 3, then the range of f'is

(@) [0, 24] (b) [-2,2]
(c) [-2, 18] (d) None of these
The domain of the function Lﬂ is
x
[NDA-2003]
@) [-1, ©)— {0} (b) (-1, )

(©) R (d) None of these
The function f{x) = yx + 3\/x_3 +4/x iscalled

(a) Rational Function

(b) An Irrational Function
(c) Algebraic Function

(d) Transcendental Function

What is the equivalent definition of the func-

) ven b _ 2%, x=0 0
tion given by f{x) = { 0. x<0
[NDA-2006]
(@) f1x) = x| (®) fix) = 2x
© fo) = el +x (@) fo) =2

If f: R > R such that f{x) = (1/3)", then what

is £ (x) equal to? [NDA-2006]
(@) (18) (b) 3*
(c) log (d) log (1/3)

If fix) = (a — x")"", where a > 0 and n is a posi-
tive integer, then f[f{x)] is equal to
[CET-97; Roorkee-91;

Karnataka CET-98]
(@ ¥ (®) x*
(c) x (d) None of these

The value of a for which the function f{x) =
1 +ax,a#0is inverse of itself will be
[Screening Paper-1992]

() 2
@ o

@1
(c) -1
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32.

33.

If fix)=sin’x+ sinz(x + Z:—j +cos xcos (x + —:—j

and g(%j =1, then gof(x) is equal to
[1IT-1996]

(@) 0

(c) sinl®

®) 1
(d) None of these

Let R be set of real numbers. If f: R > R
defined by f{x) = e*, then f'is

[Karnataka CET-02; UPSEAT-02]
(a) surjective but not injective
(b) injective but not surgective
(c) bijective
(d) neither surjective nor injective.

34.

. For real values of x, range

X -x

If fix) = 2

,thenfilx +y) . fix—y)=

1 1
(@) E[f(ZX) +A2)] () 7 [2x) +12y)]

1 1
© 0 f2x) -2l @D 7 [fx) = f2)]

of the function
1 .
=E—F 18
2—sin3x
(a) 1/3<y<1
() -13<y<l1
©) -1/3>y>-1
@ 13>y>-1

[Delhi (EEE)-98]

LECTUREWISE WARMUP TEST 1: SOLUTIONS

@) [x]>-3x] +6=0
= [x]=2,3>xe[24)

10*-107"

d " y=—o——

@y 10" +107°
- 1+y_=_2><10'_zlozx

-y 2x107°

1+
= 2x=10g10[—y]
1-y

= x=llogw 1+_y
2 -y
_ 1 1+
f 1(V)=—10g101_—y

2
-1 1 1+x
=21 -
VANCD ZOgIO[l_Xj

Eliminate f{1/x) between (1) and (2)

5% =3_x'_+2, So 5/(2) _32+2
x 2
2+2

= 52) = 5 5

4.

6.

(a) f{1) =3 given and we have to make use

of the relation f{x + y) = f{x) f»), fx)
=fix-1+1)=x-1).A1)

=flx=2) [RDP=Lx=3) [RDP ...

Sx =G =D]ADF = [KHADF = [AD]F
or flx)=[AD)] =3

Now D f(x)= D 3" =3+32+33+3¢
x=1 x=1

+..+ 3"

r 3(2 _11) =120 (G.P) (Given)
3"—1=@=80 or3"=81=3*
= n=4 ’

(c) we have f{x) =ax + b, g(x) = cx + d and

fgkx)} = g{fx)}

= fAex+d)y=glax+b)=>a(cx+d)+b=
¢ (ax + b) +d

= ad+b=cb+d=fld)=g(b)
(b) fix) =sin [log (x+\/1—i-x2 )]

= fl=x)=sin [log (~x+v1+x*]



10.

=)
1+x?

= — sin log (x+\/l+x2) = flx) =—fx)

= fl=x)=sin log(

= sin[—log(x + 1+ x%)]

So f(x) is odd function.
(@ Flftx)] =F(log,x)=alog x=x
SIF®)] =fa") = log a"=x
_of(x)
@ S0} = 7 o
&+
of —— 2
_ a+l __ %x
(ocx ) oax+x+1
+1
a+l
a’x
= l— =
@+ Dx il orx {(a+ 1) x+ 1-0?}

=0or (a+ 1)x*+ (1 —a? x =0. This should
hold for all x
= a+l1=0,1-a2>=0.. a=-1

(b) Odd extension from [0, 1] to [-1, 1] means
that function from given choices which satis-
fies the condition f{—x) = —f(x)

Now || = |x|, cos (—x) = cos x,

sin (—x) = —sin x, (—x)> = x?

so we observe that f{—x) = x*> — x — sin x — cos
x +log (1 + |x|) = — (function given in (2))

.. (b) is the correct answer.

ex_e—.\’
b) y= +2
® y e +e’”
= y= ;‘_1 2
“+1
= elx_l_y=y—l
y=3 3-y
= x:l]og y__l_
2 3-y
172
Foy=log [ X=L] sofix)
3~y

11.

12.

13.

14.

15.

16.

17.
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1+ g(x)
(b)f[g(x)]=log[ A J=
1-g(x)
3x+xj_
1+?x
_?x+x
1+3x’
14+3x* +3x+x°
=log| ———~
1+3x"—3x—x

- (H_xjs
-8 1-x
—3log(l+xj 3L/(x)]

(d) fx) is continuous function and takes non-
negative values. Also we find that f{0) = 0 and
fx) > lasx > .

Hence range of f=

(@) g(fx)) = g(xD =
when x >0, [|[x]] = [x] =

g(fx))

when x <0, [x] <x <0 = [[x]| > |x|
[[x]] = x| = [|x]] . [x] £ x for all x)

= flg(x)) = g(fix)) Thus g(f(x)) < flg(x)) for
allx e R.

[0, )
[bell, g Ge)) =Axl) = |[x]|
|x]| - fgle)) =

0<x<l

© f(x) ={ o

—x*,—1<x<0

1-1 onto.

(2) By formula

(a) odd function (x) x odd function
a* -1
a®+1

(d) Range of fog is range of f[-1, 1] and range

of gof is range of g[—o, 0]

j = even function
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18. (a) Verification method

fiw) ) =log {[1 5 ][”—x]}
; I+x )\ 1-x,
=log{[1——x‘_x2 ]/[1+ i ]}
1-xx, 1-xx,
_rl T
f[l—xlxz]

19. (a) By definition.

20. (d) fix+ 1) =fx) = cosvx +T =cos/x
\/x+T=2nn:i-\/;;neN

= T=4n’m’*tdnn \/; which is not inde-
pendent of x

cos~/x is not periodic

\/4_2

X S>0>4-x2>0
1-x
= <2=>1-x>0
= x<]l>-2<x<1

21. (b)

22

. (a)
1
2 I
=
a7 1

23. (b) We know that 0 <x —[x] <1 forallx € R
= 0+1<l+x—-[x]<l+I1lforallxeR
> 1<1l+x-[x]<2forallx e R
> 1<fix)<2forallx eR

NW A=

24. (d) Clearly, f: [1, ) = [2, ) is a bijection,
1
Letf{ix)=y. Then, ix) =y =>x+—=y
x

=>xl-xp+1=0

=yi\/y2—4

= X
2
+y -4
= x:%

[ x2>1]

25.

26.

27.

28.

29.

= fﬁl(y):L uy-_4

> Hence,
f“(x)% for all
rello)m o= 20

@ cos'l(log;:”) is defined if -1 < log? "
<l
if271<x%2<2'if 1 £x2< 4
ifl<x<2or-2<x<-1
domain is [-2, -1] U [1, 2] = [-2, 2] —
LD

1—cos26
26 = ———
(c) fficos 20)] f[1+cosze}
1—tan’0
=f{tan? 0) = ——————=cos 20
R ) 1+tan’0

(c) 2¥=2-2%> 0 as exponential function 2%
is always +ive

2x<2l=x< 1 >xe€ —oo,l or —oo
! 2 2

<x<—

(a) We have flix +y)+ fix—y)

=—[a+a*?+aV+a "]

1 . . o
=E[a‘(a’ +taN)+a(@+a?)]
=@ Y @+ a) = 2ADS)

(¢) Given f(x + ay, x —ay) = axy

Letx+ay=uandx—ay=v

Then x=2 and y:u_—v Substituting
2 2a

the value of x and y in equation (i), we obtain

2 2
u —v

4
xz_yz
4

Sw.v)=

= fly)=
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LECTUREWISE WARMUP TEST 2: SOLUTIONS

. (¢) fog (x) = flg(x)) = f2°) = (2)* = 2* and
gof(x) = g(fx)) = g(x*) = 2°

Thus the solution of 2% =22 is given by x? =
2x whichisx =0, 2

. (b) For-1 <x<0,[x]=-1, So
lim sm(l+[x])7s1n0_0

x50 [ x] -1

. (¢) Range of {x) =a cosx + bsinx + cis

[c—\/a2+b2,c+\/a2+b2]

=[5-47 +32,5+/4> +32]=[5-5,5+5] =
[0, 10]

. (d) For the domain of the function sin™
1

(—) ie,cosec! (1 +x),l+x>1orl+

1+x

x<-1

= x20orx<-2

< >

O O
Y

Also ,/sin"'(log,x) is defined when sin™

(log,x) 20 and log, x <1 = x € [1, 2] ..D,
=[1,2]

. (c) Obviouslyx € [0, 1) > fix)=0
xe[LV2)=/0=0x e [V2,4/3)

:)f(x)=.l
xe[V3, )2/ =2/2=0 . R,= {0,
1,2}

. (©) gfx)=8=[f(x)]*+7=8
(2x+3)=1
4x2+9+12x=1
4x?+ 12x +8=0
x?+3x+2=0
x+D)E+2)=0
x=-1,-2
. () fx) is defined when [log x| > 0
= xe€(0,0),x#1

D=0, 1)uv(,»)

tdud ULy

8.

- (b) fix) =

(¢) The domain of when

a > b is (b, a) hence the domain of given func-
tion is (1, 2).

x—2

x+3

(d) fx) is defined if >0 or

(x+3)(x-2) >0
(x+3)?

= x<-3orx>2=D andalsox#2,x#-3
by definition of log b

-3 2

g(x) is defined is x> — 9 > 0 = (x + 3)
x-3)>0

e, x<-3orx>3=D,

Hence both are defined for D, N D, i.e., for x
<-3andx>2 (D)

Therefore both are not defined for -3 < x <2
or [-3,2].

(¢) Let fix) =f)

x2—4_y2—4
x2+4 y2+4

N x;—4_ =y;—4_1
x*+4 y +4

= x*+4=)’+4
= x=z%y
f(x) is many-one.
Now for each y € (-1, 1), there does not exist
x € X such that f{x) =y.
Hence fis into.

sin”'(3—x)
log[lx|-2]
= -1<3-x<1

Domain of g(x) is [2, 4] and let A(x) = log [|x|

-2l =>K-2>0

= P>2=>x<-2o0rx>2=(—00,-2)U(2,
)

Let g(x) =sin! 3 —x)
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12.

13.

14.
15.

16.

17.

18.

19.

f x
We know that E xX)=—=VxeD n
X

D,-{xeR:gkx)=0}
Domain of f{x) = (2,4] - {3} =(2,3) v
(3. 4]

(b) Since periods of x — [x], |cos T x|, |[cos2 &

xX|...|cos n T x|

1 2n 1 2r 1 1 2n 1

arel, ——=1, ——=—, ——=—

2 22 27 2 n
Period of f{x) is LCM. of 1, 1,
l,l, ‘.“l=1 .. (b) is answer.
2°2 4

(b) By formula logf:’k,‘ = %log)," Hence
x* 4 I
logy3 = ;log\y\

(c) Properties of identity function.

(b) Period of cos x =2 m Period of cos 2x =7
Period of cos 4x = w/2.
The required period is L.CM. of 2=, &, ©/2

P

(b) Ag(x) = fi—x» = Va’ —x*

(b) By actual verification we find correct
option.
x+DOo+D-@)-l=xy+x+y+1-xp
-l=x+y

(b) Clearly, Lim f{x + 2) = Lim fx +1) =
Lim f(x) = (say)

Then taking limit, [ = l(l +£j or ll =£
2 ) 2 1

orl’=4

1=2 [ f{x)>0 forall x]

(c) Here, ¢(—x)= : —So ¢(x) + ¢ (=x) =
1+¢

1 1
l+e™ 14¢€°
b= L= F
e'+1 l+e e +1
sum = {¢(5) + ¢(=5)} + ... + {¢(1) +

OC=D)} + $(0)

=1+1+1+1+1+¢(O)=
1_5 _11
1+e’ 2 2

20. (d) Letx=3+k 0<k<l1

Theny=fix)=x—-[x]=3+k3=k=x-3
SrTO)=y+3
Fle)=x+3

21. (d) By the results of the function the incor-
rect option is (d). Because the correct result

is foy) = ). f)

= fix)=x"neR

22. (b) Given f(x +y) + fx-y) = 2f(x) /)

x=y+3:

““““““““ )
Replacing x by y and y by x in (i) then
S +x) + fiy —x) = 2/(y) fx)

,,,,,,,,,,,,, (ii)

From (i) and (i) we get Ay —x) =fx—y)

Putting y = 2x then f{x) = f{—x)

Hence f{x) is an even function.

23. (b) Period of functionf{x) is T. Then period of
function flax) is T/a.

Hence the period of 3x —[3x] is 1/3.

4x7

log;' =

4x7

24. (b) log®, = log

N —

= %[logjﬂog;]
- %[210g§+1] = %[2»1 +1]

25. (c) fx)=3x>-3=3(x*-1)
fT(x)20ifx<-lorx>1
f1(x)L0if-1<x<1

n [-1, 1] it is monotonically decreasing
and in [1, 3] it is monotonically increas-
ing.

max f{x) = greatest among {f{-1), f(3)} =
S(3) =18 min f{ix) = (1) =-2.

So, the range of f=[-2,18].

26. (a) Quantity within radical sign must be +ve
or zero in numerater. Also denominater can
not be zero.

Vx+1 20=2x+120=>x2>-1



27.
28.

29.

30.
31.

32.

(c) By definition of Algebraic function.

(c) x as well as |x| has same sign.

Hence f{x) = |x| + x is equivalent to the given
function.

(1Y (LY
@r=[3] (3]
=y =logj, =/ (x)
(©) [0} =[a— {fxy]'" = [a —(a—xy]""=x
@ Dy=l+ax@)x=1+ay

(3)y=x—_1=f'(x)= 1+oax
o

(b) fix) =sin’x +

= T T
sin’ x+? +cos xcos x+?

2
. a . T . T
=sm x+ s1nxcos;+cosxsm?

b . . T
+ cos x(cosxcos;— Sin x Sin ;j

sin” x N 3cos” x N 2\/§
4 4 2.2

2
Cos™ x

.2
=sm-x+

sinxcosx+ —cosxsin x—

22 2 2
sin“x 3cos"x cos x
+ +
4 4 2
_SSin2x+6coszx+4coslx

4 8

=sin’ x +
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(sin® x + cos? x) =%

Nl wn

goflx)=g(fix) =g Gj =1

33. (b) fis injective (i.e., one-one), since x, x, €

34.

35.

Rand x, #x,.

.\'1 .\’:
:? e ;tAe .:>f(x.1) # flx,)
fis not surjective, since e* > 0 for all x and so
negative real number can be the image of any
real number.

For example, there is no real x such that f{x)
=-2.

(@) Ax+y) fx )

1 1
o [2¥y 2] — [25 4 2y
2 | 151 ]

N

[22« + 22y + 2—2y + 272%]

[(@*+22)+@2>+2%)] = % [f2%)

+A2p)]

_ 1
2—sin3x

ENg

@ "y
2-sin3x=1ly

= sin3x=2-1ly

Now since -1 <sin3x <1

= -1<2-1/<l1

= -3<-1l/y<-I1

> 113 1/35y<1
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ANSWERS

LECTURE 1

Unsolved Ob jective Problems (Identical Problems
for Practice): for Improving Speed with Accuracy

1. (@ 5. () 9. (d) 13. ()
2. (a) 6. (2) 10. (a)
3. (b) 7. (a) 11. (©)
4. (b) 8. (d) 12. (d)

Worksheet: To Check the Preparation Level

1. @ 4. (b) 7. (b)

2. (©) 5. (a) 8. (b)

3. (a) 6. (d) 9. (¢)
LECTURE 2

Unsolved Ob jective Problems (Identical Problems
for Practice): for Improving Speed with Accuracy

1. (¢ 5. (b) 9. (¢) 13. (a)
2. (b) 6. (a) 10. (a)
3. (@ 7. (©) 11. (a)
4. (b) 8. (¢) 12. (¢)

Worksheet: To Check the Preparation Level
1. (b 4. (a) 7. (a) 10. (b)
2. (b) 5. (¢) 8. (d) 11. (c)
3. (b) 6. (@) 9. (b)

LECTURE 3

Unsolved Objective Problems (Identical Problems
for Practice): for Improving Speed with Accuracy

1. (a) 6. (b) 11. (b)
2. (b) 7. (@) 12. (c)
3. (a) 8. (a) 13. (c)
4. (a) 9. (a) 14. (d)
5. (¢), (d) 10. (@)

Worksheet: To Check the Preparation Level

1. (@) 6. (2) 11. (c)
2. (b) 7. [1,6] 12. (a)
3. (a) 8. (d) 13. (d)
4. @) 9. (d) 14. (d)
5. () 10. (b) 15. (d)
LECTURE 4

Unsolved Objective Problems (Identical Problems
for Practice): for Improving Speed with Accuracy

1. (b) 5. (a) 9. (a) 13. (a)
2. (b) 6. (a) 10. (a)
3. (¢) 7. (d) 11. (b)
4. (d) 8. (a) 12. (a)
Worksheet: To Check the Preparation Level
1. (a) 5. (b) 9. (a) 13. (d)
2. (d) 6. (b) 10. (¢)
3. (a) 7. (a) 11. (a)
4. (a) 8. (a) 12. (a)
LECTURES

Mental Preparation Test

2.(1,2)

3. {x: -1 <x<0}; (-2, ©2)
4. D,=R- {1}, R =R- {2}
5.D,=[-1, 1]

6.x23,y20

9. 1and 5

10. n>+2

1. D,=R-{1},R=R- {2}
13. D,=R,R = [-5, 5]

14. [0, 2/3]

16. tan x*

18. -3, -4,-20/9; sin®> x + 2 sin x -3
19. cos (2x?)
20. k=0
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LECTURE

Basic Definition,

Evaluation of Limits (Basic)

l BASIC CONCEPTS '

<) INTRODUCTION

neighbourhood of ¢.i.e.,x € {¢ <x <c + h} for
small A. In other words, x takes values nearer

Left and Right Sides of a Point

1. If ¢ is a point of an open interval {x | a <x
< b}; then ¢ divides the open interval (segment
of the straight line) into three disjoint parts; viz NOTE

@G ¢ In both the cases we never mean x must be equal
(1) {x|a<x<c} to ¢ for some x.

and nearer to x = ¢ from right.

@1i1) {x|c<x<b}
The part {x | a <x <c¢} is called the left side
of the point x = ¢ and the part {x | ¢ <x <b} is
called the right side of the point c.

. Neighbourhood of a point x=c¢
The open interval {x | c —h <x <c+ h} where
h is a small +ve real number at our choice
(i.e., any) is called the small i.e., # — nbd of
the pointx =c.
The open interval = {x | ¢c —h <x <c¢
+ h except x = ¢} is called the nbd of
point c.
Leftnbdofx=cis: {x|c—h<x<c}
Rightnbdof x=cis: {x | c <x<c+h}
Here ‘nbd’ means neighbourhood

. The meaning of x — ¢ negativelyie.,x > c—
This means x takes any value of the deleted
left nbd of pointx =cie,x € {c—h<x
< ¢} for all small +ve A : In other words x
takes values nearer and nearer to x = ¢
from left.

. The meaning of x — ¢ positively i.e., x >
¢+ . It means x-takes any value of the right

<) DEFINITION OF LIMIT
1. Meaning of

lim f(x)=} = f(c+0)=lim f(c+h)

= Right hand limit of the function

In words it means as x approaches ¢ from right
f(x) approaches / which s called the R H. limit
of function.

. Meaning of

lim_f(x)=l=f(c—0)=1hirr(}f(c—h)
= Left hand limit of the function

In other words it means as x approaches ¢ from
left then f(x) approaches [,. [, is called the left
hand limit of function.

. lim f(x) exists if and only if I = L= Finite

xX—c

and unique Common value / is called limit of
the function and denoted by lim f(x) = L.



B.4 Basic Definition, Evaluation of Limits (Basic)

NOTES

1.

2.

Here we never mean f(x) must be equal to /
for some x.
The concept of limit can some how extend the
definition of a function to the point where it is
not defined.

. Limit and value of a Function

The value and the limit of the functions are quite
independent of each other.

. The limit of fi(x)as x approaches ¢ does not exist

if at least one of the following is true:
(1) Right hand limit does not exist.
(i1) Left hand limit does not exist.
(i11) Both right hand and left hand limits exist
but they are not equal.
(1) x >oomeans that x grows without bounds
in the positive direction.
(if) x — —oo means that x is negative and | x |
increases without bounds.
(iii) Eig“lf(x) =+oc0 means that f(x) grows
without bounds in the positive direction
as x - approaches a.
(iv) liinf(x) =—co means that f(x) is nega-

g(x) by maximum powers of x obtained from
the numerator and denominator for finding
desired limits.

. Substitution Method To evaluate lxl_I)I‘} f(x) put

x=a +hwhenx = a, h > 0 and simplify the
numerator and denominator, and cancel com-
mon 4 and now obtain the limit by substituting
h=0.

. Rationalization Method In case numerator or

denominator are irrational functions (Factors
having square root) rationalisation of numerator
or denominator helps to obtain the limit.

. Problems Based on Expansion The follow-

ing expansion formula can also be used with
advantage in evaluation of limits.

3 S 7

5 . X X
(1) Slnx—x_3—!+?!_7—! ........ 0o
2 4 6
(i) cosx=1-+2-% 4 . oo
2! 4! 6!

3
(iii) tanx =x+x—+3x5 F s oo
3 15

2 3
N x x x
tive and | f(x) | grows without bounds @v) e =1+F+E+§+ ........ oo
asx —a. ’ ’ ’
6. Seven Indeterminate forms ™) log(l +x) = x— ﬁ + x_’ _ ﬁ o oo
B 0%, =, 0, 1° 2 34
0 e’ ’ | o 1 (xloga)’  (xloga)’
1) o =1+“l’!ga o zg!a) s F e
3
i e x
€9 EVALUATION OF LIMITS (WORKING RULE) (vi) sin 'x=x+ z"' Exs o =
1. Direct substitution Method To evaluate ] P R
lim f(x), put x = a and simplify. In this (viii) tan x=x—?+?—7+ ~~~~~~~~ -
case limit as well as value of the function is n(n-1)
same. (xi) (I+x)"=1+nx+ sz + o R
. f(x) ) -1<x<l,ne Q. )
2. Factor Method Toevaluate lim factorise
= g(x) 1 x 11,
both f(x) and g(x) and cancel the common factor x) (+x)*= e{l —5+ ﬁx +one }
x —a and then put x = a for finding the desired
limit. ol x> 5x* 6l
. . i Tx=l+—+——+—x+....
3. Something finite N or —o () sec 2! 4 6! *
0 2
.. 2 2.2
in"'x)?=—x"+"—x*+....
4 Some&ing finite N () (sin”"x) Z!x 4! x
0 o 9. For the small value of x : sin x = x, cos x -
5. Limits when x — o In case of limits when 1, tan x > x, log (1 + x) > x, log (1 — x) -
x> o©ie., SO —Z then divide f(x) and xand (1 +x)y'=l+nx,e=l+x,a=1+x

g(x) e log a.



10. Some Important Results

(1) lmi—l x in radian
X

x>0
... 4. tanx . ) . sinax
(i) lim—==1,x inradian, lim =a
-0 x x—0 X

(ii1) limcosx =1, x inradian,
x—0

Basic Definition, Evaluation of Limits (Basic) B.S

sin x° b1
x—0 X l 80
sinx . .
(iv) 1lim2>—Z =0, x in radian.
X—oo x
. COSX sinax _a
(v) lim =0, x in radian, lim——— ==
X =0ginbx b

sina—cosa

1. Evaluate lim

a—=

T
a—_
4

[CBSE-92C, 2002C, 2003,
(Sample paper) 2003,
Practice sample paper VIII]

Solution

. T 4
Puttmgoc=t+z,whena—>z,thent—>0

. sindt—cosQ
llm—
a__

. n . T
Simnzcos—+costsin— (—

n . . T
costcos—— SlI’ll‘Sll’lZ

=lim
t—0 t
sint cost  cost , sin? sint 2sint
_ lim_Jz V2 2 2 — lim— 2
t—0 t t—0 t
— lim \/2 sint \/—1
t—0 t—0 t
=2xl1= J2
2. lim w is equal to

0 xTsinx [MP-1999]

Solution

We know that

. xcosx-—sinx
Then = |ljm—— >~

x—0

x’sinx

xtan4x

3. Evaluate the limit lim
*>0]—cosdx

[CBSE-2004]
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Solution

xtan4x

im———
*=>0] —cosdx

sin 4x
* xsin4x
= lim <084 _jp,_ *
x-02¢in"2x  *—02sin” 2x.cosdx

x.2sin2xcos2x .. cos2x 2sin2x
=1lim =1

*>0 cos4x.2sin* 2x

im — X
*-0cos4dx 2sin” 2x
. cos2x «x
= lim —
x>0 cosdx sin2x

limcos2x | 9y

— x50

== Jim——
limcos4x *—02sin2x
x—0

2
IR 2 T U |
1 2+-0{ sin2x 2 2
. .. .. 2—cosec’x
4. Evaluate the limit lim———
x_,% 1-cotx
[CBSE-2001]
Solution
i 2-cosec’x . 2—(l+cot’x)
ot l=cotx «® 1-cotx
4 4
—_— 2 —_—
- im 1-cot”x — lim (1-cotx)(1+cotx)
,_,g 1-cotx H% 1-cotx

= lim(l +cotx) = (1+ cot%j

X——
4

=(1+1)=2

5. Evaluate limM

[AISSE-89
x>0 3x —sin’x k /

Solution

Dividing numerator and denominator by x
tan3x 2x

X X
sin’x

o I I L
= lim| — 3% =0 3x
H 3—Slﬁ.sinx 3—lim51ﬂ.limsinx
X x>0 x x-0
_ 3x1-2  3-2 _ 1
3-1xsin0 3-1x0 3
3
6. Evaluate lim ¥ +1
x=-1 x 4 l
[HPB-2000; HPSB-2000]

Solution
3

. X
When x = —1 the expression assumes

x—
. . 0
the indeterminate form — . Therefore, (x + 1)

is a common factor in numerator and denomi-
nater. Factorizing the numerator and denomi-

.ox +1 0
nator, we have lim —— form —
-l x +1 0

lim (x+D(x*-x+ 1)_
(x+1)

= limx*-x+1

x—-1

x—-1

1)P-(CD+1=1+1+1=3

2 —_—
7. Evaluate the limit lim x -1

=1 3x+1-5x -1

[West Bengal-79]

Solution
. x2 -1
Iim————
=1{3x+1-+/5x-1
- lim x -1 V3x+1++/5x-1

x>l 3x+1—\/5x—1 \/3x+l+x/5x—l

i (7 =D(V3x+1+4/5x-1)

= 1

x-l 3x+1-5x+1
lim (c+D(x-D(3x+1++5x-1)
T x5l —2(x—1) -

_ lim‘(x+1)(\/3x+l +5x-1)
-2

x>l

[“x#1=x-1#0]



= —%lin]l(x+1)(\/3x+1 +/5x-1)

—%(1+1)(\/3.1+1 +45.1-1)

-% 2.2+2)=-1(4)=—4.

8. Evaluate limw

lim =D [MP-96, 97]

Solution

lim Bx-1)4x-2)
== (x+8)(x-1)

e
SEEEE)

A1)
- lim——X/\ X/
EonE
x x
1 2
3——||4——
=1im[ x)( x)=(3—0)(4-0)
H‘”(l&)[l_l) (1+0X1-0)
X X
_3X4
1x1
9. Find the value of limM
x=0] —cosx
[MP-2001]
Solution
X _ X _ 2
lim)c(e 1) —lim& 1 X

0] —-cosx 0 x (lI-cosx)
. e -1 x2
= lim X
x—0 0 X
¥ 2sin’=
2
X _x
e — 525
= lime—x—2-2 %2
x>0y X .X
sin =.sin =
2 2
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2

c5
= 21in3exx_1.1im ‘Lx
e 379 sin =
=2x1x1=2
Zx_23x

10. Evaluate the limit lirr%
Xx— x

[PSB-2002; PSB-2001(C)]

Solution

3*=1+2xlog3)+

2
(2x1log3) +
2!

2
=1+ (3xlog?2)+ @M+ .....

2!
2x _ 3x 9
lim =2log3 —3log2 =log—
x>0 X 8
3
11. Show that lim 2&LF¥) _,
=0 sin’x
[CBSE-2004]
Solution
+x°
We have lim M
x—0 sin” x
3 3
—lim log(l -3|- X ) .xs
=0 x sin” x
3 3
i 0Bl Xm( Ed )
x>0 X x>0 sin” x
=1.(1)y»=1
Proved.
1
1-=
12. Evaluate the limit lim ——*—
=1 sinm(x —1)
[PSB-99]
Solution

-1
X

lim—%
==l sing(x —1)

. x-1
= lim—
=1 xsinm(x —1)




B.8 Basic Definition, Evaluation of Limits (Basic)

Putx=1+h, sothat whenx > 1,h—> 0

A+h)-1 . h
= lim , =lim
h=0(1+ h)sinn(l+h=1) 01+ h)sinmh

1 1 1
= X - X —
Eim(+h) |y, SINTE

-0 Tth

= 1 XlX 1
(1+0) © sinmh
mh-0 Tth

13. Evaluate the limit lim mez
(n-2x)

n
X
2

[CBSE (foreign)-2000]
Solution

. 1-sinx
We have lim| ———
2 (m—2x)

1 —sin g+h
= Lim 5 (forng
[n—(”m}z} 0
2

. 1 —cosh 1-cosh
=1lim > =1lim o
=0 (m—m—2h)" 0 4h

) 1 1 sin— sin—

—lim=—2="jim-—2 2

h—04 h 2h>0 4 h/2  h/2

11 sin— sin —
=—.—lim .

2 44150 h/2 | B0 h/2
= lxlx :l

8 8

VI—-x? =1+ x?

14.