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Note to the Student

Wiley Mathematics Problem Book is specifically designed to meet the needs of engineering (JEE) aspirants and give an edge to their
preparation. The book offers complete coverage of the mathematics curriculum (of Class 11 syllabus) for JEE. It is enriched with unique
elements and features that help students recapitulate the concepts, build problem-solving skills and apply them to solve all
question-types asked in the engineering entrance examinations. The book is a valuable resource for both JEE (Main) and JEE (Advanced)
aspirants. The chapter flow of the book is aligned with JEE Main syllabus and its coverage in the classroom. However, topics specific to
JEE (Advanced) and advanced level questions are also covered both as solved examples and practice exercises.

We will now walk you through the target examinations and some key features of the book that enhance the learning experience.

TARGET EXAMINATION

Admission to Undergraduate Engineering Programs at IITs, NITs and other Center and State (participating) funded Technical
Institutions use the Joint Entrance Examination Main (JEE Main) score as eligibility/merit criteria. The JEE (Main) is also an eligibility test
for the Joint Entrance Examination Advanced [JEE (Advanced)], which is mandatory for the candidate if he/she is aspiring for admission
to the undergraduate program offered by the IITs. The JEE (Advanced) scores are used as an eligibility criteria for admission into IITs.

An effective exam strategy for success in these examinations can be based on the detailed analysis of previous years question papers
and planning your preparation accordingly. The Mathematics Question Paper of these examinations is a judicious mix of easy, moderate
and tough questions. The analysis of question distribution over the units of mathematics syllabus for these examinations is given below.

EXAM ANALYSIS OF PAPERS

Mathematics question paper comes as an amalgamation of easy, moderate and tough questions. This section shows the unit-wise as
well as chapter-wise analysis of previous 9 years (2010-2018) JEE Main and JEE Advanced papers.

JEE Main
Year
Unit
2010 2011 2012 2013 2014 2015 2016 2017 2018
Algebra 14 13 13 12 12 11 12 13 12
Calculus 8 10 9 8 9 8 7 10 8
Trigonometry 2 1 1 3 2 3 3 2 3
Analytical Geometry 6 6 7 7 7 8 8 5 7
JEE Advanced
Unit Year
2010 2011 2012 2013 2014 2015 2016 2017 2018
Algebra 16 17 12 14 12 6 12 10 8
Trigonometry 5 1 2 4 3 1 2 1 1
Analytical Geometry 13 8 9 10 7 3 9 7
Differential Calculus 2 7 6 11 5 7 8 12
Integral Calculus 8 7 10 7 5 4 5 7 4
Vector 3 3 2 3 2 1 1 3 2
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FEATURES OF THE BOOK

A. Understand the Concepts

1. All the concepts as per the JEE curriculum

are explained in simple steps to develop ) 1.1 SetTheory
fundamental understanding of the 1.1.1 Sets
subject. A set is a well-defined collection of objects or elements. Each ele-

ment in a set is unique in its nature. Generally, but not necessarily,
a set is denoted by a capital letter (e.g. A, B, U, V, etc.) and the ele-
ments are enclosed between brackets, ‘{ }, denoted by small letters
a, b, ..., x,y, etc. For example, let us consider the following sets:

A = Set of all small English alphabets ={a, b, ¢, ..., x,y, 2}

B = Set of all positive integers less than or equal to 10 ={1, 2, 3,

4,5,6,7,8,9,10}
R = Set of real numbers = {x: —o0 < X < o0}

Key Points:

S

e |f Ris a relation from A to Band (a, b) ¢ R, then we also write
aR b (read as ais not related to b). 2. Important points to remember about

e In an identity relation on A, every element of A should be concepts highlighted as Key Points.

related to itself only.
e aRb shows that a is the element of domain set and b is the
element of range set.

B. Every Aspect of the Subject Covered

In form of formulas, figures, graphs and tables to enhance problem-solving skills.

1. sin2A=25inAcosA=ﬂ
T+tan“ A
T—tan? A
2. cos2A=1-2sin> A=2cos? A—1=cos’ A—sin? A:tain2
T+tan” A
3. tan2A= ﬂ
1-tan“ A

4. sin3A=3sinA—4sin> A= 45sin(60° — A)sin Asin(60° + A)
= A— ies A=4cos(60°— A)cos Acos(60°+ A)

=tan(60°— A)tanAtan(60°+ A)

= | 1 Table 1.4 Functions and their respective periods
_ S.No. | f(x) Period
1. sinx, cos"x, cosec”x, | 2rif nis an odd number; rif n is
@ (b) secx an even number
Fig y tan"x, cot"x T neN
|sinx|", |cosx|", 7 neN
y=f"1(x) s [tanx|", |cotx|"
N 47
! \X/// {x} 1
il fix)=k Periodic function but it has no
P 1X fundamental period
| v V4 P .
* X
-1 0] 1 '
y=Mfx) ™
Figure 1.43




C. Reinforce Concepts

1. [lllustrations pose a specific problem using [IEETRERN Find the solution of equation +3 cos 8- sind = 2.
concepts already presented and then work .
. Solution:
through the solution.
J3cosf+sinf=+2

= ﬁcosﬁ+lsin9= !
2 2 L2
1
= sinzcos¢9+cos£sin0 =
3 3 NP

. T LT
=sin| @+— [=sin—
( 3) 4

—=0=nz+(-"E-Z
4 3

2. Your Turn within each chapter is present to
' Your Turn 2 ‘ reinforce and check the understanding of the students.

1. Find the solution of the equation J3sinx+cosx =4.
Ans. No solution

2. Find the general solution of the equation (\/§—1)sin 6+(\/§+1) <

cosf=2.
Ans. 49:2n7zi£+£
4 12

3. Find the solution of the equation sinx + cos x — 242 sinxcosx

=0.
Ans. x =nz+(-1)" E—(E)
6 4

3. Additional Solved Examples suitable for JEE

exams are provided with in-depth solutions for Additional Solved Examples

the students to understand the logic behind

and formula used. 1. Solve cot (sinx+3)=1.

) Solution:
sinx+3=n7riZ:>2Snﬂ'i%S4:>n=1

. V.4
=sinx= ﬂiz—S

=x=nr+(=1"sin™’ (57”— 3) or nz+(=1"sin™" (37”—3)




D. Understanding the Exam Pattern

Through Previous Years' Solved JEE Main/AIEEE Questions and Previous Years' Solved JEE Advanced/IIT-JEE

Questions.

IIT-JEE Questions

=0and 2cos26—- 3sin@= 0 in the interval [0, 27] is
(A) zero (B) one (C) two

Solution: The first equation is

2sin% 6—cos26=0
It can be written as
25in249—(1—2sin20)=0
= 4sin’6=1
-1
=sinfd=—,—
2

’

N | —

Previous Years' Solved JEE Advanced/

1. The number of solutions of the pair of equations 2sin?4

(D)

[NT-JE|

E. Practice to Complete Your Learning

Previous Years' Solved JEE Main/AIEEE

Questions

1. A body weighing 13 kg is suspended by two strings 5-m and
12-m long, their other ends being fastened to the extremities
of a rod 13-m long. If the rod be so held that the body hangs
immediately below the middle point. The tensions in the
strings are:

(A) 12kgand 13 kg
(€) 5kgand12kg

(B) 5kgand5kg
(D) 5kgand 13 kg

[AIEEE 20071

Solution: See Fig. 2.20. Since, 132 =52 +122, therefore,

sp08="
2

ZAOB is the angle in a semicircle with diameter AB and centre C.

Through Practice Exercise 1 (JEE Main) and Practice Exercise 2 (JEE Advanced). All questions types as per JEE

Main and Advanced covered.

Practice Exercise 1

1. If f(x)=cos(logx), then f(x)f(y)—{(1/2)[f(x/y)+f(xy)I} is
(A) -1 (B) 1/2
(C) -2 (D) None of these

2. Thevaluesofbandcforwhichtheidentity f(x +1)—f(x)=8x+3
is satisfied, where f(x) = bx% +cx+d are
(A) b=2,c=1 (B) b=4,c=-1
(C) b=-1,c=4 (D) b=-1,¢c=1
3. Iff(x)= cos[;z'z]x +cos[—7r2]x, then
(AR) f(x/4)=2 (B) f(-7)=2

(C) f(r)=1 (D) f(z/2)=-1

4. f(x,y)=1/(x+y) isa homogeneous function of degree
(A) 1 (B) -1
() 2 (D) -2

Matrix Match Type Questions
19. Match the following:

(A) The number of solution of (i) 1

X sinx

V4
=—In

2 cosx 4

-7, 7]

(B) The number of solution of equation (i) 0

sin”!(x2 ~1) +cos 202 5 =7
(€) The nul comprehension Type Questions
. ) x_ fl)y
Paragraph for Questions 16 and 17: A line —2=— ¢
(D) Thenuy —2,— 7is the perpendicular to the line of the intersection of

Practice Exercise 2

Single/Multiple Correct Choice Type Questions

1. If y=f(x) be the concave upward function and y =g(x) be a
function such that f’(x)-g(x)—g’(x)-f(x)= x*+2x2+10, then
(A) g(x) has at least one root between two consecutive
roots of f(x)=0

(B) g(x) has at most one root between two consecutive
roots of f(x)=0

(C) if @ and S are two consecutive roots of f(x)=0, then
of3<0

(D) when f(x) increases g(x) decreases

the planes t»f(t)x+f(i2)z+f(—t)=0 and ty+f(-t)z+f(t?)=0,
t

where teR—{0}.

16. f(t) is
(A) even fi
(B) odd fu
(C) neithe
(D) bothe

Integer Type Questions
21.

cos[sin(cos x)] has in [0’2[] is

6. [
then tan? tan® +tan %2 tan % +tan? tan
3 3 3 3 3 3

If 8,, 6,, 6, are three values lying in [0, 2 7] for which tan 6= 4,

3 s equal to

22. The number of solutions that the equation sin[cos(sin x)] =




F.

Check Your Performance and Problem-Solving Approach

Through Answer Key and Solution to practice exercises provided with explanation.

Practice Exercise 1

Practice Exercise 1

1. Given that

f(x)=cos(logx) =f(y)=cos(logy)
Therefore,

= cos(logx)cos(logy)— ;[cos(log %) +cos(log xy)]

=cos(logx)cos(logy) —%[2 cos(logx)cos(logy)l=0

1.(D) 2.(B) 3.(A) 4.(D) 5.(A) 6.(C)
7.(B) 8.(A) 9.(D) 10. (B) 11.(0) 12. (A)
13.(B) 14. (A) 15. (A) 16. (C) 17. (D) 18.(Q)
19.(0) 20. (A) 21.(Q) 22. (A) 23.(B) 24.(B)
25. (A)
el sotions |

7. We have
fx)=(x=1(x-2)(x-3)
and f()=f(2)=f(3)=0
which implies that f(x) is not one-to-one. For each yeR,

there exists xe€R such that f(x)=y. Therefore, fis onto.
Hence, f:R— R is onto but not one-to-one.
8. Here, | x|is not one-one and
lim 4x
’H‘”(\/xz +8x+3 +\/x2 +4x+3

is not one-to-one. Also, x2+1 is not one-to-one. However,
2x —5 is one-to-one because
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Sets, Relations and
Functions

1.1 SetTheory
1.1.1 Sets

A set is a well-defined collection of objects or elements. Each ele-
ment in a set is unique in its nature. Generally, but not necessarily,
a set is denoted by a capital letter (e.g. A, B, U, V, etc.) and the ele-
ments are enclosed between brackets,'{}, denoted by small letters
a, b, ..., xy, etc. For example, let us consider the following sets:

A = Set of all small English alphabets =1{q, b, ¢, ..., x, y, z}

B = Set of all positive integers less than or equal to 10 ={1, 2, 3,

4,5,6,7,8,9,10}
R = Set of real numbers = {x: —0 < X < oo}

The elements of a set can be discrete (e.g. set of all English alpha-
bets) or continuous (e.g. set of real numbers). The set may con-
tain finite or infinite number of elements. A set may contain no
elements and such a set is called ‘void set’ or 'null set’ or ‘empty
set’ and is denoted by ¢. The number of elements of a set A is
denoted by n(A) and hence, n(¢) = 0 as it contains no element.

1.1.2 Union of Sets

Let A and B be two sets. The union of set A and set B is the set of all
elements which are in set A or in set B. We denote the union of set
Aand set Bby AuUB which, usually, read as ‘A union B’ (Fig. 1.1).

U

A B

Figure 1.1
Symbolically, we represent‘A union B’ as
AuB={x: xeAor xeB}

Forexample, if A={1, 2,3,4},B=1{2,4,5,6}and C={1, 2, 6, 8}, then
AUuBUC={1,23,4,5,6,8}.

1.1.3 Intersection of Sets

Let A and B be two sets. The intersection of set A and set Bis the set
of all those elements that belong to both A and B (Fig. 1.2).

c

A B

Figure 1.2

The intersection of A and Bis denoted by A n B (which is read as’A
intersection B’). Thus,

ANnB={x:xe Aand xe B}
For example, IfA=1{1,2,3,4land B=1{2,4,5,6}and C={1, 2,6, 8},

thenANBNC=1{2}
Note: Remember that n(A U B) = n(A) + n(B) — n(ANB).

1.1.4 Difference of Two Sets

The difference of set A to set B, which is denoted by A — B, is the set
of those elements that exist in set A but it does not in set B:

A—B={x:xe Aandx ¢ B}
In a similar manner,
B—A={xxe Bandx¢ A}
In general,
A-B#B-A

For example, if A={a, b,c,dtand B=1{b, c, e, f}, then A—B={a, d}
andB-A={e .

1.1.5 Subset of a Set

A set A is said to be a subset of the set B if each element of the set
Ais also the element of the set B. The symbol used is‘C’ That is,

ACBo (xe A = xe B)

Each set is a subset of its own set. Also a void set is a subset of any
set. If there is at least one element in set B which does not belong
to set A, then set A is a proper subset of set B and is denoted by
A c B. If set B has n elements, then the total number of subsets of
set Bis 2". For example, if A={a, b,c,dyand B={b, ¢, d}, then BC A
or equivalently Ao B (i.e. Ais a superset of B).

1.1.6 Equality of Two Sets

Sets A and B are said to be equal if A c B and B ¢ A which can be
writtenas A =B.

1.1.7 Universal Set

As the name implies, universal set is a set with collection of all the
elements and is denoted by U. For example, a set of real numbers R
is a universal set whereas a set A = {x: x < 3} is not a universal set as
it does not contain the set of real numbers x > 3. Once the universal
set is known, one can define the‘complementary set’ of a set as the
set of all the elements of the universal set which do not belong to
that set. For example, if A = {x: x < 3} then A (or A%) = complimen-
tary set of A = {x: x > 3}. Hence, we can say that AU A = U, that is,
a union of a set and its complimentary is always the universal set
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andAn A= @, that is, the intersection of the set and its compli-
mentary is always a void set. Some of the important properties of
operations on sets are listed as follows:

1. Alor (A)F1=A ANA“=¢ and AUA  =U

2. Aug=AandAn ¢=¢

3. AuU=UandAnU=A

4. ANBUO=ANBUANQ
5. AuBNC)=(AuB)N(AUC(C)
6

>

@
I

Sl

)

=AN
|

>
x|

7.

>
[so)

1.1.8 Cartesian Product of Sets

The Cartesian product (also known as the cross product) of two
sets A and B, denoted by A x B (in the same order) is the set of
all ordered pairs (x, y) such that x e A and y € B. What we mean
by ordered pair is that the pair (g, b) is not the same pair as (b, a)
unless a = b. It implies that A x B # B X A in general. Also if set A
contains m elements and set B contains n elements then A x B con-
tains m x n elements. Similarly, we can define AxXA={(x,y);xe A
and y € A}. We can also define Cartesian product of more than two
sets. For example,

A1><A2><A3><...><An={(al,az, ...,an):a1 €A, a,€ A, ...,a,€ An}

In a sports club, 65% of children play football,
70% play volleyball and 75% play basketball. What is the smallest
percentage of children playing all these three games?

Solution: Out of 100 children, the total number of children who
do not play

(i) football=100-65=35
(ii) volleyball=100-70=30
(iii) basketball =100-75=25
So, the maximum number of children who do not play at least
one game is
35+30+25=90

Thus, the minimum number of children who play all three games is
100-90=10

Hence, the smallest percentage of children playing all three games
is 10%.

Note: The greatest percentage of children playing all three games

=min(65%, 70%, 75%) = 65%.
' Your Turn 1 ‘

1. In a sweet shop, normally, people buy either one cake or one

box of chocolate. One day, the shop sold 57 cakes and 36 boxes

of chocolates. How many customers were there that day if 12
people bought both a cake and a box of chocolates?

Ans. 81

2. Asurvey shows that 63% of the Americans like cheese whereas

76% of them like apples. If x% of the Americans like both cheese

and apples, find the values of x.
Ans.39<x<63

1.2 Relation

Let A and B be two sets. A relation R from the set A to set B is a
subset of the Cartesian product AxB. Further, if (x, y)eR, then
we say that x is related to y and write this relation as x R y. Hence,
Ri{(x, y);xeA, yeB, xR y}.

As an example, consider A={1, 2, 3} and B={], 8, 27}, so that
AxB={(1,1),(1,8), (1,27), (2,1), (2,8), (2,27), (3,1), (3,8), (3,27)} -

Consider now a subset Rof AxB,as R={(1,1), (2, 8), (3, 27)} -

We notice that in every ordered pair of R, the second element
is the cube of the first element, that is, the element of the ordered
pairs of R has a common relationship which is “cube”.

In case, we take A={2, 4, 6}, B={1, 5}, then
AxB={(2,1),(2,5),(4,1),(4,5),(6,1), (6, 5}
Consider now a subset R of AxB as
AxB={(2,1),(2,5),(4,1),(4,5),(6,1), (6,5)}

Here, the first element in each of the ordered pair is greater
than the second element. Hence, the relationship is “greater than”.
Obviously, from the definition, xRy and y Rx are not the same, since
R={(x, y): x€A, yeB, xRy} and R={(x, y):xeB,yeA,xRy} are
different.

1.2.1 Domain and Range of a Relation

Let R be a relation defined from a set A to a set B, i.e. RCAXB.
Then the set of all first elements of the ordered pairs in R is
called the domain of R. The set of all second elements of the
ordered pairs in R is called the range of R. That is, D = domain of
R={x:(x,y)eR} or {x:xeAand (x, y)eR}, R" =range of R={y:
(x, y)eR}or {y:yeBand(x, y)eR}

Clearly, DC AandR" CB.

For example, for R given in {(1,1),(2, 8), (3, 27)} above, domain
of R={1, 2, 3}, range of R={1, 8, 27}.

(MR Let A = (1,2,3}and B=12,4,6,8}. Let R, ={(1,2),

(2,4),(3,6)}and R, ={(2,4), (2, 6), (3, 8), (1, 6)}. Then find domains
and range of relation R, and R,.

Solution:
Domain: R,=11,2,3}
Range: R, =1{2,4, 6}
Domain: R,=1{2,3,1}
Range: R,=14,6, 8}
' Your Turn 2 ‘

Find the domain and range of the following relations:
1. {(1,2),(1,4),(1,6), (1, 8)}
Ans. Domain = {1}, Range = {2, 4, 6, 8}
2. {(x,x3) :xis a prime number less than 10}
Ans. Domain =1{2, 3, 5, 7}, Range = {8, 27, 125, 343}

1.2.2 Types of Relation

1. Binary relation: If A is a non-empty set, then any subset of
A XA is said to be binary relation on A or a relation on A.
2. Reflexive relation: A relation R on a set A is said to be a reflex-
ive relation on A if
XRx, thatis, (x,x) e R;Vxe A
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3. Symmetric relation: A relation R on a set A is said to be a

symmetric relation on A if

XRy = yRx
That is,
xy)e R=(,x)e RVx,ye A

4. Anti-symmetric relation: A relation R on a set A is said to be

an anti-symmetric relation on A if

XRyandyRx=x=y

That is,
(x,y) € Rand (y, x)e R
=S>x=y, VX, yeA
5. Transitive relation: A relation R on a set A is said to be a tran-
sitive relation on A if
(x,y)e Rand (y,z) € R

=KX 2eRVXxyzeA
That is,
XRy and yRz = xRz
6. Identity relation: A relation R on a set A is said to be an iden-
tity relation on A if
R={x,y):xe A ,ye A x=y}
This is denoted by /,. Therefore,
[y={x):xe A}
A XA is said to be the universal relation on A.
8. As pc AXA, ¢is arelation on A, called void relation on A.
(a) Identity relation is always reflexive but a reflexive relation
need not to be identity relation.
(b) A relation which is not symmetric is not necessarily anti-
symmetric.
9. Inverse relation: Let R — A x B be a relation from A to B.Then
the inverse relation of R, denoted by R, is a relation from B
to A defined by

R ={(y,x): (x,y) € R}

N

Thus,
xyeRe(, e R, VxeAyeB
Clearly,
Domain R~' = Range R
Range R~' = Domain R
Also(R"HT=R.

LetA={1,2,4},B={3,0}and let R={(1, 3), (4,0), (2, 3)} be a
relation from A to B.Then R~1 ={(3, 1), (0, 4) (3, 2)}.

10. Equivalence relation: Let A be a non-empty set. Then a rela-
tion R on Ais said to be equivalence relation if
(i) R is reflexive (ii) R is symmetric (iii) R is transitive

11. Partial order relation: A relation R defined on a set A is said
to be a “partial order relation” on A if it is simultaneously
reflexive, transitive and antisymmetric on A.

m Let N be the set of all natural numbers. Let a rela-

tion R be defined on N by R={(qg, b): a, b € N and a < b}. Show that
Ris a partial order relation.
Solution: R is reflexive becausea<aVae N.

Ris transitive becausea<band b<c¢soa<c Vab,ce N.
Ris anti-symmetric becausea<bandb<ag,soa=bVa,be N.
Thus, R is a partial order relation.

12. Total orderrelation: A relation Ron aset A is said to be a total
order relation on Aif Ris a partial order relation on A such that
given any x, y € A, we must have either xRy or yRx.

13. Composition of relations: Let R and S be two relations from
sets A to B and B to C respectively. Then we can define a rela-
tion SoR from A to C such that

(a,c) e SOR< dbe Bsuchthat(a,b)e Rand (b,c)e S
This relation is called the composition of Rand S.
In general, RoS # SoR. Also (SoR) ™' = R~1oS .
1. Let A= (1, 2) and B = {3, 4}. Then find the number of relations
from Ato B.

Your Turn 3

Ans. 16
2. LetR={(1,-1),(2,0),(3,1),(4,2),(53)}.Then
(i) write R in set builder form (ii) represent R by arrow diagram.

Ans. (i) R={(a,b):aeN,1<a<5, b=a-2}

(ii)

\ /
[
\
i \

a b~ ON =
S
4
w N =+ O

Let T be the set of triangles in a plane and a rela-
tion r be defined by xry < x is similar to y; V x, y € T. Then show

that ris an equivalence relationon T.

Solution:

1. Every triangle is similar to itself.
Therefore, x is similartox, Vxe T
That is, xrx. So, r is reflexive on T.

2. xry = xis similartoy

= yis similar to x
= yrx
Therefore, ris symmetric relation on T.
3. xryand yrz= xis similar to y and y is similar to z
= xis similar to z = xrz
Therefore, r is transitive relation. Thus, r is an equivalence rela-
tionon T.

Let N be the set of all natural numbers. A relation
R be defined on Nx N by (g, b) R (c, d) < a + d = b + c. Show that R
is an equivalence relation.
Solution:

1. (a,b)R(a,b).Fora+b=b+a
Therefore, R is reflexive.
2. (a,b)R(c,d=a+d=b+c=c+b=d+a
= (¢, d)R(a, b)
Therefore, R is symmetric.
3. (@ab)R(c,dand(c,d)R(e,l=a+d=b+candc+f=d+e
=Sa+d+c+f=b+c+d+e
=a+f=b+e=(ab)R(ef
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Therefore, R is transitive.
Thus, R is an equivalence relation on N x N.

IS ECH If R is the relation ‘is less than’ from A = {1, 2, 3,

4,5} to B={1, 4, 5}, write down the Cartesian product correspond-
ing to R. Also find R~ (aRb is a relation then bR'a is relation inverse
toR,ie.R=R7").

Solution: Clearly,

R={(a, b)e AxB:a<b}
Therefore, R=1{(1,4),(1,5), (2, 4), (2, 5), (3, 4), 3, 5), (4, 5)}.
So, R™'= {(4,1),(5,1),(4,2),(5,2), (43),(5,3), (5,4}

TR WAl Let A= (3,5}, B={7,11}and R={(a,b):acA,
beB, a—bis even}. Show that R is a universal relation from A to B.

Solution: Given A=1{3, 5}, B={7,11}.
Now,

R={(a,b):ae A beB and a—biseven} ={(3,7),(3,11),
(5,7),(511)}
Also

AxB={(3,7),(3,11), (5,7), (511}

Clearly, R=AxB.Hence, Ris a universal relation from A to B.

| Key Points:
e If Ris a relation from A to Band (g, b) ¢ R, then we also write

aR b (read as a is not related to b).

¢ In an identity relation on A, every element of A should be
related to itself only.

e aRb shows that a is the element of domain set and b is the
element of range set.

1.3 Number Theory
1.3.1 Natural Numbers

The numbers 1, 2, 3,4, ... are called ‘natural numbers’ whose set is
denoted by N.Thus,

N={1,2,3,4,5,..}
1.3.2 Integers

The numbers ..., -3,-2,-1,0,1, 2,3, ... are called integers and the
respective set is denoted by / or Z. Thus,

I(or2)={...,-3,-2,-1,0,1,2,3, ...}

Remarks:
(i) Integers1,2,3,... are called positive integers or natural num-
bers and they are denoted by I* or N.
(ii) Integers ..., —3, -2, —1 are called negative integers which are
denoted by /™.
(iii) Integers O, 1, 2, 3, ...
negative integers.

are called whole numbers or non-

(iv) Integers...,-3,-2,-1, 0 are called non-positive integers.

1.3.3 Rational Numbers

The numbers which can be expressed in the form p/q, where pand g
are integers, highest common factor (HCF) of pand gis 1and g # 0,
are called the‘rational numbers'and their set is denoted by Q. Thus,

Q:{p: p, g€l and g #0 and HCFofp,qis1}
q

It may be noted that every integer is a rational number since it can
be written as p/1. It may also be noted that all recurring decimals
are rational numbers, for example, p = 0.3 = 0.33333... Then,

1
10p—p=3:>p=§

which is a rational number.

1.3.4 Irrational Numbers

There are numbers, which cannot be expressed in p/q form. These
numbers are called irrational numbers and their set is denoted by
Q¢ (i.e. complementary set of Q). For example,

V2, 1443, 7,3, e 5,

Irrational numbers cannot be expressed as terminating decimals
or recurring decimals.

UTEICG K Prove that log, 18 is an irrational number.

Solution: Since we know that

1
log,18 = 5 +log,3

Let us assume the contrary that the number log,3 is a rational
number. Then

log,3 = P (since log,3 > 0)
q
where both numbers p and g may be regarded as natural number.
=2P=34

However, this is not possible for any natural number p and q.
Hence, log,18 is an irrational number.

1.3.5 Real Numbers

Real numbers are numbers that can be expressed as decimals,
such as

4 08000...
5
1
~ =0.3333...
3
V2 =14142...

A real number can be represented geometrically as a point on
number line called ‘real line’ (Fig. 1.3).

-5 0 1/2 2 5 T

Figure 1.3

A set of real numbers consists of all rational and irrational numbers.
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1.3.6 Number Chart
Figure 1.4 depicts the number chart.

Complex numbers (C)

Real numbers (R) Imaginary numbers

Rational numbers (Q) Irrational numbers

v

Integers (/or Z) Non-integers

v ) v
Negative integers (/I7) 0 Positive integers (/*) or
Natural number (N)
- /)
h'd
Whole numbers
Figure 1.4

1.4 Intervals

A subset of real line is called an interval if it contains all the real

numbers lying between every pair of its elements. Let a, b € R.
Then the set

(i) {x:xe R a<x<b}is called a closed interval and is denoted
by [a, b].

(ii) {x:x € R, a < x < b} is called an open interval and is denoted
by (a, b).

(iii) {x:xe R, a<x<b}iscalled semi-closed or semi-open interval
and is denoted by [g, b). It is also called left-closed and right-
open interval.

(iv) {x:x e R, a<x<b}is called left-open and right-closed interval
and is denoted by (a, b].

Following are some of the examples:

1. The set of all real numbers x such that 4 < x < 7 is the closed

interval [4, 7].
2. The set of all real numbers x such that x < 4 is the open interval
(=0, 4).

1.5 Basic Inequalities

The following are some important points to remember:
a<b=eithera<bora=>b.

a<bandb<c=a<ec

a<b=a+c<b+c VceR
a<bandc<d=a+c<b+danda-d<b-c
a<b=ka<kbif k>0and ka > kb if k < 0, that is, inequality
sign reverses if both sides are multiplied by a negative number.
In particular,a< b= -a>-b.

6. 0<a<b =a<bifr>0anda >b"ifr<0.

weRwN =

N

. (f(x)+%) >2 V f(x) > 0 and equality holds for f(x) =1.
X

8. (f(x)+%)£ —2 V fix) < 0 and equality holds for f(x) = —1.
X

1.6 Logarithm

Following are some important points to remember:

1. The expression log,x is valid forx>0,b>0and b # 1
2. bl%a—g
log. b

b_

3. log,b=
E log.a

a

4. log,a= 1 when both a and b are non-unity.
log, b

a;2a,>0,if b>1
0<ay<a,,if 0<b<1

IITEICELRIECY Find values of x so that log), [x 1] > 0.

Solution: It is clear that

5. log,a, =log,a, = {

|| >0and [x|#1=x # 0,-1, 1
Also,
x-1>0=x =1
Two case can be handled here:
Case 1: We have
0<x]<1=xe(=1,0)0(0,1) (1)
Then,
Iog‘x‘|x—1|2 0= logyylx— 1| 2 log,1
=0 <|x-1|<1
=S-1< x-1<Tand x # 1
=0< x <2 and x # 1
=xe[0,Nu(,2] (2)
From Egs. (1) and (2), we have x e (0, 1).

Case 2: We have
X|>1=>x<-1 or x >1

X € (=00, =1)U(1, ) (3)
Also,
Iog‘x‘|x—1| >0
=|x-121= x-121lor x-1=<-1
= x22o0rx<0
That is,

X € (=o0, 0] U [2, o) (4)
From Egs. (3) and (4), we find that
X € (=00, =) U[2, o)
Hence,
X€ (0, 1)U (—e0,—1) U [2, )
or X€ (=0, 1)U (0, 1) U [2, )
Remarks: Often, one forgets to test for positive values of argu-

ment for which only log has some meaning. We need to be careful
at this point.
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Your Turn 4

4

1. Prove that @°% ¢ =¢'°%? wherea,b,ce R*and b# 1.

2. Solve forx, Iog1/\5(x—1)>2. Ans.x e (1,3/2)

1.7 Wavy Curve Method

The method of intervals (or wavy curve) is used for solving inequal-
ities of the form

fix) = (x—a)"(x—a))™ ... (x—ak)::
(x=b)™(x=by)™ ...(x—=b,)™

>0 (<0, <0 or >0)

where n;, n,, ..., n, my, my, ..., m, are natural numbers and the
numbers a,, d,, ..., a,, by, b,, ..., bp are any real numbers such that
a;, # bj, foranyi=1,23,...,kandj=1,2, 3,..., p. The following
statements comprise these:

(i) All zeros of the function f(x) contained on the left-hand side
of the inequality should be marked on the number line with
darkened black circles.

(ii) All points of discontinuities of the function f(x) contained on
the left-hand side of the inequality should be marked on the
number line with empty white circles.

(iii) Check the value of f(x) for any real number greater than the
right most marked number on the number line.
From the right to left, starting above the number line [in the
case of when the value of f(x) is positive (in step iii), otherwise
from below the number line], a wavy curve should be drawn
which passes through all the marked points so that when
passes through a simple point, the curve intersects the num-
ber line, and when passing through a double point, the curve
remains located on one side of the number line.

(v) The appropriate intervals are chosen in accordance with the
sign of inequality [the function f(x) is positive wherever the
curve is above the number line and it is negative if the curve is
found below the number line]. Their union represents the solu-
tion of the inequality.

(iv)

Remarks:

1. Points of discontinuity can never be included in the answer.

2. If you are asked to find the intervals where f(x) is non-negative
or non-positive, then make the intervals closed corresponding
to the roots of the numerator and let it remain open corre-
sponding to the roots of denominator.

3. The point where denominator is zero or function approaches
infinity will never be included in the answer.

IIT{EV NN Let us consider,

(x =13 (x+2)*(x=3)°(x +6)
xz(x —7)3

fix) =

Solve the following inequalities: (a) f(x) > 0, (b) fix) > 0, (c) fix) < 0
and (d) fix) <0.

Solution: On the number line, we mark zeros of the function, 1,-2,
3 and -6 (with black circles) and the points of discontinuity 0 and 7
(with white circles), isolate the double points: —2, and 0, and draw
the curve of signs as shown in Fig. 1.5.

Figure 1.5
From the graph, we get the following:
(@) x€ (=00, —6) U (1,3) U (7, 00)
(b) x€ (=0, —6] U {=2} U [1,3] U (7, o)
() xe (-6,-2)U(-2,000L (0, 1)U (3,7)
(d) xe [-6,0)U (0,11 U [3,7)

m Let us consider,
(sinx—%)(Inx—1)2(x—2)(tanx—\/§)
(e —e”)(x—3)?

Solve the following inequalities for x € (0, 27): (a) f(x) > 0, (b) fix) >0,
(€) fix) < 0 and (d) fix) <0.

fix) =

Solution: See Fig. 1.6. Clearly, x # 2, 3,%, 37” and f(x) = 0 for x =

n & 5rx 4r

6'3 6 ' 3°
| | | | | |
I I I I I I

0 7#/6 #n/3 #n/2 2 5x/6

| | | >
I I I

| |

I I

e 3 4n/33x2 2rx
Figure 1.6

Now, sign of f(x) does not change around x =2, e, 3. Then, for f(x) > 0.

(sinx—%)(tanx—ﬁbo

=xe (O,E)u(z,z)u(s—”,ﬂ)u(3—”,275)—{e,3}
6 32 6 3 2

Hence,

axe (555 553
e £ 215 2 2 ot
' Your Turn 5 ‘

1. Solve the inequality, 2x3 — 5x2 + 2x < 0.
Ans. x € (—o0, 0]U[1/2, 2]

2
—-3x-18

2. Solve the inequality, % 20.
13x—x*—42

Ans.x e [-3,6)U(6,7)

3. Solve the inequality, <1

x? -1
Ans. x € (=5,—1)U(1, +)

3x+4
4. Solve the inequality, ﬁ< 0.
—-3x+
X X Ans. x € (—o0, —4/3)

(x—="N(x-2)

5. Solve the inequality, ———
(2x—=5)(x+4)

Ans.xe (—4,1) U (2,5/2)
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1.8 Quadratic Expression X X

Consider a quadratic expression f(x) = ax? + bx + c,a# 0 and a, b,
c € R.Here, f(x) = ax? + bx + c represents the equation of a parabola
whose axis is parallel to y-axis. It is open upward (or concave) if a >
0 and open downward (or convex) if a < 0. It intersects with x-axis
if b2 — 4ac > 0 touches the x-axis if b2 — 4ac = 0 and never intersects Figure 1.11

. - . . 2 _
with x-axis if b — 4ac < 0. 3. If b2—4ac > 0, the parabola is cut by x-axis at two real points X

and x, (x; < x,, say) (Fig. 1.12) and we can write

1.8.1 Concave (Open Upward) Parabola
(i.e. when a > 0) fx) = ax? + bx + ¢ = alx = x;)(x = x,)

Here, flx) <0V x € (o0, x;) U (x,, ), fix) > 0 V x € (x, x,) and

1. If b2 — 4ac < 0, the parabola lies above x-axis (Fig. 1.7), that is,
P (Fig-1.7) fix,) = flx) = 0.

fix) >0V xeR.

X4 Xo R
— X
Figure 1.7 Figure 1.12
2. If b2 — 4ac = 0, the parabola touches the x-axis at X, = (=b/2a)
and lies above the x-axis (Fig. 1.8) for the remaining values of x,
that is, fx) =0 V x € R. 1.9 Absolute Value

Let x € R, then the magnitude of x is called its absolute value and it
is, in general, denoted by |x|. Thus, |x| can be defined as

||_ -x, x<0
X= x, x>0

x

X4
Note that x = 0 can be included either with positive values of x
or with negative values of x. As we know, all real numbers can be
3. Ifb2—4ac > 0, the parabola is cut by x-axis at two real points x;  plotted on the real number line, |x|, which, in fact, represents the

and x, (Fig. 1.9). If x; < x, (say), we can write distance of number x from the origin, measured along the number
line. Thus, |x| 2 0. Secondly, any point x lying on the real number
line has its coordinates (x, 0). Thus, its distance from the origin
is \x2. Hence, |x| —Jx?. Thus, we can define |x| as |x|:\/X72, for
example, if x = —2.5, then |x| = 2.5 if x = 3.8, then |x| = 3.8. There is
another way to define |x|:

Figure 1.8

flx) = ax? + bx + ¢ = alx — x,)(x — X,)

Here, flx) > 0 V x € (—e0, X;) U (x,, %) and flx) < 0 V x € (x,, X,)
and f(x;) = fix,) = 0.

| x| =max{x,—x}

X Xo *
) 1.9.1 Basic Properties of |X|
Figure 1.9
1 x=1
1.8.2 Convex (Open Downward) Parabola 2. Geometrical meaning of |x — y|: It is the distance between x
(i.e.whena<0) and y.

. + . _
1. Ifb2—4ac <0, the parabola lies below the x-axis (Fig. 1.10), that 3. |x|>a:>x>aorx<—a ifae R” andxe R™ ifae R".

is, f(x) <OV xeR. 4. |x]<a=-a<x<aifae R" andnosolutionifae R~ U {0}.
—X
5. yl=[xly]
6. [X|-1X y#0
yl Iyl
Figure 1.10 7. | x+y|<|x|+]y|: This is an important and interesting basic
property. Here, the equality sign holds if x and y either both are
2. If b2 - 4ac = 0, the parabola touches the x-axis at x, = (~b/2a) non-negative or non-positive (i.e. both x, y > 0, or both x, y < 0).
and lies below the x-axis (Fig. 1.11) for the remaining values of In other words, in the case of xy > 0. This property is self-

x, thatis, fx) SOV xe R. explanatory. Here, |x| + |y| represents the sum of distances of
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the numbers x and y from the origin and |x+ y| represents the
distance of the number x + y from the origin (or the distance
between x and -y measured along the number line).

8. |x—y|=|x|-|y|: This s a very useful and interesting property.
Here, the equality sign holds if both x and y are non-negative
or non-positive (i.e. both x, y >0 or both x, y < 0). In other words,
in the case of xy > 0. This property is self-explanatory. Here,
|x|-]y| represents the difference of the distances of the num-
bers x and y from the origin and |x—y| represents the distance
between x and y measured along the number line. The last
two properties can be put in one compact form, that is,

Xl =lyl<lx£yl< x| +]y]

Solve the following inequalities for real values
of x: (@) [x-1| <2, (b) [x=3|>5,(c) 0 < [x—=1<3, (d) x-1| +|2x - 3|

=[3x-4|and (e) |(x—3)/(x* -4)| <1.

Solution: Since both sides of the given inequality are non-negative
for all x's, when squaring them, we get the inequality (x— 1)2 < 4
which is equivalent to the given inequality. Then, we have

x2-2x-3<0
=KX+ 1)x-3)<0

=xe (-1,3)
Alternate Method 1: Since we have

x-1,
|x—1|:{
—(x=1),

=x-1<2,ifx-1=20
or —x—-1)<2,ifx-1<0
=xe [1,3)or(-1,1)

=xe (-1,3)
Alternate Method 2:

ifx-1>0
ifx—1<0

(a) We may regard |x - 1| as the distance on the number line
between the points x and 1. Hence, we have to indicate on the
number line all such points x which are at a distance less than 2
from the point having the coordinate 1 (Fig. 1.13). The desired

solutionis (-1, 3).

7 7

oO—
3

—Q @
-1 2 1 2
Figure 1.13
(b) We know that
|x-3|>5

=x—-3<-50rx—-3>5
=Xx<-20rx>8

=Xe (_°°r _2) U (8r °°)

(c) We have
0<|x-1<3
Here,
X-1>0=x#1
Also,

[x-1<3
=-3<x-1<3

=-2<x<4,x#1
=xe[-2,1)u(1,4]

(d) Since 3x—4 =x-1+ 2x -3, we get

I3x—4| = |x-1| +|2x - 3|
=Kx-1)(2x-3)=20
= X € (—oo, 11U [3/2, +0)

(e) We have

x-3
x*-4

‘31

Itis clear that
X2—420=>x#2,-2

Now
x-3 x-3
3 <1=-1< <1
x“ -4 x“ -4
Consider
x-3
> -1
x°—4

_, (X2 =2x—[(=1-429)/ 2}x ~[(-1+29)/ 2} _ |
(x+2)%(x-2) -

Now, see Fig. 1.14.
+ - + - +
-1-\29 '
2 2

Figure 1.14
-1-429 —1++29
X €| —oo, - u(-2, 2)u -

Now, consider
x-3
-4

<1

—3-x*+4
N % <0
(x*—4)
X2+ x+1
(x* - 4)

X2 —x—1

(x*-4)

(x+2) (x=2) (X—H_z\/g] [x—1_\/§]
>0

=0

2
=

(x+2)%(x-2)
See Fig. 1.15.
+ " + - n
"1-v6 1415
2 2

Figure 1.15

1-v5 1445

= XE€E (—°°,—2)U|:,

3 z]uaw)

From Egs. (1) and (2), we have

SRS Rt ety
Xe | —oo, v U] , oo

2 2 72 2
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Your Turn 6

4

1. Solve the following inequality: |x —1|+2|x +1+|x —2|<8.

Ans.xe [—Z 2:|
4 4

2. Solve the following inequality: 4| x? —1|+|x* —4|>6.

Ans. x € (—o0, —/2] U[_\E’ \E] U [/2, o)

1.10 Greatest Integer

Let x € R be any real number. We can always infer that x to be lying
between two consecutive integers, namely, /and / + 1, that is, | < x
< (I'+ 1) (left hand equality would hold if x is an integer, otherwise
I < x <1+ 1). That means, we can always find an integer, namely, /
so that the given real number x is always greater than or equals to
1. This unique / is called the greatest integral value of x and is sym-
bolically denoted by [x], that is, [x] stands for the greatest integer
that is less than or equal to x. For example,

X=269=>2<x<3
=>[X=2,x=-363=-4<x<-3
=SKX=-4x=-399=-4<x<-3
=kXl=-4

In other words, if we list all the integers less than or equals to x,
then the integer greatest among them is called the greatest inte-

ger of x. Greatest integer of x is also called integral part of x. It is
obvious that if x is an integer, then [x] = x.

Points to Remember:

1. I<x<I+1<[x]=1 forexample, [x] =2 < 2<x< 3.

2. XI>I=X2I+1=x>21+1.

3. X<I=XI<I-1=x<I.

4. 1< XI<h= Lh<x<lh+1=xe [ ,+1), forexample,
-1<X]€£4=-1<x<5=xe [-1,5).

5. x—1<[x]<x

Explanation: We know that

I<x<l+1 (M
Sixl=1= X <x
From Eq. (1), we get

I-1<x—-1<I=[x]>x—1

1.11 Fractional Part

We have seen that x > [x]. The difference between the number x
and its integral value [x] is called the fractional part of x and is sym-
bolically denoted by {x}. Thus,

X} =x—1[x]

For example, if x = 4.92, then [x] = 4 and {x} = 0.92. We know that
x—-1<[x]<x
=>-x<-[xI<1-x
=0<x-[xI<1
=0<{x<1

We find that the fractional part of any number is always non-
negative and less than one. If x is an integer, then

x=X=>{x}=0={xl}=0

1.12 Basic Properties of Greatest Integer
and Fractional Part

-

. XTI =[], [D31 =0, {Ix]} = 0.
2. x-1<xX]<x,0<{x}< 1.
3. [n+x]=n+[x]wherene |
Explanation: Let x =+ f,, where |, = [x] and f, = {x}. Then
=Sx+n=L+n+f,
=k+nl=l+n=n+I[x]
=+nl=n+I[x]
0, if xeinteger
4, Let [x]+[-x] = . .
—1,if x & integer

Explanation: There can be two cases: Either x is an integer or x
is not an integer.
Case 1:If x € / (integer), then

XI=land [-x]=—1
=[xl+[x]=0

Case 2:If I<x< I+ 1,then
-I-1<—x<-1
SK=L[x=-I-1=X+[-x]1=-1

5. We have
0, xelnteger

{x}+{—x}={

1, xelnteger

This property is the direct consequence of the above property.
As we know
x=[x1+{},VxeR (M

= —x=[-x] +{-=x} )
From Egs. (1) and (2), we get
X +=x]+x3+{x=0

{ IX1+yl, if{x}+{y}<1

[x+yl = ) .

[x1+[yl+1, if{x}+{y}>1

Hence, [x + y] < [x] + [y] + 1. Note that [x] + [yl and [x] + [y] + 1
represent two consecutive integers.

Explanation: Letx=1 +f,y= Iy + fy, where [, and ly represent the
integral part of x and y, respectively, and f, and fy represent the
fractional part of x and y, respectively. It is obvious that

[x]= IXand [yl= Iy

and OSfX<1,OSfy<1
:>0Sfx+fy<2
:>[fX+fy]:Oor1
Now,

x+y=lX+Iy+fX+fy
if 0<f, +f,<1

L+ 1, +10f 1<f + f,< 2

L+ 1,
:>[x+y]=lx+ly+[fx+fy]:

Sk+yI<X+yl+1
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7. [M] :[1], neN, xeR.
n n

Explanation: Let x = | +f,, where |, = [x] and f, = {x}. An integer

I, can be written as
l,=nd+r

where Ais the quotient when [, is divided by n and r the corre-

sponding remainder, that is,
0<r<n-1
=x=I +f=nA+r+f,
X r+f,
=>—=A+—=*
n n

Now,

0<r<n-land0<f <1

=0<r+f <n

r+f,

=0< <1

Also,

Further,

n n n n

L)

m Prove that [x] = [§]+ [XTH] where [.] denote

greatest integer function and n be any positive integer, then show

n+1 n+2 n+4 n+8
2 4 8 16

Solution: Let x/2 is an integer, say, n. Then

PRE IR

Therefore,

[£]+[X—+1] =2n=x=[x]
2 2

Let x/2 is non-integer, say x/2 =n+ f(or x = 2n + 2f). Then

2}
e

Since 0<f< 1, we get

1 1
—<f+-< 3
2 2 2
We have the following two cases:
Case 1: If we have
1 <f+ 1 <1
2 2

—_

then
X+1
2T | =n
&
That is, if
0Sf<l
2
then
{5
2 2
Case 2: If we have
1sf+l<é
2 2
then
X+1
—|=n+1
&
That is, if
l£f<1
2
Then

[£]+|:X—+1:| =2n+1=[x]
2 2

[from Eq. (1)]

(-0<2f<)

(-1<2f<2)

[T WM N Solve the following equations: (a) [2x —1| = 3[x]

+2{x}and (b) x2—4x+ [x] + 3=0.
Solution:

(a) Itis given that
[2x = 1] = 3[x] + 2{x}

Let 2x - 1 <0, that is, x < 1/2. The given equation yields

1—2x=3[x] + 2{x}

=1-2[x]-2{3 =3[x] + 2{x}
1-5[x]

=1-5x]=4}={x}=

=0 < =500
4

=0<1-5[x]<4

:>—§<[x]£l
5 5

Now, [x] = 0 as zero is the only integer lying between —3/5 and

1/5.
1

1
X=—=x=
4 4

which is less than 1/2. Hence, 1/4 is one solution. Now, let

2x—1>0,thatis, x> 1/2.
2x—1=3[x] + 2{x}

SkX=-1=-1<x<0

which is not a solution as x > 1/2. That is, x = 1/4 is the only

solution.

(b) Itis given that

X2 —4x+[x]+3=0

=Sx2-4x+x-{x}+3=0

=x%2-3x+3={x}
=0<x2-3x+3<1

Now,

x2—3x+3=x2—3x+g+3—2=(x—7
4 4
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=x2-3x+3>0 =xeR
Let us consider
x2-3x+3<1

=x2-3x+2<0

=x-1Kx-2)<0

=1<x<2=KX=1
Now, from the original equation, we have

X2-4x+4=0
=Kx-2)2=0
=x=2

which does not satisfy 1 < x < 2. Thus, the given equation does not

have any solution.
' Your Turn 7 A

1. Solve the inequality, x[x] - x2 - 3[x] + 3x > 0, where [.] denotes
the greatest integer function.
Ans.x € (-, 3) -1

2. Solve [xI>-2[x]+1=0. Ans.x < [1,2)

3. Solve the inequality, [x]? -3[x] + 2 < 0.
Ans.xe [1,3)
4. Ify=3[x]+1=2[x-3]+5,find the value of [x + y].
Ans. -7

1.13 Functions, Domain, Co-Domain,
Range

Functions are the major tools for describing the real word in math-
ematical terms. The temperature at which water boils depends
on the elevation above sea level (the boiling point drops as you
ascend). The interest paid on a cash investment depends on the
length of time the investment is held. In each case, the value of
one variable quantity, which we denote by y, depends on the value
of another variable quantity, which we denote by x. Since the value
of y is completely determined by the value of x, we say that y is a
function of x. Here, y is called dependent variable and x is called
the independent variable.

Let X and Y be two non-empty sets. A function f of X into Y (or
from X to Y), which is written as

X—=Y

is a rule or a correspondence which connect every member, say,
x of X to exactly one member, say, y of Y. For example, when we
study circles, if we take area as y and the radius as x, we have y =
7x%, we say that y is a function of x. The equation y = zx? is a rule
(correspondence) that tells how to calculate a unique (single) out-
put value of y for each possible input value of the radius x. Here,
we say y is a function of x and represent it as y = f(x), y = g(x) or
y = h(x) normally.

The set of all possible input values of x for which f(x) exists or is
defined is called the ‘domain’ of the function. The set of all output val-
ues of the y is the ‘range’ of the function. Since in the case of radii, it
cannot be negative, the domain s [0, «0) and so the range is also [0, ).

Xis the’domain’of the function. f(X) is the ‘range’ of the function
andY is‘co-domain’ of the function. The range is always a subset of
codomain.

f(x) is also called the image of x under f or the f-image of x and x
is called ‘preimage’ of y or f(x).

| Key Points:
1. f: X > Yis a function if each element x in X has a unique

image f(x) in Y.

2. f: X = Yis not a function if there is an element in X which
does not have an f-image in Y.

3. f:X— Yisnotafunction if thereisan elementin X which has
more than one f<image in Y.

4. Graphically, if a line parallel to y-axis (vertical line) cuts the
graph of y = f(x) at only one point, then y = f(x) is called func-
tion in x.

Examples are listed as follows:

1. LetX=R,Y=Randy=1f(x) =x2Then, . X — Yis a function since
each element in X has exactly one f-image in Y. The range of f=
{fix):xe X} ={xZxe Ry =10, o).

2. LetX=R, Y =Randy? = x. Here, f(x) = + v/x, that is, fis not a
function of X into Y since x > 0 has two f-images in Y, and fur-
ther, each x < 0 has no f-imagein Y.

[llustration 1.15 [N .n(‘;X), prove that f( 2 ) ~2f(x).
T+ x

T+ x
fix) = In(F—X)
T+x

Solution: We have

o 26 )y 1m X+ 22
)" 2
X 1+ [2x/(1+ x7)]
2
:>f( 2X2):In(1_—xj :2In1_—x
1+ x 1+x 1+ x
-l
X X
:>f(1fxz):2f(x)
X

If fx) satisfying the condition f(x+l):

X
x* +i4. Then find the value of f(5).
X

:f(x+l)=

X

:>f(x+l)=
X

Let us consider
x+l:y
X
=fly)=(y2-2)2-2
= f(5)=(25-2)2-2
= f(5) = 527

| Key Point:
For afunction f: X = Y, set Xis called the domain of the function

f.Set Yis called the codomain of the function f. Set of images of
different elements of set X is called the range of the function f.
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1.13.1 Some Important Functions
1. Absolute Value Function: f: R — R defined by

x x=20

-x x<0

fx)=|x| = {

which is called absolute value function (Fig. 1.16). Its domain is
R and its range is [0, oo).

f(x) = x|

(@)

Figure 1.16

Properties of absolute value function:
(i) |x+y|<|x| + |y] and equality holds if and only if xy > 0.
(i) |x—y|=||x| - |yl| and equality holds if and only if xy > 0.
(iii) [xy| = Ix]lyl
_d
1yl
2. Constant Function: f: R — R defined by f(x) = ¢, V x € R, where
cis a constant, is called a constant function. Its domain is R and
range is {c}. Graph of a constant function is a straight line paral-
lel to x-axis (Fig. 1.17).

X

(iv)

Figure 1.17

3. Identity Function: f: R — R defined by f(x) = xis called the iden-
tity function (Fig. 1.18). Its domain is R and the range is also R.

y
f(x) = x
5 X
Figure 1.18

4. Exponential Function: Let a # 1 be a positive real number,
then f: R — R defined by f(x) = a*is called exponential function.
Its domain is R and range is (0, ). The graph of f(x) = a*, when

a > 1is shown in Fig. 1.19(a). The graph of f(x) = X, when 0 < a
< 1is shown in Fig. 1.19(b).

y y

©, 1)

(@ (b)
Figure 1.19

5. Logarthmic Function: Let a # 1 be a positive real number,

then £: (0, ) — R defined by f(x) = log x is called logarthmic
function. Its domain is (0, =) and the range is R. The graph of
fix) = logx, when a > 1, is shown in Fig. 1.20(a) and the graph
of flix) = log x, when 0 < a < 1, is shown in Fig. 1.20(b).

y y

f(x) = logx

(1,0)

f(x) = logx

(a) (b)
Figure 1.20

Properties of logarithmic function:
(i) log,b=x a*=0b(aisknown as the base of the logarithm).
(ii) logbisrealifb>0,a>0,a+1.
(i) log,1=0.
(iv) log,a=1.
(v) log,(mx n) =log,|m| + log,|n|.

. m
(vi) log,—*=log, | m|-logy ||

(wii) | n |nlog,|m], forneven number
\"/1] og,m = .
a otherwise

nlog, m,
1
—logjq m, for nevennumber
(viii) log,, m=
—log, m, otherwise
n

(ix) log, b= :097"[) for any positive x = 1.
og, a

X
(x) log,bxlog,c=log,c.

(xi) log,b= —.
log, a
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(xii) a°%* =x.

(xiii) logx=logy e x=y.
. x>y>0whena>1

(xiv) logx > log,y =

O<x<ywhenO<a<1

6. The greatest integer function or Step function: . R — Z
defined by f(x) = [x], where [x] denotes the greatest integer
among all the integers less than or equal to x is called the great-
est integer function, that is, f(x) = n, wheren<x<n+1,ne
| (set of integers) (Fig. 1.21). Its domain is R and the range is /.
Following are some examples:

[2.5]=2since2<25<3
[72]1=9since 9< 72 < 10

[-4.5]=-5since-5<-45<-4

-3 2 -10 11 2 8
—_ {2
— -3
Figure 1.21

Properties of greatest integer function:
(i) x—1<[x]<x.

(i) [-x]= {—_[[))((]]—1 ifxel

(i) [x + yl =[x + [yl if {x} + {y} < 1. Here, {x} denotes the fraction
part of x.
(iv) Ix+yl=[x1+[yl+ 1if {x} + {y} > 1. Here, {x} denotes the fraction

ifxel

part of x.
7. Fractional-part function: {x} denotes the fractional part of x
which is equal to x — [x]. Following are some examples:

{27}=0.7,{3}=0,{-3.2}=0.8
See Fig. 1.22. The domain is R and the range is [0, 1).

y

A\

/)

210l 1 2 3

Figure 1.22

8. Signum Function: Signum function (Fig. 1.23) is given by

1 if x>0

sgn(x)=40 if x=0
-1 if x<O0
y

Figure 1.23

9. Polynomial Function: f: R — R defined by fix) = a, + a,x +
azx2 + -+ +a.x", where a,, a,,a,, ..., a, € R, is called a poly-
nomial function. If a, # 0, the degree of f(x) is n. Note that the
range of f(x) is R if and only if n is odd.

10. Trigonometric Function: The various trigonometric func-
tions are listed in Table 1.1.

Table 1.1 Trigonometric functions

S.No. | Function Domain Range

1. y =sinx R [-1,1]

2. y = cosx R [-1,1]

3. y =tanx R—{nz+m2,ne |} R

4. y = cotx R—{nmnel} R

5. y = secx R—{nm+/2,nel} | (—oo,—1]U[1, )

6. y = cosecx R-{nmnel} (=0, =11UI1, o)
11. Inverse Circular Function: The various inverse circular func-

tions are listed in Table 1.2.

Table 1.2 Inverse circular functions
S.No. | Function Domain Range

1. y=sin"x —1<x<1 [-772, 7/2]

2. y=cosx -1<x<1 [0, 7]

3. y=tan'x —c0 < X< o0 (~72, 71/2)

4, y=cot 'x —c0 < X< o0 0,

5. | y=cosec'x | (~e0, 11U [1,0) | [-77/2,0) U (0, 7/2]
6. y=sec 'x | (~oo,—11U[1,00) | [0, 7/2) U (7/2,
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sin x

Graphs of some important trigonometric functions are shown in Fig. 1.24.
y

1.13.2 Graphs of Trigonometric Functions
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Figure 1.24
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1.13.3 Graphs of Inverse Functions

Graphs of some important inverse functions are shown in Fig. 1.25.

y=sin"'x y=cos'x y=tan

X
/2 +
\ ” m/2|---=m-m- oo -
/2
1
1 41 0 0
1
------------ —7/2
-2
y=cot 'x y=sec'x y=cosec™'x
i
---------- Vs ‘/ x4
(_\ 0 72
L e
\_} /} -1
0 1 [0 1 ‘\ 0| 1
+ -2

Figure 1.25

TR WMV Find the total number of positive real values of Figure 1.26 shows the graph of f(x) = x|x|.

x such that x, [x], {x} are in HP where [-] denotes the greatest integer
function and {-} denotes the fraction part. 5
X
Solution: We have
2{x}x
[x]=
{x}+x 2
=[x} + xx] = 20dx =10 + XX + x3) = 203X + {3)
2 .
S = 202 = (x) = [xI” Figure 1.26
2 (b) We have
2 —Ix—
:>0<£<1:>0<[x]2<2 ‘ fx) = x = 1|+ |x + 1]
2 Since
| 1 x-1 x-120 = x2>2+1
— x—=1|=
=0<l<V2 =X =1 —(x=1 x-1<0 = x<+1
={x}= ! :>x=1+i:;>x=\/§-H = x2-1

V2 V2 V2 and |x+1|=

{ x+1  x+120
which is the only possible value of x. we get

(x+1) x+1<0 = x<-1

—2X X€(—oo-1)

Draw the graph of the following: (a) f(x) = x|x|, f)=1 2 xe[-1,)
(b) f(x) = |x = 1| + |[x + 1], (c) Ix) = 2x - {x}, x € [-1, 2] and (d) f(x) = '

X[, xe [1, 2. 2x xelle)

Figure 1.27 shows the graph of f(x) = [x — 1| + |x + 1.

Solution: y
i h
(a) Since we have y X x>0 \%
x| = _
-x x<0 2x - 2 / x
x-x x20 : :
= f(x)= : :
x(=x) x<0 | | X
19 1
x> x20
= f(x):{

Figure 1.27
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fix) =2x—{xx e [-1, 2]

(c) We have
Since
X+2
x+1
{x}=9 x
-1
X—2
we get

—2<x<-1
-1<x<0
0<x<1
1<x<2
2<x<3

2x—(x+1) -1<x<0

2x—(x) 0<x<1
f(x)=
2x—(x=1) 1<x<2
2x—(0) x=2
x=1 =1<x<0
X 0<x<I1
f(x)=
X+1 1<x<2
4 x=2

Figure 1.28 shows the graph of f(x) = 2x - {x}, x € [-1, 2].

—_]_
NH------=

Figure 1.28

(d) We have
fix) = x[x]
Since
-1
[x]= °
BE
2

we have

,xe [-1,2]

-1£x<0
0<x<1
1<x<2

xX=2

x(-1) -1<x<0

x (0
f(x)=

) 0<x<1

x(1) 1<x<2

x(2
That is,

) x=2

-x —-1<x<0

0 0<x<1
f(x)=

X 1<x<2

4 xX=2

Figure 1.29 shows the graph of f(x) = x[x], xe [-1, 2].

y

- N
| |

NH---
A
>

— -

|
N

1-2

Figure 1.29
HITREL L W E N Solve the following inequalities: (a)
and (b) |2—| [X] - 1]|£2and (c) |x] + |x— 3| > 3.

Solution:
(a) We have

1 1

_1 2-|x[+3 _
[x]-3 2

2(| x|-3)

5-x]_o _, 1xI=5

>0
[x|-3 [x]-3

= x| >50r x| <3=x€ (—oo,—5) U (5,00) orx e (-3, 3)

=X € (—o0,=5) U (-3,3) U (5, 00)
(b) We have
[2-|Ix1-1]|<2
=||X-1-2|£2=-2<|XI-1]-2<2
=0<|X-1|<4=-4<[X-1<4
=-3<[X]<5=x€e [-3,6)
(c) We have
x|+ |x-3|>3
If x<0,—x—(x—3) >3, then
x<0,-2x+3>3
=x<0,x<0
=x<0
orif0<x<3,x—(x-3)>3,then
0<x<3,3>3=>xe ¢
orifx=3,x+ [x—3| >3, then

X23,x>3=>x>3

Hence, the solution of |x| + |x— 3| > 3 is x € (—eo, 0) U (3, e0).
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I R L] Solve the inequality, logs, . 5(9x° +8x +8)> 2.

Solution: For the logarithm to be defined, we need to have
3x+5>0,3x+5#Tand 9x* +8x+8>0

If 3x + 5 > 1, then the inequality gives

1093, 5(9x* +8x+8)>l0g;,,5(3x +5)°
= 9x% + 8x+ 8> (3x + 5)?

= 9x% + 8x + 8> 9x2 + 30x + 25

:>22x+17<0:>x<£
22

However,
—4
3x+5>1 :>x>?
and %2+ 8x+8>0Vxe R(D=82-498<0,a=9>0)
Thus,
-4 -17
—<X<—
3 22

If 0 < 3x + 5 < 1, then the inequality gives
103, 45(9x% +8x+8) >10g3,, 5(3x +5)*

= 9x% +8x+ 8 < (3x+ 5)?

17
=S X>——
22
However,

0<3x+5<1= 5<3x<—4:>?5<x<_3—4

There is no value of x satisfying
-17 -5 -4
x>—— and —<x< 3

Hence, the solution set is
-4 <17
322

' Your Turn 8 ‘

1. Find all values of the parameter a € R for which the following
inequality is valid V x € R: 1 + logs(x? + 1) > log, (ax? + 4x + a).
Ans. (2, 3]

2. Solve 2[x] = x + {x}, where [-] and {} denote the greatest integer
function and fractional part, respectively. 3
Ans.x=0and x=—

[x] 0={x}< 1
,then prove that f(x) = —f(—x) (where

3. Iff(x)= 1
E<{X}<1

[x]+1
[1 and {-} denote the greatest integer function and fractional

part.
4. Solve the following inequalities:

@ log,. (|;(| J>

(b) logy/, (X2 =5x+7)>0
Ans. (a) x € (—o0, =21 U (0, 1); (b) x €

0

(2,3)

5. Solve the following equations: (a) [x]2 — 5[x] + 6 = 0, where []
denotes the greatest integer function and (b) [x— 1| + [2x = 3| =
[3x — 4. 3

Ans. (a) x €[2,4); (b) X € (—e0, 11U [E oo)

1.14 Algebra of Functions

Let us consider two functions, . D; — Rand g: D, — R.We describe
the functions f+ g, f— g, f-g and f/g as follows:

1. f+g:D — Ris afunction defined by (f + g)x = f(x) + g(x), where

D=D,ND,.
2. f-g:D — Ris afunction defined by (f— g)x = f(x) — g(x), where
D=D,ND,
3. fg: D — R is a function defined by (fg)x = f(x)-g(x), where
D=D,ND,. f(x)
4. f/g: D — R is a function defined by (f/g)x = ﬁ where
g(x

D={x:xe D, nD,, glx) 20}

| Key Points:
1. If fand g are two functions, then the sum of the functions

f + g is defined as (f + g)(x) = f(x) + g(x), Vx € (Domain
f) N (Domain g).

2. Similarly, we can define product fg and quotient f/g, respec-
tively, as follows:

(i) Vxe (Domain f) N (Domain g), (fg)-(x) = f(x)-g(x).

(i) Vxe (Domainf)n {x:g(x):o}’(i)(x)
_f) g
gx)’

3. If kis any real number and fis a function, then kf is defined |

(Domain g) —

as Vx € (Domain f) by (kf)x = kf(x).

=+6-x,g(x) =+x—2.Thenfind f+ g,

Let f(x)
f—g,fgandf/g.
Solution:

(F+gIx=A6—x+Vx-2,2<x<6
(f-g)x=46—x —vx—2,2<x<6

(Fg)x=A/6—xx=2=(6-x)-x-2),2<x<6

\/6 X 6—x 2<x<6
\fx—

m Find the domain of following functions:

(@) f(X)=\/(X2—5X+6)/(X+4), (b) f(x)=4—|x)/(|x]-5) and
(€) F(x)=1A/x =[x].

(flgix =

Solution:
(@) We know that f(x \/(x —5x+6)/(x+4) isreal and defined if
and only if 5
X“=5x+6 >0
and x+4
x+4#0
- (x=2)(x-3) >
(x+4)
and
X#—4

=xe (-4,2] U [3, =)
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(b) We know that f(x)=/(3—|x|)/(|x]|-5) is real and defined if

and only if
3—|x|20
|x|-5
and
[x|-5=0
|x|-3
<
| x| -5
and
|X| = +5
=lx| € [3,5)

=x¢e (-5,-3]U(3,5)
(c) We know that f(x)= 1/\/x——[x] is real and defined if and only if
X —[x]>0.Thus, {x} > 0.
xe R—-1
because {x} is always positive and is equal to zero if x is of integer.

m Find the domain of following functions: (a) f(x)

=cos™! (logyx) and (b) f(x) = log, . , (x2 = 5x + 6).

Solution:
(@) We have
fix) = cos™'(log; X)
Since log,x is defined if and only if x > 0 and cos‘1(log3x) is
defined if and only if -1 <log,;x < 1, for the domain, we have
x>0and-1<logyx<1

=x>0and Iog3%£xglog33

:>X>0and%£x£3

(b) We have
fix) = log, , ;(x*—5x + 6)
Since log, , ; (x? = 5x + 6) is defined if and only if X2 — 5x + 6 > 0
andx+1>0,x+ 1# 1, forthe domain, we have

x-2)(x-3)>0

and
x>-1,x#0
=X € (=00, 2) U (3, )
and
X€ (=1, )
=xe (-1,2) U (3,00)
and

x#0
=xe (-1,0)U (0,2) U (3, )

T 2B Find the domain of the following functions:

-1
@) f(x)= sec (x=3) and (b) f(x)=cos™" (Z;M)+ l0g;0(3 - x).
x—[x] 4

Solution:

(@) We have .
f(x)= sec” (x—=5)
X —[x]
Since sec”'(x— 5) is defined if and only if [x— 5| > 1 and x — [x] # 0,
for the domain, we get

|x—5|=1
and
x—[x]20
=x—-5<-1
or
—-5>1and{x}#0
=x<4
or
x>6andxe |
=X € (=0, 4] U [6, o0)
and
xe |
=X € (—o0,4] U [6, ) — 1
(b) We have

f(x)=cos ™' (Z_TM) +1og;¢(3—x)

Let D, be the domain of cos '[(2—- | x|)/ 41, D, be the domain of
log, (3 —x) and D be the domain of f(x). Now,

D=D,nD,
For D,, we have
<1

= -4<2-|x|<4=>-6<-|x]<2
=62|x|2-2=-2<|x|<6
=0<|x|<6
= x€ [-6, 6]
For D,, we have 3 —x>0,x <3 and x € (—o, 3). Hence,
D=xe [-6,6] and x € (—oo, 3)

That is,
D=xe [-6,3]

m Find the domain of following: (a) f(x) = x°* ‘X,
x>0and (b) f(x)=>*""Coq_4,.
Solution:
(a) Since x> 0and cos™'x € R, we have
x>0andxe [-1,1]
=xe (0,1]

(b) We have f(x)=3""C,_,,.That s,
3x—12>20-4x
=7x221=>x2>3
Also, we know that
3Xx=120=>x2 %

20-4x>20=>x<5
= xe [3,5]

and

However,
3x—1e Nand20-4xe N,

where N, =N U {0}). Hence, the domain of f(x) = {3, 4, 5}.
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4

1. Find the domain of each of the following functions:

(@) fx) = 1/(x2+5x+6), (b) fx) = \[x?+5x+6, () fx) = log, 2,
(d) fix) = \/logg s x and (e) f(x) =log [(x +1) (x+2)/(x +3)].

Ans. (a) R —{-2, =3}; (b) (=0, =3] U [-2, =); (c) (0, 1) L (1, );
(d) (0, 17; (&) (=3, =2)U(=1, =)
2. Find the domain of each of the following functions:

@) fx)= 1/N2x> -7x—4

(b) f(x) = log [(x? —5x+6)/(x% +4x+6)]
(©) f) =sin" [(1+ x2)/2x] + x> ~16
(d) fx) =log 5 + \/cos(sin x)

Ans. (2) (_w,_l) U (@4, 9); (b) (20, 2) U (3, 09); (0) 45 (d) (0, 1) U (1, o)

Your Turn 9

2
3. f(x)is defined over [0, 1]. Find the domain of the following func-
tions: (a) f(2x + 3), (b) f(sin x) and (c) f(cosx).

U [2nz, (2n+1)7x]

neZ

@ U |(2r-3) (an+3)
Cngz{ 2n 5 T, 2n+2 V4

1.15 Methods to Determine Range

-3
Ans. (a) [7,—1], (b)

1. If y =flx), it should be expressed as x = g(y), then the domain
of g(y) [under the condition x € domain of f(x)] represents the
range of f(x).

2. The following methods can also be followed:

(i) Iffix)=asinx+ bcosx, the range of fix) is [—\/az +b2,4Jd® +b? ]

(i) If fx) = sin?"x + cos?"x, n € N, the range of f(x) is [#,1].

(i) If fx) = sin?"* Tx + cos?” * 'x, n e N, the range of f(x) is
[-1,11.
(iv) f(x) = sinx and g(x) = cosx are bounded function, that is,
-1<sinx<Tand-1<cosx<1.
3. Range of f(x) depends on its domain.
4. Range can also be found by finding absolute maxima and
absolute minima of f(x).
5. If fix) defined on [a, b] and f(x) is increasing function, then
the range of f(x) is [f(a), f(b)]. If f(x) defined on [a, b] and f(a) is
decreasing function, then the range of f(x) is [f(b), f(a)].

Note: If f(x) is increasing function, then f’(x) > 0; if f(x) is decreasing
function, then f(x) < 0. For example, log  x(a < 1), ™, sin~'x, cos™'x,
cot™'x, cosec”'x are decreasing function.

6. The set of y-coordinates of the graph of a function is the range.

Find the range of the following functions:

@) fx)=(x2=10/(x2+x+1), (b) f(x)=2e*/(3e*+5) and (c) f(x)=
V16— x2.

Solution:

(a) We have
x2 =1

X2+ x+1

The domain of f(x) =R. Now,
y=fix)
Lye X
X +x+1
Sy +yx+y—-x>+1=0

=X2y—-1)+x(y)+y+1=0

—y 4y -4y + 1y -1
2(y-1)
Since x is defined if and only if

y2—4(y+1)y—-1)=0andy—1#0
=y2—4(2-1)>0andy#1

= X=

=-3y?+4>0andy#1

=yi- <Oandy=#1

VR

2
B3
-(r3)
= ye _—2— andy #1
5]

:>ye|:\/§,1 U

Hence, the range of f(x) is

)2

( —i)<0and #1
y B)° y
2

w

|
N
N
ol
&ie
—_

(b) We have

Domain of f(x) is R.
2e*
Y= 3e* +5
5
2-3y

= x=log, (22)/)

5y
2-3y
5y
y—

2
= 0,—
ye( 3)

Hence, the range of f(x) is (Oé)'

e

=

>0 and2-3y#0

=

2<0andy¢2/3

(c) We have
f(x)=v16—x°

The domain of f(x) is x € [- 4, 4].

y= 16— x?
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=3<f(x)<9
=)2=16-x2= x> =\16-y? %

Hence, the range of f(x) is [3, 9].
=16-y*>0=y e [-4,4]

However, [V IELT Il Find the range of the following functions:
xe [-4,4]=y>0 (a) fix) = sin'(log[x]) + log(sin~'[x]), where [-] is the greatest integer

; — i -1 —1
—yel0,4] function and (b) f(x) =sin~'x+tan~'x + cos'x.

Hence, the range of f(x) is [0, 4]. Solution:

(a) Since sin"'(loglx]) is defined if and only if —1 < log[x] < 1, we

Find the range of following functions: (a) f(x) have

= sin*x + cos*x, (b) f(x) = 3sin?x + sin2x + 3 and (c) f(x) = sin?x + el<xl<e=[x]=1,2

3sinx+ 5. Now, log(sin~'[x]) is defined if and only if sin~"[x] > 0 and -1 <
Solution: [x]<1.So,

(a) We have b =1

) = sinx + cos*x Hence, f(x) is defined if [x] = 1 only.

—cin-1 P PR z
Since the range of ¢ (x) is fix)=sin"'log 1 +log sin~"1 =sin (O)+Iog(2)

1 =f(x)=lo z
sin?"x + cos?" E[ , ] I 2
2n—1
for fix), x= 2, the range of f(x) is The range of f(x) is {Iog%}.
[ 1 ] [1 ] (b) We have
711 = 711
221 2 f(x) = sin"'x+tan""x + cos 'x
(b) We have The domain of f(x) is [-1, 1].
f(x) = 3sin?x + sin2x + 3 T !
f(x)==+tan"' x (As sin~'x + cos™'x = 7/2)
1-cos2x) . 2
=3 ——— [+sin2x+3 Now, -1 <x<1.
3 ,
/4 -1 T
That is, TStan xSZ
. 3 9
f(x):5|n2x—5c052x+5 zStan_1x+£S3—”
The range of f(x) is 4 2 4
T 3
2 2 —<f(x)s—
_\/12+3+9,\/’|2+3+9 4 4
2?2 2 2?2 2 Hence, the range of f(x) is
That s, [g ’ 31]
4' 4
9-13 9+4/13
2 ' 2 [TV, WA Find the range of f(x)=+vx—1++7—x.
(c) We have Solution: We have
f(x) = sin?x + 3sinx + 5 fX)=Vx=1++7-x
Here, sinx is a bounded function. Thus, The domain of f(x) is [1, 7].
2 1 1
fein2ya3 9 Fx)=——
=[x +5 PN PN
2 f'(x)=0
. 3 11
f(x):(smx+5) +Z 1 1 -0
) . 2Vx=1 247-x
Since -1 <sinx< 1, we get
=x-1=7-x
+%Ssinx+%sg =x=4
) Now, f(1) = /6, f(4) = 24/3 and f(7) = /6. Hence, the range of f(x) is
:>ls(sinx+§) SE V6,231
4 2 4
5 TSI BTVl Find the range of following functions: (a) f(x) =
—3< (sinx+§) +D <9 sec'(x2+3x+ 1) and (b) f(x) = log, ({X}? + 3{x} + 2), where {} is the
2 4

fractional part.
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Solution:

(@) We have
fix)=sec™' (x2+3x+1)
Lett=x2+3x+1forxe R.Then

te|—, 00
4

y=sec () =>te [_75,—1] U1, e0)

However,

100)

ye [sec’1 ?,sec’1(—1):| Ulsec 1, sec”

ye |:sec’1 jzz] v [O,z)
4 2

Hence, the range of f(x) is

[sec_1 ;5,7[] ) [0,5)
4 2

f(x) = log({x}2 + 3{x} + 2)

(b) We have

Let t = {x}2 + 3{x} + 2. Then

2 2
t:({x}+§) +2—g :>t=({x}+§) 1
2 4 2 4

Since 0<{x} < 1, we have
te [2,6)
=logt € [log 2, log 6)
Since y = logt, we have
y € [log2, log6)
Hence, the range of f(x) is [log2, log6).

m Find the range of function f(x) = |x — 1| + |x — 2|.

Solution:
3-2x, x<I1
f(x)= 1, 1<x<2
2x-3, 2<x
The graph of f(x) is shown in Fig. 1.30.
y
y=3-2x
y=2x-3
1 T 1 1
i i
i i
i i
i ; X
0 1 2
Figure 1.30

From the graph, we see that the set of y-coordinate of f(x) is [1, ).

Hence, the range of f(x) is [1, o).

’ Your Turn 10
x2=5x+6; (c) fx) = x/(x> +1);

1. Find the range of each of the following functions:

(a) fix) =x2 + 5x + 6; (b) f(x) =
(d) f) = (x+2)/(x+4); (&) fx) = \flog x; (f) f(x) = 1 —+/x and

(@) fx) = (1 +~/x).
Ans. (a) [_l,w} (b) [0, »); () [—1,1]; () (o0, 1) U (1, );
4 22

(€) [0, o); (f) (o=, 11;(9) (0, 1]
2. Find the domain and range of f+g and f-g for each of the follow-
ing functions:

(@) f) =x, gix) = Vx—1and (b) fx) = Vx+1, g0 = Vx —1.
Ans. (a) Dy, ;=Dp =11,0), R, [1,0), Rey [0, 0); (b) Dy, =Dy =
[109), R, 5= [N2,00), R,y = [0, )
3. In each of the following, find the domain and range of /g and
g/f (@) fix)=2,g0)=x?+Tand (b) fx) =1,g(x) =1+ Ix.

1
Ans. (@) Dy, =Dy =R, Ryy =(0,2], Ry = [E,oo); (b) Dy =Dy

=10, ), Rgg =(0, 11, Ryyy =I1,0)

4. Find the domain and range of the function f, defined by
fF(x)= (% +1)/In(x* +1).
Ans. Domain of fis R —{0}; Range of fis [e, =)
5. Find the range of each of the following functions:

(@) fx)=2+3sinx—4cosx; (b) f(x) =2 — 3x— 5x% () fx) = Vx — x*;
(d) fx) = 4= 2+ 1; (e) f(x) = log(sin~"x); and (f) fx) = 4"+ 2X+ 1
49 1 3
Ans. (a) [-3, 7]; (b) (—w,%], (c) [0,5], (d) [Z,w),
V.4
(e) (_wrlogz:ll (f) (1/ °°)

1.16 Composition of Functions

Let X — Y, and g: Y, — Z be two functions and the set D={x €
X: f(x) € Y,). Then the function h defined, on D, by h(x) = g[fix)] is
called the composite function of g and fand is denoted by gof. It is
also called function of a function (Fig. 1.31).

Note: (1) Domain of gof is D which is a subset of Y, (the domain of
g); (2) Range of gof s a subset of the range of g.

h(x) = (gof)x

Figure 1.31
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| Key Points:

1. Let us consider the two functions, £ X — Y, and g: Y, =Y.
We define the function h: X — Y such that h(x) = g[f(x)]
(Fig. 1.32). To obtain h(x), first, we take the f-image of an
element x € X so that f(x) e Y,, which is the domain of g(x).
Then take g-image of f(x), that is, g[f(x)] which would be an
element of set Y.

2. The function h is called the composition of f and g and
is denoted by gof. Thus,

(gof )x = glf(x)]
and the domain is
(gof) = {x: x e Domain(f), f(x) € Domain(g)}

f g

h=gof

Figure 1.32

3. Similarly, we can define (fog)x = f [g(x)] and Domain(fog) =
{x: x e Domain(g), g(x) € Domain(f)}. In general, fog # gof. |

Wherever is possible, describe fog and gof
for the following functions: (a) f(x):\/x+3,g(x):1+x2 and (b)
f(x):\/;,g(x):xz—L

Solution:

(@) Domain of the function fis [-3, «); the range of the function
fis [0, e); the domain of the function g is R; the range of the
function gis [1, ).

(i) For gof (x): Since the range of fis a subset of the domain of
g, the domain of gofis [-3, =), which is equal to the domain
of f.

gof(x) =glfx)] = g(vx+3)=1+(x+3)=x+4
The range of gofis [1, o).
(i) Forfog(x): Since the range of g is the subset of the domain of
f, the domain of fog is R, which is equal to the domain of g.

fog (x) =flg)] =f(1 +x) =vx* +4
The range of fog is [2, o).
(b) We have
fx) =x, g(x)= x2 -1

The domain of fis [0, =) the range of fis [0, e); the domain of g
is R; the range of g is [-1, ).
(i) For gofix): Since the range of fis a subset of the domain of g,

the domain of gofis [0, «) and

glf)] = g(x) =x—1

The range of gofis [-1, o).
(i) Forfog(x): Since the range of g is not a subset of the domain
of f, that is
[=1, 00) @ [0, o)

Therefore, fog is not defined on whole of the domain of g.
The domain of fog is {x € R; the domain of g: g(x) € [0, =),

which is equal to the domain of f. Thus, the domain of fog
is

D={xe Rix<-Torx=>1}
= (=00, =11 U [1, o).
Now,
fog(x) = Flg()] = fx® = 1) = x> =1
And its range is [0, ).

WTWO functions are defined as follows:

x+1,  x<1 x?, -1<x<2
f(x)= . g(x)
2x+1, 1<x<£2 x+2, 2<x<3
Find fog and gof.
Solution: We have
g(x)+1, g(x) <1
f =f =
(fog)(x) = flg(x)] {29(X)+1, 1<g(x)<2

Let us consider g(x) < 1.Then
X2<1,-1<x<2=-1<x<1,-1<x<2=-1<x< ]
X+2<1,2<Xx<3=x<-1,2<x<3=x=¢
Let us consider 1 <g(x) <2.Then
1<x?<2,-1<x<2
=X E [—\/5,—1)u(1,\/5],—1 <x<2=>1<x< \/5
1<x+2<2,2<x<3=-1<x<0,2<x<3,x=¢

Thus,
x2+L
flg(x)1=

-1<x<1
2% +1, 1<x <42
Now, let us consider gof. Then
F2(x),
f(x)+2,

—-1<f(x)<2

f: f =
gor =gt { 2<f(x)<3

Let us consider -1 < f(x) < 2. Then
“1<x+1<2,x<1=-2<x<1,x<1=>-2x<x< 1

“1<2X+1<2,1<x22=-1<x<1/2,1<x<2=>x=¢
Let us consider 2 < f(x) < 3.Then
2<X+1<3,xS1=21<x<2,x<1=x=1
2<2x+1<3,1<x<2=1<2x<2,1<x<2
=1/2<x<1,1<x<2=>x=¢
Thus,

2 -
g(f(x)):{(XH) , —2<x<1
X+3, x=1

If we like, we can also write

gl =(x+1)2,—2<x<1
' Your Turn 11 ‘
1. If u(x) =4x -5, v(x) = x2 and f(x) = 1/x, then find the formula for

each of the following: (a) u{ulf(x)1}; (b) u{fiv(x)1} and (c) AvIu(x)1}.

Ans. (@) (16/x)=25; (b) (4/x?)=5;(c) Y(4x —5)?
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2. Iffix) = \/;, g(x) = x/4 and h(x) = 4x — 8, then find the formula
for each of the following: (a) higlf(x)1}, (b) h{f[g()13, (c) gihlf(x)1}
and (d) g{f [h()1}.

Ans. (3) Vx —8; (b) 2+/x = 8; (&) Vx = 2;(d) Vx—2/2

3. Let R — R and g: R — R be the functions defined as the
following:

- 2x  x<1 ) X+2, x<O0
X) = ,gx) =
21 x217 2x, x=20
Find (f+ g)(x), (fg)(x) and f [g(x)].
3x+2 x<0
Ans. (f+g)(x) = 4x 0<x<1;
2x2 +2x -1 x21
2x+4 x<-1
2x% +4x x<0 2x% +8x+7 —1<x<0
(fx)=4  4x> 0<x<1;flg)l= 4x 0<x<
4x3 -2x x21 12
8x2 -1 X>—
2

4. (a) If fix) = In(3x), find g(x) such that fig(x)] = x. (b) Given that
f(x)=1(1-x), find Af[Ax)]}.
Ans. (a) e¥/3; (b) x

1.17 Types of Functions

1.17.1 One-to-One Function or Injective
Function
A function f(x) is said to be one-to-one function on a domain D

if fix,) # fix,) when x, # x,. That is, when x; # x,, then f(x,) # f(x,)
(Fig. 1.33).

Set X

SetY

Figure 1.33

Two different values of x do not have the same values of y. An
example is as follows: f(x) = Jx is one-to-one on any domain of
non-negative numbers because /x; # /X, , whenever x; # x,.

1.17.2 Many-to-One Function

If there exist at least two distinct elements in a domain, whose
f-images are the same, then f is called many-to-one function
(Fig. 1.34). Here, f(x,) = f(x,) where x, # x,. An example is as fol-
lows: g(x) = sinx is not one-to-one (hence many-to-one) because
for many different values of x, we get the same values of g(x).

Set X

SetY

Figure 1.34

1.17.3 Methods to Identify if a Function is
One-to-One or Many-to-One

1. Let x;, x, € Domain of fand if x; # x, = f(x,) # f(x,) for every
Xy, X, in the domain, then f is one-to-one function or else it is
many-to-one function.

2. Conversely, if fx;) =f(x,) = x, = x, for every x,, x, in the domain,
then fis one-to-one function or else it is many-to-one function.

3. If the function is entirely increasing or decreasing in the
domain, then f is one-to-one function or else many-to-one
function.

4. Any continuous function f(x) which has at least one local max-
ima or local minima is many-to-one function.

5. All even functions are many-to-one function.

6. All polynomials of even degree defined in the domain R have
at least one local maxima or minima and hence, they are many-
to-one functions in the domain R. Polynomials of odd degree
may be either one-to-one functions or many-to-one functions.

7. If fis a rational function, then f(x;) = f(x,) is satisfied when x, =
X, in the domain. Hence, we can write f(x;) — f(x,) = (x; — x,)g(x,
x,) where g(x,, x,) is some function in x, and x,. Now, if g(x,,
X,) = 0 gives some solution which is different from x, = x, and
which lies in the domain, then fis many-to-one function or else
one-to-one function.

8. Draw the graph of y = f(x) and determine whether f(x) is one-
to-one function or many-to-one function.

Some Important Results:

1. LetfX—> Yandg:Y > Z
(i) If both fand g are one-to-one, then so is gof.
(ii) If gof is one-to-one, then f is one-to-one function; how-
ever, g may not be one-to-one function.

2. One-to-one is the property of the domain of a function; for
example, f: R — R defined by f(x) = x2 is not one-to-one func-
tion but : R* — R defined by f(x) = x2 is one-to-one function.

3. Any function will be either one-to-one function or many-to-
one function.

Key Points:

A function fis said to be one-to-one function if it does not take
the same values at two distinct points in its domain. Thus if x;,
x, € Domainf, then x, #x, = f(x;) # f(x,). Alternatively, fis one-
to-one function if fix,) = flx,) = x; =x,.

Note: (1) Areal function is one-to-one in its domain if f'(x) > 0 Vx €
Domain for f’(x) < 0 Vx € Domain f where f” is derivative of f. Here,
f'(x) can vanish at some points but such points must not form
intervals and (2) a function f is many-to-one function [Fig. 1.35(b)]
if it is not one-to-one function [1.35(a)].
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= ! p [,
b > 2
] \ .

(a) (b)
Figure 1.35
Let f: R — R be defined as f(x)=(x%+4x+7)/

(x2 + x+1). Determine if f(x) is one-to-one or many-to-one.
Solution: For the given function f(x,) = f(x,), we get

XE+Ax,+7 X3 +4x,+7

x% +x;+1

=0 = X)(2X; + 2%, + 1+ x,%,) =0
Here, one of the solutions of 2x, + 2x, + 1 +x;x, =0 is x; = 0 and
the other one is x, = —=1/2. Hence, f(0) = f(~1/2)=7 so that f(x) is
many-to-one function.
Note: Any function is either one-to-one function or many-to-one
function.

m Let £ R — R defined by f(x) = X3 + px% + 3x

+2010.Then find the range of p for which fis a one-to-one function.

2
X7 +x;+1

Solution: We have

fix) =x3 + px2+3x+2010

=Ff(x)=3x>+2px+3
For f(x) to be one-to-one function, we need to have f’(x) >0 or < 0.
Here, f'(x) is the quadratic expression and coefficient of x2 > 0 so
that f'(x) > 0.

D<0
= 4p?-36<0
= p?<9=-3<p<3

[T {ELTY W Tl Check f: R — R defined by f(x) = (x — 2) (x— 3)(x— 4)
is one-to-one function or many-to-one function.

Solution: Obviously, the horizontal line cuts the graph of f(x) at
more than one point (Fig. 1.36). Hence, f(x) is many-to-one function.

// \\// .
2 3 4

Figure 1.36

1.17.4 Onto Function (or Surjective Function)
and Into Function

If each element in a co-domain has at least one pre-image in the
domain, that is, if the range is equal to the co-domain, then the
function is an onto function. If there exists at least one element in
the co-domain of the function which does not have its pre-image,
then the function is an into function. In other words, a function is

called into function when its range is a proper subset of co-domain.
Following are some examples:

1. The function f:R— R which is defined by f(x)=x? is not
an onto function [Fig. 1.37(b)] (hence it is an into function
[Fig. 1.37(b)]) as the negative real numbers have no pre-
images. In fact, codomain is R and the range is [0, ) # R.

2. The function f:R—[-1,1] which is defined by f(x) = sinx is
an onto function [Fig. 1.37(a)] (hence it is not an into function
[Fig. 1.37(b)]) as for x € R, sinx takes all real values in [-1, 1]. In
fact, the codomain is [-1, 1], which is also its range.

a 1 a
b—| Ls 2 b—| Ls 2
d 3 d 4
onto into
(@) (b)

Figure 1.37

Some Important Results:

Letf:X—Yand g:Y— Z Then
(i) If both f and g are onto functions, then gof is also an onto
function.
(i) If gofis an onto function, then g is also an onto function; how-
ever, f may not be an onto function.

(iii) If £ R— Rand f(x) is the odd-degree polynomial, then f(x) is an
onto function. If f(x) is an even-degree polynomial, then f(x) is
also an into function.

(iv) If onto is the property of co-domain of f(x), thatis, . R — R
which is defined by f(x) = x2 is not onto. However, f: R — R* U
{0} which is defined by f(x) = x? is an onto function.

Note: If f(x) is an one-to-one as well as onto function, then f(x) is

said to be a bijective function.

| Key Points:
A function f: X — Y'is said to be an onto function if each ele-

ment in Y is the image of at least one element in X (Fig. 1.38).
Thus, for an onto function f, range of fis codomain Y. A function
fis into function if it is not onto function, that is, range c Y.

Set X Set Y Set X Set Y
: E Onto f : : E Into ; :
(a) (b) |

Prove that f: R - {5} — R — {1} defined by

f(x)=(x—3)/(x—5) is bijective.

Figure 1.38

Solution: To prove f(x) is one-to-one, we proceed as follows:
We have
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f(x)zxi_3
X—=5
X;: X5 € R—{5}
Therefore,
X;—-3 x,-3
flx)=fxy)=>1—=22
X;—=5 x,-5
:>x1x2—5x1—3x2+15:x1x2—3x1—5x2+15
=(=5x; +3x;) + (5x, = 3x,) =0
=2(x, —x,)=0
=X,—x,=0
Now,

fix,) = fix,) = x, =X, (unique)
Hence, f(x) is one-to-one function. To prove f(x) is an onto function,
we proceed as follows:

x-3
f(x)=——
(x) s

_x-3
d X-5

=>Kx-5y=x-3=x(y—1)=-3+5y

5y-3
y-1

Hence, the range of f(x) is R — {1}; therefore, f(x) is an onto function.

Hence, f(x) is bijective function.

1. Identify the type(s) of function(s) of each of the following
functions (one-to-one/many-to-one and into/onto) if defined
as . D — R, where D is its domain: (a) f(x) = |x]; (b) fix) = sinx;
(€ fx) = x + 5; (d) fix) = x2 + 2x + 3; (e) fix) = 2x + sinx +
5; (f) fx) = x3; (9) fix) = x°; (h) fix) = 2x* + 5; (i) fix) = X3 +1;
(j) fix) =log x; (k) fix) = log, | x|: (1) fx) = (x +/(x +5); (m) f(x) =
Vx3; (n) fix) = ¥x? and (o) f(x) = e~

Ans. (a) Many-to-one/into; (b) Many-to-one/
into; (c) One-to-one/onto; (d) Many-to-one/into; (e) One-
to-one/onto; (f) One-to-one/onto; (g) One-to-one/onto;
(h) Many-to-one/into; (i) One-to-one/onto; (j) One-to-one/
onto; (k) Many-to-one/onto; (I) One-to-one/into; (m) One-
to-one/into; (n) Many-to-one/into; (o) One-to-one/into

2. By choosing suitable domain and co-domain, make each of the
following functions invertible (one-to-one and onto):

(@) fix) = x2+ x +1, (b) fx) = x2, (c) fix) = 226+ 1), (d) f(x) = sin x,
(e) fix) = cosx, (f) fx) = |log x| and (g) f(x) = |x* + 5x + 6|.

1 3 1
Ans. (a) [—E,w) - [Z’M)’ (b) [0, 0) = [0, e0); () [—E,w)e

=Xx=

Your Turn 12

[27174, o0); (d) [(—ZZH—)[ ~1,1% () [0, 4 — =1, 1];

(f) [1,00) = (0, =0); (g) [2, ) — [0, =)

3. Show that the function f: R — R which is defined by
) = (X2 +2X+5)/(x% + x+1) is many one and into.

4. Prove thatf: (-1, 1) = R which is defined by

%, 1< x<0

fix)= J:(X is a bijective function.
—, O<x<1
1-x

5. Find all linear functions from [-2, 4] to [10, 15] which are onto

functions.

4
Ans. f(x):§x+3—50r—5x+—0.
6 3 6 3

1.17.5 Even Function and Odd Function

A function y = f(x) is even if f(—x) = f(x) for every number x in the
domain of f; for example, f(x) = x2 is even because

fl=x) = (%) =x* =f(x)
The graph of an even function y = f(x) is symmetric about y-axis
[Fig. 1.39(a)], that is, (x, y) lies on the graph < (—x, y) lies on the
graph.

A function y =f(x) is an odd function if f(—x) = —f(x) for every x in
the domain of £. That is, f(x) = x3 is odd because f(-x) = —x3 = —f(x).
The graph of an odd function y = f(x) is symmetric about origin,
that is, if (x, y) lies on the graph < (—x, —y) lies on the graph

[Fig. 1.39(b)].
y=x2
\ y
(7X1 y) (X! y)
0 >» X
(a)
¥ * )
y=x°
O X
(b)
Figure 1.39
Note:

1. For domain R, even functions are not one-to-one functions.
2. Every function can be written as a sum of an even function and
an odd function, that is,
Fx) = f(x)+f(—x) + f(x)—f(—x)
2 2
where the domain lies on both sides of origin.
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3. The function f(x) = 0 is the only function which is both even
function and odd function.

4. Every odd, continuous function passes through the origin.

Table 1.3 lists comparison of different properties of the two func-
tions f(x) and g(x) whether they are even or odd functions.

Table 1.3 Properties of functions f(x) and g(x)

fix) [gx) | fix)+g(x) | f(x)-g(x) | f(x)-g(x) | f(x)/g(x) | (fog)x
Even | Even | Even Even Even Even Even
Even | Odd | Neither Neither Odd Odd Even
Even nor | Even nor
Odd Odd
Odd | Even | Neither Neither Odd Odd Even
Even nor | Even nor
Odd Odd
Odd | Odd | Odd Odd Even Even Odd

HTEIELT I Tl State whether the following functions are

even or odd: (a) f(x):log(x+m), (b) f(x)= XX +£+1;
x| x| x<—1 a -1

(@ f(x)=4[x+1M-x] —1<x<1,where [] represents the greatest
—x| x| x21

integer function and (d) fix+y) =f(x) + fly) Vx,y € R.

Solution:
(@) We have
f(x)=log(x +V1+x?)
That is,
f(=x)=log(—x + 1+ x?)
(—x+\/1+x2)(x+\/1+x2)
f(—x)=log
(x+ \/1 +x2 )
T+x%—x2
fx)= k,g(J
X+V1+ x2
Therefore,
1
fx)= .og[]
X+V1+ x2
Now,

f(—x) = —log(x + V14 x%) =—f(x)

Hence, f(x) is an odd function.

(b) We have
f(x) X X
a“-1 2
That is,
flex)=— X4y
a*-1 2
p— X X_
flox) = x.a X =x(a 1+1)_£ 1
1-a* 2 (@* =1 2
flex)=x+—— X=X X2
a*-1 2 a* -1

Hence, f(x) is an even function.

(c) We have
x| x| x<-=1
f(x)=9x+1+[1-x] —-1<x<1
—x| x| x21
That is,
(=x)|—x| —x<—1
f(=x)=<1[-x+N+[1+x] —-1<—x<1
—(=x)|—x| —x21
—x| x| x21
f(—=x)=[1+x1+[1-x] —-1<x<1=Af(x)
x| x| x <1

Hence, f(x) is an even function.
(d) We have
fix+y)=fix)+fly) Vxe R
Replacing x and y by zero, we get
f(0) = 2(0)
=£0)=0
Replacing y by -x, we get
f(0) = f(x) + f(—x)
=0="fx)+f(—x)
=f(—x) =—f(x)
Hence, f(x) is an odd function.

| Key Points:
1. If . X=Yis a real-valued function such that Vxe D= -xe D

(where D is the domain of f). If f(—x) = f(x) for every x € D,
then fis said to be an even function and if f(—x) = —f(x), then
fis said to be an odd function. The graphs of even functions
are symmetric about y-axis [That is, if (x, y) lies on the curve,
then (=x, y) also lies on the curve and those of the odd func-
tions are symmetric about the origin [That is, if (x, y) lies on
the curve, then (—x, —y) also lies on the curve].

2. For any function f, f(x) + f(—x) is an even function and
f(x) — fi—x) is an odd function. Thus, any function y = f(x) can
be expressed uniquely as the sum of an even function and
an odd function as follows:

_ _Jf(x)+f(=x) f(x)—f(—x)
y_f(X)_{ 2 }+{ 2 } |

Note: For two real functions fand g, the following features hold:

(i) f+gisaneven function if both fand g are even functions; f+g s
an odd function if both fand g are odd functions; f+ g is neither
even function nor odd function if one of them is an odd function
and the other is an even function.

(ii) fg is an even function if both f and g are even functions or
both are odd functions; fg is an odd function if one of them is
an even function and the other is an odd function.

(iii) fog is an even function if at least one of the functions
(fand g) is an even function; fog is odd if both fand g are
odd.

(iv) fis an even function = f”is an odd function;

fis an odd function = f” is an even function;
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X
fis an odd function = Jf(t)dt isan even function foranya € R;
a

X
fis an even function = Jf(t)dt is an odd function.
0
(v) If fis an even function, then it cannot be one-to-one
function. An odd function may or may not be an one-
to-one function.

Extension of Domain:

Let a function be defined on certain domain which is entirely

non-negative (or non-positive). Then the domain of f(x) can be

extended to the set X = {—x: x e domain of f(x)} in two ways:

1. Even Extension: The even extension is obtained by defining a
new function f(—x) for x € X, such that f(—x) = f(x).

2. O0dd Extension: The odd extension is obtained by defining a
new function f(—x) for x € X such that f(—x) = —f(x).

TSI L) Wl Find the even and odd extension of the function

x5+x4, 0<x<2
f(x)=

x>+3, 2<x<4

Solution: The even function of f(x) is given by

-x3+3, —-4<x<
glx)= 3, .4
X" +x7, 2<x<0
The odd extension of f(x) is given by
x3-3, —4<x<-2
h(x)=
x3 —x4, —-2<x<0

1.17.6 Identical Function

Two functions y = f(x) and y = g(x) are said to be identical if
(1) the domain and the range of both functions are equal and
(2) both functions should be equal Vx € domain, that is
f(x)=g(x) Vx e domain.

Example: Consider f(x) = logx — log(x + 1) and g(x)=log[x/(x +1)].

f(X):Iogx—Iog(x+1):|09(L1)
X —
Now, the domain of f(x) is

x>0andx+1>0

=x>0and x> -1
=x e (0, )

The domain of g(x) is

L> 0

x+1

=X E€ (—o0,—1) U (0, 00)

Hence, the domain of f(x) # domain of g(x). Therefore, f(x) and g(x)
are not identical functions.
Note: The two functions f(x) and g(x) become identical if the
domain of g(x) is defined as x € (0, ).

1.17.7 Periodic Function

A function f(x) is said to be periodic if there is a positive number p
such that f(x + p) = f(x) for all x € D. The smallest value of such p is
called the principal or fundamental period of f.

If we draw the graph of a periodic function f(x), we find that the
graph gets repeated after each interval of length p; for example,
y = sinx is periodic with period 27 as sin(x + 27) = sinx. Graphical
representation of y = sinx is shown in Fig. 1.40.

y
O 2r f X
«— 27 —>le«— 271

Figure 1.40

Rules to Find Period of Periodic Function:

1. If fix) is periodic with period p, then af(x) + b, where a, b € R
(a #0) is also a periodic function with period p.

2. If f{x) is periodic with period p, then flax + b), where a € R—{0}
and b € R, is also periodic with period P/|G|-

3. If fix) is periodic with p as the period and g(x) is periodic with g
as the period (p # g) and LCM of p and g exists, then f(x) + g(x)
is periodic with period equal to LCM of p and g where f(x) and
g(x) cannot be interchanged by adding a positive number in x
which is less than LCM of p and g [in which case, this number
becomes the period of f(x) + g(x)]. Note that LCM of p and g
exists if and only if p/q is a rational number.

4. If f(x) is periodic with period p, then 1/f(x) is also periodic with
the same period p.

5. If f(x) is periodic with period p, then \/m is also periodic with
the same period p.

6. If f(x) is a periodic function with period p and g(x) is a strictly
monotonic function, then glfix)] will also be periodic with
period p.

7. If fix) is a periodic function with period p and g(x) is any other
function, then gofi(x) is periodic (period may be less than p) but
fog(x) may or may not be periodic. For example, sinx? is not
periodic but sin(x + sinx) is periodic with period 27z

8. Constant function is periodic with no fundamental period.

Note:

1. LcMof | %2 9 | LOM oflay, ¢y, d,)
b,"b, b ) HCF of (by,b,,b5)

2. LCM of a rational number and an irrational number does not
exist. In general, LCM of irrational numbers does not exist. If
irrational numbers are the multiples of same irrational number,
then existence of LCM is possible. For example,

LCM of 2zzand 37=(LCM of 2 and 3)7z=67

Functions and Their Periods:

Table 1.4 lists some functions and their respective periods.
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Table 1.4 Functions and their respective periods

S.No. | f(x) Period

1. sin"x, cos"x, cosec”x, | 2zif nis an odd number; zif n is
secx an even number

2. tan"x, cot"x rVne N

3. |sinx|", |cosx]|", zVne N
[tanx|", |cotx|"

4, x} 1

5. fix) =k Periodic function but it has no

fundamental period.

Definition: A function f: X — Y is said to be a periodic function if
there exists a positive real number p such that fix + p) = f(x), Vx €
X. The least of all such positive numbers p is called the ‘principal
period’ or simply ‘period’ of f. All periodic functions can be ana-
lysed over an interval of one period within the domain as the same
pattern shall be repetitive over the entire domain.

Remarks:

1. If fix) is periodic with period p, then af(x) + b where g, b € R
(a # 0) is also periodic with period p.

2. If fix) is periodic with period p, then flax + b) where a, b € R
(a # 0) is also periodic with period p/|a|.

3. Let fix) has period p = m/n (m, n € N and coprime), g(x) has
period g =r/s (r, s € N and coprime) and let t be the LCM of p
and g, that is,

t:LCM of (m,r)
HCF of (n,s)
Then t shall be the period of f+ g in which there does not exist
a positive number k (<t) for which flk + x) = g(x) and g(k + x) =
f(x), else k will be the period. The same rule is applicable for any
other algebraic combination of f(x) and g(x).

4. If fis periodic and g is non-periodic, then f[g(x)] is non-periodic
and g[f(x)] is periodic.

5. If fis periodic with period T, then f” is periodic with the same
period.

6. A periodic function cannot be one-to-one function.

{[TESTEW I Find the period of the following functions:

(@) f(x) = cos4x + sinzx, (b) f(x) = sin6dx} and
(©) flx) = esinz x+sin2[x+(7[/3)]+cosx[cos(x+7r/3)].

Solution:

(@) We have
f(x) = cosdx + sinzTx
The period of cos4x is

The period of sinzx is

The period of f(x) is
LCM {5,2}
2
Since LCM {% 2} does not exist, f(x) is not periodic.

(b) We have
fix) = sin6{x}

=sin6(x — [x])
=—sin(67[x] — 677x)
Since [x] is the integer and 67 [x] is the multiple of 27 and
sin(2nz— @) =—sin@, so
f(x) = sin6wx
So, the period of f(x) is

N
SIS

_1
3
(c) We have
o o x4 Jrconxcos 7]
Sin” x+sin“| X+— |[+COS X COS| X+—
f(x)=e 3 3
Let us consider

#x) = sinx + sinz(x+§)+ cosxcos(x +%)

27 T V4
1—cos| 2x+—| cos|2x+— |+cos—
_1_C052X+ 3 + 3 3

o 2 2 2

which is obtained by using
2c0sAcosB = cos(A + B) + cos(A — B)

1 2
Ax) =— E cos2x +cos| 2x+ 2% +cos(2x+£
2|2 5 3
115
=—4——2c0s 2x+£)cos£+cos(2x+z
2|2 3 3 3

which is obtained by using
+ B) (A - B)
cos| —
2
Therefore,

o) =1{5+cos(2x+”)(1—2cos”)} _2
202 3 3 4

Here, f(x) = e5/*is a constant and hence, (x) is periodic function and
it has no fundamental period.

A
cosA+cosB= 2cos(

1.17.8 Inverse of a Function

Let £ X — Y be a function defined by y = f(x) such that f is both
one-to-one and onto functions (i.e. bijective function). Then there
exists a unique function g: Y — X such that for each y € Y,
gy)=x=y="fx)
The function g so defined is called the inverse of the function f
(Fig. 1.41). Note that
flg(x)]=glf(x)]=x
and hence fand g are inverses of each other. The function f is called
invertible if inverse of f exists.

Domain Range of f

f—1
Range of £~ Domain of '

Figure 1.41
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1. How to find

Step 1: Solve the equation y =f(x) for x in terms of y.

Step 2: Interchange x and y. The resulting formula is y = f ().
Example: Inverse of y = (1/2) x + 1

Step 1:x=2y—2.

Step 2:y =f~1(x) = 2x— 2 which is the inverse of f(x) = (1/2) x + 1.
2. How to draw graph of f~'
Reflect the graph of g(x) about the line y = x (Fig. 1.42).
Example: f(x) =x2+1,x>0.

y
y=fx)

1 /ﬂfJ (X)

1 >

Figure 1.42

Example: f(x) = cosx, x € [0, 7] (Fig. 1.43).

T
ol 1 ! X
y=f(X)\

Figure 1.43

Note: Given an invertible function f, it is not always possible to find
an explicit formula for 1. For example, if f(x) = x +sinx, then fis
invertible, but f~! cannot be found. However, the graph of y =f~"(x)
can be drawn.

Definition: A function whose domain and range are the subsets of
the set of real numbers, R, is called a‘real-valued function’or a‘real
function’ For a real function, f, the set of values of x for which f(x) is
a real number is defined as “domain of definition”and correspond-
ing set of values of f(x) is defined as the ‘range of definition:
Note: To find the domain of complicated functions, we can use the
following relations:

1. Domain (f+ g) = (Domain f) N (Domain g).

Domain (fg) = (Domain f) N (Domain g).

Domain (f/g) = (Domain f) N (Domain g) — {x: g(x) = 0}.
Domain [/f(x))]= {x:f(x)z0}.

Domain [log fix)] = {x: f(x) > 0}, whena > 0,a # 1.
Domain [a™)] = Domain f, when a > 0.

[IEEXTIEREN Let £ R — Rdefined by f(x) = (e* —e™)/2.Isflx)

invertible? If so, find its inverse.

o Uk wWN

Solution: To check for invertibility of f(x):
(i) For one-to-one function: Let x,x, € Rand x; <x,.Then

e’ <eX (Ase>1) (1)

Also,

X, <X2:>—X2<—XZ

=e P <ce™ ()

On adding Egs. (1) and (2), we get
1 X, —X. 1 X. —X.
E(e 1—e ‘)<§(e r—e ?)
=flx,) < flx,)
where f is an increasing function. Hence, f(x) is a one-to-one
function.
(ii) For onto function: Since x — oo, f(x) — co. Similarly, at x — —eo,
f(x) — —oo. That is,
—o0 < f(X) < 00, X € (—o0, o)
Hence, the range of fis the same as the set R. Therefore, f(x) is
an onto function. Since f(x) is both one-one and onto functions,
fix) is invertible.
(i) To find f~1: We have
y="1x)
_e¥—e”
2
=ef-e*=2y

=e¥-2ye"—1=0

« 2ytyay’+4

2

:)exzyi\/ﬁ
= eX=y+qy?+1

X

= e

(e¥is positive)

Now,
x=log, (y+y*+1)

=f(x)=log, (x +Vx2 +1).

' Your Turn 13 ‘

1. Define a function f(x) suitably in the interval [0, =) so that f(x)
may be an (a) even real function and (b) odd real function
1, x<-1

whose definition is as follows: f(x) =
-x, —-1<x<0

-x 0<x<1
-1 x>1

X, 0<x<1

Ans. () f(ix) = {1’ o

7 (b) fx) = {
2. Find the period of each of the following functions (where [:]
denotes the greatest integer function): (a) f(x) = sinx + tanx,

(b) f(x) = |sinx]| + |cosx], (c) f(x) =2+ x — [x], (d) fix) = sinx + x — [x]
and (e) f(x) = cos(cos x) + cos(sin x).

Ans. (a) 27; (b) 7£/2; (c) 1; (d) The function is not periodic; (e) /2

3. Find the period of each of the following functions (if exists):
(a) fix) = cos(6 — 3x), (b) fix) = |sin x| — |cos x|, (c) f(x) = nx — [nx],
ne N, (d) f(x) = cos2x + tan2x + cos22x + tan22x + «++ + cos2"x +
tan2"x and (e) f(x) = cos~/x.

Ans. (a) 27/3; (b) 7; (c) 1/n; (d) ; (e) Non-periodic
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4. (@) Letf [—V2+1, 241 — [_\/EH, \/§2+1

:| be a function

1-x

+x2

Show that f is invertible and

which is defined by f(x) = 1

1T 1

find its inverse. (b) Show that f:(——,—) — R which is
o NER

defined by f(x)= X X2 is invertible and ' is an increasing

function. (c) Prov; tf?;(t the function f(x) = x + sinx is not a
periodic function.

5. Are each of the following functions identical? (a) f(x) = x/x? and
@ (x)=1/x; (b) f(x) = x%x and d(x)=x; (c) fix)=xand ¢ (x) = \/x_2
and (d) fix) =logx? and ¢ (x) = 2logx.

Ans. (a) Yes; (b) No; (c) No; (d) No

1.17.9 Basic Transformation on Graph

1. Drawing Graph of y =f(x) + b, b € R from Known Graph of y
= f(x): It is obvious that the domain of f(x) and f(x) + b are the
same. Let us take any point x, in the domain of f(x).

Y|X=X0:f(xo)
The corresponding point on f(x) + b is f(x,) + b. Now,
b>0= flxy) + b > fx,)

which means that the corresponding point on f(x) + b is lying at
a distance b units above the point on f(x). Now,

b< 0= flxy) +b < fix,)

which means that the corresponding point on f(x) + b is lying
at a distance b units below the point on f(x). Accordingly, the
graph of f(x) + b can be obtained by translating the graph of
f(x) either in the positive direction on y-axis (if b > 0) or in the
negative direction on y-axis (if b < 0), through a distance [b]
units (Fig. 1.44).

\
y=fx)+b,b>0
y=1x)
Ay
y=fix)+b,b<0
X0
i
Ay
Figure 1.44

2. Drawing Graph of [y] = f(x) from Known Graph of y = f(x):
It is clear that [y] = f(x) makes sense only when f(x) is an inte-
ger. If f(x) is not an integer, the graph of [y] = f(x) would not
exist. As such, first of all, we locate those points which make
f(x) as an integer. To do this, we draw lines parallel to x-axis
passing through different integral points lying on y-axis till the
entire graph of f(x) is covered up. The procedure is depicted in
Fig. 1.45.

A y=1x) ) =2
f(x) =1
X X' X/ Xy iXs X
Xq Xo X3 -
/ fix) = -1
3 o
C 2__ ) o Yo I
177 ) .
X[ xp X 3 X Xo"! Xy X5

Figure 1.45

3. Drawing Graph of y = [f(x)] from Known Graph of y = f(x):
It is clear that if n < f(x) <n+ 1, n € |, then [f(x)] = n. Thus, we
would draw the lines parallel to x-axis passing through differ-
ent integral points. Hence, the values of x can be obtained so
that f(x) lies between two successive integers. This procedure is
depicted in Fig. 1.46.

A y=Afx
=
fix)=2
fix) =1
X5 | X6 X7 > -
Xii fiX i X3 X4 % % Ko X > x [0=0
- fix) =—1
3_.
2 — o
—o 1 —o0
——0 o—e *—0— > X
o lte oo
2lo— o
Figure 1.46

4. Drawing Graph of y = f([x]) from Known Graph of y = f(x):
We have
xe [0,1)=[x]=0=f(Ix]) =f(0) Vxe [0, 1)
Similarly,
f(lx]) =f(1) Vxe [1,2)
In general,
(X)) =fin) Vxe [n,n+1),ne |

which implies that we just draw lines parallel to y-axis passing
through the different integral points lying on x-axis. Fig. 1.47
depicts the procedure.

-4 -3

Figure 1.47



Chapter 1 | Sets, Relations and Functions

5. Drawing Graph of y = |f(x)| from Known Graph of y = f(x):
We have
|f)] = fix) if fx) = 0 and |f(x)|= —f(x) if f(x) <0
which means that the graph of f(x) and |f(x)| would coincide if f(x) >
0 and the sections, where f(x) < 0, get inverted in the upwards
direction. Figure 1.48 depicts the procedure.

Figure 1.48
6. Drawing Graph of y = f(|x|) from Known Graph of y = f(x): It
is clear that
), x20
(l l) { f(=x), x <0

Thus, f(|x|) is an even function. Graphs of f(|x|) and f(x)
would be identical in the first and the fourth quadrants (since x
> 0) and the graph of f(|x|) is symmetrical about y-axis (since
(Ix|) is even). The procedure is depicted in Fig. 1.49.

y A

y=11x]
Y=AX) ]

Figure 1.49

7. Drawing Graph of |y| = f(x) from Known Graph of y = f(x):
We have |y| = 0. If f(x) <0, the graph of |y| = f(x) does not exist
and if f(x) > 0, |y| = f(x) would give y = +f(x). Hence the graph of
|y|="f(x) exists only in the regions where f(x) is non-negative and
it is reflected about x-axis only on those regions. The regions
where f(x) < 0 are neglected. The procedure is depicted in
Fig. 1.50. The dotted lines show the graph of y = f(x) and the
normal lines depict the corresponding graph of |y| =

y A
/\ |y| f(x)
/,/\i/\ /\_/ X’
y=1x
Figure 1.50

8. Drawing Graph of y = f(x + a), a € R from Known Graph of
y=f(x): Let us take any point x, € domain of f(x), and set x + a=x
orx=x,—d. Now,

a>0=x<xyanda<0=x>x,

which tells that the mean x, and x, — a give us the same abscissa
for f(x) and f(x + a), respectively. As such for a > 0, the graph
of f{x + a) can be obtained simply by translating the graph of
f(x) in the negative direction on x-axis through a distance a
units. If a < 0, the graph of f(x + a) can be obtained by translat-
ing the graph of f(x) in the positive direction on x-axis through
a distance a units. The procedure is depicted in Fig. 1.51.

=fix+a),a>0

Figure 1.51

9. Drawing Graph of y = af(x) from Known Graph of y = f(x):
We know that the corresponding points (points with the same
x-coordinates) have their ordinates in the ratio of 1: a (where
a > 0). Figure 1.52 depicts the procedure.

y=af(x),a>1 V= 1(%)
A A y=af(x),0<a<1

X

Figure 1.52

10. Drawing Graph of y = f(ax) from Known Graph of y = f(x):
Let us consider any point x, € domain of f(x). Let
Xo
ax=x,orx=—
a
Now, if 0 < a < 1, then x > x;, and f(x) will stretch by a units
against y-axis, and if a > 1, x < x, then f(x) compresses by a
units against y-axis. Note that the points of maxima and min-
ima are on the line parallel to x-axis for both curves. Figure
1.53 depicts the procedure.

y=fx)

Ay

s

11.

y=flax),1<a
y=flax),0<a<1

Figure 1.53

Drawing Graph of y = f(x)sinx from Known Graph of y =
f(x): We have

—f(x) < f(ix)sinx < f(x)
Hence, the graph of f(x)sinx lies in between the graphs of y =
fix) and y = —f(x). It leads to just drawing the graph of sinx in
between the graphs of y = +f(x), for example, the graph of y =
xsinx is shown in Fig. 1.54.
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20

—20 =) B! 10 20
X

Figure 1.54

Note: If f(x) is even/odd function, f(x)sinx becomes odd/even
function and we need to pay attention to the symmetry of f(x)

sinx. Similar treatment can be given to y = f(x)cosx.

12. Drawing Graph of y = f~1(x) from Known Graph of y = f(x):
For drawing the graph of y = f~1(x), first, we need to find the
interval in which the function is bijective (i.e. invertible). Then,
take the reflection of y = f(x) (within the invertible region)
about the line y = x. The reflected region gives the graph of
y = f~1(x). For example, let us draw the graph of y = sin"'x

(Fig. 1.55). We know that y = f(x) = sinx is invertible if
f:[-m2, 7/12] — [-1, 1]
which implies that the inverse mapping is
L =1,11 = [-22, 7/2]
A
(1, 7/2) // Y=
7/

/
7/

//y—sinx
Z

Vs (7[/2, 1)
/2

/2

—r/2 -1

H 1
y=isin~'x %
kel o] (0, 1)

(a2, -1y 7
7
7

7
(-1, -7/2)

Figure 1.55

Note: It is clear that at least one root of the equation f(x) = f~'(x) =0

would lie on the line y = x when the root exists.

TS {ELTT W Yl Draw the graphs of the following: (a) y
2

(b) |y| = sinx, (c) [yl = cosx and (d) y = cos[x], where x € [0, 27].

Solution:
(@) The graph of y = [sinx] is shown in Fig. 1.56.

37/2 2z

(b) The graph of |y| = sinx is shown in Fig. 1.57.

VA
|y|=sin x
Y4 2z
(0] ~ T X
N
~
\\ ’,
Figure 1.57

(c) The graph of [y] = cosx is shown in Fig. 1.58.

y [y]=cos x
1 "'::: --------------------------- -
\\ ,7\[ ’/ 2r
o w2 s l o~ 372 x
Figure 1.58

(d) The graph of y = cos[x] is shown in Fig. 1.59.

y=[sin x]

Figure 1.56

Figure 1.59

' Your Turn 14

1. Draw the graph of f(x) = sin|x|, x € [-27, 27].

(1,0 f(x) = sinlxi

370) (21 O)U 70 (0,0 (%.0) (27,0)

Ans.

_2j/ _;;/2\\(0, 0) /2 3;;/2&2,; X
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3. Draw the graph of [fix)] =2 + sinx, x € [0, 2] where [-] denotes
the greatest integer function.

Ans.
y
1o
3 (o] [
> L |
1 |
0 72 7 3z/2 o X
4. Draw the graph of f(x) = [|sinx| + |cosx|], x € R where [-] denotes
the greatest integer function. Ans.
yA
< ) >
9 X
5. Draw the graph of f(x) =|In|x||, x€ R~ {0}.
Ans.
fix)
fix) =lInlxl
> X
(-1,0) (O,|O) (1,0)

Domain and Range of Some Important Real Functions and
Their Graphs: A convenient and useful method for studying
a function is to study it through its graph. To draw the graph of a
function f. X — Y, we choose a system of coordinate axes in the plane
such that to each x € X, there corresponds the ordered pair [, f(x)]
which determines a point in the plane. The set of all points {(x, f(x)):
x € X}is the graph of f. We discuss some examples of functions and
their graphsin Table 1.5.

Table 1.5 Functions and their graphs

4, The f.R— (0, )
exponential | defined by
function fix) = &
5. The natural | f: (0, ) = R
logarithmic | defined by
function fix) =Inx
6. The greatest | ;R—Z y
integer defined by 1a
function fix) = [x] the 13 —
greatest 12 —
: 1 —
integer < x L X
—4-3-2-10 4234
- 12
- -3
g -4
7. The fR—R y
fractional defined by . L y=1
part of x fix) = {x} : ;
2 4o 1 2 3 X

8. Polynomial
functions

— n n—1_,4 ...
f)=ax"+ax"~ "'+ +a,_,x+a,
where g, a,, ..., a, are real numbers,
a,#0.

9. Rational fix)= p(x)/q(x), where p(x) and g(x) are

S.No. | Function Domain and Graph
Range of
Definition
1. A constant | f.R—{c} y
function defined by y=c
f)=c 1
— X
2. Theidentity | R—R y
function defined by y=x
fix)=x
0 X
3. The abso- f:R — [0, ) y
lute value defined by
function fx) = |x|

functions polynomials in x. Domain is R — {x: g(x) = 0}.
10. Trigonomet- A

ric or circular y =sinx

functions !

y=tanx
—2r/-3r/2-r/—xl2 /72 x/37I2 2%

o
xVY
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y
y=cotx
—2r - 0 V.4 2r
—37/2 —71/2 /2 37/2 X
y
y=secx
—72 1 2 V3 372
o 1 X
y 3
y = cosecx
! i 32 2r
[e] 2 1 X

Definitions:

1. Bijective Function: If a function fis both one-to-one function
and onto function, then fis said to be a bijective function.

2. Inverse of a Function: If f: X — Y be a function which is defined
by y = f(x) such that f is both one-to-one function and onto
function, then there exists a unique function g: Y — X such that
for each y € Y, gly) = x if and only if y = f(x). The function g so
defined is called the ‘inverse of f which is denoted by . Also
if g is the inverse of f, then fis the inverse of g and the two func-
tions fand g are said to be inverses of each other.

Note: Let f: X — Y be a bijective function, then

(i) Domain f=X=Range f';Range f=Y=Domain f'.
(i) £71: Y — Xis also bijective.
(i) f'of(x)=xVxe Domainfand fof~1(x)=x Vx e Domain f.
(iv) The graphs of y = f(x) and y = f~1(x) are symmetric about the
line y = x for a real function f.

Additional Solved Examples

1. IfA={1,2,3}and B={aq, b, ¢}, then does (a) {(1, a), (2, b), (2, ¢),
(3, o)y and (b) {(2, b), (3, b)} represent a function A — B.

Solution:

(@) Since two-ordered pairs (2, b), (2, ¢) have the same first coordi-
nates, {(1, a), (2, b), (2, ©), (3, €)} does not represent a function,
A—B.

(b) Since the element 1 of A is not associated with some element of
B, that s, 1is not the first coordinate of any ordered pair so{(2, b),
(3, b)} does not represent a function A — B. (See Fig. 1.60.)

Figure 1.60

2. If the functions f and g are given by f={(1, 2), (3, 5), (4, 6)} and

g=1{(2,3),(5,1), (6, 3)}, then find fog and gof.

Solution: It is given that

f(1)=2;f(3)=5;f(4)=6
and g(2)=3;9(5)=1;9(6)=3
fog(2) =fig(2)}=f(3)=5
fog(5) =fig(5)}=f(1) =2
fog(6) =fig(6)}=f(3)=5
=fog=1{(2,5),(5,2),(6,5)}
Similarly,
gof={(1,3),(3,1),(4,3)}
a“+a”
3. Given the function f(x) = (a > 0). Show that f(x + y) +
fix —y) = 2f(x)Ay).
Solution: Given that
X —X
fx) =2 +2" (1)
Therefore, . o +a
Y 2
aX+y +a—(X+y) GX7y +af(x7y)
fix+y) = > fx—y)= —
x+y  —(x+y) . x=y  —(x=y)
o+ y) +fix—y) = a™ +a era +a
_a‘a’+a*a”’ +a*a” +a *a’
2
_ad@+a)+a V(@ +a)

2

_ (@ +a™) (@ +a™)
2 2

4. Letf:R— Rbedefined by f(x) = cos(5x + 2). Is finvertible? Justify
your answer.

= 2f(x)f(y)

Solution: We know that any function f: A — Bisinvertible ifand only
if it is bijective. Now, f: R — R, which is given by f(x) = cos(5x + 2) is
neither injective nor surjective. For—1 < cos(5x+2) < 1, the range of
f# R.Therefore, fis not surjective. Also

f(x+2?”) =cos {5(X+25”J+2} =cos(27+ 5x+2) = cos(5x + 2) =f(x)

Therefore, fis not injective. Thus, fis not invertible. For the existence
of inverse of a function, the given function must be one-to-one and
onto.

Note: All periodic functions are many-to-one. Hence, they are not
invertible when they are defined on the whole of R. Each of these
can be made invertible on a restricted domain. For example, if
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T
y = sinx is restricted to the domain [—55] , then it is invertible

o - - T
and its inverse is given by y =sin~'x, where x € 55|

5. If f(x) is a periodic function with principal period T then prove
that the function flax + b) is periodic with principal period T/|a|.

Solution: We have

f|:a(x+T] +b]:f(ax+b+a7-]:f(ax+b)
la] lal

[.~. Tis a period of f(x)]

Thus,
T/|a| is a period of flax + b) m

Further, let a real number t > 0 be a period of flax + b). Then
flax+ b) =flalx + t) + b], Vx =flax+ b+ at), Vx

=|a|tis a period of f(x)

Sla|t>T (.. Tis the principal of f(x)]
=t> L (2)
la]

From Egs. (1) and (2), it follows that T is the principal period of

flax+b). |al

6. Let f(x) be a polynomial function of degree n satisfying the con-
dition fix) + f(1/x) = fx)f(1/x) Vx € R — {0}. Then, prove that
fix)=1+xx".

Solution: Let us consider that f(x) = a, + a,x + - + a x". Thus,

a q
(@y+ax+-+ax+|ag+-L+-+-1L
0 1 n 0 n
X X

n

a a
=(dy+ax+ - +a,x" (a0+—1+---+—”)
X X

Multiplying on both sides with x", we get
(@™ +a X" 14 +a.x2") +(ax"+ax"" 1 +-+a,)
— n n n—"1_,4 ..
=(ay+ax+-~-+axNax"+ax"~ "'+~ +a,)

Equating the coefficients of x27, x2" =1, .., "+ 1 on both sides, we
get
a,=a,a,= dy="1 [sincea, # 0]
That is,
a,_,=4a,_,a,+ad,a,=a,a,=0=a,=0
Similarly, we get
a,=ay=-=a, ;=0

Now, equate the coefficient of x” on both sides, we get
2ay=a,2+a2+~+a,_>+a,?
=a’=1=a,==1
Hence, fix) =1+ x".

7. Let
1+x3, x<0
fix) =
x2—1, x20
) (x—1)1/3, x<0
X) =
(x+1)1/2, x>0

Then, evaluate g[f(x)].

Solution: When x< 0, f(x) =1+ x3. Forx<0, 1 + x3 € (=, 1). Now,
(=00, 0) = (—o0, —=1)U[-1, 0). Similarly, when x > 0,

fx) =x2 -1
Forx>0,x2—1¢€ [-1, ). Now,
[0,00)=1[0, 1) U [1, %) and [-1, ) =[-1, 0) U [0, o)
X x<-1

;s
x°+2)2 -1<x<0
Glfx)] = ( )
(x2—2)g 0<x<1
X x21
8. Find the domain and range of the following functions: (a) f(x) =
(x2 =2x+9)/(x* +2x+9) and (b) fix) = 1/,/|x| - x.

Solution:

(@) The domain of fis the set of all real values of x for which f(x) is
real. Since x2 + 2x + 9 > 0 Vx €R, therefore, the domain of fis
the whole set R. The range of fis the set of all real values of y for
which x is real and a member of domain of f. Now,

x*-2x-9
=5 X+ 2x+ Yy =x2—2x+9
X“+2x+9
That is,
(y=1x2+Qy+2)x+9(y—-1) =0
Now, if y = 1, the above equation reduces to x = 0, that is, for
x=0,y=1.Thus, 1€ Range.Furtherify#1,then (y— 1)x2+(2y+2)x
+9(y— 1) =0is a quadratic equation in x and has real roots if
Qy+22-36(y—1)220
That is,
2y?—5y+2<0
That is, if —=1/2 <y < 2 which gives that [-1/2, 2] — {1} is another
part of the range. Hence, the range is [-1/2, 2].

(b) We have 1

T
The domain of fis the set of all real values of x for which yis real.
Here, the fact that y is real implies that
[X|-x>0&x<0
Therefore, the domain is (—eo, 0). The range is the set of all real
values of y for which x is real and x € (—eo, 0). Therefore, clearly
we understand that

y>0 (1
1
y:
[ x[=x

1

SJx|-x=—=K-x=—==-2=—

y

Clearly,

xisrealify#0 (2)

From Egs. (1) and (2), x is real if y > 0. Hence, the range is (0, o).
9. Find if f(x) = (3x —4)/(x? +1) is one-to-one.
Solution: The domain of f(x) is whole of set R.
3x-4
B x%+1
= yx*-3x+y+4=0
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which is quadratic in xif y # 0. Thus, this gives two real values of x if
9—-4y(y+4)>0

and if y € (-9/2, 1/2). Therefore, f is not one-to-one function.

10. Does the inverse of f(x) = {2 + (x — 3)3}"/3 exist? If so, find it.

Solution: We have

fx) =2+ (x—3)3%}'73
Since 2 + (x — 3)3 is a polynomial function, it is continuous. Its
domain and range both equal to R. Hence, it is onto (surjective).

Thus, f(x) being a positive rational power of the continuous func-
tion is also continuous.

(x-3)?

———— >0 Wx
[2+(x-3)]

fx) = %{2 (=3P - 32 =

except at x = 3 and x = 3 — 2'/3. Therefore, f(x) is monotonically
strictly increasing and so invertible. Let

y={2+(x-3)3}/3

Then,

y3=2+(x-3)3
or x=3+(y3-2)3
Thus,

1) =3+03-2)"3
11. f(x2=3x=3*t1>1,findxe (=1, o).

Solution: Clearly, x> — 3x — 3 > 0 because it is the base. Therefore, by
sign-scheme,

3-421 34421
X< 7 or x> >

Therefore, taking logarithm, we get

2 1 _
log,ox* =3x =3 *'>log,, 1=0

or (x+ 1log,o(x? —3x—3)>0
Following two cases arise:

Case 1:x+1>0,log,,(x2 —3x—3)>0
Case 2:x+ 1 <0, log,,(x2 —3x-3) <0

Now,
x>-1,x*—3x—-3>1
X*=3x-3>1=x2-3x-4>0
The corresponding equation is

x> -3x-4=0

or x+Nx—-4)=0

Therefore, x = —1, 4. Therefore, the sign-scheme of X2 — 3x— 4,x € R
is shown in Fig. 1.61.

Figure 1.61
Therefore,

x2-3x-4>0=x<-lorx>4

However, x > —1.So x > 4. Similarly,
x<-land-1<x<4

There is no such x exists. Therefore, the solution set is (4, «).
12. If f(x)=I[sin(sinnx)]/[tan(x/n)] has period 6 where n eN.
Find the minimum value of n.

Solution: The period of sinnxis 27z / n and the period of tan(x/n) is
7z/(1/n)=nr.Since, fix) can repeat only when sin(sinnx) and
tan(x/n) repeats at the same time. So,

Period of f(x) = LCM (zl,nﬂ)
n
:LCM(anﬂ , W) _ LM @nr, 2n7)
n 2 HCF (n%, 2)

Case 1: Here, n? is even which implies that n2 = 2k. The period
of fx) is
2nrw 2nrw
=——=nrx

HCF (2k,2) 2
=Snr=67r=n==6

Case 2: Here, n? is odd which implies that n? = 2k + 1. The period
of f(x) is
2nz

2nrx _
HCF (2k +1,2) 1

=2nr=67r=>n=3

13. Find the domain of the function
1

| sinx|+sinx

Solution: For f(x) to take real value,

f(x)=

|sinx] + sinx >0
= [sinx| > —sinx

Draw the graph of y = |sinx| and y = —sinx in x € [0, 2x]. From graph
in Fig. 1.62, |sinx| > —sinx Vx € (0, 7). Generalise the answer to get

Domain of f(x) =[2n7z, (2n + 1) 7]

>

Figure 1.62

sinx cosx

14. If f(x)= -
\/1+tan2 X \/1+cot2 X

. Find the range of f(x).

Solution: We know that

sinx Cosx

_|secx|_|cosecx
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Clearly, the domain of f(x) is
R~{nﬂ, (2n+1)%:nel}

and period of f(x) is 2.

—sin2x

0 xe(ir,'zr)
2

sin2x  x 6(37”,27[)

f(x)=

Thus, the range of f(x) is (-1, 1).

15. Let f(x, y) be a periodic function which satisfies the condition
fix, y) = f2x + 2y, 2y — 2x) Vx, y € R and let g(x) the function
defined as g(x) = f(2X, 0). Prove that g(x) is periodic and find its
period.

Solution: We have

fix, y) = f2x + 2y, 2y — 2x)
=f[2(2x + 2y) + 2(2y — 2x), 2(2y — 2x) — 2(2x — 2y)]

That is,
f(x,y) = f(8y, —8x)

=f[8(-8x), —8(8y)]

= f(—64x, —64y)

= f[64(64x), 64(64)y]

=f(x,y) = (212, 2'%y)
That is,

f(x, 0) = f(212x, 0)

Therefore,

f(2Y,0) = (2122, 0)
f(2Y,0) =1f(212+Y,0)
=g =9gy+12)
Hence, g(x) is periodic and its period is 12.

Previous Years’ Solved JEE Main/AIEEE

Questions

1. The largest interval lying in (—%, %) for which the function

[f(x) =47 tcos™! (g— 1)+ log(cos x)] is defined is

T
A) (O, B -, =
® [0, 7] ®) ( d 2)
T V4
Q) [-—, = D) |0, —
(C) |: 2 2) (D) |: >
[AIEEE 20071
Solution:

12 defined Vx (1
4%

47 =

0< COS_1(£—1)SE
2
= cos™ <cos™' (g - 1) <cos7'(=1)

> 1<X 1113 % 52
2 2

=0<x<4

logcos x is defined when cos x > 0, that is, in [O%) (3)

(A part of domain where cos x > 0)
Therefore, from Egs. (1), (2) and (3), largest interval is

(£3) )

Hence, the correct answers are options (B) and (D).

2. Let f: R— R be a function defined by f(x)=Min{x+1,
Then which of the following is true?
(A) f(x)=1forall xeR
(B) f(x)is not differentiable at x = 1
(C) f(x) is differentiable everywhere
(D) fix)is not differentiable at x=0

x|+ 1.

[AIEEE 2007]

Solution: It is given that f(x) = Min{x +1,

x| +1.
From Fig. 1.63, we have f(x)=x+1VxeR

y=-x+1 4
y=x+1

0,1

Figure 1.63

When x< 0, (x + 1) is minimum.

When x>0, (x + 1) is minimum.

Therefore, overall f(x)= x+1 is differentiable in R.

Hence, the correct answer is option (C).

3. Let f: N — Y be a function defined as f (x) = 4x + 3, where
Y={yeN:y=4x+3 forsomex € N}. Show that f is invertible
and its inverse is

A giy=2" ®) gly)-4+22
_y+3 _y-3
@ 9ly)==, (D) gly)==,

[AIEEE 2008]
Solution: Let
f(x))=f(x3), X1, X eN=4x,+3=4x,+3= X3 =X,
Thus
fx))=f(x3)= x;=x;
Hence, the function is one-one.
Let y €Y be a number of the form y = 4k +3 for some ke N.
Then
y=Ff(x)
=4k+3=4x+3=>x=keN
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Thus, the function is onto.
The function, being both one-one and onto is invertible.

y=4x+3s:>x=’vT_3

Therefore,

_ -3 y-3
£ 1 X
(x)= 2 =>g(y)— 2

g(y) is the inverse of the function.

Hence, the correct answer is option (D).
4. Let R be the real line. Consider the following subsets of the
plane R X R.
S={x,y):y=x+1and0<x< 2}, T={(x,y): x—yis an integer}.
Which one of the following is true?
(A) neither S nor Tis an equivalence relation on R
(B) both S and T are equivalence relations on R
(C) Sisan equivalence relation on R but Tis not
(D) Tisan equivalence relation on R but S is not
[AIEEE 2008]
Solution: We have,
T={x,y):x—yel}
As 0 €, Tis a reflexive relation. If
x—yel=y—-xel
Then T is symmetrical as well.
lfx—y=/landy—z=1/,then x—z=(x-y)+(x-2z)=h+]€l;
therefore, Tis transitive as well.
Hence, T is an equivalence relation. Clearly,
XEX+1=>(x,x)g S
Therefore, S is not reflexive.
Hence, the correct answer is option (D).

5. If A, Band C are three sets such that AMB=AnC and AUB=
AUC, then

(A) A=B (B) A=C
(€) B=C (D) AnB=¢
[AIEEE 2009]
Solution:
AuB=AUC
=(AuB)NC=(AuC)NnC
=(AnC)uBNC)=C
=(AnB)U(BNC)=C (1)
Again,
AuB=AUC

=(AuB)NnB=(AuC)NB
=B=(AnB)U(CNB)
=B=(AnB)U(BNC) (2)
From Egs. (1) and (2),
B=C
Hence, the correct answer is option (C).

T
6. J[cot x1dx,[-]. denotes the greatest integer function, is equal to
0

T
Ai
()2 (B) 1

(€) -1 (D) —% [AIEEE 2009]

Solution: We have,

T
= J[cot x]dx (1)
0
That is,
J[cot(zr —x)ldx =I[—cot x]dx (2)
0 0

Adding Egs. (1) and (2), we get

Vi Va Vi V4
2= I[cot x]dx +I[— cot xldx = I(—1)d =[-x] =-x
0
0 0 0
x4+ [-x]=-1ifxeZ
=0ifxeZ
Therefore,
1=-=
2

Hence, the correct answer is option (D).
7. Forrealx, let fix) =x3 + 5x + 1, then
(A) fis one-one but notonto R
(B) fis onto R but not one-one
(C) fis one-one and onto R
(D) fis neither one-one nor onto R
[AIEEE 2009]

Solution: See Fig. 1.64. We have,
fX)=x3+5x+1

o1

Figure 1.64

Now, f'(x)=3x>+5>0,Vx eR. Therefore, fix) is strictly increasing
function and hence it is one-one function. Clearly, f(x) is a continu-
ous function and also increasing on R.

lim f(x)=-and lim f(x)=o
X—>—co
Therefore, f(x) takes every value between —eo and oo. Thus, f(x) is
onto function.
Hence, the correct answer is option (C).
8. Let f(x)=(x+1%—1,x>-1

Statement-1: The set{x : f(x)=f""(x)} = {0, 1}
Statement-2: fis a bijection.
(A) Statement-1 is true, Statement-2 is true; Statement-2 is a
correct explanation for Statement-1
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(B) Statement-1 is true, Statement-2 is true; Statement-2 is
not a correct explanation for Statement-1

(C) Statement-1 is true, Statement-2 is false

(D) Statement-1 is false, Statement-2 is true

[AIEEE 2009]

Solution:

\

I

f(x)

w

\*]

/

ury

9 Mirror Tmage

Figure 1.65

From Fig. 1.65, f is one-one in [—1, «). There is no information
about co-domain and therefore f(x) is not necessarily onto func-
tion. Therefore, S, is true but S, is false.
Hence, the correct answer is option (C).
9. Let S be anon-empty subset of R. Consider the following state-
ment: P: There is a rational number x € S such that x> 0. Which
of the following statements is the negation of the statement P?
(A) There is no rational number x € S such thatx< 0
(B) Every rational number x € S satisfies x< 0
(C) xeS and x<0= x s not rational
(D) There is a rational number x € S such thatx< 0

[AIEEE 2010]
Solution: Given that S is a non-empty subset of R.

e P:Thereis a rational number x € S such that x>0
Now we need to find the negation of P.
Clearly, P is equivalent to saying that “There is a positive
rational numberin S.
So its negation, ~P is “There is no positive rational number
inS"
~P:There exists no positive rational numberin S.

e & ~P:Every rational number x € S satisfies x < 0.

Hence, the correct answer is option (B).
10. Consider the following relations:

R={(x,y)|x, y are real numbers and x = wy for some rational number w};

(m,p)‘m,n,p and g are integers such
S=i\n ¢g

that n,g#0 and gm=pn

Then

(A) neither R nor S is an equivalence relation

(B) Sisan equivalence relation but R is not an equivalence
relation

(C) Rand S both are equivalence relations

(D) Risan equivalence relation but S is not an equivalence
relation.

[AIEEE 2010]

Solution: Let us consider the relation R:

(i) Ris reflexive:
Since forany x € R, x =1-x where 1 is rational, so (x, x) R Vx.

(ii) Ris not symmetric
Since (v2,00Randv2=-0 is not true for any @ rational, so

R is not an equivalence relation.
Now let us consider the relation S:

(i) Sis reflexive: QSB S gm=pn
n q

m m . .
Therefore, —s— is reflexive.
n n

(ii) Sis symmetric: since

mp_p.m
nqg qn
Therefore, S is symmetric.
Also
mppr
—S—,=Ss—=>gm=pn, ps=rq=ms=rn.
n qg q s

Thus, Sis transitive.

Therefore, S is an equivalence relation.

Hence, the correct answer is option (B).
k—2x,ifx<-1

. Iffhasa

11. Let £ R — R be defined by f(x)= .
2x+3,ifx>-1

local minimum at x = —1, then a possible value of k is

(A) 0 (8) —+

2
(€) 1 (D) 1
[AIEEE 2010]
Solution: At x = —1, fis continuous if,
lim f(x)= lim f(x)=f(-1)
x—=1- x—=1+

That is,
k+2=2(-0)+3=k+2=k=-1
For, k=—1, fis continuous at x = —1; f’(—1) does not exist. And,
f'(x) <0forx<-1;
f’(x) > 0forx<—1.
Therefore, f has a local minimum at x =—1.

Hence, the correct answer is option (C).

12. Let R be the set of real numbers
Statement-1: A={(x, y) € RX R:y — xis an integer} is an equiv-
alence relationon R.
Statement-2: B = {(x, ¥) € R X R : x = oy for some rational
number a7} is an equivalence relation on R.
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(A) Statement-1 is true, Statement-2 is true; Statement-2 is
not a correct explanation for Statement-1
(B) Statement-1 is true, Statement-2 is false.
(C) Statement-1 is false, Statement-2 is true.
(D) Statement-1 is true, Statement-2 is true; Statement-2 is a
correct explanation for Statement-1
[AIEEE 2010, 2011]

Solution:
e Xx—yisaninteger
e x—x=0isaninteger =A s reflexive
e x—yisaninteger = y —xis an integer =A is symmetric

e X—y,y—zareintegers
As sum of two integers is an integer. Therefore, (x—y) + (y— 2)
= x —zis an integer, which implies that A is transitive. Hence,
Statement-1 is true.
Also,

=1is a rational number = B is reflexive

0
= is rational :>X need not be rational, that is, 7 is
X

rational = — is not rational

Hence, Bis not symmetric, that is, B is not an equivalence relation.
Hence, the correct answer is option (B).

1
JIX|=x
(B) (—o,0)

(D) (—o0,00)
[AIEEE 2010, 2011]

is

13. The domain of the function f(x) =

(A) (0,c)
(C) (—o0,00)—{0}

Solution:

1
———=|x|]-x>0=|x|>x = xis negative.
JIx|=x
Therefore, x € (—,0).
Hence, the correct answer is option (B).

14. Let X = {1, 2, 3, 4, 5}. The number of different ordered pairs
(Y, Z) that can be formed suchthat Y c X,ZcXand YN Z is

empty, is
(A) 52 (B) 3°
© 2 (D) 53

[AIEEE 2012]

Solution: It is given that Y € X,Z c X. Let ae X. Then we have
following chances that

(i) aeY, aeZ
(ii) agV, aeZ
(iii) aecY, agZ
(iviagyY, ag”Z

It is required that Y NZ =¢. Hence, the items (ii), (iii), (iv) above
are chances for ‘a’ to satisfy Y NZ =¢. Therefore, Y "Z =¢ has 3
chances for a. Thus, for five elements of X, the number of required
chancesis 3x3x3x3x3=3".

Hence, the correct answer is option (B).

15. If a e Rand the equation, =3(x — [x])2 + 2(x = [x]) + a2 =0
(where [x] denotes the greatest integer < x) has no integral
solution, then all possible values of a lie in the interval
(A) (=2,-1) (B) (—o0, —2) U (2, )

(€) (-1,0u(0,1) (D) (1,2)
[JEE MAIN 2014 (OFFLINE)]

Solution:

SBr-)2+2x—X)+a2=0= -3} +2{x}+a%2=0

2 2
2 _ 30,2 _ory1— 2_2 (1) |- LN
=a” =3{x}" -2{x} 3[{x} 3{x}+(3) (3)} 3[{X} 3] 3

Now we know that 0 < {x} < 1. Therefore,

1 1.2 17 4 17 4
—ZS{X}--<-=0<| {X}-— | <==0<3 x}—{| <=
3 33 [{ 3] 9 [{ 3] 3

2
1 1 1
=-——<3|{x}-—| —=<1
3 3 3
=-1<ad?<1

Only possibility for non-integral solution is 0 < a? < 1.

Thus, a® = 0, but when a = 0, there is integral solution for {x} = 0

Therefore, (—=1,0) U (0, 1)

Hence, the correct answer is option (C).

16. Let P be the relation defined on the set of all real numbers
such that

P={(a,b):sec2a—tan?b=1}.Then Pis

(A) reflexive and symmetric but not transitive.
(B) reflexive and transitive but not symmetric.
(€) symmetric and transitive but not reflexive.
(D) an equivalence relation.
[JEE MAIN 2014 (ONLINE SET — 1)]

Solution:

P={(a, b):sec?a—tan2b=1}

Since, sec2a —tan?a = 1true = aRa i.e. reflexive
aRb= sec?a—tan’b=1= 1+tan’a—sec’b+1=1

=sec?b=1+tan2a=bRa
Therefore, P is symmetric.
aRbandbRc=sec’a—tan’b=1andsec?b—tan’c=1
=sec?a—(sec?b—-1)=1=secta-tan’c=1=aRc
Therefore, P is Transitive.
Hence, the correct answer is option (D).
17. A relation on the set A = {x:|x| < 3, € xZ}, where Z s the set
of integers is defined by R = {(x, y) : y = |x|, x # —1}. Then the
number of elements in the power set of R is

(A) 32 (B) 16
() 8 (D) 64
[JEE MAIN 2014 (ONLINE SET — 3)]
Solution:

A={x:|x|<3,xe 2, ={-2,-1,0,1,2}
R={xy):y=[x],x=-1}

Therefore, number of elements in power set = 24 =16
Hence, the correct answer is option (B).
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18. Letf:R— Rbe defined by f(x)= X+1 then fis
X

(A) both one-one and onto
(B) one-one but not onto
(C) onto but not one-one
(D) neither one-one nor onto
[JEE MAIN 2014 (ONLINE SET — 4)]

Solution: Checking one-one

= gl + el =Pxal 1= o] |l x| A

=2 x| =2 x| = x| =1Ix,

al=1_ [xa|=1

‘x1+1‘_ ‘x2‘+1

Therefore,
X, =+ Xx, = Not one-one

Checking onto
Let

—1
i+1_1=>M—1_M+1

Therefore, f (x) does not take value 1. For any x, fis not onto.

Hence, the correct answer is option (D).

1
19. Letf(n):[§+%]n, where [n] denotes the greatest integer
56
less than or equal to n. Then Zf(n) is equal to

n-1

(A) 56 (B) 689
(C) 1287 (D) 1399
[JEE MAIN 2014 (ONLINE SET — 4)]
Solution:

f(2)=[1+i]2: 0... f(22) = B+16—6]22 :[M]zzz 0

3 100 00 300
F23)=| 2+ |23 104207 155 o5
[3 100
f(55)=| L4165 |55 1004495 |5 5o
[3 100 300
F(56)=| 1+ 100 |56 = 1220 156 = 256 =112
[3 100 300
Therefore,
Zf =0+(23+24+- 55)+112_—[46+(33 N+112

=7[46+33—1]+112

33
:7[78]+112=33><39><112 =1399
Hence, the correct answer is option (D).

20. The function f(x)
with period
(A) 27

= |sin 4x| + |cos 2x|, is a periodic function

(B) 7

V4 V4
C) — D) —

Q) 2 (D) 2

[JEE MAIN 2014 (ONLINE SET - 4)]
Solution:

Period of | sin 4x| is % so period of [singlis 7.

Period of | cos 2x| is % so period of |cosd) is .

Therefore, period of f (x) is LCM of periods= LCMof zandz e
GCDof4and2 2

Thus, sin 4x and cos 2x are not complimentary.
Hence, the correct answer is option (C).

kvx+1, 0<x<3

is differentiable, then

21. Ifthe function g(x)=
mx+2, 3<x<5

the value of k+ mis
16 10

A) — B) —

(A) 5 (B) 3

(C) 4 (D) 2

[JEE MAIN 2015 (OFFLINE)]

Solution: We have
kvx+1, 0<x<3
g(x)=
mx+2, 3<x<5
=2k; g(3")=3m+2;g(3) = 2k
=2k=3m+2 )]

g(37)

Also,

; 0<x<3
g'(x)= Zr——

m; 3<x<5
k.
4

=g'37)=—;9'3")=m

= sz = k=4m
4
Therefore, from Eq. (1),
m:E; k:§:>k+m=2
5 5

Hence, the correct answer is option (D).

22. The largest value of r for which the region represented by the
set {weC:lw—4—i|<r} is contained in the region repre-
sented by the set {zeC/|z—-1|<|z+i]}, is equal to

(A) V17 (B) 242
(© —f (D) —f

[JEE MAIN 2015 (ONLINE SET — 1)]
Solution: See Fig. 1.66.

Ri=weC:|lo—(4+i)|<ry Ry={zeC:|z-|gz+i]}
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25. Let k be a non-zero real number. If
& X¢O
Y= fix)= 5|n(k)log(1+4) is a continuous function,
12 , x=0
] then the value of k is
—i[STA—"""r (largest) (A) 1 (B) 2
BN © 3 (D) 4
P [JEE MAIN 2015 (ONLINE SET — 2)]
[z-1<| z+i] Solution: For continuity at x=0
1 bisector of AB
Figure 1.66 =1
) (e —1)? ,
o |4+1 5 502 lim{———F———=12=lim
Therefore, largest 'r'=CP = ————= Pl x=0 sm(i).ln(Hi) =0 sm( ) In 1+£)
(M +(1) k 4 4
Hence, the correct answer is option (D). (,) 4. (ﬁ)
4
23. If Rolle’s theorem holds for the function f(x) = 2x3 + bx? + cx, 5
1 1 1
x €[-1,1], at the point x = then 2b + c equals = %1— =12= 4k=12= k=3
) (|
(A) 1 (B) -1 (k) W

(@ 2 (D) -3
[JEE MAIN 2015 (ONLINE SET — 1)]

Hence, the correct answer is option (C).

26. Let f: R — R be a function such that f(2 — x) = (2 + x) and
Solution: 2
1 fl4 - x) = fi4 + x), forall xR and [f(x)dx =5.Then the value
f(—1)=f(1)andf’(E):O:—2+b—c:2+b+c=>c:—2 S0 0

of [ f(x)dxis
10
1 3 1 (A) 80 (B) 100

f’(x):6x2+2bx+c:>f’(E):§+b—2:0:> b=2 (€) 125 (D) 200

[JEE MAIN 2015 (ONLINE SET — 2)]

and

=2b+c=-1
A ) Solution: Given,f:R—R
Hence, the correct answer is option (B).

fQ-x)=f+x)VxelR (M
24. Let A ={x;, Xy ..., x;} and B = {y,, y,, y;} be two sets contain- f4—x)=f(4+x)VxelR )
ing seven and three distinct elements respectively. Then the 2
total number of functions f: A — B that are onto, if there exists J.f(x)dx =5, I f(x)dx=7?
exactly three elements xin A such that f{x) = y,, is equal to
7 7
Eg 1‘2‘72‘-2 {g)) 12723 Replacing x by (x — 2) in Eq. (1), we get
3 3 fR-x-2)=fR+x-2)= fx)=f4—-x)=f4+x) [fromEq.(2)]

[JEE MAIN 2015 (ONLINE SET — 2)] Therefore, f(x) = f(4 + x).
So, fix) is periodic function, with period 4.

Solution: We have A= {x;, X,, X3, ... x;}and B=1{y;, y,, y3}. Also f(2 — x) = f(2 + x) so, f(x) is symmetric about the line x = 2.
3 elements in A having image y, can be chosen in 7C3 ways. 4

Now we are left with 4 elements in A which are to be associated Jf(x)dx _ Jf(x)dx -5

with y, or y, i.e. each of 4 elements in A has 2 choices y, or 3

ys i.e. in (2)* ways. But there are 2 ways when one element

of B will remain associated i.e. when all 4 are associated with . jf(x)dx=10
y, 0rys.
Therefore, required number of functions = 7C;((2)* - 2) 50
=14.(C,) Therefore, fo)dx—10jf )dx =100
10 0

Hence, the correct answer is option (D). Hence, the correct answer is option (B).
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sinx \/g
27. Letf:(-1,1) — Rbeacontinuous function. If _[ f(t)dt = TX,
0

then f(\/j] is equal to
3
(A) % (B) V3
3
c -
(9] \/;
Solution: f: (-1, 1) - Ris continuous and

sinx \/g \/g_
fron-20 {2}

0

(D) %
[JEE MAIN 2015 (ONLINE SET - 2)]

Differentiating both sides w.r.t. x, gives

. d . _V3
f(smx)d—(smx)— >

V3 ?; (atx:Z):ﬁ[\/gJ=\/§

= cosxf(sinx)=\/§/2 ;f[):

2

Hence, the correct answer is option (B).
1

28. If f(x)+2f(
X

):3x,x¢0and S={xeR:f(x)=f(-x)}, then S

(A) contains more than two elements.
(B) is an empty set.
(C) contains exactly one element.
(D) contains exactly two elements.
[JEE MAIN 2016 (OFFLINE)]

Solution: We have
f(x)+2f(%)= 3x,x#0
Replacing x by 1/2, we get
f(l)+ 2f(x)=3/x
X

f(l) =3 o)
X X
6

f(x)+——4f(x)=3x
X

:>§—3x= 3f(x)
X

=f(x)=—-x
X
Now,
f(x)=f(=x)
2
——X=——+X
X X
4 =2x
X
That is,

E:x:>x2:2:>x:—\/§,\/§
X

Therefore, S contains only two elements.
Hence, the correct answer is option (D).

29. The number of xe[0,27z] for which ‘\/2$in4+18coszx—
V2cos*+18sin” x

(A) 2
(C) 6

=1is

(B) 4
(D) 8

[JEE MAIN 2016 (ONLINE SET — 1)]

Solution: We have

‘\/Zsin4x+18coszx —\/2c054x+185in2x‘=1
That is,

f(x)=‘\/25in4x+8c052X—\/2c054x+185in2x‘

Now, f(x) = f(% - x), so f(x) is symmetric about x = %

If f(x) has solution in (0, 7z/4), then in (0, 27), there are eight solu-
tions exist.

Hence, the correct answer is option (D).

30. For xeR, x#0,x=1,let fy(x)= i and f , ,(x) = f,(f, (x)),

n=0,1,2, ... Then, the value of f100(3)+f1(§)+f2(§) is
equal to
8 4
A) — B) —
(A) 3 (B) 3
5 1
C) = D) —
() 3 (D) 3

[JEE MAIN 2016 (ONLINE SET — 1)]

Solution: We have

fo(x)=—
1-x

1 1 1-x x=1
0 =lollo(x)= 1-fo(x) 1-[/1-x)] 1-x-1 x
1‘1(3):(2/3)_1:-1/2

3 2/3

1 1 X

f,(x)=fo (£,(x)) =X

TUof0 1-lx-D/x] x—x+1_

2 3 312 .25
fiooB)+h| = |+6[ = [=c—=+==1+===
100(3) 1(3) 2(2) 2 23 3 3

Hence, the correct answer is option (C).
31. Let P={@:sind—cosf = x/fcose} and Q=1{@:sin@+cosb =
J2'5in6} be two sets. Then

(A) PcQand Q-P#¢ (B) QzP
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(C) P=Q (D) PzQ
[JEE MAIN 2016 (ONLINE SET — 2)]
Solution: We have
P={6:sinf—cosf =~/2 cos B}
Q=1{0:5in0+cosf =2 5in6}

Therefore,
sin@—cos@=+/2cos8

sin26+ cos2@= 2sinfcos@= 2cos26
sin20— cos2@= 2sinfcos O
(sin¢9+cos¢9)\/5cos¢9 =2sindcosd
sin@ +cos@=+2sind
P=Q
Hence, the correct answer is option (C).

Previous Years’ Solved JEE Advanced/

IIT-JEE Questions

1. Let F(x) be an indefinite integral of sinx.
Statement-1: The function F(x) satisfies F(x + 7 ) = F(x) for all
real x.
because
Statement-2 : sin?(x + ) = sinZ x for all real x.
(A) Statement-1 is True, Statement-2 is True; Statement-2 is a
correct explanation for Statement-1
(B) Statement-1isTrue, Statement-2 is True; Statement-2 is NOT
a correct explanation for Statement-1
(C) Statement-1 is True, Statement-2 is False
(D) Statement-1 is False, Statement-2 is True
[IIT-JEE 2007]

Solution: We have
f(x)= J'sin2 xdx

='[1—c052x dx
2

1 1
=—| x—=sin2x [+¢
2 2

Clearly,
f(x+7m)=f(x)

Hence, Statement-1 is false and Statement-2 is true because sinZx
is periodic function with period 7

Hence, the correct answer is option (D).
2. Letf(x)=———forn>2and g(x)=(fofo---0f)(x). Then
a+x)V" P ——
occursntimes
J-x”_]g(x)dx equals
1 - 1 -
(A) ———(1-nx") n+K (B) —(1-nx") n+K
n(n—1) n-1
1 1

il 1 i
(T+nx") n+K (D) —(1+nx") "+K

© n+1

n(n—1)
[IT-JEE 2007]

Solution: We have

X
f(X)=——
(1+X)1/n

B f(x)

A+
X

(1+2x")Vn

Therefore,

Now, we have

fofof(x)=fof[f(x)]
B f(x)
2o’
B X
T a+3x")Y

=g(x)=(fofofo--of)(x) (where f occurs n times)

X

- (-H_an)Vn

Therefore,
I= IX”_Z.g(x)dx

¢ x"ldx

_I(1+nxn)1/n

Substituting 1 + nx" = t, we get
n*x"dx = dt

1 ¢ dt
=l=— [
nZJ.tVn

1 t1—(1/n)
=— +
n? 1-(1/n)

(1+an)1_(1/n)
= 4K
n(n—1)
Hence, the correct answer is option (A).

Paragraph for Questions 3 to 5: Let A, B, C be three sets of com-
plex numbers as defined below
A={z:lmz=1}

B={z:|z-2-i]=3}

C={z:Re(1-)z)=~2}
3. The number of elements in the set ANB N Cis
(A) O (B) 1
() 2 (D)
[IIT-JEE 2008]

Solution: A = set of points on and above the line y = 1 in the
argand plane.
B = set of points on the circle (x — 2)2 + (y —1)? = 32
C = set of point lies on the linex + y = V2
Hence AN BN C= has only one point of intersection.
Hence, the correct answer is option (B).

4. Let zbe any pointin AN B N C. Then, z+1—i\2+\z—5—i\2 lies

between
(A) 25and 29
(C) 35and 39

(B) 30and 34
(D) 40 and 44
[IIT-JEE 2008]
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Solution: The points (-1, 1) and (5, 1) are the extremities of a
diameter of the given circle. Hence

|z+1-i]* +]z-5-i" =36

Hence, the correct answer is option (C).

5. Letzbeany pointin An BN Cand let w be any point satisfying
|w—2-i| <3.Then || - |w|+3 lies between

(A) -6and 3 (B) -3and6
(C) -6and 6 (D) -3and9
[IIT-JEE 2008]
Solution:

Izl = <|z-w]

and |z—w| = Distance between z and w, where z is fixed. Hence,
distance between z and w would be maximum for diametrically
opposite points.

|z-w|<6
= -6<|z|-|w|<6
—-3<|z|-|w|+3<9
Hence, the correct answer is option (D).

6. For any real number x, let |x| denote the largest integer less
than or equal to x. Let fbe a real valued function defined on the
interval [-10, 10] by

| x=Ix] if[x]isodd
X _{H[x]—x if [x]iseven
2 10
Then the value of o f f(x)cosz xdx is

-10
[IIT-JEE 2010]

Solution:

x-11<x<2
f(x)=
1-x, 0<x<1

Now, f (x) is periodic with period 2. Therefore,
10
1= J. f(x)coswx dx
-10

10 2
Zff(x)cos;rxdx:2><5_[f(x)cos;zxdx
0 0
1 2
=10 j(1—x)cosnxdx+J(x—1)cos;zxdx =10(h +1,)
0 1
2
:IZ:J.(X—Dcos;rxdx putx—1=t
1

1
I, = —Itcos;ztdt
0

1 1
L= J‘(1 —Xx)coszxdx = —J x cos(zx)dx
0 0
Therefore,

1
=1 O[—ij COSTTX dx]

0

2_20[X5|n7rx+ &
z

1 1] 4 2
:—20[——2——2]:—2 =g
V.4 V.4 T 10

1
cosnx]
T 0

Hence, the correct answer is (4).
7. Let f be a real-valued function defined on the interval (-1, 1)

X
such that e’xf(x):2+'[ t*+1dt, forall xe(=1,1) and let -

0
be the inverse function of f. Then (f~1)’(2) is equal to

(A) 1 (B) 1/3

(C) 172 (D) 1/e
[IIT-JEE 2010]

Solution:

e—xf(x):2+j t* +1dt 1)
0
F(F(x) = x
=) (X)) =1
_ 1
£(F7(2)
=f(0)=2=f""(2)=0
oy =
(F')y= 70

e X (F'(x) - F(x)) =V x* +1

x=0=>f'(0)-2=1=f'(0)=3
'y =13
Hence, the correct answer is option (B).
8. Let S={1, 2, 3, 4}. The total number of unordered pairs of dis-
joint subsets of S is equal to
(A) 25
(C) 42

= ()

Put

(B) 34
(D) 41
[IIT-JEE 2010]
Solution: Total number of unordered pairs of disjoint subsets is
3441
2
Hence, the correct answer is option (D).
9. Let P={#:sinf—cosf=+2cosf} and Q={6:sind+cosd
=+/25in6} be two sets. Then
(A) PcQand Q- P=J
() PzQ

=41

(B) QzP

(D) P=Q
[IIT-JEE 2011]



m Mathematics Problem Book for JEE

Solution: In set P,
sind = (\/EH) cosfd = tanf = \/5+1

InsetQ,

1
(2-1sin@=cosf = tanf=——=V2+1=P=Q
V21

Hence, the correct answer is option (D).

10. Letfix)=x%and g(x) = sinxforall x € R.Then the set of all x satis-
fying (fogogof)(x)=(gogof)(x), where (fog)(x)=f(g(x)), is
(A) =vVnz,ne{0,1,2,..}

(B) +Jnz,ne{1,2,.}
(©) §+ 2n7,nef.,~2,-1,0,1,2..}
(D) 2nz,nef..,-2,-1,0,1,2,.}
[IT-JEE 2011]
Solution:
(fogogof)(x)= sin?(sinx?)
(gogof)(x)=sin*(sinx?)

Therefore, ) . o
sinZ (sin x2) = sin (sin x?)

:>sin(sinx2)[sin(sinx2)—1] =0
=sin(sinx?)=0o0r1

2=nror 2mx + /2, wherem,ne |

=sinx

=sinx*> =0

= x?=nr = x=+Jn7,ne{0,1,2,..}.
Hence, the correct answer is option (A).

11. Match the statements given in Column | with the intervals/
union of intervals given in Column II:

Column|| Columnlli

(A) The set {Re[fizz]: zis acomplex (p) (—o0, =N U (1,0)
-z

number,|z|:1,z¢i1} is

(B) The domain of the function (q) (—e=,0)U(0,0)

x=2
f(X) = Sin71 [‘i(zl(xnj is

1 tané 1
(C) If f(@)=|-tan@ 1 tand|, then
-1 —tan@ 1

(r) (2,0)

the set {f(a):OS¢9< %is

(D) If £(x) = x*2(3x —10),x > 0, then f(x) is (s) (—o0, =N U(1,%0)

increasing in

(t) (=o0,0)L(2,00)

[IIT-JEE 2011]

Solution:
A) z= 2/(x+ly)2: 221(x4;1y)
T=(x+iy)” 1=(x"—y*+2ixy)
Using 1-x2 = y?
_ k=2 ]
2y2—2ixy y
Since —1Sy£1:>—lS—1or—l21
y y
(B) For domain
x=2
—1SLS1
1_32(x—1)
3x_3x—2
X _x-2
Case 1: o) 1<0
3132 1
:%2"
:>XE(—°°, 0]U(1, oo)
x_3x—2
Case 2 3 +1=
X-2

(X2 =n(3" +1)
:>7
(3%-3*72 )

= X €(—00, NUI2, o)

=0

S0, X €(=o0, 0)U[2, o).
(C) R, —R;+R;
0 0 2

f(@)=|—tané@ 1 tané
-1 —tan@ 1

=2(tan’ 8 +1)=2sec’ 6.

(D) f'(x)= %(x)“(sx —10)+(x)*? x3= g(X)VZ(X—Z)
Therefore, f(x) is increasing when x > 2.
Hence, the correct matches are (A) — (s), (B) — (t), (C) — (r),
(D) — (r)
12. The function f: [0, 3] — [1, 29], defined by f(x) = 2x3 — 15x2 +
36x+1,is
(A) one-one and onto
(B) onto but not one-one
(C) one-one but not onto
(D) neither one-one nor onto

[NT-JEE 2012]
Solution:
f(x)=2x3-15x%+36x+1
f'(x)=6x>—30x+36
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=6(x2—5x+6)

=6(x—-2)(x—-3)
f (x) is increasing in [0, 2] and decreasing in [2, 3]. f (x) is many
one.

f(0)=1
f(2)=29
f(3) =

Rangeis[1, 29].
Hence, f (x) is many-one-onto.

Hence, the correct answer is option (B).

13. Let f:(-1,1)—R be such that f(cos46):# for

2-sec’d
He(o,z)u(” ”) Then the value(s )off(l) is (are)
4 4 2 3

1 3 1 3
A '3 B) 't\3
2 2

C) 1-./— D) 1 —
(©) 1/3 (D) +,/3

Solution: For
06(0,1}{51)
4 4'2

Let cos46 =1/3.Then

0526 = [1+cos4¢9 \/7

(l) 2 2cos?8 B
2—sec 6’ 2cos? 9—1

(-fmd

Hence, the correct answers are options (A) and (B).

[IIT-JEE 2012]

cos26

14. Let f(x)= xsinzx, x> 0. Then for all natural numbers n, f'(x)
vanishes at

(A) A unique point in the interval (n, n+%)

(B) A unique pointin the interval (n+%, n+1)

(C) Aunique pointin theinterval (n, n+1)
(D) Two points in the interval (n, n+1)
[JEE ADVANCED 2013]

Solution: We have
f(x)=

f'(x)=sinzx+xxcoszx=0

xsinzx

= —tanzZx=7wx

1
It is clear from Fig. 1.67 that f'(x) has one root in (n+5, n+1] and
f'(x) also has one rootin (n, n+1).

o\ 1 1 3 2 15
2 2 12
! i |
| | |
| : |
l ! !
Figure 1.67

Hence, the correct answers are options (B) and (C).

V3+i

15. Letw= 3 and P={w" :n=1,2,3,...}. Further H1:{zec:

-1
Rez > %} and H, = {z eC:Rez>7} , Where Cis the set of

all complex numbers. If z,e PN H,,z, € PN H, and O repre-

sents the origin, then £z,0z, =?

© 2?” o) %

6
[JEE ADVANCED 2013]

V4 V4
A) — B) —
()2 ()6

Solution: We note that |a)|:1. We also note that ¢ are possible
values of z, and 4 are possible values of z,, where i = 1, 2, 3.
Therefore,

T
2_ 3
w=e3;w=e2;0

2r 5x
Thus, Zz,0z, can take the values ?ﬂ e (See Fig. 1.68.)

B A
B o
Ba a3

'\«

Figure 1.68

Hence, the correct answers are options (C) and (D).
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Paragraph for Questions 16 and 17: Let S= 5,15, N S;, where

S,={zeC:|z|<4},5,=]zeC:Im 210030 ol ang
1-43i

S3={zeC:Rez>0}.

[JEE ADVANCED 2013]
16. AreaofS=7?
107 207z
(A) — (B) —
3 3
167 32z
) — (D) —
3 3
Solution: As we see, S, represents circle with centre (0, 0) and
radius 4
Silzl<4=x2+y* <16
Therefore,
_'| i
S,:Im LR ETH RN
1-3i
[[(x—1)+(y+\/§)][1+51}
Im >0
2
Also
S,=y+3x>0
S3Re(2)>0,(x>0)
5=5n5nS;

The area of the shaded region (see Fig. 1.69) is

74?60

OAB+0BC = +—x7(4)
360
= 4ﬂ+16—”
6
= 4ﬂ+8—7[
3
20
3
A s
B
O\ _J60°
y+V3x=0
C
Figure 1.69

Hence, the correct answer is option (B).

17. min|[1-3i-2z|=
ze$S

2-3 2+43
A) Y2 B
(A) 3 (B) 3
© 3—2\5 o) 3+2\E

Solution: We have min|1-3i —z|. The minimum distance of z from
(1,-3) from y+\/§x =0is

—3+43

2

3.3

2

Hence, the correct answer is option (C).

18. Let f:(—%,%)—m be given by f(x):(log(secx+tanx))3.

Then

(A) fix
(B) flx
(C) fx
(D) fix

is an odd function

is a one-one function
is an onto function

is an even function

(_M)%
2 2

f(x)={log(secx + tanx)}*

3
f(—x)={log(sec x—tan )P :{Iog{1]}
secx +tanx

{-sec2x—tanZx =1}

S &

[JEE ADVANCED 2014]

Solution:

Now,
f(x)+f(—x)={log(sec x + tanx)y + {—log(sec x + tan =0
Therefore,
fl—x) = —f(x) = f(x) is odd (M

Also,

2

7x(secxtanx+sec2 X)
secx+tanx

f’(x)=3{log(sec x+tan x)}

=3{log(secx + tanx)} secx >0

. T .
Asin| ——,— | secxis +ve.
( 2 2)

Note: secx+tanx=1:>x=0€(—§,%)

Butatx=0,
log(secx + tanx)=—oo

= {log(secx + tanx)}2 > 0
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Therefore, f(x) is strictly increasing in (—%,%) (2)

n” z*
Now when x%T, f(x) >0 and 7:—)7, f(x) — —oo.

Therefore, f(x) being continuous in its domain, it covers whole
co-domain, i.e. R. (See Fig. 1.70.)

Hence, it is onto. (3)

Note: lim (secx+tanx)

x>z
= lim (sec(m —h) + tan(”—h))
h—0 2 2

2
. 1+cosh
= lim(cosech+coth)=— =+
h—0 sinh

lim (secx+tanx)

x—Z+
2
= lim sec(j+hj+tan(1+h)
h—0 2 2
= lim (cosec(”—h)—tan(”—h))
h—0 2 2

= lim (sech+coth)
h—0

= lim
h—0

. 2 h
(1—cosh]= Zsin 2
sinh Zsingcosg

h
= limtan—=0
h—0

sec x
'« tan x

- z

2 2

Figure 1.70

Therefore from Egs. (1), (2) and (3), we can conclude that the cor-
rect options are (A), (B) and (C).

Hence, the correct answers are options (A), (B) and (C).

19. Let f: [0, 471 — [0, 71 be defined by fix) = cos'(cos x).
The number of points x € [0, 47] satisfying the equation

10-x .
f(x)= is
10 [JEE ADVANCED 2014]
Solution: We need to find the point of intersection of the curves
f,(x)=cos'(cos x) and f,(x) = 1(:; X

in the domain [0, 47.
f,(x) is a period function with period 27 and f,(x) is a straight line
plotting both graphs (see Fig. 1.71).

f(x) = cos™'(cos x)

~No bl
z N AN
%| ERVZANEE

PN Ny

z N B TN
2] /A AN
A TN N

T [ [ | [ [

21 17 27 8 4
o
P
P
P
1 1 1 1 1 1 1 1

Figure 1.71

Therefore, A, B and C are the points of intersection of both curves
which obviously satisfy the given equations, hence there are three
such points.

Hence, the correct answer is (3).
20. Letf;:R—R,f,:[0,0) > R, f;:R— Randf,:R— [0, =) be defined

b
y |x| if x<oO.
h)=9
e’ if x>0
f,(x) = x*
£0x) sinx if x<0
X)=
3 x if x>0
and
£.00 6,(f(x)) if x<0
X)=
4 HF()) -1 if x>0
List | List 1l
P. f,is 1. onto but not one-one
Q. f3 is 2. neither continuous nor one-one
R. f,ofis 3. differentiable but not one-one
S. f,is 4, continuous and one-one
P Q R S

(A) 3 1 4 2
(B) 1 3 4 2
(Q) 3 1 2 4
(D) 1 3 2 4

[JEE ADVANCED 2014]
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Solution: See Fig. 1.72.

fi:R—>R 2
fix) =|x|, x<0 y
e, x20 fb:R—R
y [0, ] —R
f(x) = x?
— X X
f3 ‘R—>R
£ =Jd Sin X, x<0
5™ {x,xzo
y
\ -
2r ‘0 X
Figure 1.72

2 r<0and |x|valid

(00 = (Fx)? =~ X

'S
Rangef, c Domf, forf,(x)elf
—(e¥)?, r>0 & e* valid
LhE))=x?,  7<0
=e?*, 7z>0
See Fig. 1.73.
y
X2
X
Figure 1.73
Therefore, - X2, x<0
X)=
e o1 x20
See Fig. 1.74.
f4(%)
y e
X2

Figure 1.74

For (P) in List I:

f,Dom.R
Range [0, o]
Codomain = [0 ], therefore onto.
Now,
LHLatO= lim x?=0
x—0—
RHLat0= lim e?*-1=1-1=0
x—0+
f,(00=0
Therefore, continuous at 0.
Now
p— p— 2 p—
LHD at 0= lim flO-h)-F(0) = lim h" =0 =lim-h=0
h—0 —h h—0 —h h—0
RHD at 0= fim OFM=fO) _ ;e =10
h—0 h—0 h
2h
= lim 2=1.2=2
h—0 2h
Therefore, not derivable at 0.
It is not one-one (obvious from graph). Therefore,
(P)y— (1)
For (Q) in List I:
f;in neither one-one nor onto. It is derivable at 0.
LHD = fim SNO=h=h_ o =sinh_,
h—0 —h h—0 —h
RHD = fim 2120 _,
h—0

Therefore, it is derivable at 0. Hence,
Q—03)

(R) — (2) (obvious from graph).

(S) — (4) (obvious from graph.)

Hence, the correct answer is option (D).

21. Let f(x):sin(Zsin(ZsinxD forall xeR and g(x):%sinx

forall xeR. Let (fog)(x) denote f(g(x)) and (gof)(x) denote
g(f(x)). Then which of the following is (are) true?

11
A) R ffis|——,~
(A) Range o IS[ > 2]

11
B) R ffogis|——,—
(B) Range o ogls[ 3 2]
flx) =

© )I(To g(x) - 6

(D) Thereisan x eR such that (gof)(x)=1

[JEE ADVANCED 2015]

f(x)= sin(”sin(”sinx)) Vx eR
6 2

g(x):%sinx VxeR

Solution:

and
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Now, and
N7 (7 (7. V4 V4
fog(x)=f(g(x)) =sin| —sin| —sin| —sinx sin| —sin| —sinx
90I=1lgbx) [6 (2 (2 m 0 (6 (2 D
lim ——=lim p
Therefore, x=0g(x)  x-0 Esinx
sinx e[-1,1] V.4 V.4 V.4 V.4
sin —sin(—sinx) —sin|[ —sinx
T . T . (6 2 6 2 V4
= —sinxe|—-——,— = I|mo X . —g
2 22 ¥O N 2 Ginl Zsinx (—sinx)
. 6 2 2
= sm(;smx) el=11 Hence, the correct answers are options (A), (B) and (C).
T . (7. T V4
:Esm Esmx € 3 22, let S=4xe(-nx, ﬂ'):X;tO,iE . The sum of all distinct solu-
7z T tion of the equation V3 secx +cosec x +2(tanx —cot x) = 0 in
= sin(sin(sinx))e[—t 1 the set Sis equal to
V24 2r
b4 T V4 T (A) ——= ®) -~
. . . 9 9
6S|n(25|n(25|nx))€|:—6,6]
57
(o (D) —
= sin zsin Esin Esinx € _—1 1 o
6 2 2 272 [JEE ADVANCED 2016]

17 Solution: Let us consider
= Range of fog is [—{I
2 2 T
S={Xe(—7l’,7[),x¢0,iz}
and ju . o
gof(x)=g(f(x))= gsin (F(x)) The given equation is
\/§secx+cosecx+2(tanx—cotx):0
r | . (7r . (7.
=—sin| sin| —sin| =sinx .
2 [ (6 (2 D] 3 1 sinx cosx
‘ = +—+2 =0

cosx sinx

T
belongs to[ 6 ’6]

cosx sinx

= 3sinx+cosx+2(sin2x—cos2 x)=0

-1

1
belongs to 53

—
[EE—

=+/3sinx+cosx=2cos2x

-z .1 xr .1 3. 1
= gof(x)e| —sin—,—sin— = —SiNnX+—CoSX =C0S2x
2 22 2 2 2

Let;sin5>1.Then ﬁCOSXCOS?’ S|nXS|n3 =CO0SZX

12 201 T
sin—>—>—=— = C0S2X =COoS| x ——
2 7 4 2 3
1
which isfalseasf<£rad,so =2x=2nr* x—z
2 6 3
1
sin—<— (xeh)
2 2

e Case 1: When 2x:2n7r+x—ﬁ,we have x:2n7z—£.
= gof (x)#1forany xeR. 3 3

T

- Ifn=0,weget x=——.

Also, f(x)=sin Zsin| Zsinx belongs to —”,E . SO, J 3
6 \2 66 .
Ifn:1,wegetx:27r—§.

-11
f(x)e[—,{l V4
22 Ifn:—1,wegetx:—27z—§.

-11
_ ! 2
= Range Off—[ 5 '2] e Case 2: When 2x:2n7r—x+§,we get X=%+%~
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Ifn= Owegetx-%
2
fn=1,weget x=-2+7%.
3 9
ar
Ifn:2,wegetn:2x:7+g
Ifn:—1,wegetX:_2J+f'
3 9

Therefore, the sum of all distinct solutions of the given equa-
tion is
-T T 2x & 2w T«
—+—+—+———+—=0
39 3 9 3 9

Hence, the correct answer is option (C).
23. Let f: R—R, g : R—R and h : R—R be differentiable functions

such that f(x) = x% + 3x + 2, g(f(x)) = x and h(g(g(x))) = x for all
x€R.Then
(A) g'2)=— (B) h'(1)=666
(C) h(0)= (D) h(g(3))=36
[JEE ADVANCED 2016]
Solution:

(A) Itis given that f. R—R, g: R—R and h: R—R are differentia-
ble functions.
Now, fix) = x3 + 3x+ 2

Differentiating w.r.t. to x, we get

f(x)=3x>+3
Also,
g(f(x)) =x
Now,
g'(f(x))-f'(x)=1
fx)=2=x3+3x+2=2
=x34+3x=0=x(x2+3)=0=x=0
Now,
((0)) = 2)==
g'(f(0)) £10) ) 3

Hence, option (A) is incorrect.
(B) Forall xeR:
h(g(g(f(x))) = x
h(g(g(x)) = x

Now,
x—f(x) =h(g(g(f(x))) = fix)
=h(g(x)) = fix)
= h'(g(x)-g'(x)=f'(x)=3x*+3 1)
Forall xeR:
g(fx)) = x
Now,

x=1=g(f(1)=1=9g(6)= (-f(1)=6)

Substituting x = 6 in Eq. (1), we get

h'(g(6))-g'(6)=3(6%)+3=111

Therefore,
oM
"= g ( ©= (1))
That is,
h'(M=111-f(x)=111x(3+3) =666
Hence, option (B) is correct.
(€ hig(g(x))=x
For g(g(x)) = 0, we have
gx)=g7(0)=2
=x=g'2)=f2)=16
= h(0)=16
Hence, option (C) is correct.
(D) Here, g(g(x)) = g(3) which implies that
gx)=3=x=9g"'3)=1(3)=38

Hence, option (D) is incorrect.
Hence, the correct answers are options (B) and (C).

Practice Exercise 1

1. If f(x)=cos(logx), then f(x)f(y)—{(1/2)[f(x/y)+f(xy)l} is
(A) -1 (B) 1/2
() -2 (D) None of these

2. Thevaluesofbandcforwhichtheidentity f(x +1)—f(x) =

is satisfied, where f(x)=

8x+3
bx? +cx+d are

(A) b=2,c=1 (B) b=4,c=-1

(C) b=-1,c=4 (D) b=-1,¢c=1
3. If f(x) = cos[z2]x +cos[-7%]x, then

(A) f(z/4)= (B) f(-m)=2

Q) f(z)= (D) f(x/2)=-

4. f(x,y)=1/(x+y) isa homogeneous function of degree
(A) 1 (B) —1
@ 2 (D) -2

5. Let x be a non-zero rational number and y be an irrational
number. Then xy is
(A) Rational
(C) Non-zero

(B) Irrational
(D) None of these

3

6. Numerical value of the expression 3 for x=-3is
2x°+2
(A) 4 (B) 2
Q3 (D) O

7. Thefunction f:R— R defined by f(x)=(x—-1)(x—=2)(x—3) is
(A) One-to-one but not onto
(B) Onto but not one-to-one
(C) Both one-to-one and onto
(D) Neither one-to-one nor onto

8. Which one of the following is a bijective function on the set of
real numbers?
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10.

11.

12.

13.

14.

15.

16.

17.

18.

(A) 2x-5 (B) |x]

(€ x2 (D) x*+1

Let f(x)= Xz —4 for|x|>2.Then the function f:(—o0,—2]U[2,)
X“+4

—>(-1,1is

(B) One-to-one and onto
(D) Many-to-one and onto

(A) One-to-one and into
(€) Many-to-one and into

Let the function f: R — R be defined by f(x)=2x+sinx, x €R.
Then fis

(A) One-to-one and onto (B) One-to-one but not onto
(C) Onto but not one-to-one (D) Neither one-to-one nor onto

If £:[0,00) —[0,0) and f(x)=—— then fis
T+x

(A) One-to-one and onto

(B) One-to-one but not onto

(C) Onto but not one-to-one
(D) Neither one-to-one nor onto

If f:R—S defined by f(x)=sinx—+/3cosx+1is onto, then
the interval of Sis
(A) [-1,3]

(C) [0, 1]

(B) [1,1]
(D) [0,-1]

f(x)= x+\/x72 is a function from R— R, then f(x) is
(A) Injective (B) Surjective
(C) Bijective (D) None of these

If (x,y)eR and x,y #0; f(x,y)— (x/y), then this function is
a/an

(A) Surjection
(C) One-to-one

(B) Bijection
(D) None of these

.
The domain of the function f(x) = sin_3-x) is

In(|x|-2)
(R) [2,4] (B) (2,3)L(3,4]
(Q) [2,) (D) (=00, =3)U[2,20)
The domain of f(x)= I0292(7x+3) is

X +3x+2

(A) R—{-1,-2} (B) (=2,+<0)

(€) R—{-1,-2,-3} (D) (=3,+00)—{-1,-2}
The domain of the derivative of the function

tan~'x, |x|<1

f(x)= 1(|X| e is
2
(A) R—{0} (B) R—{1}
(€ R—{-1 (D) R—{-1,1
The domain of the function f(x) = Iog3+x(x2 —1)is

(A) (=3,-1u(1, =) (B) [-3,-NU[, )

(€) (=3,-2)u(=2,-1U(1, ) (D) [-3,-2)U(=2,-T)U[1, )

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

The domain of the function f(x)=v2—-2x—x? is
(A) —3<x<43 (B) —1-/3<x<-1+3

(C) —2<x<2 (D) —2+3<x<-2-/3

The domain of the function f(x)=(x—3)/(x —1Wx% -4 is
(A) (1,2) (B) (—o0,—2)U(2, o)

Q) (—o0,=2)U(1, ) (D) (—o0, 00)—{1,+2}

The domain of the function \/Iog(x2 —6X+6) is
(A) (—o0,c0) (B) (—o0,3-+/3)U(3++/3,)
(C) (=00, MU[5,00) (D) [0,)

The domain of the function f(x)=sin"'(1+3x +2x?) is
(A) (—o0,0) (B) (-1,1)

3
C) |-=,0
(9] [ > ]
The domain of f(x)= (x> -1)""2is

(R) (=o0,=TL(1, o) (B) (o0, —TU(1, )
(Q) (—oo, =1L, o)

(D) (—w,;)u(z,w)

(D) None of these

The domain of the function y =1/,/|x|- x is
(B) (—e,0]
(D) (oo, o0)

(R) (—=,0)
(C) (=oo,—1)

The range of f(x) = sec(%cos2 x),—oo <X <oois

(A) 1,421
(€ [V2,-Tul,2]

(B) [1,%0)

(D) (—oo,—TUI1,0)

The range of the function f(x)= 3 ;X€ER s
X +x+1

(A) (1,00) (B) (1,11/7]

Q) (1,7/3] (D) (1,7/5]

The range of f(x) =cos2x —sin2x contains the set

(A) [2,4] (B) [-1,1]
Q) [-2,2] (D) [-4,4]

The interval for which sin™'v/x +cos ™' Vx =% holds

(R) [0,<°)
(@ [0, 1]

(B) [0,3]
(D) [0, 2]

For 6 > % the value of f(@) = sec? 6+ cos always lies in the

interval
(A) (0,2)
() (1,2)

(B) [0, 1]
(D) [2,e0)
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

The function f(x)=sin[log(x + VxZ+1)is
(A) Even function (B) Odd function
(C) Neither even nor odd (D) Periodic function

Ify =f(x)=(x+2)/(x—1), then xis
(A) f(y) (B) 2f(y)
(Q) Vf(y) (D) None of these

If the function f:[1,c0) = [1,0) is defined by f(x)=2"*7",
then f(x) is

x(x—=1)
1
A —
(A) (2)

(@] %(1 —J1+4log, f(x)

If f(x)=3x—5, then f'(x)
(A) Is given by1/(3x—5)

(B) %(1+J1+4Iog2 f(x)

(D) Not defined

(B) Is given by (x+5)/3
(C) Does not exist because fis not one-to-one
(D) Does not exist because fis not onto

Letf(€)=sin@(sin@ +sin38), then
(B) (@) <0 forallreal @
(D) f(6) <0onlywhen #<0

(A) f(6)=0only when >0
(C) f(@)=0forallreal @

Letf(x):sinx+cosx,g(x):x2—1. Thus, glf(x)] is invertible
for xeR
V4 T
A) |-—,0 B) |——,
® [ 2 ] ® [ 2 ”]
T T
Q) |-—,— D) |0,—
©|-54] ® [ 2]
-1,x<0
Let gix) =1+ x—[x] and f(x)=40,x=0. Then V x,f[g(x)] is
1,x>0
equal to
(A) x (B) 1
Q) f(x) (D) g(x)
If f(x):%,x;ﬁ—Lthen for what value of a is f[f(x)]= x?
X+
(A) V2 (B) —2
(€)1 (D) -1
If f(x) = (a— x™)"" where a>0 and n is a positive integer, then
fIF(x]
(A) x* (B) x?
(C) x (D) None of these

If Xand Yare two non-empty sets, where f: X — Y is the func-
tion, is defined such that f(c)={f(x):xeC} for CcX and
f(D)={x:f(x)eD} for DY for any AcXand BCY,
then

(A) f[f(A)]=A

(B) f'[f(A)]=Aonlyif f(x)=Y

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

(C) fIf7'(B)1=B onlyif B f(x)
(D) fIf'(B)]=8

x,when x is rational 0,whenxisrational
If f( )= . . 1 9\X)= .. . ’
0,when x is irrational x,when xisirrational
then (f—g) is

(A) One-to-one and onto

(B) One-to-one, but not onto

(C) Not one-to-one, but onto

(D) Neither one-to-one nor onto

If f(ix) and g(x) be two given functions with all real numbers as
their domain, then h(x) = [f(x) + f(=x)] [g(x) — g(—x)] is

(A) An odd function

(B) An odd function when both fand g are odd

(C) An odd function when fis even and g is odd

(D) None of these

If fx) =4 —x%+(1/ |sinx|—sinx), then the domain of (x)
is
(A) [-2,0] (B) (0,2]
Q) [-2,2} (D) [-2,0)
If f(x) = x3 + 3x2 + 12x — 2sinx, where f: R — R, then
(A) f(x) is many-to-one and onto
(B) f(x) is one-to-one and onto
(C) f(x)is one-to-one and into
(D) f(x) is many-to-one and into
2
X

Iff(x):ln[ e
X +1

} then the range of f(x) is

(A) (0,1) (B) [0, 1]

(@ [0,1) (D) (0, 1]

A function f(x) is defined for all real x and satisfied f(x + y) =
fixy) Vx, y. If (1) =1, then f(2006) equals

(A) —2006 (B) 2006

(C) -1 (D) None of these

Let y = f(x) be a real-valued function with domain as all real
numbers. If the graph of the function is symmetrical about
the line x=1, then Vo e R, which one is correct?

(A) fla)=Ffa+1) (B) fla—1)=fa)

Q) fla—1)=fa+1) (D) (1—-a)=f1+0)

21 1
The range of the function f(x) = sin”[x +E +cos™ [XZ _E]'

where [-] is the greatest integer function, is

T T
w 5] @ {07

© {z} (D) (0%)

If fog = |sinx| and gof= sin? Jx, then fix) and g(x) are

(A) fx)=+/sinx, g(x) = x? (B) fix) =|x|, g(x) =sinx
Q) fx) =x, g(x) = sin®x (D) f(x)=sinVx, g(x) =x2

If f(x) is a function that is odd and even simultaneously, then
f(3) — f(2) is equal to
(A) 1
(€ o

(B) —1
(D) None of these
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50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

5x —x2
2 ]+1°CXis

(B) (0,5)
(D) None of these

The domain of f(x) = , 10954 (

(A) (0,11U[4,5)
() {1,4

If f: R — R, where f(x) = ax + cosx. If f(x) is bijective, then
(A) ae R (B) ae R*

(C) ae R (D) ae R—(-1,1)

If fis a function such that f(0) = 2, f(1) = 3 and f(x + 2) = 2f(x) —
fix+ 1)V xe R, then f(5) is

(A) 7 (B) 13

(€)1 (D) None of these

The number of real roots of 3 + 4¥+ 5 — 6X=0 is/are

(A) Two (B) More than two

(C) One (D) Equation does not have
any real root

The range of f(x) = sin[sin~{x}], where {} denotes the function

partof x, is

(A) [0, 1) (B) [0, 1]

Q) =1,1) (D) None of these

3 4
Let f(x) = + + .Then f(x) =0 has

XxX—-2 x-3 X —
(A) Exactly one real root € (2, 3)
(B) At least one real root € (3,4)
(C) Atleast one real root e (2, 3)
(D) None of these

If fix) =sin \/ﬁx, (where [-] denotes the greatest integer func-
tion), has ras its fundamental period, then

(A) a=1 (B) ae [1,2)

(C) a=9 (D) ae [4,5)

X, when x is rational
If fix) = then fof(x) is given as

1—x, when x is irrational ’
(A) 1 (B) x
(C) 1+x (D) None of these
If f(x) is defined on domain [0, 1], then f(2sinx) is defined on

w U {[2n;r,2n7z+’6[]U[2n7z+E’;r,(ZnH)lz]}

nel

®) |

nel

|:2n7z,2n7z+£]
6

© U [2n;r+%”,(2n+1);r]

nel

(D) None of these

Let - R — R and g: R — R be two one-to-one and onto func-
tions such that they are the mirrorimages of each other about
the line y =a. If h(x) = f(x) + g(x), then h(x) is

(B) One-to-one and into
(D) Many-to-one and into

(A) One-to-one and onto
(C) Many-to-one and onto

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

sin x

If fx) = cos|x| + [

], (where [-] denotes the greatest

integer function), then
(A) f(x)is periodic (B) f(x)is odd
(C) f(x) is non-periodic (D) None of these

. _ 244 .
The range of the function fix) =,/ * *Copps 1S

(A) {1,243} (B) {1,243,35}
() {1,2,3} (D) {1,2}
The number of solutions of log, . 2™ > 0 in the interval

o3

(A) O (B) 1

(C) 2 (D) 3

If 5% + (24/3)2* > 13%, then the solution set for x is
(A) [2,<0) (B) {2}

(C) (=0, 2] (D) [0, 2]

If domain of f(x) is [-1, 2], then the domain of f([x] — x2 + 4),
where [-] denotes the greatest integer function, is

(A) [-1,47] (B) [/3,-11U [-/3,47]
(SN (D) [v/3,-11U (V3 ,7)

The period of the function f(x) = [5x + 7] + cos zx - 5x, where [-]
denotes the greatest integer function, is

(A) 3 (B) 27

(Q) 2 (D) None of these

The period of the function f(x) = [x] + [2x] + [3x] + --- + [nx] —
nin+1)

x, when x e Nis

(A) n
(C) 1/n

(B) 1
(D) None of these

n

LetS, = Zr! (n>6),thensS, — 7[57”] (where [] denotes the
r=1

greatest integer function) is equal to

(&) H ®) n! —7[”7’]

(Q 5 (D) 3
The period of the function f(x):%(sin3x+|sin3x|+[sin3x])

where [] denotes the greatest integer function
(A) 7/3 (B) 2x/3

(C) 4rx/3 (D)

If fix) = 1/[|sin x|+|cos x|] (where [] denotes the greatest
integer function), then

(A) fix)is an even function

(B) f(x) is an odd function

(C) The range of f(x) contains two elements

(D) None of these

If fx) =y/sec'[(2 —|x|)/ 41, then the domain of f(x) is

(A) [-2,2] (B) [-6, 6]

(C) (=00, —6] LU [6, ) (D) [-6,-2] U [2, 6]

The number of solution(s) of the equation x2 -2 -2[x] = 0 ([.]
denotes the greatest integer function) is(are)
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72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

(A) One (B) Two
(C) Zero (D) Infinity

The domain of the function f(x) = sin~'[1 + cosx] + V16 — x> ([-]

denotes the greatest integer function) is
(A) [-4, 4] (B) (-4,4)
(C) [0, 27 (D) None of these

If the function f: [2, eo) — [1, <) is defined by f(x) = 3**~2), then

what is f~1(x)?
(B) 1-1+logs x

(A) 1+/1+log; x
(D) Does not exist

(C) 1+/1-log; x

f-[- 4, 4]~ {-7,0, 7} — R, when f(x) = cot(sinx) + [x*/al, when
[] denotes the greatest integer function. If f be an odd func-
tion, then the set of values of a is

(A) (=16, 16) ~ {0} (B) (=0, —16) LU (16, =)

(C) [-16,-16] ~ {0} (D) (=00, =16] L [16, )

Let A={1, 2, 3, 4}, B={a, b, c}, then the number of function
from A— B, which are not onto is

(A) 81 (B) 24

() 8 (D) 45

The number of solutions of log,3=2x -3 is

(A) 3 (B) 1

() 2 (D) 0

The domain of fix) =y/(x — 1)/ (x — 2{x}), where {x} denotes the

fractional part of x, is
(A) (=<, 0) L (0, 2]
(C) (=00, 00)~(0, 2]

(B) [1,0)
(D) (=ee, 0)L(0, 1]UI2, =)

Let fix) = /[sin2x]—[cos2x], (where [] denotes the greatest
integer function). Then the range of f(x) is

(A) {0} (B) {1}

(©) {0, 1 (D) {0,1,+/2}

The number of points (x, y), where the curves |y| = In|x| and
(x-1)? +y? - 4 =0 cut each other, is

(A) 2 (B) 3

(S (D) 6

If fix +y, x — y) = xy, then the arithmetic mean of f(x, y) and
fly, x) is

(A) x (B) y

(@ o (D) xy

If a, b € R, then the period of f(x) = x — [x + al — b, where []

denotes the greatest integer function, is
(A) 1 (B) |a-b]
(C) |la+b| (D) None of these

The domain of the function f(x) = \/x12 X3+ xt—x+1is
(A) (=1,7) (B) (=0, —1)
(C) (1,00) (D) (=00, o0)

The domain of definition of the function f(x)=
=& (642 _[(1/2)(72+27 )] s
(R) (= oo, ) (B) (o0, —3]

1
D) |-,1
()[9)

dt.Then f(x) is

(C) [3, )
1-tant
1+tant

(A) An odd function
(B) An even function

X
Let f(x) =Ilog
0

85.

86.

87.

88.

89.

920.

91.

92.

93.

94.

95.

96.

97.

(C) Both even as well as odd

(D) Neither even nor odd

If fix +y) =flx) + fly) —xy — 1 Vx, y € Rand f(1) = 1, then the
number of solutions of the equation fin)=n,ne Nis

(A) O (B) 1

Q) 2 (D) n

If f(x) is an even function and satisfies the relation x2f(x) — 2f
(1/x) = g(x), x # 0, where g(x) is an odd function, then the
value of f(2) is

(A) 1/2 (B) 2

(C) 4/5 (D) O

Xand Yaretwosetsand £ X — Y. If {flc)=y;cc X,y c Y}and
{f~1(d) =x; d c Y, xc X}, then the true statement is

(R) If-'(b)1=b (B) - 'fla)]=a

(C) if '(b)l=b,bcy (D) f'[fla)l=a,ac x

If f(x)=x/ 1+ x2 , then fofof(x) equals to

(A) x/A1+3x2 (B) 3x/V1+x2

(€ x/(1+x%)Ve (D) x

The function f(x)=(x?+2x+¢)/(x* +4x +3c) has the range
(—e0, o0) for the allowed values of x € R if
(A) 0<c<1 (B) 0<c<1

(€) 0<c<1 (D) 0<c<1

Let A={1, 2, 3}.Then the total number of distinct relations that
can be defined over A is

(A) 2° (B) 6

(C) 8 (D) None of these

Given two finite sets A and B such that n(A) = 2, n(B) = 3. Then
total number of relations from A to B is

(A) 4 (B) 8

(C) 64 (D) None of these

The relation R defined on the set of natural numbers as {(g, b) :
a differs from b by 3} is given by

(A) {(1,4,(2,5),(3,6),..}

(B) {(4,1),(5,2),(6,3),..}

(C) {(1,3),(2,6),(3,9),...}

(D) None of these

The relation R is defined on the set of natural numbers as
{(a, b):a=2b}.Then R "is given by

(A) {(2,1),(4,2),(6,3),..} (B) {(1,2),(2,4),(3,6),..}

(€) R7"is not defined (D) None of these

Therelation R={(1,1),(2,2),(3,3),(1,2),(2,3),(1,3)}onset A=
{1,2,3}is

(A) Reflexive but not symmetric

(B) Reflexive but not transitive

(€) Symmetric and transitive

(D) Neither symmetric nor transitive

The relation “less than”in the set of natural numbers is
(A) Only symmetric (B) Only transitive
(C) Only reflexive (D) Equivalence relation

Let P={(x,y)| x2+y2 =1,x,y €R}.Then Pis

(A) Reflexive (B) Symmetric

(C) Transitive (D) Anti-symmetric
Let R be an equivalence relation on a finite set A having n ele-
ments. Then the number of ordered pairs in R is

(A) Lessthann (B) Greaterthanorequalton
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98.

929.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

(C) Lessthan orequalton (D) None of these

For real numbers x and y, we write xRy < x—y+\/5 is an
irrational number. Then the relation R is

(A) Reflexive (B) Symmetric

(C) Transitive (D) None of these

Let X be a family of sets and R be a relation on X defined by
‘Ais disjoint from B.Then R is
(A) Reflexive

(C) Anti-symmetric

(B) Symmetric
(D) Transitive

If R be a relation < from A={1, 2, 3,4} to B={1, 3, 5}, that is,
(a,b)eR < a<b, then Ror~ is

(A) {(1,3),(1,5),(2,3),(2,5),3,5), (4,5}

(B) {(3,1)(5,1),(3,2),(5,2),(5,3), (5, 4)}

(C) {(3,3),(3,5),(5,3),(55)}

(D) {(3,3)(3,4), (4,5)}

A relation from Pto Qiis
(A) A universal setof Px Q (B) PxQ
(C) Anequivalentsetof PxQ (D) Asubsetof PxQ

Pt i i

’

Let A={a, b, ¢} and B ={1, 2}. Consider a relation R defined
from set Ato set B.Then R is equal to set

(A) A (B) B

(C) AxXB (D) BxA

Let n(A) = n. Then the number of all relations on A is
(A) 2", (8) 2
(Q 2" (D) None of these

Let R be a reflexive relation on a finite set A having n-elements,
and let there be m-ordered pairs in R. Then

(A) m=n (B) m<n

(€) m=n (D) None of these

The relation R defined on the set A={1,2,3,4,5} by R={(x, ) :
| x? —y?|<16} is given by

(A) {(0,1),2,1),3,1),41),(23)%}

(B) {(2,2),(3,2),(4,2), (2,4}

(@) {3,3),(3,4),(54),473),3 1}

(D) None of these

A relation R is defined from {2, 3, 4, 5} to {3, 6, 7, 10} by
XRy & x is relatively prime to y. Then domain of Ris

(A) {2, 3,5} (B) {3, 5}

(Q) {2,3,4} (D) {2,3,4,5}

Let R be a relation on N defined by x+2y=28. Then the
domain of Ris
(A) {2,4,8}
(@) {2,4,6}

(B) {2,4,6,8}
(D) {1,2,3,4}

If R:{(x,y)|x,yeZ,x2+yzs4} is a relation in Z, then
domain of Ris
(A) {0, 1,2}

(C) {-2,-1,0,1,2}

(B) {0,-1,-2}
(D) None of these

R is a relation from {11, 12, 13} to {8, 10, 12} defined by
y=x-3.Then Ris
(R) {(8,11),(10,13)}
(©) {(10,13),(8,11)}

(B) {(11,18),(13,10)}
(D) None of these

Practice Exercise 2

Single/Multiple Correct Choice Type Questions

1. If y=f(x) be the concave upward function and y=g(x) be a
function such that f’(x)-g(x)—g’(x)-f(x)= x*+2x2+10, then
(A) g(x) has at least one root between two consecutive

roots of f(x)=0

g(x) has at most one root between two consecutive

roots of f(x)=0

if o and f are two consecutive roots of f(x)=0, then

off<0

when f(x) increases g(x) decreases

(B)

(9]

(D)

N

. Iflog, {Iog1(logz(x)J =log; (Iog1(log3(y))] =

2 3

5
the following is/are NOT true?

(A) z<x<y
(C) y<z<x

logs (Iog1 (Iog5(z))] =0 for positive x, y and z, then which of

(B) x<y<z
(D) z<y<x

3. If a function satisfies (x—y)f(x+y)—(x+y)f(x—y)=2(xy

—y3) V¥ x,y €R and f(1)=2, then

»

If fix)-gly) =g'(y)-f'(x)-g(y),Vx,yeR and g’(0) =1, g(0) =1,
f’(0)=-5, then

(A) f(0)=6 (B) f(I)=e

1
(D) g(=1)=—
e

@ g=e

wu

. If13[x]+25{x}=271where [-] denotes the integral part of xand
{x} denotes the fractional part of x, then value of [x] is/are
(A) 18 (B) 19
(C) 20 (D) 21

6. The equation sinx =[1+sinx]+[1—cos x] has (where [-] repre-
sents the greatest integer function)

(A) no solution in i,ﬁ (B) no solutionin z,zr
2 2 2
3
(C) no solutionin |:7Z', 7”] (D) no solution for Vx e R

7. Let 0(0,0) and C(x, 0) be the given points. If least and the
greatest value of x satisfies the equation c052x=|sinx| in

(—%, ﬂ') represents the points A and B, respectively, then

(A) OABCis arhombus
(B) OABCis a parallelogram
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(C) OB=AC po
(D) area of a quadrilateral OABC is 5 sg. units

8. For x>0, let f(x)=x¥3(6—-x)"® and g(x)=x-Inx which of
the following is/are true?
(A) Exactly 1 real solution exist for the equation f(x)=g(x)

(B) f(x)=g(x), Vxel, 4]
(C) For y=f(x), (6, 0) is a point of the inflexion

(D) For x (0, 4) the equation f(x)=f""(x) hasonly onereal
solution
9. Iff(x) be a periodic function with the period T so that f(x+ 13)

77 T T
+f(x+630)=0and ;L f(x)dx = A jo f(x)dx, then

(A) T=1234
(C) AandT both are prime

(B) [A+1+[T+1=2013
(D) only A is prime
10. f(x) = sin (Z(M)x), where [-] denote the greatest integer

function, has the fundamental period 7 for

(A) a= (B) a=

(C) a= (D) a=

wWIiN Nw
ulh Mlu

11. Let f(x) be a real-valued function defined on: R — R such that
fx) = [X]2+ [x+ 1] -3, where [x] = the greatest integer < x. Then
(A) f(x) is a many-one and into function
(B) f(x) =0 for infinite number of values of x
(C) fix) =0 for only two real values
(D) none of these
12. Iff:R— R, f(x) = e"1¥I —e¥is a given function, then which of the
following are correct?
(A) fis many-one into function
(B) fis many-one onto function
(C) range of fis [0, <]
(D) range of fis (—eo, 0]
13. Which of the following pair(s) of functions are identical?

B 1—x2
(A) fix)=cos (2 tan"'x), g(x) =

1+ x2

(B) fx) = —2, g(x) = sin (2 cot'x)
1+x

(C) f(x) =tan x+ cot x, g(x) = 2 cosec 2x
(D) f(X) — eln (sgncot" X), g(X) _ eln [1+{X}],

where sgn(-), [], {:} denotes signum, greatest integer and
fractional part functions, respectively.

14. If f(x) =sin forx (O, %) is invertible, where {-} and [-] rep-

resent the fractional part and the greatest integer functions,
respectively, then f~1(x) is

(A) sin"x (B) %—cos*x

(C) sin7'{x} (D) cos'{x}

15. Range of f(x) = Iog%h_0 (\/§(2 sinx + cosx) + 5) is
(A) [0, 1] (B) [0,3]

1
C) | —oo, =
© (1)

(D) None of these

Comprehension Type Questions

. . x_ flt)y
Paragraph for Questions 16 and 17: A line _E:_T
=t?z=]is the perpendicular to the line of the intersection of
the planes t-f(t)x+f(i2)z+f(-t):o and ty+f(-t)z+f(t*)=0,
t
where teR—-{0}.
16. f(t) is
(A) even function
(B) odd function
(C) neither even nor odd function
(D) both even and odd function

V4
17. If t =tané, where HeR—{(ZnH)E,nfr} ;nel, then

(A) f(tand)=—tan(26)-f(cot> )
(B) f(tan®)=—sin(26)-f(cot? )

(C) f(tand)=—sin(26)-f(sec’ B)e
(D) f(tan28)=—-tan@-f(cotd)

Paragraph for Questions 18 and 19: Consider f(x)=

w;where0< a<f<y<o.
(x=y)(x=0)
18. Number of extremas for f(x) will be

(A) 1 (B) 0

(C) 2 (D) cannot be determined
19. Function f:D — R, where D is the domain and R is the set of

real number, will be

(A) onetoone

(C) bijective

(B) many to one
(D) none of these

Paragraph for Questions 20 and 21: A cubic function
f(x)=—x>+ax? +bx+c.If f(x) is an odd function and f(x) = 0
at x=-1. Now the domain of function is reduced, so as to make
f(x) invertible such that f~'(x) remains in 2" and 4t" quadrant.
Then

20. |[F'(x)|+f7'(|x])=0 has

(A) no solution
(C) infinite solutions

(B) exactly one solution
(D) exactly three solutions

21. Rangeof f'| x| is
(R) (-, 0)
(Q) (0, =)

(B) (=o0,=1)
(D) (1, )
Matrix Match Type Questions

22. Match the following:

Columnl Column i
(A) The number of the possible values of kif | (p) 1
fundamental period of sin™ (sin kx) is %
is
(B) Numbers of the elements in the domain (a) 2
of f(ix) =tan™'x + sin"'x + sec 'x is
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23.

24.

Columnll Column I
X (r) 3
(C) Period of the function f(x) = sin (7) .
(3):
cosec | — | is
2
(D) Ifthe range of the function fix)=cos™' [5x] | (s) 4
is{a,b,ctanda+b+c= /17” then Ais equal
to (where [-] denotes greatest integer)
(t) O
Match the following:
Columnll Columnlli

(A) Function f:[o, %] — [0, 1] defined

by f(x) = +/sinx is

(p) onetoone
function

(B) Function f:(1, o) — (1, o) defined
xX+3
by flx)= x_1is

(q) many-one
function

T 4r (r) into

C) F tion f: —_— -1,1
(C) Function [ > 3:|—>[ ]

defined by f(x) = sinx is

function

(D) Function f:(2, o) — [8, ) defined

X2

by f(x) =
y 1) X—2

is

(s) onto function

Match the following:

Columnl

Columnlll

(A) If the smallest positive integral value of x
for which x2 —x —sin"'(sin 2) < 0is 4, then
3+ Aisequal to

(p) 4

Practice Exercise 1

.(D) 2.(B) 3.(D)
7.(B) 8.(A) 9.(0)
13.(D) 14. (A) 15.(B)
19.(B) 20. (B) 21.(0)
25.(A) 26. (O) 27.(B)
31.(A) 32.(B) 33.(B)
37.(D) 38.(0) 39.(0)
43. (B) 44, (D) 45. (C)
49. (C) 50. (C) 51.(D)
55. (A) 56. (D) 57.(B)
61.(A) 62. (A) 63. (0)
67.(C) 68. (B) 69. (A)
73.(A) 74. (B) 75.(D)
79. (B) 80. (O) 81.(A)
85.(B) 86. (D) 87.(D)

Columnl Columnll
(B) Number of solution(s) of 2[x] =x + 2 {x} is (q) 1
(where [-], {} are the greatest integer and
least integer functions, respectively)
(C) Ifx2+y2=1and maximum value of x+yis | (r) 2
@, then Ais equal to
1 1 (s) 0
(D) f(x+5) +f(x—5) =f(x)forallxe R,
then period of f(x) is
(t) 3

Integer Type Questions

25.

26.

27.

28.

29.

200
Consider the two polynomials f(x) and g (x) as g(x) = 2 ax’
200 r=0
and f(x)= Zﬂ,x’. Given (i) B, =1Vr=100 (i) f(x+1)=g(x).
r=0
200
Let A= 2 @, . Find the remainder when A is divided by 15.
r=100

Let p(x)=x>+x*+1 have roots X1, X3, X3, X4 and  Xs,
g(x)=x%>-2, then find the value of 9(x;)g(x;)g(x3)g(x,)
g(x5)—30g(x1x3X3X4X5)-

f:R—>R is f(x)= In(x+Vx?+1), then find the number of
solutions to the equation |f’1(x)|:e’|"|.

Let f(x)=30-2x— x>, then find the number of positive inte-
gral values of x which satisfies f(f(f(x))) > f(f(—x)).

Let f(x)=(x+1)(x+2)(x+3)(x+4)+5, where xe[-6, 6]. If
the range of the function is [a, b] where a, b € N, then find the

a+b
value of ——.
1683

4. (B) 5.(B) 6. (A)
10. (A) 11.(B) 12.(A)
16. (D) 17.(Q) 18.(Q)
22.(C) 23.(A) 24. (A)
28.(C) 29. (D) 30.(B)
34.(C) 35.(0) 36. (B)
40. (A) 41.(A) 42, (D)
46. (D) 47.(C) 48. (C)
52.(B) 53.(0) 54. (A)
58. (A) 59. (D) 60. (A)
64. (D) 65. (C) 66. (B)
70. (Q) 71.(A) 72.(D)
76. (C) 77.(D) 78. (Q)
82. (D) 83.(0) 84. (B)
88. (A) 89.(0) 90. (A)
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91. (Q) 92. (B) 93. (B) 94. (A) 95. (B) 96. (B)
97. (B) 98. (A) 99. (B) 100. (C) 101. (D) 102. ()
103. (C) 104. (A) 105. (D) 106. (D) 107.(C) 108. (C)
109. (A)
Practice Exercise 2
1.(A, Q) 2.(B,C,D) 3.(A,B,Q 4.(A,C,D) 5.(B,Q) 6.(A,B,C,D)
7.(8,D) 8.(A,C,D) 9.(A,B) 10. (A, B) 11. (A, B) 12.(A, D)
13.(A,B,C, D) 14.(A,B, Q) 15.(D) 16. (B 17. (A) 18.(Q)
19. (B) 20. (0 21.(B) 22. (A) = (q), (B) = (q), (C) = (q), (D) — () 23.(A) > (p, N,
(B) = (p, 5), (C) = (q, 5), (D) = (q, 5) 24.(A) = (p), (B) = (1), (C) = (1), (D) — (t) 25.(1) 26.(7)
27.(2) 28.(2) 29.(3)
Practice Exercise 1 7. We have
1. Given that f)=(x=N(x-2)(x-3)
f(x)=cos(logx) =f(y)=cos(logy) and f(=£(2)=f(3)=0
Therefore, which implies that f(x) is not one-to-one. For each yeR,
] there exists xeR such that f(x)=y. Therefore, f is onto.
f(x)f(y)—z[f( )+f(xy)] Hence, f:R— R is onto but not one-to-one.
8. Here, | x| is not one-one and
=cos(logx)cos(logy)—;[cos(logXj+cos(logxy)] lim 4x
y Xee \/x +8x+3+\/x +4x+3
: is not one-to-one. Also, x2+1 is not one-to-one. However,
=cos(logx)cos(logy)— 5[2 cos(logx)cos(logy)1=0 2x -5 is one-to-one because
2. We have f(x)=f(y)=2x-5=2y-5=x=y
F(x+1)—f(x)=8x+3 Now, f(x) = 2x —5is onto and therefore, f(x) = 2x — 5 is bijective.
5 5 9. Let us consider
= [bx+1) +c(x+D)+dl—-(bx“+cx+d)=8x+3
= (2b)x+(b+c)=8x+3 LF(2)#Rf"(2)
=2b=8,b+c=3 = b=4,c=-1 X4 _yi-4
3. We have x*+4 yi+4
_ 2 ) 2_ 2 _
f(x)=cos[z“1x +cos[-m“]x :>x274_1:y2 4—1:>x2+4:y2+4
f(x) = cos(9x) +cos(—10x)= cos(9x) + cos(10x) X" +4 y +4
X = x==xy
= 2cos( )cos( )
2 2 Therefore, f(x) is many-to-one. Now, for each y € (-1, 1), there
Therefore, does not exist x € X such that f(x)=y.Hence, fis into.
f(ﬁ) - 2COS(19JJCOS(£) 10. We have f’(x)=2+cosx > 0. So, f(x) is strictly monotonically
2 4 increasing and so f(x) is one-to-one and onto.
f(f): Xixiz -1 11. f(x):L is one-to-one and into function. X;,x; €[0,),
\/E ﬁ 1+ x )
for one-to-one function.

4. It is a fundamental concept. The function is a homogeneous

function of degree -1. Now, X
5. Multiplication of rational number and irrational number is irra- fOxq)=f(xy)=——= = XXy HX = XXy + Xy D X=X,
tional number. For example, x=2,y = \/§ Thus, 2\/5 is an irra- +x 1+X2
tional number. Range of f(x) € [0,1) and range of f(x) is not equal to co-domain.
6. We have Hence, f(x) is not onto function.

‘3x3+1‘ _‘ (=27) +1‘ ‘—80 12. We have

\2x2+2\x= 29)+2 | —J1+(=/3)? <(sinx —/3 cos x) < {1+ (=/3)?
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13.

14.
15.

16.

17.

18.

—Zs(sinx—\/gcosx)sz
—2+1<(sinx —~+/3cosx+1)<2+1
—1S(sinx—\/§cosx+1)g3

That is, the range is [-1, 3]. Therefore, for f to be onto,
S=[-1, 3l
We have
f(x):x+\/x72:x+|x|
Now, fis not one-to-one as
f(-1)=f(-2)=0

But —1#2 and also f is not onto since f(x)>0,Vx eR. Also,
the range of fis (0,)CR.

fix, y) — (x/y) is a surjective function.
We have
_ sin”'(3—x)

- log[| x|-2]
Let us consider

g(x)=sin"'3-x) = -1<3-x <1
The domain of g(x) is [2, 4] and let us consider
h(x)=log[| x|-2] = | x|-2>0
= |x|>2 = x<-20r x>2 = (—00,—2)U(2,00)

We know that

(1’/9)(X)=MVXED1 ND, —{xeR:g(x)=0}
g(x)

Therefore, the domain of f(x) is
(2,4]-{3} =(2,3)u(3, 4]
Here, x+3>0and x> +3x+2# 0. Therefore,
x>-3and (x+1)(x+2)#0

That is, x # —1, —2. Therefore, the domain is

(=3, 00)={-1,-2}
We have
(1/2)(=x=1), x<-1
f(x)=4tan"x, —1<x<1
1/2)(x=1), x>1
-1/2, x<-1
and fl(x)=41/14x%, —1<x <1
1/2, x>1
. 1T . 1 1
Now, limf'(-1-h)=——; limf'(-1+h)=————=—
h=0 2 h-0 1+(-1+0? 2
That is,
. 1 1 . 1
lim f'(1-h)= ————=—; lim f'(1+-h) =~
h—0 1+(1-0) 2 h—0 2

Therefore, f’(—1) does not exist and therefore, the domain of
f'(x)is R—{-T}.

The functionf(x) is to be defined when x? —1> 0. So,
x2 >1, = x<-lorx>1and3+x>0

Therefore, x > -3 and x # -2 and hence,

Df =(-3,-2)U(-2,- 1 U(1,)

19. The quantity which is under root is positive, when
“1-V3<x<-1+43

20. Obviously, here | x|>2 and x #1, that s, x € (—c0,—2)U(2,00).
21. The function f(x):xllog(x2—6x+6) is defined when
log(x? —6x+6)>0.
x> —6x+621= (x—5)(x—-1)20

This inequality holds if x <1or x >5.Hence, the domain of the

function is (—eo, TU[5,00) .
22. We have

—1<1+3x+2x% <1
Case 1: Here, 2x% +3x+1>—1; 2x? +3x+2>0.

Therefore,
-3+9-16 -3+i\7
6 6

which is imaginary.
Case 2: Here, 2x% +3x+1<1

Therefore,
2x%+3x<0 = 2x(x+%)£0

:>_—3Sx§0:>xe[—§,0
2 2

In Case 1, we getimaginary value; henceitis rejected. Therefore,
the domain of the function is

-3
)
2
23. Here, | X|>1; therefore, x €(—o0,—1)U(1, o).
24, Itshould be|x|—x>0.Thatis,
[ x]>x
However, | x| = x for x positive and | x| > x for x negative. So,

the domain is (—<o, 0).
25. Here,

f(x)= sec(%cos2 x)

We know that 0<cos®x<1 at cosx=0,f(x)=1 and at
cosx=1=a(l)-BN=a-p.

Therefore,
1SxSx/§:>xe[1, JE].
26. We have
f(x)= 1+%2
[x+(1/2)° +(3/4)
Therefore, the rangeis (1,7/3].
27. We have
f(x)= ﬁ[sin(z —2x):|
Therefore,
—J2<f(x)<2
and -1, 1 < [-v2,42]
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28.
29.

30.

31.

32.

33.

34.

Here, sin™'v/x +cos™'v/x = /2 holds x which lies in [0, 1]. 35.
Here,
—15cos¢9§1::—i2
a
and sec2¢921for6‘>§

secd>2=sec’9>4

36.

Therefore, the required interval is [2, ).

f(x)=sin[log( (x+V1+x2)
—x) =sin[log(—x 1+ x2)]

=f(
=f(- —smlog( V1+x% —x) 1+ x +X]
=f(- [

We have

\/1+x +X

—_

x)=sinlog

=f(—x) —sm[log (x+V1+x2)” 1]
:>f(—x):sin|: log( x+\/1+x2)]
=>f(—x):—5|n|:log (x+V1+x2) ]

=f(—x)=—f(x)

Therefore, f(x) is an odd function.

We have
= x+2 = X=i+’|=y7+2=f(y)
x=1 y-1 y-1
It is given that 38.
fx)=220V= x(x-1)= log, f(x)
39.

1% /1+4log, f(x)

= xz—x—long(x):0:> X=

Only x= 1+ 41+ 4log, f(x)

2

lies in the domain.

41.

Let us consider
fix)=y = x:f_1(y)
Hence,

42,
f(x)=y=3x-5= x:yTJrS:nH(y):X:yT”
Therefore,
5
f_1 X)= X+
(x) 3

Also f is one-to-one and onto and hence ' exists and is

given by 45

3

(x) =

Here,

f(@) =sind(sin@ +sin36) 43,

=5sin@(sin@ +3sind —4sin® §) = 4sin’ H(1—sin’ 6)
=4sin® 6 cos? 6 = (sin26)?
Therefore, for all real 8, we have
f(8)=0

m :| 37.

2 40.

By the definition of composition of function, we have
glf(x)]=(sinx + cos x)P2-1= glf(x)]1=sin2x

We know that sinx is bijective only when

T
Xel-——,—
2 2
Thus, g(x) is bijective if we have
LB ox<t
2 2 4 4
Here,
g(x)=1+n—-n=1,x=neZ
Now,

1+n+k—n=1+k, x=n+k
where neZ, 0<k<1. Now,

-1, g(x)<0
flgx)l=4 0, g(x)=0

1, g(x)>0
Therefore, g(x)> 0 Vx and thus f(g(x)) =1 Vx.
We have

FF 0] = af(x) _ alox(x+1] _ a’x
fx)+1 [ax/(x+)]+1  oax+x+1
Therefore,
_atx
(+Nx+1

or (e +Nx+1-a?]1=0
or (@+N)x*+(1-a?)x=0

which should hold Vx. Therefore,
a+1=0,1-a%=0
and this is equal to
i hlte™"" —e"h) /e M + V) —0 .
h—0 —-h
We have

fIFO0l=la—{f)}" 1" =[a—(a—x")1"" = x
The set Bsatisfied the given definition of function fand hence,

option (C) is correct.
We have

X, XeQ
(f—g)(x)—{_X’ xzQ

h(x) = [fix) + fi=x)] [g(x) - g(=x)]
h(=x) = [f(-x) + f(x)] [g(-x) - g(x)] = -h(-x)

Therefore, h(x) is an odd function.
We have
1

|lsinx|—sinx
(i) Here,4—-x220=x2<4=-2<x<2.

(ii) Here, |sinx| —sinx > 0.
When sinx < 0, we have

f)=va-x> +

|sinx| = —sinx = —2sinx > 0 = sinx < 0 if |sinx| = sinx
Then, we get 0 > 0, which is not possible. Therefore, the
domain is [-2, 0).
We have
fx) = x3 + 3x2 +12x —12x — 2sinx
Therefore,
f’(x) = 3x2 + 6x +12 — 2cosx
Hence, f’(x) > 0 Vx. Therefore, f(x) is an increasing function
and thus f(x) is one-to-one and onto.
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. We have

We have 5

2ie 109y/4 X=X |50

fx) = In X2 / 4

X +1
5x — x?
X+1-1+e e—1 =0< <1
:>|n 27 :In 1+ P 4

X +1 X +1 ) ;
5x—x 5x—x

Therefore, the range is (0, 11.
. fix+y)=flxy) V x, y

Put

>0and <1
4
= x(x-5)<0andx2-5x+4>0

x=y=1=f(2)=f(1) = x € (0,5) and xe (o0, 1]U[4,0)

. Therefore, f, is defined for
Similarly,

f(2)=F() = f(3) == F(2006)=-10 xe 0,11V, 5)
and f, is defined for

xe{0,1,2,3,4,56,7,8,9, 10}
Thus, f(x) is defined for

. If function f(x) is symmetrical about x = 1, then (1 - @) =
f(1+ o) where e R.

. We have
r ,I- 1 XEDfﬁDf={1,4}
2 2 1 2
fix) =sin™ »X +E_ +cos*1[X _E] 51. f'(x)=a-sinx
1 1 Now,
=sin~! X2 +— +c05—1|:X2+E—1:| f(x)20=a=sinx=>a>1
- - f(x)<O0=a<sinx=a<-1
1
Cern—] 2 -1 2
=sin xS |+ cos ([X + E:I _1J Therefore, f(x) is bijective if aeR—(-1,1).
Since X2+ 1/2 > 1/2, we get 52. We know that f(x + 2) = 2f(x) — fix + 1). Substituting x = 0, we
5 get
[x +E]:OOH f2)=4-3=1f2)=1
Substituting x=1, we get
Since sin™'[x2+(1/2)] is defined only for these two values, f3)=6-1=13)=5
(i) when [x? +(1/2)] =0, we get Substituting x = 2, we get

f4)=2-5=f(4)=-3
Substituting x =3, we get
f(5)=10+3=1(5)=13

fix)=sin"10+cos ' (-1) =7

(i) when [x? +(1/2)] =1, we get
fix)=sin""1 +cos'0=r X X X
Therefore, the range of f(x) = {z}. 53. 3+ 4%+ 5% — 6" = 0:(%) + (g) + (g) =1

fog =flg(x)] = |sinx| = V'sin® x Now,

; B 3 X 4 X 5 X
Also, we have (x)= e + s + s
gof = glfx)] = sin* v/x
f(x)=0,x =

Obviously, £(0)=3,x=0
Vsin? x = V9(X) f(X) —> 00, X — —oo
and Therefore, f(x)=1 will have one real root.
sin \x = sin2[f(x)] 54. We have 0<{x} < 1.Thatis,
That is,
atis 0<sin"'{x} < z
g(x) = sin2x and f(x) =v/x 2
. We have 0 <sinf[sin~"{x} < 1
3 4 5
fx)=0Vxe R=f(3)-f(2)=0 55. fx) = + +

X—-2 x-3 x—4

. Let us consider

=f(x)<0 Vxe(-=,2),f(x)>0 Vxe(4,~)
f 5x—x2
1= [109y/4 4 =f(2")>0and f(37)<0

andf, = 1OCX. Therefore, f; is defined for So fix) has exactly one real root € (2, 3).
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56. We have Therefore,

— 1= 2= Jla] =4=[a] (cosa)* + (sina)* > 1

Jial where cosar=5/13. Equality holds for x = 2. Now,
Therefore, a € [4, 5). 2 X+ 12 "
57. We have 13 13
f(x), whenf(x) is rational decreases as x increases. Therefore, x € (—oo, 2].
fofx) = is irrati 64. We should h
1-f(x), when f(x)is irrational . Weshould have

“1<X-x2+4<2=x2-5<[x]<x2-2

X when x is rational o
" ]1-(1-x), when x is irrational On solving it by graph, we get
That is, it fof(x) = xe [-V3,-11U (V3,7)
atis, ot =x. 65. We have
58. The function f(x) is defined on [0, 1] = 0 < x < 1. Now, f(2sinx)
shall be defined if 0 < 2sinx < 1. Therefore, flx) =—{(5x+7) - [5x+ 7} + coszx + 7 == {5x + 7} + coszx + 7
) 1 T 57 The period of (5x + 7) is 1/5 and the period of coszx is 2.
0<sinx< Z=xe ng ’{[2"”:2””+6]U|:2””+6r(2’7+1)7f]} Therefore, the period of f(x) is 2.
66. The function f(x) can be written as
59. As f and g are mirror images of each other above the line X1+ [2X] + - + [nX] = (X + 2X + 3X + - + nx)
y=a.50, —— (d+ {24+ + ()
g(x)=2a-f(x) The period of f(x) is
Now LCM (1,1,1,...,1):1
—h(x)=f(x)+g(x)=2a 23" 'n

67. All numbers 1 (r > 7) are the multiples of 7 and hence for

60. We have remainder. Let us consider
sinx S¢=1+2+6+24+120+720
f(x) = cos|x| + o ) o
which gives remainder 5 when divided by 7.
. . 68. We have
sinx sinx
0< < 1/22{ }=0 f(x):%[sin3x+|sin3x|+(sin3x)]
Therefore, The period of sin3x is 27/3; the period of |sin3x]| is 7z /3; the
f(x) = cos|x| = cosx Vx e R period of [sin3x] is 27z/3. Hence, the period of f(x) is 27/3.
61. For f(x) to be defined, we need to have 69. f(x)=f(-x)
24+ Ax2 0= xe (—o0, —4]U[0, ) Hence, f(x) is an even function.
Also 1<|sin x|+|cos x| <2 =[sin x|+|cos x[]=1=f(x)=1
(02 +4x) - (2x2+3)20=x¢€ [1,3] 70. We have
However, "C, is defined only for the non-negative integral val- fx)= [sec”! (2_|X|J
ues of n and r and thus the domain is {1, 2, 3} and the range is 4
1), f2), A3)} =11, 24/3}.
62. Let . Now,
f(x)=log,,, 2 seC_1(2_|X|]> 0
2
=f(x)= InZ( tarnx )
Insinx Therefore,
For f (x) > 0, we must have 2—|x|
tanx>0 2 21=22-Xz24=|x<-2
and Insinx>0 is not possible. Also,
Now, 2—|x|
T ——<-1=22+4<|x|=|x|=6
xe (O,—J 4
Therefore, x > 6 or x < -6 and thus the domain is (—e0,—6] U
tanx>0 [6, o).
and _ 0<sinx<1 71. See Fig. 1.75. The following cases arise:
= |”§'nX <0 (A_S Inx <0,for0<x<1) (i) If[x]=-1,then x2-2=-2 = x=0 which is not possible.
Therefore, there is no solution for f (x) > 0. (i) If[x]=0, then x2 -2 =0 = x = /2 which is not possible.
63. We have (i) If [x] =1, then x2 -2 =2 = x =2 which is not possible.

(i)x +(E)X >1 (iv) If [x] = 2. Then x2 -2 = 4 = x = +./6 and the only possible
13 13 solution is v/6.
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72.

73.

74.

75.

76.

77.

78.

Figure 1.75
Here, V16— x?is defined in [-4, 4]. Now, sin"'[1 + cosx] is
defined if -1 <1+ cosx < 2. That s,
cosx# 1= xe [-4,0) U (0, 4]
Let g(x) be the inverse of f, then f[g(x)] = x. This implies that

3901900 =2 = x = [g(x)]? - 2g(x) - logsx =0

2+ . /4+4logs x
f%qunlo%x
Since g: [1, o] — [2, =], we get

glx) =1+ /1+logs x

For f(x) to be odd, then [x%|a|l should depend upon the value
of x.

=g(x) =

xe[-4,4=0<x2<16
Now, [x¥|all =0 if
|a| > 16 = a e (—eo, —16) (16, o)
The number of onto function from A — B is the coefficient of

x> X3 ’
x*ind4l| x+=—+>=—+...| , thatis,
2! 3l

3* 32° 3
4 44l

Coefficient of x* in 4![e3X —3e2X + 3e¥ -1] = 4! |: -+
=34-3244+3=81-48+3=36
The total number of functions is 81. Hence, the required num-
ber of functions is
81-36=45
See Fig. 1.76. Obviously, there are two solutions.

Figure 1.76
x=1
x—2{x}
(i) x2T=x>2x}=x22=x€ [2, )
(ii) x<1T=>x<2{x}=x<1,x=0
The common partis x € (—eo, 0) U (0, 1). Finally, x=1is also a
part of the domain.

We should have

For

> 0, we have the following two cases:

[sin2x] = [cos2x]
which implies that we can have
[sin2x] =1, [cos2x] =1, 0, -1

79.

80.

81.

82.

83.

84.

85.

Now,

[sin2x] =0, [cos2x] =0, —1
That is,

[sin2x] =—T1, [cos2x] = -1

However, [sin2x] = 1, [cos2x] = 1 and [sin2x] = 1, [cos 2x] = -1
are not possible. Hence, the range is {0, 1}.

See Fig. 1.77. The number of points of intersection of the
curves |y| =In[x| and (x - 1)2 +y?=4is 3.

i

Figure 1.77

X

f(x+y,x—y)=xy
Let X=x+y,Y=x—-y.Then
x2_y?

f(X,Y)= andY=x+y X=x-y

2 2
:>f(Y,X)=Y X

Therefore, AM. of f(X,Y) and f(Y,X)is 0.

fx)=x+a-[x+al-b-a= fix)={x+al—-b-a
Hence, f(x) is periodic with 1.

Domain of f(x):\/x12—x3‘+x4 - Xx+1

x2-x3+x*—x+120

=x2+x*+12x3+x VxeR

Domain of f(x) = 4 +(64)*273 _[(1/2)(72+2%")]
= 4% +(64)*23 _[(1/2)(72+2%)120

17.4%  (72+4%)
N et
16

=9.4¥-87220=4"-64>0=x2>3

>0=17.4-872-84*>0

1-tant
1+tant

dt

f(x):}log
0

Replacing x by -x, we get
1-tant
1+tant

f(—x)= ]Xlog
0

Let
t=—z=dt=-dz

dt =f(x)

1+tan X 1—tant
Zdz=JIog

z
:>f(_x)=_-[|091—tanz ant

0 0
Therefore, f(x) is an even function.
fix+y)=fx)+fy) —xy —1 Vx,ye R
Putx=y=1,f(2)=2f1)-2 =0
Putx=1,y=2f3)=f1)+f(2)-2-1=3-3=0
Putx=1,y=3,f4)=f1)+f3)-3-1=-3
Hence, only one solution for f(n) = n.
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86. x*(x) = 2f (1/x) = g(x)
where f(x) is an even function and g(x) is an odd function.
Replacing x by -x, we get

X2f(-x) — Zf(—l) =g(-x)
X
and
gx)+g(-x)=0

l)=>f(1):0

= X*f(x)= Zf(
X

Replacing x by 1/x, we get
2
BRORE
X X
1 sz
= (—) —f(x)=2f(x)=f(x)=0
x) 2
87. The given data is shown in Fig. 1.78. Since f~1(d) = x, we get

fix)=d
Now, if a c x, fla) < d, we get f'[fla)] = a.

L O
X @ - @d

Figure 1.78

88. F(x)=x/V1+ x?

= F(FO0) = FOONT+F2(x) = x14 252

= F(F(F()) = x / N1+ 3x?
89. y=(x2+2x+¢)/(x>+4x+3c), yeRVxeR
:y(x2+4x+3c)=(x2+2x+c)
:>xz(y—1)+2x(2y—1)+c(3y—1):0 has real solution

Now,
D>0=4Q2y-1?—-4(y-1)(3y-1>0

:>4y2+1—4y—c(3y2+1—4y)20

= (4-3c)y* -4y(1-c)+1-c>0 VyeR
=4-3¢>0, 16(1—¢c)* —4(4-3¢)(1-¢)<0

4
=3>c (4c? +4-8¢)—(3c2—7c+4)<0
:>§>c, (cz—c)SO

:>c<§, ce[0]

But for c =0, range of f(x) is not R. Hence, c €(0,1].

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.
102.
103.

104.

105.

106.

n(Ax A)=n(A)-n(A)=32=9
So, the total number of subsets of Ax A is 2° and a subset of
AX A is a relation over the set A.

Here, n(AXB)=2x3=6.

Since every subset of A x B defines a relation from A to B,
number of relation from A to Bis equal to number of subsets
of AxB=2°=64.

R={(a,b):a,beN,a-—b=3}={((n+3),n):neN}
=1{(4,1),(5,2),(6,3),..}.

R={(2,1),(4,2),(6,3),..}

So, R7'={(1,2),(2,4),(3,6), ..

Since (1, 1); (2, 2); (3, 3) € R, Ris reflexive. (1,2) € Rbut (2, 1)

¢ R, therefore R is not symmetric. It can be easily seen that R

is transitive.
Since x<y,y<z=>x<z~Xx,y,ZzeN

Therefore,
XRy,yRz= xRz
= Relation is transitive,
= x <y does not give y < x

= Relation is not symmetric.

Since x < x does not hold, relation is not reflexive.
Obviously, the relation is not reflexive and transitive, but it is
symmetric because x%+ y2 =1= y2 +x2=1

Since R is an equivalence relation on set A, (a, a) € R for all
ae A.Hence, R has at least n ordered pairs.

Forany x € R, we have X — X +~/2 =+/2 an irrational number.
Therefore, xRx for all x. So, R is reflexive.

Ris not symmetric because V2R1but 182, Ris not transitive
also because ~/2R1 and 1R24/2 but~/2 R2+/2.

Clearly, the relation is symmetric but it is neither reflexive
nor transitive.

We have
R={(1,3);(1,5); (2,3); (2, 5); 3, 5); (4, 5)}
R'=13,1),(5,1),(3,2), (5,2); (5 3); (5,4}
Hence, RoR™'={(3, 3); (3, 5); (5, 3); (5, 5)}
A relation from P to Qiis a subset of Px Q.
R=AXB.

Number of relations on the set A=Number of subsets of
Ax A=2" [Because n(Ax A)=n?1.

Since Ris reflexive relation on A, therefore (a,a) e R forall a € A.
The minimum number of ordered pairs in Ris n. Hence, m>n.

Here R={(x,y):| x* —y*|<16}

and given A=1{1,2,3,4,5}

Therefore, R=1{(1,2)(1,3)(1,4);(2,1)(2,2)(2,3)(2,4);(3,1)(3,2)
(3,3)(3,4);(4,1)(4,2)(4,3);(4,4)(4,5),(5,4)(5,5)}.

Given, xRy = xis relatively prime to y.
Therefore, domain of R=1{2,3,4,5}.
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107. Rbe arelation on N defined by x+2y =8.
Therefore, R{(2,3); (4,2); (6,1)}

Hence, domain of R=1{2,4,6}

As R={(x,y)|x,yeZ,x2+y2 <4}

Therefore, R={(-2,0),(-1,0),(-1,1),(0,—1)(0,1),(0,2),(0,-2)
(1,0),(1,1),(2,0)}
Hence, domain of R={-2,—-1,0,1,2}.

108.

109. R is a relation from {11, 12, 13} to {8, 10, 12} defined by

y=x-3=>x-y=3
Therefore, R={11, 8}, {13, 10}.
Hence, R7'=1{8,11};{10,13}.

Practice Exercise 2

1. As
f/(x)-g(x) = g'(x)-f(x) = (x> +1)> +9 M

= f'(x)g(x)—g’(x)f(x)>0
If o, Bare consecutive roots of f(x)=(,then
f'(@)-gle)>0, f(B)-g(B)>0
= gla)-g(f)<0 )
Hence, there exists at least one root in (&, ) also from Eq. (1).
f7(x)g(x)— g (x)-f(x) = 4x(x* +1)
= f(e)gla)=4a(a” +), ' (B)g(B)=4B(B> +1)
= 16 +0)(B2+1)=f"(a)-f"(B)-g(a)-g(B)
As f”(x)>0 and g(x)-g(5) < 0 , we can conclude that 5 < 0.

2. By solving, we get x = 22, y= 313, 2=5"°

2e3 5

Figure 1.79
See Fig. 1.79. Using graph of xV*
313555
Also 212 <313 225575
as  23<3? 25552
= y>x>z
3. (X = YIF(x+y) = (x + Y)F(x = y) = 2y(x = y(x +y))

Let x—y=u; x+y=v.Then
uf(v)—vf(u)=2uv(v—u)

flv) f(u)

v u

(f(v) ) (f(u) )
- T_V =| ——U | =constant
f(x)

u
Let ——x=A.Then
'

f(x)=(Ax+x?)

Now,
f()=2
Therefore,
A+1=2= A1=1
Hence, f(x)=x% + x
Now,
f(3)=32+3=12
and f(0)=0
4. f(x)-gly)+f'(x)-g(y)=g'(y)
= [f(x)+f (x)]gly)=g'(y)
= f(X)+f’(x)=7g () = constant
gly)
Put y =0, then g'(0)=1=1
g9(0) 1
So, f(x)+f(x)=1and ¢ W _,
gly)
= e*f(x)=e"+41 Ing(y)=y+Inb
= f(x)=1+ e gly)=be”
F(x)=—Ae~* g(0)=b=1 = b=1
f(0)=-A=-5 = 4=5 | gly)=¢’
f(x)=1+5e7* g=e, g(-N=—
f(0)=6
f(1):1+E
e
5. Let[x]=/and {x}=f.Then
1314 25F =271 = f= 2113
25
Now,
0< 271-131 <1
25
= 246<13/ <271
zﬁdgﬂ = 1=19,20
13 13
6. sinx =1+[sinx]+1+[—cos x]

sinx =2+[sinx]+[—cos x]

Atx:i,sinx:L
2
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T Therefore, f (x) is periodic with period 1234. So, T=1234.
Solution is not possible at x = -5

r Since, Ip+Tf(x)dx = JTf(x)dx, if f (x) is periodic with period T
If x e(—, 0), then sin x=0, not possible. P 0
2 777 peT 777 T
S0 fadx =Y. [ fxdx =777 f(x)dx
T . . . p 0 0
Ifxe(o, E),then sin x= 1 impossible p=1 p=1

= A1=777
Similarly for other cases. Hence, (A), (B), (C) and (D) are the
correct answers. Thus,
7. See Fig. 1.80. A+T=777+1234=2011
Therefore, [A+ 11+ [T+ 1]1=2013
4 10. Since fundamental period of f(x) is 7, therefore, [a] = 1.
B Therefore, 1 <a < 2.Hence, (A) and (B) are the correct answers.
\ A 11, ) =[x12+[x+ 1] -3 ={x] + 2} {[x] - 1}
> So,x=1,11,1-2,..=fx)=0
o C(m, 0) Therefore, f(x) is many one.

Only integral values will be attained.

Therefore, f(x) isinto.Hence, (A) and (B) are the correct answers.

Figure 1.80 0 x<0
12, fx)=9 _
. T T 5T e X-eX x>0
cos2x =|sinx| = x==,-=, =
6" 6 6 Range = (-, 0]
That Therefore, many one into. Hence, (A) and (D) are the correct
atis, answers.
AE(—z, 1) 13. (A) Domain of fand g both are'R’
6 2 2 -1 2
1- -
f(x)=cos (2tan"x) = tanz(tan 1X) = Xz =g(x)
and BE(ZZ l) T+tan’(tan'x) 1+ x
6 2 (B) Domain of fand g both areR..
Clearly, AB=0C =z and AB||OC 4 2><l
. 1 2tan(cot™ x) x 2
Also, OA=BC and OA||BC g (x)=sin (2 cot™'x)= > ——= = 5 =f(x)
. . 1+ tan“(cot™ x) 14— T+x
That is, OABC is a parallelogram. 2
1
Area OABC:mf:Esq. units e
2 2 (C) Domainof fand gareR - {nﬁ,(ZnH)—}e,ne I
8. SeeFig.1.81.f(x) isaconcave downward functionfor 0< x <6, 2
while g(x) is a concave upward function for x > 0. 1 sec? x cos x
filx) =tan x+ cot x=tan x + = =
Moreover, g(3)>f(3) tanx  tanx  sinx-cos®x
1
(%) =————=2cosec 2x=g(x)
Y : at cosxsinx
(3,37 (4,259 y (3. 93)) (D) Domain of f:

sgn (cot™'x) > 0 = sgn (cot™'x) =1
=cot'x>0=xeR

I
I
o 3 ©.0) x 3 3 Domain of g:
y=x,7 M M+X]>0=[{x}]>0=0<{x}<1=xeR

/ Now,

|

[ f(x)
’ [
[
-

flx) = ' (sancot”x) =sgn(cot™'x) ... (Since,0 < cot ' x< 7)=1
g0) = "= 114 ] =1 + 1]
Since,0<{x}<1=1

Figure 1.81

Hence, (A), (C) and (D) are the correct answers.

9. fix+13)+f(x+630)=0 (1) Therefore, f(x) and g(x) are identical functions.
Putting x=x+617 14. y=1£(x)=sin {{x+5]+{x —{x = {x}}}} =sin {x - {x - {3}
f(x+630)+f(x+1247) =0 =sin {x - {xI}} = sin {x - 0} = sin {x} = sin x
Subtract Eq. (1) from Eq. (2), we get Since
f(x+1247)— f(x+13)=0 ' 0<x<Z
4

= f(x+1247)=f(x+13) Therefore,
Putting x=x—13, f(x + 1234) = f () x=sin"ly
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or, 1 (x) =sin"x
Hence, (A), (B) and (C) are the correct answers.
15. We know that

-5 <2sinx+cosx< \/g,‘v’xe R
:>—Ss\/§(25inx+cosx)s5
=>Os\/§(25inx+cosx)+5510
= -o0< Iog%/TOe(\/E(Z sinx +cosx) +5) <3

Hence, range is (-0, 3].
16. The normals to the planes and the given line are coplanar.

Hence, applying the condition, the functional equation
obtained is
ztf(lz)+t2f<—t)+f(t)=o (1)
t
Also,
—2tf(i2)+t2f(t)+f(—t)=o 2)
t

Adding Egs. (1) and (2) = f(t) is an odd function.
17. From Egs. (1) and (2) of Solution 16, we have

2tf(l2)+t2f(—t)+f(t) =0
t
-2t

-2
Putting t =tan@, we get

0)= —2tam92f( 1 2)
1—(tan@) (tan®)

= f(tand) = —tan(20)-f(cot> §)

18. By the given data, we can trace the graph (see Fig. 1.82) of
y =f(x).

) f(tiz) (F(—t)=f(£)

f(tan

Figure 1.82
Hence, (C) is the correct answer.

19. When ¢ is replace by -, then =6 < & < f < y.Therefore, the
graph (see Fig. 1.83) will be

Figure 1.83
Hence, (B) is the correct answer.

20. See Fig. 1.84. f7'(x) remains in the 2"d and 4t quadrants.
So, f(x) is defined as

y

I (1,0
> X

(_1 ’ 0)

Figure 1.84

Hence, (C) is the correct answer.
21. SeeFig. 1.85. f'(x) is defined as

y
(0, 1)
—> X
(Ov 71)
Figure 1.85
Hence, (B) is the correct answer.
2
22. (A) Fundamental period of sin~! (sin kx) is ﬁ = %
That is,
|k|=4
= k=14

(B) Domain of tan™" x is R, domain of sin"'x is [-1, 1], domain
of sec'x is (oo, =1] U [1, o). Therefore, domain of f(x) is
{=1,1}

(C) mis a period of sin x - cosec x

2 X X
Therefore, 7x — is a period of sin — cosec —
T 2 2
X X
That s, 2 is a period of sin - cosec >

T V.4 T V4
f(x+1)=sin 5 (x+ 1)cosec5 (x+ 1):coszx- seczx:tf(x)

(D) f(x) =cos™" [5x]
[5x] can take the values -1, 0, 1

Therefore,
T
range=<7,—,0
g { 2 }

Therefore,

a+brc=r+Z +0:3—”

: 2 2
23. (A) f'(x)= COS X
2+/sinx

f’(x) is positive if x [0, %]

fis one-to-one function.



Mathematics Problem Book for JEE

Since (B) 2[x]=x+2{x}

0<x< 4 (i) Ifxisaninteger, then the equation becomes 2x=x+0
T3 That is, x=0is a solution
NE) (ii) If x I, the equation becomes
O<sinx< - 2[x] = Ix] + {x} + 2{x}
1
===
Os\/sinxs1/?<1 3
Therefore,
Hence, fis into function. [x]
0<—<1=>0<[x]<3
) g = X3 3
x—1 Therefore, possible values of [x] are 1, 2.
Frpg = XDz If X =1, then {} = .
(x=1) 3
-4
f'(x)= Therefore,
(x=1°
f'(x)<0 x=1+4=2
3 3

Hence, f(x) is one to one.

2
Since, x> 1. If [x] =2, then {x} = 3

Therefore, range of y = x+3 is (1, 00). 8
x—1 Therefore, x = 3

Hence, fis onto function.
(C) See Fig. 1.86. Therefore, there are 3 solutions

(C) Letx=cos g y=sin 6.
Therefore, x + y = cos 6+ sin 6.
Therefore, maximum value of x +y is 2.

fix) =sin x 1 1
(D) f(x+5)+f(x—5)=f(x)

:>f(x+1)+f(x)=f(x+%) :>f(x+1)+f(x—%)=0

:>f(x+%)=—f(x) :>f(x+3)=—f(x+%)=f(x)

Therefore, f(x) is periodic with period 3.

Figure 1.86 200 200
25. Y ax" =Y B0+x)
From graph, f(x) is many-one and onto. =0 /=0
2 2 200
D) fx) = X Oy + X+ 0 X+ + Uyp X
-2
{X—2)~2X—X2 = ﬂo+ﬂ1(1+X)+"'+ﬂ200(1+x)200
Foa = (x=2) Equating coefficient of x'%°, we get
") = x* ~4x oo = "% Cro0+ *'Croo ++- 2 Cro0 = 2*'Cron

(x=2)° Similarly, we can find @07, ... C00-
Therefore, f’(x) < 0if2<x<4and f’'(x) > 0 if x > 4. 200
f(x) is many-one. _ 201 201 201
f(4) = 8 (is the least value of f(x)) r}:‘)o % ="Got " Goa + Ca0n
Therefore, range = [8, =) 200
Therefore, f(x) is onto. A=2

24. (A) X=X~ 7+2<0 When A is divided by 15 remainder is 1.
1+J4r -7 26. Given
=7 g(x1)9(x5)g(x3)g(x,4)g(x5) = A
1‘“‘;”‘7 <x< 1*“‘;”‘7 =(x2 =2) (2 -2 ~2)(x2 -2)(x¢ -2)
=—2-x1)2-x3)2-x3)(2-x3)(2— x3) (1)

A=1
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:—[25 —(2X12)24+2x124x§-23—2x124x§.x§422

2,22 2 2,22 .2 2
+2‘x1 X5 X5X4-2—X7 - X5-X3-X5-X5]

p(x)=x>+x?+1=0 has roots x;, X,, ... Xs, then that equa-
tion g(x) whose roots are square of the roots of p(x) is

ax) =y’ +({Jy)?+1=0; a=xand y=o?
= (y+1)? = (—fy)¥?
= y242y+1=y® = q(X)=y°> —y?—2y—1=0
Then,
2X12=ZY1=0
XX =Y Y1y, =0
S A= Sy
DX G XS XG= D Vi Y2 Y3 Y= 2
X X3 X3 XG X5 = Y Y1 Y2 Y3 Ya-Ys =1, then

A=—[2°-0+0-22-2.2-1=—[32-4—4—-T]=—[32-9]
=-23
X1XaX3X4Xs = =1 = g(X1X5..X5) =—1

= g(x;)g(x;)..g(x5)—30g(x1X5...X5) =7

Alternative solution:
Let us form that equation having roots y = g(x;). Then

y:x2—2

X=4y+2
= (Jy+2’+([y+2)2+1=0
5 4 3 2 _
= y > +20y" +40y° +79y“ +74y+23=0

Therefore,
9(x1)..g(xs5) =Product of roots

=-23
X1X9X3X4X5 ==1 = g(X1X5..X5) = —1

= g(x7)g(x3)..9(x5) =30g(x1X5..X5) =7

27. SeeFig. 1.87.

Figure 1.87

Let
f(x) beg = In(g++/g> +1)=x

= g+ygi+1=¢" (1)
—g+ygi+i=e* 2)

Now, |e* —e ™ |=2¢7,

and

Xl = x

Casel: x>0;e e Xande*>e”

X X

ef—e¥=2e% = e¥=3e”

Casell: x<0; e M =¢* and ¥ <e™*

e ¥ —e¥=2e"= ¥ =3e¥
Therefore, two solutions.

28. f(x)=30-2x—-x>
f(x)==2-3x2<0 = f(x)is decreasing function.
Thus,

FIF(FO))) > F(F(—x)) = F(F(x)) < f(—x)
= f(x)>—-x
=30-2x-x>>-x = x>+x-30<0
= (x=3)(x*+3x+10)<0

= x<3
29, F(X)= (X% +5x+4) (x> +5x+6)+5
=[(x% +5x+5)=T[(x* +5x +5)+1+5

=(x®+5x+5)% =145 = (x> +5x+5)> + 4

Therefore, minimum value of f(x)=4 and maximum value
occurs atx=6.

f(X)max = (36+30+5)* +4 = 5045

Now, a =4, b=5045. Hence, a+b =3,
1683
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Solved JEE 2017 Questions

JEE Main 2017

1. The function f:R—{ } defined as f(x)= is:

1 X
22 142
(A) injective but not surjective.
(B) surjective but not injective.
(C) neither injective nor surjective.
(D) invertible.

(OFFLINE)

Solution: The given function is defined as

X
f(x)=
1+ x2

Now,

dy (1+x°)x1-x(0+2x) _ 1-x°

- -0
dx (1+ x%)? 1+ x2)?

Therefore, x = 1, —1, which is odd function and there is symmetry
about the origin — that is, the function is non-monotonic and non-
injective — in the resultant curve as shown in the following figures:

12 f--m--

A
Y
M

-1/2

Any line parallel to x-axis cuts the graph more than one point;
hence, the function is many-to-one. Now,

X

1+ x2

:>x2(y)—x+y:0

Now, D > O;1—4y2 >0. Thatis, the range is
l: 1 1:| !
y €| ——, — |=codomain
2 2

Hence, the function is onto. Therefore, the function is surjective
but not injective.
Hence, the correct answer is option (B).

2. The following statement (p — q) — [~p — q)— ql is:
(A) equivalent to ~p — gq.
(B) equivalenttop — ~q.
(C) afallacy.
(D) atautology.
(OFFLINE)

Solution: See the following table for the given statement:

q|p |~ |(p>q)|(~p—>q)|(~p—q) (p—q)
—=q | -ll~p—>qg)—>ql
T|T|F T T T T
FIT|F F T F T
T|F|T T T T T
FLF|T T F T T

From this table, we can confirm that the given statement (p — q)
— [~p — g) — gl is a tautology.
Hence, the correct answer is option (D).

3. Letf(x)=2""x x+1and g(x) =3'" x x — LI (fog)(x) = x, then x

is equal to
310 _4 210 _1
(A) 310 _5-10 (B) 510 _3-10
1-3710 1-2-10
© 10 _3-10 (D) 310 _5-10
(ONLINE)
Solution: It is given that
(fog)(x) = x
That is,
f(g(x))=x

=30 x-N)=x=2""%x 30 x x-N+1=x

= 210310, 210 1= x = 6"0x—x=2"0-1= x(6'°-1)=2" —1

210 _1 210 _1 219012719 1—2-10
= X = = = -
619_1 210.310 210(310_-10) 510 _5-10
Hence, the correct answer is option (D).
4. The proposition (~p)v(pA~gq) is equivalent to
(A) pr~q (B) pv~q
(€ p—>~q (D) g—p
(ONLINE)

Solution: This can be explained with the help of the following
truth tables (‘A symbol stands for AND and ‘v’ symbol stands
for OR):

p q ~p ~q | pAr~q | (~p)Vv(pA~q)
F F T T F T

T F F T T T

F T T F F T
T T F F F F

p q ~q PA~q | pv~q | p—>~q
F F T F T T

T F T T T T

F T F F F T

T T F F T F
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P q q-p
F F T
T F T
F T F
T T T

Thus from the truth table, we conclude that (~p)v(pa~q) is
equivalent to p — (~q).
Hence, the correct answer is option (C).

5. The function f:N — N defined by f(x)= x—S[g], where

N is the set of natural numbers and [x] denotes the greatest
integer less than or equal to x, is
(A) one-one and onto.
(B) onto but not one-one.
(C) neither one-one nor onto.
(D) one-one but not onto.
(ONLINE)

Solution: The given function is

X
f =X—- —
(X) X SI:S:l

Taking x in interval of five natural numbers, we have the following:

x—5(0), 0<x<5

x—=5(), 5<x<x10
f(x)=

x—5(2), 10<x<15

x—5(3), 15<x<20

Therefore, here, xe N. hence, f(x) is neither a one-one function
nor onto function.
Hence, the correct answer is option (C).

JEE Advanced 2017

1. LetS={1,2,3,...,9}Fork=1,2,...,5,let N, be the number
of subsets of S, each containing five elements out of which
exactly k are odd. Then N; + N, + Ny + N, + Ny =

(A) 210 (B) 252
(C) 125 (D) 126

Solution: If N, be number of subjects of S containing 5 elements
each out of which exactly k are odd elements. Therefore,

| |
N1:5C1><4C4: >! X A =5
41x 11" 41x0!
! 41 4x4
Ny =5C, xCy =~ x _2XAXE 4
31x21° 311! 2
! 41 4 4
Ny=5Cyx3C, =~ _24 3 6o
3121 21x21 2 2
! 41
N, =°C, x*C, = LI =5x4=20
41 x11 3Ix1!
51 41
N =°Cc x *C, = x =1
T T "0 501" 41x0!

Therefore, N1 +N2+N3+N4+N5:5+40+60+20+1 =126.
Hence, the correct answer is option (D).






Trigonometric Ratios
and Identities

2.1 Introduction

Trigonometry is a branch of Mathematics that relates to the study
of angles, measurement of angles and units of measurement. It
also concerns itself with the six ratios for a given angle and the
relations satisfied by these ratios.

In an extended way, it is also a study of the angles forming the
elements of a triangle. Logically, a discussion of the properties of
a triangle, solving problems related to triangles, physical prob-
lems in the area of heights and distances using the properties of a
triangle — all constitute a part of the study. It also provides a
method of solution of trigonometric equations.

2.2 Definitions

1. Angle: The motion of any revolving line in a plane from its ini-
tial position (initial side) to the final position (terminal side) is
called angle (Fig. 2.1). The end point O about which the line
rotates is called the vertex of the angle.

B

Terminal side

Initial side

Figure 2.1

2. Measure of an angle: The measure of an angle is the amount
of rotation from the initial side to the terminal side.

3. Sense of an angle: The sense of an angle is determined by the
direction of rotation of the initial side into the terminal side.
The sense of an angle is said to be positive or negative accord-
ing to the rotation of the initial side in anticlockwise or clock-
wise direction to get to the terminal side (Fig. 2.2).

B
o 2 A

[

Positive angle B Negative angle

Figure 2.2

4. Right angle: If the revolving ray, starting from its initial posi-
tion to final position, describes one quarter of a circle, then we
say that the measure of the angle formed is a right angle.

5. Quadrants: Let X’OX and YOY’ be two lines at right angles in
the plane of the paper (Fig. 2.3). These lines divide the plane
of paper into four equal parts known as quadrants. The lines
X'0X and YOY’are known as x-axis and y-axis, respectively.
These two lines taken together are known as coordinate axes.

Y
A y-axis

Il quadrant | | quadrant

X’ < >

(0] X-axis

IIl quadrant | IV quadrant

A\
y’

Figure 2.3

6. Angle in standard position: An angle is said to be in stand-
ard position if its vertex coincides with the origin O and the
initial side coincides with OX, that is, the positive direction of
X-axis.

7. Angle in a quadrant: An angle is said to be in a particular
quadrant if the terminal side of the angle in standard position
lies in that quadrant.

8. Quadrant angle: An angle in standard position is said to be a
quadrant angle if the terminal side coincides with one of the
axes.

2.3 Measurement of Angles

There are three systems for measuring angles.

1. Sexagesimal or English system: Here a right angle is
divided into 90 equal parts known as degrees. Each degree
is divided into 60 equal parts called minutes and each min-
ute is further divided into 60 equal parts called seconds.
Therefore,

1 right angle =90 degree (= 90°)
1°=60 min (=60")
1=60s (=60")

2. Centesimal or French system: It is also known as French sys-
tem. Here a right angle is divided into 100 equal parts called
grades and each grade is divided into 100 equal parts called
minutes and each minute is further divided into 100 equal
parts called seconds. Therefore,

1 right angle = 100 grades = (1009)
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1 grade = 100 min (=100")
1min=100s (=100")

3. Circular system: In this system, the unit of measurement is
radian. One radian, written as 1, is the measure of an angle
subtended at the centre of a circle by an arc of length equal to
the radius of the circle.

Figure 2.4

Consider a circle of radius r having centre at O (Fig. 2.4). Let A
be a point on the circle. Now cut off an arc AP whose length is
equal to the radius r of the circle. Then by definition the meas-
ure of ZAOP is 1 radian (=1°).

2.4 Relation Between Three Systems of
Measurement and Angle

Let D be the number of degrees, R be the number of radians and G
be the number grades in an angle 6. Now

1
90°=1rightangle = 1°= % right angle

D D
= D°=— right angles = @ = — right angles 2.1
% g 9 % 9 g (2.1

2
Again, & radians = 2 right angles = 1 radian =— right angles
V4

2R 2R
= Rradians = — right angles = 8 =— rightangles (2.2)
V3 T

1
And 100 grades = 1 right angle = 1 grade = 700 right angle

G G
= G grades =——right angles = § =——rightangles (2.3
9 100 g g 100 9 g (2.3)

From Egs. (2.1)-(2.3), we get
D_G _2R

9 100 7

This is the required relation between the three systems of meas-
urement of an angle.

2.5 Relation Between Arc and Angle

If s is the length of an arc of a circle of radius r, then the angle &(in
radians) subtended by this arc at the centre of the circle (Fig. 2.5)
is given by

s
f==-ors=ré
r

Arc = Radius x Angle in radians

B
&\
A A

Figure 2.5

Sectorial area: Let OAB be a sector having central angle 6 and
radius r. Then area of the sector OAB is given by

1

—r’6¢

2
Note: 7 is a real number whereas 7€ stands for 180°.

Remember the relation,

7 radians = 180° = 2009

o

2 1
1 radian = — xright angle = 80
V4

=180°x0.3183098862... =57.2957795°
=57°17"44.8" (nearly)

W Find the radian measure corresponding to —37° 30"

Solution:
We know that 60" = 1°. Therefore

300=[ 1) ; 37es0=—[37)] = [ 22
2 2 2

As 360° = 2 radians, we have

75\ & . 57 :
—| —= |— radians = —— radians
2 /180 24

mThe minute hand of a clock is 10-cm long. How

far does the tip of the hand move in 20 min?

Solution:

The minute hand moves through 120° in 20 min or moves through
27/3 radians. Since the length of the minute hand is 10 cm, the
distance moved by the tip of the hand is given by the formula

l=r¢9=10~2?7[=20”

WA rail road curve is to be laid out on a circle. What

radius should be used if the track is to change direction by 25°in a
distance of 40 meters?

Solution:

25 5
The angle in radian measure =27 2%
180 36

If ris the radius of the circle, using /=r 6 we have

p=l 40 288 o e36m
6 St 1«
36

L[TESTENT R The circular wire of radius 7 cm is cut and bend
again into an arc of a circle of radius 12 cm. The angle subtended
by an arc at the centre of the circle is .
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Solution:
Given the diameter of circular wire = 14 cm. Therefore, length of
wire =147z cm. Hence,

Arc 4 7x .
— =——=— radian
Radius 12 6

m The angles of a quadrilateral are in AP and the

greatest angle is 120°. The angles in radians are .

Required angle =

Solution:

Let the angles in degreesbe o —38, -8, a+J, v +30.
Sum of the angles =4 =360° = a = 90°
Greatest angle = +30 =120°

Hence,

30 =120°— =120°—-90° =30°
=6=10°

Hence, the angles in degrees are

90° — 30° =60° 90° — 10° = 80°
90° 4+ 10° = 100°; 90° + 30° = 120°
4r 5w 2w

. V4
In terms of radians, the angles are —, —, —, —.
39 9 3

2.6 Trigonometric Ratio or Function

The six trigonometric ratios sine, cosine, tangent, cotangent,
secant and cosecant of an angle 6§, 0° < < 90°, are defined as the
ratios of two sides of a right-angled triangle with @ as the angle
between base and hypotenuse. However, these can be defined
through a unit circle more elegantly.

Draw a unit circle and take any two diameters at right angle as
Xand Y (Fig. 2.6). Taking OX as the initial line, let OP be the radius
vector corresponding to an angle 6, where P lies on the unit circle.
Let (x, y) be the coordinates of P

Y
A

P, y)

EQ.y)

Dix, 0)

Figure 2.6
Then by definition

cos @ =x, the x-coordinate of P
sin@ =y, the y-coordinate of P

tand = X,xio
X

cotd = i,y;to
y

1
secd= —,x#0
X

cosecd = l,y #0
y

Angles measured anticlockwise from the initial line OX are deemed
to be positive and angles measured clockwise are considered to
be negative.

B0, 1)

(-1,04

A(1, 0)

B'(0, -1)

Figure 2.7

Since we can associate a unique radius vector OPanda unique point
Pwith each angle 6 we say xand y and their ratios are functions of 6.
This justifies the term ‘trigonometric function’ This definition holds
good for all angles positive, negative, acute or not acute (irrespec-
tive of the magnitude of the angle).

This definition also helps us to write the sine and cosine of four
important angles 0°,90°, 180° and 270° easily (see Fig. 2.7).

6=0°=A(1,0)
6=90°=B(0, 1)
6=180°= A’(-1,0)
6=270°= B’(0,-1)

cos0°= 1}

€c0s90°=0
sin0°=0

cos180°=—1
sin90° =1

c0s270°=0
sin180°=0

sin270°=-1

We can also infer the quadrant rule for sine, cosine and tangent easily.

I quadrant
. . Il quadrant| Il quadrant IV quadrant
sin, cosineand| . . . .
. sin alone is ; tangentaloneis ; cosine alone is
tangent is . . .
. positive positive positive
positive

90° — Point B(0, 1)

Since, tan @ = y/x, x # 0, tan90° = 1/0 and hence undefined.
However, as @ increases from 0 to 90°, tan & increases from 0 to +co.

Similarly, sec 90°, cot 0°, cosec 0° are also undefined. 360° and
0° correspond to one and the same point A(1, 0). Therefore, the
trigonometric functions of 360° are the same as trigonometric
functions of 0°.

sin 360° =0, cos 360° =1 and tan 360° =0

Since 6,27+ 647+ 6,67+ 6,....2n7+ 6and 6-27, -4 6—67, ...,
60— 2nr all correspond to the same radius vector, the trigonometric
functions of all these angles are the same as those of &. Therefore,

sin2nzr+ @) =sin@ and sin(@—2nx)=sin@
cos(2nz+ @) =cos@ and cos(@—2nxz)=cosé
tan(2nz+ 8)=tané@ and tan(é—2nx)=tan@
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The range of the trigonometric ratios in the four quadrants is
depicted in the following table.

In the second quadrant Y | In the first quadrant
sine decreases sine increases

from 1to0 from Oto1
cosine decreases cosine  decreases

from 0to-1 from 1to0
tangent  increases tangent increases

from —t00 from 0to oo
cotangent decreases cotangent decreases

from 0to—oo from >~ to0
secant increases —oo to secant  increases

from -1 from 1to =
cosecant increases cosecant decreases

from 1t0 o from o to 1
X (0] X
In the third quadrant In the fourth quadrant
sine decreases sine increases

from 0to-1 from -1to0
cosine increases cosine increases

from -1t00 from Oto1
tangent increases tangent increases

from 0to o from —t0 0
cotangent decreases cotangentdecreases

from 100 from 0to —co
secant decreases secant  decreases

from —1to— from o101
cosecant increases cosecant decreases

from —ooto -1 from —1to—oo

Y/

2.6.1 Trigonometric Functions of —@

Let OPand OP’ be the radii vectors on the unit circle corresponding
to @and 4. If (x, y) are the coordinates of P, then (x, —y) would be
the coordinates of P’. Now, sind=y and sin(—6) =—y. Hence,

sin(—@) =-sin@
Similarly,
cos(—6#) =cosé and tan(—8) =—tand

2.6.2 Circular Functions of Allied Angles

When @is an acute angle, 90° — @ is called the angle complemen-
tary to € Trigonometric functions of 90° — @ are related to trigo-
nometric functions of fas follows:

sin(90° — @) = cos@

€os(90° — @) =sin@

tan(90° — ) = cotd

cosec(90° — @) =secd
sec(90° — ¢) = cosecd
cot(90° — f) =tand

When @ is acute, & and 180° — @ are called supplementary
angles.

sin(180° — @) =sin@

cos(180° — ) =—cosd

tan(180° — 8) =—tané@

cosec(180° — ) = cosecd
sec(180° — @) =—secl
cot(180° — #) =—cotd

Formulae for the functions of 180° + 6, 270° — 6, 270° + 6,360° — &
can all be derived with the help of unit circle definition.

There is an easy way to remember these formulae. First of all
think of @as an acute angle. Angles like 180° + 6,360° + 6, -6 can
be considered as angles associated with the horizontal line, angles
like 90° — 6,90° + 6, 270° F @ can be considered as angles associ-
ated with vertical line. When associated with the horizontal line,
the magnitude of the function does not change, whereas with
the vertical line the function changes to the corresponding com-
plementary value. For example, sin (180° + 6) will be only sin&(in
magnitude) plus or minus and cos(180° — &) will be cosine fonly
in magnitude.

To decide upon the sign, consider the quadrant in which the
angle falls and decide the sign by the quadrant rule.

For example, sin (180° + 6) is sin @ (in magnitude), (180° + &) lies
in third quadrant and hence sin (180° + 6) is negative. Therefore

sin (180° + @) =—sin@

Now consider cos(360° — 6): first of all, it should be cosé@ (in mag-
nitude); since (360° — @) lies in IV quadrant, its cosine is positive.
Hence,

cos (360° — ) =cosé

Again consider tan (90° + 6): This should be cot@and must have a
negative sign since (90° + @) is in Il quadrant and hence tan (90° + 6)
is negative. Hence,

tan (90° + @) =—coté@

Following is the table of formulae for allied angles.

180° | 180° | 360° s 90° | 90° | 270° | 270°

-0 | +6 | -6 -0| +60 | -6 | +6
sin sind| —sin@| —sin@|—sinf| cos@| cosf|—cosf|—cosb
€os | —cos@|—cos@| cos@| cosd| sinf| —sin@| —sin@| sind
tan | —tan@| tand|-tan@|-tané| cotd| —cotd| cotd| —cotd

These formulae are not memorized but derived as and when the
occasion demands according to the rule explained above.

Trigonometric ratios of 30°, 45° and 60° are of great importance
in solving problems on heights and distances. These along with 0°
and 90° are written in tabular form and remembered.

ANGLE

RATIO 0° 30° 45° 60° 20°

sine 0 12 N2 VB2 |0

cosine 1 \/5/2 12 1/2 0
tangent 0 TN 3 undefined
cotangent | yndefined | /3 1 743 |0

secant 1 23 |2 2 undefined
cosecant undefined | 2 2 2/43 |1
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2.6.3 Important Facts of Trigonometric Functions X
The following points may be noted:
1. For any power n, (sin A)" is written as sin"A. Similarly, for all 1
other trigonometric ratios. AN : ol AN
2. cosec A, sec A and cot A are, respectively, the reciprocals of 4z 3p—n -» e’ ™~z 3p—"4r

sin A, cos Aand tan A.
3. (a) sinZA+cos2A=1
(b) 1+tan?A=sec?A
(€) 1+ cot?A=cosec?A.
4. sec A— tan A and sec A + tan A are reciprocals. So also are Figure 2.8
cosec A—cot Aand cosec A+ cot A.
Whenever sec A or tan A is thought of for an angle A, itis neces- 2. y=cos x (Fig. 2.9)

y=sinx

sary to stress that, A # 7/2 particularly, and generally A# nz+

7/2, ne N, where N is the set of natural numbers. x 0 T

Wy
[\®)
B
9]
B
2
3
S
N
w
Bl
93
B
)

5. sin Aand cos A are bounded functions which can be seen from

the following inequalities: cos
(@) |sinA|<1=-1<sinA<1 X
(b) |Jcos A|<1=-1<cosA<1

N‘& o|N
-
o
-
|
w
|
v
-
-
N‘&‘ 0\‘

(c) |cosecA| 21 = cosecA>1orcosecA<—1 y
(d) |secA|=1=secA>1orsecA<-1 A

(@) sin(%—A) = sin(%+ A) =CosA
3z

(b) cos(%—A):—cos(§+A):sinA —4r -2r -110

17
>

2r Iy 4

ol

(c) sin(z—A)=-sin (r+A)=sinA
(d) cos(z—A)=cos (r+A)=-cos A

y=cosx
(e) tan(z—A)=—tan (r+A)=—tan A
6. The trigonometric ratios are also called trigonometric func- Figure 2.9

tions. They are also sometimes called circular functions. 3. y=tanx(Fig. 2.10)

The trigonometric functions, apart from possessing many other

. o ; V4 V4
properties, exhibit a property of the values being repeated X 0 — —
when the angle is changed (increased or decreased) by a con- 6 4

w|y

[\ °)

N

[98)

N

(9.3

- 0“@

stant value. Such a property is referred to as periodicity. Thus, tan

&
&

1

X
-
5

sinx=sin(x+2x)=sin(x+4r)

=sin(x—2x) =sin(x+ 2kx), kan integer Y
cosx=cos(x+2r)=cos(x+4rx)
=cos(x—2rx)=cos(x+2krx), kan integer

Hence, both sinxand cosx are periodic functions of period 27 radi- 2
ans. From point 5, it is clear that they are also bounded functions. 1
Note that: -
1. cosec x and sec x, whenever they exist, are also periodic of 5 -1

period 2rradians. )
2. tan xand cot x, when they exist, are periodic of period zradians.
3. tan x, secx, cosec x and cot x are unbounded functions.

Iy
\

2.6.4 Graphs of Trigonometric Functions y=tan x

1. y=sinx(Fig.2.8) Figure 2.10
4. y=cotx(Fig.2.11)

—| 27

X 0

oy

T 2£ 3 kY4
4 3

st
3
3

I ) 0 cot | unde-

sin 1
21 2 X fined

A
3
]
2

N‘ﬁ Wy
NG| @IS

unde-
13 fned

&

1

A
3

o= [+13
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Y
y
2
1 T 3z
- 2 2 i2x
- (0] T > X
2 -1
-2
y=cot x
Figure 2.11
5. y=secx(Fig.2.12)
V4 V.4 V.4 2 3z hy4
X 0 — — - — — v
6 4 3 3 4 6
2 -2
secx 1 —_ \/5 2 -2 —\/5 — -1
3 3
Y
A
4
2
4
-7 1 T
. . RIS
-z o iz 3z
2 2 2
-1
p —2
4
y=sec x
Figure 2.12
6. y=cosecx (Fig.2.13)
T v 4 V.4 27 | 3x | S«x
X 0 — | = - — — T
6 4 3 3 4 6
unde- 2 2 unde-
COSeCX | thed | 2 V2 BB V2| 2 fined
Y
2
1 ar
2 or
- _ _ T o >
2 o] V1 »X
2
—1
-2
y=cosec x

Figure 2.13

I ES{EV L WXl Evaluate:
1. sin (1560°)
2. cos(—3030°)

Solution:
1. sin (1560°) = sin (4 x 360° + 120°) = sin 120° = sin (180° — 60°)
3
=sin 60°= %

2. cos (—3030°) = cos (3030°) [using cos (—6) = cos ]
=¢0s(8 X 360° + 150°) = cos 150° = cos (180° — 30°)

3

=—-¢0s30°= ——
2

[T E L PN A Prove that (1 —sin@+cos)2=2(1 —siné) (1 +cosH).

Solution:

LH.S.=[(1 —sin@) + cos 12 = (1 —sinB)2 + cos2 0+ 2cos (1 — sinH)
=(1-sin8)2+ (1 —sin26) + 2cos&(1 —sinb)
=(1-sin@)-[(1 —sind) + (1 +sind) + 2cosb]
=(1-sinf)-(2+ 2 cosf) =2(1 —sind) (1+ cosH)

| |[TRIE 1 X B Prove that cosec*@(1 — cos*8) = 1 + 2cot?6.

Solution: ) ) 5

cosec?d (1 —cos*@) — 2cot?6 = cosec 0(1_C052 6)(1+cos” 6)
sin“ @

— 2cot29

=cosec? O(1 + cos? @) — 2cot? 8 = cosec? G+ cot? @— 2cot?
=14+2cot?@-2cot?2 0 =1

Find the minimum and maximum values of
sin2@+ cos*6.
Solution: The given expression can be written as
sin20+ cos*@ =1 — cos?6+ cos* O
It can be considered as a quadratic in cos?6. So we have

sin2@+ cos*@ =1 — cos20+ cos*6.

2
1 1
:1+(c0520—7) -
2 4

2
3 1
= +| cos’g—— Zi
4 2) "4
Hence, the expression has a minimum value 3/4.
Also
sin2@+ cos*B=sin20+ cos20cos28 < sin26+ cos?6 = 1

Therefore, maximum value =1.

UTESTENT WA For any real 4 find the maximum value of

cos2(cos @) + sin?(sin ).

Solution:
—-1<cosf <1 = cosl <cos(cosb) <1
= 0521 < cos?(cosh) < 1 )
—-1<sin@ <1 = —sin1 <sin (sind) <sinl
= 0 < sin?(sin @) < sin?1 )

From Egs. (1) and (2) we can see that maximum value of cos%(cosé)
+sin%(sin @) exists at &= 772 which is 1 + sin?1.
Hence, maximum value is 1 + sin?1.
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[T REN If 2tan? ortan? ftan? y+ tan? wtan? S+ tan? § Coordinates of P,, P,, Py, P, are

2 2 2= in2 in2 in2y =
tan? ¥ +tan® y tan® o =1, prove that sin® & + sin® f +sin? y = 1. P, (cos 6, sinf)

Solution: We have P,[cos(8+ ¢), sin(6 + @]
2tan’a tan?Stan?y+ tano tan? S+ tan?Stan?y+ tan? ytana = 1. P,[cos(~g), sin(~¢)]
So dividing both sides by tan? artan? ftan?y, we get
pP,(1,0)
2 + cot?y+ cot? o+ cot? = cot?ax cot? Bcot? y .
— cosec2ar+ cosec2ﬂ+ coseczy— 1 A P,OP; is congruent to AP,OP,.
= (cosec’ar- 1) (cosec’3- 1) (cosec? = 1) Since OP, = OP, = OP, = OP, = Radius of the circle
= cosec?a+ cosec? S+ cosec?y- 1 .
= -1+ cosec?a+ cosec? B+ cosec?y - (cosec?axcosec’f3 £P,0Py=£P,0P,=360° (6 +¢)

+ cosec?fcosec?y + cosec? ycosec? o + cosec? or- cosec?3-
cosec?ycosec? o cosec? 3+ cosec? 3- cosec? y + cosec?y
cosec’a P\P3=PP,
= cosec?acosec?f3- cosec’y
= sina+ sin?f+sin?y=1

Therefore, by side angle, the triangles are congruent. Hence,

Applying the distance formula,
P,P;2 =[cos 6 — cos(—@)1? + [sin6 — sin(-¢)]
. (37 T . (37 . .
sm(T— H)COS(E +49) 5|n(7 —9) = (cos@— cos@)? + (sinG+ sin ¢)2
mSimplify e T secz+0) [using cos(—¢) = cosgand sin(—¢) = —sing]
tan(—+6’)

= 0520+ cos2g—2cos B cos@+ sin @+ sin2g+ 2sinPsing
=2-2(cos@cosg—sin@sing)
P,P? =[1—cos(6+ @12 + [0 — sin(6+ )12
(—cosB)(—sind) (—cosb) 2 2 =1-2c0s(8+ @) + cos*(6+ ¢) +sin*(6+ ¢)
- = —sin“@d—cos“ 6 =-1
(—cotd) (—secd) =2—-2cos (6+ ¢)

Solution:

The expression can be rewritten as

Since P,P;=P,P,, we have P1P32 = P2P42. Therefore
2.6.5 Circular Function of Compound Angle

2 -2 (cos@cosg—sin@sing) =2 — 2cos (6+
An equation involving trigonometric functions, which is true for ( / f (6+9)

all those values of @for which the functions are defined, is called ~ Hence
a trigonometric identity; otherwise it is a trigonometric equation. cos(6+ @) =cos@cosp—sinfsing
We shall now derive some results which are useful in simplify-
ing trigonometric equations.
To prove: cos(@— @) = cos@cos(—¢) — sindsin (—¢)
cos(6+ ¢) = cosfcosg—sinfsing 24) o cos(6— @) =cosfcos@p+sinfsing (2.5)

Replacing ¢ by —@in Eq. (2.4), we get

Ay

2.7 Formulae for Trigonometric Ratios
of Sum and Differences of Two or
More Angles

P4(cosé, sinb)

P 1. sin(A+B)=sinAcosB+cosAsinB
\// 2. sin(A—B)=sinAcosB—cosAsinB
) 3. cos(A+B)=cosAcosB—sinAsinB
/ 4. cos(A—B)=cosAcosB+sinAsinB
< tanA+tanB
Pylcos(8+ @), sin(6+ ¢)] 5. tan(A+B)=m
Ps[cos(-¢), sin(-¢)] A tanB
6. tan(A_B)zu
1+tanAtanB
Figure 2.14 _
7. Cot(A+B)= cotAcotB-1
cotA+cotB
Consider a unit circle with origin as its centre (Fig. 2.14). Let
8. Cot(A—B)= cotAcotB+1
ZP,OP,=¢6 and £ZP,0P,= ¢ . "cotB—cotA.

Hence,
£P,0P,= 0+ ¢ and £LP,0P,=—¢ 9. sin(A+B)sin(A—B)=sin’ A—sin’ B=cos® B—cos’ A
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10. cos(A+B)cos(A—B)=cos® A—sin® B =cos? B—sin? A
11. sin(A+B+C)=sinAcosBcosC+sinBcosAcosC
+sinCcosAcosC —sinAsinBsinC
=cosAcosBcosC(tanA+tanB+tanC
—tanAtanBtan(C)

12. cos(A+B+C)=cosAcosBcosC—sinAsinBcosC
—sinAcosBsinC —cos AsinBsinC
=cosAcosBcosC(1-tanAtanB—tanBtanC
—tanCtanA)

tanA+tanB+tanC —tanAtanBtanC
1-tanAtanB—tanCtanB—tanAtanC

cot AcotBcotC—cot A—cotB—cotC
cotAcotB+cotBcotC+cotCcotA—1

c0s12°—sin12°
[lllustration 2.13 | +

cos12°+5sin12°

13. tan(A+B+(C)=

14. cot(A+B+(C)=

sin147°
cos147°

Solution:
€os12°—sin12°  sin147°  1-tan12°
cos12°+5sin12°  cos147° 1+tan12°
=tan(45°-12°)+tan(180°-33°)
=tan33°+(—-tan33°)=0

+tan147°

sin? A—sin’B

Solve — - .
sinAcos A—sinBcosB

Illustration 2.14

Solution:
2sin A-sin®B) _ 2sin(A+B)-sin(A—B)
2sinAcosA—2sinBcosB sin2A—sin2B
_ 2sin(A+B)sin(A-B)
" 2sin(A—B)cos(A+B)

m If tan@—cotd=a and sinf+cos@=b, then

solve (b2 —1)%(a® +4).

=tan(A+B)

Solution:
Given that

tan@—cotd=a (1)
and sin@+cos@=>b (2)
Now,

(6% =1%(a® + 4)=[(sin@ + cos8)* —1[(tan& — cot §)° + 4]

=[1+sin26 — T%[tan® 8 + cot? @ — 2 + 4] = sin’ 20(cosec’8 + sec’ §)

]
cos“ @

Trick: Obviously the value of expression (b2 =1)%(a® +4) is inde-
pendent of 8, therefore put any suitable value of 6. Let 8 = 45°.We

get a=0, b=+/2 so that [(+/2)? —112(0% + 4) = 4.

8 9
lllustration 2.16 HIESLTAS 7 and cosfi = e find sin(6 + /),

cos(@+ f), sin(6— F) and cos(6— ), where @is an obtuse angle
and fis an acute angle.

:4sin20c052¢9[ 3
sin“ @

Solution:
Since sin@= E we have
17
2
cos20=1-sin20= 1—(3) :pﬁ:%
17 289 289
Therefore,
15
cosf=+ —
17
15

As @ is obtuse, cos @ is negative. Therefore, cos 0= e

Now cosf = 9/41 and sin?f3= cos?’8—1.So

sinzﬁ':]_i:@
1681 1681
. 40
=sinf=+—
s 4

As [ is acute, sinf is positive. Hence

. 40
sinf=+—
s 41

Now

sin(@+ f) =sin@cosf+ cos@sinff

8 9 (15) 40 528
=——+ — =

1741 \17) 41 697

cos(8+ ff) = cos@cosf—sin@sinf

_(_E 2 _(8)40__4»
17) 4 17) a1 697

sin(@— f) =sin@cosf— cos@sinf

_(B).2_(_15)40_672
17 ) 41 17) 41 697

cos(@— f) = cos@cosf+sin Gsinf

_(_15).9,(8).40 185
17) 41 \17) 41 697

[ITS VT, A VA Consider triangle ABCin whichA+B+C=

Prove that

1. tanA+tanB+tanC=tan Atan Btan C

2. tan (B/2) tan (C/2) + tan (C/2) tan (A/2) + tan (A/2) tan (B/2) =1

Solution:

1. Wehave A+B=7-C=180°-C
= tan (A+B) =tan (180° - C) =—tanC
tanA+tanB
= — =
1-tanAtanB
= tanA+tanB=-tanC (1 —tanAtanB)
= tanA+tanB+tanC=tanAtanBtanC

2. We have (A2 +B/2)=m/2—-C/2=90°-C/2
= tan(A/2 + B/2) =tan (/2 — C/2) = cot(C/2)

—tanC
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tanA/2+tanB/2

= ——=cot(C/2)
1-tanA/2tanB/2

= tan% (tan A/2+tan B/2) =1—tan g tang

Therefore, we get

tan(C/2) tan(A/2) + tan(B/2) tan(C/2) + tan(A/2) tan(B/2) =1

sin3 @ cos> @

- = , prove that tan 26=2 tan(36+ o).
sin20+a) cos(260+ )

Your Turn 1

1
m+1

2. Iftaner=—"—and tanf = then find o+ £.
m+1 2

T
Ans. o+ [ =—
P 4

3. Prove that tan(112A) tan(99A) tan(13A) = tan(112A) — tan(99A)
—tan(13A).

X y z

cost cos(a + 2—”) cos(@ + 4—”)
to_. 3 3

4. If

,then x + y + z is equal

Ans. 0

5. If sing, +siné, +sinf; = 3, then cosé, +cosb, +cosb; =
Ans.0

2.8 Formulae to Transform Product into
Sum or Difference

1. 2sinAcosB=sin(A+B)+sin(A—B)

2. 2cosAsinB=sin(A+B)—sin(A—B)

3. 2cosAcosB=cos(A+B)+cos(A—B)
4, 2sinAsinB=cos(A—B)—cos(A+B)

HTS{EWLL P AR Show that 8 sin 10° sin 50° sin 70° =1.

Solution:

L.H.S.=4 (2sin 50° sin 10°) sin70°
=4[cos(50° — 10°) — cos (50° + 10°)] sin70°
=2-(2sin70°-c0s40°) — 4cos60° sin70°
=2sin70° + 2sin30° — 2sin70°
=2sin30°=1

TSN R E N Show that sin(45° + A)sin(45°— A) = %cos 2A

Solution:

sin(45°+ A)sin(45°— A) = %{[cos(ZA) —cos(90°)]} = %cos(ZA)

2.9 Formulae to Transform Sum or
Difference into Product

Let A+B=Cand A-B=D.Then

and =P
2

A=C+D

Therefore,
1. sinC+sinD:25inC+DcosC_D
2 2
2. sinC—sinD:2cosC+DsinC_D
2 2
3. cosC+cosD:2cosC+DcosC;D
4, cosC—cosD:—ZsinC+DsinC;D
1 A+B
ITR{ENLL WP LR If sinB =—sin(2A+B), then M: .
5 tanA
Solution:
sin(2A+ B) _E
sinB 1
By Componendo and Dividendo, we have
sin(2A+B)+sinB _ 5+1
sin(A+B)—sinB  5-1
2$in(A+B)-cosA_§ tan(A+B)_§
2cos(A+B)-sinA 4 tanA 2

sin70° + cos40°
[1llustration 2.21 BN e

€0s70° +sin40°
Solution:

sin70°+cos40°  sin70°+sin50° _ 2sin60°cos10°
cos70°+sin40°  sin20°+5sin40° 2sin30°cos(—10°)

_ sin60° \/53_\/5

T sin30° 2 1

lustration 2.2> S

sin7x —sin3x —sin5x +sinx

=tan2x

COS7X +C0s3X —COS5x —cosx
Solution:

Numerator = (sin7x + sinx) — (sin5x + sin3x)
= 2sin4x-cos3x — 2sin4x-cosx (using C.D. formula)
= 2sin4x (cos3x — cosx)

Denominator = (cos 3x — cos5x) — (cosx — cos7x)
= 2sin4x sinx — 2sin4x sin3x
= 2sin4x (sinx — sin3x)

Therefore, the given expression is

COs3x—cosx _ 2sin2xsinx
sinx—sin3x  2cos2xsinx

[IMETEREREEEY Solve sin47°+sin61° —sin11° - sin25°.

Solution:

sin47°+5sin61°—(sin11°+sin25°) =2sin54°-cos7°—2sin18°cos7°

tan2x

=2c057°(sin54° —sin18°) = 2cos7°-2c0s36°-sin18°

\E+1.\E—1_c
4

4

=4.cos7°- 0s7°
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If cos(A + B) sin (C + D) = cos(A - B) sin(C - D),

prove that cotA cotB cotC = cotD.

Solution:

We have
cos (A + B) sin(C+ D) = cos(A - B) sin(C-D)
cos(A—B) sin(C+D)
cos(A+B) sin(C-D)
cos(A—B)+cos(A+B) sin(C+D)+sin(C—-D)
cos(A—B)—cos(A+B) B sin(C+D)—sin(C—-D)
2cosAcosB  2sinCcosD
2sinAsinB B 2cosCsinD

= cotAcotB=tan CcotD
= cotAcotBcotC=cotD

m If A, B, Cand D are angles of a quadrilateral and

siné sinE-sing-sinQ = l,provethatA:B:C:D:ﬂ/Z.
2 2 2 2 4

)=
)

Solution:
Given that

A . B . C_.D
4 sin — sin—sin —sin— =1
2 2 2 2

A A A=)

Since, A+ B=27x— (C+ D), the above equation becomes

ot {2 A2
w45l 57 oo %57 5]
o2l

This is quadratic equation in cosine which has real roots. So
2
cos(A_B)—cos(C_D) -4 1—cos(A_B)cos(C_D) =0
2 2 2
A-B c-D\[
= | cos +cos >4
{57
z[cos(A_B)+cos(C_D)]22
2 2

Now both cos(A;B) and cos( _D) <1So
(A—B) (C—D) A-B Cc-D
Ccos =1=cos = =0=
2 2 2 2
= A=B,C=D

Similarly, A=C,B=D = A=B=C=D=7/2.

Your Turn 2

4

1. Solve

4

cos10°—sin10°
o0 TanY Ans. cot 55°

c0s10°+5sin10°
2. If tan(A+B)=p and tan(A—B)=gq then the value of tan2A=

Ans. tan2A= pra

1-pq

3. Solve sin163°co0s347°+sin73°sin167°. Ans. 1/2
4. The value of cot70°+4cos70°is . Ans. 3

5. Iftana=(1+2"%)"", tanB=(1+2"")" then &+ Bequals ___.

T
Ans.a+ f=—

P 4

tan70° —tan20°

6. The value of Ans. 2
tan50°
2.10 Trigonometric Ratio of Multiple
of Angles
1. sin2A:2$inAcosA:ﬂ
T+tan“ A
)
2. c052A=1—25in2A=2c052A—1=c052A—sin2A=w
1+tan“ A
3.tan2A=43EEE;—
T1-tan“ A

4. sin3A=3sinA—4sin> A= 4sin(60°— A)sin Asin(60° + A)
5. cos3A=4cos> A—3cosA=4cos(60°— A)cos Acos(60°+ A)
3tanA—tan® A
- 1-3tan’ A
7. sin4A=4sinAcos> A—4cosAsin® A

6. tan3A =tan(60°— A)tan Atan(60°+ A)

8. cos4A=8cos* A—8cos? A+1

4tanA—4tan’ A
1-6tan” A+tan” A
10. sin(A;+ Ay +A;+---+ A,)=cos A cos A, ---cOS A, (S, —S3+ 55— 57 -+7)

9. tan4A=

11. cos(Aj+ A, +A3+---+A,)=C0SA COSA,---COSA,(1- 5, + 5, —S¢---)

— S5 4+S5:—S,+-.-
12. tan(A1+A2+A3+...+An)=51 S3+55-5;
1=5,+5, =S¢+

where
S;=tanA;+tanA, +---+tanA,
=The sum of the tangents of the separate angles
S, =tanA -tanA, +tanA, -tanA;---
=The sum of the tangents taken two at a time
S3=tanA,-tanA, -tanA; +tanA, -tanAstanA, +---

= Sum of tangents three at a time, and so on

If Ay = A, =A;=---= A, then S, =ntanA,S, = "C, tan’ A,
S3="Ctan’ A....
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lllustration 2.26 [ij tanS: =4, then find the value of Sl_nsj.

tan sin
Solution:
tan3¢ _ (3tand — tan’ 4) _4
tand (1- 3tan’@)tand
3—tan’6 1
%:4:>tan2¢9:—
1- 3tan“ @ 11
Now,
Sin30 _ 3 _4sino-3-4f 1 )-8
sing T+cot? | 3

4
tan| —+A . .
4 _2cosA+sinA+sin3A

TV WYl Prove that

Solution:

tan(£+Aj l+tanA e tanA 2
LHS.= 4 _1-tanA 7( +tan ]

T “1-tanA | 1—tanA
tan| —-A
4 1+tanA

[cosA+sinAj2
cosA-sinA

[cos2 A+ sin? A+25inAcosA] B (1+sin2Aj

cos® A+sin? A—2sinAcos A “{1-sin2A

RH.S

_ 2cosA+2sin2AcosA [ 1+sin2A
" 2cosA-2sin2AcosA | 1-sin2A

Hence, both sides reduce to the same result.

lllustration 2.28 sec8A-1 equals to .

sec4A-1
Solution:

1-cos8A cos4A 2sin”4A cos4A
cos8A 1-cos4A  cos8A 2sin’2A
_2sin4A-cos4A -sin4A  sin8A-2sin2A-cos2A  tan8A

tan[ﬁ—A] 2cosA-sinA—-sin3A

cos8A 2sin’2A cos8A-2sin’ 2A  tan2A

2.11 Trigonometric Ratio of Sub-
Multiple of Angles

1. cos§+sing‘ =+/1+sinA or cos§+sin§:i\/1+sinA
T A 3z
i << -
Thatis, +,if 2nz 755 <2nr+ 2
—, otherwise
2. sing—cosg‘ =+/1=sinA or sing—cosgzixﬂ—sinA
T A 5m
i Z<l<« -
That s, +,if 2nz + 755 <2nrz+ 2
—, otherwise
3.

I+

,wWhere A= (2n+1N\x

A [1—cosA _T-cosA
2 1+cosA sinA

(i) tan—=
(i) coté:i /HCOSA :H,COSA,whereA;thzz
2 1-cosA sinA

See Fig. 2.15.

Figure 2.15

The ambiguities of signs are removed by locating the quad-

rants in which g lies or you can follow Fig. 2.16.

T
A A2 A
3z sin—+ [cos—is +ve T
=4 2 2 L
4
. A A
SmT_ cos 5 1S VS
A A .
Sin%‘f’ cos % is —ve SIN—5-+cos—5-Is+ve
< >
A A Al cos A s —
sm?— cos 5-is +ve sin 5 cos 5 is-ve
A A .
2 1 cos|[ s —
sin 5+ 5 is-ve
5r
2% A A . 7
sin——-—cos| 2 js — —
4 5 v is —ve )
3z
2
Figure 2.16
A 1-cosA
4. tan’== cos , where A= (2n+T)x
2 1+cosA
A 1+ A
5. cot? == €os , Where A= 2nrx
2 1-cosA
' Your Turn 3 ‘
sin2A
1. Show that ————=tanA.
1+ cos2A
sinA+sin2A
2. Showthat;:tanA.
1+ cos A+cos2A

3. Show that sin3A+sin2A—sinA= 4sinAcosgcos%.

4. Show that tan 45°+é = /1+smA.
2 1-sinA

5. Iftand = %’ then show that

sing cos¢9_+(az+b2)4[a 3]
cos6 sin®o _\/a2+b2 b®  a®
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2.12 Maximum and Minimum Values of
acos@+bsind

Let
a=rcoso

b=rsinx

Squaring and adding Egs. (2.6) and (2.7) we get
a®+b%=r?or r=\/(12+b2

asin@ +bcos@ =r(sinfd cosa +cos@sina)=rsin(@ + )

Therefore,

But —1<sin@<1= -r<rsin(@ +a)<r.Hence

—\Ja? +b? <asin@+bcosd <\a* +b?

So the greatest and least values of asiné +bcos@, respectively,
are

\/a2 +b? and —\/a2 +b2

Illustration 2.29

1. Prove that 5 cosx+ 3cos(x+ 773) + 3 lies between — 4 and 10.
2. Show that, whatever be the value of 6, the expression asin26+
b sin@cos @+ c cos?6 lies between

(a+c) b*+(a—c) (a+c) +Jb*+(a—c)
- and +
2 2 2 2
Solution:
T LT
1. 5cosx+3| cosx cosg—smx 5|n§)+3
3 33 .
=|5+— |[cosx———sinx+3
2 2
13 343 .
=—CosX———sinx+3
2 2
[169 27 13 .
=,]—+— COSX — sinxp+3
4 4 169 27 169
2, [—+— 2, —+—
4 4 4 4
=7(cosa cosx -sing sinx) + 3 [wheretana = 31\36]

=7cos (a+x)+3
=—1<cos(a+x)<1
=—7+3<7cos (@+x)+3<7+3
=—4<7cos (a+x)+3<10

2. Letf(6) =asin26+ bsin@cos@+ c cos?6. Then

a(1—c052¢9) +b sin26 s (1+ cos26)

f(6)=
@ 2 2 2

2 )2
;{(a+c)+b+(zac)(sin29cosa —cosZHsina)}

N | =

2 2
{(a+c)+b+(2"_c)sin(29—a)}, —1<sin(26—a) <1

2 32
Therefore, (a+c)_ b"+(a-0) <f(@)<
2 2 2 2

[T WAl The greatest and least values of sinxcosx
are .

Solution:

1
sinxcos x :E(ZSinxcosx)

_sin2x
2
= -1<sin2x <1
1 sin2x 1
=>-—= < —
2 2 2

Maximum value is 1/2 and minimum value is —1/2

w The maximum value of 4sin®x+3cos? x

is

Solution:
f(x)=4sin® x+3cos® x =sin’ x+3 and 0< [sinx|<1

Therefore, maximum value of 4sin® x +3cos? x is 4.
mlfA:coszt9+sin4 @, then for all values of @ find
the range of A.
Solution:
A=cos?8+sin*@ = A=cos? 0 +sin’ Psin’ @
= A<cos? 6 +sin’ @ [-sin?@<1]
= A<L1
Again
A=cos? 6 +sin* 6 =(1-sin® @) +sin* @
2
1 3.3
= A= sinze—f) +—2=>—
2) 44
Hence,

ESAS1
4

2.13 Trigonometric Series

If we have a cosine series in its product form where the angles are
in G.P. with common ratio 2, then multiply both numerator and
denominator by 2 sin (least angle).

m Simplify the product cosA cos2A cos2?A ---

cos2™ 1A,
Solution:
COSA- C0s2A -+ c0s2" 1A= ——— (sinA-cOsA)-C0s2A -+ cos2™ 1A
sin
= ———(sin2A-cos2A) -+ cos2" 1A
2sin
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= ———(sin2A-cos2A) -+ cos2" 1A
4sin

Continuing like this we have

in2"A
COs A-cos 2A --- cos2m-1A= 2NE A
2"sinA
Note:
n-1 . an
2"A
o [Jcos2'A= SN2 2 \where IT denotes products.
r=0 2"sinA

If we have a cosine series or a sine series in its sum form
where the angles are in AP, then multiply both numerator

)

common difference
2

and denominator with Zsin[

N sin{A+(n_1)B}sinﬁ
o Y 'sin[A+(r—1B]= —Z
r=1 Sin—
2
N cos{A+(n_1)B}sin?
° ZCOS[A+(I’7'|)B]: ,Wherez
r=1 sinE

denotes summation.

[T =14 - W Prove that c0527” + cos4—” + cos6—” = —%.
Solution:
2sin””
2 Arx 67w sm7 n Arx 67w
COS—— +COS— + COS— = COS—— + COS— + COS —
7 7 T 7 7

2sin—
7

.3z . & .5z . 3w . 57w
sin— —sin—+sin——sin—+sinz —sin—
7 7 7 7 7

2sinz
7

M Sum to n-terms of the series

sina —sin(a + ) +sin(a +2B)—sin(e +38) +- -

Solution:
Since,
sin (r+o)=-sina and sin (27 + ) =sina

Therefore,

=sin (o + f)=sin(r+a+p)

sin(a+24)=sinr + o +20)

—sin(e +3f)=sin(37 + o +3 /) and so on.

Using these results, the required sum is

S=sina+sin(r+a+ f)+sinRr+oa+2p)+sinBr+a+38)+---
upto n terms

+p

. T
sinn

~sin[a+(n—1)#}

T 2 3z 4r 5
Show that cos— cos— cos— cos— cos—
11 11 11 11 11

Illustration 2.36
-1
32°

Solution:

T 27 3 4r 57 1
COS—COS—— COS—— COS—— COS— = —
11 11 11 11 11 32
57

T 2 3z 4r
LHS = cos— cos— cos— cos— cos—
11 11 11 11 11

V4 . .
Let P = . Then the above equation can be written as
€OS orcos 2¢rcos 3acos 4orcos 5a

=-cos acos2acosdacos8acos5a (1Ma=nr= 3a=r-8a)
=-cos 2% cos 2" orcos 22 cos 22 arcos 5a

. _ in2"a
Using formula coso cos2ar cos4or —cos2"” ‘a:SIHL
2"sinx
4 sm—1 6z cos 7
sin2 11
- Cos5a=- 11 11
2" sina 165sin—
. 57 57
2sin——cos——
_ 1m - _nn_1
32sin " 32

1

2.14 Conditional Trigonometrical
Identities

. ldentities: A trigonometric equation is an identity if it is true
for all values of the angle or angles involved.

. Conditional identities: When the angles involved satisfy
a given relation, the identity is called conditional identity. In
proving these identities we require properties of complemen-
tary and supplementary angles.

2.14.1 Important Conditional Identities

(A) IfA+B+C= 7 then
1. sin2A+sin2B+sin2C =4sinAsinBsinC
2. sin2A+sin2B—sin2C=4cosAcosBsinC
3. sin(B+C—A)+sin(A+C—-B)+sin(B+A-C)
=4sinAsinBsinC
Cc0s2A+cos2B+cos2C =—-1-4cosAcosBcosC

c0s2A+cos2B—cos2C =1-4sinAsinBcosC

sinA+sinB+sinC :4cosécosEcosE

2 2 2
sinA+sinB—sinC :4sinésin§cosE

2 2 2
cosA+cosB+cosC :1+4sinésinEsinE

A B
cosA+cosB—cosC:—1+4c055cos§sing

cosA cosB cosC

sinBsinC  sinAsinC  sinBsinA -
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11. sin? A+sin® B—sin?C =2sinAsinBcosC
12. cos® A+cos?B+cos? C =1-2cos AcosBcosC
13. sin? A+sin®B+sin’>C=2+2cosAcosBcosC

2B

—+sin2£
2

A A
14. sin’Z+sin :1—25in—sin§sinE
2 2 2 2

2

15. coszé+c0525+cos £:2+25inésinEsin£
2 2 2 2 2 2

2B . oC

A A
16. sin®Z +sin®——sin :1—2cos—cos§sinE
2 2 2 2 2

17. cos’ A+cosz E—cos2 E :2cosécos§sinE
2 2 2 2 2 2

18. tanA+tanB+tanC=tanAtanBtanC
19. cotAcotB+cotBcotC+cotCcotA=1

20. tanétang+tan§tan£+tan£tané =1
2 2 2 2 2 2

A B C A B C
21. cot—+cot—+cot—=cot—-cot—-cot—
2 2 2 2 2 2

(B) Ifx+y+z:%,then

22. sin2x+sin2y+sin2z:1—25inx~siny~sinz

23. cos? x +cos? y+cos2 z=2+2sinx-siny-sinz
24, sin2x+sin2y+sin2z=4cosx-Cosy-cosz

M e YA If A+B+C =7, then cos® A+cos®B—cos?C is
equal to

Solution:
cos® A+cos? B—cos® C = cos® A+1—sin? B—cos® C
=1+cos? A—sin* B—cos? C =1+ cos(A+B)cos(A—B)—cos? C
=1+ cos(7r — C)cos(A—B) —cos® C =1—cosC cos(A—B)—cos? C
=1-cosC[cos(A—B)+cosC]=1-cosC[cos(A—B)—cos(A+B)]
=1-2sinAsinBcosC

T3 {140, WS- B If A+B+C =x,then the value of (cotA + cotB)
(cot C + cotB) (cotA + cot C) will be .

Solution:
sinAcosB+sinBcosA sin(A+B) sinC
cotA+cotB= = =
sinAsinB sinAsinB  sinAsinB
Similarly,
SinA
COtC+COtB:f
sinCsinB
and cotC+cotA:ﬁ
sinCsinA
Therefore,

(cot A+ cotB)(cotC +cotB)(cot A+ cot(C)

sinC
sinAsinB sinCsinB sinCsinA

SinA sinB

=cosecA-cosecB-cosecC

{TIELTY WA B [f A,B and C are angles of a triangle, then

sin2A+sin2B—sin2C is equal to .
Solution:
sin2A+sin2B —sin2C =2sinAcos A+2cos(B+C)sin(B—C) (1)

Since, A+ B+ C= z.We have B+C =7 —A.Hence

cos(B+C)=—-cosA and sin(B+C)=sinA

Taking the RHS of Eq. (1) and substituting cos(B + C) = —cosA, sin
(B+ C) =sinAwe get
2cos AlsinA—sin(B—C)]=2cos Alsin(B+C)—sin(B—C)]
=4cosAcosBsinC

{TIELTY R OB If x + y + 2 = xyz, prove that

4
X Vv .z _ xXyz

1-y? 1-22 (1=-x3)-y?)(1-2?)

1-x
Solution:
Let x=tanA, y =tanB, z=tanC. Therefore

tanA + tanB + tanC = tanA-tanB-tanC
=A+B+C=rx

Hence,
tan(2A + 2B) =tan(2z- 20)

= tan(2A + 2B) =-tan2C
= tan2A + tan2B + tan2C = tan2A-tan2B-tan2C

N 2x 2y 2z 8xyz
1_2+1_2+1_2_ 21 2V 52
X y z¢ (1=-x°)(-y")(1-2%)
(tanZA:ﬂ]
1-tan” A
X y z 4xyz
= + + =
1-x* 1-y? 1-22 (-xA)(0-y*)1-2°)

{TIELT R If A+ B+ C=180°, prove that

sin(B+C-A)+sin(C+A-B)+sin(A+B-C)=4sinAsinBsinC

Solution:
LHS=sin(B+C-A)+sin(C+A-B)+sin(A+B-C)
=sin(r—A-A)+sin(r-B-B)+sin (r-C-0)
(wA+B+C=r)
=sin 2A +sin 2B +sin 2C
=4sinAsinBsin C

[[TRTELL L WX YR If in AABC, cos3A + cos3B + cos3C = 3cosA cosB
cosC, then prove that the triangle is equilateral.

Solution:

Given that cos3A + cos3B + cos3C — 3cosA cosB cosC =0. So

(cosA + cosB + cosC) (cos?A + cos2B + cos2C — cosAcosB
- cosB cosC - cosC cosA) =0

= c052A + c052B + c0s2C — cosAcosB — cosBcosC — cosCcosA =0
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(as cosA +cosB + cosC=1+4 sinA/2 sinB/2 sinC/2 #0) [ITRIEN{T PRER A man is standing away from a tower of 150
= (cosA - cosB)? + (cosB - cosC)? + (cosC - cosA)?> =0 meter height. At the top of the tower, the angle of depression of
= cosA = cosB = cosC the man changes from 60° to 45° when man moves towards the

=A=B=C, (- 0<ABC<n)

tower. Find the distance travelled by the man.
= AABC s equilateral.

Solution:
UCEICUCUPIXY If A, Band Care angles of a triangle, prove that | ot pQ be the tower, where PQ = 150 meters (Fig. 2.19). Let the two
B—C C-A A_B positions of the man be at A and B so that
cos( ) cos(—j cos(—) -Q
= + + ~
B+C C+A A+B
cos cos| —— | cos| ——
2 2 2
Solution: ) )
SinceA+B+C=7x
_ _ _ 450 < 60°
cos(B Cj cos(c Aj cos[A B) w = \
2 2 B A P
= + +
cos B+C cos hatal cos A+B
2 2 2 Figure 2.19
Cos(s-c) COS(C—A) COS(A—B) AP = h cot 60° = 1504/3
2 2 2 BP =150 cot 45° =150
= + +
sin(ﬂ) sin(g) sin(g) Now
2 2 2 AB=150—%:1j§0 B-1)
A B-C B C-A C A-B
2cos(7)cos( ) 2cos(f)cos( ) 2cos(—)cos( ) 150
- 2 2 + 2 2 + 2 2 Hence, the distance traveled by the manis —= (/3 1) m.
SinA sinB sinC V3
_ 5|nB.+ sinC N 5|nA.+ sinC N 5|nBl+ sinA Additional Solved Examples
sinA sinB sinC
sinB  sinA sinC  sinB sinC  sinA 1. \/gcosec 20°-sec20°=__ .
i reuriirew bl D= R v (A) 1 (B) 2
sinA sinB sinB  sinC sinA  sinC
@ 3 (D) 4
As A, B, Care angles of a triangle, hence 0 < A, B, C< 7. So .
Solution:
sinA,sinB,sinC>0
1 4. £c0520°—1sin20°
:>E22+2+2[as X+;22ifX>Oj 2 2 _4.Sin6ooc05200_cos6oosin200
25in20°c0s20° sin40°
=4

2.15 Height and Distance

Hence, the correct answer is option (D).

Ang|e of elevation: Let’O’ be the B 2. tanA+2tan2A+4tan4A+8cot8A=__ .
observer’s eye and OA be the hori- (R) cotA (B) tan 6A
zontal line through O. If the object | i of sight (C) cot4A (D) None of these
Bis at a higher level than eye, then Solution:
angle AOB = @is called the angle of
elevation (Fig. 2.17). 9 A tanA+2tan 2A+4tan4A+8cot8§\
Horizontal Line —tanA + 2tan2A + 4tandA + 8 12N 44
Figure 2.17 2tan4A
1-tan®2A
Angle of depression: If the object Horizontal Line =tanA+2tan2A+4cot4A=tanA+2tan2A+4m
B is at a lower level than O, then 0 ) A 3
angle AOB is called the angle of —tanA+2cot2A=tanA+ —AVA A
depression (Fig. 2.18). tanA
Line of sight Hence, the correct answer is option (A).

3. The value of sin 12°:5in48°-sin54° =
B (A) 1/8 (B) 1/6
Figure 2.18 (C) 1/4 (D) 1/2
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Solution:
sin 12°-s5in48°-sin54°

1 o 1.
:5[cos36°—cos60°]sin54°: {cos36°sin54 —Esm54°}

N | =

:%[2c0536°sin54°—sin54°] =—[sin90° +5sin18° —sin54°]

PR

1
—[1—(sm54°—5|n18°)]—4 [1-2sin18°c0s36°]

=1[1_
4

_l[1_25in36°cos36°]_ 1 [1

) sin18°cos18°c0536°]_ 1 [1
4

B sin36°cos36°
cos18°

sin72° [ 1 1_1 _l
2sin72° | 4 2] 8

cos18°

4 2c0s18° T4

Alternative Method
Let #=12°

sin12°sin48°sin72°sin54°
sin72°
sin(36)°sin54°
85|n(36) cos(36)°

sin 12°-5in48°-sin54° =

sm(3 12)°sin54°
4sin72°

c0s36° 1

1
" 8cos(36° 8 8

Hence, the correct answer is option (A).

4. If sin@=3sin(6+ 2a), then the value of tan (6+ &) + 2 tan« is
(A) O (B) 2
Q) 4 (D) 1

Solution: Given sin @ =3 sin (6+ 2¢). Now

sin (6+ a— a) =3sin (6+ o+ )
= sin (6+ @) cosa— cos(6+ o) sina
=3sin (6+ ) cosa+ 3cos (6+ o) sina
= -2sin (6+ @) cosa=4cos (6+ o) sina
—sin(@+a) 2sina
cos(@+ ) " cosa
=tan(f+ ) +2tana=0

Hence, the correct answer is option (A).

5. The minimum value of 3tan26+ 12 cot?8 is

(A) 6 (B) 8
(C) 10 (D) None of these
Solution:
AM.>2GM= % (3tan26+12 cot?20) > 6

= 3 tan? #+12cot28 has minimum value 12.

Hence, the correct answer is option (D).

6. Prove that 3(sinx—cosx)* + 4(sinx — cos®x) + 6(sinx + cosx)2=13.
Solution: Let t,, t,, t; denote the three expressions on the left.

t, = 3[(sinx— cosx)2]2 = 3(sinx + cosx — 2sinx cosx)?
=3(1 — 2 sinx cosx)? = 3(1 + 4sin%x cos2x — 4sinx cosx)

4(sinZx+ cos2x) (sin*x + cos*x — sinx cos2x)
—2cosZx sinx —

t,=4(sin%— cos®x) =
= 4[(sin’x + cos%x)? sin?x cos’]
=4(1 — 3sin’x cosx)

ty = 6(sin?x+ cos2x + 2sinx cosx) = 6(1 + 2 sinx cosx)

Therefore, t, +t,+t;=3+4+6=13

237 557 7
7. Prove that sin? % +sin? 2% 4 sin? 2% 4 sin2 X =2,
8 8 8
Solution:
. I ( )
sin — =sin —5|n—
8
57 ( 371') 3z
sin = =sin| 7 ——— |=sin=—
8 8 8
. 3 . T T
sin — =sin — |=cos—=
8 2 8 8
So we have

7 .
sin2£ + sin23—” + sinzs—” + sinz—ﬂz 2(sm
8 8 8 8

=2 sin2£+coszz =2
8 8

8. Prove the identity:
(cosA + cosB) (cos2A + cos2B) (cos2?A + cos22B) -
(cos2" A—cos2"B)
2"(cosA—cosB)

2 37[)
—+sin“ —
8 8

(cos2"1A

+cos2™1B) =

Solution:

(cosA—cosB)(cosA+cosB)=cos2A—cos?B = —[(1+ cos2A)—(1+ cos 2B)]

(cos2A—cos2B) (1

N\—\ N\a

Therefore,
(cosA — cosB) (cosA + cosB) (cos2A + cos2B)

= % [(cos2A — cos2B) (cos2A + cos2B)] = iz (cos22A — cos22B)

Therefore,
(cosA — cosB) (cosA + cosB) (cos2A + cos2B) (cos22A + cos22B)
Proceeding in this manner, we get

(cosA —cosB) (cosA + cosB) (cos2A + cos2B) (cos2?A +cos22B) ---
(cos2"~ 1A+ cos2"~1B)

1
= z—n(cosz”A—cosZ”B)

Hence, the given identity follows.

in8A
9. Show that ;m A =cosA+cos3A+cos5A+cos7A
sin

Solution:

R.H.S. = (cosA + cos3A) + (cos5A + cos7A)
= [cos(2A — A) + cos(2A + A)] + [cos(6A — A) + cos(6A + A)]
=2c05A-c052A + 2C0sA-cos6A
=2c0sA[cos(4A—2A) +cos(4A+2A)]=2c0sA-2cos2A-cos4A
_ (2sinAcos A)
~ sinA
_ (2sin2A-cos2A)-cos4A
B sinA B

-2c0s2A-cos4A

sin4A-cos4A sin8A
2sinA

sinA

10. Prove that cos2x + cos? (£+XJ — cosx cos(£+x) is inde-
pendent of x. 3 3
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Solution:

5 (7 /4
COS“X + COS §+x —Cos §+x Cosx
=l 2c052x+2cosz(£+x)—2cos(£+x) Cosx
2 3 3
:;(Hcos(z;[+2x)+1+c052x—2cos(§+x)cosx]

:1 2+cos £+2x +c052x+cos£—cos z+2x
2 3 3 3

1 1 T V.3 V4 . 7 1
=—|2—-=+2cos| —+2x |cos——cos| —+2x | [ since cos—=—

2 2 3 3 3 3 2

3.1 V.4 1 V.4 3
=—+4+—C0S| —+2Xx |-—cos| —+2x |=—

4 2 3 2 3 4
and this does not contain x. Hence proved.

4 . 4 4 . 4
11. If COSZ X + sz X_ 1, then prove that COSZ y +y =1
cos’y sin“y cos” x sin“x
Solution: The given condition is
cos?x siny + sin®x cos?y = sin?ycos?y
=sin?y(1 —sin?y) = sin?y —sin%y (1)
Therefore,
sinty =sin?y (1 — cos*x) — sinx cos?y
=sin?y (1 — cos?x) (1 + cosx) — sin“x cos?y
=sin?y sin?x (1 + cosx) — sin“x cos?y
Hence,
sin? y
3 =sin2y+sin2yc052x—coszysinzx (2)
sin® x

Similarly, on the R.H.S. of Eq. (1), replacing sin?y by 1 — cos?y and
simplifying as shown above, we get
cos*y

COS2 X

= cos? y+ cos? y sin® x — cos? x sin? y (3)

By adding Egs. (2) and (3), we get the desired result.
12. Prove that:

1. tanA + cotA=2cosec2A
2. cotA—tanA=2cot2A

Deduce that tanA + 2tan 2A + 4tan 4A + 8 cot8A = cot A and
more generally
tanA+2tan2A+22tan22A+---+2""1tan2"~ 1 A+ 2" cot2" A

=cotA
Solution:
2
1. tanA+cotA=tanA+;=w
anA tanA
_ sec? A _ 2

=2cosec2A

~ tanA  2tanAcos’A Sin2A

cosA _ SinA cos? A—sin’ A _2€0s2A

2. cotA—tanA=— =— - =2cot2A
sinA  cosA sinAcosA sin2A
Therefore,
tanA = cotA - 2cot2A (1)
tan2A = cot2A — 2cot4A [changing A to 2Ain Eq. (1)] (2)
tan4A = cot4A — 2cot8A [similar change] (3)

Multiplying Egs. (1)-(3) by 1, 2, 22 and adding, we get

tanA + 2tan2A + 22 tan4A = cotA — 8cot 8A
Hence,

tanA + 2tan2A + 22 tan 22A + 23 cot23A = cotA

The general result can be obtained by repeating the above
sequence of steps n times.

13. IfA+B+C=rxand

A+B-C B+C-A A+C-B
tan tan tan =1
4 4 4

prove that sinA + sinB + sinC + sinA sinB sinC=0.

Solution:
1-t ¢
A+B-C 7—-2C 7 C —any
tanf ——— |=tan =tan| ——— :7C
4 4 4 2 1+tan—
2
cosg—sinE ’
2 2) 1-sinC_ cosC
c0s2C g2 € cosC  1+sinC
2 2
Similarly,
B+C-A 1-sinA  cosA
tan = =
4 CosA 1+sinA
C+A-B) 1-sinB cosB
and tan = =
4 cosB 1+sinB

The given condition implies

(1—sinA) (1—sinB)(1—sinC)_1 0
CcosA cosB cosC
as well as
( cosA ) ( cosB )( cosC )_1 2
1+sinA 1+sinB J\ 1+sinC

From Egs. (1) and (2), we get

cosA cosB cosC=(1—sinA) (1 —sinB) (1 —sinC)
=(1+sinA) (1 +sinB) (1 +sinC)
Hence,
1 —XsinA+ X sinAsinB—sinA sinBsinC

=1+ X sinA+ X sinAsinB+sinAsinBsinC

Therefore, X sinA + sinA sinB sinC=0.
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14. If0< @< % prove the inequality cos(sin8) > sin (cos ).

Solution:
We have sinf+ cos@= /2 sin (0+%) < +/2 since the maximum

value of sin(6+£):1
4
But V2<7/2; (\2is approximately 1.414 and 7/2 is approxi-

mately 1.59). Therefore,

. V.4
sin@ + cosf< —

:>sint9<%—cost9

cos (sind) > cos (%—cosﬁ) since < f= cosar> cosfp
cosine being a decreasing function in first quadrant. That is
cos(siné) > sin(cos6)
15. Iftan(7/4 + y/2) = tan3(x/4 + x/2), prove that
siny = sinx (Sﬂmzsz
1+3sin” x

Solution:
1+tan=

tan(Lz):
4 2 1

Therefore, from the given condition,

—tan

y

1+tan= 1+tan£
2 2
1—tanZ 1—tan£
2 2

Hence,
x\? x )
1+tanZ - 1—tanZ T+tan— 1-tan—
2 2 2 2
y y X\ )3
1+tan= [+| 1-tan= 1+tan> | +l1-tanX
2 2 2 5
( a ¢ a-b c—d)
La_c _
b d a+b c+d
y 3tan1+tan3£
= tanZ = 27)(2
1+3tan’Z
2
3
= tanzz 3t+t2 (Wheretanizt)
2 1+3t 2
3t+t3
2tan 2(1+3t2J 23+2)(1+3t2)
LHS = siny = 2__ =

2 2 2, .4
1+tan2% . 3413 (1+t2)(1+14t% +t)
1+ 3t2

1—tan’t >
PP Pl
1+tan“t

1—cosx
Cosx = =
1+ cos x
1-cosx T—cosx
23+ 1+3
1+cosx T+ cosx
1—cosx 1—cosx 1—cosx 2
1+ 1+14 +
1+ cosx T+ cosx T+ cosx

2(4+2cosx)(4—2cosx)

=sinx

=sinx 3 3
((1+ cos x)” +14(1+ cos x)(1—cos x) + (1—cos x)“)
)
=sinxm#=RHS
1+3sin“ x

Previous Years' Solved JEE Main/AIEEE

Questions

1. A body weighing 13 kg is suspended by two strings 5-m and
12-m long, their other ends being fastened to the extremities
of a rod 13-m long. If the rod be so held that the body hangs
immediately below the middle point. The tensions in the
strings are:

(A) 12 kgand 13 kg
(C) 5kgand12kg

(B) 5kgand5kg
(D) 5kgand13kg

[AIEEE 2007]

Solution: See Fig. 2.20. Since, 132 =52 4122, therefore,

sAoB="
2

ZAOB is the angle in a semicircle with diameter AB and centre C.

A

13 kg

Figure 2.20
Therefore,

. 5 12
sing =—andcosar =—
13 13
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Also due to equilibrium,

h L

13 tan0:¥:\/§=ﬂ9:60°:4ROS:60°

sin(r — ) - sin(z/2)+« - sin(zr/2)

T, T
=sina=—1 and cosa =-%
13 13

Therefore, ;=5and T, =12.

Hence, the correct answer is option (C).

2. A tower stands at the centre of a circular park. A and B are two
points on the boundary of the park such that AB (= a) subtends an
angle of 60° at the foot of the tower, and the angle of elevation of
the top of the tower from A or Bis 30°. The height of the tower is

2a

ZPQR=180°- ZRQS = £SQT =60+ 60=120°
Therefore, equation of bisector is

y—0=[tan120°](x —0)=

y=-V3x
. . . 2
From Fig. 2.22, slope of the line QM is tan? =—3.

Hence equation is line QM is y = —3x= y+\/§x =0.

Hence, the correct answer is option (A).

4. A bird is sitting on the top of a vertical pole 20-m high and its

(A) — (B) 2ay3 elevation from a point O on the ground is 45°. It flies off hori-
V3 zontally straight away from the point O. After one second, the
a elevation of the bird from O is reduced to 30°. Then the speed
© ﬁ (D) a3 [AIEEE 2007] (in m/s) of the bird is

Solution: The situation is depicted in Fig. 2.21 in which it is clearly

shown that AOAB is equilateral. Therefore,
OA=0B=AB=a

(B) 20(+/3-1)
(D) 40(/3-+12)

[JEE MAIN 2014 (OFFLINE)]

(A) 2042
(C) 40(2-1)

Solution: See Fig. 2.23.

h
Now considering triangle OBH, tan30°=—=h= %.
a 3 vV 1sec
H ':::---( ----------
5 «d ——>
V80 5
60° \\
\ a Figure 2.23
: d+20
A =cot30°=+/3=d=204/3-20=20(/3-1)
Figure 2.21

Hence, the correct answer is option (C).

3. Let P=(~1,0),Q=(0,0) and R=(3,3,/3)
equation of the bisector of the angle PQR

Hence, the correct answer is option (B).

5. Ifthe angles of elevation of the top of a tower from three collin-
ear points A, Band C, on a line leading to the foot of the tower,

are 30°,45° and 60°, respectively, then the ratio, AB: BC, is

be three points. The
is

5 (A) V3:42 (8) 1:3
(A) Bx+y=0 (B) x+—-y=0 © 2:3 (D) 3:1
(@) ﬁx.,.y:o (D) x+~3y=0 [JEE MAIN 2015 (OFFLINE)]
2 [AIEEE 2007] Solution: See Fig. 2.24.
Solution: See Fig. 2.22. M
R(3, 3V3)
T i
i h
0 i o o
é 300 45 60 N
P10 @ A B c x
Figure 2.22 Figure 2.24
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Now,
h
tan60°=— = x=h cot 60° (1)
X
h
tan45°=——— = BC=h - h cot 60° (2)
BC+x
and tan30°=L = AB=hcot30°—h (3)
AB+h
Therefore,

_cot30°-1_V3-1 B
1-cot60° ,__1 1
NG}

Hence, the correct answer is option (D).

AB:BC

6. Let the tangents drawn to the circle x? + y? = 16 from the point
P(0, h) meet the x-axis at points A and B. If the area of AAPB is
minimum, then h is equal to

(B) 3V3

(A) 43
(D) 442

(€) 3v2
[JEE MAIN 2015 (ONLINE SET-1)]
Solution: See Fig. 2.25.

\/zx2+y2= 16

Figure 2.25

Equation of tangent to circle x2 + y2 =16 is
y=mxt4y m?+1

It passes through P (0, h); h>0= h= 4m? +1
Hence, equation of tangent PA or PBwillbe y=mx =+ h
They intersect at x-axis, where

O=mx=+h :>mx:>$h:>x:¢£:>AB:£
m |m|
Therefore,
2
Area of APAB=1(2h]~h=h
2\|m] |m|
Also
[l
=4
m? +1
2. ’
VM +l=—=>m"+1=
, h?-16 h?-16
m = m=
1 4
4h?
Therefore, Area of APAB=———=="f(h) (say)

h*-16

3 p—
f'(h):%:o = h=42
(h*=16)
Hence, for minimum area, h= a2
Hence, the correct answer is option (D).

7. InaAABC, a_ 2++/3 and ZC =60°. The ordered pair (£A, £B)
is equal to
(A) (15°,105°)
(C) (45°,75°)

(B) (105°,15°)
(D) (75°,45°)

[JEE MAIN 2015 (ONLINE SET-1)]

Solution:
%=2+\/§, £C=60°
a_ 5|.nA —(2+3)=tan75°= sin75
b sinB cos75°
Now,

sinA_ sin(90°+15°) sin(105°)
sinB  sin(90°—-15°)  sin(75°)

Also LC=60°= LA+ £B=120°= £LA=105°, £B=15°
Hence, the correct answer is option (B).

8. A man is walking towards a vertical pillar in a straight path, at
a uniform speed. At a certain point A on the path, he observes
that the angle of elevation of the top of the pillar is 30°. After
walking for 10 min from A in the same direction, at a point B,
he observes that the angle of elevation of the top of the pillar
is now 60°. Then, the time taken (in minutes) by him from B to
reach the pillar is

(A) 5 (B) 6
(€) 10 (D) 20
[JEE MAIN 2016 (OFFLINE)]
Solution:

The given situation is depicted in Fig. 2.26. We have
AB=x;BP=y;PQ=h

Q
h
60° 30°
A
P y B X
Figure 2.26
1 h
tan30° = =>—== :>x+y=h\/§
x+y 3 x+y

tan60°:ﬁ:h:y«/§
y

Now,
x+y:\/§y><\/§:3y:>x:2y

Let the speed of man be u. Therefore,
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u=>=10=>

10 4 :>E:1:27y:>t:5min
U_X:>t:X t y y

t 4

Hence, the correct answer is option (A).

9. The angle of elevation of the top of a vertical tower from a
point A due east of it is 45°. The angle of elevation of the top of
the same tower from a point B due south of A is 30°. If the dis-
tance between A and B is 54+/2 m, then the height of the tower
(in metres), is
(A) 108 (B) 363
(€) 543 (D) 54

[JEE MAIN 2016 (ONLINE SET-2)]

Solution:

Let the height of tower be h (see Fig. 2.27). Therefore,

OA=0C=h
C
N
h
W E o 45 A
30° 542
S
B
Figure 2.27

From AOBC, we get

h
tan30°=—=0B=+/3h
OB

From AOAB, we get

0B2 = OA? + AB?
= 3h?2=h2+ (542 x2)
= 2h2=542x2
= h=54

Hence, the correct answer is option (D).

Previous Years' Solved JEE Advanced/

IIT-JEE Questions

No questions appeared in JEE Advanced/IIT-JEE in the last 10 years
(2007-2016) from this chapter.

Practice Exercise 1

1. If tanx = n-tany, ne R*, then maximum value of sec?(x — ) is

equal to
2 2
) (n+1) B) (n+1)
2n n
2 2
€ (n+1) (D) (n+1)
2 4n

2.

10.

11.

12.

13.

14.

If 3sin@ + 5cos@ =5, then the value of 5sin@—3cos @ is equal to
(A) 5 (B) 3
() 4 (D) None of these

. In AABC, if cotA -cotB -cot C >0, then the triangle is

(A) Acute angled
(C) Obtuse angled

(B) Right angled
(D) Does not exist

. If7z<20<37”, then \/2++/2+2cos46 equals

(A) —2cosé
(C) 2cosé

(B) —2sin@
(D) 2sin@

. If tan@=+/n for some non-square natural number n, then

sec2d is

(A) Arational number (B) Anirrational number

(C) A positive number (D) None of these
(Non-square number is a number which is not a perfect square)

. The minimum value of cos(cosx) is

(A) 0 (B) —cos1
(C) cosl (D) -1
. If sinx cos y=1/4 and 3 tan x =4 tan y, then find the value of
sin (x+y).
(A) 1/16 (B) 7/16
(C) 5/16 (D) None of these

. . . X X .
. The maximum value of 4sin2 x + 3cos2x + sm5+cosE is

(B) 3+2
(D) 4

(A) 4+2
© 9

. If wand fBare solutions of sin? x + a sin x + b= 0 as well as that

of cosx + ¢ cos x + d =0, then sin(a+ ) is equal to

2bd a®+c?
A) ——— B
(A) ot (B) Yo
b? +d? 2dac
C D
Q) ~bd (D) e

If sing, sinf and cose are in GP, then roots of the equation
X%+ 2x cot B+ 1 =0 are always
(A) Equal

(C) Imaginary

(B) Real
(D) Greaterthan 1

If5:c052£+c0522—”+---+c052w,thenSequals
n n

n 1

A) —(n+1 B) —(n-1

(A) 2( ) (B) 2( )
1 n

C) —(n-2 D) —

(@) 2( ) (D) 5

Ifina AABC, ZC=90°, then the maximum value of sin A sin Bis
1

A) — B) 1

(A) 5 (B)

(C) 2 (D) None of these

If in a AABC, sin?A + sin?B + sin2C = 2, then the triangle is
always

(A) Isosceles triangle (B) Right angled
(C) Acute angled (D) Obtuse angled

Maximum value of the expression 2sinx + 4cosx + 3 is
(A) 24/5+3 (B) 2/5-3
€ V5+3 (D) None of these
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15. If cos@ = M, then one of the values of tang is
1-cosa cos 2
(A) tanztané (B) cotgtanﬁ
2 2 2 2

(C) sin%sing (D) None of these

16. If0< O< % then sec26—tan26 is equal to

(A) tan(%+9) (B) —tan(%—&)

Q) tan(%—&) (D) None of these

17. The equation (cos p — 1) x2 + (cos p)x + sinp = 0, where xis a
variable, has real roots. Then the interval of p may be any one

of the following:
(R) (0,27)

T
o(=s)

(B) (-7,0)

(D) (0,7)

18. Letnbe apositive integer such that sinln+ cosln = % then
2 2

(A) 6<n<8 (B) 4<n<8
(C) 4<n<8 (D) 4<n<8
19. f X = y = z ,then x+y + zis equal
cosd 2 27
cos| 0+— cos| 8 ——
3 3
to
(A) —1 (B) 1
(€ o (D) None of these
20. IfA+B+C=180° then the value of tanA +tanB +tanCis
(A) 2343 (B) 223
(€ >33 (D) >243

21. Let0<A B< % satisfying the equalities 3sin? A+2sin?B=1

and 3sin2A - 2sin2B=0.Then A+ 2B =

V4
A B) —
(A) ()3

NN BN

(C) (D) None of these

22. If a cos3@ + 3a cos@ sin2@ = x and a sin36 + 3a cos?6d

sind =y, then (x+ )23 + (x—y)3 =

(A) 202/3 (B) 02/3

(c) 302/3 (D) 201/3
23, If (1++/1+a) tana =(1++/1-a), then sindar=

(A) a/2 (B) a

(€) a*? (D) 2a

1 0
24. If cos’O= g(a2 -1 and tan’ Y = tan?/3 o, then sin?/3

+cos?Pa =

25.

26.

27.

28.

29.

30.

31.

32.

33.

5\2/3
(A) 2a%3 (B) (7)
a
/3
(o) (7) (D) 2a'3
a
> T
The value of 2cos(2r—1)ﬁ is
r=1
1 1
A) — B) —
(A) 5 (B) 3
1 1
C) — D) —
(©) 2 (D) p

n
sinnx = Z a, sin” x, where n is an odd natural number. Then

r=0
(A) ag="1a,=2n (B) ag=T,a,=n

(€) ay=0,a,=n (D) ay=0,ay=-n

5r T 57 T .
tan—z—tan——\/gtan—tana is equal to

12 12
&) -3 (B) %
© 1 (D) \3
The maximum value of 272X 15N2X g
(A) 3 (B) 3°
© 3’ (D) 3

If cos @+ sin @ =a, cos 26 = b, then
(A) a*=b*2-d%) (B) b*=d*12-d%)

Q) d®=b’(2-b?) (D) b%2=d’(2-b?)

If angle @ is divided into two parts A and B such that A— B=x
and tan A:tan B=k:1, then the value of sin x is

(A) bsims? (B) ﬂsiné?
k+1 k

k+1

(C) ﬁsinﬂ (D) None of these

If zand S are solutions of sin® x +asinx+b=0 as well as of
cos® x+ccosx+d =0, then sin (a+ f3) is equal to

2bd a*+c?
A B
(A) 1 (B) Yo
b%+d? 2dc
C D
(@) ~bd (D) e

If sin 6 cos @and tan fare in GP, then cot® @ —cot? @ is equal
to

(A) cosec’d (B) cosecd
(€)1 (D) 0
If 3 cosx =2 cos(x — 2y), then tan(x - y) tany is equal to
(A) 5 (B) 6
1 1
Q) — D) —
(9] 5 (D) 5
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34. If A>0,B>0 and A+B:£, then the maximum value of
tanA tanBis 3
1
(A) — (B) 1
3
1
€ 3 (D) —=
NE)
35. Ifin AABC, cosB + cosC=2— 2 cosA, then
(A) a,b,carein AP (B) b,a,carein AP
(C) ¢,a,barein GP (D) ¢,b,aarein AP
36. The value of c052£+c0522—”+c0524—” is
9 9 9
(A) O (B) 3
(€) 9 (D) None of these
37. If 25|n0(. —y, then 1—c050{+5|na' i
1+cosa +sina T+sina
1
(A) — (B) y
y
Q) 1-y (D) 1+y
38. If4na= 7, then cot ercot 2arcot 3ex--- cot (2n —1)« is equal to
(A) 1 (B) —1
(C) o (D) None of these
39. If sin o+ sin f=aand cos ar—cos f=b, then tan(a;ﬂj is
equal to
w -2 ® -2
b a
(C) Va*+b? (D) None of these
40. Iftan #=a#0,tan 26=b#0and tan &+tan 26=tan 36, then
(A) a=b (B) ab=1
(C) a+b=0 (D) b=2a
41. The greatest real number among sinl, sin2, sin3 and
sin(+/10-2) is
(A) sin1 (B) sin2
(C) sin3 (D) sin(x/10-2)
42, If sinx+sin? x =1, then the value of cos? x +cos* x + cot* x
—cot?x is equal to
(A) 1 (B) 0
(C) 2 (D) None of these
. 2T A T,
43, sin— sin— sin— sin— is equal to
9 9 9 3
3 3
(A) — (B) —
4 8
3
(C) e (D) None of these
44, Ifx,y, zare in AP, then sinx=sinz is equal to
COSZ —COS X
(A) tany (B) coty
(C) siny (D) cosy
45. If [sinx + cosx| = |sinx| + |cosx|, then x belongs to the quadrant
(A) lorll (B) llorlV
(C) lorll (D) IllorlIV

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

A oci o
Find the value of x if x = 1=4sin10%5in70°

2sin10°
(A) 1 (B) 2
(€) 3 (D) None of these
Given z <a <, then the expression \/1—s!na +\/1+ ana
2 1+sina 1-sina
is equal to
1 2
(A) (B) -
cosa cosa
(C) 2 (D) None of these
cosx
If cot ezcot f=2, then cos(a+ ) is equal to
cos(a —
1 1
A) — B) ——
(A) 3 (B) 3
1 1
C) — D) ——
(@) 5 (D) >
If cos(x — y), cosx and cos(x + y) are in HP, then cosx-sec? is
equal to
(A) V2 (B) —V2
(€ 2 (D) None of these
m++/n
If cotd =——=——=, then (m +n) cos 26 is equal to
Jm—n K
(A) 2Jmn @) 77
m-n

(D) None of these

€@ /m++/n)?

If cos? x + cos* x =1, then the value of tan* x + cot? x + tan? x
—cot’xis equal to

(A) O (B) 2

(C) 1 (D) None of these

If cos 25° + sin 25° = k, then cos 20° is equal to

k k
A) — B) —
SN ® -7
(9] i% (D) None of these

If tan &= n tan ¢, then the maximum value of tan2(¢9—¢) is
equal to

_1? 2

A) (n—=1) B) (n+1)
4n 4n
(n+1) (n=1)
© 2n (B) 2n

If a<16sinxcosx+12cos? x—6<b forall x e R, then

(A) a=-5,b=5 (B) a=-4,b=4

(C) a=-10,b=10 (D) None of these

Let f(0)= cotd and 0{+,B:5—7[. Then the value of f (@)-
1+cotd 4

f(f)is 1

(A) 2 (B) ——

2

(9] % (D) None of these
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56.

57.

58.

59.

60.

61.

62.

63.

If cosa=2cLﬂ_1 (0O<a<rm, 0< f <), then tangcoté
2—cosf 2 2

is equal to

(A) 1 (B) 2

€ 3 (D) None of these

The value(s) of y for which the equation 4sinx+3cosx =

y? —6y+14 has areal solution, is (are)

(A) 3 (B) 5

Q) -3 (D) None of these

Prove that 2 sinfB siny cos?a sin(B — y) = —sin(f — 7)
a.py

sin(y— &) sin(a— f).

If sin%:M, prove that tanZg is equal to either
cos“(a+ f3) 2

tan(z/4+ ) tan(z/4+ )

tan(z/4+a) tan(z/4+p)

Find the sum of n terms S =tan x tan 2x + tan 2x tan 3x + ---
+tanx tan(n + 1)x.

Let A, B, C be three angles such that A= 774 and tan Btan C=
p. Find all possible values of p such that A, B, C are the angles
of a triangle.

Let A, Ay, As,..., A, be the vertices of an n-sided polygon such

that L: L+L Find the value of n.
A AA AA,
If mtan(@—30°)=ntan(d+120°) show that the value of
(m+n)

cos26 intermsof mandnis

2(m-n)’

Practice Exercise 2

Single/Multiple Correct Choice Type Questions

1.

The number of solution of equation 8[x2 — x] + 4[x] =
13+ 12[sinx] is

(A) 0 (B) 2

(C) 4 (D) 6

Let k=1°.Then 2 sin2k+ 4 sin4k + 6 sin6k + --- + 180 sin 180k
is equal to

(A) 90 cosk (B) 90tan89°

(C) 90 tank (D) 90 cot89°

If (x/fcosx+ 2 sinx+\/7)m =1 holds, then

(A) Greatest negative integral value of mis —1

(B) Least positive integral value of mis 5

(C) No such m exists

(D) me [-7,-1) U (1, )

The equation 2x = (2n + 1)z (1 - cos x), where n is a positive
integer, has

(A) Infinitely many real roots (B) Exactly one real root

(C) Exactly 2n+2realroots (D) Exactly 2n+ 3 real roots
For any real 6, the maximum value of cos?(cos8) + sin%(sin6)
(A) Is 1 (B) Is1+sin?1

(C) Is 1+ cos?1 (D) Does not exist

Number of solutions of the equation [y + [y]] =2 cosx is,
1
wherey = g[sinx + [sinx + [sinx]]] and [] denotes the greatest

integer function

(A) 1
Q) 3

(B) 2
(D) None of these

. Ifxand «rare real, then the inequation log5 + Iogi+ 2cosax <0

(A) Has no solution

(B) Has exactly two solutions

(C) Is satisfied for any real & and any real xin (0, 1)
(D) Is satisfied for any real & and any real x in (1, =)

4 4 . 2 2
8. Ify:SIn4X cos4x+5|n2xcoszx, (0, z),then
sin” x+cos” x+sin“ xcos” x
3 1 1
A) -Z<y<— B) 1<y<—
(A) > y 3 (B) y >
5
(©) —ggyﬂ (D) None of these
4, 2
9. If the value of expression w lies between !
cosec’@—dcot“ @ 3
and 3, then
(A) de [-2,2] (B) d=-1
(C) d=2 (D) None of these
10. The number of solution of the equation log, _ 1||x2 -1 =

11.

12.

13.

14.

15.

16.

17.

[Isin x| + |cos x|1 (where [] denotes the greatest integer
function) is
(A) 3
Q) 1

(B) 2
(D) None of these

1 )
is
cos" 6
(A) 1 (B) 4

(C) (14222 (D) None of these

If A, B, C, D are the successive values of x satisfying the equa-
tionsinx=k,0<k<1whereA<B<C<D,thenA+B,B+C(,
C+D,...isin

Theminimumvalueof(H ! )(H
sin” @

(A) AP (B) GP

(C) HP (D) None of these
The range of y = sin3x — 6sin?x + 11sinx — 6 is

(A) [-24,2] (B) [-24,0]

(C) [0, 24] (D) None of these
ForO<x< % (144 cosecx) (1+ 8 secx) is

(A) >81 (B) > 81

(C) =83 (D) >83

If [sin x] + [cos x] + 2 = 0, then range of f(x) = sin x — cos x + 3
corresponding to the solution set of the given equation is
(where [.] denotes the greatest integer function)

(A) 2,4) (B) (2,4)

(C) (2,4] (D) None of these

sinx+cos x=y2 — y + a has no value of x for any y if ‘a’belongs

to
(A) (0,43)
(C) (—o0,—/3)

(B) (—+/3,0)
(D) (v/3,)
27 4r .
Ifx cos@ = ycos(ﬁ + ?) = zcos(6+ ?), then which of the

following is (are) true?
(A) xy+yz+2zx=0

(B) xyz= %cos(w)



2 2 2

© X2+y+2= Y2 2
z X y

(D) x2+y2+Z22=xy+yz+2x
Let x, y, z be elements from interval [0, 2] satisfying the ine-
quality (4 + sin 4x)(2 + cot?y)(1 +sin*2) < 12 sin?z then
(A) The number of ordered pairs (x, y) is 4.
(B) The number of ordered pairs (y, 2) is 8.
(€) The number of ordered pairs (z, x) is 8.

(D) The number of pairs (y, z) such that z=y is 2.

18.

Matrix Match Type Questions
19. Match the following:

20. Match the following:
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Columnll

Columnlli

Columnl Column i

(A) The number of solution of (i) 1

X sinx

—In[ 7T, 7]
2 cosx 4

(A) Ify= tan"(%)+tan_1(b) (0O<b<1)and

O<y< %, then the maximum value

(i) 3

(B) The number of solutions of sin* x + cos3 x
>1in (0, 27) will be

1
(ii) 3

(C) Ifin AABC,C> 37” then value of (1 + tanA)

(1 + tanB) will lie in interval

(i) 1, V2]

(D) |\/sin2 X +2a* —\/202 —1-cos? x| =k, then

(B) The number of solution of equation (ii) 0

sin”'(| x*> =1))+cos (| 2x* =5|) =

(C) The number of solution of (i) 3

X —22sin2Zx+1=0

(D) The number of solution of (iv) 2

X2+ 2x+ 2 sec? ix+tan? x =0

k lies in the interval

(iv) (1,2)

Integer Type Questions
21.

6, 63 6, 63
then 2 + tan—-2 tan — + tan— tan—=
3 3 3 3

6, 6
tan—tan—=
3

If 8,, 6, 6, are three values lying in [0, 27] for which tan 6= 4,

is equal to

22. The number of solutions that the equation sin[cos(sin x)] =

cos[sin(cos x)] has in [O%] is

Practice Exercise 1

1.(D) 2.(B) 3. (A
7.(B) 8. (A) 9.(D)
13.(B) 14. (A) 15. (A)
19.(Q) 20. (A) 21.(Q)
25.(A) 26. (0) 27.(D)
31.(D) 32.(Q) 33.(Q)
37 (B) 38. (A) 39. (B)
3.(Q) 44. (B) 45, (A)
49 © 50. (A) 51.(B)
55.(C) 56. (C) 57.(A)
Practice Exercise 2
1. (A) 2. (B) 3.(A)
7.0 8. (D) 9. (D)
13.(B) 14. (B) 15. (B)
19. (A) — (iii); (B) — (iv); (C) = (iv); (D) — (ii)  20. (A) — (ii); (B) =

4.(D) 5.(A) 6.(C)
10. (B) 11.(Q) 12. (A)
16. (C) 17.(D) 18. (C)
22.(A) 23. (B) 24. (B)
28. (B) 29. (B) 30. (A)
34. (A) 35.(B) 36. (D)
40. (C) 41. (D) 42, (C)
46. (A) 47.(A) 48. (A)
52. (A) 53. (A) 54. (C)

4., (C) 5.(B) 6. (D)
10. (C) 11.(C) 12. (A)
16. (D) 17.(A), (B) 18.(C)

(); (C) = (iv); D) = (i)  21.-3 22.1
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Practice Exercise 1

1. cos(x — y) = cosx cosy + sinx siny = cosx cosy (1 + tanx tany)
Put tan x=n tany
cos(x - y) = cosx cosy(1 + ntan?y) = sec(x —y)= w
(1+ntan” y)
2 2
secz(x—y)zw
(1+ntany)
_(1+tan’ x)(1+tan’ y)
(1+ntan? y)?

_ (1+n*tan? y)(1+tan? y)

(1+ntan? y)2

(n—1)? tan? y

=1+
(1+ntan2 y)2

(By division) using inequality

(1+n* tan? y+n tan? y+n tan* y)

n*tan® y)V4
2 2(n*tan®y)
Now,
232
(1+ntan” y) Zntanzy
4
2
tan“y Si
(1+ntan®y)? ~ 4n
-2 (n+1?
:>sec2(x—y)S1+(n ):(n )
4n 4n

2. 3sin@=5(1 —cosé) =5 x 2sin?(4/2) = tan(8/2) = 3/5

2tan(6/2) [1-tan*(6/2)]
1+tan®(6/2)  1+tan’(6/2)
2x(3/5)  3x[1-(9/25)]

14(9/25)  1+(9/25)

5sin@— 3cosf= 5%

3. Since cotA cotB cotC >0, cotA, cot B, cot C are positive. So, the
triangle is acute angled.

4. \2+/2(1+cos46) = 2+2|cos26| = \/2(1-cos20)

25|n9as—<0<3—”
2 4

=2|sinf|=

1+tan’ @ _T+n

1-tan’¢ 1-n

where n is a non-square natural number so 1 — n # 0. Hence
sec2d is a rational number.

5. sec20=

6. cosx lies between —1 to 1 for all real x.
If fix) = cos(cosx), then f(x) = 0 when either sinx = 0 or
sincosx =0, thatis,atx=0orx= /2.

At x = 0 we get minimum value of f(x) = cos1

7. 3tanx=4tany=3sinxcosy=4cosxsiny
=3/4=4cosxsiny = cosxsiny=3/16

Therefore,

sin (x + y) =sin x cos y + cos x sin —l+i l
’ Y ’ 4 16 16

8. Maximum value of 4sin2x + 3c052x that is, sin?x + 3 is 4 and

AR

Hence, the given function has the maximum value 4+2.

that ofsm + cos \/— both attained at x = 7772.

9. According to the given condition, sin + sin = —a and
cosa+ cosff=—c.So

.o+ o— a+ o—
2sin ﬂcos ’B:—aand2cos ﬂcos ’B:—
2 2 2 2
+
:>tana ’B a
2 [«
Now,
2tana+ﬂ 5
sin(a+ f) = PR
o+ F2+2
1+tanzT a +c

10. sing, sinf, cosarare in GP. Therefore,
sin?8=sinarcosar=> cos2f=1-sin23>0
Now, the discriminant of the given equation is
4cot?S— 4 =4 cos2B-cosec?3> 0 = roots are always real

T 2z
11. S=cos®? = +cos®> == +--+cos?(n 1)
n n n

1 2 4
[Hcos +1+cos— +1+cos6—+ -+1+cos2(n—1)— ]
2 n n n n

1 & 2kz| 1 1
=—|n-1+) cos— |[==[n-1-1==(n-2
2[ k% n ] 2 2( )

12. sinAsinB= %XZsinAsinB

1

[cos(A—B)—cos(A+B)] = %[cos(A —B)—c0s90°]

- N

1
=—cos(A-B) < —
> ( )

1
= Maximum value of sinA sinB= —
13. sin2A+sin2B+sin?C=2=2cosAcosBcosC=0
= Either A=90° or B=90° or C=90°

14. Maximum value of 2sinx + 4cosx = 2\/5
Hence, the maximum value of 2sinx + 4cosx + 3 is 24/5+3

_ cosa—cos f
15. tan2 & _1=c0s6 _ 1-cosa cos
T2 1vcosd g, cosa—cosf

1-cosc cos
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_1—cosacos f—cosa +cos B
1-cos cos f+cosa —cos B

_ (1—cosa)+cos B(1-cosar)
 (1+cosa)—cos f(1+cosar)

(1-cose)(1+ cos )
(1+cosa)(1-cos f3)

—tan2 L o2 2 ’B
Therefore, tan 4 =+tan Ll cot é
2tané
1-sin20 2 - 2
16. sec20— tan20 = —>0 o_ 1+ta2n o _! tanzﬁ)
cos26 1-tan“ @ 1-tan“ @
1+tan’@
1-tané
= =tan| Z-0
1+ tané 4

17. Discriminant of the given equation = (cos p)? —

sinp=cos2p+4(1—cosp)sinp>0,ifpe (0, 7)

4(cosp — 1)

[ cos?p>0,0<1—cosp<2andsinp>0forallpe (0, 7)]

18. sin£+cos£= 2sin £+£ liesin [—JE,JE].
2" 2" 4 2"

Therefore, ge[—ﬁ,ﬁ]: %s\/izh/ﬁszx/f =n<8

Note that n =1 does not satisfy the given equation and for
n>1
V4 T
= sin| —+— |>sin—
(4 2" ) 4

.
4
)>1:>—>1:>n>4

Hence, 4 <n<8.

X y B z
058 cos(9+2§) cos(ﬁ—z?”)

=Sx+y+z=41 [cos¢9+cos(¢9+2;[)+cos(9—2;[):|

19. Given

=1 (say)

=1 {cos¢9+2c056 cosz?”}= 0

20. tan(A+B)=tan(180°-C)
tanA+tanB — _tanC
1-tanAtanB

= tanA + tanB + tanC = tanA tanB tanC

- tanA+tanB+tanC > 3ftanAtanBtanC

3
= tanA tanB tanC >33/tanAtanBtanC

= tanA tan®B tan’C > 27

[-AM.2GM]

[cubing both sides]

21.

22.

23.

24.

= tanA tanB tanC > 3+/3
= tanA + tanB+tanC>3/3
From the second equation, we have
sin2B = %sinZA
and from the first equality
3sin® A=1-2 sin’B =cos2B

Now cos (A + 2B) = cosA-cos2B - sinA-sin2B

3
=3 cosA-sinA - E-SinA-sinZA

=3cosA-sin?A - 3sinA-cosA=0
S A+28=" o 3%
2 2

GiventhatO<A<%and0<B<§ :>0<A+28<7r+%

Hence, A+ 2B= %

a cos? @+ 3a cos Bsin? f=x

asin® 6+ 3a cos? Gsin =y

x+y=alsin36+ cos3 0+ 3 sinfcosB(sinf+ cosh)]
=a(sin6+ cosh)?

x+v)3
(—y) =sin @+ cos 6
a

x-y=alcos? 8- sin®f+ 3 cosPsin?6- 3 cos? Hsin 6]
=dl[cosf- sind]?

x—v)”3
(—y) =cos O-sin @

a
23, 42/3
(sin 8+ cos 6)% + (cos - sin G)? = bety) Z/gx 2
(x+ Yy +(x—y)?3

2 (sin? 6+ cos? 6) = 27

(X +9)23 + (x - )23 = 2023

Leta=sin48. Then
Vita

and V1-a =cos 20 -sin 20 (1 + J1+a) tan a=(1 +J1-a)

= (14+cos26+sin26) tan a=1+cos 260-sin 26

=c0s 260+sin26

2cosé(cosd +sinf)

= - =cot o
2cosf(cos@ —sind)
cos@ +siné 1+ tané
——=cota = to
cosd —sind —tan

= tan (£+6) :tan(ﬁ—a) = 0= (E—a)
4 2 4
Soa=sin4@=sin(r-4a)=sind4a

-1

2
a g
cos2 f= = tan? = =tan?3 «

Now,
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50 sin®(6/2) _ sina sinnx = "C(cos? x)* sinx — "C;(cos? x)*7sin x4+
tan E:tan 0= ————=
cos™(0/2) cosa =1C, (1-sin? x)* sinx =" C5(1—sin? x)* " -sin> x +
.3 3 L2 NA-2 5
6/2 a/2 "c.(1- .
Let 5|n.( / ):cos @/ ):k.Then C5(1—sin” x) sin® x +
sine cose ="C,sinx —("Cy- ACy+ "C3)sin® x +-+-
o
sin35=k5ina 1 =a,=0,aq,=n
0 tan>% _tan -
cos’ % —kcos 2 27. We have tan(z_l):%
12 14 tan2 tan &
Now, 12 1
k23 sin?3 g+ k23 cos?® o =1 Y2 7
: tan——tana
= sin?3 a+cos?? a=—~ = tan== -

k%3 1+tan5—”-tan—
12 12

Squaring and adding Egs. (1) and (2), we get
= tans—”—tanl—ﬁtans—”~tan£:\/§
12 2 12

o 0
k2(sin2 or+ cos? @) = sin® 5 + cos® 5 12 1
28 275052)( .81sin2x — 335052x+4sin2x
3
= (SmZ g_,. cos? QJ —3sin? Qco52 g(sinz [ +cos2 Q) Maximum value of 3cos2x +4sin2x =+/3% +4% =5
Therefore, maximum value of 2792 .g1¥in2x = 3°

:>k2=1—isin2 0:1—§+§c0529 29. Given cos 8+sin 8=a
4

= 1+sin20 = a* [squaring both sides]
2

=% -9 = sin20=a’—1
4 2

= cos?20= 1—((12 —1)2

Therefore,
2273 = b2 =d’Q2-d%)
sin?3 g+ cos?/3 az(f) tanA Kk
a 30. Given ==
5 T tanB 1
25, Zcos(Zr—1)— sinA cosB k
= 11 = 058 _K
r cosA sinB 1
3 5 7 9 in(A-B) k-1 .
= 05 +cosZ 1 cos>Z +cos E + cos L = M:— [By Componendo and Dividendo]
1 sin(A+B) k+1
i k-1
:725!“”” 1)(cos£+cos3—”+coss—”+cos7—”+cosg—”) = sinx=——sind ["A-B=xand A+ B=6]
2sin(z/11) 11 11 11 11 11 k+1
2T A 2T 67 A 87 6r  31. Givensin a+sin f=-a,sin asin f=b
sin—+sin— —sin—+sin— —sin—+sin— —sin—
1 1 1 1 1 1 1 Cos o+ cos f=-¢, cos arcos f=d
+ p—
+sin10—”—5in8—”) So, 2sinZ Bcos@P
_ 11 11 2 2
o+ o-
2sin and 2cos ’B-cos ﬁ=—c
2 2
a+f a
10z 7 Therefore, tan——=—
22 sinf - '
M ( 1)_1 2«
T T2 ) _2a/c _ 2ac
2sin— 2sin— =sin(e+f)=———=
11 11 1+a*/c? a®+c?
26. sin nx=Im(e"X) =Im [(cosx + i sinx)"] 32. Givensin @, cos @ and tan @ are in GP. This means
="C,cos" 'x-sinx—"C3 cos" 3 sin*x+ "Cs cos" " x-sin°x +--- sin2 @
c0s?0=>—" = sin>@=cos> 9 = cosecd = cot> 9

Since nis odd, let n=2A4+ 1.Then
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Now,
cot® 9 —cot? @ = cosec?0 —cot? 6 =1
33, Given X =20 _3
Ccos X 2

cos(x—2y)—cosx 1

=— [By Componendo and Dividendo]

cos(x —2y)+cosx 5
2sin(x — v)-si

- sin(x—y)-siny :1
2cos(x—y)-cosy 5

1
:>tan(x—y)-tany=§

34. Given A+B=§ N Bzg_/\

Letk=tanAtan B

=tanA-tan(§—A)

nA \/g—tanA

=tanA-
1+\/§tanA

=tan? A++3(k—1)tanA+k=0
Since tan A is real,
3(k—=1?-4k>0
= 3k-1)(k-3)=>0
=k S% ork>3,
but k cannot be greater than 3, since A+B=7/3.
Therefore, maximum value of tan A tan Bis 1/3.

35. GivencosB+cosC=2—-2cosA

B+C B-C A
= 2c0s -COS :4sin25
B-C . A
= Cos =2sin—
2
. B+C B— .
= sin -COS =sinA

=sinB+sinC=2sinA
= sin B, sin A, sin Care in AP
= B, A, Carein AP

2 4
36. We have cos? %+ cos? ?ﬂ +cos? ?ﬂ

1 2z 4r 8r
=—|1+cos—+1+cos—+1+cos—
2 9 9 9

1 T T T
=—|3+2cos—-cos—+cos| 7 ——
2 3 9 9

1 T V4
=—|3+cos——cos—
2 9 9

. 2sin
T+cosa +sina

.o o
4sin—-cos—
= a 2 0:2 azy
2cos® = +2sin = cos—
2 2 2

.
2sin—

Now,
.2 24 (4
1—cosa+sina’_2$m 2+25|n2 cos2

1+sina o Lo 2
cos—+SIin—
2 2

Zsin%
- o .a:y
cos—+sin—

2 2

38. Givendna=r

Now, cota-cot2a-cot3e---cot(2n—3)a-cot(2n—2)o - cot

2n-Ne

= cota-cotZa~cot3a~-~cot(§—Sa)-cot(g—Za)-cot(g—a)

=cota-cot2a-cot3a---tan3e-tan2«x -tana =1

39. Given sin ar+sin S=a. Now

+B _a-F

ZsinL-cos =a
2 2
and cos - cos f=b
So we have
—Zsinw-sina_ﬂzb
2 2
Therefore, tana_ﬂz—é
2 a
40. Giventan #+tan260=tan 36
= tan¢9+tan26?:M
1-tané-tan26
1
= (tan@+tan20)| 1-——  |=0
1-tan@tan26

= tan #+tan 260=0ortan Atan 26=0
=a+b=0[.ab#0]

41. We know that sin x is an increasing function in |:O, %]
Now,
sin2=sin (r—2)=sin 1.14
sin 3=sin (7—3)=sin0.14

sin(\/ﬁ—Z)z sin1.16



42.

43.

44.

45.

46.

47.

48.
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Therefore, among sin 1, sin 2, sin 3 and sin(\/ﬁ—Z),
sin(x10-2) is greatest.

Given sinx+sin’x=1.50

sinx = cos® x
= sin® x=cos* x
Now,

cos2 X+ cos4 X+ cot4 X — cot2 X

= cos? x +sin? x + cosec’x —cot® x =2
We have
sin 20° sin 40° sin 80° sin 60°

= ?[sinzoo -sin(60° —20°)-sin(60° + 20°)]

= ?[sin 20°-(sin? 60° — sin’ 20°)]

x/g[3sin20°—4sin320°}

2 4

3

=22 5in60° = —
8

Given x, y,zare in AP = 2y =x+z. Now

2cosx+z sinx_Z
sinx —sinz 2 2
- X+z X—z =coty
COSZ—COSX 5 . .sin )

Given [sin x + cos x| = |sin x| + |cos x|

Then sin x and cos x both will be positive or negative.

Hence, x belongs to | quadrant or lll quadrant.

We have
_1-4sin10°-sin70° _ 1-2(sin30° —sin10°)
2sin10° 2sin10°
_1-1+2sin10° _
2sin10°
We have
\/1—sina +\/1+sin0¢ _I=sina+1+sine
1+sine V1-sina J1-sina
2 2 T
= =-— v —<a<r
|cosx| cosa 2
Given cot xcot = 2.S0

cosa-cosf_2
sing-sinf 1
cos(a+/3) 1

cos(e—p) 3

49. Given cos(x —y), cos x and cos (x + y) are in HP. So

2 1 + 1
cosx cos(x y) cos(x+y)

2 2Cosx-cosy

CosX  cos? x —sin? y
2 S22
= €0s” X —sin“ y =cos” x-cosy

= c052x‘Zsin2X=4sin2X-c052X
2 2 2

= COSX- sec —+\/—

Vm—n

50. Given tanéd=

\/—+\/—

2
m—+/n
1—tan29 (\/;+ n)

1+tan249 . Jm = nz
JE+ n

c0s260 =

2(m+n)
= (m+n)cos26 =2mn

51. Given cos® x+cos* x =1
= cos* x =sin® x = cot* x = cosec®x
Now, tan* x + cot* x + tan? x — cot® x
= tan? x(1+ tan® x)+ cosec’x — cot?® x
=tan® x-sec? x +1

22
_ sin” x +1=2

cos* x
52. Given cos 25°+sin 25° =k
= C0s (45° — 20°) +sin (45° — 20°) =k

=

2 V2 V2 V2

! c0520°+isin20°+ic0520°—isin20O =

= €0520°=—F+=
53. We have
tan(6 - ¢) = tand —tang =(n—1)ta;\¢
1+tan@-tang 1+ntan® ¢
2 2
=tan’(6-¢)= (=1 = (=1

(cotg+n tan(/ﬁ)2

(cotqﬁ—ntan(/ﬁ)2 +4n
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(n—1?
4n
Therefore, maximum value of tan?(6 — @) is

= tan2(6—¢)s

(n-17°
4n
54. We have

165sinx-cos x +12cos? x —6 = 8sin 2x + 6c0s 2x

Now,

—\/82+62 <8sin2x+6c0s2x < 8% +62

= -10<8sin2x+6c0s2x <10
Hence,a=-10,b=10.

55. We have

(5” )

cot| —a

_ cota 4
1+cota 1+cot(57”—a)

cota +1
_ _Cota  cotr—1
1+ cota 1+C0t0(+1
cota -1

cotr cot+1 1

- T+cotar 2cota 2

2cos -1
56. Given cosaziﬂ. So
2—cosf
1—tan2'B
-1
1—tan2% 1+tan2’B
1+tanzg 1—tan? é
2 - 2
1+tan?Z

1-tan’(a/2) _1-3tan’(3/2)
1+tan2(a/2) 1+3tan?(4/2)

zﬂ

= tan’Z==3tan
2

= tan%-coté: ﬁ

57. Given equation is
4sinx+3cosx=y?—6y+14
Now, -5<4sinx+3cosx<5.
Hence, —SSy2—6y+1435. Now
y2—6y+14<5
=y’ -6y+9<0=(y-3/°<0

[By Componendo and Dividendo]

58.

59.

Hence, y=3.
Again, if

y2—6y+14>-5= y> —6y+19>0

which is always true. Thus for y = 3, there exists one value of x

for which equation is satisfied.

sing siny cos?a sin(B- )
1 14+ cos2a | .
=5[cos(ﬂ—7/)—cos(ﬁ'+7)]|:f]sm(,5—7)

=%[sin(ﬁ—}/)cos(ﬂ—y)—cos(ﬁ+}/)sin(ﬂ—y)

+ cos2asin(f— y) cos(f— y) — cos2acos(f+ y) sin(f— »)1(1)

=Y cos(B+y)sin(B-y) = %Z(sinZﬁ—sinZy)

=%(sin2/7’—sin2;/+sin27—sin2a+sin20{—sin2ﬂ) =
> cos2asin(B-y)cos(f-y)
:%ZCOSZa(sinZﬂCOSZQ/—cosZ,BsinZy)

1
= E[cosZasinZﬂcosZ;f—cosZacosZ,b’sinZ;/

+c0s23sin2y cos2¢ —cos2 fcos2y sin2¢

+cos2y sin20r cos2 f —cos2y cos2e sin2 f1=0
D cos2acos(B+y)sin(B-7)
:%ZCOSZa(sinzﬂ—sinZy)
:%(sinZﬂcosZa—sin27c052a+sin27c052ﬂ
—sin2a cos2+sin2¢ cos2y —sin2 fcos2y)
:;[sin(Zﬂ—ZyHsin(2}/—2a)+sin(2a—2ﬁ)]
Hence, substituting these values in Eq. (1), we get
Y sinBsinycos’a sin(B-y) = %ZSin(Zﬂ—ZJ/)
=%[sin(2ﬂ—27/)+sin(27—2a)+sin(2a—2ﬂ)]

= %[Zsin(ﬂ—7)cos(ﬂ—7/)+25in(}/—ﬂ)cos(7/+ﬁ’—2a)]

:%sin(,b’—7)[cos(ﬁ’—7)—cos(,b’+;/—2a)]

[ sin(y— B) =—sin(B— )]

= %sin(ﬁ—y)Zsin(ﬂ—a)sin(y -)

==sin(f— y) sin(y— &) sinla— F)
cos(a+ f+a - f)cosla + B —(a — B)]
cos?(a + B)

sinZg =
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_lcos’ (@ + ) =sin’ (@ — )] 1 sin(a - ) _ 200 —21) -0
cos(a + f3) cos?(a + B) (p-1
=p<0orp>1 (M
Hence, _ _
» Also p+1=V2(p=1) _g
o2 g SN @) J2p-1)
cos(a+ )
_ (p=0p2-1-(2+1 _
Therefore, 2(p-1?
1—tan2(¢/2) sin(a — )
- =+ 2+1
1+tan’(g/2)  cos(a+f) =p<lorpz(2+1° { g: _(\/§+1)2} @)
Taking the positive sign, we get o
B ) Combining Egs. (1) and (2), we get
1-tan(¢/2) _ sin(a — f) ,
1+tan2(¢/2) cos(a + f3) p<0orp> N2+1)
cos(a + ) —sin(a — ) Zl’47z 6

tan’(¢/2)=
an*(e/2) cos(a — fB)+sin(a — )

_ sin(z/2+ o+ fB)—sin(a — )
sin(z/2+ o+ B)+sin(a — )

_2cos(zw/4+a)sin(x/4+ ) tan(z/4+ f)

B 2sin(z/4+a)cos(w/4+ f3) " tan(z/4+a)
By taking the negative sign the other value may be obtained.

60. Let T denote the rth term. Hence
T,=tanrxtan (r+1)x
tan(r+1)x —tanrx

tan[(r+N)x-rx]=———
1+ tan(r +1)x tanrx

= tanx+tanx tan(r+ 1)x tanrx=tan(r+ 1)x—tanrx
= tan(r+ 1)x tanrx=cotx [tan(r+ 1)x—tanrx] — 1

Puttingr=1, 2, 3, ..., nand adding, we get

S,=cotx[tan(n+1)x—tanx]—n
=cotxtan(n+1)x—1-n
=cotxtan(n+1)x—(1+n)

61. A+B+C=7r:B+C:37”=>O<B,C<3T”

tanBtanC=p
sinBsinC _ p

cosBcosC 1

cosBcosC—sinBsinC _ 1-p

cosBcosC +sinBsinC 1+p

cos(B+C) 1-p

= =
cos(B—C) 1+p
1+p

o _tp
V2(p-1)

=cos(B-C)

3
Since Band C can vary from 0 to Tﬂ ,

1 p+1

- ——F— <1
\/§< x/z(p—1)

+1
—o0<1+PT

p—1

62. AA,, AAs, AA, subtend angles

T .
—,—, respectively, at
the centre of polygon. Hence n

AA, :2rsin£;
n
AAs=2r sin(z—”);
n
3z
AA, =2rsin| —
(where ris the circumradius of polygon).

By problem,

1 1 1
= +
2rsin(z/n)  2rsin(2z/n)  2rsin(3z/n)

Hence,

(2o )

()

= sin4—” = sin(s—”)and n>3
n n

4 3
Therefore, l+—”:ﬂ =n=7
n n

63. Given mtan(@—30°)=ntan(d —120°)=ntan(90°+30°+4)
=-ncot(30°+8)

m _ cot(30°+6)

n_ tan(@ —30°)
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cot(30°+8)+tan(d —30°)
 —cot(30°+8)—tan(6 —30°)
(Componendo and Dividendo)
_ —cos(@+30°)cos(d —30°) +sin(@ —30°)sin(& + 30°)

—[cos(@ +30°)cos(@ —30°)+sin(@ +30°)sin(@ —30°)]

m+n_

m-—n

- 6+30°+6-30°
= COS( * * )=2c0529
—(1/2)

(m+n)
2(m—n)

Hence, c0s260 =

Practice Exercise 2

1. LHSis an even number and RHS is an odd number always.
Hence, number of solution is 0.
2. Lety=2sin2°+45sin4°+--- +1785sin178°
=y=178sin178°+176sin176° + --- +2sin2°
= 2y =180(sin2° +sin4° + --- +sin 178°)
SINBY” in(90°) =90 tan89°

sin1°

=y=90-

. V4
3. Suppose a=2cosx++/2sinx+/7 = 25|n(x+z)+\/7

247 <a<2+47

Zoaew )

1
> M=—=me| —oo,
o

4, X =sin? (1)
Qn+1) 7z 2

The graph of sin? (g) will be above the axis of x and will be

meeting itat 0, 27z, 47, 67, ..., etc. It will attain maximum val-
ues at odd multiples of 7 thatis, 7,37, ..., 2n+ 1)«

The last point after which graph of y = ﬁ will stop cut-
n+

)74
ting will be 2n+ 1)z

Total intersection=2(n+1).

5. The maximum value of cos?(cosé) is 1 and that of sin?(sin6)
is sin?1, both exist for 8 = 7/2. Hence, maximum value is
14 sin21.

6. [y+[yll=2cosx = [y] =cosx. So

y= %[sinx + [sinx + (sinx)] = (sinx)
= [sinx] = cosx

Number of solution in [0, 2] is 0.

Hence, the total solution is 0.

Therefore, both are periodic with period 27z
7. The equation has meaning if x>0, x# 1

Hence, domain=(0, 1) U (1, =)
logx +Ioi2
log2 logx

If x€(0, 1) then log,x <0 and log,x +log,2 =

= sum of a negative number <-2.

In this case any o will satisfy since 2cose can never be more
than 2.

Thus, the inequation is satisfied for any xin (0, 1) and for any ¢
If x € (1, %) then log,x>0. So

10.

I
logx _log2 _
log2 logx
The inequation cannot be satisfied unless
cosa=—1and x=2, thatis, log,x=1

Option (D) is wrong since in the last case there are infinite
solutions.

. We have

2 2

(sin® x — cos? x)(sin? x + cos? x) + sin® x cos? x

(sin2 X + cos? x)2 —sin’ x cos® x

1.2
—C052X+Zs'n 2X_1—4c052x—c0522x

2
1—%sin22x 3+cos” 2x

= (1 +y)cos? 2x +4cos2x+3y-1=0

Since, cos 2x is real,
16-4By-1)(1+y)=20=3y?+2y-5<0

or (3y+5)(y—1)£0:>—§£y£1

buty=1= cos2x=-1, thatis, x= % which is not permissible.

t2—t+1
Y a— Dt
t?+Q-d)t+1
= y-NE2+[2-dy+1t+y-1=0
D>0=y4-2-d)-26-dy+3<0
also 3y2-10y+3<0
4-(2-d? -26-d) 3
= == =d=1
3 -10 3
x2 —1| = [|sinx|+|cosx|]

; t=cot?d

IogH
Period of |sinx|+|cosx| is 2 andthe range of the function
|sinx|+|cosx| e [1,\/5] then the value [|sinx|+|cosx|] =1

log,, ,|x* —1| =1

According to the definition of log,
|x*=1#0= x#+1
[x=1#0,1=x-1£-1,0,1
=x#0,1,2
So, x#-1,0,1,2
By property of log,
|x2—1|:|x—1|
(G- 1] =1
[x+1=1(x-1=0)
x+1=-1,1
x=-2,0

Value of x is —2.
Number of solutions is 1.
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(1+ 1 )(H 1 ]
sin" @ cos" @

1 1 1

f@)=1+ + +
sin"@ cos"@ sin"@cos" @
n
i1‘(6’)——71c056?+ ] sind — 2n 12c052¢9:O
de sin"'o cos"'@ (sin29)™*

13.

14.

15.

16.

17.

will give 0:% f(6), i Will occur at 8 :%

. LetA=t thenB=7—t,C=27+t,D=37n—t

A+B=mB+C=3r,C+D=5rarein AP.

Putsinx=t
y=8-62+11t-6,-1<t<1
f-1)=-24,f(1)=0
12
4 2 1
— +822(.3 )z 16
sinx  cosx sinx cos x Jsin2x

But A.M.=G.M. and sin2x = 1 cannot occur simultaneously

4
Hence, —+

- >16
sinx cosx
2 4
also 37 = .6 >64
sinxcosx sin2x
Therefore,

4 8 32
(1+4cosecx)(1+85ecx):1+(,—+ )+,7
sinx cosx ) sinxcosx
>1+16+64 =81
[sin x] + [cos x] + 2 =0 is possible only when
[sinx]=-1and [cos x] =-1
or-1<sinx<0and-1 Scosx<0:xe(ﬂ,37).

Now f(x) =sinx—cos x+3 = \/fsin(x—% +3

Forxe(zr 3—”) sin(x—ﬁ)e(—i A
I 2 U 4 \/El \/E

=y=1flx) :\/Esin(x—%)+3, then f(x) € (2,4)

2
v -y+a= y—l +a—2

i 4
Since —+/2 < sin x + cos x < /2, given equation will have no

real value of x for any y if a—% >2

Let cosf@= E cos(9+2—”):£, cos(9+4—”):5
X 3 y 3 z

= l+l+l:0 as cosd + cos(9+2—”)+cos(9+4—”):0
X y z 3 3

18.

19.

20.

=Xxy+yz+zx=0

also, xyz=cosé cos(%— 0)c05(§+ 9) = % cos38

sin?z+ cosec?z> 2,2 + cot?y > 2,4 +sindx > 3
= sin%z=1, cot?y =0, sindx = -1

{iz 37[} {7[ 37r} {3 7z 157[}
=ze T, hye T, o hxe {2, =t
2 2 2 2 8 8 8 8

(A) X ttanx="

2 4

from graph, the equation has 3 solutions in [- 7, 7].
(B) sin'|x?—1|+cos'|2x? —5|:% =2 —1|=|2x*-5|

Sx=2=x=+2 (two solutions)

2
(C) x4—2xzsin%+1=0:>(x2—sin2%) +1—sin4%=0

=x=@2n+1),ne Iandxzzsinz%ﬂ

= x=111is the solution.
Let y =x2 +2x + 2 sec? zx + tan? zx
=y=(x+1)2+(2sec? zx— 1) +tan? zx >0 = no solution.

(D)

(A) y=tan*1%+tan’1b, (0<b<1)
:>y=tan_1(1/2+b), ( lb<1)
1-b/2 2
0< tanq(—HZb)gf :>0<(1+2b)£1
2-b 4 2-b

=0<(1+26)<(2-b),(1+2b>0)
1

1
:>3b$1:>b£§:>bmang

(B) sin*x+cos3x=>1 )
Since sin? x + cos2x=1and — 1 < sin x, cos x < 1, LHS of
Eq. (1) cannot be > 1. Therefore

sin x + cos3 x =+1
Equation (2) is possible if either,
sinx=1and cosx=0orsinx=0and cosx=1

()

:>x=(4n+1)%,x=(2n+ 1) %orx:n;r,x:anz

In(0,27), x= E,X=£,3l0rX:7l'
2 2 2
Therefore, number of solutions will be 3.
© C> 37”
0<A+B< z
4
tanA+tanB

<—<
1-tanAtanB
= tanA+tanB< 1 -tanAtanB

= (1+tanA)(1+tanB) <0
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Also tanA>0,tanB>0
(1+tanA)(1 +tanB) > 1

1< (1+tanA)(1 +tanB) <2

() WA-Bl<\ia-8l

Given expression < \/sin2 x+2a° —2a% +1+cos® x <+/2.

3tang—tan3g
21 tang=—3 32
1-3tan’—
3

g 0 0
:>tan3§—3/1tan2§ —3tan—+A4=0
3

= Ztan% tar;sz -3

22. Let f(x) = sin[cos(sin x)] — cos[sin(cos x)]. Then

f’(x) = cos[cos(sin x)] sin(sin x) (—cos x) — sin[sin(cos x)]

cos(cos x)sin x

:>f’(x)<0‘v’xe[0, %]

= f(x) is decreasing in [0, %]
and f(0)=sin1 - cos(sin 1) (1)
Now,

T
sin1 - cos(sin 1) = cos(;—l)—cos(sim)

sin1 >sin£>i
4”2

Hence,

T . . =2
——1<sinT=sin1>——
2 2

Therefore, sin 1> cos(sin 1). From Eq. (1)
f(0) =sin1 — cos(sin1) >0

f(%) =sin(cos1)—1<0

Therefore, there will be only one root lying between [0, %]
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Solved JEE 2017 Questions

JEE Main 2017 From the figure, we have

1. Let a vertical tower AB have its end a on the level ground. Let B=a-y
Cbe the mid-point of AB and P be a point on the ground such  parefore
that AP =2AB.If ZBPC= /3, thentan/ is equal to:

anf= tano—tany _(1/2)-(1/4) _2
1+ (tano)(tany) 1+(1/8) 9

(R) (B)

Hence, the correct answer is option (B).

Olh M=
Nl vlN

(9] (D)

(OFFLINE)

Solution: The given situation is depicted as shown in the
following figure:

B




Trigonometric Equation
and Inequation

3.1 Introduction

An equation involving one or more trigonometrical ratios of
unknown angle is called a trigonometric equation, for example,
cos?x—2sinx=-1.

It is to be noted that a trigonometrical identity is satisfied for
every value of the unknown angle whereas trigonometric equa-
tion is satisfied only for some values (finite or infinite) of unknown
angle.

For example, sec2x — tanx = 1 is a trigonometrical identity as it
is satisfied for every value of xe R.

3.2 Solution of a Trigonometric Equation

A value of the unknown angle which satisfies the given equation
is called a solution of the equation, for example, sinf = 1/2 =
0 =r/6.

Since all trigonometrical ratios are periodic in nature, generally a
trigonometrical equation has more than one solution or an infinite
number of solutions. There are basically three types of solutions:

1. Particular solution: A specific value of unknown angle satisfy-
ing the equation.

2. Principal solution: Smallest numerical value of the unknown
angle satisfying the equation (numerically smallest particular
solution).

3. General solution: Complete set of values of the unknown
angle satisfying the equation. It contains all particular solutions
as well as principal solutions.

When we have two numerically equal smallest unknown angles,
preference is given to the positive value in writing the principal
solution. For example,

2
secl=—
NE)
has
7z n 1z 237 237
-y —,——, etc.
6 6 6 6 6

as its particular solutions. Out of these, the numerically smallest
angles are /6 and —7/6 but the principal solution is taken as 8=
7/6.To write the general solution, we notice that the position on Por
P’ can be obtained by the rotation of OP or OP'around O through a
complete angle (27) by any number of times and in any direction
(clockwise or anticlockwise; see Fig. 3.1).

Therefore, the general solution is

9:2k7zi%, kez

Y
A
P
/6
O\ ) 76 >X
P
Figure 3.1

3.2.1 Method for Finding the Principal Value

Suppose we have to find the principal value of @ satisfying the
equation sind =-1/2.Since sin @ is negative, 6 will be in the third
or the fourth quadrant. We can approach the third or the fourth
quadrant from two directions. If we take the anticlockwise direc-
tion, the numerical value of the angle will be greater than 7. If we
approach it in the clockwise direction, the angle will be numeri-
cally less than 7. For the principal value, we have to take numeri-
cally smallest angle. So, for the principal value:

1. If the angle is in the first or the second quadrant, we must
select the anticlockwise direction and if the angle is in the third
or the fourth quadrant, we must select the clockwise direction

(Fig. 3.2).
/_Y\

X
N S

Figure 3.2

2. Principal value is never numerically greater than 7z

3. Principal value always lies in the first circle (that is, in the first
rotation).
From the above criteria, & will be —7/6 or —57/6; between these
two, —7/6 has the least numerical value. Hence, — /6 is the princi-
pal value of 8 satisfying the equation sind=—1/2.
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3.2.2 Steps to Find Out the Principal Solution

Step 1: First draw a trigonometrical circle and mark the quadrant
in which the angle may lie.

Step 2: Select the anticlockwise direction for the first and second
quadrants and select the clockwise direction for the third
and fourth quadrants.

Step 3: Find the angle in the first rotation.

Step 4: Select the numerically least angle. The angle thus found
will be the principal value.

Step 5: In case two angles, one with positive sign and the other
with negative sign, qualify for the numerically least angle,
then it is the convention to select the angle with the posi-
tive sign as the principal value.

3.3 General Solution of the Standard
Trigonometric Equation

1. General solution of the equation sin 8=sina:
sind =sin can be written as

sin@—sinak=0

o3
()

:>25in(9

(ApplysinC—sinD:Zcos(CJr

2
:sin(e_a):o or cos(0+a):0
2 2
-
=——=mx or
2
0+

—:(2m+1)ﬁ; mel
2 2
Hence,

O=2mr+a or O=2m+Nr—a; mel
Hence,
O=nz+(-0"e, nel

The same general solution works for the equation cosec @ =
cosec o
2. General solution of the equation cosf=cosa:
cos &= cosa can be written as
cos@—-cosa=0

a)-sin(a_a): 0
2
(Apply cosC—cosD = —Zsin(C;D)sin(C_D))

2
:>sin(6+a):0 or sin(a_a):o
0+o 0-a

=nm or =nxr; nel

= —2:;in(‘9+

=@=2nr-«a or @=2nr+a; nel

Hence,
0=2nrxea, nel

The same general
secd=seca.

solution works for the equation

3. General solution of the equation tan #=tan o:
tan @ =tan « can be written as
sind _ sina
cos@ cosa

= sinfdcosa —cos@sina=0
=sin(@-a)=0=>60-a=nx; nel

Hence,
O=nr+a;nel

The same general
cotd =coto.

solution works for the equation

4. General solution of the equation tan? =tan?a:
tan? @=tan’ & can be written as
tan? 6—tan’ =0
= (tand—-tano)(tanf+tana)=0
=tanfd—-tana=0 or tand+tana=0
=tanf=tanc or tan@=tan(-a)
=6@=nr+o or @=nr—a, nel

Hence,
O=nrta, nel

The same general solution works for the equation sin @ =sin’«

and cos® @ =cos’ a.

3.3.1 GeneralSolution of Some Particular Equation

1.sin8=0=60=nx
2.cos 0=0=60=02n+1) %
3.tan #=0=>60=nx
4, sin @=sina=0=nxz+(-1)"er, where ae [-7/2, 7/2]
5.cos f=cos a=0=2nrtq, where e [0, 7]
6. tan d=tan a=0=nrx+«, where ace (—7x/2, 7/2)
7. sin2 @=sin? ¢, cos? @ =cos? ¢, tan?@=tan2 c=6O=nr+ o
8.sin9=1=0=@n+1)2~
9.cos 0=1=6=2nx

10.cos 0=-1=60=02n+ 17

11.sin #=sin ¢ and cos @ =cos =0 =2nr+

Note:

1. Everywhere in this chapter n is taken as an integer, if not stated
otherwise.

2. The general solution should be given unless the solution is
required in a specified interval.

3. «ais taken as the principal value of the angle. The numerically
least angle is called the principal value.
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W Find the general solution:
3

1. sinH:T 2. tan3x =1

3. sin36=sind 4. 2sin>@—3sin6-2=0
5. tan¢9+tan2¢9+x/§tan6tan29=\/§

6. tan’O+sec20=1
1-cos26 3
1+ cos26

4
7. sec?0=—
3

Solution:

1. sinﬂzg:'sinﬁzsingéH:niz+(—1)"§.

n
2. tan3x:tan7r/4:>3x:n7r+7r/4:>x:?ﬂ+%.

3. sin3@=sind=30=mz+(-1"6

For m even, that is, m=2n, we have

For m odd, thatis, m=(2n+1), we have
6=@2n+1Z%
4
4, 2sin’@-3sin6-2=0

= 2sin* @ —4sin@+sind—-2=0
= 2sind (sind —2)+(sind—-2)=0
= (2sin@+1)(sin6-2)=0

= sin@=+2 (which is impossible)

Therefore,

1
sind=——=sind= sin(—z) =0= n7[—(—1)”E
2 6 6

5. tan 9+tan29+\/§tan¢9tan29: \/§

= tanf +tan26 = \/§(1—tan6tan2¢9)

:7tam9+tan26 = \/§=>tan3¢9:tan z
1-tan@tan26 3

:>39:n7r+£:>9=n—”+£:(3n+1)£
3 3 9 9
1+tan’ @
6. tan’O+sec20=1=tan’ O+ —— =1
1-tan“ @

= tan’ f—tan* O+ 1+tan’ H=1-tan’ @
=tan*@-3tan’6=0
= tan? 9(tan20—3):0
=tan’@=0 and tan’@=3
From this, we have

tan? @=tan’0

and tan29:tan2§:>0:m7z
So, -
O=nr+—
3
2
4 3 3
7. sec’f=—=cos’9=>= £ :>coszt9:coszz
3 4 2 6
Therefore,
¢9=nﬂ'i£
6
8. 1-cos20 _,_ 2sin’0 _,
1+ cos268 2cos2 8
:>tan2¢9=3=(\/§)2:>tan29=tan2§
Therefore,
t9:n7rirZ
3

m Find the number of solutions of equation in the

given interval:

1. 3sin’x—7sinx+2=0in [0, 57]
2. tanx+secx=2cosx in[0,2x]

Solution:
1. We have
3sin? x—7sinx+2=0
= 3sin® x—6sinx—sinx+2=0
= (3sinx—=1)(sinx—-2)=0
But sinx#2. So sinx=1/3. Hence, from 0 to 27z we have 2
solutions (one in the first quadrant and the other in the
second quadrant); from 2z to 47 we have 2 solutions and

47 to 57 we have 2 solutions. So, the total number of
solutions = 6.

2. We have
sinx 1 . >
+ =2cosx = sinx+1=2cos” x
COSX COSX

= 2sin’ x+sinx—1=0=[2sinx —Tl[sinx +1=0

So,

. . 1 3z
sinx=-1or sinx=—=x=—
2 2

Therefore, we have
T 5w
X=—,—
6 6
But 37/2 does not satisfy the equation, so the total number of
solutions = 2.
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4 4

1. Find the general value of &in the equation 23 cos 6= tané.

Your Turn 1

Ans. 0=nz+(-1)" g

2. Find the general value of @ in the equation cos28=sina.

Ans. 0=nr+ (E _E)
4 2

cos(A+B) -—sin(A+B) cos2B
3. If| sinA cosA sinB |=0, then find the value
—CosA sinA cosB
of B.

Ans. B=(2n+1)§

4. Find the general value of @ in the equation cos 8+ cos 260+
cos 36=0.

Ans. 6= Zmﬁiz?ﬂ

5. Find the general value of @ in the equation sin 68+ sin 40
+sin26=0.

Ans. 6= nﬂig

3.4 System of Equations

1. One equation with one unknown angle:
(a) Equation of the form acos@ +bsiné =c:
In acos@+bsind=c, put

a=rcosaand b=rsina

where r=+/a? +b% and |c|<Va® +b?.

Then,
r(cos rcos @+ sinasind)=c

zcos(ﬁ—a):ézcosﬂ
Va? +b?
Sf0-oa=2nrtf=0=2nrtf+a

where tana = b/a is the general solution.

Alternatively, putting a=rsina and b=rcos¢,

where r=+a?+b%, we get

sin(¢9+a):¥:sin}/ (say)
Va? +b?
=0+a=nz+(-1)"y=20=nr+-1)"y-a

where tan & = b/a is the general solution.

m Find the number of the integral values of

k for which the equation 7cosx+5sinx=2k+1 has a
solution.

Solution: We have

72 +52 <(7cosx+5sinx) V7% +5°

So, for solution

V74 <(2k+1)<74 or -8.6<2k+1<8.6

=-9.6<2k<7.6
=-48<k<3.8

So, theintegral values of kare —4,-3,-2,-1,0, 1,2, 3 (eight values).

[T (Y] Je W Find the solution of equation V3 cosf+sinf=12.

Solution:

\/gc050+sin9:\/§
3 1 1

= —cosf+—sinf=—
2 2

V2

4 /2 1
= sin—cos@ +cos—sinfd =—
3 3 V2

. V.4 .
=sin| +— |=sin—
( 3) 4

—=@=nr+-"Z-Z
4 3
(b) Equation of the form

1 2

ag sin” x +a;sin" ' x cos x +a, sin" "% x cos® x +---+a,cos"x =0

Here, ay, ay, -+, a, are real numbers and the sum of the expo-
nents in sinx and cos x in each term is equal to n. These num-
bers are said to be homogeneous with respect to sin x and
cos x. For cosx #0, the above equation can be written as
agtan” x+a,tan” x +---+a, = 0.

m Find the solution of equation 5 sinZx — 7 sin x

cosx+ 16 cos2x =4.

Solution: To solve this kind of equation, we use the fundamental
formula:

2

Trigonometrical identity, sin x+cos? x =1.

Writing the equation in the form
5sin® x —7sinx cos x + 16 cos® x :4(sin2 X +cos? X)
and simplifying, we get
sin x —7sinxcos x +12cos x = 0
Dividing by cos? x on both sides, we get
tan? x—7tanx+12=0

Now it can be factorized as

(tanx—-3)(tanx—4)=0=tanx=3or 4

tanx = tan(tan™'3) or tanx = tan(tan™' 4)

=x=nr+tan '3orx=nz+tan ' 4
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(c) Equation of the form R(sin kx, cos nx,tanmx, cotix) =0:
Here, R is a rational function of the indicated arguments and
k, I, m, n are the natural numbers, which can be reduced to a
rational equation with respect to the arguments sin x, cos x,
tan x and cot x by means of the formulas for trigonomet-
ric functions of the sum of angles (in particular, the formu-
las for double and triple angles) and then reduce equation
of the given form to a rational equation with respect to the
unknown t =tan (x/2) by means of the following formulas:

2tan£
sinx=—2_,
1+tan? X
2
1—tan2£
cosXx = -2 ,
1+tan? X
2
2tan£
tanx = 72,
1—tan2£
1—tan2{
cotx = x2
2tan—
2

[T {1, Rl Find the general solution of the equation

1
(cos x —sinx) (2tanx+—)+2:0.
cos X

Solution: Using the formulas above the given equation can be
rewritten as,

1—tan2§ 2tan§ 4tan1 1+tan21

+2=0

1+tan2£ 1+tan2£ 1—tan2£ 1-tan? >
2 2 2 2

Let t=tan§.Then
-2 2t 4t 1+t?
7~ 5 >+ 3 +2=0
T+t T+t -t 1-t

3t* + 63 +8t2-2t-3
= 5 5 =0
> +1)(1-t2)

1 1
Its roots are t;=—=and t, =——.
3 NE]

Thus, the solution of the equation reduces to that of two elemen-
tary equations
1

'
tan—=—, tan
2 3

A
NE)

N | %

The solution is

i:n;ri£:>x:2nxiz
2 6 3

(d) Equation of the form R(sin x+ cos x,sinx-cos x)=0:
Here, R is a rational function of the arguments in brackets.
Put
sinx+cosx =t (M
and use the following identity:

(sinx+cosx)2 =sin® x +cos? x +2sinx cos x = 1+ 2sin x cos x

using Eqg. (1) we thus have

2 -1

)

sinxcosx =

Taking Egs. (1) and (2) into account, we can reduce the given
equation to
2 —
R[t, f 1]: 0
2

Similarly, by the substitution (sinx —cos x)=t, we can reduce
the equation of the form

R(sin x—cos x, sinxcosx)=0

to an equation of the form

1—¢2
R| t, ! =0
2
[ITIELT WA Find the general solution of the equation

. 29
sin'® x+cos'® x = Ecos4 2x.

Solution: Using half-angle formulas, we can represent the given
equation in the form

1-cos2x ) (1+cos2x) 29 4
+ =—C0S" 2Xx
2 2 16

Put cos2x =t. We get

-t (1+t) 29 4,
— | 4= ==t
2 2 16

=24t* —10t> -1=0

whose only real root is t2 =1/2. Therefore,

1
cos?2x = E:>1+cos4x =1

=cos4x=0=4x= (2n+1)%

nr @
=S>x=—+—nel
4 8

2. Two equations with one unknown angle: Two equations are
given and we have to find the values of variable &which may
satisfy the given equations.

(@) cos@=cosaand sinfd=sina

So the common solution is 8=2nz+ .
(b) sind=sina and tand=tana

So the common solution is 8=2nz+ c.
() cos@=cosaand tanfd=tana

So the common solution is 8=2nz+ .



116 Mathematics Problem Book for JEE

T R Xl Find the most general value of @ satisfying the
equation tand=-1 and cosf=—.
i 2

Solution:
tand=-1= tan(Zn—%)

and

cosf=

i = cos(Zzz—z)
N 4

Hence, the general value is

9:2nﬂ+(27r—£)=2nﬂ+7—”
4 4

3. Two equations with two unknown angles: Let f(8,9)=0,
g(8,0)=0 be the system of two equations in two unknowns.

Step (i): Eliminate any one variable, say ¢. Let &=« be one
solution.

Step (ii): Then consider the system f(«,¢)=0, g(e,¢)=0 and
use the method of two equations in one variable.

[T KW Solve the system of equations secf= x/fsec¢,
tan@= \/gtang/ﬁ.

Solution: Usually, students proceed with such type of problems
in the following way:

Squaring and subtracting the two equations, we get

sec’ @ —tan? @ =2sec’ p—3tan’ ¢

V4
:>2tan2¢+2—3tan2¢:1ortan2¢:1or¢:n7rirz (M

Also, we have

sec’d  tan’@

sec2¢—tan2¢: 3

which gives

6=3sec’ —2tan’ 6

=tan’0=3

V4
and so @= mﬂig.
Thus, the solution of this system is

9=m7ri§and ¢=nﬂi%,m,nel (2)

(from the solution) give

4
sec(z)z \/Esec(—g): 2=2
3 4

tan(g) = ﬁtan(—%)

gives \/—z—\/g. Thus, the solution given in (2) consists of many
extraneous (absurd) solutions. The simple reason for this is

Now see the fallacies: 6:% and g=—

But

quite obvious. Equation (2) consists of solutions of the follow-
ing four systems:

secH:\/Esec¢, tan9:\/§tan¢) (3)
secé?:\/fsew), tan6:—\/§tan¢ (4)
sec@z—ﬁsec;/), tan¢9=\/§tan¢ (5)
and sec=—/2secy, tand=—3tang (6)

While we have to find the values which satisfy Eq. (3), we have
to verify the solutions and should retain only the valid ones.
Alternative method: A better method for such type of equations
is the following:

The given system is

secO=~/2secs (7)
tanf=~/3tang (8)

Solving Egs. (7)% - (8)2 gives

tan2¢:1
Therefore,
g7 3 57T
4" 4" 4" 4

Case 1: ¢ =r/4. The system reduces to secf=2, tan#=+3 so
O=—.

Therefore,

V4 V4
O=2nwr+—, ¢=2mr+— 9)
3 ¢ 4

Case 2: ¢=37/4.Then we have secd=-2, tanf=—+/3, so

Thus, the general solution is

9=2n7r+2?”, ¢=2m7r+% (10)

Case 3: ¢= % (or can be taken as —%).Then, secd=-2,

4
tan@= /3. Therefore, 9:?”.Thus
0:2n7z+4?7[, ¢:2m7r+5—: or

(1m

6:2n7z—2—”, ¢:2mﬁ—3—”
3 4

7 V4
Case 4: ¢:Tﬂ (Or—z).Then, secf=2, tanf=—/3, s0 9:—%

Hence,

T T
0=2nr——, ¢=2mx —— 12
3 / 4 (2}
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Hence, the required solutions are given as
2 3
(0,0)= 2n7r+£,2m7[+z ; 2n7r+—”,2m7z+—” ;
3 4 3 4

2n7z—2—”,2mﬂ—3—” ; 2n7r—£,2m7z—z .
3 4 3 4

Your Turn 2

4

1. Find the solution of the equation J3sinx+cosx =4.

4

Ans. No solution

2. Find the general solution of the equation (3 -1sin6+(3+1)

cos@=2.

Ans. 6= 2nﬂi%+£

3. Find the solution of the equation sinx + cosx —2\/2sinxcos x
=0.

Ans. x =nz+(=1)" % —(E)

6 \4

4. Find the most general value of 8 which will satisfy both the

-1 1
equations sin@d=—and tand=—.
q 2 3

7
Ans. 2n7z+?”

sind

2
5. Find the value of #and ¢ for the equation () _tand _

Ctang

sing

Ans.¢:n7ri%

3.5 Key Points to be Remembered for
Solving the Trigonometric Equation

1. Check the validity of the equation before solving, if possible.

2. Squaring should be avoided as far as possible. If squaring is
done, check for extraneous roots.

3. Do not cancel terms containing ‘unknown’ on two sides of the
equation. It may cause root loss.

4. All solutions must come within the domain of the variable.

5. The problems of trigonometric equations can be solved either
by the factorization method or by using the form acos@ + bsiné.

6. Given a choice of converting equation of a given problem into
either the sine form or the cosine form, then one should prefer
the cosine form.

3.6 Trigonometric Inequation

The basic method to solve trigonometric inequations is to find the
angle that satisfies it, lying in the interval [0, 271 and then gener-
alize it to accommodate all possible solutions. The methods can
slightly change depending on the problem and the periods of trig-
onometric functions. Consider the following illustrations.

VI B R LV Find the values of @ satisfying sin@> 0.

Solution: sin@ is positive in quadrants 1 and 2. So 0 < 8 < . But
quadrants 1 and 2 can also be written as 27 < @ <37zor4r< 6 <
57. So, the general solution can be obtained by adding 2nx to the
first solution. That is,

2ne< @< 2n+ 1) nel

WSolve tan2x — (1++/3)tan x + /3 < 0.

Solution: The given inequality is

(tanx—1) (tan x— \/§) <0

=1 <tanx<\/§ = %<x<§

Since the tangent function repeats after an interval of length 7, so
the general solution is

V.4 T
n7z+z<x<n7z+§; nel

3.7 Equations Containing Combination
of Trigonometric and Non-
Trigonometric Expressions

Consider the equation sec’x= 1 — y2. There are two unknowns and
one equation. We note that since sec?x> 1 Vxe (—oo, =11 U [1, o)
and 1 —y? < 1VyeR, the given equation can hold only if sec?x = 1
and 1—y?=1,thatisx=nz andy=0.

So, the method is to find out the range of values that various
expressions assume and then take their common portion.

Sometimes we are required to find the number of solutions and
not the value of solutions. In such cases, we take the help of graphs.
For example, consider the equation cos x =y. If we sketch the
graphs of y = cos x and y = x, we see that they intersect at exactly
one point (Fig. 3.3). So, this equation has one solution lying in the
interval (0, 7772).

7

X = « is the solution

Figure 3.3

m By drawing graphs of y=tanxand y = 3(24_ x) ,

x measured in radians, find the number of solutions of the equa-
tion 4tanx + 3x = 6 for x between 0 and 7.
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Solution: 7
Either sin—a =0or cosg—a =0.
Yy, B 2 2
\\ Casel: sin7—a =0.Then
\, P 2
’ AN R 1o _ _2nz
0 AmJlx 3r2 _Jex 2 T
Q For n=0, & =0 which is not a solution.
Forn=1,a= 2—”
7
. 9x
Figure 3.4 Case ll: cos > =0.Then
In Fig. 3.4, th hs of y = _3@=x) - S 7 il Tz
g. 3.4, the graphs of y=tan xand y = are drawn (dot Z=2n+1)E=sa=2n+ 1) ===, =
2 2 9 3
ted line) and these are found to intersect at two points Pand Q for
Hence,
0 < x< z. Hence the number of solutions is 2. o= r &«
79" 3
Additional Solved Examples 4. Solve for x.
1. Solve cot (sinx+3)=1. log,;» ,(2)+log .. (2)+2logg; 2, (2)log .2 (2)=0
Solution: Solution:
. V4 V4
sinx+3=nrx—=2<nrt—<4=n=1 1 1 2
4 4 + =0

o 2 i2 2,
P log, sin“x log, cos”x log, sin” x xlog, cos” x
=sinx= ”i2_3

N log, cos® x +log, sin® x +2 B

1 57 (37 0
— a1 22 CNWein | 22 5 2
= x= nr+(=1)"sin (4 3) or nzr+(=1)"sin (4 3) log, sin® x xlog, cos? x
= S N SR
2. If sin 5x + sin 3x + sin x = 0, then find the value of x other than log,(sin” x-cos” x) =2
zero, lying between 0 < x < 77/2. sin2x \2
. = log, =-2
Solution:
sin 5x+sin 3x+sinx=0 in2x 2 in2
= (sin 5x + sin x) +sin 3x=0 sin2x ) _ 1 UL X:il
2 4 2 2

Using 2 sinA cosB = sin (A+B) + sin (A—B)
=sin2x=%1
= 2 sin 3x cos 2x+sin 3x=0 =sin 3x(2 cos 2x+1)=0 T z
1 =2x=2n+1) —=x=02n+1) —, nel
= sin 3x=0; cos 2x=—5 2 4

2r 1
=3x=nr, 2X:2”7fi? 5. Solve cos2x—sinx— — = 0.

The required value of xis /3. Solution: Replacing cos?x by 1 — sinx, we get a quadratic in sin

3. Find all acute angles orsuch that cos arcos 2acos 4= 1/8. of the form
Solution: Itis given that 4sin?x +4sinx—-3 =0
= (2sinx+3) (2sinx—1)=0

1
cosacos2acosdo=—
8 Now

sina

= 2sinrcosa cos2o cosé4 o = 3
) sinx # —=since |sin x| < 1
sina 2

= 2sin2acos2a cosda =

. . . . Therefore,
= 2sindarcosda =sina= sin8a—sina =0 !

X 1
sinx =—
:>25in77a c0597a=0 2
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The principal solution is x = g

T
The general solution is x=nz+ (-1)" 6

6. Find the general solution of the equation 3 sinZ x + 10 cos x
-6=0.
Solution: The given equation can be written,
3(1-cos® x)+10cosx —6 =0
On solving, we get
(cosx—3)(3cosx—1)=0

Either cos x =3 (which is not possible) or

1 1
cosx=—=>x=2nrtcos | —
3 3

7. If the solutions for @ of cosp@+cosqd =0, p>0,g>0 arein
AP, then find the numerically smallest common difference of
AP. [Kerala (Engg.) 2001]

Solution: Given
cospd=—cosqf=cos(r+ql) = pl=2nx+(x+qb) nel

@n+Yzr  (2n-Nx
= r n

=6 o ,hel
p—q p+q
Both the solutions form an AP H:M gives us an AP with
5 _
common difference :—”.
p—q
2n-1 2
0= @n-1z gives us an AP with common difference = '
p+q p+q
2 2
Certainly, R
ptq |p—q

8. Find the set of values of x for which

tan3x —tan2x
1+tan3xtan2x

Solution: x
tan(3x—-2x)=tanx=1= x= n7z+z

But this value does not satisfy the given equation.

9. Find the number of pairs (x, y) satisfying the equations
sinx+siny=sin(x+y)and |x|+|y|=1.

Solution: The first equation can be written as

1 1
2sin—(x+y)cos—(x+
2( y) 2( y)

1 1 .
when sinE(x +y)=0 we have that either smEx =0or smEy =0.
1 1
Therefore, either sinE(x +y)=0or cosE(x +y)=0.

= x+y=0,0orx=00ry=0.As |x| + |y| = 1, therefore when
x+y =0, we have to reject x+y =1, or x+y=-1and solve it

1T -1 -1 1
with x —y =1o0r x —y =—-1which gives (E?) or (—f) as
the possible solution. Again solving with x =0, we get (0,%1),

and solving with y =0, we get (+1,0) as the other solution.
Thus, we have six pairs of solution for x and y.

10. Find the value of COS(9 —%J if tan(z cos@)= cot(zsind).
Solution: From tan (zcos @) = cot (zsin &), we have

tan(r cosd)= tan(%—rzsin&)

rwcos@=nx+r/2—rxsind,(nel)
1 cos@+sinf 1

cos@+sind=n+—= =——(2n+1)
2 2 2\2
) (2n+1)
=cos| 8-=|= (nel)
( 4] 2\2

11. Find the only value of x for which 25" 4205 > 21-(12)
holds.

Solution: Since AM > GM, we have

l(zsinx £ 2005X) > lzsinx'zcosx
2

sinx+cosx
= 25|nx +2COSX 22.2 2

sinx+cosx
= 25inx +2C05X 5o 2

And, we know that sinx + cos x > —/2. Therefore

i - 5w
25|nx+2cosx>21 (1/\2) for x=22

Previous Years' Solved JEE Main/AIEEE

Questions

1. Let A and B denote the statements
A:cosa+cosff+cosy=0

B:sing +sin f+siny =0
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If cos(f—y)+cos(y—a)+cos(er—f) = —%, then

(A) Aistrue and B is false
(B) Aisfalse and B is true
(C) Both A and B are true
(D) Both A and B are false
[AIEEE 2009]

Solution: Given

cos(f—y)+cos(y —a)+cos(a— f) = _g

= 2[cos(f—y)+cos(y —a)+cos(e— B)1+3=0

= 2[cos( S — y)+cos(y — a) +cos(ax — B)+sin* o
+cos? o +sin? f+cos? B+sin’y +cos?y =0

= 2cos fcosy +2sinBsiny +2cosy coso
+2siny sinar +2cosa cos B+ 2sinasin B +sin® o + cos? «
+sin? f+cos? B+sin’y+cosy =0

= (sina +sin B +siny)? +(cosa +cos B+cos y)* =0

= sin@+sinf+siny =0and cosa +cos f+cosy =0

Therefore, both A and B are true.

Hence, the correct answer is option (C).

4 5
2. Let cos(a+ﬂ):g and sin(a—ﬂ):a, where OSa,ﬂﬁg.

Thentan2a=
56 19 20 25
A) — B) — C) — D) —
()33 ()12 ()7 ()16
[AIEEE 2010]
Solution:

cos(a+ﬂ):g :tan(a+ﬁ):%

(by triangle method also o+ f € [0, ZD

i 2 _p=2
5|n(0{—,[i’)—13:>tan(a £) 2

by triangle method also o — f € [0, %:I
T .
Note:ar— (5 ¢ [—5, 0:| ~sin(a—f)>0

Therefore,

tan(a + fB)+tan(e — )

20 = —PI=
tan2a =tan(a+ B+a - f5) 1-tan(a + f)tan(a — )

3,5
_ 4 12 _56
35 33
412

Hence, the correct answer is option (A).

3. If A=sin® x+cos” x, then for all real x

m 2<as (B) 1<A<2
16
© 2<a<l® (D) 2 <A<t
4 16 4
[AIEEE 2011]
Solution:

.9 M (1—c052xj (3+4c052x+cos4x)
A=sin“ x+cos” x= +

2 8

(since, cos26 = 2c0s%8 -1

_3+M+cos4x+4—ﬁ,@eﬁ7_ 7+cos4x

Therefore,

Hence, the correct answer is option (D).

4. InaAPQR,if3sinP+4cosQ=6and4sinQ+3cosP=1,then
the angle R is equal to

5 V4 V4 3z
(A) 3 (B) s (@] 2 (D) Y
[AIEEE 2012]
Solution: It is given that
3sinP+4cosQ=6 M
4sinQ+3cosP=1 v

From Egs. (1) and (2), it is clear that £P is obtuse. Therefore,

(3sinP+4cosQ)2 +(4sinQ+3cosP)2 =37

= 9+16+24(sinPcosQ+cosPsinQ)2 =37

:>24sin(P+Q)=12:>sin(P+O)=%

—prQ=Ep-"
6 6

Hence, the correct answer is option (B).

cotA
1-tanA

(B) tan A+ cotA
(D) sinAcosA+1

[JEE MAIN 2013]

tanA
1—cotA

(A) secAcosecA+1
(C) secA+cosecA

5. The expression can be written as

Solution: We have

tanA CcotA 1 cotAxcotA
1-cotA 1—tanA_cotA(1—cotA) cotAx(1-tanA)
_ 1 cot’ A _ 1-cot’ A
" cotA(l—cotA) (1—cotA) cotA(l—cotA)
= 7&5&2/‘ *cotA =secAcosecA+1
cotA

Hence, the correct answer is option (A).
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6. Let fk(x)zi(sinkx+cosk x), where xeR and k > 1. Then,
f4(x)—f¢(x) equals

1 1 1

1
A) — — - -
(A) ) (B) (@) p (D) 3

[JEE MAIN 2014 (OFFLINE)]
Solution:

fa(x)=fg(x)= %(sin4 x+cos* x)—%(cos6 X +sin® x)

1
= Z[(sin2 x +cos? x)? —2sin? x cos? x]

2

1 . . .
—g[(cos2 x +sin® x)> —3cos? xsin® x(cos? x + sin® x)]

:l[1—25in2xcos2 x]—l[1—3coszxsin2 x]
4 6
:%—%M-%%M:%:%

Hence, the correct answer is option (B).

7. The number of the values of « in [0, 24 for which
2sin3a—7 sina+ 7 sin a=2is

(R) 6 (B) 4 @ 3 (D) 1

[JEE MAIN 2014 (ONLINE SET-1)]
Solution:
2sinda—7sina+7sina—2=0
=2 (sinfa—1) -7 sin a(sina—1)=0
= 2 (sin — 1) (sina+sina+ 1) — 7 sina(sina—1) =0
= (sina—1) {2 sina+ 2 sing+2 -7 sina}=0
= (sina—1) {2 sina— 5 sina+2}=0

54425-16 543

=sina=1sina= ,1
4 4 2

I\
BN

Figure 3.5

From Fig. 3.5, we find three solutions.
Hence, the correct answer is option (C).

(53]
cot| —+—
4 2

Q) ap

[JEE MAIN 2014 (ONLINE SET-1)]

8. If cosecd= ptq (p#qg=#0),then

W e
q p

is equal to

(D) pq

Solution: Given
cosecd p+q

—— (p#qg=0)
1 p—q
By componendo and dividendo,
cosecd+1_—-p _ 1+sind_p
cosecd-1 —q 1-sinf ¢q

sin2g+coszg+25ingcosf
2 2 2 2_P

sin2g+c052€—25ingcosg q
2 2 2 2

(sin26+cos‘9)2
2 2) p 1+cot5 Ip
(6 ey a_ 9] \q
(sin——cos—) ‘1—cot5‘
2 2
Now
T1-tan—| |cot—-—1
1 =31
cot(”+a)= 5= = 2
2 tan £+— 1+tan—‘ cot—+1
4 2 2

(cot6+1)/(cot9—1)
2 2
1 _ f
1+cotg/1—cotg‘ P p
2 2 q

Hence, the correct answer is option (B).

9. Let fbe a function defined on the set of the real numbers such

11
that for x> 0, f(x) =3sin x+4cos x. Then f(x) at x = —?ﬂ is equal

to
3 3
(A) E+2J§ (B) —5+2J§
3 3
€ 2-23 (D) —=-23
2 2
[JEE MAIN 2014 (ONLINE SET-2)]
Solution:
X= 1z —ar-Z
6 6

S

gl
o 5)o(3H

(5)-{5)-7
and cos| —— [=-cos| — [=—
6 6 2

( 1
=>y|-

:3sin(—£)+4cos(—z)
6 6

R (_m)_i
Y 6 2

Hence, the correct answer is option (B).

°|

23
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10. If 2 cos 8+ sin 6=1 (09&%), then 7 cos 8+ 6 sin @is equal to

1 11 46
(R) Py (B) 2 (9 5 (D) 5
[JEE MAIN 2014 (ONLINE SET-2)]

Solution:

2cos6’+sin6’:1(6¢%) =2cos f=1-sin 6

On squaring, we get
4c0s26=1+5sin20— 2sin@
= 4(1 —sin?20) =1 +sin260— 2sin@
= 4 —4sin26=1+sin26—-2sin@
= 5sin26 —2sin #-3=0

Therefore,
. 2+VJ4+60 2+8 6 3) . T
sinf=——=—=1 —— | or—— | since 8 #—
10 10 10 2
Therefore,
2
cos®f=1- S3) o208
5 25 25
:>cos¢9:J_ri
5

Hence, two possibilities exist:

{232
5 5 5 5

{j+6ﬁ:ﬁﬁﬁ;ﬁ
5 5 5 5 5

Hence, the correct answer is option (B).

and

11. If 0 £ x < 27, then the number of the real values of x, which
satisfy the equation cos x + cos2x + cos3x + cos4x = 0, is
(A) 9 (B) 3 (C) 5 (D) 7
[JEE MAIN 2016 (OFFLINE)]
Solution: We have

(cosx + cos3x) + (cos2x + cos4x) =0, x €[0, 27]
=2C052xC0s X + 2cos3x cos x=0
—=2cos x(cos 2x + cos 3x) =0

Therefore,
5x X
4cosxc057cos— =0
5x )'s
cosx=0 or cos—=0 or cos—=0
2 2
x=90°,270°

5x T
X _@n+Z X_em+nZ
2 2 2 2

T

:>x:(2n+1)5 =Sx=2m+\)x

3z 7 on
5'5'5"5

Therefore, the total number of solutions is 7.
Hence, the correct answer is option (D).

12. f A>0,B>0and A+B=x/6, then the minimum value of
tanA+tanBis

(A) 3-2 (B) 4-2\3
2

C) — D) 2-+3

()Jg (D) 2-+/3

[JEE MAIN 2016 (ONLINE SET-2)]

Solution: We have A>0, B> 0 and A + B= 7/6. Therefore,
sinA  sinB _ sin(A+B)
cosA cosB  cosAcosB

_ 1

" 2cosAcosB

_ 1

" cos(A+B)+cos(A—B)

B 1
 (J3/2)+cos(A—B)

tanA+tanB=

For the maximum value of tan A + tan B, A = B. Therefore, from the
above equation, we get

1 2

W3/2)+1 2443

Hence, the correct answer is option (B).

22-3)=4-23

Previous Years' Solved JEE Advanced/

IIT-JEE Questions

1. The number of solutions of the pair of equations 2sin26— cos2 6
=0and 2cos28- 3sin&=0 in the interval [0, 2] is

(A) zero (B) one (C) two (D) four
[IIT-JEE 2007]
Solution: The first equation is
2sin? 6—cos26=0 (1

It can be written as

2sin6—(1-2sin’6)=0
= 4sin’8=1

-1
=sinfd=—,—
2

’

N | —

The second equation given is,

2co0s? 6-3sinf=0 )
It can be written as

2-2sin*6-3sind=0

=2sin*0+3sind-2=0

= sinazl,—z
2

. 1. .
Hence, sind = 3 is a common solution.
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5
Therefore, the number of solutions is two: = z and il
{where 6€[0,27x]}. 6 6
Hence, the correct answer is option (C).

. 4 4
2, |f AN X o8 X=1,then
3 5
2 in® 8 1
(A) tan2X=* (B) sin X+COS X __!
3 8 27 125
1 in® 8 2
(C) tan2x=f (D) sin X+COS X __Z
3 8 27 125

[IIT-JEE 2009]
Solution: We have

sinfx cos*x 1
+ =—

2 3 5

6
3sin? x+2(1—sin2 x)2 =—

5
= 25sin* x—20sin® x+4=0

2
=sin’x== and coszx:é
5 5

sin® x + cos® x _ i
8 27 125

Hence, the correct answers are options (A) and (B).

Therefore, tan® x = % and

3. For0<f8< g, the solution(s) of

6
D cosec(e + (m ;1)”) cosec(e +%) =442 is (are)

m=1

z  Z o 7
12

12
[IIT-JEE 2009]

w = (B)
4

Solution: Given solutions are

sin(@+7/4-0) +sin[¢9+7z/2—(9+7r/4)]

1 sin@-sin(@+xz/4) sin(@+x/4)(O+x/2)
sin(z/4) | sin[(6+37/2) —(6+57/4) |
sin(@ +37/2)-sin(@ +57r/4)

=42

= /2[cos 6 — cot(6+ 7 / 4)+cot(f + 7 / 4)—cot(B + 7/ 2)+---
+Cot(6 +57 / 4)—cot(f+37/2)]1= 42

= tanf+cotd=4=tand=2++/3

Hence, the correct answers are options (C) and (D).

4. If the angles A, B and C of a triangle are in an arithmetic pro-
gression and if a, b and c denote the lengths of the sides oppo-
site to A, Band C, respectively, then the value of the expression

gsin2C+£sin2A is
c a

V3

(D) 3

[IIT-JEE 2010]

1
(R) 3 (B) (C) 1

Solution:

2RSInA.25inCCOSC+ 2RS'nCZSInAcosA
2RsinC 2RsinA

=2(sinAcosC + sinCcosA)
=2sin(A+C)=2sin(A—B)=2sinB

Given that angles of the triangle are in AP = 2/B=/ZA+ZC
and ZA+/4B+/4C=x

=>AB:£
3

Hence, 2sin3=251n§=ﬁ.

Hence, the correct answer is option (D).
5. The number of all possible values of & where 0 < 8< 7, for

which the system of equations

(y+2z)cos38=(xyz)sin36
2cos39+ 2sin36
z

Xxsin36=
(xyz)sin360=(y+2z)cos36+ ysin36

has a solution (x,, ¥, Z,) with y,z, # 0, is
[IT-JEE 2010]
Solution: We have

xyzsin36 =(y +z)cos36 "
Xyzsin36 =2zcos36 +2ysin36 Q)
xyzsin36 =(y +2z)cos36 + ysin36 3)

By Egs. (1), (2), & (3)
(y+2z)cos30=2zcos30+2ysin30 =(y+2z)cos30+ysin36 (4)

By Eq. (4)
y(cos36 —2sin8) = zcos36and
y(sin36 —cos36)=0
= c0s36 =sin36

:>tan30=1:>30=n7z+%

_nm .z

3 12

=0

Hence, the correct answer is (3).

6. The number of values of & in the interval (—gg) such
that «9;&% for n=0, £1, 2 and tan@=cot56 as well as
sin20=cos48 is

[IIT-JEE 2010]

Solution: We have

tanf=cot50 = cos66=0

= 405320 -3c0s20=0 = c0s26=0 or+ ? (1
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Again, given that
sin26=cos46
=2sin’ 20+5in26-1=0
= 25in? 260 +2sin20 —sin26 —1=0

=sin260=-1or sin26’=%

Now from Egs. (1) and (2) we have

cos260=0 and sin26=-1

=20=-259=""
2 4

Again from Egs. (1) and (2) we have

cos26 = i? and sin26 =

Therefore,

Hence, the correct answer is (3).

7. The maximum value of the expression
1

sin? 8+ 3sin@cos O+ 5cos? 6

is

[IIT-JEE 2010]

Solution:
1

4c0529+1+%sin26

1
=

2[1+c0529]+1+%sin2¢9

The minimum value of 1+ 4 cos26+ 3 sin 8cos &

4(1+cos26) 3

1+ ————+—sin26
2 2
3.
=1+2+2c0529+55m2¢9
3.
:3+2c0526+55|n20
Therefore,
ST U
4 2 2
So, the maximum value of ! is 2.

4cos? 0+1+%sin26

Hence, the correct answer is (2).

8. The positive integer value of n > 3 satisfying the equation

1 1 1 .
= + is
. (7[) ) (271') ) (375)
sinf —| sin|] — | sin| —
n n n
[NT-JEE 2011]
(2)  Solution:
1 T 1
. 3r 2«
sin sin— sin—
n n
sm—”—sin— (Zsinzcosz—”)sinz—”
n 1 n n n
:> = —1
T . . .
sin—sin—  sin— sin—sin—
3z 4r 3
=>sin—=sin—=—+—=7r>=>n=7
n n n n

Hence, the correct answer is (7).

9. Let 8, ¢€[0, 2] be such that

2cos¢9(1—sin¢):sinzé’(tan§+cot%)cos¢—1,

, V3 ,
tan(2zr —-6)>0 and —1<sinf< —7.Then, ¢ cannot satisfy
() 0<p<Z (B) £<¢<4—”

2 2 3

4r 3z 3
(Q) ?<¢<7 (D) 7<¢<27z

[IIT-JEE 2012]

Solution: The given equation can be written as

2sin’ @

2cosé (1-sing) = cosg—1

=2¢c0s6 —2cos@sing=2sinfcosg—1
=2c0s@+1=2sin(6 +¢)

Now

tan(2r —0)>0=tand <0 and —1<sin0<—?
:06(3—7[,5—”)
2 3

%<sin(0+¢)<1

Also

:>27z+%<9+¢<5?”+27z

5
:>27z+%—¢9max <¢<27z+§—9mm

T Ar
=>—<¢g<—
2 3

Hence, the correct answers are options (A), (C) and (D).
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10. Match List | with List [l and select the correct answer using the
code given below the lists:
List | List 11
1/2
1 { cos(tan™ y)+ysin(tan_1 y)2 4 1. 13
P. (3 — - ty 2\3
y cot(sin”' y)+tan(sin” " y)
Q. Ifcosx+cosy+cosz=0=sinx+siny+sinz 2. .2
then possible value of cos Xy is
T . . 1
R. If cos(z—x)c052x+5|nx5|n2xsecx 3. 5
. V4
=Cosxsin2xsecx + cos(z+ x)cost
then possible value of sec x is
1 3 1 4.1
S. If cot(sin~'V1-x?)=sin(tan™"(x+/6)), x 0,
x #0, then possible value of x is
Codes:
P Q R S
(A) 4 3 1
(B) 4 3 2 1
(o] 3 4 2 1
(D) 3 4 1 2
[JEE ADVANCED 2013]
Solution:
» ) o 1/2
1 | cos(tan™" y)+ ysin(tan™ ' y) 4
(P) T2 -1 —1 ty
y cot(sin”' y)+tan(sin”" y)
) 1/2
2
: o L 2
1 1+ 1+
_ 7 : }’2 y + y4
P AN
y ’|—y2
5 172
1 y1+y21-y2 4
y 1
—{—y? +y4}1/2 -1

(Q) If cosx+cosy+cosz=sinx+siny+sinz=0, then the possi-

2
ble value of x -y is i?ﬂ.That is, cos(

x—y)_l
2 2

(R) Given equation can be written as

cost{cos(Z— x)—cos(%+ x)} =sin2x(1—tanx)

= cost-Zsin%-sinx =sin2x(1—tanx)

1 .
= —=C0S52X =COS X —sinx

= (cosx+sinx)=1

&‘—‘N

V4
S x==
4

So, secx = V2.
X J6x
(S) Given equation is =
Vi-x?  \1+6x?

. 1 /5
Eitherx=0o0r 1+ 6x% =6 —6x2 =>x:iE 3

Hence, the correct answer is option (B).

11. Forx e (0, 7, the equation sin x + 2sin2x —sin3x =3 has
(A) Infinitely many solutions
(B) Three solutions
(C) One solution
(D) No solution

[JEE ADVANCED 2014]

Solution:
sin x4+ 2sin2x —sin 3x=3
sinx+4sinxcosx—3sinx+4sin> x=3
sinx [-2 + 4cosx + 4(1—cos2x)] = 3
[4cosx — 4cos2x + 2] = 3cosec x
[3 — (2cos x — 1)?] = 3cosec x

Least value of R.H.S is 3 at x = 7/2 while greatest value of LH.S is

3atx=x/3.
Hence, L.H.S and R.H.S are not equal at same value of x. so, no
solution.

Hence, the correct answer is option (D).
_— . .5
12. The number of distinct solutions of the equation ZCOSZ 2x+

cos® x +sin® x +cos® x +sin® x=2
is

[JEE ADVANCED 2015]

Solution: The given equation can be written as

2 2

5
f(x):zcos2 2x+(coszx+ sinzx)2—2cos Xxsin“ x

+(coszx + sinzx)3 —3cos? xsin? x(cos2 X +sin? x)=2

5
= f(x):zcos2 2x+2-5cos® xsin® x=2

in the interval [0, 27]
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5 5

= Zcos?2x—=sin?2x =0
4 4

= tan?2x=1; x €[0,27]

= tan?2x=1; 2x €[0,4r]

Hence, there will be 8 solutions, 2 in each interval [0, 7].
Hence, the correct answer is (8).

Practice Exercise 1

1.

10.

11.

12.

The general value of @ satisfying both sin¢9:7 and

1
tand = is
NE)
(A) 2nm (B) 2nz+ 776
(C) nz+ 7/4 (D) 2n7z+ 7/4

. The smallest positive value of x (in degrees) for which

tan(x + 100°) = tan(x + 50°) tan x tan(x — 50°) is
(A) 30° (B) 45°
(C) 60° (D) 90°

. The most general value of @ satisfying 3 — 2cosé — 4siné

—c0s26+sin260=0is
(A) 2nx
(C) 4nrx

(B) 2n7z+ /2
(D) 2n7z+ n/4

. The number of solutions of sin3x cos x + sin%x cos2x + sin x

cos3x=1in[0, 27 is

(A) 4 (B) 2
(9 (D) O
. The number of solutions of the equation x3 + 2x% + 5x + 2cosx
=0in[0,27]is
(A) O (B) 1
() 2 (D) 3
. The equation ksinx +cos2x = 2k —7 possesses a solution if
(A) k>6 (B) 2<k<6
(C) k>2 (D) None of these

. The general solution of the equation tan 3x =tan 5x is

(A) x=nn/2,neZ
(C) x=2n+1) mneZ

(B) x=nmneZ
(D) None of these

. The equation sin* x —2cos? x +a° =0is solvable if

(A) —3<a<3 (B) —\2<a<\2

(€) —1<a<i (D) None of these
. If tan mé@+ cot n@ =0, then the general value of & is
2r+ )z 2r+Ww

(A) ( ) (B) ( )
2(m—n) 2(m+n)

© rw (D) rm
m+n m-n

If tan@+sec@=+/3,0<6<rx, then is equal to

(A) /3 (B) 2/3
(C) n/6 (D) 57/8
If cos@++/3sin@=2, then & (only principal value) is
(A) /3 (B) 2773
(C) 44/3 (D) 57/3

The number of solutions of 5cos® @—3sin @+ 6sinfcos =7
in the interval [0, 2] is

13.

14.

15.

16.

17.

18.

19.

20.

21.

(R) 2 (B) 4
() o (D) None of these
If sin@-+ cos @=~/2 cos 6, then the general solution for @ is

V4 V4
A) 2nr+— B) nr+—
(A) 3 (B) 3

() n7r+(—1)”§ (D) None of these

The number of solutions of 11 sin x=x is
(A) 4 (B) 6
(C) 8 (D) None of these
. > 2 19 .
If /3 sin7zx + cos zx = x _§X+E’ then x is equal to
1 1
(A) —— (B) —
3 3
2
(C) 3 (D) None of these

The general solution for @ if sin(20+§)+cos(¢9+ 5?”) =2is

(A) 2z Z B) 2n7+%
6 6
Ve
(©) ZnE—? (D) None of these
The number of solutions of the equation tan x + sec x=2 cos x
lying in the interval [0, 2] is
(A) 0 (B) 1
@ 2 (D) 3

One solution of the equation 4 cos? @sin@—2sin” 6= 3sin is

o[22 I 3
(A) 8=nz+(-1) ( 10 ) (B) &=nz+(-1) (10)

(C) 8=2nx i% (D) None of these
Solve the equations for x and y:
xcos3y+ 3x cosy sinzy: 14
xsin3y+3x coszysinyz 13

1
(A) y= tan’15,x: 55 where 2nz<y< 2n7z+§

11

_ 3
(B) y=tan E,X:—S\/gwhere 2nm+r<y< 2n7z+7”

(C) Both
(D) None of these

The solution of the equation tan tan 26 =1 s
5 5
(A) nr+2Z 8) nz->Z
12 12
V4 V4
(C) 2nzt— (D) nzt —
4 6
Find the general solution of the equation
sinx — 3 sin 2x + sin 3x = cos x — 3 cos 2x 4 cos 3x
) 2Z 2% 8) nz-2Z
2 12 12
nr o /4
Q) —+= (D) nrt—
2 8 8
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22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

Solve for x the equation sin3x + sin x cos x + cos3x = 1:
(A) 2m7 ®) @n+1) 7

(C) Both

The equation esinx — g=sinx _
(A) No real solution
(C) Two real solutions

(D) None of these

4=0has
(B) One real solution
(D) Cannot be determined

V4
If tan (7 cos x) = cot (zsin x), then cos(x —Z) is

1 1
(A) —= ) —
2 2\2
(€ o (D) None of these
If cos @+ cos76+ cos38+cos560=0,then =
nzx nx
A) — B) —
(A) 2 (B) 5
(C) % (D) None of these

The sum of all solutions of the equation

cosx.cos(z+x).cos(z—x)= l, xel0,6x] is
3 3 4

(A) sin(6/3)=6x (B) 307
(@] % (D) None of these

The equation sinx +siny +sinz=-3for0< x<27,0< y<2r,
0<z<27x has

(B) Two sets of solution
(D) No solution

(A) One solution
(C) Four sets of solution

The solution set of (5+4cos8)(2cos@+1)=0 in the interval

[0,27] is

T 27 V.4
A B) -7
(A) {3 3} (B) {3

2w Arx 2w 57
C D) {==, =
o {221 o {271
The equation 3cos x +4sinx =6 has

(B) Infinite solutions
(D) No solution
3/2 has

(A) One solution (B) Two solutions
(C) Infinite number of solutions (D) No solution

(A) Finite solution
(C) One solution

The equation |sinx| + |cosx| =

If 2cosx <+/3 and x e[-r,x], then the solution set for x is

(A) [—ﬂ,_’[)U(”,ﬁ]
6 6

@ [+ 2plz
6 6

sinx+cosx:y2—y+a has no value of x for any y if ‘a
belongs to

(A) (0,+3)
(€) (—o0, —/3)

- T
(B) o

(D) None of these

(B) (—/3, 0)
(D) (3, =)

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

The solution set of (2cosx — 1) (3 + 2cosx) = 0 in the interval

0<x<Z2ris
T 5w
B
®) {3 3}

e

(©) {; 5?” cos (- 3/2)} (D) None of these

The value of a for which the

equation
4cosec’(r(a+x))+a*—4a=0 has a real solution is

(A) a=1 (B) a=2
(C) a=10 (D) None of these
Let n be a positive integer such that sin£+cos£: ﬁ
2" 2" 2
then
(A) 6<n<8 (B) 4<n<8
(C) 4<n<8 (D) 4<n<38
If sin?4x + cos? x = 2sindxcos? x, then
nx V4
(A) x=— (B) x=2n+1)=
2 2
(C) c=2n+ N7 (D) None of these
The set of values of x for which the inequality

sin? (1) +cos* (i) < 1 holds is
3 3 2

(A) R

(B) {x/

(Q) R—{x/x

73n7r+377r nel
2 4

3n7r+3£ nel}
4
(D) ¢

The solution set of the inequation cos?2x < cos? X is

(A) (anz—z— 2nrx +2—”) (B) 2n7r—2— 2n7r+2—”
3 3 3 3

(€) (n;r—ﬁ, nr+— ] {ny (D) (nlz—z, n7z+z]
3 3 3

Which of the following can be the solution of the equation

\sin(1—x) =+/cos x forx e [0,27x]?
1

(A) xe ¢ (B) Tﬂ+5

1

(C) %+E (D) None of these

The number of solutions of the equation [sin x| =
interval [0, 7] is

|x—1]in the

(A) Three (B) One

(C) Two (D) None of these

The number of values of x in the interval [0, 5] satisfying the
equation 3sin® x—7sinx+2=0is

(A) O (B) 5

(€) 6 (D) 10

A root of the equation sinx+x— 1 =0 lies in the interval

T
A) |0, —
()( 2]
©) (fn)

T
(B) (_5' 0)
7
(D) (—fr, _E)



43.

44,

45.

46.

47.

48.

49.

50.

51.
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The general solution of the equation sin? x cos? x +sinx cos x —
1=0is

2
A tan™'| —=—
(A) nr+tan (1+ﬁ)

(C) nz+ tan™' (

(B) n7z+tan_1(

1+ﬁ]

2

(D) No solution

%)
147
The total number of the integral values of n so that sin x(sin x
+ cos x) = n has at least one solution is
(A) 2 (B) 1
(€ 3 (D) Zero
If 3 sin x + 4 cos ax =7 has at least one solution, then a has to
be necessarily
(A) An odd number
(C) A rational number

(B) An even integer
(D) Anirrational number

If %S x<zand 81" ¥ +819 ¥ =30, then x is equal to

A Zor X ® 2% or 27
3 6 3 6
(C) g or 5?” (D) None of these

The number of pairs (x, y) satisfying 4x> —4x+2=sin? y and
x? +y2 <3are
(A) O
Q) 4

(B) 2
(D) None of these

The set of all x in (7, 7) satisfying | 4sinx —1| <~/5 is given by
T 3z T 3z
w (-Z, 3] ® (£.2]
10 10 10 10
(9] (l —z) (D) None of these
10 10

The most general values of & which satisfy

1 1
sin@= —5, tand=—are

3
(A) nrzig (B) nzr+(—1)’%

1

(C) 2nz+ 7?” (D) 2nz+ %

The solution of the equation cos? 6+sin@+1=0 lies in the

interval
VA 7 37
A) | ——,— B) [,
(A) ( 7 4) (B) (4 4)
(9] (Z[,Si) (D) None of these
4 7
If x # % and (cos x)5™ X~35X+2 _ 1 than all solutions of x are
given by
(A) 2n7z+§ (B) (2n+1)7r—%

Q) n7r+(—1)% (D) None of these

52,

53.

54.

55.

56.

57.

58.

59.

60.

The number of solutions of 165" X +16° X =10, 0< x <271
is

(A) 8
Q) 4

(B) 6
(D) 2

If &< [0, 571 and re R such that 2sin@=r* —2r% + 3, then the
maximum number of values of the pair (r, 8) is

(A) 8 (B) 10

(C) 6 (D) None of these

—sinx+sin2x+-~-+oo_ 1-cos2x

. 1
The general solution of 5 =
1+sinx+sin” x+---+o0 14+€0s2x

if x=

(A) (—1)”%+n7r (B) (—1)”%+n;:

©) (—1)”+1%+nﬂ (D) (—1)"*1%+n7r (nel)

The number of solutions of the equation
c052x+c052y+2tan2 X+2=0intheinterval [-27, 2] is

(A) O (B) 1

(C) 2 (D) None of these

If 4sin® x—8sinx+3<0, 0< x <27, then the solution set for

Xxis
5
@ [0 2]

T

A _

w o]
5x VY4
=, 2 D) | =, =

(C)[6 ”} ”[6 6}

The values of @in the interval (—g, g) satisfying the equa-

tion (v/3)**°'¢ =tan* @ +2tan? @ is

T V4

A) — B) —

(A) 2 (B) p

Q) = (D) None of these

TheIeastvalueofaforwhichtheequation.i+ 1. =a
sinx 1-sinx

. VAN
has at least one solution for x e(O, E) is

(A) 9
(C) 8

(B) 4
(D) 1

T
If cot x cot y =k and x+y=§, then tan x, tan y satisfy the

equation
(A) kt2=\Bk=Nt+1=0 (B) ki +~/3k=1t+1=0

(€) kt?—B3(k+Nt+1=0 (D) ki +/3k+1)t+1=0

The number of solutions for the equation x3+2x2+5x
+2cosx=0in[0,2x]is

(A) O (B) 1

(2 (D) 3
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Practice Exercise 2

Single/Multiple Correct Choice Type Questions

1

10.

11.

12,

13.

T 2
. fo<ax< 5 and fla) = 7°%€ % cos® o+ 1

2
COSeC ¥ 5in? ¢, then

(A) f(a) < 72 (B) f(o)> n2

@ flay<x (D) f(a)=n?2

. If|sinx + cosx| = |sinx| + |cosx|, then x belongs to the quadrant
(A) lorll (B) llorlv
(C) lorll (D) lllorlIv

. sinx+cosx=y?—y+a has no value of x for any y if ‘a’ belongs

to
(A) (0,~3)
(€) (=0, —/3)

(B) (—/3,0)
(D) (+/3,)

. Forany real 8, the maximum value of cos?(cosé) +sin%(siné) is

(B) 1+sin21
(D) Does not exist

(A) 1
(C) 1+ cos?1

. In a AABC if cosA-cosB + sinA-sinB-sinC = 1, then the value of

cos(A—B)is
(A) 1
(C) —1

(B) 0
(D) Does not exist

. Find kif the equation 2 cosx+ cos2kx = 3 has only one solution.

(A) O

© V2

(B) 2
(D) 172

. The general solution of the equation sin x — 3 sin 2x+ sin 3x =

COS X — 3 COS 2x + €os 3xis

@ ZiZnei B ZiZ e
2 4 2 '8

(C) nz— % nel (D) None of these

. If the equation x2 + 12 + 3 sin(a + bx) + 6x = 0 has atleast one

real solution where g, b € [0, 27], then value of cos@ where
@ is least positive value of a + bx is
(A) © (B) 27

T
(S0 D) —
(9] ()2

. Total number of integral values of ‘n’ such that sinx (2 sinx +

cosx) =n, has atleast one real solution is

(A) 3 (B) 1

(€) 2 (D) 0

ForO<x< ﬁ,“ +4cosecx) (1+ 8secx) is

(A) >81 (B) >81

(C) =83 (D) >83

The minimum value 0f(1+ ! )(H ! )is
sin” @ cos" @

(A) 1 (B) 4

(Q) (1+272)?2 (D) None of these

If 8,, 6,, 6, are three values lying in [0, 27] for which

%) %) 1) 0. (%) [
tan 6= 4, then |tan—-tan—2 + tan—-2 tan— + tan— tan—
3 3 3 3 3 3

(A) 1
(C) -3
The solution of the equation 2cos*x + cosx — 2 cosx sin’x
—3sin2x+1=0is

(B) -2
(D) None of these

14.

15.

16.

17.

18.

19.

20.

A) nr+Z B) nr+Z
4 2
V4
(C) nﬂ'ig (D) None of these
4, 2
If the value of expression M lies between 1
cosec”"@—dcot” @ 3
and 3, then
(A) de [-2,2] (B) d=-1
(C) d=2 (D) None of these
Let x, y, z be elements from interval [0, 27] satisfying the ine-

quality (4 + sin4x)(2 + cot?y)(1 + sin*z) < 12sin?z. Then
(A) The number of ordered pairs (x, y) is 4.

(B) The number of ordered pairs (y, 2) is 8.

(C) The number of ordered pairs (z, x) is 8.

(D) The number of pairs (y, z) such that z=y is 2.

The expression cos 38+ sin 36+ (2 sin26— 3)(sin — cos ) is
positive for all & in

(A) (2n7r—3—”, 2n7r+£),ne /
4 4

(B) (Znﬂ'—ﬁ, 2n7r+£],ne /
2 6

(C) (Znﬂ'—f, 2n7r+£],ne /
3 3

(D) (Znn—z, 2n7r+3—”) ,nel
4 4

If o, B % & are four angles of a cyclic quadrilateral taken in
clockwise direction then the value of (2 + ¥ cos & cos ) will
be

(A) sin? a+sin? B
(Q) sin2 a+sin? &

(B) cos? y+cos? &
(D) cos? B+ cos? y

Statement-1: If sinx + A cosx = B, then |Asinx —cos x|

=VA?-B%+1.

Statement-2: The point ] lies on a circle of

1 A
[\/H A% 1+ A2
radius unity.

(A) Statement-1 is true, statement-2 is true; statement-2 is a
correct explanation for statement-1.

(B) Statement-1 is true, statement-2 is true; statement-2 is
not a correct explanation for statement-1.

(C) Statement-1 is true, statement-2 is false.

(D) Statement-1 is false, statement-2 is true.

If 0 < ¢, < 27, then the number of ordered pairs (¢, 5) satis-
fying sin?(a+ ) — 2 sinarsin(a+ ) + sina+ cos?f=0is
(A) 2 (B) 0
(C) 4 (D) None of these
If A+ B + C = x then the maximum value of cosA + cosB
+ k cosC (where k> 1/2) is
1 k 2k% +1
A) —+— B
(A) PR (B) 3
k% +2 1
C D) —+k
(C) 3 (D) by
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Answer Key

Practice Exercise 1

1.(B) 2. (A) 3.(A), (B)

7.(B) 8.(B) 9. (A)
13.(B) 14. (D) 15. (B)
19. (B) 20. (D) 21.(Q)
25.(C) 26. (B) 27.(A)
31.(A) 32.(D) 33.(B)
37.(Q) 38.(Q) 39.(Q)
43. (D) 44. (A) 45, (C)
49. (Q) 50. (D) 51. (D)
55. (A) 56. (D) 57.(A)

Practice Exercise 2

1.(B) 2.(A) 3.(D)

7.(B) 8.(0 9. (A)
13. (A) 14. (D) 15. (C), (D)
19.(Q) 20. (D)

4.(D) 5. (A) 6. (B)
10. (C) 11.(A) 12.(C)
16. (A) 17.(Q) 18. (A)
22.(Q) 23.(A) 24. (B)
28. (0) 29. (D) 30. (D)
34.(B) 35.(B) 36. (B)
40. (C) 41.(C) 42, (A)
46. (B) 47.(B) 48. (B)
52. (A) 53.(C) 54. (B)
58. (A) 59. (A) 60. (A)

4. (B) . (A) 6.(C)
10. (D) N(@) 12.(C
16. (A), (B) .(A), Q) 18.(B)

Practice Exercise 1

1. Let us first find out & lying between 0° and 360°.
Since,

sin¢9=_71 =6=210°or 330°
and

tam9:i =60=30°0r210°

3

7
Hence, 6 =210° or 7 is the value satisfying both.

Therefore, the general value of = (anr +%r), nel

2. The relation may be written as

tan(x+100°)

tan(x —50°)

sin(x +100°)cos(x —50°) _ sin(x+50°)sinx
(

=tan(x+50°)tanx

X —50°)cos(x+100°) cos(x+50°)cosx

S

n

= sin(2x +50°) —sin(150°) - cos(50°)+ cos(2x +50°)

sin(2x +50°) —cos50°

sin150° cos(2x +50°)

= c0s50°+ 2sin(2x + 50°) cos(2x + 50°) =0
= €0s50°+ sin (4x+ 100°) =0
= c0s50° + cos(4x+10°) =0
= cos(2x + 30°) cos(2x —20°) =0
= x=30°,55°
So, the smallest value of x=30°.

3. 3—2cos 8—4sin 8—cos 26+sin260=0
= 3 —2c0s O—4sin &— 1+ 2sin? O+ 2sin Gcos 9=0
= 2sin20— 2cos@— 4sin @+ 2sin Ocos 6+2=0

sin(2x +50°) +5sin(150°) _ cos(50°) - cos(2x +50°)
(

= (sin2 @— 2sin O+ 1) + cosB(sind— 1) =0
= (sin@—1)[sin@—1+cos 8] =0

Case 1: Eithersin =1
= @=2nx+ /2 where nel

Case 2: Or, sin 8+ cos =1

= cos(@—n/4) = cos(n/4) = 60— md=2nxxn/4
=60 =2nrx 2nx+ /2 where nel

Hence, @=2nz 2nx+ /2.

4. sinx cos x [sinZx + sin x cos x + cos2x] = 1

= sinx cos x+ (sin x cos x)2 =1
= sin22x+2sin2x—4=0
sin 2x= @:—11\@
which is not possible. 2
5. Let f(x) = x3 + 2x% + 5x +2 cos x. Differentiating w.r.t. x we get

2
f'(x) =3x2+4x+5—-2sinx=3 (x+§) +13—1—25inx

Now
11 . .
?—25|nx>0Vx(as—1 <sinx< 1)

=f"(x) >0 Vx
=f(x) is an increasing function

Now f(0) = 2. Hence, f(x) = 0 has no solution in [0, 2z].
6. We have
ksinx+(1—2sin>x)=2k -7
= 2sin® x —ksinx+2(k—4)=0

k+k?—16k +64

4

=sinx =
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10.

_k+(k—-8) 1

=——"=—(k—-4),2
4 2
1
But sin# 2. Therefore, sinx = E(k—4). Now
. k—4
—-1<sinx <1 = —-1< <1 = 2<k<6

N ‘

. We have tan 3x=tan 5x. So

5x=nr+3x,neZ = x=nzx/2,neZ
If nis odd, then x = nz/2 gives the extraneous solutions. Thus,
the solution of the given equation can not given by x = n/2,
where n is even say n = 2 m, me Z. Hence, the required solu-
tionisx=nmne Z

. We have sin* x—2cos? x+a® =0. Lety = sin? x. Then

y2=2(1-y)+a* =0

= y?+2y+a°-2=0
= y=-1+y3-a°

For y to be real, Discriminant > 0.

So 4-4a*-2)20 = d’°<3 (1)

But sin x = y.Therefore 0< y <1.So

0<-1+V3-a* <1 = 1</3-a%> <2

=1<3-d’<4 = 2-d°20 = d*°<2 )

From Egs. (1) and (2), a?<2 = —2<a<2.

. The given equation can be written as

tanm@=—cotnf=tan(x/2+nb)

Therefore,
T
m&:r7z+(5+n0),rel
1
= (m—n)6:5(2r+1)7z,rel
So,
9:(2r+1)7r’rEI
2(m—n)
\/§c05¢9—sin¢9= 1
or ﬁcos&—lsinﬁzl
2 2 2
Therefore,

cos(¢9+z) = cosﬁ
6 3

= 0+

11.

12.

13.

14.

15.

16.

1
7c059+£sin0=1
2 2

cos(a—z)ﬂ

3

cos(&—z): cos0
3

o==
3

Therefore,

5cos® 6—3sin’ @+ 6sinfcos =7
1 2 1—cos2
:>5( +C‘2’S '9)—3( CZS ‘9)+3sin20=7

= 40520 +3sin20 =6

But 4cos28 +3sin20 <42 +3% =5. So, solution does not
exist.

sin@+cosf=+2cosd = tanf=~2-1

T V4
S>0=—=nr+—
8 8

We have
11sinx=x (M
On replacing + by —, we have

11sin (x) =—x=11sinx = x

So, for every positive solution, we have negative solution also
and x =0 satisfies Eq. (1), so the number of solution will always
be odd. Therefore, (D) is appropriate choice.

LHS = \/§sin7rx+cos7rx=Zsin(ﬁx+§)£2

So equality holds for x = %

2
2 1 1

RHS =32 —2x+ 2 —(x-1] 4222
3 9 3

| —

So equality holds if x =—.

W|l—= W

Thus, LHS =RHS for x = —only.

sin(29+£)+cos(9+5—”):2 (1
6 6
Since sin(26’+§)s1 and cos(0+5§)g1,therefore

Eq. (1) may hold true if sin(2¢9+g) and cos(6+5§).



17.

18.
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Both are equal to 1 simultaneously. First, a common value of 8

is 77 /6 for which

sin 2¢9+z = sins—ﬂz sin£=1
6 2 2

and
cos(9+5—”) = cos(z+5—”) =cos2z=1
6 6 6

Since periodicity of sin(20+§) is 7 and periodicity of
cos(0+5?”) is 27, therefore, the periodicity of sin(26+ g)

sin(20+ g) is 2.

Therefore, the general solution is

49=2n7r+7—”
6

The given equation can be written as

sinx+1=2cos? x

2

= sinx+1=2(1-sin” x)

= 2sin® x+sinx—1=0

1148 -1%3 1
4

= sinx= —or-1
4 2

5 3z

4
= Xx==,—o0
6 6 2

but equation is not defined at x = 37/2.
Hence, the required number of solutions is 2.
The given equation can be written as
sin@[4(1-sin” 6)—2sin6—3]=0
= sin@[1-2sinf —4sin? H]=0
= sin@[4sin® @ +2sin6-1]=0
Therefore, either sin =0 which gives 8=nrx

or 4sin?@+2sin@—1=0 which gives

2+J4+16 2225 15

sinfd= =
2x4 8 4
1445 145
4 ' 4
Now
1
sinezf(\/E—D:sin18°:sin(£)
4 10
Therefore,
9zn7ri(—1)”(£)
10
Again

1
sind= —Z(\/§—1) =—-C0s36°

20. Giventan @-tan260=1=

=—c05(90° —54°) = —sin54°
=sin(—54°)= sin(ﬂ)
10
Therefore,
6=nr+(-1)" (—3—”J
10
Thus, one solution of the given equation is

O=nx+(-1)" (—3—”)
10

. Clearly, x= 0. On dividing the equations we get

cos3y+3cosysin2y _14

sin®y+3cos’ysiny 13
By componendo and dividendo, we get

(cosy+siny)3 _14+13

(cosy—siny)® 14-13
N (cosy+siny)z —27=@3)
(cosy —siny)
N cosy+siny :E
cosy—siny 1
On dividing numerator and denominator by cos y, we get
I+tany 3
1-tany 1

Again using componendo and dividendo, we get
2tany 2

2 4
Solving we get,

(@) siny= % cosy= % (when y is in the first quadrant)

1 2
(b) siny=———and cos y=——— (when yis in the third quadrant)
y NG y NG y q
When y is in the first quadrant

8 2 1
X| —=+3-=,-|=14=x=-55
[SJE Js 5]

When y is in the third quadrant

EREH

11

Hence, y = tan™ E,x:S\/E,where 2nw <y<2nm+ g

1 3
and y=tan 1§,x:—5\/§, where 2nz + Zz<y<2nz+ 77[
2tan’ 6
1-tan’ 6
=2tan?f=1-tan?d =3 tan’6 =1

1
=S tanfd=t— =0= nfrig
3 6
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21.

22,

23.

24,

25.

26.

Given sin x — 3 sin 2x + sin 3x=cos x — 3 cos 2x + cos 3x

= 2sin 2x cos x — 3 sin 2x =2 €0s x COS 2x — 3 oS 2x

= sin 2x (2 cos x — 3) = cos 2x (2 cos x — 3) =>sin 2x = cos 2x
(since cos x # 3/2)

T nr 1w
=tan2x=1=2x=nxz+ Z =X=—+—,nel

The given equation is

sin3x + cos3x + sin x cos x = 1
= (sinx + cos x) (sin?x — sin x cos x + cos2x) + sinxcos x—1=0
= (1 —sin x cos x)[sinx+cosx—1]=0

Either 1 —sin x cos x=0 = sin 2 x =2 which is not possible
or

. 1 T
sinx+cosx—1=0=cos (x— 74)=— :X—Z:Zmﬁi

) Z 2

&N

=x=2mrandx=(4n+1

The given equation can be written as
e25iNX _4eSNX_ 1 =0 =

. +
ginx_ 4_\/;6+4 -

[In(2- \/g) not defined as (2 — JE) is
negative]

= sinx=In (2+\/§)

Now,2+\/§>e:> In (2+\/§)>1 = sin x> 1 which is not
possible. Hence, there is no real solution.

Given that tan (7 cos x) = cot (7sin x). Now
V.4 .
tan(zcosx) = tan(z —7zsin x)
/ .
:>7zcosx=5—7rsmx
. 1
= cosx+smx=5

1 L
= —=COSX+—=sinx =

V2 V2
ol D)o

Combining @ and 76, 38 and 56, we get

1
V2

2cos46(cos30+cosd)=0

Therefore,
4cos46-cos26-cosf=0
=4—5——(sin2’°0)=0

27sind

=sin80=0

Hence, 6 = E.

8
Here,

1T 5 3 .,
COSX| —COS"  X——SIN" X |=
4 4

PN

COs x

1
(4cos2 X—3)=—
4

= cos3x=1=3x=2nx :X:2n_7£
3

(where n=01t09)

27 2
Therefore, the required sum = ?ﬁ 2 n=30rx
n=0

27. sinx+siny +sinz=-3 only possible when

sinx=siny=sinz=-1

Hence, X = :2:3—”
2
28. (5+4cosd)(2cosd+1)=0

cosf= _75 , which is not possible.

Therefore, 2cos@+1=0 = cosf = —%

The solution set is {2?”47”} €l0,2r].

29. 3cosx+4sinx=6

3cosx+ 4sinx 6 = cos(x—8) 6
= — —_ = — —_ = —
5 5 5 5

[Where, 6 =cos™ (2)]

So, the equation has no solution.

30. No solution as |sinx|<1,|cosx|<1and both of them do not
attain their maximum value for the same angle.

|sinx| + |cosx|e[1, 2 ]
3 .
31. Here, cosx < T.The value scheme for this is shown below.
From Figure 3.7,
—ﬂSx<_—”or E<x£7z
6 6

0
cos x|<V3/2

-1 v 1
N

\3/2

\3/2

0

Figure 3.7

=]

Therefore,
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32. Given equation is
sinx+cosx:y2 —-y+a

we know that —/2 < sinx +cosx <+/2.
Now, the given equation with root be satisfied for any x if
y2 —y+azx/§or y2 —y+a$—\/§, for all y, which is not

possible
Therefore,
1 1
(y - 7) +a-—22
2 4
1
:>a—zz\/5:>az1.65
That is,

ae(/3, =)
33. Given equation is
(2cosx—1) (3+2cosx)=0

1. 3
= cosx=— |since cosx#—=
2 [ 2:|

Therefore,

gS/f
3

’

3
=solution set is E >
3" 3

—(a-2).
The minimum value of 4cosec?(z(a+ x)) = 4
[since cosec xe[1, )]

and the maximum value of —a® +4ais 4 ata=2.
Thus, the given relation is true for only a = 2.

z _~n

Given sm—+cos—
2" 2"

34. We have 4cosec’(z(a+x))=—a’+4a=4

2

35.

We have sin£+cos£:\/fsin £+£ , which lies in
2" 2" 4 Jn

[=v/2, /2] Therefore,
%e[—ﬁ, V2] :%Sﬁ

= nszﬁ:nss

We note that n =1 does not satisfy the given equation and for

n>1,
V.4 (T LT
>— = sin| —+— |>sin—
4 (4 2”) 4

Jn

2sin £+£ >1=—>1=n>4
4 N 2

T
L1
2 n

V4
—+
4 2

Hence,4<n<8.

36. Given equation is

sin? 4x —2sin4x-cos? x +cos® x=0

For sin x to be real, D> 0. So

4cos* x—4cos’> x>0

= cos* x> cos? x
= cos? x=cos? x

T
= x=(2n+1)5

37. Given inequality is

22X 2
But sin’ X

—<1and sin 2——1:>— nlriz, nel.
3 3 2
Therefore,
xeR—{x\x %—”+3—”, el}
4
38. Hint: 0<cos® x, cos?2x <1
cos? 2x < cos x‘v’xe(—” E) 0
3 3
Thus in general Vxe(n;z—%, n7r+§)—(n7r).
z 37r
39. Hint: cosx<0, Vxe
2" 2
Jsin(1—x) =+/cos x
= sin (1 —x) =cos x
:cos(%—ﬂ—x)):cosx
= x= 2n7r+(3—(1 X))
On simplifying, we get
z 1 3z 1 r 1
X=ng——+—- =>x=—+—and —+—
4 2 4 4 2
But at x:3—”+l,cosx<O.Thus,
4 2
RZ
4 2
40. Draw graph.
sin x| =|x— 1]
y
X
O| ]
41. Hint:sinxe[-1, 1]
3sin2x—6sinx—sinx+2:O(3sinx—1)(sinx—2):0
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42.

43.

44,

45, Hint: —1<sinx <1, —1<cosx <1, only possible when

46.

sin x =2 not possible

1
sinx = 3 6 solutions

Hint: sin x=1-x
One solution in (0, g)

Hint: sin xe[-1, 1]
4sin® xcos® x +4sinxcosx—4=0

Let t=sin2x=>sin®2x +2sin2x —4=0
Then

t24+2t-4=0=t=-1+5=t>1,t<—1

Thus, sin 2x = t has no solution.
Hint: -1 <sinx <1
1 ) .
7[25|n x+25|nxcosx]=n

= 1-cos2x+sin2x=2n

= 1+\/55in(2x—%):2n

( ﬂ') 2n-1
=sin| 2x——|=
4

N

47.

Hence, —1<siny <1. Only values of n which satisfy this are

n=0,n=1.So, there are only two solutions.

sinx=1,cosax=1

S ax=2mn
=x=2nx + /2
=aldn+1)n/2=2mrx

4m
=da=
4n+1

m . .
is a rational number.
2n+1

a=

Hint: t+%= a can be expressed as quadratic.
See Fig. 3.8.

3ésin’x 4 34cos’x _ 3,314 9)

= 81" X 4g1mcos X _ 39
pintx 81 0

+———=3

=38 —
81sm X

Let 81" ¥ =¢. Then we have

1
t+31-30
t

= t>-30t+81=0
= (t-3)(t=27)=0

So, g1 X 3 or g1 X = 27

48.

49.

= 4sinx=1or 4sin’> x=3

. 1 .
= sinx=tx—orsinx=t—
2 2

ﬁﬂi

Figure 3.8
Hint: 0<sin? y<1
= sinzy:4x2 —4x+2.

Let f(X)=4x> —4x+2=02x-1%+1

fix) has minimum value
1
=atx=—, sinzy:1
2
fix)hasD<0
=fx)=0(2x—1)2+1=sin%y
=>x=—,cosy=0
5 y
Therefore,

1
y= (2n+1)% minimum value at X:E

1 Qn+10%7r?
2ayte3 o1 20T
4 4

14+Q2n+1272<12
@n+12 7% <11

Only satisfies when n=0, —1

That is, only two solutions satisfy

li’)
2" 2

|4sinx —1] </5 = —/5 <4sinx—1<+/5
~Bs+1 . 5+l oz

= <sinx< ==

4 4 10

@ is in the third quadrant. So
sinf= . = sin7—”
2 6
Ve4

tane—i— tan—
3 6

7
6=2nﬂ+—”
6

<3
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50. 1—sin’@+sin@+1=0= sin? @—sind-2=0

1£/1+8 1£3
2

= sind= T:> sind =-1

Therefore,
g=2nr-Z= (4n—1)£
2 2
Forn=1, 2, we have

3 —
g3% 17 _ ge(ﬂ, 71)
2 2 4 4

51. Hint: Equate powers.

sin® x —3sinx+2=0.When cos x= 1, we have x=2n7x
When sinx =1, we have

) T T
5|nx:sm§ =Sx=nr+(-1)"=

But x cannot be any multiple of 7z/2. Thus there is no solution.
52. Hint: ax’ +bx+c=a(x—a)(x - )

16sin2x+161—5inzx:—|0
=165 % 4161677 ¥ =10
in? 16
=16"" *+——=10
165" X

Let 165" X =t. Then

16
:>t+T:1O:>t2+16—10t:O
=>(t-2)(t-8)=0=>t=2,8
.2 1
When 16" ¥ =2 =2 = 4sin’ x=2, 4sin2x=1:sinx:i§.
When 165i”2X:8:>245i”2":23:>sinx=i£ interval is
[0, 27. 2

From the graph of sin x in the interval [0, 27], it is clear that
there are 8 solutions.

53. Hint: For real values of x, the discriminant of a quadratic equa-
tion is greater than or equal to zero.
Given equation is r* —2r> +3-2sin0=0.
The above equation is quadraticin r?. For the real values of r2,
discriminant > 0. Therefore,

4—-4(3-2sin ) >0
=1-3+2sin 620
=—2+4+2sin 8>20=sin 8 > 1 (1)

That is, the above inequality holds only at sin&= 1.
Possible value of 8= E, 27z+£, ar+ X
2 2 2

And r*-2r243-2=0=(r* -1 =0=r=-1,1

Hence, number of ordered pair of (r, @) is 6.

54. Hint: Sum to infinite terms of a GP = 1L, |r|<1
—r

55.

56.

57.

1
1+sinx _ 1-€0s2x
1 1+ cos2x
1-sinx

1-sinx _1-cos2x

T+sinx 1+ cos2x

Applying componendo and dividendo, we have
. . (7
Sinx =cos2x = sinx = sm(; —ZXJ
V4 T
=3X=—=>Xx=—
2 6
Multiplying by sin on both sides, we get
. .7
sinx =sin—
6
= x:nﬂ'+(—1)”%

Hint: a® +b° = 2

COs2Xx+cos2y +2tan® x+2=0
:>2c052x—1+2coszy—1+2tan2x+2=0
:coszx+coszy+tan2x:0
= cos® x+tan’ x = —cos? y
which is never possible.
See Fig. 3.9.
4sin® x —6sinx —2sinx+3<0
=2sin x(2sin x—3) - 1(2sinx—3)<0

+
T
3/2

-
~
N
R

Figure 3.9

=(2sin x—1) (2sinx—-3)< 0= 2sinx—1<0and 2sinx—3>0or
2sinx—1>0and 2sinx—3<0

. . 3
sinx = — or sinx < E

Hence, the required solution is [g 5{]

Hint: sec%:ﬁ

Only 6= % satisfies the given equation.
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58.

59.

60.

Hint: ax® + bx + ¢ =0, for real b*> —4ac >0
4 1
-t — =
sinx 1-sinx
=4 —4sin x+sin x=asin x(1 —sin x)

= 4-3sinx =dasinx —asin® x

2

=asin“ x—(a+3)sinx+4=0

The above is a quadratic equation for sin x. For the real values
of sin x, discriminant > 0. So

=(a+3)°-4-4-a>0

=a*+6a+9-16a2=0

=a’-10a+a>0

=(a-9)@-12=0
=a29,a=>1

But a = 1 does not satisfy. Therefore, a=9.

Hint: ax® +bx+c=x>—x(a+ B)+af, a, B are the roots of
the equation.

1
cotxcoty=k = Eztanx-tany

V3 tanx+tan
tan(x+y)=tan— = fahxwtany _ 3
3 1-tanx-tany
tanx +t 3(k—-1
S B _ 5t tany =20
1——
k
Therefore, the quadratic equation whose roots are tan x and
tan y is given by

_VBk-D, 1
k k
= kt?=3(k=Nt+1=0

t2 =0

Hint: For the increasing function f’(x)> 0.

x3+2x% +5x=—2cosx
Let
fx)=x3+2x2 +5x = x(x*> +2x+5)

The term in the bracket has no root.

Also, f'(x) > 0 and so f(x) is always increasing.

From the graph (Fig. 3.10), it is clear that in (0, 27) equations
do not have any solution.

©.2) /-x3+27z2+5—7r

Figure 3.10

Practice Exercise 2

. AM >GM. Also

f(x)=2 (AM of 7% % cos? @ and 7% ? sin? )

Using AM > GM we see that
f(x)>2 (GM of 7% “ cos? o and 7% “ sin? )

_ 2\/(ﬂ.sec2a cos2 a)(ﬂ.cosecza sin2 a) =sin2a (”2/sin2(2a))
Now let g(x) = x7¥* isa decreasing function for x € (0, 1).
Alsofor0 < o< /2, sin 2cxe (0, 1).

Therefore, g (sin2a) > g (1) > 72

. The given equality is possible if and only if sinx and cosx are of

same sign, which is true only in It and I1I'd quadrants.
Y —y+a= (y—1)2 ra-t
2 4

Since —/2 <sinx +cos x< /2, given equation will have no real

value ofxforanyyifa—l >+/2, thatisa e (\/3, ) (as 2+ 1/4
<3). 4

. The maximum value of cos?(cos@) is 1 and that of sin%(siné) is

sin21. Both exist for 8 = 7/2. Hence maximum value is 1+ sin?1.

. COSA-cosB + sinA-sinB-sinC < cos(A—B) =1.
. 2 cosx +cos2kx=3

:>2(1—25in2§) +1-2sin%kx=3
:Zsinzg +5sinZkx=0 (1M

Since sin? g and sinZkx are both positive, Eq. (1) is possible only
if sin? g =0and sinZkx=0.

Therefore, x=0,+ 27 + 4x, ... . But for Eq. (1) to have unique
solution, the possible value of k must be irrational. Therefore, k
=+/2 is the possible option.

. Sinx+sin 3x— 3 sin 2x=cos x + cos 3x — 3 cos 2x

=2 sin 2x cos X — 3 sin 2x =2 cOS X oS 2x — 3 COS 2x
=sin 2x (2 cos x — 3) = cos 2x (2 cos x — 3)
=(2 cos x—3) (sin 2x—cos 2x) =0
Therefore, sin 2x = cos 2x

(Since cos x # 3/2)

T nr @
tan2x=1=2x=nzx+ —=x=—+—,nel

(x+3)2+3+3sin(@+bx)=0
Now, x =-3, so
sin(a+ bx)=-1
=sin(a—3b)=-1
=a-3b=(4n—- 1)§,ne I

Asn=1,Therefore,a—3b= 37” =cos(a—3b)=0.

9. We have

. 5 2sinxcosx
2sin’x+ ———  =n



. (H 1 )(1+ 1 )
sin @ cos" @
Now,
f(0) =1+ ! + ! + !
sin" @ cos"@ sin” Hcos" @
and
2n
i1‘(49):— n1 cosf+ n1 sing— n 12c0526':0
dée sin™'g cos"™'@ (sin26)™*
V4
will give §=—
9 4
) V4
Hence, f(8),,;, will occur at 6= 7
3tang—tan3g
12 tano-— 3 3,
1-3tan?2
3
o 1] 0
:>tan3 —3Atan?3 —3tan§+/1 0

13.

14.
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sin2x
= 1-cos2x + =

= sin2x—2 cos2x=2n-2

—J5<2n-25+5
:>£<n 1<£
2 2
:>1—§Sn£1+£
2
=n=0,1,2
12
4
L 22(_32 ) LT
sinx  cosx sinx cosx Jsin2x

But AM = GM and sin2x = 1 cannot occur simultaneously

Therefore, i +

>16
sinx  cosx
32 64
Also ———=— >64
sinxcosx sin2x
Therefore,

4 8 32
(1+4cosecx)(1+85ecx)=1+(,—+ )+.7
sinx cosx/) sinxcosx

>1+16+64 =281

t
= Ztan%%ez:—

2¢0s*x + cosx — 2 cosx sin?x — 3 sinx+1=0

=2c0s* + 2 cosx — 2 cosx sin’x — 3 sin2x— cos x+ 1=0
=2c0s* +2 cos3 x+ 3 cos2x— cosx—2=0

=(2 cosZx— 1) (cosx + cosx+2) =0

1 T
SCOSX=—=DX=NT*t—.
V2 4

2 —t+1

= 27;t=cot29
t+Q2-d)t+1

=Sy-NE2+(Q2-dy+Nt+y—-1=0

D>0=y*(4-2-d)?)-26-dy+3<0
Also, 3y2—10y+3<0
4-(2-d? -26-d) 3
= = ==
3 -10 3
4-(2-dy’ -2(6-d) 3
= = —=d=1
3 -10 3
15. (4+S|n4x (2+cot y)(1+5|n4z) 12sin® z
= (4+sin4x) (2+cot y) 1+sin’z 12
sin? z

=(4+ sin4x)(2+cot2 y)(sin2 z+cosec22) <12

If (4+sin4x)> 3,(2 +cot? y) >2 and (sin2 zZ+ coseczz) >2,then
least value of
(4 +sin4x)(2+cot2 y)(sin2 z+cosec22)2 12

From the question, we can see that only below equality holds
4+sindx = 3,2+ cot? y:2,sin22+coseczz =2
sin4x =—1,cot? y= 0,sin”z=1

. 3z 77 1z 157
sindx=-1,xe{—,—,—,—
8 8 8 8
cot? y= Oxe{zg
2 2

5|nzz—1 xe{” 3”}
2 2

16. (cos 6 — sin 6)(cos? @+ sin @ cos @+ sin?2 @ — sin 6 cos 6)

= —4\/§sin(6—%)> 0
. ). .
Now, sm(&—z) is negative. Hence,

n-Mr<6- % <2nrx

17. SeeFig.3.11.
o+y=rmrandf+y=ur,
=C0s @+ cos ff+cos y+ cos 0=0
=082 o+ cos? B+ cos? y+ cos? & + 2Y cos axcos =0
=2 Y cos acos f=—[2 cos? o+ 2 cos? ]
=2+ cos acos f=[sin? o+ sin? 3]
=sin? o+ sin? & (therefore, = 7— f3)

s N

Y ya

Figure 3.11
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18. 1+ A2 = (sinx + Acosx)2 + (Asinx — cosx)? L= r 3z
2" 2
=1+ A> — B2 =|Asinx —cos x|
. T T 57w
So Statement-1 is true. W) p= 5= tano=1, ae 27
Statement-2 is obviously true but Statement-2 is not a cor-
rect explanation of Statement-1. . (i) B= 37 tana=— 1 ae {31, E}
y=ax?+bx+c=0is a quadratic equation which has real roots 4 4
. . 2_ > —0i _ .
|f and only |f.b 4ac>0.If flx,y) =0is a second-degree equa 20. Let cosA+cosB+k cosC =y,
tion, then using above fact we can get the range of xand y by
treating it as quadratic equation in y or x. Similarly, ax? + bx C A—B C
+c>0Vxe Rifa>0and b2-4ac<0. = 2kSin25—2cos(T)Sin5+y—k =0.AsD=0
19. By solving, we get
= k(y—k) < lcos2 A-B <l:>y< i+k
sin(a+ ) = sina+ \|—cos? B = cosff=0 ) T2 7T 2
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Solved JEE 2017 Questions

JEE Main 2017
1. If 5(tan?x — cos2x) = 2cos2x + 9, then the value of cos4x is:
1 2
A) — B) —
(R) 3 (B) 5
7 3
o -~ D) -
(@] 5 (D) c

(OFFLINE)

Solution: Let cos2x = t. Therefore, from the given equation, we get

5[1%4}:2@—%9

51 —t—t) =t4t+7)
9t2+12t—-5=0
9t2+15t—3t—-5=0
Bt=1(3t+5)=0

‘| —
Thus, we consider t= 5 since t# ?5 Therefore,

COS2x :2(1)—1:_—1
3 3

2
cos4dx = 2(_—1) —1=_—7
3 9

and
Hence, the correct answer is option (C).

JEE Advanced 2017

1. Let @ and S be non-zero real numbers such that 2(cosf —
cosa) + cosacosfF= 1. Then, which of the following is/are

true?

(A) tan( )+fta

N\‘Q

I
o

(B) ﬁtan(%)+tan
(Q) tan( ) \/—tan

N N N
Il
o

/—\/—\/—\/—\
— — ——

I

o

(D) ﬁtan(%)—tan

Solution: It is given that

2(cosff— cosx) + cosacosff=1

Using
1—tanzg
coso = o
T+tan® =
1—tanZé
and cosf=—=%
1+tan’ = 'B

we get
1—tan2£ 1—tanzg 1—tanzg 1—tan2£
2 é— é + 02{>< 2, =1
1+tan2? 1+tan’ = 1+tan25 1+tan’ 2

(1—tan2 g)(Htan2 %)—(Htan2 é)(1 —tan? %)

=2
(1+tan2g)(1+tan2 ’B)
2
1—tan2g 1—tan2£
2 2
+ =1
(1+tan2g)(1+tan2£)
2 2
1-tan ﬁ+tan —1+tan’ = tn2£+tanzgtan2£
=2 2 2 2 2 2
(1+tan — 1+tan ﬁ)
_tan? 2 B 2B

~tan? 2 + tan? £ tan?
2 2

1+tan —)(Htanz é)
2 2

=1

, (Ztan 2) (Zta
(1+tan %)(Htan g)
- (1 tan? 2)( g (tanZ%tanzg) 1

+ =

(1+tan2 %)(Htan2 'B)

o
tan’ = —ta n2£+tan3—tan2£
2 2 2 2

(4tan 5 —4tan EH

=(1+tan2%)(1+tan2 ﬂ)
(3tan 5tan2'8+tan —tan Zﬂ )
2 2 2
2B 2,3)

a
=(1+tan2?+tan +tan’ =

:>(2tan E—6tan2ﬁ) 0

(o
(o)
()

Hence, the correct answers are options (A) and (C).



Properties of Triangle

4.1 Introduction

In a triangle ABC, the angles are denoted by capital letters A, Band
Cand the lengths of the sides opposite to these angles are denoted
by small letters g, b and ¢, respectively (Fig. 4.1). Semi-perimeter of

the triangle is defined as s= atb+c and its area is denoted by
SorA.
A
c b
B 3 c
Figure 4.1

Some properties

1. A+B+C=180° (or )

2. a+b>c, b+c>a, c+a>b

3. |la-b|<c,|b-c|<a,|c-a|<b

Generally, the relations involving the sides and angles of a trian-
gle are cyclicin nature, e.g. to obtain the second similar relation to

a+b>c,wesimply replace a by b, b by cand c by a. So, to write all
the relations follow the cycles given.

4.2 Relation Between Sides and
Angles of a Triangle

4.2.1 Sine Rule

See Fig. 4.2. In AABC, the sides of a triangle are proportional to the
sine of the angles opposite to them

a b c

sinA:sinB:sinC
If Sis the centre of the circumcircle and R the circumradius, then in
ABDC, right-angled at B, with ZBDC= ZBAC=A,

sinA=sinsBpc=2C -9 9 _
sin A

=— 2R;
DC 2R

Similarly,

b oRand—S_-2Rr
sin B sinC

Hence,
a b ¢
sinA sinB sinC
v
B 2 C
Figure 4.2
Note:

b c
2. Thesineruleis a very useful tool to express sides of a triangle in
terms of sines of angle and vice versa in the following manner:

sinA sinB _ sinC
1. The above rule may also be expressed as ANA_SIE _ SNt
a

a b C
——=——=——=K(sa

sinA  sinB  sinC (say)
=a=KsinA, b=KsinB, c=Ksinc

Similarly,
sinA _sinB _sinC
a b
= sinA=Aa, sinB= /b, sinC=Ac

{ITB{ENTT R If the angles of a triangle are in the ratio 4:1:1,

then find the ratio of the longest side to the perimeter.

=1 (say)

Solution: Let x be the angle of a triangle. Then
4x+x+x=180 =6x=180 = x=30°
sin120° sin30° sin30°

a b c

Therefore,
a:(a+b+c)=(sin120°):(sin120°+sin30°+sin30°)

:ﬁzﬁ+2:\/§:\/§+2

2 2

In a triangle ABC, £B=7/3 and ZC = /4 and
D divides BC internally in the ratio 1:3. Then, find the value of

sin ZBAD
sinZCAD'
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Solution: See Fig. 4.3. Let Z/BAD = ar, ZCAD = 3. [T Xl Prove that a cos A+ b cos B—c cos C=2ccos A
cos B.
A
Solution:
8 LHS=acosA+bcosB—ccosC
o
=2R{sin A cos A+ sin Bcos B—sin Ccos C}
=R {sin 2A +sin 2B—sin 2C}
=R{2sin(A+B)cos(A—B)—2sinCcos (}
/3 /4 . .
B ” ) 3x C =R{2sin Ccos (A—B)+2sin Ccos (A+B)}

(sinceA+B= 7—-0C)
Figure 4.3 = 2R sin C{cos(A — B) + cos(A + B)}
=4Rsin Ccos A cos B

=2ccosAcosB
X AD (since c=2RsinC)

sina in[ )
SN 3 4.2.2 Cosine Rule
See Fig.4.4.1n a AABC,

In AADB, applying sine formulae, we get

In AADC, applying sine formulae, we get
a?=b2+c2—2bccos A

3x AD
Sinp  sin(za) @ b2=c?+a?-2cacosB
2=a?+b%-2abcos C
Dividing Eq. (1) by Eq. (2), we get c
sin[zj
X sinf __AD 5 4
sine 3x . [ﬂj AD
sin| =
3 A
B
Al g D
sing 2 |2 .
= 3sina 3 \3 Figure 4.4
2 We shall prove the first one: We have
B 52 6 BC?=DC2+ DB?
sina V3 —DC?+ (AB—AD)?
Therefore, =(DC?+AD?) + AB2—2 AB-AD
sin/BAD _sinar 1 =AC2+AB? - 2ABAC cos A
sinZCAD sinf /6 That is,

a a?=b%+c?—2bccos A
[T {1 (L ) %W N any triangle ABC if 2cosB = —, then the triangle
c

is From these formulas, we also have the following:

. . b*+c?-a?
(A) Right angled (B) Equilateral 1. a*=b2+c2—2bccosA=>cosA=—— "~
(C) Isosceles (D) None of these 2bc
5 o2 2 +a’-b?
Solution: 2. b°=c"+a°—-2cacosB=cosB=——
a ksinA sinA 2ca
2cosB=—=——+=—+— a2+b2_c?
¢ ksinC sinC 3. ?=d’+b*>-2abcosC=cosC=——
= 2cosBsinC=sinA 2ab
=sin(B+C)=sin(B-C)=sinA Combining with sinA:%,sinB:%,sinC:i,we have by
= sin(180°— A)—sin(B—C)=sinA division,
inA-sin(B-C)=sinA b b
=sinA-sin( )=sin tan A= zag _ tanB= Zag _,
=sin(B-C)=0 R(b* +c* —a”) R(c*+a”-b")
=B-C=0=B=C tanC= abe

R(@®+b*-c?)

Therefore, the triangle is isosceles.
where R is the radius of the circumcircle of the triangle ABC.

Hence, the correct answer is option (C).
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Find the smallest angle of the AABC, when
a=7, b=43 and c=13.

Solution: Smallest angle is opposite to smallest side. Therefore,

b +a’-c? 49+48-13 3 3

= = =2 /C=30°
2ab 2x7x43 243 2

cosC=

Illustration 4.6 Qi b+c _fa_ G—er, provethat
11 12 13

cosA cosB cosC

7 19 25

Solution:
b+c c+a a+b b+c+c+a+a+b a+b+c

1112 13 11412413 18
By ratio of proportion, that is,

A C_ A+C
B D B+D

b+c _a c+a b a+b ¢

1M 712 613 5
a b ¢

ﬁ;—g—g—k(say)

2,2 2 2,22 52
cosA:b +c"—-a =k2(62+5 7)21:1
2bc k*2(6)5) 5 35

C+a’ b’ K52 +7°-6") 19

cos B= = 5 =
2ca k<2(5)(7) 35

a?+b’>-c? K (7*+6°-5%) 5 25
cosC= = > _-_Z
2 k22(7)(6) 7 35

Therefore,
cosA cosB  cosC

7 19 25

[T {EVGLE: WA In a triangle ABC, AD is altitude from A. Given

abc

b%-¢?

b>c, £ZC=23°and AD = Find ZB.

Solution: We know that,

a*+c2-b? _az—(bz—cz)

cosB=
2ac 2ac
b
Now, AD = Za c2 . Therefore,
b*-c 5 abc
a? -
cosB=——~A0
2ac
Also, AD =bsin23°. Therefore,
c
9 Sin23°
cosB= e
2c

By sine formulae,
a _sin(B+23°)

c sin23°
Therefore,
sin(B+23°) B 1
sin23° sin23°

cosB=
2

= sin(23°—B) =—1=sin(—90°)
Therefore, 23°—~B=-90° or B=113°.

4.2.3 Projection Rule

In a AABC,
a=bcosC+ccosB

b=ccosA+acosC
c=dacosB+bcosA

With reference to the figure drawn for the cosine formula

c:AB:AD+DB:£+BC%:bcosA+acosB
AC BC

T X In any triangle ABC, prove that

(b+c)cosA+(c+a)cosB+(a+b)cosC=a+b+c

Solution:

LHS = (b+c)cosA+(c+a)cosB+(a+b)cosC
=bcosA+ccosA+ccosB+acosB+acosC+bcosC
=(bcosA+acosB)+(ccosA+acos C)+(ccosB+bcosC)
=c+b+a=RHS [By using projection rule]

+ A
TS U XN [N a AABC, find the value of cosC +cos + CObSB .
c+a

[EAMCET 2001]
Solution:
cosC+cosA N cosB _ (bcosC+bcosA)+(ccosB+acosB)
c+a b b(c +a)
(bcosC +ccosB)+(bcosA+acosB)
b(c+a)

- _ate (Using projection formulae)
b(c+a)

{TEIELT MM If k is the perimeter of AABC, then find the

C B
value of bcos? E+ccos2 >

Solution:

B [«
2 =(

bc052£+ccos —:9(1+cosC)+ 1+cosB)
2 2 2 2

:9+£+l(bcosc+ccosB)
2 2 2
_at+b+c _k
2 2

4.2.4 Tangent Rule or Napier Analogy

In a AABC,
B-C b-c A
cot—

tan =—"
2 b+c 2

From the sine formula, we have
b c

B b _sinB
sinB  sinC

¢ sinC
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Using the componendo-dividendo principle, we get

b-c sinB-sinC
b+c sinB+sinC

B+C . B-C
2cos—-sin
_ 2 2
. B+C B-C
2sin -COS——
2
zcotﬁ.tang
2
:cot[90"—éJtanﬁ
2 2
A B-
=tan—-tan ¢
2
Therefore,
B-C b-c A
tan —
2 b+c 2
Similarly,
C-A c-a B
tan e
2 +a 2
A-B a-b C
and tan =

=——co
2 a+b 2

Illustration 4.11 [[ERAYAl:{@H A:% and b:c=2:3. Iftanazé,

O<a <% then find the value of angles Band C.

Solution:
C-B c-b A
tan =——cot—
2 c+b 2
- 1 3
= tan =—cot30°=—=tana
5 5
Therefore,

C-B=20 and C+B=180°-60°=120°

Thatis, B=60°-a, C=60°+c.

' Your Turn 1 ‘
1. Ina AABC, A:B:C=3:5:4.Then [a+b+c\/§]isequalto .
[DCE 2001]

Ans. 3b

A B-
2. Prove that (b+c)sin5:acos 5 C.

3. Ina AABC find the value of 2acsin(/\_gi).

Ans. 2 +a? - b?

4. In a AABC if SNA_Sin(A=6)
sin(B—C)

- , then a?, b2, ¢? are in which
sinC

progression. Ans. AP

5. Ina AABC, find the value of (a+b+ c¢)(cos A+ cosB+cosC).

A
Ans. ZZGcos2 3

4
6. Inatriangle ABC,a=6,b=3and cos(A—-B)=—.Findangle C.
3 Ans. 90°

4.3 Theorem of the Medians (Apollonius
Theorem)

In every triangle, the sum of the squares of any two sides is equal
to twice the square of half the third side together with twice the
square of the median that bisects the third side.

See Fig. 4.5. For any triangle ABC, using cosine rule we have

b% +c2=2(h* +m?)=2{m?* +(a/2)*}

Figure 4.5

If the triangle is right angled, the mid-point of hypotenuse is equi-
distant from the three vertices, so that DA=DB = DC. Therefore,
b2 +c? =a? which is the Pythagoras theorem. This theorem is
very useful for solving problems of height and distance.

LIBEULHENPY Ina AABCifa=2band |A-B|=7/3, then the NIIIEIETAEN AD is a median of the AABC if AE and AF

measure of ZC is

Solution: Clearly, A > B (a > b). Now

A-B a-b E

tan =——-CO
2 a+b 2

= tan30°:1cotE
3 2

Therefore,

ﬁ:cot%orgzgﬁ C=n/3

are medians of the triangles ABD and ADC, respectively, and
2
AD =m,, AE =m,, AF = m;. Find the value of %.

Solution: See Fig. 4.6. In AABC,

B +b? &

AD? =m?

In AABD,
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In AADC, A [s6=a)
a\2 cosz= 5
2 2 AD*+b? (E) ‘
AFS=my=——F—— =" sin—
2 4 and tané— _(s=b)(s—0c)
Therefore, L B cos ~ s(s—a)
2
m3 +m?3 _ap? e
2 8 A c
5 P HTETENTO R ER |f in a triangle ABC, tanE, tan—, tanE are in

2_+5.2
=m5+m;=2m; +

P
:>—:m§+m§—2m12
8

\
D F ©

Figure 4.6

4.4 Half-Angle Formulae

A } s— b)(s c) A s(s— a) A / s— b)(s c)
sin—= , COS— = and tan—
2 2 2

B_ [(s—a)s—c) B s(s b) B (s—a)(
sin— and tan—=
2 2 2 s(s— b)
C (s—b) (s a) C s(s c) C (s=b)(s—a)
andtan—=, [————
2 s(s—c)

We shaII prove the first of these
2,2 2
2$in2g:1—cosA ﬂ—[mj

a*—(b? +c? -2bc)

2bc
a —(b-c)? (a+b c)a-b+c)
2bc 2bc
_(25-2c)(25-2b)
2bc
where 2s = a+ b + c= Perimeter of the A
Therefore,
.2 A (s=b)s—c¢)
sin —=—-———~
2bc
and siné—i(s_b)(s_c)
2 Jbc
Note:

A . A . .
smE >0 since 3 is an acute angle in a triangle.

A
Similarly, writing 2 cos? 3 =1+cosA we get

harmonic progression, then show that the sides g, b, c are in arith-
metic progression.

A B C .
Solution: Given tan? tan—, tan; are in HP. Then
A
cot—, cotE, cotE are in HP
2 2 2

B A C
= 2cot—=cot—+cot-—
2 2 2

\/ s(s—b) \/ s(s—a) \/ s(s—c)
=2 = +
(s—a)(s—c) (s—b)(s—c) (s—a)(s—b)

Multiply throughout by +/(s —a)(s —b)(s —c) we get
2(s—b)=(s—a)+(s—c¢)
=2b=a+c

=a,b,carein AP
TS {EUTO W NEN In a AABC, if 3a=b+c¢, then find the value of
B C
cot—cot—.
2 2

Solution:

cotB'cotC:\/ s(s—b) \/ ss=c) s
2 2 (s—a)(s—c) \(s—a)a-b)

Given 3a=b+c = a+b+c=4a.Therefore,

s—a

S 2a
7:—:2
s—a a

T IELTL RN ECW If the sides of triangle g, b, ¢ be in AP, then find

A C
the value of tan5+tan5.

B C
cot—cot—=
2 2

Solution:

tan2+tan§:\/(s_b)(s_c) +\/(s—a)(s—b)

s(s—a) s(s—c)

b B 2b B
=—cot—=—cot—
s 2 2s 2
Now a, b, c are in AP.Therefore,
a+c=2b=2s=3b

Hence,
2b B 2 B
—cot—=—cot—

A C
tan—+tan—=
2 2 3 2 3 2

4.5 Area of a Triangle

Let three angles of AABC be denoted by A, B, C and the sides oppo-
site to these angles by letters g, b, ¢, respectively.
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1. When two sides and the included angle are given: See Fig. 4.7.

A

Figure 4.7
The area of triangle ABC is given by

=lbcsinA=1ca sinB:labsinC
2 2 2

Thatis, A= % (Product of two sides) x

2. When three sides are given:
Area of AABCis
A=+/s(s—a)(s-b)(s-c)

atb+c

where semi-perimeters of triangle is defined by s = >

3. When three sides and the circumradius are given:

Area of triangle A= abe
4R

where Ris the circumradius of the triangle.
4. When two angles and the included sides are given:

—laz sinBsinC _ 1
2 sin(B+C) 2

TN R VA Prove that in any AABC

coté+cot§+cotE
2 2 2

1,5sinAsinC _ 1 5 sinAsinB
sin(A+C) 2 sin(A+B)

(a+b+c)?
a?+b2+c2  cotA+cotB+cotC
Solution:
CosA 2bccosA b+ +d?
cotA=
sinA  2bcsinA 4A
Therefore,
b2+c?-a®> d?+b%+c?
D cota ), =
4A 4A
Al
so, Do 2
1+cosA cos 5 A
- = A A = COtE
sinA 2sin—cos—
2 2
2bc(1+cos A) A
————=cot—
2bcsinA
Therefore,
A ZZbc+22bccosA
Zcot
4A
> 2bc+ Yy (b% +c—a)
- aA
B a* +b%+c? +2ab+2bc+2ca B (a+b+c)?
4A 4A

(Sine of included angle)

So,

A
2O (grbac)
D cotA  a®+b%+c?

Hence proved.

2
TR EN Ina AABC, A :?ﬁ, b-c=3+/3 and area

(AABC)=

Also,

\/gcm Find a.
2
Solution: Since area (AABC) = 9v/3/2 we have
Dpesin22 25 1By e
2 3 2 2 2
27: b2 +c?-d?
cos—=————
3 2bc
_1_(b—cf+2bc—d’
2bc

= (b—c)P+3bc—a*=0
= 27+54=a>
=a=9

{TIELT MR If P1, Py, P3 are the length of the altitudes of a

triangle ABC from the vertices A, B, Cand A is the area of the trian-
gle, then find the value of p{z +p2_2 +p3_2.

Solution: We have

1 1 1
—apy=A, —bp, =A, —cp3=A
5 (4] 5 %) 5 P3
2A 2A 2A
=S p=—.Pp=——/P3=—
a b c
Therefore,
A1 1 _d+bd
pi ps p3 4N
' Your Turn 2 ‘

1.

If AD, BE and CF are the medians of a AABC then find the value
of (AD*+BE% +CF?):(a® +b% +c?).
Ans. 3:4

A B B A
In AABC, find the value of (cot5+cotz)(asin25+bsin2 E)

[Roorkee 1988]
Ans. ¢ & otE
(s—a)(s—b) 2

. If p;, by, p5 are the length of the altitudes of a triangle ABC,

> (cotA+cotB+cot()

prove that p;’ +p2 +p3° = A
A B
Find the area of a triangle AABC, if cos :cobs :COSC
a c
cosAzcosBzcosC anda=2.
a b c

Ans. \/§
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5. Find the value of a®sin2B + b2 sin2A a?sin2B +b% sin2A =
if A stands for the area of a triangle ABC.
Ans. 4A

4.6 Circle Connected with the Triangle

4.6.1 Circumcircle of a Triangle and its Radius

See Fig. 4.8.The circle passing through the vertices of the triangle ABC
is called the circumcircle. Its radius R is called the circumradius. In the
triangle ABC,
_a b ¢ Lb(.‘
2sinA  2sinB  2sinC  4A

Figure 4.8

The centre of this circle is the point of intersection of perpendicu-
lar bisectors of the sides and is called the circumcentre.

4.6.2 In-circle of a Triangle and Its Radius

Thecircle touching the three sides of the triangle internally is called
the inscribed or the in-circle of the triangle. Its radius r is called the
in-radius of the triangle. Its centre is known as the in-centre.

The in-centre / is the point of concurrence of internal angle
bisectors of the angles A, B, C. The circle with centre / and radius r=
IL=IM=IN touches the sides of the triangle.

A=AIBC+ AICA + AIAB

1 1 1
= 5r(BC)+5r(CA)+Er(AB)

_rla+b+c)
2

=rs

r-2s
2

Therefore,

A B C
r=(s—a)tan—=(s—-b)tan—=(s—c)tan—
(s—a) 3 (s—b) > (s—0) 5
In Fig. 4.9, AN = AM are tangents and similarly we have for other
pairs. So

AN+BL+LC=%=5

AN+a=s =>AN=s-a
In A ANI,

Therefore,

A
r=(s—a)tan—
2

The other two values are obtained in a similar way. Also
r=4RsinAsin§sinE
2 2 2
From Fig. 4.9, we have

a:BC:BL+LC:rcot§+rcot%

C) A
rcos—
_ 2

. B . C
sin—sin—
2 2

. (B+
cosg cos% rsm(
=r ' B+ . =
sin— sin—

2

. B . C
sin—sin—
2 2

Figure 4.9

Therefore,
asinEsinE 2RsinAsinEsinE
= 2° 2_ 2- 2
A
cos—
2

A

cos—

2
:4Rsinésin§sinE
2 2 2

4.6.3 Ex-Circles (Escribed Circle) of a Triangle
and Their Radius

The circle touching BC and the two sides AB and AC produced of
AABC externally is called the escribed circle opposite A. Its radius is
denoted by r,. Similarly, r, and r; denote the radii of the escribed
circles opposite to angles B and C, respectively. ry, r,, r5 are called
the ex-radii of the AABC.

There are three ex-circles. The ex-circle opposite A is drawn in
Fig.4.10./, is the point of intersection of internal bisector of angle
A and external bisectors of angles B and C. The perpendiculars /,L,
I;M, I,N to the three sides of the A are equal and the radius r, of the
ex-circle opposite is to A.

AN = AM = — (AN + AM)

1
2
:%[AB+BL+AC+CL]

1
=—(a+b+c)=s
2( )

Hence, from AANI,
A A
r=hKN=ANtan—=stan—
2 2

A
=r =stan -
2
Similarly,

B
rL=stan— and n =stan£
2 2
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Also,
A (s—b)(s—c)
h=stan—=s——F———
2 s(s—a)
_\BG—aXS—bXS—c)_ A
s—a s—a
Hence,
A
h=——
s—a
Similarly,
Lh=——-andrp=—-
s— s—c

LA B C .
Another formula for ﬁ=4RSInECOSECOSE can be derived as
follows:

Figure 4.10
A (s—b)(s—c)
ssmz s e
n=stan—= = y
CcOS — CcoS—
2
s(s=b) |s(s—c B C
a acos—cos—
_ ac ab  _ 2 2
A
cos— Ccos—
2

4R sinécosécosﬁcosE
2 2 2 2

A
Ccos—
2

A B C
rn =4Rsin—cos—cos—
2 2 2
Similarly,
h :4Rsinécos§cosE
2 2 2
A . B C
r, =C0s—-sin—-cos—
2 2 2
r =4Rcosécos§sinE
2 2 2

Few more results: In any AABC, we have

T 1 1 1
1. —4—4—=—
A A

1 1 1 1
—t—t—=—
bc ca ab 2Rr

3. fh+nL+hL=s
. . . A B C
4. A=2R%sinA-sinb-sinC :4chos?cosz-cosz

LIV EN WL B Prove that +1, +1—r=4R.

Solution: Taking the LHS, we have
A A A A
(h+n)+(n —r):(—+—)+(———)

s—a s—b s—Cc s

:A{ 2s—a-b }+A{s—(s—c)}
(s—a)(s—b) s(s—c)

il
(s—a)(s—b) s(s—c)

Ac
=—— {s(s—c)+(s—a)(s—-b)}
s(s—a)(s—b)(s—c) ( I+ 4 )
Acab Aabc abc
= = =——=4R
s(s—a)(s—b)(s—c) A? A
TSI ) WA M Prove that
A1, 1 drbied
r12 r22 r32 2 A2

Solution: Taking the LHS, we have

i2+l2+i2+i2=i2{(S—a)2+(s—b)2+(s—c)2+52}
hn L B

1
ZPMSZ —2s(a+b+c)+a®+b%+c%}
:émsz —2s(2s)+a*+b%+c%}

_a+b’+c?
A2

4.7 Orthocentre of a Triangle

Let ABC be any triangle, and let AK, BL and CM be the perpendic-
ulars for A, Band C upon the opposite sides of the triangle. Three
perpendiculars meet at a common point H. This point H is the
orthocentre of the triangle. The triangle formed by joining the feet
of the three perpendiculars is called the pedal triangle of ABC.

4.7.1 Lengths of Altitudes

The distance of the orthocentre H from the vertices and sides of
the triangle ABC (Fig. 4.11).

HK=KBtan ZHBK
=KBtan (90° — C)=AB cos Bcot C

= ;cosBcosC =2RcosBcosC
sin

Similarly,
HL=2R cos A cos Cand HM = 2R cos A cos B
Also,
AH=AL sec ZKAC=c cos A cosec C
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c If O is the orthocentre and DEF the pedal triangle of AABC, where
= inC cosA=2Rcos A AD, BE, CF are the perpendiculars drawn from A, B, C on the oppo-

sin
L site sides BC, CA, AB, respectively, then
Similarly,

BH=2RcosBand CH=2 Rcos C OA=2RcosA, OB=2RcosB and OC = 2Rcos C
OD =2RcosBcosC, OE=2RcosCcosA and

OF =2RcosAcosB

4.9.1 Sides and Angles of a Pedal Triangle

See Fig. 4.14. The angles of pedal triangle DEF are: 180° — 24, 180°
— 2B, 180° — 2C and sides of pedal triangle are

EF =acosAorRsin2A; FD =bcosB or Rsin2B;
K ¢ DE =ccosC or Rsin2C

Figure 4.11 If given AABC is obtuse, then angles are been represented by

4.8 centroid Of a Triangle 2A, 2B, 2C-180° and the sides are acosA, bcosB, —ccosC.

If ABC is a triangle, and D, E and F are, respectively, the middle
points of BC, CAand AB, the lines AD, BE and CF are called the medi-
ans of the triangle. The point where these medians are concurrent
is called centroid, G, of the triangle (Fig. 4.12). So

AG =EAD, BG:EBE and CG =3CF
3 3 3

That is, the centroid divides every median in the ratio 2:1.
A

&£ D
180° - 2A
Figure 4.14
F E 9
4.9.2 Area and Circumradius and In-radius of
G Pedal Triangle
Area of pedal triangle
B C 1 . . .
D = E(Productofthe sides) X (sine of included angle)
Figure 4.12 15
A:ER -sin2A-sin2B-sin2C
4.9 Pedal Triangle .
Circumradius of pedal triangle - EF __ Rsin2A R
Let the perpendiculars AD, BE and CF from the vertices A, Band Con 2sinZFDE  2sin(180°-2A) 2
the opposite sides BC, CA and AB of AABC, respectively, meet at O.
Then O is the orthocentre of AABC. Triangle DEF is called the pedal In-radius of pedal trianale = areaof ADEF
triangle of the AABC. P ge= semi-perimeter of ADEF
Orthocentre of the triangle is the in-centre of the pedal triangle
(Fig. 4.13). %RZ sin2A-sin2B-sin2C

2RsinA-sinB-sinC

=2RcosA-cosB- cosC

4.10 Ex-Central Triangle

Let ABC be a triangle and / be the centre of incircle. Let /;, I, and I
be the centres of the escribed circles which are opposite to A, B,
C, respectively. Then /,1,/5 is called the ex-central triangle of AABC
Figure 4.13 (Fig. 4.15).
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Iy Ip
90° - C/2 . 7
L~ 90° - B/2
B (o}
Y900 - AR
1
Figure 4.15

1,115 is a triangle. Thus, triangle ABC is the pedal triangle of its
ex-central triangle /,/,/,.

The angles of ex-central triangle /1,1, are
A B C

90°-—,90°~—, 90° ——
2 2 2

and sides are

B A
hiy :4RC055; I, =4Rcosg; Il =4Rcos§

4.10.1 Area and Circumradius of the Ex-Central
Triangle

Area of triangle = % (Product of two sides) x (Sine of included angles)

A :1-(4Rcos§)-(4Rcos£)x(9O°—A)
2 2 2 2

A
A=8R? cos—‘cosgcosE
2 2 2

A
4Rcos—
lls 2

. = =2R
2sin Zlif, 1 25in[90°—éJ
2

Circumradius =

Remarks:

1. Orthocentre of the triangle is the in-centre of the pedal
triangle.

2. Ifl;,l,and I; are the centres of escribed circles which are oppo-
site to A, Band C, respectively, and [ the centre of in-circle then
triangle ABC is the pedal triangle of the triangle /,/,/; and / is the
orthocentre of the triangle /,/,/5.

3. The centroid of the triangle lies on the line joining the circum-
centre to the orthocentre and divides it in the ratio 1: 2.

4. Circle circumscribing the pedal triangle of a given triangle
bisects the sides of the given triangle and also the lines
joining the vertices of the given triangle to the orthocen-
tre of the given triangle. This circle is known as nine-point
circle.

5. Circumcentre of the pedal triangle of a given triangle bisects
the line joining the circumcentre of the triangle to the
orthocentre.

{[TBTENTL PP In a AABC, h<r<n. Then

(A) a<b<c (B) a>b>c
(C) b<a<c (D) a<c<b

Solution: Ina AABC, <, <r;.Then

1.1 1 s-a
—>—>—=—>
[ N A

s—C

s—b
A A
=(s—a)>(s—-b)>(s—c)=>-a>-b>-c=a<b<c

Hence, the correct answer is option (A).

HITE{ELT WX N a triangle ABC, let LC = g If ris the in-radius

and R is the circumradius of the triangle, then 2(r+R) is equal
to

[IIT Screening 2000]

(A) a+b (B) b+c
(C) c+a (D) a+b+c
Solution: We have
LY
sinC
Therefore,
c=2Rsin90°=2R
Also,

r:(sfc)tan%:(sfc)(tan45°)
2r=2s-2c=a+b-c=a+b-2R,
=2(r+R)=a+b

Hence, the correct answer is option (A).

{EIELT LW [n an equilateral triangle the in-radius and the

circumradius are connected by

(R) r=4R (B) r=R/2
(C) r=R/3 (D) None of these
Solution:

r:4RsinA~sin§~sinE
2 2 2
For an equilateral triangle, A=B =C =60°. Therefore

r=4Rsin30°-sin30°-sin30° =4R-

N | —
N |

1
2

N | —

Hence, the correct answer is option (B).

HIS{ELLL WM [N a triangle ABC, the vertices A, B, C are at

distance of p, g, r from the orthocentre, respectively. Show that
aqr+ brp + cpg = abc.

Solution: Let H be the orthocentre of triangle ABC (Fig. 4.16). From
question, HA=p, HB=q,HC=r

A

D

Figure 4.16
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From Fig. 4.16,
£HBD=/EBC=90°-C

ZHCD=ZFCB=90°-B

Therefore,
Z/BHC=180° — (LHBD + ZHCD)

=180°—-[90° — C+90° - B]
=B+C=180°-A
Similarly,

ZAHC=180° —Band LAHB=180°-C

Now,
Area of ABHC + Area of ACHA + Area of AAHB
= Area of AABC

1 1 1
:Eq~r~sin£BHC+E~r~psin4CHA+Ep-qsin4AHB:A

Therefore,

A=lbc-sinA
2
1 . 1 1 .
:>5qr-5|n(1 80°—A)+Erpsm(1 80°—B)+qu5|n(1 80°-C)=A

1 1 1
= —qr-sinA+—rpsinB+—pg-sinC=A
2q > (4 zpq

C

2R

2 2R 2 2R 2

abc abc
=aqr+brp+cpg=4R-A=4-— =abc SinceA=——
q p+cpq aA [ 4R]

4 4

. IfRis the radius of the circumcircle of the AABCand A'is its area,
then

Your Turn 3

(A) R=5tbHc B) R=2tb+C
4A
abc abc
C) R=—— D) R=—
© 4A ) A

Ans. (C)

. Ifthe lengths of the sides of a triangle are 3, 4 and 5 units, then
R (the circumradius) is

(A) 2.0 unit (B) 2.5 unit
(C) 3.0unit (D) 3.5 unit
Ans. (B)
. If x,y,z are perpendiculars drawn from the vertices of

. L bx ¢y az
triangle having sides g, b and ¢, then the value of X9,z

will be ¢ a b

A) a?+b%+c? B) a?+b%+c?
2R R?
a?+b%+c?

(D) 2a® +b%+¢?)

(€)
R? R

Ans. (A)

. If r, n, pinatriangle be in HP, then the sides are in

(A) AP (B) GP
(C) HP (D) None of these
Ans. (A)
. If the sides of a triangle are 13, 14, 15 then the radius of its
in-circle is
67 65
(R) 3 (B) 2
(C) 4 (D) 24

Ans. (C)

. If the bisector of the angle C of a triangle ABC cuts ABin D and

the circumcircle in E, prove that CE:DE = (a + b)%:c2.

4.11 Cyclic Quadrilateral

3. cosQ=

A quadrilateral PQRS is said to be cyclic quadrilateral if there exists
a circle passing through all its four vertices P, Q, Rand S (Fig. 4.17).
Let a cyclic quadrilateral be such that

PQ=a,QR=b,RS=cand SP=d

Then ZQ+4£5=180° and ZP+ Z5=180°. Let 2s=a+b+c+d.
Now

Area of cyclic quadrilateral PQRS = Area of APQR + Area of APRS

= fabsino+%cdsin5

absinQ +%cdsin(7r—0)

(ab+cd)sinQ (1

N[= N|[= N[=

S
>

L
Q

Figure 4.17

In APQR and APRS, from cosine rule we have, respectively,

PR? =PQ? + QR? —2PQ-QRcosQ = a? +b? —2abcosQ  (2)

and PR? = PS? + RS? —2PS-RS cos S
=d?+c?-2cdcos(z -Q)
=d?+c?+2cdcosQ 3)

Therefore,

1. Area of cyclic quadrilateral = %(ab+cd)sino

2. Area of cyclic quadrilateral = \/(s—a)(s—b)(s—c)(s—d),

where 2s=a+b+c+d
at+b%-c?—d?
2(ab+cd)
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4.11.1 Circumradius of Cyclic Quadrilateral

Circumcircle of quadrilateral PQRS is also the circumcircle of APQR.
Hence, circumradius of cyclic quadrilateral PQRS =R

But

Hence,

PR PR(ab+cd)

Circumradius of APQR =
2sinB 4A

(ac+bd)(ad + bc)
(ab+cd)

PR=

R=i\/(ac+bd)(ad+bc)(ab+cd)

1 \/(ac+bd)(ad+bc)(ab+cd)
4\ (s-a)s—b)s—c)(s—d)

4.11.2 Ptolemy’s Theorem

See Fig. 4.18. In a cyclic quadrilateral PQRS, the product of diag-
onals is equal to the sum of the products of the length of the
opposite sides, i.e. according to Ptolemy’s theorem, for a cyclic
quadrilateral PQRS.

IS Il In a cyclic quadrilateral ABCD, prove that

PR-QS =PQ-RS+RQ-PS

P
Q
R
S
Figure 4.18

tan? B_((s—a)(s—b))
an? — = ————
2 (s—c)(s—d)

a, b, c and d being the lengths of sides AB, BC, CD and DA, respec-
tively, and’s’is semi-perimeter of quadrilateral.

Solution: See Fig. 4.19. In AABC

In AADC

Figure 4.19

AC?2=a?+b%—-2abcosB

AC?=c2+d?—2cd cos D
=c2+d?—2cd cos (180° — B)

=c?+d?+2cd cos B

(M

)

From Egs. (1) and (2), we get

a*+b%-c?—d?

cosB=
2(ab+cd)
B\ 1-cosB
Since, tan? (Ej = 17038’ we get using Eq. (3)

tanz(g]: 2ab+cd)-(a* +b% -2 - d?)
2) 2%ab+cd)+(@® +b*-c*-d?)
_(c+d)*—(a-b)?
(a+b) —(c—d)>
_(c+d+a-b)(c+d—-a+b)
" (a+b+c—d)a+b—c+d)

(s—a)(s—b)

=———" wheres=a+b+c+d

C(s—d)(s—¢)

343
HITRe ) WYl A cyclic quadrilateral ABCD of area T\/_ is

inscribed in a unit circle. If one of its sides AB=1 and the diagonal

BD = /3 then find the lengths of the other sides.

Solution:
A

B = D

C
Figure 4.20

See Fig. 4.20. By sine formula in AABC,

£=2R:>£=2
SinA sinA

:>sinA=—3:>A=z
2 3

Now, AB=x=1.

By cosine formula in AABD

2, .2 2
o F XY =3 1 1+yt-3
3 2xy 2 2y

=y’ -y-2=0=(y-2)(y+1=0

= y=2 [ y#-1

Since ZA=60°, therefore ZC=120°
In ABDC,

3:p2 +q2—2pqcos120°:>3:p2 +q2 +pq

Also, area of quadrilateral ABCD = % Therefore,

:>y:y2—2
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33 = AABD +ABCD = %naz -cot[fj (In terms of side)
4 n
= %'1-25in60°+%p~q'sin1 20° =nr? .tan(zj (In terms of in-radius)
n
V3 B
=—+—0pq =" R%in 27 ) (In terms of circumradius)
2 4 2 n
3 3V3 V3 3V3-243 3
= £pq=—f—£=u=£ 4.12.1 Area of Sector
4 4 2 4 4
=pqg=1 Area included between two radius and circumference (Fig. 4.22)
is given by
Therefore, Eq. (1) gives, R20
Area=——, where @ is in radians
3=p*+¢°+1= p?+¢* =2 [p.g>0] 2
Thus,
1
p’+—=2=p*-2p+1=0
p
:>(p2—1)2:0:>p2:1 <>
o
So, p°=1,q=1. Therefore, AB=1, AD=2, BC=CD=1.
sector
4.12 Regular Polygon Figure 4.22

A regular polygon is a polygon that has all its sides equal and all 4.12.2 Area of Segment
its angles equal.

Area between a circumference and a chord (Fig. 4.23) is given by

R2
Area= 7(0— sin &)

AN B
Figure 4.21
1. See Fig. 4.21. Each interior angle of a regular polygon of n
sides is
Figure 4.23
2n—4 xRight angles = 2n-4 xZ radians
n 9 gies = n 2 [T IEL(Y ) 2 The area of the circle and the area of a regular
2. The circle passing through all the vertices of a regular polygon polygon of n sides and its perimeter equal to that of the circle are
is called its circumscribed circle. in the ratio of [Roorkee 1992]
If a is the length of each side of a regular polygon of n sides, (A) tan(z): z (B) cos(z) . z
then the radius R of the circumscribed circle, is given by njn njn
T\ 7w T\ 7w
_a % (C) sin| —|:— (D) cot| —[:—
R—E‘cosec(;J (n) n (n) n

Solution: Let r be the radius of the circle and A, be its area,
therefore, A = 7r2. Since the perimeter of the circle is the same as
the perimeter of a regular polygon of n sides, therefore, 27zr =na,

where ‘@’ is the length of one side of the regular polygon. This gives
2xr
a=

3. Thecircle which can be inscribed within the regular polygon so
as to touch all its sides, is called its inscribed circle.
Again if a is the length of each side of a regular polygon of
n sides, then the radius r of the inscribed circle is given by

n
a V4
R= E‘COt(;) Let A, be the area of the polygon. Then

4. The area of a regular polygon is given by A = 1 na®-cotF = 1n 4’ cotZ =z F.cot®
,=—na*-cot==—n- Lo ZcotZ

A=n X area of triangle OAB 4 n 4 n? n n n
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Therefore,
. . gRY 4 cosec—
A Ay =mr?:ar? ZoeotZ=1:ZcotZ=tanZ:Z Givenratio =——=—-=———=—
n n n n zre 3 cot? T 3

Hence, the correct answer is option (A).
{TIELTY LB If the number of sides of two regular polygons =cosZ = i\/g = iﬁ
having the same perimeter be n and 2n, respectively, their areas n 4 2

are in the ratio
2C0$(z)
(A) —~12 (B)
2n
(%)
cos| —
(©) n
(r
n

Solution: Let s be the perimeter of both the polygons. Then the

length of each side of the first polygon is s/n and that of second
polygon is s/2n.

ZCOS(E)

_\nJ
T

1+cos(—)
n

(D) None of these

If A, A, denote their areas, then

2
nls V4
A=—|= il 1
! 4[n:| COtn M
and A —1-(2n)(s)2-cot(”] 2)
274 2n 2n

Ratio of Egs. (1) and (2) is

2cot(£] 2cos(£jsin(£)
A n)_ n 2n
A cot(lj sin(zjcos(iJ
2n n 2n
2COS[£jSin(£j
_ n 2n
(7 T V4
2sin| — |cos| — |cos| —
[ )e{ 5
2COS(£)
_ n
T
1+cos(—)
n

Hence, the correct answer is option (B).

TSI R B Ll The ratio of the area of the regular polygon of
n sides circumscribed about a circle to the area of the regular pol-

ygon of equal number of sides inscribed in the circle is 4:3. Find
the value of n.

Solution: Area of circle inscribed about a regular polygon of n
sides is

2
a zY ra r
7R? =7| Zcosec= | == cosec?=
2 n 4 n

Area of circle inscribed about the same regular polygon is
a YV zd T
zrt=z| —cot= | == cot*=
2 n 4 n

:EitherzzﬁorE:S”
n 6 n 6

As nis a natural number, therefore n =6.

4.13 Solution of a Triangle

The three sides g, b, c and the three angles A, B, C are called the
elements of the triangle ABC. When any three of these six elements
(except all the three angles) of a triangle are given, the triangle
is known completely; that is, the other three elements can be
expressed in terms of the given elements and can be evaluated.
This process is called the solution of a triangle.

In this section, we will discuss the solution of oblique triangles
only.

4.13.1 Typel

Problems based on finding the angles when three sides are given.
If the data given is in sine we use the following formula, which-
ever is applicable:

A |s=b)s=c) . B |s=c)s—a) . C [(s—a)(s—b)
sn—= [———,sin—-=,[——,SIn—=, [———
2 bc 2 ca 2 ab

If the given data are in cosine, first of all try the following formula,
whichever is needed:

A s(s—a) B s(s—b) C s(s—c)
cos—= } , COS—= { , COS—= /
2 bc 2 ca 2 ab

and see whether logarithm of the number on RHS can be deter-
mined from the given data. If s proceed further, if not then try the
following formula, whichever is needed:

b2 +c?-a? a*+c?-b? a*+b%-c?
c0OsA=———,co0sB=——————,cosC=————
2bc 2ac 2ab

If the given data are in tangent, use the following formula, which-
ever is applicable:
A (s—b)(s—c) B (s—c)s—a) C

tan—=,[———— tan—=,|—————— tan—=
2 s(s—a) 2 s(s—b) 2

4.13.2 Typell

Problem based on finding the angles when any two sides and the
angles between them are given or any two sides and the differ-
ence of the angles opposite to them are given.

(s—a)(s—b)
s(s—c)

Working Rule: Use the following formula, whichever is needed:
B-C b-c A
—= cot

1. tan —cot—
2 b+c 2

C-A c-a B

2. tan——=——cot—
2 c+a 2

A-B a-b C

3. tan =——cot—
2 a+b 2



Chapter 4 | Properties of Triangle 155

4.13.3 Typelll

Problems based on finding the sides and angles when any two
angles and side opposite to one of them are given.

Working Rule: Use the following formula, whichever is needed:

1.

2.

a _b _c
sinA sinB  sinC
A+B+(C=180°

4.13.4 TypelV

When all the three angles are given, then unique solution of tri-
angle is not possible. In this case only the ratio of the sides can be
determined.

For this the following formula can be used:

a _b _c
sinA  sinB  sinC

4.13.5 TypeV

If two sides b and ¢ and the angle B (opposite to side b) are given,

bsi

then sinC=£sinB, A =180° - (B + () and a:ﬂ give the
b sinB

remaining elements.

1.
2.

3.

4.

If b < c sin B, there is no triangle possible [Fig. 4.24(i)].

If b=csin Band Bis an acute angle, then there is only one trian-
gle possible [Fig. 4.24(ii)].

If ¢ sin B < b < c and B is an acute angle, then there are two
values of angle C [Fig. 4.24(iii)].

If c < b and B is an acute angle, then there is only one triangle
[Fig. 4.24(iv)].

This is, sometimes, called an ambiguous case.

it
2 b csin B
- I_,l
B 'D
0]
A

A
-7 T
b b csin B
\\// c i /¢
Cz \\\\ B ’,’, C1
(iv)
Figure 4.24

4.13.6 Alternative Method

By applying cosine rule, we have
a’+c?-b?
2ac
= a’-(2ccosB) a+(c>-b2)=0

cosB=

= a:ccosBi\/(ccosB)2 —(cz—bz)

= a:ccosBi\/b2 —(csinB)2

This equation leads to the following cases:

Case 1.
If b<csin B, no such triangle is possible.

Case 2.
Let b=c sin B. There are further following cases:
(a) Bis an obtuse angle
= cos Bis negative. There exists no such triangle.
(b) Bis an acute angle
= cos Bis positive. There exists only one such triangle.

Case 3.
Let b> c sin B. There are further following cases:
(@) Bis an acute angle

= cos B is positive. In this case two values of a will exist if

and only if

ccosB> \/b2 —(csinB)> orc>b

= Two such triangles are possible. If ¢ < b, only one such tri-

angle is possible.
(b) Bis an obtuse angle

= cos Bis negative. In this case triangle will exist if and only if

b? —(csinB)* >|ccosB|
If b> c. In this case only one such triangle is possible.
If b < c there exists no such triangle.

1. If one side a and angles B and C are given, then A = 180° -

(B+C),and

b= asinB _ asinC

sinA ' SinA

2. If the three angles A, B, C are given, we can only find the
ratios of the sides a, b, ¢ by using sine rule (since there are

infinite similar triangles possible).

[ITH{ELT AW If in a right-angled triangle the hypotenuse is
four times as long as the perpendicular drawn to it from opposite

vertex, then find one of its acute angle.

Solution: See Fig. 4.25. If x is length of perpendicular drawn to it
from opposite vertex of a right-angled triangle, so, length of the

diagonal is
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AB=y,+y,

Figure 4.25

From AOCB, y, = xcot@ and from AOCA, y, = x tan6. Putting the
values in Eq. (1), we get

AB = x(tané + cot ) )
Since, length of hypotenuse = 4 (Length of perpendicular)

therefore,

. 2 2
x(tan8 + cot@) = 4x = SN 9150
sinf cosé

:>sin2¢9:%:> 20=30° = #=15°

T IELTY %Pl Find the number of triangles ABC that can be
formed with a=3, b=8and sinA= g

Solution: Given a=3, b=8and sinA= %.Therefore

bsinA:8x[i):ﬂ>a

=3
13) 13 =3

Thus, in this case no triangle is possible.

HITETELTY Xl |f two sides of a triangle are 2v3 and 242 and

the angle opposite the shorter side is 45°, then find the maximum
value of the third side.

Solution: Let a= 2x/§, b=22. Therefore, B=45°, So,

:}L\/g: 2\/5 =7C (1)
sinA  sin45° sinC

a b ¢

sinA_ sinB  sinC

sinA:?: A=60°

Therefore,
C=180°-A-B=75°

From Eq. (1), we have

c=4sinC=4sin(45°+30°) =2 +6

[T I, W %X W In an ambiguous case, if the remaining angles

of the triangles formed with g, b and A be By, C; and B,, C, then

sinC, + sinC,

sinB; sinB,
(A) 2cosA (B) cosA
(C) 2sinA (D) sinA

Solution: See Fig. 4.26.In A’s ACB, and ACB,

Figure 4.26
sinGG _ AB_ g and sinG, _ ¢
sinB;  AC b sinB, b
Therefore,
sinC; sinC,  ¢+¢
sinB; sinB, b
2,2 2
since, cosA:bJrzc% = > -(2bcosA)c +(b* -a*)=0
c

therefore, ¢;+c, =2bcos A

sinC; sinC, 2bcosA

- - 2cosA
sinB; sinB,
Hence, the correct answer is option (A).
' Your Turn 4 A

1. The two adjacent sides of a cyclic quadrilateral are 2 and 5 and
the angle between them is 60°. If the third side is 3, the remain-
ing fourth side is

(A) 2
@ 4

(B) 3
(D) 5
Ans. (A)
2. Two adjacent sides of a cyclic quadrilateral are 2 and 5 and the
angle between them is 60°. If the area of the quadrilateral is
443, then the remaining two sides are
(A) 2,3 (B) 3,4
(C) 4,5 (D) 5,6
Ans. (A)
3. The sum of the radii of inscribed and circumscribed circles for
an n-sided regular polygon of side g, is

V4 a V4
(A) acot(;) (B) ECOt(%)

T a T
(C) Gcot(%) (D) Zcot(%)
Ans. (C)

4. Aregular polygon of nine sides, each of length 2, is inscribed in
a circle. The radius of the circle is

V4 V4
(A) cosec— (B) cosec—
9 3

V4 V4
C) cot— D) tan—
(C) 5 (D) 5

Ans. (A)
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5. In atriangle ABC, AB=2,BC =4,CA=3 and D is mid-point of BC.
Then

11 7
A) cosB=— B) cosB=—
(A) p (B) P

(C) AD=24 (D) AD*>=25

Ans. (D)
6. Ifb=3,c=4and B= % then find the number of triangles that

can be constructed.
Ans. 0

4.13.7 m-nTheorem

See Fig. 4.27. If a point D divides the side BC of A ABC internally in
the ratio m:n and ZBAD = ¢, ZDAC= 3 and ZADC = 6 then

(m+n) cot & =mcot @—n cot
=ncotB-mcotC
A

D C
Figure 4.27

The result can be derived using the sine rule in AABD and AADC.

IR {ELTT %l In Fig. 4.28, ABC is a triangle in which angle C=

90° and AB=5 cm. D is a point on AB such that AD =3 cm and
ZACD =60°. Find the length of side AC.

(]
60°
A <«<—3cm—>» p B
< 5cm >
Figure 4.28

Solution: Using m — n theorem,

(3+2) cot ZCDA =2 cot 30° — 3 cot 60°

V3

= cot LCDA = ?

Now, using sine rule in ACDA,
AC AD
sinZCDA sin ZACD
= AC= 33 =5 3 cm

sin60° 28 \7

Additional Solved Examples

1. Ifina AABC, cosA+2cosB+cosC=2,thena,b,carein

(A) HP (B) GP
(C) AP (D) None of these

Solution: From the given condition, we have

cosA+cosC=2(1-cosB)

= 2cosAJr cosA_C:2x25in2§
- . B A+C B
= Cos =2sin—| .- cos =sin—#0
2 2
= 2cos— -:os§=4sin§cosE
2 2
A-C B A+C
— 2sin cos =2sinB('.'c055=sin 3 )

= sinA+sinC=2sinB

:>£+£=29:>a+c:2b
k k k

= a,b,carein AP

Hence, the correct answer is option (C).

2. Points D, E are taken on the side BC of a triangle ABC such that
BD=DE=EC.If ZBAD =x, ZDAE =y, ZEAC =z, then the value of
sin(x+ y)sin(y +z) .

— is equal to
sinxsinz

(R) 4
() 2

(B) 1
(D) None of these

Solution: See Fig. 4.29. From AADC

sin(y+2z) _sinC
DC AD

A

B D E C
Figure 4.29

From AABD
sinx _sinB
BD AD
and from AAEC,
sinz_sinC
EC AE
Also, from AABE,

sin(x+y) sinB @)

BE  AE
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From Egs. (1), (2), (3) and (4), we get
sin(x+y)sin(y+2z) BE y DC « AD AE

“AETAD BD T EC

sinxsinz
N
BD EC

("BE=2BD and DC =2 EC)
Hence, the correct answer is option (A).
B
3. Inany AABC, if C=90°, then tanE is equal to

a—c

a+c

@, |2 (B)
c+a

© 2
c—a

Solution: Using Napier’s analogy, we get
C-A _c-a_ B

2 c+a 2

90°—(90°-B)

(D) None of these

tan

c—a 1

= tan = F
c+a

tanE
2

(since C=90°, therefore A+B=90°)

B
(since, 0 <B<180°, tanE cannot be negative)

Hence, the correct answer is option (A).

4. Ifx,y,zare perpendiculars drawn from the vertices of a triangle

having sides g, b and ¢, then b—x+g+g is equal to
c a
2 .42, .2 2 .42, .2
a‘+b°+c a‘+b°+c
(A) —— B) ———
2R R
2 .42, .2 2,42, 2
a‘+b°+c 2@ +b°+c
€ — (D) 2Aa”+b7+c7)
4R R
Solution:
fax:A,lby:A,fcz:A
2A 2A 2A
=S5 X=—,y=—,2=—

Hence,
bx ¢y az 2bA 2cA 2aA
—+=+—=—+ +

c a b ac  ab  bc

2,42, 2

E{b2+cz+a2}=ﬂu
C abc 2

1 d+b’+c?
R 2

(since R :a—ch
4A

Hence, the correct answer is option (A).

cosC+cosA + cosB

5. InaAABC, is equal to
c+a
1 1
A) — B) —
(R) . (B) b
c b

Solution: We have

cosC+cosA + cosB  bcosC+bcosA+ccosB+acosB

c+a b b(c+a)

(bcosC+ccosB)+(bcos A+ acosB)
b(c+a)

a+c . —
= (using projection formulae)
b(c+a)

Hence, the correct answer is option (B).

6. Ina AABC, prove that cos A+ cos B+ cos C < ;

cosA+cosB+cosC=2 cos( +B)cos(%)+1—25in2%

e A-B A+B
=2sin—| cos —cos| — | |+1
2[ ( 2 ) ( 2 )]

A+B 7 C A+B)_ . C
——=———, therefore, cos| —— [=sin—
2 2 2 2 2

Solution:

=4sin ésingsin£+1
2 2 2

1 A . B 1
<1+—4 sin—sinfsinESf < E
8 2 2 2 8 2

3
7. For a triangle, it is given that cos A + cos B + cos C = —. Prove
that the triangle is equilateral. 2
Solution: If g, b, c are the sides of AABC then given that
3
cosA+cosB+cosC=E
b*+ct—a? N A +a*-b? N a+b>-c? B
2bc 2ab
= ab?+ac? - a3+ bc? + ba? - b3 + ca? + cb? - 3 = 3abc

N W

2ca

= ab?+ac2+bc? + ba? + ca? + cb? - 6abc = a® + b3 + 3 — 3abc

— alb -2+ blc-a) +cla-bp = (‘”zﬂ

(b-0?+(c-a)

[a-b)2+

= (a+b-a-b2+b+c-a)b-c)2+(c+a-b)(c-a?)=0
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Nowa+b>c, b+c>a, c+a>b.Since each term on the Therefore,

left side has positive coefficient multiplied by perfect square, AD = DC sinC
each must be separately zero. So a = b = c. Hence, the triangle B sinﬁ
is equilateral. 3
But BD = CD. Therefore,
8. Inatriangle ABC, prove that aa+c-b) _1-cosA
b(b+c—a) 1+cosA sinB _ sinC sin C
sin A~ sin 24~ 2sin A cos A
Solution: 2 = 37
LHS_a(a+c—b)_a[(a+c)2—b2] 3 3 3 3
bib+c—a) bl(b+c)?—a?] sinB_ 1 =1secé
2 2 2 = sin C 2 3
_ala+c —b” +2ac) 2C°S§
b (b% +c? —a? +2bc)
_a(2ac cosB+2ac) 10. If /'is the in-centre of AABC and R;, R,, R, are the radii of the
b 2bccosA+2bc circumcircles of the triangles IBC, ICA and IAB, respectively,
a 2ac (cosB+1) then show that R,R,R; < R,.
= b 2bc (CosA+1) Solution: See Fig. 4.31. In AIBC apply sine rule. We get
_i(HcosB) a _ 2, 2RsinA _ 28,
b? (1+cos A) sin(;r—%) cosA/2

_ sin® A (1+cosB)
sin? B (1+cos A)

= R, =2RsinA/2

(1- cos? A) (1+cosB)

(1—cos? B) (1+cos A)
_1-cosA
1-cosB

9. If the median AD of a triangle ABC divides the angle ZBAC in

ratio 1:2, then show that ﬂ = lsecé.
sinC 2 3 Figure 4.31
Solution: See Fig. 4.30. Similarly, R, =2R sin B/2 and R, = 2R sin C/2
A Now, R,R,R; =R3 8 sin A/2 sin B/2 sin (/2 < R
ey 11. Inany AABC,ifa=2,b= V3 +1 and C=60°. Find the other two
313 angles and the remaining side.
Solution: Two sides and included angle are given.
B-A b-a C 1-2
B D c tanB2A 070 o S_(WBH1-2
2 b+a 2 \/g +1+2
Figure 4.30
3-1) 5 V31
A 2A B 3=
28AD =7, 2DAC= "2 343 V341

_tan 60°~ tan 45

BD _ AD " 1+tan 60° tan45
. A sinB
5'”; =tan (60° — 45°) =tan 15°
Therefore, Therefore,
AD:BD sinB B_A
A —— =15°=B-A=30° (M
Slng 2
. AADC h We know that
rom » Wehave A+B+C=180° = A+B=120° 2
i_ﬂ Solving E 1 d(2 B=75°and A=45°
sinﬁ SinC olving Egs. (1) and (2), we get B= and A=45°,
3 To find side ¢, we use the sine rule
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sin A sin 60° 2

ol

Thus,A=45°B=75°and c= V6.

12. IfA=30° a=100, c=100+/2, find the number of triangles that
can be formed.

Solution: Here a, c and A are given. Therefore we will have to
examine whether two triangles are possible or not. For two
triangles
a>csinA (1
a<c (2)
Now

100 > 100 +/2 sin 30°
= 100>50\/§ anda<c

That is, 100 < 100 v/2 . So two triangles can be formed.
1 3

13. Ina AABCif ZC=90° prove that ! = .
a+c b+c a+b+c

Solution: Using cosine rule we have
c?=a?*+b? - 2ab cos 60°

—
f—)

=az+b2—20b(%):az+b2—ab (

Therefore,
ab-b?=a*-c?
=bla-b)=(a-c)(a+c)
1 a-c

= =
a+c bla-b)

From Eq. (1),

ab-a?=b%*-¢?
=alb-a)=(b-c)b+c)

Therefore,
1 1

a+c b+c

ala-c)-bb-c) (a*-b*)-cla-b)

ab(a—b) ab(a—b)
_(a-b)a+b-c) a+b-c
- ab(a—0b) T ab
(a+b-c)la+b+c) (a+b)?-c?
~ abla+b+c)  abla+b+c)

_(a+b)*—(a®+b*—ab)
ab(a+b+c)
_ 3ab B 3
abla+b+c) a+b+c

(using Eq. (1) to replace c?)

14. Prove that 203 cos(B—C)=3abc.

Solution:

a* cos(B—C)=a*-acos(B—C)
=a®-2RsinAcos(B-C)
= Ra*2sin(B+C)-cos(B~C)
(since B+C=180°—A)
= Ra*{sin2B +sin2C}
= a?(bcosB+ccosC)
Y @’ cos(B-C)=3 a*(bcosB+ccosC)

= ab(acosB+bcosA)+bc(bcosC+ccosB) + ca(ccos A+acosC)
=ab-c+bc-a+ca-b=3abc

15. The sides of a triangle are in AP. If the angles A and C are

the greatest and smallest angles, respectively, prove that
4 (1-cosA)(1—cosC)=cosA+cosC

Solution: We have 2b = a+c. Therefore,

2sinB=sinA+sinC

. B B . A+C A-C B A-C
= 4sin—cos—=2sin cos =2C05—-COsS
2 2 2
. B A-C
= 2sin—=cos
2 2
A+ A-
= 2cos =cos—— (M
Now,
cosA+cosC:2cosA+C~cosA;C
A+
=2 cos C(ZcosTC) [using Eq. (1)]
A+
:4c052—2C (2)

4(1—cosA)(1—cosC)=4-25in22425in2§
2
=4(2$inésin£)
2 2
{ A-C A+C}2
4 4cos —Cos
2 2

C A+C}2
—COS——
2

A+
=4{2cos

> A+C

=4 cos

From Egs. (2) and (3), we get
cosA+cosC=4(1-cosA)(1-cosC)

16. A triangle has base 6 cm and an area of 12 sq. cm. The differ-
ence of the base angles is 60°. Prove that the angle opposite
is given by the equation

8cosA—6cosA=3
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Solution: We have B+C=180°—A; B— C=60°. Therefore,
B=120—é and C=60°—A
2 2
. . . A
sinB =sin(1 80°—B):sm(60°+5)
sinC:sin(60°—g)

Also
Area of the A= %casinB = %aZRsinCsinB

2 . .
:la .a )sinBsinC:a sm‘BsmC
2 \sinA 2sinA

Therefore,

(36)sin(60° —A)sin(60°+ﬂ)
1 2 2
12=—

2 sinA

3
= 4cosA:3(cosA—cos120°):3cosA+E
= 8cosA-6cosA=3
17. If cosAcosB+sinAsinBsinC =1, show that a:b:c=1:1:42.

Solution:

cosAcosB+sinAsinBsinC =1

1-cosAcosB

= sinC= <1 (since sinC<1)

sinAsinB

= 1-cosAcosB<sinAsinB

= 1< cosAcosB+sinAsinB

= 1< cos(A—B) (1)
But,

cos(A-B)<1 (2)

Equations (1) and (2) can hold, only if cos (A—B) = 1.
This implies A=B. Hence,
1-cosAcosB 1—cos? A -1
- sin? A -

Therefore, C=90° and hence A=B=45°. So

sinC=

sinAsinB

a:b:c=sin45°:sin45°:sin90°=1:1:/2

18. If rr; =r,r;, prove that the triangle is right-angled.
Solution:
A A

A

m=n= =—
s—a s—b s—c

v | >

= (s—b)(s—c)=s(s—a) [since A% = s(s—a)(s—b)(s - ¢)]

=s2—s(b+c)+bc=s*-sa

= s(b+c—a)-bc=0

= (@a+b+c)b+c—a)—2bc=0
= (b+c)?—a?-2bc=0

= b>+c?=d°

So, the triangle is right-angled by the converse of Pythagoras
theorem.

19. Prove that the distance of the middle point of the side BC from
2 2

the foot of the altitude from A to BC is — ¢ (assuming b > ¢).

Solution: See Fig. 4.32.

A

P M aP? ¢

Figure 4.32
The required distance = MP

=E—BP=g—ccosB

2
_ a* —2accosB
2a
a?—(@®+c?-b?)  b*-C?
2a 2a
? —b?

Note: If b < ¢, the same distance =

2a

20. If Ois a point inside a triangle ABC such that ZOAB = ZOBC
= Z0OCA = w, then show that
(i) cotw=cotA+cotB+cotC

(i) cosec’w = cosec®A+ cosec?B + cosec’C

Solution: See Fig. 4.33. ABCis the triangle and O is so taken (inside
the triangle) such that

Figure 4.33

20AB=20BC=20CA=w

1
Area of triangle OBC = EOB-BC- sinw

= %OBAOCsinLBOC

and
/BOC=180"-{w+C—-w} =180°-C
Therefore,
c— as.lna) 1)
sinC
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Also, 5
1 (A) (0,0) (B) (f, 0)
Area of triangle OAC = EOA~OC-sinA 4
5 5
:%OA-ACsin(A—a)) @ (5' 0) (D) (g' 0)
Therefore, . [AIEEE 2009]
OC_bsm(A—a)) 5
Y 2) Solution: Let P=(1, 0), Q(-1,0) and A=(x, y). Then
From Egs. (1) and (2), we get AP _BP CP 1
asinw_bsin(A—w) AQ BQ CQ 3
sinC sinA

= 3AP = AQ = 9AP? = AQ?
= asinwsinA=bsinCsin(A-w)

Since a=2RsinA,b=2RsinB we get

= 9(x -1y +9y2 :(x+1)2+y2

2 2_.2 2
sinAsinwsin(B+C)=sinBsinC(sin Acos @ — cos Asinw) = OXT—18X+9+9y" =x"+2x+1+y

2 2
sinBsinCcosA+sinCsinAcosB} =8x"-20x+8y"+8=0

= coswsinAsinBsinC =sinw . .
+sinAsinBcosC

5
:>x2+y2—5x+1:0 (1
Dividing by sin AsinBsinCsinw, we get
Therefore, A lies on the circle and similarly, B and C also lie on the

cotw=cotA+cotB+cotC 3) same circle. Therefore, the circumcentre of ABCis the centre of the

This is the result of (i). _(_;) s
; circle 1, which is given b 2 ,01=[=,0
Squaring Eq. (3), we get 9 Y| 2 (4 )
cot® @ = cot® A+cot? B+cot? C+2 cot Acot B . .
Hence, the correct answer is option (B).
and S cotAcotB=1
2. For a regular polygon, let r and R be the radii of the inscribed
Using cosec?0—1=cot?d we get and the circumscribed circles. A false statement among the
following is
2 2 2 2
cosec”@ = cosec”A+cosec’B +cosec”C (A) Thereis a regular polygon with %: %
21. Ifthe area of AABCis a® —(b—c)?, then find the value of tan A.
. 2
Solution: Given (B) There is a regular polygon with E: 3
s(s—a)(s—b)(s—c)=a’—(b—c)?
C) Therei lar pol th L33
= Jss—a)s—b)(s—c)=(a+b-c)a—b+c) (C) There s a regular polygon wit FRiry
= \/s(s—a)(s=b)(s—c) =(25—2c)(25—2b) 1
(D) There is a regular polygon with r_~
s(s—a) A R 2 [AIEEE 2010]
———=4= cot—=4
(s=b)(s—0c) 2 Solution: Consider a regular polygon of n sides. Draw a line
A 1 segment from its centre to each of its n sides to get n number of
= tanE "4 similar triangles which will look as shown in Fig. 4.34.

Therefore,

Previous Years' Solved JEE Main/AIEEE

Questions Figure 4.34
Let 8 be angle AOB. Therefore,

1. Threedistinct points A, Band Care given in the two-dimensional .

coordinate plane such that the ratio of the distance of any one 0= 360

of them from the point (1, 0) to the distance from the point n
Then from trigonometry of right triangles, we have
6 x/2 .0 x/2

is at the point tan5=7 and SmE: P

1
(-1, 0) is equal to —. Then the circumcentre of the triangle ABC
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So we have,
a .
r=—cot—
2 n

where a is the side of polygon. Therefore,

a T
R=—cosec—
2 n

T
cot—

2
jfzinzcosfigforanyneN
n

cosec—
n

Hence, the correct answer is option (B).
3. ABCD is a trapezium such that AB and CD are parallel and
BC L CD. If ZADB=6, BC=p and CD =g, then ABis equal to

p* +q* cos® () p*+q°
pcosé+qsing p?cos8+q?sind
2 PP 2 2\ .
+qg°)sin@ +q°)sin@
P q). . D) P q).
(pcos@+qgsind) pcosf@+qgsiné

[JEE MAIN 2013]

Solution: Using sine rule in the triangle ABD, as shown in Fig. 4.35,

we get
AB BD  \p’+q’

sing sin(@ + o) N sin(@ + o)

\/p2 +q2 sin@

sind cosa +cos@sina

«/pz +q2 sin@

[sin@-q)/ (Jp? +G* ) +1(cos®-p)/\p? +4*]

3 (p2+q2)sin6

pcosf +qgsind
A B

o
7—(0+ @)
p
p*+q?
g
o []
D q (o
Figure 4.35

Hence, the correct answer is option (D).

4. The angle of elevation of the top of a vertical tower from a
point P on the horizontal ground was observed to be « . After
moving a distance 2 m from P towards the foot of the tower,
the angle of elevation changes to £.Then the height (in metres)
of the tower is

2sinasin § sinasin §
sin(f—«) cos(f—a)
2sin(f-a) D) cos(f—a)
sinasin sinasin 8

[JEE MAIN 2014 (ONLINE SET-2)]

Solution: See Fig. 4.36.
A

h
'} o
< X > <«<—2m—>P
Figure 4.36

XT+2: costor = x=hcotar -2

X
Also Ezcotﬂ:x=hcot/3
Therefore,

hcotax—2=hcot
:>h[cosoz_cos,[i’]:2
sin sinf

:>h[sm,ﬂcoso:—cos,ﬁ’smo:):2

sinasin 8

_ 2sinasin B
sin(f—«)
Hence, the correct answer is option (A).

5. From the top of a 64 m high tower, a stone is thrown upwards
vertically with the velocity of 48 m/s. The greatest height (in
meters) attained by the stone, assuming the value of the gravi-
tational acceleration, g =32 m/sZis
(A) 100 (B) 88
(C) 128 (D) 112

[JEE MAIN 2015 (ONLINE SET-2)]
Solution: See Fig. 4.37.

T lv=0 m/sec
I
I

S

i !

u=48 m/sec

64 m

Figure 4.37

g=32m/s2= a=-32m/sec?
By laws of motion

v2-u?2=2as
= 0-(48)2=2(-32)(s)
s 48x48 ~36m
2x32

Therefore, greatest height attained by stone from ground
=(64+36) m=100m.
Hence, the correct answer is option (A).
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6. ABCisatrianglein a plane with vertices A(2, 3,5), B(-1, 3, 2) and
C(A, 5, 1). If the median through A is equally inclined to the
coordinate axes, then the value of (13 + 13 +5) is

(A) 1130 (B) 1348
(C) 1077 (D) 676

[JEE MAIN 2016 (ONLINE SET-2)]

Solution: The specified triangle is shown in Fig. 4.38.

A(2, 3, 5)
B : D : C
(_11 3’ 2) (/11 5« ﬂ)
4 (ﬂ 4, /L?)
2 2
Figure 4.38

The direction ratios (DRs) of AD is

(E—Z, 4_3’/‘7-"2_ )
2 2

(/1—5 : ,u—s)
2 ' 2
That is,
2—5:1’ /1—8:1
2 2
A=7,u4=10
Therefore,

B+ 12+5=343+1000+5= 1348

Hence, the correct answer is option (B).

Previous Years' Solved JEE Advanced/

IIT-JEE Questions

1
1. In a triangle PQR, P is the largest angle and cosP:g. Further

the in-circle of the triangle touches the sides PQ, QR and RP at
N, L and M, respectively, such that the lengths of PN, QL and RM
are consecutive even integers. Then possible length(s) of the
side(s) of the triangle is (are)

(A) 16 (B) 18
(C) 24 (D) 22
[JEE ADVANCED 2013]

Solution: From Fig. 4.39, we see that QR is the largest side.

Figure 4.39

Therefore,
PM=PN =2k
RM=RL=2k+4
QL=QN=2k+2
Therefore,
QR=4k+6
RP =4k +4 (1)
PQ=4k+2
Hence,

(PQ)* +(PR)* -(QR)
cosP=

2(PQ)(PR)
1 (4k+2) +(4k +4)* ~ (4k +6)°
3 2(4k +2)(4k +4)
L1 @K+ 44+ - (2K +3)?
3 42k +1)(k +1)

14k +1) - (4k +4)(2)
3 42k+N(k+1)

1 (k+1)?—2(k +1)

3 (k+)2k+1)
= (k+10(2k +1)=3(k-1)(k +1)
=k=-1or 2k+1=3k-3

=4=k

Substituting the values in the set of Eq. (1), we get PQ=18; QR=22;
and RP=22.
Hence, the correct options are (B) and (D).

2. In a triangle, the sum of two sides is x and the product of the
same two sides is y. If x> — ¢ = y, where c is the third side of the
triangle, then the ratio of the in-radius to the circumradius of
the triangle is

(A) 37)/ B 3y
2x(x+c) 2c(x+c¢)
3 3
c —Y o) —Y
4y(x+c) 4c(x+c)
[JEE ADVANCED 2014]
Solution: See Fig. 4.40. Let
a+b=x (1)
ab=y (2)
x2-ct=y (3)
A
b
c
()
a
B
Figure 4.40
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From Eq. (1),
a+b+c=c+x (4)
From Eq. (2),
abc=cy (5)
From Eq. (4) we have

A 2A
2S=C+X=>2—=C+xX=>r=——
r c+x

[ocer=S)
sincer=—
S

4AR:cy:>R:C—y(sinceR:a—bc
4A 4A

From Eq. (5) we have

Therefore,
r_2A _4A 8N

= X—=—
R c¢c+x abc (c+x)abc

A
_SX(EabsmC) _2azblsin2C
" (c+x)abc)  (c+x)d Bc

Now from Eq. (3),
(a+b32-c2=y
= 2abcos c+2ab=y

= 2ab6(1+cosc)= ab
Therefore,
1
cosc=——
2
Now from Eq. (6),

1
2ar(1-1)
r_Zab(1—cos2 ) a 4

R (c+x)c

(c+x)c

3
_Zabxz 3ab 3y
c(c+x) 2x(x+c) 2c(x+c)

Hence, the correct answer is option (B).

3. In a triangle XYZ, let x, y, z be the lengths of sides oppo-
site to the angles X, Y, Z, respectively, and 2s=x+y+z.
fSTX_S-y_s-z

2 3 and the area of in-circle of the triangle

XYZis 8?”, then

(A) the area of the triangle XYZ is 6+/6.

(B) the radius of circumcircle of the triangle XYZ is %\/E
(9] sinsin’sinZ =4
2 2 2 35

(D) sin? [Mj = 3
2 5

[JEE ADVANCED 2016]

Solution: See Fig. 4.41. It is given that

2s=x+y+z
Let us consider
S—X S-y s—z
=—~=""=k(sa
3 3 (say)

That is,
s=4k+x;s=3k+y;s=2k+z
Adding the three, we get

3s=9k+(x+y+2)=9+2s
=5=9k
Hence

x=9k—4k=5k y=6k z=7k

Figure 4.41
Area of in-circle of the triangle XYZ is
2
A V4
= ﬂ(—) = —ZAZ
s s

:125 (s—x)(s—y)s—2)
s

=L2><9k><4k><3k><2k
81k

=7 x2ak3 = %24k2

9k
Therefore,
Zoa? =87
9 3
SN AV YN
3 24rx

The sides of the triangle are given by x=5,y=6,z=7.
Now, the area of AXYZ is

Js(s—x)(s—y)(s—2) =J9x4x3x2 =66
Hence, option (A) is correct.

Now,
_xyz _5X6X7 35

T 4A  4x6J6 46

Sinisinxsinfz \/|:(5_y)(5_Z):|[(5_Z)(S_Z):”:(S—Y)(S—X)]
2 2 2 yz Xz xy

(s=2z)(s—y)s—2)
Xyz
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(s=2)(s—y)s—2) _4x3x2_ 4
Xyz " 5x6x7 25

Hence, option (C) is correct.
Again,

.2 X+Y .2 w—-7 ZZ S(S—Z) 9x%x2 3
sSiIn"| —— |=SIn"| —— |=C0S" —= =—=—
2 2 2 XY 5x6 5

Hence, option (D) is correct.
Hence, the correct options are (A), (C) and (D).

Practice Exercise 1

1.

If the lengths of arcs AB, BC and CA of a circle are 3,4 and 5,
respectively, then the area of triangle ABC is

" 9J§(\/2§+1) . 96(J2§ -1)

v Va

© 93(/3-1)

T

(D) None of these

. The area of right-angled triangle in terms of r and r,

if ZA=90° (where r, r, have their usual meanings), is
(A) r+r, (B) rr,
(€ r-n, (D) r,—r

. Ifin a AABC (whose circumcentre is origin), a < sin A, then for

any point (x, y) inside the circumcircle of AABC
(A) |xy|<1/8 (B) |xy|>1/8
(C) 1/8<xy<1/2 (D) None of these

. If the sine of the angles of a triangle ABC satisfy the equation

A3 -c@+b+c)x2+ Ax+u=0 (where g, b, c are the sides

of AABQ), then triangle ABC is

(A) always right-angled for any A4, u

(B) right-angled only when A= c(ab + bc + ca), u=—abc
clab+bc+ca)  —abc

(C) right-angled only when A= 2 =g

(D) never right-angled

. Ifsin Aand sin B of a triangle ABC satisfy c2x2 - c(a+ b)x+ab =0,

then the triangle is
(A) equilateral
(C) right-angled

(B) isosceles
(D) acute angled

. ABCD is a quadrilateral circumscribed about a circle of unit

radius. Then

(A) AB sinE . siné =CD sinE . sing
2 2 2 2
(B) AB siné -sin= E =CD sin£ . sinB
2 2 2 2
A D C B
(C) ABsin— -sin —=CD sin— -sin—
2 2 2 2

A B D
(D) ABsin—-cos=—=CD sinE - COS—
2 2 2 2

. Ifin triangle ABC, line joining the circumcentre and orthocen-

tre is parallel to side AC, then value of tan A-tan Cis equal to
(A) V3 (B) 3
(€ 343 (D) None of these

9.

10.

11.

12.

13.

14.

15.

16.

18.

. A A, BB, CC,are the medians of triangle ABC whose centroid

is G. If the points A, C;, and B, are concyclic, then

(A) 2b%=a*+¢? (B) 2¢? =a® +b?

(€) 2a>=b*+c? (D) None of these

The area of a triangle ABC, where a= 2(/3+1),B=45° C=60°
is

(A) \/§(\/§+ 1) square unit
(€ 233+1) square unit

(B) 2(/3+1) square unit
(D) V3(24/3 + 1) square unit

In a triangle ABC, the value of
cos?B—cos? C + cos® C—cos® A + cos® A—cos®B is
b+c c+a a+b
(A) 0 (B) 1
(@ 2 (D) 3
In a triangle ABC if cos A + 2cos B + cos C = 2, the sides of the
triangle are in
(A) HP (B) GP
(C) AP (D) None of these
. A B
In a triangle, 1-tan—tan—=
2 2
2 2c
(A) (B)
a+b+c a+b+c
(9] < (D) None of these
a+b+c
In a triangle ABC a?b?c2(sin 2A + sin 2B +sin 20) =
(A) A3 (B) 8A3
(C) 16 A3 (D) 3243
If ex-radiir,, r,, r; of a triangle are in HP then its sides a, b, care
in
(A) AP (B) GP
(C) HP (D) None of these
In a right-angled AABC, sin® A+sin? B +sin? C is equal to

(A) 0 (B) 1

() -1 (D) None of these
In any AABC, b?sin2C +c? sin 2B is equal to

(A) A (B) 2A

(C) 3A (D) 4A

. If py, py, b3 are, respectively, the perpendiculars from the

vertices of a triangle to the opposite sides, then p;p, p; is
equal to

2,2 2 2,2 2

@ £ :ZC (B) “4”R§

212 2 2,2 2

(C)4ach (D)abzc
R 8R

If py,py, p3 are, respectively, the perpendiculars from
the vertices of a triangle to the opposite sides, then

cosA cosB cosC
+ +
2] p> p3

(A) 1/r
(C) 1/A

is equal to

(B) 1/R
(D) None of these
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2 2 02 + bz + C2
19. If A=a” —(b—c)°, where A is the area of triangle ABC, then  30. Let g, b and c be the sides of a triangle and ——— =
tan Ais equal to Then ab+bc+ca
(A) 15 (B) 8 © 8 (D) 1 (A) 1<PL2 (B) 1<P<2
16 15 17 2 (€) 1<P<2 (D) 1<P<2
20. If the .angl?s of AA?C are in. the ratio 1:2:3, then the corre- 39, The area of the triangle inscribed in a circle of radius of 4 and
sponding sides are in the ratio the measures of whose angles are in the ratio 5:4:3 is
(A) 2:3:1 (B) +/3:2:1
(A) 4(3++/3) (B) 4(3+2)
(€) 2:4/3:1 (D) 1:43:2
(©) 4(3-+3) (D) 4(3-+2)
21. If > =a® +b? then 4s (s - a) (s - b) (s - ¢) is equal to
4 5 5 32. In atriangle ABC if a* +b* +c* =2¢%(a? + b?), then which of
(A) s (B) b°c the following does not hold?
22 2,2
© ca I B) A=Z = n=r ®) =2 = r=p,
22. Inatriangle ABC, Ois a point inside the triangle such that ZOBC 4 2
= Z0OCA = Z0AB=15°.Then value of cot A+ cot B+ cot Cis V4 V4
(€ A=— = n=n (D) B=— = n=n
(A) 23 (B) V2-1 2 2
(€) V2 +1 (D) 2++/3 33. Ifina AABC, Zcos 3A =1, then ABCis
(A) an equilateral triangle
23. Ina AABC if (,12 Sin(B - C)+ b2 Sin(C - A) + C2 Sin(A —B) = 0, then (B) an acute_angled scalene triang'e
triangle is (C) an obtuse angled triangle
(A) right-angled (B) obtuse angled (D) aright-angled triangle
(C) isosceles (D) None of these 34. In an equilateral triangle r:R:r, is
.2 .
sin“ A+sinA+1]. (A) 2:1:3 (B) 1:3:2
24. In any AABC, the least value of ”(smA] is ©) 1:2:3 (D) 3:2:1
A) 27 ®B) 3 35. InaAABCif 2R+r=r,, then
@ 9 (D) None of these _z oz
25, If Ais the area and 2s the sum of the sides of a triangle, then (A) 2C= 2 (B) <B= 2
52 52 z
(A) A< (B) A> (©) 4A=E (D) None of these
4 33
5 36. If the sines of the angles of a triangle are in the ratio 4:5:6,
() A> S (D) None of these then their cosines are in the ratio
V3 (A) 12:2:9 (B) 12:9:2
26. Ifa, b, cand d are the sides of a quadrilateral, then the value of (C) 9:12:2 (D) None of these
a?+b*+c? is alwavs areater than 37. The perimeter of a AABC is six times the arithmetic mean of
d? ¥:9 : the sine of its angles. If the side a is 1, then the angle LA is
A) 1 B) — V.4 V4
" ®) 2 (A) — (B) —
1 1 6 3
@ - (D) — T
3 4 © > (D) =

27.

28.

29.

If A+ B+ C+ D= r,then the value of £ cosA cosC— X sinA sinC=
(A) -1 (B) 1

€ 2 (D) O

In a triangle ABC, D is the mid-point of BC and AD L AC. Then
which of the following is true (a, b, ¢ are sides of ABAC as
usual):

(A) 362 =a*+c? (B) 262 =a’+c?

(C) 3b% =g -c? (D) 2b%=a? - c?

In a triangle ABC, Ja+vb-+Jcis
(A) always positive

(B) always negative

(C) positive only when cis smallest
(D) None of these

38.

39.

40.

If (1—r1] [1 —ﬁ) =2,thentheAis
h £}

(A) equilateral
(C) right-angled

(B) isosceles
(D) None of these

In a triangle, tan A + tan B+tan C=6 and tan A tan B=2.Then
the values of tan A, tan B and tan C are

(A) 1,2,3 (B) 2,1,4

(€) 1,2,0 (D) None of these

Ifin a AABC, c=3b and C- B=90° then tan B equals
1

(A) 3-2 B) 2

Q) 1 (D) None of these



41.

42.

43.

44,

45.

46.

47.

48.

49.

50.
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If sides of a triangle are 18, 24, 30 cm, then radius of cir-
cumcircle is

(A) 2
(C) 6

(B) 4
(D) None of these

If Pis a point on the altitude AD of the triangle ABC such that

ZCBP = g then AP is equal to
C C
A) 2asin— B) 2bsin—
(A) 3 (B) 3
B C
(C) 2csin— (D) 2csin—
3 3

Given b=2,c= \/g Z/A=30°Then the in-radius of AABCis

J3-1 V3+1
A) X2
(A) 5 (B) 5
(Q) 7\54_1 (D) None of these

In a AABC, sinA+sinB+sinC:1+\/§ and cosA+cosB+cosB
+cosC =42 if the triangle is

(A) equilateral
(C) right-angled

(B) isosceles
(D) right-angled isosceles

In a triangle ABC, tan _ cotA+B is equal to
a+b a+b
(A) — (B) —
c a-b
a-b a+b
Q — D) —
© a+b ©) 2R

In any AABC, the expression
(@+b+c)b+c—a)c+a-b)a+b-c)

pYER: is equal to
(A) cos®A (B) sin’*A
(C) 1+cosA (D) 1-cosA
If n=2r, =3 thena+b+cisequal to
(A) 3b (B) 2b
(C) 2a (D) 3c

In a triangle ABC, if (1+g+£)(1+9—g) =3,thentheangle A
is equal to b b ¢ ¢

V4
A B) —
(R) ()4

(9] (D) None of these

oy wl|y

If twice the square of the diameter of a circle is equal to the
sum of the squares of the sides of the inscribed triangle ABC,
then sin® A+sin? B +sin?C is equal to

(A) 2 (B) 3
(@ 4 (D) 1
If His orthocentre of triangle PQR then PH + QH + RH is

(A) QRcotP+PRcotQ+PQcotR
(B) (PQ+ QR+ RP) (cot P+ cot Q + cotR)

51.

52.

53.

54.

55.

56.

57.

58.

59.

(C) Zl(cotP+cotQ+cotR)
r
(D) None of these

The maximum value of (b+c _a)sinA~sec2g is
3

A) 1 B) =

(A) , (B) >

(o] 3 (D) None of these

Two triangles are possible if

(A) A<%,a>csinA,a>c (B) A<%,a>csinA,a<c

(C) A<%,a<c5inA,a<c (D) None of these

If n,r,r; are ex-radii of the encircles of triangle ABC then
(s—ar+(s—b)r, +(s—c) is

(R) rs (B) 3rs

(9] g (D) None of these
Inatriangle ABC, anglesarein APand b:c= J3:42.Thenthe
angleAis

(A) 60° (B) 75°

(C) 120° (D) 135°

Inthe ambiguous case, if a, b and A are given and ¢, ¢, are the
two values of the third sides, then (¢; —¢,)* +(c; +¢,)* -tan> A
is equal to

(A) 4 (B) 4a°

(€) 4b° (D) 4c?

If dy, d,, d; are the diameters of the three escribed circles of a
triangle, then d.d, +d,d; + dsd, is equal to

(A) A? (B) 4s?
(€) 242 (D) 4A2
. V4 V3 - .
In a triangle ABC, LBzg and «£C =Z. Let D divide BC inter-
nally in the ratio 1:3. Then M equals
sin ZCAD
1 1
(A) —= (B) —
J6 3
1 2
(€ —= (D) \ﬁ
V3 3
The two adjacent sides of a cyclic quadrilateral are 2 and 5

and the angle between them is 60°. If the third side is 3, the
fourth side is

(R) 2 (B) 3

(@ 4 (D) 5

In a triangle ABC, angle A is greater than angle B. If
the measure of angles A and B satisfy the equation
3sinx—4sin® x—k = 0, 0 <k <1,then the measure of angle Cis

z 7
A) — B) —
()3 ()2

2 5z
(o} 3 (D) )
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60. Consider a triangle ABC, with given ZA and side'a’ If bc = x?,

then such a triangle would exist if (x is a given positive real
number)

A A
(A) a<xsin§ (B) a>2xsin5

(C) a<2xsing (D) None of these

Practice Exercise 2

Single/Multiple Correct Choice Type Questions

1.

If a right-angled triangle has integer sides then which of the
following is necessarily an integer?

(A) Area (B) Circumradius

(C) In-radius (D) None of these

In a triangle ABC, £C=120°. If h is the harmonic mean of the
lengths of the sides BC and CA, then the length of the bisector
of ZBCA'is

h

A) h B) —
(A) ()2
h NE)
Q L~ D) Y2p
()\/5 ()2

A triangle is inscribed in a circle of radius 1. The distance
between the orthocentre and the circumcentre of the trian-
gle cannot be

(R) 1 (B) 2

3
(@ > (D) 4
Two of the altitudes of a scalar triangle ABC have lengths 4
and 12. If the length of the third altitude is also an integer,
then its largest possible value is
(A) 3 (B) 4
(€) 5 (D) 6
In a triangle ABC the altitude from A is not less than BC and
altitude from B is not less than AC. The triangle is
(A) right-angled (B) isosceles
(C) obtuse angled (D) equilateral

If &, B 7 O are the smallest positive angles in ascending order
of magnitude which have their sines equal to the positive

B /4

J
quantity k, then the value of 4 sin g+3sin—+25in—+sin—
is equal to 2 2 2 2

(A) 21—k (B) 2V/1+k
(C) 2k (D) None of these

If D, E, F are the feet of perpendiculars from the vertices A, B, C
to the opposite sides of AABC and the semi-perimeter of ADEF

A B
is equal to the in-radius of AABC then coszcosicosg isequal to

1

1
A) — B) —
()4 ()2

1 NE]
Q) - p) X2
()8 ()8

The line £ is tangent to the circle S at the point A. Band C are
points on £ on opposite sides of A and other tangents from B.

10.

11.

12.

13.

Cto S intersect at a point P. If B, C vary along £ in such a way
that the product |AB| - |AC| is constant, then locus of P is

(A) circle (B) aline parallel to BC

(C) aset of points (D) None of these

Three straight lines are drawn through a point M, lying in
the interior of triangle ABC, parallel to its sides. The areas of
the resulting three triangles (see Fig. 442) are S;, S, and S;. The
area of triangle ABCiis

A
o
P
o451 S, L
B N P c
Figure 4.42

(A) S;+5,+5S;

(S;+5,+53)°"2
S5;+5,+5;

(B) (fS; +4/S, +4/55)?

(@) (D) None of these

A point P moves inside the square A; A, A; A, of side length
b such that distance of point P from O is less than its distance
from each of the four vertices of square. The area moved by
the point Pis

(A) b?sq.units

2
(B) b? sg. units

(C) 2b2 (D) None of these

In Fig. 4.43, ABis tangent at A to the circle with centre O; point
D is interior to the circle and DB intersects the circle at C. If BC
=DC=3,0D=2andAB=6, then the radius of the circle is

N .

c

Figure 4.43
(A) 3+3 (B) 22
© 2V6 (D) g

In any AABC, which is not right angled, ZcosAcosechosecC
is

(A) constant

(C) greater than 2

(B) lessthan 1
(D) None of these

If the sides of a triangle ABC are a, b and csuch that2b=a+¢,

b
then exhaustive range of — is
4

2
A —
@ (3’ 2)
1
o (-4)

(B) (0, 1)

(D) (4,6)



14.

15.

16.

17.

18.

19.

20.

21.

22,
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Let ABCD be a parallelogram and let AA’, BB’, CC' and DD’
be parallel rays in space on the same side of the plane deter-
mined by ABCD. If AA” =10, BB’ =8, CC' =18, DD’ = 22 and
M and N are the mid-points of A’C’ and B'D’ respectively,
then MN =

(A) 1 (B) 2

@ 3 (D) 4

The sides of a triangle have length 11, 15 and k, where k is an
integer. Then the number of values of k for which the triangle
is obtuse is

(A) 5 (B) 12

(C) 13 (D) 17

A pentagon is formed by cutting a triangular corner from a
rectangular piece of paper. The five sides of the pentagon
have lengths 13, 19, 20, 25 and 31, not necessarily in that
order. The area of the pentagon is

(A) 459 sq. units (B) 600 sq. units
(C) 680 sq. units (D) 745 sq. units

\/§+sinA+sinB+sinC
2sinAsinBsinC

10
®[3-)

Q) 2,) (D) [-1,1]

If o, B % O be four angles of a cyclic quadrilateral taken in
clockwise direction then the value of (2 + X cos e cos ) will
be

(A) sin? o +sin? B (B) cos? y+cos? §

(Q) sin?  +sin% & (D) cos? B +cos? y

If in a non-right-angled triangle ABC, tan A and tan B are
rational and the vertices A and B are also rational points, then
the correct statements is/are

(A) tan C must be rational (B) Cmust be arational point
(C) tan Cmay be irrational (D) Cmay beanirrational point
If in AABC, secA, secB, secC are in harmonic progression, then

Foran acute angle AABG, if p = thenpe

(A) a, b, c, are in harmonic progression.

A B C . . .
(B) COtE' cotz, COtE are in harmonic progression

(C) ry, 1y, ryarein arithmetic progression
A B C L . .
(D) COtE' COtE' cotz are in arithmetic progression

Two circles C, and G, intersect at two distinct points P and
Qin a plane. Let a line passing through P meet the circles
C, and G, in A and B, respectively. Let Y be the mid-point
of AB and QY meet the circles C, and C, in X and Z, respec-
tively. Then

XY 2

B) 2—
()YZ1

(A) Yisthe mid-point of XZ

(C) YX=YZ (D) XY+YZ=3YZ
Ifina AABC, g, b, c are in AP, then it is necessary that
(A) g<9<2 (B) l<9<g

3 ¢ 3 ¢ 3
(C) 2<9<2 (D) l<9<2

3 a 3 a 3

23.

24,

25.

If a, b, c are the sides of a triangle then + b
c+a-b a+b-c

+ can take value(s)

b+c-a

(A) 1 (B) 2

() 3 (D) 4 R R

Iff;, 1, I; arelengths of altitudes of a triangle and — + —+I— =2

R is circumradius, then 123

(R) I,=3r (B) I,=3r

(C) ;=4r (D) I,=4r

If r,, r,, 15 are the radii of the escribed circles of a triangle ABC

and r is the radius of its in-circle then the root(s) of the equa-
tionx2—r (rry +ryrs+rsr)x+rir,rs = 1=0is/are

(A) 1 (B) ry+ry+r;

(C) r (D) ryryrs =1

Comprehension Type Questions

Paragraph for Questions 26-28: Vertices of a variable
acute-angled triangle ABC lie on a circle of radius R such that

ﬂ+@+£:6. Distance of orthocentre of triangle ABC from
dA dB dC
vertices A, Band Cis x;, x, and x;, respectively.
26. In-radius of triangle ABC'is
(A) 1 (B) 2
() 3 (D) 4
27. Maximum value of x;x,x; is
(R) 4 (B) 6
(@ 8 (D) 10
28. L) dﬁ+% is always less than equal to
da db dc
(A) 343 (B) 3.3

(@ 1 (D) 6

Paragraph for Questions 29-31: In a AABC, the equation of the
side BCis 2x — y =3 and its circumcentre and orthocentre are at (2,
4) and (1, 2), respectively.

29.

30.

31.

Circumradius of AABC is

5 5

41 43
< ,|— (D) ,|—
5 5
sinBsinCis equal to
9 9
(A) —— (B) ——
2461 4./61
9 9
€ — (D) —=
V61 3461
The distance of orthocentre of vertex A is
1 6
(A) — (B) —=
J5 V5
3 2
Q) —= (D) —=

NG NG
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Paragraph for Questions 32-34: Let | be the in-centre and  39. Triangle ABCis an
I, I, 15 be the ex-centre opposite to angle A, B, C, respec- (A) equilateral triangle
tively, in AABC. If o, 3 ¥ be the circumradius of ABIC, AAIC and (B) isosceles triangle
AAIB, respectively, and R, r, ry, r,, r; have their usual meaning, (C) right-angled triangle
then (D) None of these
32, /I, + I, + 15 is equal to 40. Which of the following is true?
(A) BC>AC (B) BC<AB
(A) ZR(siné+sin§+sin£) (B) 4R(siné+sin§+sin£) (€) AC>AB (D) BC=AC
2 2 2 2 2 2
Matrix Match Type Questions
A B C A B . C .
(C) 4R| cos—+cos—+cos— | (D) 4Rsin—+sin—+sin— 41. Match the following:
2 2 2 2 2 2
. Column-| Column-li
33. «, f, yisequal to
(A) 2R (B) 4R’ (A) ElBr; i;riarlaletA.BC, S|in2A +tsti)n23:sin(A (i) RLgI:t—d
(©) 8R2r (D) 16Rr , then the triangle must be angle
. . bc " .
34. ﬂ+%+”—3is equal to (B) If in a triangle ABC 2cosA:b2+C2 (ii) Equilateral
o
4 —2bc cosA, then the triangle must be
3 3
(A) - (B) — . . A B
2 4 (C) If in a triangle ABC, tan—+tan—+| (iii) Isosceles
© 3 (D) 6 2 2

Paragraph for Questions 35-37: The area of any cyclic
quadrilateral ABCD is given by A2 = (s — a)(s - b)(s - O)(s - d),
where 2s =a + b + ¢ + d, a, b, c and d are the sides of the
quadrilateral.

For a cyclic quadrilateral ABCD of area 1 sq. unit answer the fol-
lowing questions:

35. The minimum perimeter of the quadrilateral is
(R) 4 (B) 2
(€1 (D) None of these
36. The minimum value of the sum of the lengths of diagonals
is
(A) 242 (B) 2
€ V2 (D) None of these
37. When the perimeter is minimum the quadrilateral is
necessarily
(A) asquare
(B) arectangle but not a square
(C) arhombus but not a square
(D) None of these

Paragraph for Questions 38-40: Let ABC be any triangle and P be
a point inside it such that /PAB = %, /PBA= %, 2pPcA=", sPAC

= %[ Let ZPCB=x.

38. ZPBCisequal to

T 27
A) — B) £
(A) 5 (B) 5
yd
(C) 3 (D) None of these

C
tanE =1/3, then the triangle must be

(D) If in a triangle the sides and the altitudes
are in AP, then the triangle must be

(iv) Obtuse-
angled

42. Let ABC be a triangle with G,, G,, G5 the mid-points of BC, AC
and AB, respectively. Also let M be the centroid of the triangle.
It is given that the circumcircle of AMAC touches the side AB
of the triangle at point A.

Column-I Column-li
AG 2
(A) —1= (P —=
b P
(B) Maximum value of S, ZCAM + NE)
S, ZCBM = (@) 5
a*+b? r 2
(@] 5=
c
(D) If (sinZCAM + sinZCBM) is maximum (s) 2
2
then — =
ab

Integer Type Questions

43, Two circles are circumscribed and inscribed about a square
ABCD of side 2 units. If P and Q are two points on respective

circles, .(PAY’ -3 (QA)* =
44. The base AB of a triangle is 1 and height h of C from AB s less
1
than or equal to 5> The maximum value of 4 times the prod-

uct of the altitudes of triangle is
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Practice Exercise 1

1. (A) 2.(B) 3.(A) 4. (B) 5.(C) 6.(B)
7.(B) 8.(0) 9.(Q) 10. (A) 11.(Q) 12.(B)
13. (D) 14. (A) 15. (D) 16. (D) 17. (D) 18. (B)
19. (B) 20. (D) 21.(D) 22. (D) 23.(C) 24. (A)
25.(A) 26. (C) 27.(D) 28.(C) 29. (A) 30.(D)
31.(A) 32.(B) 33.(0) 34.(C) 35.(C) 36. (B)
37.(A) 38. (Q) 39. (A) 40. (B) 41. (D) 42. (Q)
43. (A) 44. (D) 45, (Q) 46. (B) 47.(A) 48. (A)
49. (A) 50. (A) 51.(A) 52. (B) 53.(B) 54. (B)
55. (B) 56. (B) 57.(A) 58. (A) 59.(C) 60. (B)
Practice Exercise 2
1.(Q) 2.(B) 3.(D) 4. (Q) 5.(A) 6. (B)
7.(A) 8.(B) 9. (B) 10. (B) 11.(B) 12. (A)
13.(A) 14. (A) 15.(C) 16. (D) 17.(B) 18. (A), ()
19. (A), (B) 20. (B), (Q) 21.(A), (Q) 22, (A), (Q) 23.(C), (D) 24. (A), (B)
25.(A), (D) 26. (C) 27.(C) 28. (A) 29. (A) 30. (A)
31.(B) 32.(B) 33.(A) 34.(D) 35.(A) 36. (A)
37.(A) 38.(0) 39.(B) 40. (C) 41. (A) — (i); (B) — (iii); (C) — (ii); (D) — (ii)
42. (A) — (q); (B) = (p); (C) = (s); (D) — (r) 43.12 44.2
Practice Exercise 1
1. See Fig. 4.44. Angle subtended by the chord AB, BC and CA at 5 s tané —
centre of circle is in ratio 3:4:5, that is, 90°, 120°, 150°. So, ’ T 2
/B=175° £C=45° LZA=60°. A
r=(s-a)tan—=s-a
2
Also,
a’=b%+c2
r+r=b+c
2 ' r—r=a
‘ So,
(r,+02=(r,—n?=4r,r=2bc
Cc
1
Figure 4.44 or A= Ebc =
Now, a
Perimeter of circle, 2zr=12 3. aSsinA:mS1:>RS1/2
r= 12 = Ll So for any point (x, y) inside the circumcircle,
2r 7w
X2+y?<1/4= |xy|<1/8
Area of triangle = 2r% sin A sin B sin C 5
62 4, sinA+sinB+sinC=C (a+3b+c):a+b+c
— H 0 i 0ci ) 9
—2(—) sin60°sin45°sin75 ¢
V4
72 31 B+ But sin A+ sin B+sin C= 2+ 2+ <
=S X—X—=X 2R 2R 2R
w2222 Comparing both we get c= 2R. So, the triangle is a right-angled
omparing both we get c=2R. So, the triangle is a right-angle
- 93(v3+1) triangle.p ’ ’ ’ ’ ’
7? Putting the same value of ¢, we get A=ab + bc + ca, u=—-abc
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ksinA+ksinB 1
. sinA+sin B:c(a+b)=a+b= oI + sin 9. A= —bcsinA, LZA=75°
2 c ksinC 2
Thus, C= 772 = AABC is right-angled. Hence,
. Let'O’be the centre of circle and ‘P’ be its point of contact with b __a or =a/\/§= 2a
side AB (Fig. 4.45). sin45°  sin75° 341 B+1
C 2\2
D Therefore,
2
Oe A:labsinC:l 2a -sin60
| 2 24341
| . B
A :4(\/§+1)-7:2\/§( 3+1) sq. unit
Figure 4.45 10 cos’B-cos’C _sin®C—sin’B _sinC—sinB
Thus, ) b+c k(sinB+sinC) k
AP= 0P cot g = cot g (1) Therefore,
2p 2
B B zwzlz(sinc_sing)zo
and PB:OC‘cotE:cotE (2) b+c k

Adding Egs. (1) and (2) we get 11. cosA+2cosB+cosC=2

sin[AJrBJ = cos A+cos C=2(1 - cos B)
A _
AP+ PB=cot — +cot —= = 2 COS A+C Ccos LC :4Sin2§
2 . . B 2 2
sin—-sin—
2 2
. A- B
Similarly, = cos C:Zsinf
. (C+D 2
sin 2 A-C A+C
(D=—F7-——7-—-% = COoS =2C0s———
. . D 2
sin—-sin—
A c A C A C A C
Since, = C0S—COS— +sin—sin—=2c0s—cos——2sin—sin—
2 2 2 2 2 2 2

A+B+C+D=2rx
Therefore, = coté cotE =3
A+B__ C+D 2 2

2 2
.(A+B) .(C+D) :>\/ sis—a) \/ sts=a) 4
= sin =sin (s—b)(s—) \(s—a)(s-b)
2 2
S

= ——=3=5=35-3b=>25=3b

= AB~siné~sinE =(CDsin E~sin9
2 2 2 2
=a+c=2b =a,b,careinAP.

(s—b)(s—c) J(s—a)(s—c)

. Distance of circumcentre from side AC=R cos B and distance
of orthocentre from side AC= 2R cos A-cos C. So,

12. 1 —tanétan§:1 —\/
2 2

RcosB=2RcosA-cos C s(s—a) s(s—b)
= -cos(A+C)=2cosA-cosC s—c ¢ 2
= sin A-sin C=3 cos A-cos C =1-—=-

= tanAtanC=3 s s a+b+c

2. s . )
. Since A, C,, G and B, are concyclic, therefore 13. a°b°c (sin 2A + sin 2B +sin 20)

BG-BB, =BC,-BA =a%b’c? (2sin (A + B) cos (A - B) + 2 sin C cos ()
2 , ¢ =a2b2c? 2 sin C[cos (A - B) - cos (A + B)]
= g(BBﬂ = E'C = a2b2c? [4sin A sin Bsin (]
4a’b*c?abc abc\’
21 2 =249 €99 322 —30A3
:>7-7(2a2+2c2—b2)=c— 3 32( ) 324
34 2 8R
2 2 42 2
—b‘ = 1T 1 1T 1
= 2a°+2c“-b°=3c 14. Lot

= b2+c?=2d°
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A A A A

s—a s—b s-b s—c
=((s-b)-(s-a)=(s-c)-(s-b)
=a-b=b-c

Soa, b, careinAP.

15. Let C=90° then
sin® A+sin? B+sin? C=sin® A+sin’ B +1
:sin2A+sin2(£—A)+1
2
=sin’ A+cos> A+1=2
16. b?sin2C+c2sin 2B=b%-2sinCcosC+c?-2sinBcosB

=2(bsinC) (bcosC)+2(csinB)(ccosB)

=2csinB(bcosC+ccosB)=2acsinB=4A

17. We have
1
A=_ap;=_bp, 5Ps
Therefore,
2A 2A 2A
plzir 2_71 p3_7
a b
So,
ppopn = B8 _8(abc)3 _a’b*?
253 abc ~ abc\ 4R 8R?2
18. We have

cosA cosB cosC
+ +
P P> p3

1
=—A(acosA+bcosB+ccosC)

R, . . .
:X(SInAcosA+5|nBcosB+schosC)

R
=—(sin2A+sin2B+5sin2C)
2A

_ R4sinAsinBsinC _ 2RsinAsinBsinC
2A A

_2R2A 2A 2A _16RA’ 16RA®

1
T Abc ca ab @b’ (4RA R

19. A=2bc—(b?+c* —a®)=2bc(1-cos A)

=2bc-25inzé (1)
2
A= lbcsinA = 1(bc) 2sinécosé
2 2 2 2
:bcsinécosé (2)
2 2
Therefore, by Egs. (1) and (2)

A
tan—
2

>0 2t 8
tanA=——=—
1-t2 15

20. (1+2+3)k=180° = k=30°
Therefore, A=30°, B=60°, C=90°. Now

3

1
a:b:c =sin A:sin B:sin C=E:7:1 or1:4/3:2
21. Aisright-angled, ZC=90°. Therefore

2
4A% = 4~(%ab) =a’b?

22, cotA+cotB+cotC:cot15°:2+\/§
23. Consider
a?sin(B—C) = 2aRsin(B+C)sin(B—C)

= 2aR(sin? B—sin? C) = 2 (b? — c?)
2R

Similarly, b
b%sin(C - A)=—(c* —a?
( ) ZR( )
and
2. C 2 42
c“sin(A—-B)=—(a“-b
( ) 2R( )
Therefore,

a?sin(B—C)+b?sin(C—A)+c?sin(A-B)=0
= a(b® —c?)+b(c* —a*)+c(a® -b%)=0

= a(b-c)(b+c)+bc* —b*c—a’b+a*c=0
= a(b—c)(b+c)—bcb—c)—a*(b—c)=0

= (b-c)(ab+ac—bc-a*)=0
=((b-c)(c—a)a-b)=0

= Eithera=borb=corc=a
sin2A+sinA+1]

24, Lower bound value of 71'[ -
sinA

Hint: (sinA+;) =2
sinA
Now,

(sinA+;+1j23
sinA
[sin8+$+1j23
sinB
. 1
[smC+—+1jz3
sinC

=3x3x3=27

25. A=Area,2s=a+b+c
Hint: AM > GM

s+(s—a)+(s—b)+(s—c)
4

2[s(s—a)(s—b)(s— C)]V4

2

s
= A<—
4
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26. See Fig. 4.46.
Hint:

(a—b+b-c)+(c—a)?=0

= 2(a® +b% +c%)=22(ab+bc+ca)

= 3(a® +b%+c?)>a? + b + % +2(ab +bc +ca)

= 3@ +b*+c2)=(a+b+c)

= 3@ +b*+c?)=(a+b+c)? =2 d?

(as, a+b+c>d)

(@ +b%+c?)

1
>
= d2 3

D c C

A a
Figure 4.46
27. A+B+C+D=rx

Hint: A+ B= 77— (C+D)
cos(A+B)+cos(C+D)=0

Y cos Acos C—3,sin Asin C=cos (A+C) + cos(C+D)
+ cos(A + D) + cos(B + C) + cos(B+ D) + cos(A+B)=0

28. See Fig. 4.47.
Hint: sine rule for a A.

A

c D B

Figure 4.47

MCD: SN0 _sinG g 20
b a

2
In AABD
sin(A-90) sin(z-6)
a B c

2
—-2cosA siné
> — =

a c
& _—2ccosA
a a

= 3b’=a’-¢?

=b+ccosA =0

29. Hintta+b>c

Wa+vVbP>a+b>c = Ja+b>+c

30.

31.

32.

33.

Hence, v/a ++/b >/c,where g, b, ¢ always positive.
a’+b?+c?
ab+bc+ca

Hint: Use (a—b)? +(b—c)* +(c—a)®*20and (a+b+c) >0

(@-b’+b-c’+(c-a3’=20
2,42, 2
w21 (1)
ab+bc+ca
a>c—b= a®>c?+b%-2bc )
Similarly
b%>a®+c? -2ac
>a’+b>-2ab 4)
Adding Egs. (2)-(4) we get
a* +b%+c?
—_—<
ab+bc+ca
From Egs. (1) and (5), weget 1 <p< 2.
See Fig. 4.48.

<>

Figure 4.48
Hint: Angle at circumference = Half of centre
A=%><(2x/§+6)><4=4(\/§+3)
Angles of A: 75, 60, 45. Now,
Area = %absinC = %42R~2R-sinA-sinBASinC

143+1 43 1

AR’ =4(3+43)

= — . —
222 2 2

Hint: (a® + b2 — c?)? = 2a°b?

2,2 2
+b°—
Now,u:i
2ab

=cosC

-

T
Hence, ¢ can never be 5

Hint: Expand cos3A + cos3B + cos3C =1
Now,

3 3 3C
2cos=(A+B)cos>(A—B)—2sin>>—==0
2 2 2
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= 4sinﬁsinﬁsin£ =0
2 2 2

3A 3B 3C
It means—orT 0I’7=ﬂ'

.2 .
Therefore, Aor Bor Cis 3 obtuse angle triangle.

34. Hint:é:%:i
s 4A s-a

Now,

_2,
3a’

35. Hint 926, A4
2A N s—a

Now,

LbczA(L—l) =bc=2(s-b)+(s-c)
2A s—a s

= a?=b%+c? :>A=4A=§
36. Hint: Sides are in ratio: 4:5:6.
Now, apply cos A:cos B:cos C=12:9:2

37. Hint: Convert sin Band sin Ctosin A

(L:L:L = bsinA:sinB,csinA:sinC)
sinA  sinB

sinC
Now,
inA+sinB+si
(a+b+c):6(sm +sinB+sinC)
3
1+b+
¢ _GinA(+b+0)
:>sinA:1 A:z
2 6
38.Hint:p=——
(s—a)
Now,

(-o=0)
s—a s—a
= (b—a)(c—a)=2(s—a)?

= a’=b>+c%:ZA :% right-angled

39. Hint: A+B=7—-CtanA+tanB=tan C:2tanC=6
Now, tan C=3.So
tanA=1,tanB=2

40. Hint:sinC=3sinB=C=90°+B

Now, sin (90° + B) = 3sin B= tanB = %

41. Hint: R= abe
4A

Now, A=+/36X18X12x6 =6°. S0

_18%x24x30 _

R =15
4%63
42. See Fig. 4.49.
A
z/2-B
P
B/3
B
D C
Figure 4.49
Hint: ABPA:9O°+E, ZABP:§
3 3
In AABP,
AP = AB = BP :AP:2csinE
.[23) . B] B 3
sinf — | sin| 90°+— | cos—
3 3 3
2,2 2
43. Hint: cosA=b+C70; a=1.
2bc
Now,
1 .
A EbcsmA 31
f=—=-="—"
s a+b+c 2
2
44, sinA+sinB+sinC=1+ﬁ
and cosA+cosB+cosB+cosC:x/§

Hint: Use odd one out rule

Take two angles % and one angle %.This is satisfied.

g=", a=c="
2 4

Therefore, it is right-angled isosceles.

45, tan(A_B)-cot(ﬂ)
2 2

Hint: Use Napier’s analogy,
A-B a-b C
tan =| —— |-cot—
2 a+b 2
Now,

A-B A+B A-B C a-b
tan -cot| —— | =tan| —— |- tan—=——
2 2 2 2 a+b

46. Hint: Convertintos: A= %bc sinA

Now,
(a+b+c)b+c—a)c+a-b)a+b—c)
4b%c?
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25(25—2a)(25—2b)(2s—2c) _ 16A?

)
= = =sin“A
ap%c? ap%c?
47. Hint: ;= A
(s—a)
Now,
PV B S
-a s-b s-c
=3b=3a-c (1)
and a=5b-5c (2)
From Egs. (1) and (2), we get
podc 50
3 4
Therefore,
a+b+c=3b
48. Hint: Use cos A.
(b+a+c)(b+c-a)=3bc
2,2 2
(b+cP—a®=3bc: 229" 4
bc

i A=

COsA= z
3

1
2
49, Hint: 2QR)? =a* +b% +¢2
Now, use sinA= i.
2R
a ) b ) ¢V
2= — | +|—| +| —
2R 2R 2R
sin? A+sin’B+sin®C=2

50. PH=2R’cos P, QH=2R’ cos Q, RH= 2R’ cos R (R": circumradius)
PH+ QH + RH = 2R’(cos P+ cos Q + cos R) =

R
Q—COSP+. cosQ+—O cosR
sinP sin sin
51. Hint: tanA: (s=b)(s=0)
2 s(s—a)
Now,
si A A
(b+c—a] SINSCOSS (b+c—a), A
= tan—
2R z[A) R 2
cos”| —
2
2(s—a) (s—b)(s—c)_%_é_ﬂ
R s(s—a) s SR R
2r=R maximum — 1

52. Hint: sinC = <sinA
a
Compare each option. We get option (B) correct.

53. Hint: =

(s—a)

Now,
(s—ar+(s—b)r +(s—c)=3A=3rs

54. Hint: £/B=60° LA+ £C=120
Hence, options (c) and (d) go automatically.

Now,
Qzﬁz—s'"B=£:>sinczi:>4cz45°
c \/f sinA \/f \/5

Hence, £ZA =75°.

55. Hint: Use cos A for both ¢; and c,.
Now,

—= = (¢, +¢,)=2bcosA
b 176
Now,
(=G +(c;+¢,)* -tan® A
=(c1+c2)2—4c1c2+(c1+c2)2 tan” A

= (¢, +¢,)* sec® A—4cc, = 4b* —4b® + 4a° = 4a°

P _ 2
56. Hint: nnh +h+1n5=5

4rr, +4nr + 4nn = 45> = 4d\d, + 4d,d; + 4d5d, = 45°

57. See Fig.4.50.

BD:DC=1:3,
sinZBAD
To calculate: ———
sin«CAD
A
5 /3 /4
) c
Figure 4.50
Hint: Apply sine rule
In AABD,
AD  BD
sin sin ZBAD
In ACAD,
AD  DC
sin® sin ZCAD

From Egs. (1) and (2), we get
3 BD 1 DC

2 sin/BAD <2 sin/CAD
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NG} ( BD) sin ZBAD
= — .| —Ix =
2 DC sinZCAD
2@){1 ﬁZS|nABAD
2 3 sin ZCAD
sinZBAD 1

= =
sinZCAD 6
58. SeeFig.4.51.

72 2(10+3c)

=c2+3c-10=0=>c=2
59. 3sinx—4sin®x=k 0<k<1 A>B/(given)

Hint: Use sind=sina=60=nz+(-1)"a

Now,
sin3x=k
= sin 3A=sin 3B
= 3A=nz+(-1)"3B
- A= ”?” +(=1)"B
Therefore,

2
B+A=§(on|y possibility) = Cz?ﬁ

b2 +c?-a?

2bc

60. CosA=

2
2
= 2k%cosA=b? J{kb] -a?

= b* —(a® +2k* cos Ab? +k* =0
= b?is real
Therefore, D >0, (a? + 2k? cos A)2 - 4k* >0

= (az +2k?-2cos? g)(az —2k?-2sin? g) >0

= a=>2ksinA/2

Practice Exercise 2

1. See Fig. 4.52. Let triangle be right-angled at C. Then area
1
=Eab, circumradius R = % which are not necessarily inte-

gers. Again in square ONCL, NC=OL =r.We have

(i

(i)

c=AB=AM+BM=AL+BN

a+b-c
=b-r+a-r=r=
B

M

///

N 40

c L A

Figure 4.52

As a? + b% = c2, we have following cases:
If a and b are both odd or both even, then a2 + b2 is even = 2
is even

Therefore, cis even and so (a + b) - cis even.

If one of a and b is odd and the other even, then a2 + b2 is odd
= c?isodd

Therefore, cis odd and so (a + b) — ciis even.

-b
So, in every case if g, b, c are integers, we have r = cra =
integer. 2
Area of AACB= %ab sin120° =?ab (1)
Also,
area of AACD = %bd sin60° =?bd
Area of ABCD = lad sin60° :ﬁad
Now 2 4
ar(AACD) + ar(ABCD) = ar(AABC)
Therefore,
3 3 b h
VB arbd=Bab g _h
4 4 a+b 2

. Let the vertices of the triangle be (cos 8, sin6),i=1, 2,3

= Orthocentre is ((cosé, + cosé, + coséy), (siné, + siné,
+siné;))
= Distance between the orthocentre and the circumcentre is

\/(cose1 +cos6, +c0593)2 +(siné; +siné, +sin6'3)2 <3

. Let h be the length of the third altitude falling on side c.

Let altitude of length 4 fall on side a and length 12 on side b.

Therefore,
A=taq=Laop=Lipc
2 2 2
2A 2A 2A
=>d=—,b="—, c=—
4 12 h
Now,
c<a+b,c>|a-b|
2A A A T 1 1
— K —t—=—<—t—
h 2 6 h 4 12
2A A A 1 1
—>———=->——-—=3<h<6
h 2 6 h 4 12

Therefore, greatest value possible is 5.
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5. csinB>a = sinCsinB > sinA
and asinC=b = sinCsinA >sinB

:>sinC21:>4Cis%

6. Given o < <y < d Alsosin o =sin f=sin y=sind =k
and ¢, §, % o are smallest positive angles. Therefore
P=m—oy=27m+0,0=37-0

Now
sinf=sinaand f>a

sin f=sin yand y>f
siny=sindand d >y

Putting these values in the given expansion, we get
1 o -
2(5|n§+c055):2\/1+sma’ =2J1+k

7. R[sin2A + sin2B + sin2C] = 2r

:>4RsinAsinB’sinC:SRsinAsingsinE
2 2 2

A B C 1
= C0S—C0S—COS—=—
2 2 2 4

8. See Fig.4.53.

P1

L B2

B P1 H A G c
Figure 4.53
ZPBA=f, ZPCA=y
AB=p,, AC=q,
p.q, =k?
Let S touch BP and CP at E.

In APE|
ZEIP= %(ﬂ+7)

(B+7)_(pr+a)r’
pa -1

t,=rtan

Semi-perimeter of ABCP is

(py +Q1)"2 _ PP+ Gy)
P1q1—”2 p1q1—r2

py+q,+t,=p,+q,+

PH= P1q1(P1 +4y)

1
Area of ABCP=—(p, +q,) 3
2 g —r

B 2k%r
K> —r

So, the locus of Pis a line parallel to BC.

PH

9. See Fig.4.54.

Figure 4.54

Areaof ABC _ BC?
Areaof PQM  QM?

Areaof ABC _ BC 2
Areaof MNP NP2

Areaof ABC ﬁ
Areaof MOL  MI2

BC./S
JArea of AABC =QM = 7‘/_‘
Js

BC.[S BC.[S
PM = 3 ML= \/j(QM:BNandML:PC)

Js Js
P NN
BC—BC(\/§+\/§+\/§)

S=(JS; +/S, +/S;)? where Sis area of AABC

10. See Fig. 4.55. Point will lie inside the square PQRS
b b b?

Area of PQRS = ﬁﬁ = Y sg. units
Ay ‘e Ay
b 5 5 Q,
Ag R A
Figure 4.55

11. See Fig. 4.56.

Figure 4.56
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BCxBE=AB2=3x(6+DE)=36

Therefore, DE = 6.
Now DE x DC = DG x DF, so

6X3=(r+2)(r—-2)=r*=22

cosA —cos(B+C)
12. =
ZsinBsinC z sinBsinC
=Y (1-cotBcotC) =3- Y cotAcotB=2
13. a+b>c

Adding c to both sides, we get

3b>2c:>9>g
Now,
b+c>a=b+c>2b-c
and 2c>b:>§<2
Therefore,

b (3, 2)
c 3

14. Let centre of ABCD be O.Then
AA"+CC ON

’

_ BB’+DD’
2
= OM=14and ON=15

OM =

Also O, M, N are collinear. So MN=1.

15. 4<k<26
For triangle to be obtuse
Either 1124152 < k?

or 112 + k%< 152
= ke {56,7,8,9,10,19, 20, 21, 22, 23, 24, 25}

16. See Fig. 4.57.Since r’ +s2=e% e=31o0re=19is not possible.

Therefore, e equal to 13, 20 or 25
b

d r

Figure 4.57
The possibilities for triplet {r, s, e} are {5, 12, 13}, {12, 16, 20},
{15, 20, 25}, {7, 24, 25}.
Since 16, 15 and 24 do not appear among any of pair wise
differences of 13, 19, 20, 25, 31, we have

a=19,b=25,c=31,d=20,e=13.

Hence required area = 745 sq. units.

V3

1
17. ——————+—[cosecA cosecC + cosecA cosecB + cosecB
2sinAsinBsinC 2 cosecC]

Using AM > GM and sinA sinB sinC < % we have

_V3_ 8

3(s 2 2 2
> X +—|3/cosec”Acosec”Bcosec C
2 "33 2(J )

L4, 3 1
"3 2(sinAsinBsinC)*’?
>i éxi

- 3 2 271/3

4.6 10

"33 3

18. SeeFig.4.58. a + y=r7wand S+ y=1,

Figure 4.58

= Cos o+ cos [+ cos y+ cos =0
= cos? a+cos? f+ cos? y+cos? 5+ 2 cos arcos f=0
=2 Z cos acos B=-[2 cos? a+ 2 cos? ]
=2+ cos acos f=[sin? a+sin? f]
=sin? a+sin? § since, (0= 7-f3)
19. tanA+tanB+tan C=tan Atan Btan C

tanA+tanB
stanC=————
tanAtanB -1

= tan C must be rational

Since the slope of line AB is rational and tan A is also rational,
therefore slope of line AC s also rational.

Similarly, slope of line BC is also rational.

= C must be a rational point.

20. Given cos A, cosB, cosC are in AP.Then

2 cosB =cosA + cosC

= 2(1—25in2E):2cos sinE
2 2

2
B B[ B (A—C)
=1-sin 5 =sin— sin—+cos
2 2 2
2 B A+C A-C
cos“5 =sin— [ cos +cos
2 2 2

A
2 cos—cosE

.(A+C)
sin| ——
2

B A
= 2tan—=tan— +tanE
2 2 2

= cot—=
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A B C .
= cot—, cot—, cot— are in HP
2 2 2

(sun3)-(swn)o{so0)
= 2| stan— |[=| stan— |+| stan—
2 2 2

=2r,=r+tr,

= I, Iy rzarein AP

21. YP-YB=YZ-YQ and YA-YP=YX-YQ
But YA=YB. Hence, YX=YZ

22. Asa, b, carein AP we have

a+c=2b
Now,

a+b>c

b+c>a
and a+b>c

=3b>2c
As b+ c>awe have

2c>b

Similarly for 9
a
Hence, (A) and (C) are the correct answers.

23. c+a-b,b+c-a,a+b-careall positive. Therefore

a b c

+ +
c+a-b a+b-c b+c-a
b 1/3
23[ abc }
(c+a-b)a+tb-c)b+c-a)

Also,
a’2a?-(b-c?=a’2@+b-c)a-b+0
Similarly,
b2>(b+c-a)b-c+a)
2>(c+a-b)(c-a+b)
Therefore,
a?b2c2>(a+b-c)2b+c-a)X(c+a-b)?
Thus,
abc>(a+b-c)b+c-a)c+a-Db)
abc >1
(c+a-b)la+b-c)b+c—a)
So, from Eq. (1), we have
a b < o 3

+ + >
c+a-b a+b-c b+c-a

2A 2A 2A
24. L=22, =2, =22
a b c
=R=2r
= Triangle is equilateral
=l =L=L=3r

25. We have

3
B A
r(r1 ry+ryrs+ r3r1) =

(s—a)(s—b)(s—c)
and

A3
(s—a)(s=b)(s—c)

N =

26.

27.

28.

29.

30.

2 _ . .
Therefore, x* = r(ryry + ryr; + r3r)Xx + ryryr; = 1= 0 is satisfied
by x=1.
So, one root is x= 1 and other root is r;r,r; - 1.

a=2RsinA
@ =2R cosA, @ =2R cosB, E =2R cosC
dA dB dc
Now,
da db dc
—+—+—=6
dA dB dC

= 2R(cosA + cosB+ cosC) =6
=2R 4sinésin§sin£:6

2 2 2
=2r=6=>r=3

X; =2R cosA, x, = 2R cosB, x; = 2R cosC
= X; + X, + X3 =2R(cosA + cosB + cosC) =6

Now, X1+ X, + X
1 2 3 2(X1X2X3)1/3
:>x1x2x338
d d d
P _ oRsina, 2 = 2Rsing, 23 = 2Rsinc
dA dB dc
Also,
ﬂ=2R cosA,@=2R cosB,£=2R cosC
dA dB dc
ﬁ+&+dﬁ:—(tanA+tanB+tanC)s—3\/§
dA dB dC

Since P(2, 4) is circumcentre and O(1, 2) is orthocentre, PE 1. BC
and OD 1 BC.
Let R be the circumradius of AABC. Then

(OP)2=R?(1 - 8 cosA cosB cos()

Also, ,
PE=RcosA=—
J5
3
OD =2R cosB cosC=—
J5
Therefore,
3 )2
5=R-4| =
(%)
=R= ol
5
Now,
3
RcosA=—
V5 3
= —RcosBcosC+RsinBsinC=—
5 Js
and 2R cosB cosC=—
J5
. . 9
= RsinBsinC=——
25

Therefore, sinB sinC = i

2461
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31. Distance of orthocentre from vertex A= 2R cosA =

32. See Fig. 4.59.

F C

Figure 4.59

Al r

AR

= = (ﬂ) Al
r

A

rcosec—
-2 4Rsinéc05§cos£
r 2 2 2

Therefore,

A B _C
4R(sin—+ sin— + sin—) = Il = 4Rsin A
2 2 2 2

A B
Therefore, Il +1I, + 13 = 4R(sin5+ sin5+ sin%)

33. o BC a __a

2sin ZBIC ZSm(zr;rA) 2cos A

Therefore, f= b 3 and 7:;
2cos— 2cos—
2 2
abc 2
=afy=——F g5 ¢ k7T

8Cos—cos—cos—
2 2 2

o 4Rsiné 4RsinE 4Rsin£

= +
a By 2Rsiné 2RsinE 2Rsin£
2 2 2

34.

35. Applying AM > GMfors-a,s-b,s-¢,s-d
We have
s—a+s—-b+s—c+s—-d
>JA
4
=522=>25>4

1 2
Area=—dd,sind = dd, =—— =d,d,>2
rea=—didysing = didy = —— = d,d,

36. Also,

d,+d,>2Jdd, >2\2

Gle

37. When the perimeter is minimum,

s—-a=s-b=s-c=s-d=a=b=c=d

So ABCD is a square.

Common Explanation Questions 38-40:

See Fig. 4.60.
Figure 4.60
Now,
PA  PB N PA _sin20°
sin20°  sin10° PB  sin10°
Similarly,
E_ sinx an E_ sin40°
PC sin(80°—x) PA sin30°
Now,
P7A ﬁ E_ 2sinx[sin50° +sin30°]
PB PC PA sin(80° - x)
= sin (80° — x) = 2 sin x sin 50° + sin x
= x=20°
38. See Fig. 4.60. We have

39.

40.

41.

ZPBC =80° - 20° = 60° = %
ZBAC= /ACB=50°

Therefore, ABC is an isosceles triangle.

ZABC=280°
Therefore, AC is the longest side, AC > AB.

(A) sin2 (A)+sin2 (B) =sin (A +B)
cos2A+cos2B .
= sinC

= 1—-cos(A+B)cos(A—B)=sinC
= 052 C cos? (A—B) +2 cos (C) cos (A—B) =cos2 C
= cos C=0= The triangle is right angled.

bc
2cosA

(B) =b?+c?—2bccosA

b
=>cosA:—C2=>b2c2:a2 (b2+c2-a?)
2a

= (@2-b)(@*-c)=0=a=bora=c.

Hence, the triangle is isosceles.



Chapter 4 | Properties of Triangle 183

42.

A B
(C) tan—+tan7+tan£= V3
2 2 2

A B B % c AV
= | tan——-tan—| +| tan——tan— | +| tan——tan— =0
2 2 2 2 2 2

The triangle is equilateral.

(D) Ifa, b,carein AP.and h,, h,, h_are in AP, where h,, h,, h,
are the altitudes, thena=b=c

The triangle is equilateral.

G,A)2 = (G3M) (G50)
Therefore,
2
C 1 5
(e
(2) 3( 3C)
@ i@ eag
4 3 4
= a?+b?=2¢? )
So, (C) = (s).
Now in AAG, C, we have
sin cAM = 95NC
2(AG,)
and in ABCG,
sin 2cm= 25inC
2(BG,)
Also,
AG, = M# £b [using Eq. (1)]
2 2 .2
and BG, = |20 +27 6" 3
4 2
So, (A) = (q).
Now,
2,2
sin ZCAM + sin £CBM = 22 %
\/§ ahb
2,2
:\/15(0 J;b JsinC )
a
Also,
2,42 2
COSC: w
2ab
= a?+ b2 =4abcosC

Now, from Eq. (2), we have

sin ZCAM + sin ZCBM = 2 sm2C<— (where C:%j

NN

44,

From Eq. (1), we have
2+ b2=2c2 (3)

and from Eq. (2) and (3), we have

(a®+b?)sinC

1
V3ab @

_— (2¢?)sinC

J3ab

sin ZCAM + sin ZCBM =

Also,
a*+b*-c?
2ab

=cosC

Again using Eq. (1), we get
c2=2abcos C (5)
Putting this in Eq. (4), we get

sinZCAM+ sin ZCBM = (4abcosC)sinC

1
J3ab
2 sin2C <—

\/_ N (whereLC = %)

So, (B)— (p)
Again, sinZCAM + sinZCBM is maximum when C :%

Also from Eq. (5), we have
c2=2abcos C
which implies

2

< 2cosC :\/5
ab

So, (D)— (r).

. Let centre of square (point of intersection of diagonals) be

origin.

Vertices of square are A(1, 1), B(-1, 1), C(-1,-1) and D(1, -1).
Radius of circumscribed or inscribed circles are +/2 and 1,
respectively.

Let any point P and Q on circumscribed and inscribed

circles, respectively, be (N2 cosar, \2sina) and (cosf, sinf3).
Therefore,

S (PA? =Y (W2 cosa —1? + (V2 sinar 12} =16
Y (@A) =Y {(cosa —1)* +(sina = 1)’} =12
Let A (0, 0), B(1,0) and C (¢ /) be the vertices of the triangle.

Iﬂl3
o +,B

The product of the altitudes of the triangle is

This is maximum for =0and f = 1 .

The maximum values of 4 times the product of the
altitudes = 2.






Complex Number

5.1 Introduction

Whenever v/x is thought to give a real value, it has been, till now,
insisted that x > 0. In other words, in the set of real numbers it is
not possible to provide a value for the existence of Jx when x<0.
To make this possible, we extend the number system so as to
include and cover yet another class of numbers called imaginary
numbers.

Let us take the quadratic equation, x2 = 2x +10=0.The formal
#, that is, 1i3\/——1, which is
not meaningful in the set of real numbers. So, a symbol i = V=T is
introduced.

The symbol j, is thought to possess the following properties:

solution of this equation is

1. It combines with itself and with real numbers satisfying the
laws of algebra.
2. Whenever we come across —1 we may substitute 2.

In the light of the foregoing, the roots of the equation discussed
earlier may be taken as 1+ 3iand 1 - 3i.

It is considered that 1 is the real part and 3 (or —3) is the imagi-
nary part of the complex number 1+ 3i (or 1 —3j).

It has now to be mentioned that the “+” symbol appearing
between 1 and 3i does not seem to be meaningful, though the

following are true:
(X7 +iy) 2 (xy +iyy)=(x; £ x5) +ily; £ y5) (5.1)

The real parts are added (or subtracted) separately and so in fact
are the imaginary parts [Eq. (5.1)].

Also, (Xq +iy7) (X5 +iyy) = (XX = yya) +ilxy, + x%7)  (5.2)
Xitiyy _ X+ yys | i0Gy = xiy,) (5.3)
; 2, 2 2, 2 :
Xy + iy X5+ Y5 x5+

To make these operations really meaningful, a formal extension of
the number system is presented in this lesson.

m If x=-5+ 2\/1, then find the value of
x*+9x3+35x2 —x +4.
Solution:
Xx=—-5+22J-1
X=—5+4i(i=-1)

X+5=4i
Squaring both sides, we get

x2+10x+25=-16= x> +10x +41=0

Now,
x*+9x3 +35x% — x +4=(x> +10x + 41) (x> — x + 4) — 160
We know,
x?+10x+41=0
=x*+9x3 +35x2 - x+4=0-160=-160

Hence, the value of given expression is —160.

5.2 Complex Numbers

A complex number, represented by an expression in the form
X + iy (where x, y are the real numbers), is considered to be an
ordered pair (x, y) of two real numbers, combined to form a com-
plex number, and an algebra is defined in the set of such numbers,
represented by an ordered pair (x, y) to satisfy the following:
(addition) O, ) +(xa, ¥2) = (X + X3, Y1+ ¥2)
(subtraction)  (xq, 1) = (X3, ¥2) = (X3 = X3, ¥1 = ¥3)

(multiplication) (X, y;) X (X5, ¥5) = (X1X3 = Y1¥2, X1¥52 + X2¥4)

X Xa + Y1)

(division)
X5+y5

(X],y1)+(X2,y2):( Xz}’; X;}’z ]

X2ty
For any real number &, a(x, y) = (ax, ry) and if (x, y) = (X', ), then
it must be X’ =x, Y’ =y. In other words, the representation of a com-
plex number in the form (x, y) has a uniqueness property; and for
a complex number, it is not possible to have two different forms
of the representation of the ordered pairs. In the light of the fore-
going, it may be stated that the two representations (x, y) — in the
ordered pair form — and x + iy are indistinguishable.

m Find the sum and product of the two complex

numbers Z;=2+3j and Z, =—1+5i.

Solution:
Zy+2Zy =243+ (=1+5))=2-1+8i =1+8i

2,2, =(2+3)(-1+5i)==2+15i* =3i +10i ==17+7i (i*=-1)

Based on the above discussion, the following cases have been
observed:

1. Ifz=a+ib, then the real part of z=Re(z) = a and the imaginary
part of z=Im(z) = b.

2. If Re(z) =0, then the complex number is purely imaginary.

3. IfIm(2) =0, then the complex number is real.

4. The complex number 0 = 0 + 0i is both purely imaginary and
real.
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. Two complex numbers are equal if and only if their real parts
and imaginary parts are separately equal, that is, a +ib=c+id
<a=candb=d.

. There is no order relation between complex numbers, that is,
(a+ib) > or < (c+id) is a meaningless expression.

lilustration .3 [0
p a

———intheforma+ib.
—cos @+isinb)

Solution:

1 (1-cos@)—isin@

(T—cos@+isiné)

:(1—cos¢9+isin0)(1—cosH—isinH)
_{(1=cos @) —isin} (1—cos@)—isin@

{(1— cos 8)? + sin® 6} B 2-2coséd
i ] o
_ 1-cos 8 _I~ 5|n5cos— _7_ic0tg
" 2(1-cos 6) T2 T2

2sin? Q
2

5.3 Representation of a Complex Number

1. Geometrical representation: It is known, from the coordinate

geometry, that the ordered pair (x, y) represents a point in the
Cartesian plane.

It is now seen that the ordered pair (x, y) considered as Z repre-
sents a complex number.

It is therefore observed that to every complex number
Z=(x,y),one canassociate, a point P=(x, y) in the Cartesian plane.
The point may be called to be a geometrical representation of
Z. This association is a bijection — in the mapping language -
whereby the correspondence between Zand P is ONE-ONE and
ONTO. It is therefore possible to go over to a point from Z, or
reversing the roles, come back to Z from the point.

. Argand diagram: The graphical representation of a complex
number Z = (x, y) by a point P(x, y) is called representation in
the Argand diagram, which is also called Gaussian plane. In
this representation, all complex numbers such as (2, 0), (3, 0),
(-1, 0), (ex, 0) with the imaginary part 0 will be represented by
points on the x-axis. Since the real number ¢ is represented as a
complex number (¢, 0), all real numbers will get marked on the
x-axis. For this reason, the x-axis is called the real axis. Similarly,
all purely imaginary numbers (with the real part 0) such as (0, 1),
(0,2),(0,-3), (0, B) will be marked on the y-axis. Hence, the y-axis
is also called the imaginary axis in this context. The Cartesian
plane (two-dimensional plane) is also called the complex plane.
. Polar representation: See Fig. 5.1. Let P(x, y) be any point on
the complex plane representing the complex number z = (x, y),
with X’OX and Y’OY as the axes of coordinates.

Let OP=rand ZXOP = @(measured anticlockwise).

Then from AOMP, we find that

x=0M=rcos @
and
y=MP=rsin @
Thus,
z=(X,y)=x+iy=rcos @+irsin 8 =r(cos 8+isin 6)
Also,
el?=cos O+isin

e 1% = cos 6—isin 6 by Euler's formula

Y
A Px,y)=Z
r
< 0 >
X < 0 > X
A\
v’

Figure 5.1

Thus, z=r(cos 8 +isin @) can be written as
z=rel?
This form of representation of Zis called the trigonometric form

or the polar form or the modulus amplitude form.
When z is written in the form r (cos @+ i sin ), r is called the

modulus of zand is written as |z|, where

lz|=r=/x*+y?

a non-negative number. |z| = 0 for the only number (0, 0).

TR {ENTY WX W Represent the given complex numbers in the
polar form:

(i) (1+iv3)%/4i(1-i3)

r .. 7
(i) 1+cos§+lsm—

(ii) sin ¢ —icos a (« acute)

Solution:

(i) i(1—i3)=i—i*B=~B3+i
Therefore,
(+iV3)?2  (1+i3)?  —2+2i3  (-1+i3) (3 -1)
4i(01-iV3) 43+ 4GB+ 23+)(W3-i)

s 3+\/§+4i_i
23+1) 2
Now,
L:>a+ib
2
1
=a=0,b=—
2
a=rcos@, b=rsind
:>O=rcos¢9,%=rsin9
:>¢¢9:£,r:1
2 2
So,
i1 T ..
—=—| cos—+isin—
2 2( 2 2)
Hence,

(1+i4/3)? :1(
4i(1-i\f3) 2

cos£+isin£):l elim2
2 2 2

(ii) Real part >0 and imaginary part <O0.

So, argument of sin & - i cos « is in the nature of a negative
acute angle. Therefore,
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T T ’(“‘%)
sin  — i cos o = cos a—z +isin a—; =e

(iii) 1+cos£+isin£=2cosz£+i~25in£cosz
3 3 6 6 6

=2c0s Z(cosZ tisinZ |=2cos e/
6 6 6 6

4. Vector representation of a complex number: In the Argand
diagram, any complex number Z = x + iy can be represented
_)

by a point P with coordinates (x, y). The vector OP can also be
%
used to represent Z. The length of the vector OP, that is, OP is

the modulus of Zand the angle 6 that OP makes with the posi-
tive x-axis is the amplitude of Z.

(a) Representation of an algebraic operation on complex
numbers

(i) Sum: See Fig. 5.2(a). If two complex numbers Z, and Z, be
— —

represented by the points Pand Q or by OP and OQ, then the

— - -5 -

sum Z, + Z, is represented by R or OR, where OR=0P+0Q

and OR is the diagonal of the parallelogram with OP and OQ
as adjacent sides
(ii) Difference: See Fig. 5.2(b). Z, — Z, will be represented by QP

s
where QP = 0P - 0Q. Z, - Z, will be represented by PQ

Q R Q
(0] P (@] P
Figure 5.2
(iii) Multiplication: See Fig. 53. If Z; = r, (cos &, + i sin &),
Z, =1, (cos 6, +isin &), then Z, Z, = r, {cos (6, + &) +
isin (6, + &)}

- —
If OP and OQ represent Z, and Z,, construct AOQR similar to

AOEP where OE=1.

Y R
Q
Y
1S >
0 E >X
Figure 5.3
ZXOR = ZX0Q + ZQOR = £XOQ + LEOP =6, + 6,
and
OrR _op
0Q OE
Therefore,

OR=0P-0Q=ryr, {as OE=1}

%
Hence, OR represents the product Z, Z,.

(iv) Division: See Fig. 5.4.

4 _[n
Z, 5}

{cos (6, -

6,) + isin (6,— 6,)}

Figure 5.4
Construct AORP similar to AOEQ
Now
or_op
OE 0Q
—OoR="1
n
and
ZROX = ZROP — ZEOP = ZEOQ — ZEOP = 6, 6,
Therefore,

ZXOR = 6,- 6,

- V4
Hence, OR represents —.
2

Corollary 1:1f Z,, Z,, Z; are the vertices of a triangle ABC described
in the counter-clockwise direction, then

Z;- 7, CA .
——— = —(cos  +isin &),
Z,-2Z, B
where
o = £BAC
c(Z
YA (Z3)
QZ3 - Zy) B(Z,)
AlZy)
o P(ZZ - Z1)
o X
Figure 5.5
Let P and Q be the points representing Z, — Z, and Z; - Z,

respectively. (See Fig. 5.5.)
Then, the triangles POQ and BAC are congruent.

Therefore,
A _ 00
and BA  OP
ZQOP = /BAC = o
Now L4 has modulus o0 _ A and argument ZPOQ = «a.
Z, - Z, OP BA
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Hence, Zy—-27, (CA o o z1g+;122 =2Re (Zzz)=2Re (212)
=|—|(cos ¢ +isin &)
Z, - Z, BA —

In particular, if & =90° and AB = AC, then
Z3—- 2 —j
23 -2
= Z,-2)=i(Z,-Z,)
Corollary 2: (See Fig. 5.6.) If Z,, Z,, Z; are represented by A, B, C,

then
arg 2= 4 _ ypac
23 =2
arg 2= 23 = LACB
21— 25
and
arg 475\ _ oA
Z3- 2,
C(Z,)
B(Z,)
AZy)
Figure 5.6

5.4 Conjugate of a Complex Number

o 7= (Z)n

o Ifz=f(z,), then Z =f(z,)

5.5 Modulus of a Complex Number

The complex numbers z=(a, b) = a + ib and z=(a,—b)=a-ib,
where a and b are the real numbers, i =+/—1and b #0, are called to
be complex conjugate of each other. (Here, the complex conjugate
is obtained by just changing the sign of ).
Note that,

sum = (a +ib) + (a — ib) = 2a, which is real

and
product = (a + ib) (a — ib) = a? — (ib)2 = a2 — i2b?
=a?—(-1) b2=a? + b2, which is real

Properties of conjugate

° (E):Z
o z=7 & zisreal

e z=-7 & zispurely imaginary

zZ+z

e Re(z)=Re(z)=

z-Z
2i

e Im(z)=

® Z1t+zy,=21+2,

¢ ==

° (21)=Z1 (z,#0)

2

(See Fig. 5.7.) Modulus of a complex number z = x + iy is a real
number given by |z| = \x*>+y?. It is always non-negative and

|z|=0only forz=0, that s, origin of the Argand plane. Geometrically,
it represents the distance of the point z (x, y) from origin.

Imaginary axis
A
A(2)

> Real axis

B(z)

Figure 5.7

Properties of modulus
¢ |z2120=z|=0iffz=0,and |z| > 0iff z=0.
¢ —|z|<Re(2)<|z|, and - |z| <Im(2) £ |z].
o ld=1z|=|-2=]-Z|
o zZ=|z|2
* |22y =1z| |z,
Ingeneral, |z,z,2; ... z, | = |z,| |2,] |z3] - .- |2,

:m(z2 #0)
|2, |

o |z £2)|<lz)| +|z)|

Z

2

In particular, if |z, + z,| = |z,| + |z,], then origin, z;and z, are col-
linear with origin at one of the ends.

° |z,tz)| 2] |z| -z, |

In particular, if |z, — z,| = | |z,| = |z,| |, then origin, z; and z, are
collinear with origin at one of the ends.
o |2="

o lal=1zll<lz]+1z)]
Thus, |z,| + |z,| is the greatest possible value of |z, + z,| and
| 1z,] = |z,| | is the least possible value of |z, + z,|.

o |z, tz,2=(z,£2,) (z;£ 2,)= |z, +| 2, P £(z,2, + z;2,) or
|z, +| 2, | +2Re(z,2,)

o 2,2,+2,2,=2|2]||z,|cos(6,-6,) where 6, = arg (z,) and
6,=arg (z,)
o |zi+2,P= |z +|z P e Zs purely imaginary
22
2 2 2 2
o [+ [ |z - =21z +]2, [}
& *) where

o |az,—bz, ? +|bz,+az, P=(a* +b*) (| z;]* +| z,

abeR
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e Unimodular, that is, unit modulus

If zis unimodular then |z| = 1. A unimodular complex number can
always be expressed as cos 8+isin 6, 6€ R.

z . ) .
Note: ﬁ is always a unimodular complex number if z# 0.
z

Some of the proofs are given as:
|Z1 Z, |= |Z1| X |zzl
Proof:
LetZ,=r, (cos @ +isin €,) and Z,=r, (cos &, +isin &,)
Then
Z,Z,=rr,{cos (6, + 6,) + isin (6, + 6,)} =r (cos G+isin 6)
where
r=r,ry,and 6= 6, + 6,.
Therefore,
|Z, Z,|=r=rr,=|Z,| x|Z,|
° |Z,Z, ...Z |=|Z,| X|Z,)| X |Z5| X ... X |Z,|
Proof follows by writing Z, Z, ... Z, as the product of Z, Z, ...
Z,_,and Z, and applying property (1) repeatedly.
e |27=|21

Proof follows if we take Z, =2, =Z;=...=Z,.
4| | Z, |
Z,| |z,]
Proof:

LetZ,=r, (cos @ +isin €,) and Z,=r, (cos &, +isin &,)

Then
4 w =h (cos @, +isin &) (cos &, —isin &)
Z, n(cosé,+ising,) n

since ————————=cos 6, —isin6,
cos &, + isin 6,

:(HJ {(cos @, cos &, + sin @, sin@,) +i(sin &, cos &, — cos 6, sin 6,)}
p)

- ("] {cos (6,—6,) + isin (6, — 6,)}
n
Hence,

First triangle inequality
12,1 +1251 212, + 2,
Proof:

|1Z,+Z,| = |r(cos @, + ising;) + r(cos, + ising,|

=|(rcosé, + r,cos6y) + i(nsinG; + r,sin6,)|

= \/(r1 cos &+ r, cos 92)2 + (nsin@ + r, sin 92)2

= \/r12 + 17 + 21, cos (6, — 6,)

< \/rf + r22 + 2nrn, since cos (6, — 6,) <1
|Z1 + Zz| <y + r2)2

Therefore,

=|Zy + Zy|<r, +1,
Thus,

12, + Z)| < [z + |Z)]
Note: Equality occurs only when 6, = 6,, that is, when Z, and Z,
have the same amplitude.
Second triangle inequality

|12, -2, 21Z,| -2,
Proof:
Z,—Z,=rcos@,—r,cosb,+ i(rsin6 —r,sinb,)

Therefore,

|Z,- z,| = \/(ﬁ os @) — 1, cos 6,)% + (fsin 6, — r, sin 6,)°

= \/r12 + r22 —2nrr,cos (6,— 6,)

> i+ 1 — 21, since cos (6, — 6,) < 1

Therefore,
- 2,| = Jn -5 = |5 - 5
|12)= 2| 2 r~p=2)] ~[Z)
2] =121
Proof:

If Z=x+ iy, then
2= x* +y?

Z=x—liy
:>|E| = \/x2+ (—y)2 = \/x2+ y2

Now,

Therefore, _
[Z|=12|

m If |z—2 +i| <2, then find the greatest and the
least value of |z].
Solution: Given that

lz-2+i|<2 (1)
(Using |z 7| 2||z1| - |2,

lz=2+i|2[|z -] 2-i]]

=|z=2+i|2|lz|- 5] 2)
From Egs. (1) and (2), we get

llz|-\5|<|z-2+i]|<2
Therefore,

|lzl-/5]<2

=-2<|7-5<2

= 5-2<|z|<\5+2

Hence, the greatest value of |z] is </5 +2 and the least value of |z|

is x/§—2.
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1
Illustration 5.6 [[iP4s 5 =a, where Zis a complex number and

a is a positive real number, then find the greatest and least value
of |Z].

Solution: Let us first find greatest value of |Z|.

1
If |Z] is greatest, then m is least. Hence,

Write a=

=|zP-alz]-1<0
Hence, |Z| lies between the roots of the equation

|Z|*-a|Z|-1=0.

. atia*+4
Roots of the equation are .

Hence,

2 [ 2
a—.a“ +4 a+.a +4
——slZls—— (1)

2

2

—Ja’+4

It is known that |Z] = 0 while aNare
Eqg. (1) gets modified as 2

[ 2
a+.a +4
0<|Z|s———

2

is < 0 and hence,

2
a+.a +4
Thus, the greatest value of |Z] is Y

Now for the least value of |Z|.

. 1.
In this case m is greatest and hence,

2 _iz150
|Z]

Write a=

2ol
zl |z |Z|

=|ZP+a|z|-120
This is possible for all |Z| lying outside the roots of | Z|* +a| Z|

-1=0

—a+.a’+4 a—\a*+4

Roots of the equation are , and of these —

is negative, hence |Z| cannot be less than this negative value.

Therefore,
1212 —a+.a’ +4

2

[2
Thus, the least value of |Z] is —atya t4
2

UIETENT LW If 7, and Z, be two complex numbers such that

% =1and |Z,| # 1. What is the value of |Z,| ?
Solution:

12,-22,|=|2~- 2,7, |
Therefore,

|Z2,-22,=|2- 2.2,
=(2,-22,)(Z,-22,) =2~ 2,Z,) 2 - Z;Z5)
= 2,21 -221Zy — 22175 + 42,7, = 4 = 22,7, — 27,75 + 22,2, 7,
=27, +42,2, — 4~ 2,2,2,Z, =0
|2, +41Z,F -2, |2, -4=0
=1z, F-4(2,-1=0
Since |Z,|#1= |2, =4
=12|=2

5.6 Argument of a Complex Number

If z=x+ iy =r (cos @ + i sin @), where r=\/x2+y2, then @is
called the argument of Z or the amplitude of Z Since

x=rcos @ and y =r sin 6, @is such that cosé = . S and
y x*+y?
sin 8 = —=——. Since there can be many values of &satisfying
x> +y

these conditions, by convention, #such that —z< 8 < 7 is defined
as the principal argument of Z and is denoted by arg Z. The argu-
ment of a complex numbera+ibis givenby o, 7— o, — 7+ o or —c¢
if a+ibisin the first, second, third or fourth quadrant, respectively,

where o =tan™!

a

e Z=1+i=(1,1)andis marked by point P(1, 1) that lies in first
quadrant. Therefore,
12| =2 and arg Z = 74

o IfZ=1-i=(1,-1), then P lies in the fourth quadrant and
1zl =2 and arg Z=—7/4.

o IfZ=-1+i=(-1,1),then Plies in the second quadrant and

. For example,

argZ= 3—”
4 3z

e |fZ=-1-i,then Plies in the third quadrant and arg Z=—7.
1
e Argument of all positive real numbers such as 1, 2, 3, PR

is 0 since they are marked on the positive x-axis. The argu-

ment of all negative real numbers such as -1,-2,-3, ... is 7
since they are marked on negative x-axis. The argument of

purely imaginary numbers such as i, 2i, 3i, ... is z since these
are marked on the positive y-axis. The argumgnt of purely
imaginary numbers like —i, —2i, =3i, ... is —g. Since these are
marked on negative y-axis.
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[T R Among the complex numbers z which satisfies
|z—25i| <15, find the complex numbers z having

(i) least positive argument
(iii) least modulus

(ii) maximum positive argument
(iv) maximum modulus

Solution: The complex numbers z satisfying the condition |z — 25|
<15 are represented by the points inside and on the circle of radius
15 and centre at the point C(0, 25), Fig. 5.8.

The complex number having least positive argument and maxi-
mum positive arguments in this region are the points of contact of
tangents drawn from origin to the circle.
Here,
0 = least positive argument
and
¢ =maximum positive argument

Therefore, In AOCP,

0P = (0CY - (CP)? =4/(257 - (15)? =20

and
X OP 20 4
sinf=—=—=—
oC 25 5
Therefore,
tan@= 4
3

= f=tan” (i)
3

Thus, complex number at P has modulus 20 and argument

0:tan_1(ﬂ)-
3

Therefore,
- 3 .4
Zp =20(cos@+isind) =20 E+/§
=27, =12+16i
Similarly,
Zg=-12+16i
A
D 40i
Tangent from
. origin
Cl25i
0
Q P
E
4
g
(0] N

Figure 5.8

From the Fig. 5.8, E is the point with the least modulus and D is the
point with the maximum modulus.
Hence,

T
Zy =0E=0C-EC=25/-15i=10i
and

> o o
Zp =0D=0C+CD = 25i +15i = 40i

Properties of arguments
e arg(z,z,)=arg (z,) +arg (z,) + 2kz(k=0o0r1or-1)
In general arg (z,2,z; ... z,) = arg (z;) + arg (z,) + arg (z5) + -++ +
arg (z,) + 2kx
(whereke I)

° arg(ﬁ]:argz1—argzz+2k7r (k=0or1or-1)

2

° arg(é):z arg z+2krx (k=0or1or-1)
z

e arg(z)=nargz+2kr (k=0 or1or-1)

e Ifarg (ZZJ: 6 then arg (Zl)ZZkﬂ'—H where ke I.
z z,

e argz=-argz

e Ifargz=0,thenzisreal

Note: Proper value of kK must be chosen in above results so that
arguments lies in (-7, 7].

All the above formulae are written on the basis of the principal
argument.

UIBIE UGN Let 2, z) be two complex numbers. It is given

that |z| = 1 and the numbers z, z,, zz,, 1 and 0 are represented
in an Argand diagram by the points P, P, Q, A and the origin O,
respectively. Show that the triangles POP, and AOQ are congruent.
Hence, or otherwise, prove that |z - z)| = |2z, 1.

Solution: See Fig. 5.9. Given OA=1and |z| =1

Y A

Po(2o)

P2)

A(1

(1) >

()
Qzzy)
Figure 5.9

Therefore,
OP=|z-0|=|z]=1
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So,
OP=0A
OP,=|z,—0| =z,
and
0Q=|zzy— 0| =[2zy| = |z| | Zo| = 1 |2,| = |2,
Therefore,

OP,=0Q

and APOOP:arg(ZO_O):arg(Z—O)
z-0 z
=arg (@) =arg ig =arg (zz—o) =—arg(zz,)
7z |z| 1
_ 1
=—arg(zz,) =arg [)
7z,

—ar 1-0
d 2z, -0

Thus, the triangles POP; and AOQ are congruent.
Also,

) =/ZA0Q

PP,=AQ

= |z—-z)| =2z, 1|

lllustration 5.10 LEICR4ASE %arg(z2 +7z"3), then find the

value of |z|.
Solution:

We have

1
V3

—Earg(z2 +zz"3)

arg(z

= 2arg(z”3): arg(z2 +zz3)

= arg(22/3) =arg (22 +Ez”3)

= arg (z2 +Ez1/3)—arg(22/3):0
 arg 72 +z7"3 -0
,2/3
43, Z
:>arg(z +—)=0
SV3

N Z4/3 3
z

z z
(24/3 . ?)_(24/3 N ﬂ)
z z

= - =0
2i

z . z
+—=_isreal =>Im|z¥3+-2_|=0
7 73

z @)
N Z4/3+ = :(2)4/3 —
z (2)

—\ =\1/3
a3 @)2)"7 _ _apn 2(2)
=z "+ 12 =) 2/3

1/3

|z
Since
[21/3(2)1/3 _ (22)1/3 =z |2/3]

_ 1
413 _(7yA3 _

| |2/3 ((2)4/3 _(2)4/3) =0
z

=2z

:>{z4/3—(z)4/3}{1— 1 ]:0

IZ |2/3
Therefore,

|7]#3=1 (sincez# Z)

=|zl=1
WIHHS] and |W| <1, then showthat |Z —W [* <
(|Z|—|W|)2+(argZ—argW)2
Solution: Let
Z =|Z|(cos@ +isin8)
and W =|W |(cos ¢ +i sin @)
|Z-W=(Z|cos6 —|W|cos@)* +(| Z|sin@ —| W |sin ¢)?
=|Z | (cos® @ + sin® @) +|W | (cos? ¢ + sin” §)
—-2|Z||W|(cos 8 cos ¢ +sin & sin @)
=|ZP+|W[] -2|Z||W|cos (8 - ¢)
=(|Z|-|W]?+2|Z||W|(1-cos(@ - )
- (|Z|—|W|)2+4|Z||W|sinz(y)
<(1Z|-w )’ +© -9y

6-¢Y
As |Z|<1,|W]|<1,and sin2(9—¢)s(7) .

Hence,

|Z-WP<(Z|-|W|?*+(arg Z —argW)?

' Your Turn 1

1. If (a+2b)—i(2a— b)=2i—6, then find a and b.
Ans.a=-2,b=-2
4n+7

2. Find the value of 2 i,
4 k=1 Ans. -1
3. If azf, then prove that the value of a'%2? is also equal to
14
5

4. Ifz,=2-3iand z,=2+7i then find |z, — z,| and arg (z, — z,).
Ans. |z, —z,|=10and arg (z, - z,) =—7/2

5. What is the polar form of z=1—ix/3? Ans. z=2¢/73)

2+3i)? 2., 2

6. Ifa+ib:( 3’,) ,then find aand b. Ans.a:f,b:—9
+i 5 5

7. Find the value of '3 + {14+ {15 4+ {16, Ans. 0

8. Find the least non-zero positive integer n such that

A\ N
o
1—i
9. IfFX+iY=(x+iy)3, then prove that 4(X> —Y2):§+%.

Ans.n=4
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10. If|z|=| 2, |=|23|...=| z,| =1, then prove that

1 1 1
|z1 42y + 23+ + 2, | =| —+—+ o+ —
z g z

5.7 De Moivre’s Theorem

For any rational number n, the value or one of the values of
(cos @ +sin@)" is (cos n@ + sin n@). The following may also be noted:

1. (cos@+isin@)™" =(cosnb —sinn@)=(cos @ —isin8)"

2. (cos@+isind)" =(cosnb +sinnd)=(cos @ —isind)"

1
3. If x+—=2cos @, and if the equation is solved for x, then
X

.. ; 1 . ;
x=cos@+isind=ef= —=cos@—ising =e¢
X
or
x=cos@—isind =e ¢

1 . .
=—=cos@+isingd =el?
X

mleCOS 0= x+l and2cos ¢ =y +l,prove
X y

the following:

(i) x™y" +——=2cos(mé + ng)
Xy
m n
(i) X—n + y—m: 2 cos(mé — ng)
X
Solution:

1
(i) Given x+—=2cos8=>x*>—2xcos@+1=0. Solving this,
X

X=cos@=xijsind.
1

In fact, if x=cos@ +ising,then—=cos@ —isinf. It may also
X

1 1
be noted that x + — =2 cos 8 is symmetrical w.r.t. — and hence
X X

1
if one root is the value for x, the other root is — and vice versa.
X

1

Similarly, giventhat 2 cos @ =y + —, we have y =cos ¢ + i sing
y

Therefore,

)m

x™ =(cos @ +isin@)™ =cos mb +i sinmb;

and
y" =(cos @ +ising)" =cosng +isinng
xMy" =(cosmé + i sin m@) (cosng + i sin ng)
=cos(mé + ng) + i sin (MmO + ny)

and

Xy = cos(mé + ng) —i sin(mé + np)

By adding we get

xMy" + P =2 cos(mé + ny)
(ii) By similar reasoning
m n
X—n+y—m=2cos(me—n¢)
y'oox

m If n be a positive integer, prove that

0 if nbe odd
A+ (=" = {2+ ifgbeeven
"+ ifgbe odd

Solution:
T )" nrx nw
A+ =2"| cos=+isin=| =2"|cos— +isin—
4 4 2 2

2n
n n
(1—i?"=2" cosZ—isinZ| =27 cos ™ _isin?%
4 4 2 2

Therefore,

A+ +(1=i2" =2 cos ZZ 4isin % + cos 7% —jsin %
2 2 2 2

=2"*""cos (E)
2

If n be odd=2m + 1, then

RHS = 271 cos 2m + 1) % -0
If n be even and g also even so that n = 4k, then

RHS =2"*" cos (2kz) = 2"+
If g is odd, then

RHS=2"*"cos (%) =2

If z=r(cos 8+isin @), and n is a positive integer, then
.. 2kmr+6
in

2k +6
Z"" =" cos +is
n n

], k=0,1,2,.,n-1

5.8 Roots of Unity

1. Cube roots of unity
Consider the cubic (third degree) equation

x3=1=cos 0+isin0=cos 2kzr + i sin 2k

Therefore,
x= 3= (cos 2kz +i sin 2k7r)1/3

(Zkﬂj . (Zkﬂ')
=cos| == |+isin| ==
3 3
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w=——+—
2 2
AN
X < 27/3 Kjﬂls A >
+ L % /3 1+0i
/7
7/
7/
/.
C
oo 1_aB1
2 2
YvY
Figure 5.10

(See Fig. 5.10.) To get three roots of the cubic equation, we give
k=0, giving the real root, cos0+/ sin0=1

. . . 2r . . 27w
k=1, giving one imaginary root, COS?+I sm?z w

k=2, giving the other imaginary root, cos 4?” +isin 4{ = w?

Itis said that 1, @, &? are the three cubic roots of unity satisfying

(@) 1+w+w*=0

(b) @w3=1

(c) 1, » o are represented respectively by points A, B, C lying
on the unit circle |Z| = 1 and forming the corners of an equi-
lateral triangle with each side of length V3.

|[PRIECUIT RN If «, 3 yare the roots of x> — 3x2 + 3x + 7 =

0 (and @ is the cube roots of unity), then find the value of
a-1 -1 y-1
A-1 y-1 a-1
Solution: We have
x3-3x2+3x+7=0
= (x-13+8=0
= Kx-13=(-2?3

3
- (x—]) i
-2

x—1
)3

=1, w, ®? (cube roots of unity)

Therefore,
x=-1,1-2w,1-2w?
Here,
a=-1,4=1-2w,y=1-2w?
So,
a-1==2,-1=22w, y—-1=-2w?
Then

5

2
;‘+E+L—1:(i)+( —20 )+ —20
B-1 y-1 a-1 \220) | 20? -2
1, 9

1
=—+—+w
0

=0’ + 0’ +w? =30°

2. Some useful results
G +y3) =(x+y) (x+ wy) (x+ @?y)
03 -y3) =x—y) (x— wy) (x— &?)
0C+y3+23-3xy2) = (x +y + 2) (X + wy + ©%2) (X + %y + @2)

3 6

X X
ustaion 5.15 [OREEANKANE
3!

6!

X4 X7
b=x+—+—+:00
4! 7i

x* x> X8

and C=—+—+—+
2! 51 8!

Then, find the value of a® + b3 + 3 — 3abc.
Solution:

aB+b3+c3-3abc=(a+b+c)(a+bo+cw? (a+bw?+cw)

2
:eXea)Xe(l)X

— XIto+ ®*)
= eo = 1
3. nt"Roots of Unity

Generally, the nt" degree equation x” = 1 has 'n’ nt roots of
unity given by

2r .. 2w Ar . Arx 2(n-Nr
cos — +i sin—,cos —+isin—,---,co0s ————
n n n n n
.. 2ln-Wx
+isin———

thatis,

1, @, a2 ..., a" " satisfying

(@ 1+a+o?+-+a™"'=0

(b) =1

(0 1, a, ..., a" " represent n points in the Argand plane situ-
ated on the unit circle |Z| = 1 and forming the corners of a
regular n sides polygon. (See Fig. 5.11.)

YA

lzZl=1

Y'Y

Figure 5.11

As the sum of nt" roots of unity =0
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k=0 n
and
n-1
Y sin (Zk—ﬁ) =0
k=0 n

Generally, equation like x"=a+ib can be solved by using this
method.
First write a + ib = r [cos @ + isin 6] = r [cos(@ + 2kx) + i

sin (6 + 2kz)] and hence the n nth roots of x"=a+ib are

2k 2k
Q/F(coséhr ”+isin6”r ”)wherek:O,LZ,...,(n—1).
n n

T L ERLE Solve 24/2 x° = (ﬁ —1)+i(\/§+1).

Solution:

22 x°=(B-1+i(\3+7)

5 B-1) (B+1
x> = ——[+i
22 22
5 57 .. 5«x
X~ =cos —+isin—
12 12

B-1 sz \/§+1J
; sSin—=sin75°=

242 12 22

=x° =C0$(2kﬂ+5£)+isin(2kﬂ+5l)
12 12

[Since, cos %Z =cos75°=

Therefore, the five roots of the given equation are

2k7z+5—” 2k7r+5—”

X =CO0S +isin (k=0,1,2,3,4)

ITEIEERVA If 1, o, &2, ..., ™ are nth roots of unity, then

prove that
(@ -a(1-03)...0—a™")=n

. . 2x . 3r . (n-Nmw n
(b) sin—sin—sin—---sin = ,
n  n n n 2!

Solution: If 1, &, @2 ... & are roots of X" = 1, then

n>2

X'—1=x-1NKx-a)x—0?) ... x—a™")

n
-1
x—a)x—a?) ... (x—a"")zx—1 =T4+X+x2+ -+ X1

Putx=1, then
O-a)(1-a?...(01—a" ) =n
Also,
i2kz
ok=en
k
:>|1—ak|: Zsin—”‘
n

Taking modulus of the first result, we get

[1-| |1—0{2|---|1—a”’1 =|n|

= (Zsinﬁ) (Zsinz—”) ---(Zsin (n—1)7r) =n
n n n

LT .27 .
= sin—sin—---sin =
n n n

The nth Root of Unity

Let x be the n'" root of unity. Then

x" =1=cos2kx +isin2kz (where k is an integer)

2k

2k
= x:cos—”+isin— k=0,1,2,..., n—1
n n

2r .. 27w .
Let & = cos == +isin=—. Then the n' roots of unity are o'
n n

(t=0,1,2,...,n=1), thatis, the ™ roots of unity are

La,o?,... a7,

Sum of the Roots

-
T+a+a?+-+a 1= =0
-«
n-1 n-1
2k 2k
=Y cos 2" —0and Y sin2 % 0
k=0 n k=0 N
Thus, the sum of the roots of unity is zero.
Product of the Roots
a.c?...o" == (=1)=(-1)"*1

5.9 Rotation Theorem

1. Coni method: This method gives the angle between two inter-
secting lines.

Figure 5.12

See Fig. 5.12. Let z;, z,, z; and z, be complex numbers repre-
senting points A, B, Cand D, respectively. Then

—
AB=1z,-2z
%
(D=z,-2z4

— -
Letarg AB=¢, and arg CD =¢,. Then angle of intersection

- -
0=¢,— ¢, =arg CD —arg AB

Z,—Z
=arg (24—23)—arg (22—21):arg (Z‘; —z?]
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Z4—23

(a) If #=0 or £x, then (

is real. Points are collinear
Z) =4

. L ol Za—2z3 ).
as the two lines coincide. It follows that if (43) is real,
. . Z,—2

points are collinear. 2 A

Z,—23

———= | is purely imaginary. It follows
24

(b) If ezi%, then (

that if (24 _Z3J is purely imaginary, then the line joining

=4
z,, 2, is perpendicular to the line joining z;, z,.

(c) (SeeFig.5.13.) Hence, the angle between the lines passing
through z, and z; and intersecting at z, is given by

arg (23_Z1J:¢9
24

Also,

X <5
Y
v’

Figure 5.13

HITETELT RSN E R ABCD is a rhombus. Its diagonals AC and BD
intersect at M such that BD = 2AC. If the points D and M represent

the complex number 1 + i and 2 — i, respectively, then find the
complex number(s) representing A.

Solution: See Fig. 5.14. Let A be z. The position MA can be obtained

by rotating MD anticlockwise through anangle z; simultaneously
the length gets halved. 2

Therefore,
z—(2—i):%[(1+i)—(2—i)]ei”/2
1
=—(+i-2+i)(i
2( i (i)
1 1
=—(2-i)=—1—=i
2( ) 2
3i

N LY P Sy S
2 2

Another position of A corresponds to A and C getting interchanged

and in that the complex number of A is

1+li+2—i=3—1i
2 2

1+
D

Figure 5.14
3i 1
Therefore, the complex number of A is either 1— ?l or3— Ei.

{TEIEL MR See Fig. 5.15. Show that the triangles whose

vertices are Z;,Z,,Z3and a, b, c (Z,, Z,, Z3 and a, b, c are complex)

Zy a1
aresimilarif|Z, b 1|=0.
Zy ¢ 1
AZy) D(a)
o o
s 4 B 7
B(z,) C(Z) E(b) Fle)
Figure 5.15

Solution: The two triangles are similar if

AB_BC
DE EF
and
ZABC = ZDEF = f(say)
So,
Z,-Z, AB .
=—/{cos B +isinf)
Z3-2Z, BC p P
Similarly,
a-b DE L
——=—(cos f+isin
c—b EF( p A)
Therefore,
Z,-Z, a-b
Z3-7Z, c-b
Z,-Z, a-b|_
Z3-7Z, c-b|
Z,-Z, a-b 0
Z3-7Z, c-b 0
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Z; a1
=|Z, b 1| =0adding R, to Rjand R, to R,
Zy ¢ 1

. Condition for four points to be concyclic: See Fig. 5.16. Four
points z;, z,, z; and z, in the Argand plane are concyclic if and

only if
arg (21—23] _arg (21—24) _ 6 (say)
Zy,-23 Zy,-2,

Applying the coni method, we get

Z1i723 _| AT e
2)=2Z3 |Zp—23
L1724 _| L1772 o0
Zy,-24 |2y;-24
Z1
24 ‘
0
Z3 2
Figure 5.16

Solving the above two equations to eliminate &, we get

2z, 27, 2,273 Z;— 24

2)=24 _

Zy—23 Z1—=Z4 |Zy—2Z3 Z1—2Z4

This is possible only if the expression on the left-hand side is
real (it may be positive or negative, depending upon whether
the points are considered in a cyclic order or not).

. Complex number as a rotating arrow in the Argand plane:
(a) See Fig.5.17.1f a complex number z, is rotated in the anti-
clockwise sense by an angle #and let z, be its new posi-
tion, then
z,=reand z,=rel?* 9 (as |z,| = |z,| =1)
=z,=z" N
Clearly, the multiplication of z with e/? rotates vector OP
through an angle @in the anticlockwise sense. Similarly,

the multiplication of z with e will the rotate vector OP in
the clockwise sense.

YA
Q(2)
r
P(zy)
0
' ¢ >
X'« 0 > X
Y
v

Figure 5.17

(b) See Fig. 5.18. Let z,, z,, z; be the affixes of three points A,
%
B, Csuch that AC=AB and ZCAB= 6. Then AC =z, -z, will

%
be obtained by rotating AB = z, — z; through an angle @ in

the anticlockwise sense and therefore,

(23—-2,)=(z,—2z,)e’

C(z3)

A : > B(2,)

Figure 5.18

HITHIENT) Wl Complex numbers Z;, Z,, Z3 are the vertices A,
B and C, respectively, of an isosceles right-angled triangle with ZC

=90°. Show that (Z, — Z,)* = 2(Z, - Z5)(Z5 — Z,) or equivalently

2 +73 273 =222+ 22,7,

Solution: See Fig. 5.19. It is seen that when CA is turned
anticlockwise through an angle 90°, the position of CB is obtained.

Lengthwise, CA = CB because the triangle is isosceles.
Therefore,

Z,-7Zy=(Z, —Z3)(cos§+isin%)

Squaring both sides, we get
(Z, =23 +(Z,-Z5)* =0
= 7} + 73 +272=27,75+27,7,

which is the second result.
To get the first from the second, we have

2} +272=222,+22,75-273
2P+ 272 -22\7,=22,25+22,75 - 273 27,7,

=(Z1 - 2,02 =22, - Z3)(Z3 - Z)
which is the desired form of the result.
B(z,)

C(Z) AlZ)

Figure 5.19

(c) SeeFig.5.20.In the above case if AB#AC, then we consider

the rotation of unit vectors as
3= _ H™4 e
|23z |z,-%
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C(z3)
6
>» B
A(zy) =)
Figure 5.20

This concept has also been explained in terms of the coni
method earlier.

m See Fig. 5.21. The points P, Q and R represent

the complex numbers Z;, Z, and Z;, respectively, and the angles of
the triangle PQR at Q and R are both % - %. Prove that

(Zy = Z,)? = (25 — 2,)(Z, - Z,) sin? (%)

P(z;)

Figure 5.21
Solution: QP is obtained from QR by a rotation counter-clockwise

through an angle %—%, and the length PQ is different from the

length of QR. Therefore,

VARV 4 25(23 —Zz){cos(2—3)+isin(72[—02{)}

Similarly,

PR
Z1—Z3=QR(22—ZQ{COS(Z—Z)—isin(Z—ZJ}

Multiplying the two equations
co?(%-4]
2 2

.2(71 a)
+sin?[ = -=
2 2

_PQ-PR

(Zy - Z)(Z, - Z3) = o (Z3-2))(2; = Z3)

Now,
R P PR
9 = Qa = (By sine rule)
SING 05 = cos =
2 2
Therefore,
b X214
PQ-PR O 5
=
QR 4sin? @ cos? @
2 2
So,

(Zy - Z,)(Z, — Z5)4 sin? %: (Zy - Z,)(Zy — Z3)

=(Z5-2,)* =4(Z; - 2)(Z, —Zz)sinzg

Concept of rotation: If z,, z,, z;, are the three vertices of a tri-
angle ABC described in the counter-clockwise sense, then
z3—-z; 0Q L. CA
=—/(cosa+isina)=—-€
z,-z; OP BA

ia=|z3_z1|.eia
|z, -2z

Note that arg (z; — z;) — arg(z, — z;) = « is the angle through
which OP must be rotated in the anticlockwise direction so that
it becomes parallel to OQ.

YA C(z5)

Qlz- 29) Blz,)

Alzy)
Pz, - zy)

o X

5.10 Theory of Equations with Complex
Coefficients

An nth degree equation with complex coefficients a,a
is given as

s oo O

a,2"+a, 2" ' +-+az+a,=0

It has nroots say &y, «,, ... &, and

2 :‘02_1

n

a
— n—-2
Y oy =+ .

n
-1)" %
an

oy ..o, =

In the case of quadratic equations with complex coefficients hav-
ing non-zero imaginary part, the discriminant has no role for the
existence of roots.

m The roots z,, z,, z; of the equation x> + 3ax?

+3bx+c=0, in which g, b, c are complex numbers, corresponding
to the points A, B, C on the Gaussian plane. Find the centroid of the
triangle ABC and show that it will be equilateral if a2 = b.

Solution: Since z,, z,, z, are the roots of x* + 3ax? + 3bx + c¢=0.

We have
Zy+2z,+23=-3a
Zi+2,+2
atrntsa o
3
and

212y + 7,73+ 232, =3b

Hence, the centroid of the triangle ABC is the point with affix —a.
Now, the triangle will be equilateral if
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2425+ 235 = 2,2, + 2,23+ 232,
= (z1+2,+23)° =3(212, + 2,23+ 237;) = (-3a)2=3(3b)
Therefore, the condition is a2 = b.

m Find the value of |Z| from the equation

273 -37% -18iz +27i =0.

Solution:
273372 -18iZ +27i=0
7?(22-3)-9i(2Z2-3)=0
2Z-3)(2*-9i)=0
Therefore,
2Z-3=0=|Z|=3/2
or

7?=9i=|Z|=3

5.11 Logarithms of a Complex Number

Let log, x+iy)=a+if (5.1)
Suppose

X+iy=r(cos O+isin @) =re'? (5.2)
then

X=rcos g y=rsin @
so that
r=y(x*+ yz)

and

f=tan™' (X)
X

log, (x+iy) =log, (re’®) =log, r + log e ¢
=log,r+i@

=log, \(x* +y?) +itan™' (Z)
X

From Eq. (5.2) we get

or
log.(z)=log, |z|+iamp z

So, the general value of log (2) =log, |z| + 2n7i (~7< amp (2) < 7).

[TRIEVEY WL I sin (log /') = a + ib, then find a and b. Hence,

find cos (log if).

Solution:
a+ib=sin (log i) =sin (ilogi)
=sin[i(log|i|+iampi)]
=sin[i(log 1+i 7/2)]
=sin[i (0+i 7/2)]
=sin (—z/2)=-1
Therefore,
a=-1,b=0
So,
sin(logif)=-1
Now,

cos(logii)z {1—sin2(logii) =41-1=0

5.12 Section Formula

See Fig. 5.22. Let z, and z, represent any two complex number rep-
resenting the points A and B, respectively, in the Argand plane. Let
C be the point dividing the line AB internally in ratio m:n, that is,

AC
B m:n and let the complex number associated with point C be z.

Then, let us rotate the line BC about C so that it becomes parallel
to CA.Then, the corresponding equation after rotation will be

z1—z:|z1—z|e,-,,_m

=— (-1

z,-z |zy-z| n
, - nztmz,
m+n
T
Azy) 2 B(z,)
1 m 1 n 1
Figure 5.22
Thus,
1. IfZ,,Z, are divided at Pin the ratio m:n internally, then P has the
complex number mzzii—na Particularly, the mid-point of the
n
Z,+ 27,

joinofZ and Z, is

2. If Z,,Z,, Z5 be three points A, B, C forming a triangle ABC, then
the centroid G of the triangle ABC has an associated complex

Z1+7Z,+ 27
number 21 —=2 -3

m If the vertices of a triangle ABC are represented

by Z,, Z, and Z3, respectively, then prove that
Zi+Z,+7Z
(i) the centroidis ———2—=3
(asec A) Z;+(bsecB)Z, +(csecC)Z; or

(ii) the orthocentre is
asec A+bsecB+csecC

(tanA)z;, +(tanB)z, +(tanC) z;
tanA+tanB+tanC

(sin2A)Z; +(sin2B)Z, + (sin2C)Z;
sin2A+sin2B +sin2C

(iii) the circumcentreis

Solution: P
(i) See Fig. 5.23. The mid-point D of BCis % and the point G
on AD, which divides AD in the ratio 2:1 is

2(722223}21
2+1

:>(Zz+§3+21)

Symmetry in Z;, Z,, Z5 of this result indicates that this point G
also lies on the other two medians.
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Therefore, the medians are concurrent at G, the centroid, the

Z1+2Z,+2
associated complex of which is %

AlZy)

2
G

;
B(Z,) D C(Z3)
Figure 5.23

(ii) Orthocentre (see Fig. 5.24): Let the two altitudes AD and BE
intersect at O.

Now,
BD ccosB csecC

DC bcosC bsecB

BD
The point D dividing BC in the ratio o has a complex number

AlZ)

AE

L%

B(Z,)

C(Z)

Figure 5.24

(csecC)Z3 +(bsecB)Z,
bsecB+csecC

Again,
AO _ Areaof AABO

—=———————(triangles of the same altitude)
OD  Areaof AOBD

% AB-BO sin ZABE

%BO~BD sin ZDBE
=ccos A/(c cosB-cos C)

acosA  bcosC+ccosB 1

acosBcosC cosBcosC asecA

_bsecB+csecC
- asecA
Therefore, the point O, dividing AD, in the ratio A9 has a com-
plex number ob
AO (complex number of D) + OD (complex number of A)
AO+0D

bsecB-Z,+csecC-Z;
bsecB+csecC

(bsecB+csecC)( J+asecA~Z1

bsecB+csecC+asecA
_(asec A)Z; +(bsecB)Z, +(c sec C)Z3
asecA+bsecB+csecC

The symmetry of this result in g, b, c and A, B, C indicates that
O lies on the third altitude also. Hence O, the orthocentre, is

Zyasec A+ Z,bsec B+ ZscsecC
asec A+bsecB+csecC

To prove the other result substituting a=2R sin A, b=2R sin B
and c=2R sin Ciin the above result:

ZytanA+Z,tanB+Z5tanC

tanA+tanB+tanC
(iii) Circumcentre (see Fig. 5.25):
A(Z;)
R
S
A
B(Z,) N C(Z)
Figure 5.25

Let S be the point of intersection of perpendicular bisectors
of BCand AB. S lies on the third perpendicular bisector also.
Let AS produced meet BC at D. Now,

BD _ area of AABD

— =——————(triangles of the same altitude)
DC area of AACD

_AB-AD-sin ZBAD _ ¢sin(90°—C)
" AC-AD-sinZCAD  bsin(90°—B)
_sin2C
" sin2B
Therefore, D is represented by the complex number,
(sin2C)Z5 +(sin2B)Z,
sin2B +sin2C

AS _areaof AASB _ AS-BS-sin2C
SD areaof ABSD BS-BD-sin(90° —A)

Rsin2C
= )
BD cos A
From Eq. (1),
BD DC BD + DC a

sin2C _sin2B  sin2B+sin2C _ sin2B+sin2C

Substituting Eq. (1) into Eq. (2), we get

ﬁ_ Rsin2C
SD ' asnnZQC - cos A
sin2B + sin2C
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_ Rsin2C _sin2B+sin2C
T 2RsinAcosAsin2C sin2A
sin2B +sin2C

Therefore, S is represented by

sin2B +sin2C
sin2A+sin 2B +sin 2C

(sin2A4)Z, + (sin 2B + sin 2C) (S'” 2C 23 +sin2B-2; J

- Z,sin2A+ Z, sin2B + Z5 sin2C
sin2A +sin 2B +sin 2C

5.13 Locus in an Argand Plane

It has been pointed that there is a bijective correspondence
between a complex number Z=(x, y) and a point P(x, y) in the com-
plex plane or an Argand diagram.

Coordinate geometry theory gives us the concept of a locus as
acurve, every point P(x, y) on the curve satisfies a relation between
x and y termed as the equation to a curve.

But P(x, y) is also equivalent to Z=(x, y), and hence this relation
between x and y - representing the equation - can also be put in
the form of a condition on Z.

To cite an example, x2 + y2 =1, expressed interms of Z,is |Z| =1,
and it is said that the condition |Z| = 1, being satisfied by all points
Z at unit distance from (0, 0), represents a circle with a centre at
(0, 0) and radius = 1. We therefore assert that any condition
imposed on Z automatically places a restriction on the possible
locations in the Argand diagram of the point P representing Z
and hence all such points lie on a curve. Such a curve traced in the
Argand diagram by P = Z, because of a condition imposed on Z, is
termed as locus in an Argand diagram.

1. Straight line: See Fig. 5.26. The equation of straight line pass-
ing through points A and B represented by complex numbers
z,and z, is

Azy)

B(z,)

Figure 5.26
Let us take C(2) as the general point on the line. Then

z-z
arg| —1|=0or x
274

z z 1
z;, z; 1|=0
z; z, 1

The general form of the straight line is
az+az+b=0

where a is a complex number and b is a real number.
(a) Slope of aline: Let the equation of line be za+za+b=0
Replacing z by x + iy, we get

(a+a)x+i(@a—a)y+b=0

Its real slope is
—(a+a)
i(a—a)

—Re(a)
Im(a)

Its complex slope is

a coeff of z

a  coeffof z

The equation of the line parallel to az+az+b is
az+az + A=0 (where Ais a real number) and that of the
line perpendicular to itis za—za+iA=0.

(b) Ray

e argZ= @isaray (or a straight line) from the origin and
pointed in such a direction that any point Z situated on
the line has an argument 6.

e arg(Z- )= @isaray (orastraight line) from the point
« and pointed in such a direction that the line joining
o to Zis inclined at an angle @ to the positive direction
of the real axis (x-axis).

(c) Perpendicular bisector
e |Z- a|=|Z-p| represents the perpendicular bisector
of the line joining the two points & = (p, g) and B=1(r, 5).
e The perpendicular distance of a point z, from the line
|azy +azy +b|
2la]

az+az+b=0is

Equation of a Straight Line

o Equation of a straight line with the help of rotation for-
mula: Let A(z;) and B(z,) be any two points lying on any line
and we have to obtain the equation of this line. For this pur-
pose, let us take any point C(z) on this line. Since

z-z z-z Z—7Z
arg| —|=0 or 7= —" = !
=4

¢ General equation of the line:
za+za+b=0,
where
a=(z1-2,),b=212,-2, 7
This is the general equation of a line in the complex plane.

e Slope of a given line: If za+Zza+b =0 is the given line, then

Re(a)

its slope = —m-

e Equation of a line parallel to the line za+za+b=0 is
za+za+ A =0 (where Ais a real number).

e Equation of a line perpendicular to the line za+za+b=0 is
za—za+iA =0 (where Ais a real number).
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e Equation of perpendicular bisector: Consider a line seg-
ment joining A(z;) and B(z,). Let the line 'L’ be its perpendicu-
lar bisector. If P(z) be any point on the ‘L, we have PA = PB.

=|z-z| =|z-z)|
= 2(z,-27)+Z(zy — 27) + 242, - 2,2, =0
o Distance of a given point from a given line: Let the given
line be za +Za+b =0 and the given point be z,, then the dis-
|z.a+Zz.a+b|

tance of z,_ from this line is
2|d

2. Circle

e |Z|=r isacircle, centre (0, 0) and radius r.

e |Z— o|=r (e, complex)isacircle, centre at &= (p, g) and radius
=rsince |Z—o| represents the absolute distance of Z from .

o |Z—-a|=k|Z- p| (kreal >0, # 1) is the circle and any point
P on the circle, with reference to the points A(e) and B(f),

satisfies the condition % =k(k#1).

Let us take, for exactness, 0 < k < 1. Let L and M divide the
join of A() and B(f3) internally at L and externally at M in the

ratio k, so that —:@:k< 1
MB

Draw the circle with LM as the diameter. Any point P on this

AP
circle will satisfy the requirement B = k.The locus of the point

|Z -]

P(2) satisfying the condition Z =k #1is the circle on LM

as diameter and is called the Apollonius circle of A and B with
respect to the ratio k. The circle meets AB at L and M and these
two points, being points on the circle, trivially satisfy the condi-
tion to be satisfied by any point P to lie on the circle. In fact, the
choice of L and M has been made to satisfy this requirement.
It may be also pointed, as a property, that PL and PM bisect
ZAPB internally and externally (Fig. 5.27).

/ - / A -~
I _- ! AYY RN
e / M T~a
MEZ - ===~ * - =
\ 0 A It B(A)
\ /
\ /
\ /
Figure 5.27

-7
e arg (221] =0 is a straight line - that part of the segment
—4

of the line through Z, and Z, which is outside the segment
joining Z, and Z,.

zZ-z, . .
e arg > 7 = rzrepresents the line segment joining Z,
—4

and Z,.

¢ In fact the condition arg (

1= 23
forZ,, Z, and Z, to be collinear.

zZ-7, ] _

2 Z-2,

geometrically expresses the fact that the join of Z; and Z,
subtends the angle @at Z. Hence, the condition represents
the segment of a circle described on the joinif Z, and Z, as a
chord and containing at any point P(2) on the segment the
angle 6. If 0 < 6 < 7/2 the segment is a major segment. If
/2 < < 7, the segment is a minor segment. If 6 = /2 the
locus is the semi-circle on the join of Z, and Z, with the circle
being appropriately chosen.

It has already been pointed out that every point can be
taken to be represented by a complex number Z. Thus, just
as in coordinate geometry where we have for every point a
pair of numbers (its coordinates), in complex number theory
every point has an associate complex number, of which the
point is a geometrical representation.

475 ] =0 or r is the condition
-7
* arg (221)=0¢0¢ﬂ'. The equation arg (

Equation of a Circle
Equation of a circle of radius r and having its centre at z; is
|z—2z|=r
Slz—z2=r=(2-2) (E—Eo):r2 =zz+az+az+b=0,
where —a=2z, and b= zyz, —r2
It represents the general equation of a circle in the complex
plane.
e Equation of a circle described on a line segment AB, (A(z,),
B(z,)) as diameter is (z—z,) (z = Z;) +(z2—2,)(Z —Z;) = 0.

e Let z, and z, be two given complex numbers and z be any

z-z

complex number such that arg 1J:a, where o €
-z
2

(0, 7). Then z will lie on the arc of a circle.
e Let ABCD be a cyclic quadrilateral such that A(z,), B(z,), C(z;)
(24 —23)(z; = 23)
(z;—2))(24 - 23)

M e Pl Show that the equation ZZ +aZ +aZ +b*=0
(b is real) is the complex from of the equation to a circle.

and D(z,) lie on a circle. Then is purely real.

Solution:
ZZ+aZ+aZ+b*=0
Therefore,
7Z +aZ +aZ +aa =aa - b
=(Z+a)(Z+a)=|al* -b*
=|Z+af=r? (1)
where

r2 — | a |2 _ b2
Equation (1) represents a circle with centre at —a (complex) and
radius r =+/|a|? —b% and for the circle to be real we need the con-

dition |a|* > b?.
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TN YAl Examine the locus that is represented by

|Z—-al? +|Z b =k (where kis real).
Solution:

|Z-al?=(Z-a)(Z-a)=2Z +aa —(Za + Za)

=|Z]* +|a|* - 2Re(Za)

Similarly,

|Z-b]?=|Z] +|b[> - 2Re(2b)
The given equation becomes

2|Z[ +|al? +|b]* —2Re(Z(@a + b)) =k

la+b[?

Dividing by 2 and adding on both sides

= 2 2 2
1ZP —2Re| 20+0)| lavbl _k 1, pp_laF [l
2 4 2 4 2 2
2
L (S
2
:>‘Z—a+b =%{k—%|a—b|2}

L . . a+b .
This will represent a circle with centre at —— and radius

1

—J2k=|a-bP.

2

ITEIENT W Llet Z,=10+6iandZ, =4 +6i. If Z be any

Z-Z
complex number such that arg (221):71'/4. Prove that the
locus of Zis | Z —7 - 9i|=34/2. g
Solution: See Fig. 5.28. Since

Z-7 T
arg| —— |=arg(Z-Z,)—arg(Z - Z,)=—
g (Z ~7, ) ¢] 1 9 2=y
So, the join of A(Z;) and B(Z,) subtends an angle = % at P(Z).
Hence, the locus of Z is a segment of a circle drawn on AB to

) V3
contain the angle T

The point M - the mid-point of AB - is (7, 6) and the centre is
az7,9).

P

M
(7. 6)

(4, 6) (10, 6)

Figure 5.28

The locus of Zis the circle (segment) drawn to contain angle at z/4.
The radius of the circle is = \/9+9 = 3+/2.

It is therefore true that Z lies on | Z — (7 + 9i)| = 3+/2.
But it is not true that every point Zon | Z — (7 + 9i)|= 3V/2 satisfies

-7
that condition arg L=7n/4.
Z-27,

Therefore, the locus of Z subject to the condition arg

(2_21} = /4 can only be the major segment drawn on AB.
—4

The part of the (minor) segment lying below AB may be found to
Z-27 T\ -3x
— === |=—
zZ-7, 4 4

3. Conicsection

(a) Parabola: Equation of parabola with focus at z, and direc-
trix as az+az +b =0 is given by

satisfy the condition arg (

|az +az+b|
|22 |=
2|a|

(b) Ellipse: Equation of ellipse with foci at z, and z, and length
of the major axes as 2a is

|z—2z,|+|z—2,|=2a
where
2a> |z, -z,

(c) Hyperbola: Equation of hyperbola with foci at z, and z,
and length of the transverse axes as 2a is
llz=z|-lz=2,)||=2a

where
2a< |z, -z,

| [TRTECT IR If | |2+ 2| — |z 2| | =a? ze Crepresents a hyper-

bola for a € R, then find the values of a.

Solution: Here, foci are at —2 and 2 at a distance of 4. Hence, the
given equation represents a hyperbola if a% < 4, that is, a € (=2, 2).

TSI - Bc{ Ml Locate the points representing the complex

numbers Z in the Argand diagram for which
(@ |i-1-2Z|>9 (b) 4<|2Z+i|<6
(@ |Z+i|=|Z-1] d) |Z-1P+|Z+1P=4
Solution:

(a) i—1—2Z=—2(z+1—i)
2 2
2[-()]
2
:2‘2_(—1+i)
2
Z_(—Hi) .
2

=|i-1-2Z|=

9

Therefore, the given condition becomes
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This represents all points represented by Z and lying out-

=1+i
side the circle with centre > I, that is, (—11) and
2 2
radius 9/2.

(b) 22+i=2(z+%)

1
:>|22+i|=2‘2+5i

Therefore,
4<|2Z+i|<6

=4<2 <6

1
Z+—i
2

=2< <3

z+L
2

This represents the locations of all points Z on or outside

the circle with centre —é, that is, (O,—%) and radius 2,

and on or inside the circle with centre at —%i (i.e. (O, —;)J
and radius 3.

Thus, it denotes the circular strip lying between two con-
centric circles.

(c) |Z+i|=]Z-1]

| Z +i|=|Z —(-i)| denotes the distance of Z from —i, that is,
(0,—1), and |Z - 1| denotes the distance of Z from 1, that is,
(1,0).

Therefore, |Z +i| = |Z — 1] is satisfied for all Z equidistant
from (0, —1) and (1, 0), and thus it is perpendicular bisector
of the join of (0, —1) and (1, 0), whose Cartesian equation is

x+y=0.
(d) |Z-1P+|Z+1P =4
|Z-1P+|Z+1P=Z-VZ-D+(Z+)(Z+1)
|z =22)

=ZZ—(Z+2)+1+ZZ+(Z+2Z)+1
=277 +2
=27Z+2=4
=77=1
=z} =1
=|Z|=1

Thus, the locus of Z subject to the given condition is the

unit circle |Z] =1.
i2k+1) 7

1. Solvex” +1=0. Ans.x=e 7 k=0,1,2,...,6

2. Find all non-zero complex number satisfying |z| + 22 =0.
Ans.z=|

Your Turn 2

3. If 1, @ w? are the cube roots of unity prove that
(1-o+0) (1 -+ ") (1 - w*+ @d) ... up to 2n factors =22,
4. If1, &, o2 ..., " are the nt roots of unity, then find the value

371

of B—a)B3-ad)(B-03)...3-a™"). Ans.

5. If j _? is purely real for four complex numbers, then these
3724

complex numbers are collinear. (True/False) Ans. True
6. The quadratic equation |z]? + z|z| +z2= 0 represents pair of rays.
(True/False) Ans. True

7. |z—i|+|z+i|=2is the equation of an ellipse. (True/False)
Ans. False
8. 1< |z—2-3i| <4 represents circular strip between two con-
centric circles with centre (2 + 3i) and radii 1 and 4. (True/False)
Ans. True

Some Important Results to Remember
The triangle whose vertices are the points represented by complex
= 01

. . . 1
numbers z,, z,, z; is equilateral if + +
2p=Z3 3= 4

Z1=22
2022

thatis, if z; + 25 + 23 =212, + 2,23+ z32;.

® |z—2z,|+|z—2z,|= A represents an ellipse if |z, — z,| < 4, having
the points z, and z, as its foci. And if |z, — z,| = 4, then zlies on
a line segment connecting z, and z,.

¢ |z—2z| - |z-2z)| = A represents a hyperbola if |z, — z,| > 4,
having the points z, and z, as its foci. And if |z, — z,| = 4, then z
lies on the line passing through z, and z, excluding the points
between z, and z,.

Additional Solved Examples

—5+i\/§.
2

1. Find the value of (x? +5x)? + x(x + 5) for x =

Solution:
—5+i\3 5+i\3
X+5= +5=
2 2
Therefore,
—5+i3\[5+iV3) (-5)5+3i2
X(x+5)= =
2 2 4
_25_
_ 5-3 -7
4

Therefore, the required value is
(=72 -7=49-7=42

2. Find two complex numbers satisfying the given conditions.

(i) the sum of their real parts is 3

(ii) the product of their real parts is 2

(iii) their productis5—i
Solution: Take the complex numbers as a +ib, p + ig. So, as per the
given conditions

a+p=3;ap=2

a=2 a=1
or
Tp=1[ ~ p=2
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Also,
(a+ib) (p+igq)=ap—bg+ilbp+aq)=5—i
So,
ap—bqg=>5;aq+bp=-1
Taking
a=2,p=1;
bg=-3andb+2g=-1
This gives 242
b=—3}0‘r ;
g=1 1 21

The numbers are
2+2i

2-3i
or
1+i 1—§i
2

Thus, there are two pairs of a complex numbers satisfying the
requirements. It may be verified that a=1, p =2, give the same set
of numbers.

3. Prove that

0 |2+ 2, |2+|Z1—Zz|2=2(|z1|2+|22 |2)

(ii) Using above result, prove that ‘0{— az—,b’z‘

+‘a+ /az_/,’2‘:|a+ﬂ|+|a—ﬂ|,where o, fare com-

plex numbers.
Solution:

|Zy+ Z, P =(Z,+ 22+ Z,) = 2,2, + 2,2, + 2,2, + 2,2, (1)
|Z, =2, P =(Z, = Z,)(Z, = Z,) = 2,2y + 2,2, — 2,2, — Z,Z; (2)
Adding Egs. (1) and (2)

|2+ 2, +12,- 2, P = 22,2, + 2,25) =21 Z, P +| 2, 1)

Now, for the second part,

o =B |+|a+ a2 - B2
=%{‘2a—2m +‘za+z\/m
=%Ha+ﬂ+a—ﬂ—2m
+‘a+ﬂ+a-/3+zm‘}

:%{|\/a+ﬂ—\/a—ﬂ|2+|\/a+ﬂ+\/a—ﬂlz}

|- +

}

1 1
25{|Z1_Zz|2+|z1+22|2} ZE{ 2(|Z1|2+|Zz|2)}

o+ B[ +[Ja= Bl =la+ Bl+]er- ]
4. If Z be a complex number with |Z| = 1, imaginary part of Z # 0,
then show that Z can be represented as C—H where cis real.
Solution: Since |Z| =1, Z can be representedca_s ,(cos @+isin 6).
Therefore,
Z =(cos @+isin 6)

6
= (cos2 Z —sin? g+2isin gcos Q)
2 2 2 2

( o .. 6)( o .. 9)
cos —+isin— || cos=+isin—
2 2 2 2

e .. 0
cos—+lsmz

o .. 0
cos ——isin—
2 2
cotg+i P
= 72(dividing by sin—)
g . 2
Cotz—l

c+i g .
= —— where ¢ = cot —is real
c—i 2

5. For every real b > 0, find all the complex numbers Z satisfying
2|Z|-4bZ+1+ib=0.

Solution: Let Z= x + iy. The equation becomes
2«/x2 +y2 —4b(x +iy)+1+ib=0
2x2 +y? —4bx+1=0 (1)

Imaginary part: —4by +b=0 ()

From (2) either b = 0 and in that case from (1), 2y/x% + y2 +1=0
and this equation is not satisfied for any (x, y)

Therefore, b = 0, there is no solution for the equation. If b # 0
but >0, then

Real part:

—4y+1=0

=y=

Nl= 1l

From Eq. (2) substituting y = % in Eq. (1)

2/x2+i:4bx—1 3)
16

1
This requires that 4bx — 1 > 0, that is, x > TS and b > 0 and hence

x> 0.
Squaring Eq. (3)

4(x2 +i):16b2x2 —8bx +1
16
201212 3
x“(16b —4)—8bx+2=0

So, roots are

. 8bt\16b%+12 4bt4b%+3

2(16b% — 4) 16b% -4

1
If 16b> —4 <0, which in effect means that b<5 (note already

b > 0), the values of x are such that
(1) for the + sign x < 0 while the requirement is x> 0

1
(2) for the —sign, even if x> 0, the condition x > TS is not satisfied.

Therefore, forO<b< %, there is no solution.
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1
For b> 5 the solution is

. 4b++/4b? +3 L

16b% —4 4

6. Forcomplexnumberszandw, provethat|z \2 w—|w \2 z=z-w
if and only if z=w or zw =1.

Solution:
2
z ||
—=-—>5— = purely real number
w ‘W‘ +1
z . .z z _
= — is purely real, that |s,—=(—) = ZW=2Zw (1)
w w \w
2 2
|z|"w—|w| z=z-w
ZZW —WWZ =Z—W
from Eq. (1),

w(z-w)=z-w (2)
= (zw-N(z—-w)=0=z=worzw=1
Conversely, if z=w, then
LHS=RHS=0
If zw =1, then from Eq. (2)
LHS=RHS=z-w

7. Show that the triangle whose vertices are the points repre-
sented by the complexnumbers Z;, Z, and Z; on the Argand dia-

1 1 1
gram is equilateral if and only if + + =0
2,-23 Z3-Z; Z1-Z,

(OR) equivalently Z7 + 73 + 73 = 2,7, + Z,Z5 + Z5Z,.

Solution: See Fig. 5.29. ABC is the equilateral triangle formed of
A(Z,), B(Z,)and C(Z;). So,

Z,-2,=(2, —Z1)(cos%+isin§)

(AC is obtained from AB by a rotation anticlockwise through an
angle 7/3)
Lengthwise, AC=AB

AZy)

B(Z,) C(Zy)

Figure 5.29

1 1 T .. 7
= —C0Ss —+isin— (1
Z3-2, Z1-2, 3 3

Similarly,

1 1 T .. T
= {— cos——i sm—} (2)
Z,-23 Z,-2, 3 3
Adding Egs. (1) and (2)
1 1 1
+ =—
Z3-Zy Z;-Z3 Z1-2,
1 1 1
= + + =0
Z3-2y Z,-23 Z,-2,

This may be equivalently written in the form
> (2,-2))(Z3-2)=0

=Y 7(Z;

SZP+ 23+ 72 =212, + 232, + 2,274 4)

(Y 2,(z5-2)=0)

The condition for Z;, Z, and Z3 to form an equilateral triangle is
given in one of the two equivalent forms given by Egs. (3) and (4).
Let us prove the converse also

-Z)-3.Z,(Z3-7))=0

Assume
1 1 1

+ + =0
2y=23 Z3=Z41 4L1=2,

If p=2,-273,9=235-2,r=2Z,—-2Z,,thenp+q+r=0
Therefore,
p(q+r)+rq:0:>p(—p)+qr:0:>pz:qr
So,
p=ar; p*=qr
Multiplying above two equations we get,
p’p> =qq rt = (pp)’ (pp)=(aq) (r7) (pP)
Similarly, it is possible to prove pp qq rr = (gg) = (rr)3. This gives
pp=qq=rr
=l |=laf =P
=12, - Z3|=1Z3 - 24|=| 2, - Z; |

Therefore, the triangle is an equilateral triangle.
Let us also prove the converse from the other condition,

R+ Z3+73 2,2y~ 2,75 -2752=0 (5)

, ? being the two imaginary cube roots of unity, Eq. (5) may be
written as

(Zi+ @27, +©0° Z3)(Z,+ 0°Z, + @ Z3) =0
Hence,
21 -Zy==2,-wZ, - 0°Z;

=-Z,(1+ 0) - w*Z4

=—Z,(~0*)-w*Z,
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Z,-Z,=w*(Z, - Z3)
Therefore,

|Z,-2,|=|0|| 2, - 25|21 2, - Z,1=1Z, - 25|
Similarly, it can be proved by combining the terms differently
|2, -25]=12, - Z3]
Hence,
|2, = 2,1=12, - Z3]|=|25 - 24|
Therefore, the triangle is an equilateral triangle.
8. Find all non-zero complex numbers satisfying Z = iz2.
Solution: Let
Z=x+iy; Z =x—iy; Z*> = x> = y? + 2ixy
Therefore, the equation is
x—iy=i(x2 —y2 + 2ixy)
Equating real and imaginary parts, we get
X=—2xy (M
—y=x’-y’ ()

Equation (1) gives either x=0, in that casey=0;y=1, or

1 R
y=——,inthatcase —+—=x
2 4 2

Therefore,
xX== ﬁ
2
Hence, the non-zero Z, satisfying the equation are
, NEER D NEER
Zy=i; Zy=———I; Z3=—————i
2 2 2 2

9. If A, B, C, D are four points in a plane forming a quadrilateral
ABCD, then prove that AC-BD < AB-CD+ AD-BC. When does
the equality exist?

Solution: Let the four points A, B, C and D have associate complex
numbers Z,, Z,, Z; and Z,,.

First factor Z, fixed, Z,, Z,, Z, cyclically changed. We have
(Zy=Z4)(Zy = Z3)+(Zy = Z4)(Z3 = Z))+ (23 — Z2,)(Z,— Z,) =0
= (23 =22y, = Z4)=(Z1 = Z,)(Z, = Z3)+ (25 = Z4)(Z, = Z5)

=|(Z3 = Z)(Z, - Z)|=(Z) = Z,)(Z; - Z3) +(Z3 - 24) (2, - Z,)|

=23 -21)(2, - 24) 12121 - 2411 2, - 23141 Z3 - 24 || 21 - 25|

Therefore,
AC-BDLAD-BC+ AB-CD

When equality exists, we have
[(Z1=24)(2, = 23)+(Z5 = 2,)(Z, = 2))|

=|Z1-2Z4||Zy = Z5|+| 23 = Z4 || Z1 - Z,|

= argl(Z,-24) (Z, - Z3)t=argl(Z5 - Z,) (Z, - Z,)}
= argl(Z,—24) (Zy - Z3)} —arg{(Z3 = Z4) (Z; - Z,)} =0

= arg (Z1=24) (4, = 25) =0
(Z3-2,)(2,- 1))

This is possible, when A, B, C, D are concylic points, that is, when
Z,,Z,,Z5 and Z, represent four points which are concylic.

10. Solve the equation Z+a|Z +1|+i=0 (ais areal number > 1).

Solution: Taking Z = x + iy, the equation reduces to

x+iy+ayx®+2x+1+y? +i=0

Imaginary=0= y=-1

Real part=0 = x+am:0

Eliminating y, the equation in x is
x> =a% (X*+2x+2)
x%(a%-1)+2a*+2a*>=0
This gives real x only if
4a*—8a%(@*-1)=0

=-a*+23d*>0

=0<a?<2
Also, a 21(given), the value of aare 1 <a < V2.

Therefore,
B —a’+ a2 - a?

X=
a* -1

]

x < 0 for the negative sign and for the positive sign also x < 0.
Hence, the solutions are

72 —-a? J_ra\/2—a2

—i
a* -1

where

1<a<\2

Previous Years' Solved JEE Main/AIEEE

Questions

1. If w is an imaginary cube root of unity then (1 + w— @?)” equals

(A) 128w (B) -128w
(C) 128w? (D) -128w?
[AIEEE 2002]
Solution:

M+ w-0") =(-0*-0?) =(-20%) =-1280"
=-128(0*)* w* = —128?
Hence, the correct answer is option (D).

2. If |z-4| < |z- 2], then its solution is given by

(A) Rez>0 (B) Rez<O
(C) Rez>3 (D) Rez>2
[AIEEE 2002]
Solution: Let z = x +iy.Therefore,
|z-4|<|z-2|
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= |x+iy—4|<|x+iy 2|

= |(x—4)+iy|<|(x=2)+iy|
S(x—42+y?<(x-2)* +y?
=-4x<-12

=x>3

Therefore,

z—-4|<|z-2| if Rez>3.
Hence, the correct answer is option (C).
3. zand ware two non-zero complex numbers such that |z| = |@|
and arg z + arg w= 7, then zis equal to
(A) @ (B) -~w
© o (D) -w
[AIEEE 2002]
Solution: Let |w|=r and argw = 6. Therefore,

|z|=rand argz=7-6
=|z| =rcos(z —6) =rlcos(z —0)+isin(z - )]
=r(-cos@+isind) =—r(cos@ —isin@)=-w

Therefore, z=-®.
Hence, the correct answer is option (B).
(1+i)x
4, If | — | =1, then
1-i
(A) x=2n+ 1, where nis any positive integer
(B) x=4n, where nis any positive integer
(C) x=2n, where nis any positive integer
(D) x=4n+ 1, where n is any positive integer

[AIEEE 2003]

(g)* :((1+;')+(11+i)JX :(1—12+2i)x _

i*=10ri*=i*, nez

Solution:

So,

Therefore, x=4n,ne Z.
Hence, the correct answer is option (B).

5. Let z; and z, be the roots of the equation Z’+az+b=0, z
being complex number. Further, assume that the origin, z, and
z, form an equilateral triangle, then
(A) a’=4b (B) a’=b
(C) a®>=2b (D) a®>=3b
[AIEEE 2003]
Solution: We have

a b
z1+zzz—T:—a and 2122:T=b

From the Fig. 5.30
2

60°

Figure 5.30

z, =2,(cos60°+isin60°)

1 B
=2z,=1z E+l—

2
=2z,=(1+ \/§i)z1
=2z,-2z,= \/§z1i
=472 +7) 427, =-32
=722+22=272,
=(z,+2,)" =32,2,
=(-a)=3b=a>=3b

Hence, the correct answer is option (D).

6. If z, @ are two non-zero complex numbers such that |z@| = 1
and arg(2) - arg(w) = 7/2, then Z@ is equal to
(A) -1 (B) 1 (C)-i (D) i
[AIEEE 2003]
Solution: Let z=re", @ =r,e”. Therefore,

z0 = rr,e )

=|zo|=1=rr, =1
So,

b4 b4
argz—arga)=5:>¢91—02=5

Therefore,

Zw=re%re” =rre %

=17 = cos(—z)ﬂsin(—z)
2 2

=0—ji=—i
Hence, the correct answer is option (C).
7. Let z, wbe complex numbers such that z+i@=0 and arg
(zw)=7. Then arg(z) is equal to

V.4 V.4 3 5x
(A) 7 (B) 5 (C) " (D) e

[AIEEE 2004]
Solution:
Z-i=0=Z+i0=0=z-iw=0=z+(—)@=0

Also,
arg(zw)=r

=arg[z—(-iz)]=7

= arg(—i)+argz+argz=rx

T 3z
=>—E+2argz:7z2argz:7

Hence, the correct answer is option (C).

X X
7+7

8. If z=x—iy and z”*=p+iq, then _P_9 isequalto
pZ +q2

(A) 1 (B) -1 (€) 2 (D) -2

[AIEEE 2004]
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Solution:
z”=p+iq
=z=(p+iq)’
=z-iy=p’+3ip’q-3pq’ -iq’
=x=p’-3pq’ and y=q’ -3p’q
Therefore,

%_'_%:(pz_3q2)+(qz_3p2):2(p2+q2)

X,y
q

P 9 -

p’+q’
Hence, the correct answer is option (D).
9. If ‘zz _1‘ =|2|* +1, then zlies on

(A) the real axis
(C) acircle

(B) theimaginary axis
(D) an ellipse

[AIEEE 2004]
Solution: Let z= x+iy. Now,

|22 =1 =2 +1 = |x+iy)? =1 =[x+iy[ +1

= ‘(xz—y2—1)+2ixy‘:x2+y2+1

= (X =y = +4xYy = (X + Yy +1)7

=S x Yy 12Xy +2y7 = 2X7 +4X7YP
=x"+y H1+4X7y7 +2x° +2y°

= 4xX°+2x’y’ =0 = 2x*(2+y*)=0

=x’=0 =x=0

Therefore, z lies on the imaginary axis.
Hence, the correct answer is option (B).

10. If the cube roots of unity are 1, @, @?, then the roots of the
equation (x—1’+8=0 are

(A) -1, 1+2w, 1+20?°
(€) -1,-1,-1

(B) -1,1-2w,1-2*

(D) -1, -1+2w,-1, -2’
[AIEEE 2005]
Solution: We have
(x-1*+8=0

3
o (x—1f =8 = XV

3
x—1 -
- (7) =1= oo 0,00
2 -2

= x-1=-2, 2w, -2w*

= x=-1,1-2w,1-20°
Hence, the correct answer is option (B).

11. If z, and z, are two non-zero complex numbers such that
\21 +Zz\ = \21\+\22 then arg(z,)—arg(z,) is equal to

(A) _7 (B) 0
2
©) -x o Z

[AIEEE 2005]
Solution: Let z, =a+ib and z, =c+id. Therefore,

z,+z,=a+c+i(b+d)

We are given ‘21 +zz‘ = ‘21‘ +‘zz‘ .Then

Ja+cP +(b+d)P =Ja* +b* + +d
= d++2ac+b>+d’ +2bd =a’ +b> +’ +d* + 2a* —b* N +d?
— ac+bd =+/(a® +b%)(c* +d?)
= a’c® +b’d* +2acbd = a*c® + b*d* + b’c* + a*d?

= b’c*+a*d* —2acbd =0

= bc-ad=0 :>9=ﬂ
a ¢
L b L d
= tan" —=tan —
a c

= argz,=argz, = argz,—argz, =0

Hence, the correct answer is option (B).

12. If o= 21 and |@|=1, then zlies on
zZ——i
(A) aparabola (B) astraight line
(C) acircle (D) an ellipse
[AIEEE 2005]
Solution:
z-1/3i
1.
= |z|=|z-=i
3

= |z-(0+0i)| =

z—(0+lij
3

1
So, z lies on the bisector of the line joining (0, 0) and (O, g)

Therefore, z lies on a line.
Hence, the correct answer is option (B).

13. If 224+ z+ 1 =0, where z is a complex number, then the value

1Y 1Y 1Y 1Y
of (z+f) +(zz+—2) +(z3+—3) +---+(26+—6) is
z z V4 z

(R) 18 (B) 54
6 (D) 12
[AIEEE 2006]
Solution:

S ENC T

2

Z247z41=0 = 7=

Let z = w. Therefore,

z w
2 1 2 1 2
=S Z+5=0+—=0"+tw=-1
w
3 3 1
= Z +—3=a) +73:1+1:2
w
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1 1
= 2+ —=0+—=1+1=2
z

So, the required sum = (=1)> + (=1 + (2* + (=1 + (=1’ +(2)* = 1 +
T+4+1+1+4=12
Hence, the correct answer is option (D).

14. If |z+4|<3, then the maximum value of |z+1] is

(A) O (B) 4
(©) 10 (D) 6
[AIEEE 2007]
Solution:

|z+1=|z+4+(=3)|<|z+4|+|-3|=|z+1+3<3+3=6
Hence, the correct answer is option (D).

15. The conjugate of a complex number is_i . Then that com-
plex number is i=1
-1
(A (B)
i—1
-1
< — (D) —

i+1 [AIEEE 2008]

Solution: Let the required complex number be z. Therefore,

:>Z= ; = 1 :i
i-1) —i=1 i+1

Hence, the correct answer is option (C).

16. If z—i =2, then the maximum value of |z| is equal to
z
(A) V3+1 (B) V5+1
© 2 (D) 2++2
[AIEEE 2009]
Solution:
4\ 4
|z|= (Z_,)_‘_,
z) z
= |z|<|z-—= +2
z| |
= g2+
2l

= |7 ~2|z|-4<0

= (2] -(W5+0)(z[-1-B)<0
= 1—\/§S|Z|S\/§+1

Hence, the correct answer is option (B).

17. Thenumberofcomplexnumberzsuchthat |z —1|=|z+1=|z 1|
equals
(R) oo
(€) 1

(B) 0
(D) 2

[AIEEE 2010]
Solution: Only one solution and that is circumcentre of triangle
formed by (1, 0), (0, 1) and (-1, 0).

Hence, the correct answer is option (D).
18. If wand S are the roots of the equation x> —x+1=0, then
aZOO9 +ﬂ2009 :?

(A) 2
(€) -1

(B) -2
(D) 1
[AIEEE 2010]

Solution:
a=-0, f=-0"
= 200 +ﬂ2009 = ()™ +(~0?)* =~ - =1

Hence, the correct answer is option (D).

19. If w(#1) is a cube root of unity, and (1+®)’ = A+Bw . Then
(A, B) equals
(A) (1,1) (B) (1,0)
() 1,1 (D) (0, 1)
[AIEEE 2011]
Solution:

(1+w) =A+Bw
=(-0°) =A+Bw
=-w’=A+Bw
=>1+w=A+Bw
=>A=1,B=1
Hence, the correct answer is option (A).

20. Let , 8 be real and zbe a complex number. If 22 + az+ =0
has two distinct roots on the line Rz = 1, then it is necessary

that
(A) pe(-1,0) (B) |B]=1
Q) pe(1,«) (D) Be(0,7)

[AIEEE 2011]

Solution: Since coefficients are real, so roots occur in conjugate
pair, that is, (1+ ki) and (1- ki), where k # 0 (since distinct roots).

Therefore,
S=sum=2=-a
oa=-2
P=product=1+k*= /3
Therefore,
B, )
Since,
(k#0)

Hence, the correct answer is option (C).
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2 1
21. Ifz# 1 and is real, then the point represented by the  Solution: See Fig. 5.31. Min z+5 iswhen zis at B.
complex number z lies
(A) either on the real axis or on a circle passing through the z_(_l) _ z+l‘
origin. 2 2
(B) on a circle with centre at the origin.
(C) either on the real axis or on a circle not passing through
the origin. z
(D) on the imaginary axis.
[AIEEE 2012]
Solution: Let z = x +jy. Therefore,
B , C ® A
2= x> — y? + 2ixy (-2,0) ‘27 70,0 (2,0
Now,
2 2
is real :>Im( z J:O
z-1 z-1
(=1/2, 0)
2_ 2 ; _
:>Im[x y1+%/xy)=0 |Z]=2
(x=1)+iy Figure 5.31
= Im[ (x> = y* +2ixy) (x =) —iy | =0 Therefore,
1 1 3
= 2xy(x-1)-y(x*-y*)=0 Min z+5=\BC\=1+E=E
= y(x>+y>-2x)=0 1
= y=0; x2+y>—2x=0 So, Min Z+E lies in the interval (1, 2).

Therefore, z lies either on real axis or on a circle through origin.
Hence, the correct answer is option (A).

22, If zis a complex number of unit modulus and argument 6,

1+z
then arg(—fj equals
1+z

(A) -0 (B) %—9
(C) @ (D) 7-6
[AIEEE 2013]
Solution: Given |z|=1,argz=6
As we know, 7 = l Therefore,
z
arg(”—f) =arg H—i =arg(z)=6
1+z 142
z

Hence, the correct answer is option (C).
23. If zis a complex number such that |z| > 2, then the minimum

value of

1
Z4—
2

(A) is strictly greater than g

(B) is strictly greater than % but less than g

(C) isequal to g

(D) liesin the interval (1, 2)
[JEE MAIN 2014 (OFFLINE)]

Hence, the correct answer is option (D).

24. Ifz,,z,and z;, z, are two pairs of complex conjugate numbers,

then arg(z‘J + arg(zz) equals
Z, Z3

T 3z
A) 0 B) — C) — D
(A) ()2 ()2 (D) =

[JEE MAIN 2014 (ONLINE SET 2)]
Solution: Let
zy=a+ib=z,=a-ibz;=c+id=z,=c-id

g(]g”g(J
z, z; z, z3
o ((a+ib)(a—ib))_ar a® +b? o
Nicriayc+ia)) "\ 24 a2

. a*+b%
since, ———is real.
2, 42

4+
Hence, the correct answer is option (A).

Previous Years' Solved JEE Advanced/

IIT-JEE Questions

1. A man walks a distance of 3 units from the origin towards the
northeast (N45°E) direction. From there, he walks a distance
of 4 units towards the northwest (N45°W) direction to reach a
point P. Then, the position of P in the Argand plane is

(A) 3el7/4+ 4 (B) (3 — 4i)e7/4
(C) (4+ 3i)e7/* (D) (3 + 4i)e//4
[IIT-JEE 20071
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Solution: See Fig. 5.32.

\Y
A(z)
: 4 i A(zy = 364
A
! 37 |
i 4
o) X
Figure 5.32

Since AOAP is a right-angle triangle, we get

Z-7 _ |-z weim/2)
0-z [0-z|
Z=2 _ ﬂxe—i(nﬂ)
(_21)
4 .
=z-z,=-z;x—e 7/2)
3
Therefore,
5 = 3674 _3i(m8) & -ilar2)
3
(since e 72 = _j)
= 30l(T/4) _ 4o-iln/4)
= (3—4e117))gil7/4)
=(3+4i)e/ ™™
(since e~ 72 = _j)
Hence, the correct answer is option (D).
z
2. If|z]=1and z # £, then all the value of lie on

2

(A) aline not passing through the origin
(B) |z|=+2
(C) the x-axis
(D) the y-axis
[IIT-JEE 2007]

Solution: We have |z| =1. Letz = cos@ +isiné. Now,

z _ cos@+ising

1=22  1—(cos@+isind)>?

_ cos@+ising

B 1-(cos26 +isin286)
cos@ +isiné

(2sin® @) —i(2sin@ cosd)

_ cos@+isin@

B 2sin@(sind —icos )

_ (cos@ +isind)

"~ _2isinf(cos@ +isind)

=1

" 2ising  2siné

z

which is purely imaginary. Therefore, — lies on y-axis, that is,
_ 1-z

x=0.

Hence, the correct answer is option (D).

3. A particle P starts from the point z, = 1 + 2/, where i =+-1. It

moves first horizontally away from origin by 5 units and then
vertically away from origin by 3 units to reach a point z,. From

z, the particle moves /2 units in the direction of the vector
. . V2 .
i+j and then it moves through an angle By in the anticlock-

wise direction on a circle with centre at origin, to reach a point
z,.The point z, is given by

(A) 6+7i (B) —7+6i
(C) 7+6i (D) -6+7i [IT-JEE 2008]
Solution: We have
2y =(1+2i)

Since P moves first horizontally away from origin by 5 units and
then vertically away from origin by 3 units, we have

z,=(6+5I)
Since from z, the particle moves 2 units in the direction of (i+7),

then p reaches at (7 + 6i).
Now, point (7 + 6/) rotates By in the anticlockwise directionon a

circle with centre at origin.

Therefore,

iz

z,=(7+6i)e 2
=—6+7i

Hence, the correct answer is option (D).

2 2
4, Let @ be the complex number cos?ﬂ+isin?ﬂ. Then

the number of distinct complex numbers z satisfying
2

z+1 w w
® z+@? 1 |=0isequalto
»? 1 Z+w
[IIT-JEE 2010]
Solution:
w=el273
z+1 a) ?
0 z+0® 1 [=0
w? 1 z+w
Ry = R;+R, +R;
Z+1+w+0? z+1+o+0? z+1+o+0?
= @ 7+ w* 1
w? 1 Z+w
1 1 1
=zlo z+0? 1
»? 1 Z+w

=Z(z+ o)) z+w)-1-w(z+w-)+w*(1-z2-0?)]=0
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=273=0
Therefore, z= 0 is the only solution.
Hence, the correct answer is (1).

5. If zis any complex number satisfying |z—3—2i|£2, then the
minimum value of |2z -6+ 5i is
[IIT-JEE 2011]
Solution: See Fig. 5.33.

Length AB= g

= Minimum value=5

C(3, 2)

(0, 0) B(3, 0)

A(3, -5/2)

Figure 5.33
Hence, the correct answer is (5).
6. Let w=¢""
such that

,and a, b, ¢, x, y, z be non-zero complex numbers

at+tb+c=x

a+bo+cw’=y

a+bo’ +cw=z
P syl

Then the value of
laf? +[bf" +c[*

[IT-JEE 2011]

Solution: The expression may not attain integral valueforall g, b, c.
If we consider a=b =¢, then

X =3a

y=a(l+o+»*)=a(1+iV3)

z=d(1+@* +w)=a(1+i3)
Therefore,

|x|2 +|y|2 +|z|2 = 9|a|2 +4|a|2 +4|a|2 =1 7|a|2

Therefore,
I +[y +[2* _17
jaf* +[bf +[c* 3
Note: However if @ = e/?™3), then the value of the expression = 3.

Hence, the correct answer is (17/3).

7. Letzbe a complex number such that the imaginary part of z is
non-zero and a =72+ z+ 1 is real. Then a cannot take the value

(R) -1 (B)

Blw W=

© 1 (D)
2 [IT-JEE 2012]

Solution: Given equation is z2+z+1-a=0.

Clearly, this equation does not have real roots if
D<0
=1-4(1-a)<0
=4a<3

3
Sa<=
4

Hence, the correct answer is option (D).

J3+i
w=

8. Let and P={w":n=12,3,..}. Further

H1:{zeC:Rez>%} and sz{zeC:Rez<_?1}, where C is

the set of all complex numbers. If z;e PnH;,z; e PnH,and O
represents the origin, then £z,0z, =7

V4 V4
A) — B) —
()2 ()6

2 57
€ — (D) —
3 6
[JEE ADVANCED 2013]
Solution: See Fig. 5.34. We note that |w|=1.We also note that ¢
are possible values of z; and £ are possible values of z,, where i =
1,2, 3. Therefore,

NCI

:7-‘,-—,
2 2

i—
S>w=e®,
2 "E
w’=e3,
iz
w’=e?,
2
w'=e?,
Sl
w’ =e

2z 5
Thus, £z,0z, can take the values ?ﬂ?ﬂ

Figure 5.34

Hence, the correct answers are options (C) and (D).
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9. min[1-3i—z|=
ze$S

(A) ﬂ (B) 2+\/§
2 2
3-43 3443
C) —— D
(9] 2 (D) 2
[JEE ADVANCED 2013]

Solution: We have min|1-3i —z|. The minimum distance of z from
(1,-3) from y+\/§x=0 is

-3+43

2

3-3

2

Hence, the correct answer is option (C).

2k 2k
10. Let z; :cos(—”)ﬂsin(—” k=1,2,...,9.
10 10

List | List Il

P. Foreach z, there exists a z such that 1. True
Z = 1

Q. There existsa ke {1, 2, ..., 9} such that | 2. False
z, - 2=z, has no solution zin the set of
complex numbers.

- 1- 1=
R.l z|[1-2,]...| Zglequals 3. 1
10
2k
s. 1—2,3:1cos(1—;[) equals 4,2
P Q R S
(A) 1 2 4 3
(B) 2 1 3 4
(Q 1 2 3 4
(D) 2 1 4 3
[JEE ADVANCED 2014]
Solution:
For (P) in List I:
2k 2k
zk:cos—”+isin—1:, k=12,--,9

Let us take
i2km
zyxzyo_x =€ 10 xe 10

i2(10-k)7 lzl(k+107k)

=e10

i2r

—x10
=e10  =cos2zw+isin2r=1+i(0)=1
Therefore,

Z X210, =1
Z1XZg =1
z,X2zg=1
ZgXzy=1
=z xz;=1 (where z; = 7,4 )

Therefore,
(P)— (1)
For (Q) in List I:

R 2(k-1)
7z=2,=z=2k=¢ ° e 1Oﬁ—z
1"Z2=2Z e =2k

z 27
! e'w

Therefore,
fork=1,z=2z5=cos0+isin0=1

fork=2,z=z,

fork=9,z=2z4
So, solutions are there for z, - z=z,.
Therefore,

Q— ()

For (R) in List I: We know if 1, z,, z,, ..., Z, are n, nth roots of unity,
then they are the roots of 27— 1=0.
Therefore,

(Z2-0(2-3)(z2-2)(2~2,9)=(2" -T)

=(z-NEZ" 42" 44 2 4)

= (z-2)(z-2y)(2=2p_)=2""+2" 2t 2 1
Puttingz=1

(1=z)(1=2z5)---(1=z,_))=1+1+---+1=n

Therefore,
(1-2))(1=2y)---(1-29)=10
So,
[1-z| [1-z,|-- 1= 25| =10
[1-z| [1-2,]---[1- 2] _
10
Therefore,
(R) = (3)
For (S) in List I: We know
1+°c+°c2“.+ocnf1=0

the sum of n, nth roots of 1
Zo+ZitZy+ +29=0
= 1-{z;+z,+ -+ 25} =1-(-25)=1-(-1)=2

Therefore,
(S)—4)

Hence, the correct answer is option (C).
k k
11. For any integer k, let o =cos(7ﬂ)+isin(7ﬂ), where

12
Z|O’k+1—0’k|

k=1
3

2|“4k—1 —0‘4k—2|

— k=1

i=+—1. The value of the expression

[JEE ADVANCED 2015]
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Solution:

k ¢ i
oy = cos(%)ﬂsm% =ek/7

Therefore,

12

2|05k+1 —Ufk|

k=1

i|a4k_1 — g _ i|€i(4k“’”/7 - ei(4k—2)/z'/7|
k=1 k=1

= i(k+) /7 _ ikz/7
+

2|e: L4 ok |

k=1

12 )
Z |e1k7r/7| |e17r/7 —1|
— k=1

-3
Z|el(4k—2)7r/7| |em/7 —1|
k=1

12

>

_ 12
:71(7‘I ——:4

3
21
P

Hence, the correct answer is (4).

Practice Exercise 1

~\4n+1
. For any integer n, the argument of z= M is

(1-i3)"
V4 V3
A) — B) —
(R) p (B) 3
V.4 2
C) — D) —
(@) 2 (D) 3

. If 0, B, y are the cube roots of p, (p < 0), then for any x, y, z

W is equal to

Bx+yy+oz

(A) aw+ Ba?+y (B) aBy

€ w & (D) None of these

. For any two complex numbers z,, z, and real numbers a and
b, |az, + bz,|> + |bz, — az,|? is equal to

(A) (a+b6?) (1z,[>+]2,)2 (B) (a>—b?) (|z,>+1z,|»

Q) (a*+b)(z,| + |z,)? (D) None of these

. If a and b are real numbers between 0 and 1 such that the

points z, = a+i,z,=1+ bi, z;= 0 form an equilateral triangle,
then a and b are equal to
(A) a=b=2+3

(C) a=b=-2++/3

(B) a=b=2-+3
(D) a=b=-2-1/3

. Ifz=re'® then | e?| is equal to

(A) e—rcosb’ (B) ercosﬁ

(C) ersinH (D) e—rsinB
AE(T+0)(1+20)(1 +30)...(1 + ni) =x + iy, then 2.5.10...(1 + n?)

is equal to

(A) 1+n? (B) x2—y?

(C) x2+y? (D) None of these

10.

12,

13.

14.

15.

L Ifz

; and z, are two complex numbers, then the equation
of the perpendicular bisector of the segment joining z,
and z,is

S - 2 2
(A) (z,-Z))z+(z;-z¢)Z =|zz| —|z1|
(B) (z;-z))z=(z, -2z

- - 2 2
Q (Z-Z7)z=|z,| -|7|

(D) None of these

. If zlies on the circle |z|=1,then 2/zliesona

(A) Circle
(C) Parabola

(B) Straightline
(D) None of these

. If p, g and r are positive integers and @ be an imaginary

cube root of unity and f(x) = x3 + x39+ 1 + x3 2, then flw) is
equal to

(A) 1 (B) O (C) -1 (D) None of these
If Pand Q are represented by the complex numbers z, and z,,
1 1 1 1
such that |—+—|=|— ——, then the circumcentre of AOPQ
Z; | L2 4

(where O is the origin) is

1 1
(A) 5(21—22) (B) E(Z1+Zz)

1 1
(C) 5(21"’22) (D) 5(21—22)

. The complex numbers sin x + i cos 2x and cos x — i sin 2x are

conjugate to each other for
(A) x=nrx
(C) x=n+1/2)x

(B) x=0
(D) No value of x

For any complex number z, maximum value of |z| — |z— 1] is
(A) 0 (B) %2
(€)1 (D) 3/2

. . . . d -1 bj .
If (a,+ib,) (a,+ib,) ... (a,+ib,) =A+iB,then Y tan”'| L | is
equal to j= 9
(A) B/A (B) tan(B/A)

S A
(D) tan (B)

_1( B
C =
(C) tan (A)

1 1
The value of the expression 2 (1+—)(1+—2) +3
w w

(2+l)(2+ij +4 (3+i)(3+i)+ o+ (n+ 1)(n+l)
o w? ® »? 2

1
(n+;), where @ is an imaginary cube root of unity, is

n(n2 +2) n(n2 -2)
A) —— B) ———
(A) 3 (B) 3

2 2
(C) rm-r:lﬂ (D) None of these

i AB i X_ Y _ a2 2 :
Ifz=x+iy,z —a—lband——g—/i(a —b?), then Ais equal to
a

(A) 1 (B) 2
Q3 (D) 4
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16. The roots of the cubic equation (z+ ab)3 = a3, where a # 0 rep-

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

resents the vertices of a triangle. If ¢, § and y are the roots,
then find the value of |- f|.

(A) %|ab| ®) V3ld
(© 3[b) (D) V/3|ab|

1 1
_ 2000 ;
If x + i 1, then x + 3000 is equal to

(A) 1
(€0

(B) —1
(D) None of these

If w= o+ i3, where f#0and z# 1, satisfies the condition that

(W1_WZ) is purely real, then the set of values of zis
-z

(A) {z:|z]=1} (B) {zz=1Zz}

(C) {zz=#1} (D) {z|z|=1,z#1}
If |z—i| <1, then the value of |z+ 12 — 6i] is less than
(A) 14 (B) 2

(C) 28 (D) None of these

If a, b and c are integers not all equal and w is a cube root of
unity (w # 1), then the minimum value of |a + bw + cw?| is

(A) 0 (B) 1

© 372 (D) 1/2

If 6. [0, 7/6],i=1,2,3,4,5and sin 6,2*+sin 6,2° +sin 6,22+
sin 6,2+ sin g; = 2, then z satisfies

(A) |2|>3/4 (B) |z]<1/2

(C) 1/2<|z|<3/4 (D) None of these

If |z— 2| = min{|z — 1|, |z — 3]}, where z is a complex number,
then

(A) Re(2)=3/2

3 5
C) R -, =
(@] tE(Z)E{2 2}

(B) Re(z)=5/2
(D) None of these

If a complex number x satisfies log
‘/ﬁ[z|z|2 —2|z|+1

then locus/region of the point represented by zis

(A) |z|=5 (B) |z]<5

(Q) |z >1 (D) 2<|z|<3

The points representing complex number z for which |z— 3| =
|z— 5] lie on the locus given by
(A) Circle

(C) Straightline

If zis a complex number lying in the first quadrant such that
Re(z) + Im(z) = 3, then the maximum value of {Re(2)}? Im(z) is
(A) 1 (B) 2 ()3 (D) 4

The equation zz +az +az+b=0, b e Rrepresents a circle, if
(A) |a]?=1b)? (B) |a*=b

Q) |a*<b (D) None of these

2
+2|z|+6
|2 +2]¢] ]<0

(B) Ellipse
(D) None of these

If z;, z,, z3 are the vertices of an equilateral triangle inscribed
in the circle |z| = 1, then the area of the triangle having
2y,— 23, Z3, as its vertices is

(R) ﬁ (B) ﬁ (9] 33

— (D) None of these
2 4 4

28

29.

30.

31.

. Let z, and z, be two complex numbers such that |z, + z,| =
|z,] +|z,]. Then

(A) arg(z,) #arg(z,)

(C) arg(j] =0
2

If |z, +|z,| + |z5] = |z, + Z, + 25|, if zis defined as

(B) arg(z,) +arg(z,)=0

(D) None of these

ZiZy | 273 | ZiZ3
S22ty
23 4 2

z then

(A) zis a purely real number

(B) zis a purely imaginary number
(C) Re(z)=Im(2)

(D) None of these

2
The point of intersection of the curves arg (z + 3 — 4i) = ?”

and arg(3z+2-3i)= % is

(A) %(5—7:’)
© (1-

If ‘o’ be the non-real nt root of unity, then 1+ 3o+ 502+ - - -
+(n—-1)a""is equal to

(8) %(7—5:')

(D) None of these

2n n
(A) — (B) —
1-o -«
n
(o] (D) None of these
2(1-a)
32. Ifz, and z, are two complex numbers satisfying the equation
Zitizy =1,then Ll is
z21—iz, ' 2z,

33.

34.

35.

(B) Unit modulus
(D) None of these

(A) Purely real
(C) Purelyimaginary

2\n — 24 ... 2n
If(1+x+.x) =0dy+a,X+0ax"+---+a, x*", thena, +a; +ag +
ag+--- isequal to
(A) 37
(C) 3n+1

(B) 3n—1

(D) None of these
If5<|z2<12and 22+ z2 —277 +8z+8Z >0, then
(A) 1<Re(2) < 24/3 and|Im@@)|< 2v2

(B) —24/3 <Rel(z) <1 and [Im(2)| < 212

(€) 1<Re(@ < 2V3 and|Im(2)|< 2v/3
(D) —2v/3 <Re(z)<-1and Im(z)| < 23

The maximum area of the triangle formed by the complex
coordinates z, z,, z, which satisfy the relations |z— z;| = [z - z,],

_(z1+zz)
2

1
A
()2

<r,wherer>|z, -z, is

1
(B) —|z, —z,|r
Jle -2

1 1
@ 5 (D) E|z1—zz|r2
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36.

37.

38.

39.

40.

41.

42.

43.

when |z|<]|z-2|
Locus of zif arglz— (1 +i)] = is
when |z|>|z-2|

(A) Straight lines passing through (2, 0)
(B) Lines passing through (2, 0), (1, 1)
(C) Aline segment

(D) A set of two rays

Ifz:[\/gﬂ) +(\/§2_IJ , then

2

(B) Im(2=0
(D) Re(2)>0,Im(z)<0

(A) Re(z2)=0
(C) Re(2),Im(z)>0

See Fig. 5.35. The locus of Z which lies in the shaded region is
best represented by

(A) z|z+1]|>2, |arg(z+ 1)| < #/4
(B) z|z—1|>2,|arg(z—1)| < 7/4
(C) z|z+1|<2, |arg(z+1)| < 7/2
(D) z|z—1|<2,|arg(z—1)| < /2

PA-1,2)

(_1 ’ 0)

QW2 -1, —2)
Figure 5.35

The number of complex numbers satisfying |z+ 2|+ |z—2|=8
and [z—1|+|z+ 1| =2is

(A) 4 (B) 2

() o (D) None of these

If z,, z,, z; are complex number such that |z,| = 2, |z,| = 3, |z;| =
4, then maximum value of | z, -z, * +| z, = z;  +| 23 — 2, [* is
(A) 58 (B) 29

(C) 87 (D) None of these

The complex number z and w satisfying 22 + @7 = 0 and 2°.
@''=1are

(A) w=%xi,z=i (B) w==%1,z=I

(C) w=xiz=%j (D) None of these

The greatest positive argument of complex number satisfying

|z—4|=Re(2) is
T 2r
A) — B) —
(A) 3 (B) 3
T V1
(C) 5 (D) 7

The complex number associated with the vertices A, B, C of
the AABCare /%, @, @, respectively (where , @ are the com-
plex cube roots of unity and cos 8 > Re(w)), then the complex
number of the point where angle bisector of A meets the cir-
cumcircle of the triangle is
(A) _ei9

Q) v

(B) _efie
(D) w + w

44,

45.

46.

47.

48.

If k+ |k +2%|=|z]? (ke R), then argument of zis
(A) 0 (B) 7
(C) /2 (D) None of these
2
leta,= e " (1<r<n)be the complex number associated

with the point A, on Argand plane, and point B is (2, 0). Then
the value of BA, - BA, - BA, ... BA is equal to

(A) n (B) 2"-1

() 2n (D) 2n—1

If xand y are complex numbers, then the system of equations
(T+0)x+(1—iy=1,2ix+2y=1+ihas

(A) Unique solution

(B) No solution

(C) Infinite number of solutions

(D) None of these

Ifz=x+1iy (x,y € R, x#—1/2), then the number of values of z

satisfying |27 =2 2|2+ Z|z]"2+ 1 (ne N,n>1)is
(A) O (B) 1

(€) 2 (D) 3

The value of i log(x — i) + 27 + i? log(x + i) + i*(2 tan~'x) (where
x> 0)is (wherei= \/——1)

(A) O (B) 1

€ 2 (D) 3

Practice Exercise 2

Single/Multiple Correct Choice Type Questions

1.

n—1

1 .

21(2”[1] |Sequa|t0
Tl
(A) n+1 (B) n

2 2

n-1 n+1
C) — D) — -1
(@) 3 (D) 5

LA+ X)"="C+"Cx + " 2x2 + -+ +"C x" where "C,,, "C,, "C,,

... are binomial coefficients, then 2(C,+ G+ C +-++) +(C, +C,
+G+ ) (1+ @)+ (G + G+ G+ -+) (1 + @) where wis the
cube root of unity and n is a multiple of 3 is equal to

(A) 2"+1 (B) 21 +1
() 21 -1 (D) 2" -1

. The perpendicular distance of line (1 —=)z+ (1 +)zZ +3=0

from (3 + 2i) will be
(A) 13

(C) 26

13
B —_—
(B) >
(D) None of these

. The complex number associated with the centre of the circle

z-3i T
represented by ar (7):—is
P YO 2iva) "

1

@A) Lsits) (B) %(5:'—5)

N

(©) %(9i+5) (D) %(9i—5)



5.

10.

11.

12.

13.

14.
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If arg(z) < 0, then arg (2_2) is equal to
(A) 0 (8) %
© —% (D) 7

. If complex number z satisfies |z - 6i] = Im(z), then range of

(argz - argZz) will be

T 3z 2r 4Ar
A) | —, — B) |—, —
()[2 2] ()[3 3]
T 2r 37 5w
Q) |—, — D) |—, —
©|Z 2] o |2, ]

. If z=x+iyis a complex number withx,y € Qand |z| =1, then

|22"-1]isa foreveryne N.
(A) Real number (B) Rational number
(C) Irrational number (D) Cannot say anything

. Let z; k=1, 2, 3, 4 be four complex numbers such that |z,|

= vk+1and |30z, + 20z, + 152, + 122,| = k|z,2;2, + z;2,2, +
2,2,2, +2,2,25|. Then k is equal to

(R) |z,z,2,| (B) |z,2:z,|
Q) |z,z;2,| (D) |z,2,z;|
. Fora complex number z, the minimum value of |z| + | z— cos &
—ising| is
(A) O (B) 1
(c) 2 (D) None of these

If oris a complex constant such that az2 + z+ & =0 has a real
root, then

(A) o+ =0 (B) o—ax =0

(C) a+a =-1 (D) None of these

Suppose a+if is a solution of the polynomial equation a,z* +
iay2>+a,z’ +ia,z+a,=0where o, f,a,€ RV i€ {0,1,2,3,4}.
Which one of the following must also be a solution?

(A) —o—pi (B) a—pi

(C) —a+ i (D) p+ i

Le