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Editors' Preface 

The papers have been divided, necessarily somewhat arbitrarily, into two parts 

Part A: Scientific Papers 
Part B: Historical, Philosophical, and Socio-Political Papers 

Within each part, the papers have been divided by subject, and within each 
subject printed chronologically. With some exceptions, every scientific paper is 
reprinted in its original form. One class of exceptions consists of papers that 
are simply translations into Hungarian from German or English; they are omit
ted, but listed in the bibliographies. Scientific papers originally in Hungarian 
have been translated into English. Some of the papers of Volume V / Part III, 
Articles, Reports, and Memoranda on Nuclear Energy, have been reset and the 
figures redrawn. The originals were declassified reports, some in nearly illegible 
shape. Some reports and patents in Volume V / Part III and Part IV are listed 
by title only. In contrast to the scientific papers where the coverage is essentially 
complete, in Part B, a selection has been made. We believe it is representative 
of Wigner's far ranging concerns. The five books in which Wigner was involved 
as author, co-author, or lecturer are not reprinted in the Collected Works, but 
are noted in the annotations and bibliographies. 

Jagdish Mehra 
Arthur S. Wightman 
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Eugene Paul Wigner: 
A Biographical Sketch 

By J agdish Mehra 

Family Background and Upbringing 

Eugene Paul Wigner (Jeno Pal Wigner) was born in Budapest, Hungary, on 
17 November 1902. His father Anthony (Antal) Wigner and mother Elizabeth 
(Erzsebet) nee Einhorn, were both descended from Austrian Jewish families. 
Anthony's family originally had the name 'Wiegner', meaning 'candlemaker', 
but his grandfather dropped the Ie' in the name. Anthony's father died when 
he was very young, which made it difficult for him to get a regular education 
or to have 'great fantasies for his life, and if he did, he did not share them'. 
Anthony Wigner became a director in a leather-tanning factory. 

Anthony and Elizabeth Wigner had three children: the eldest, a daughter, 
Bertha; Eugene, and a daughter, two years younger than Eugene, Margit (who 
married P.A.M. Dirac in 1934). 

Eugene had his early education at home between the ages of five and ten, 
from a lady whom his mother employed to teach him and his sisters. She taught 
them reading, writing and arithmetic, including the multiplication table. When 
Eugene was ten, the teacher left, and he was enrolled in the Lutheran High 
School, a private and prestigious gymnasium. His teachers were excellent there, 
eager to impart knowledge. 

At the age of thirteen, Eugene fell ill with lung disease and had to spend 
some time in a sanatorium in a small place called Breitenstein in Austria. 
During that fall he had to take a special examination covering the material 
he had missed during his illness, and it was then that he first encountered 
his mathematics teacher Laszlo Ratz, from whom he apparently learned the 
most. 'Ratz did unbelievably much to arouse the attention of students toward 
mathematics. He founded the Mathematics Journal for Secondary Schools and 
wrote books which elucidated the simplest solutions of the problems posed 
there.' 

Ratz gave private lessons in mathematics to Eugene Wigner's friend John 
von Neumann, who was also a student in the Lutheran High School, but one 
class junior, although he was two years ahead in mathematics. 'Johnny was 
a most unusual person, a marvellously quick thinker, and was recognized as 
such in high school.' Wigner admired von Neumann greatly, 'but I was not 
intimidated by him. I did not want to be compared with him or to compete 
with him. It was clear that he was a much better mathematician than I was, 
and a better scientist. But I knew more physics.' 

Sandor Miklos was the physics teacher in high school, and author of 'an 
excellent physics book', while Andras Kubascka taught natural science, mostly 
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elementary zoology. Miklos, the physics teacher, 'showed nice experiments and 
the experiments were always successful. He taught solidly and well. After two 
years of study of physics with him, the first two years of physics either at the 
Budapest Technical University or the Berlin Technische Hochschule seemed to 
be almost mere repetition. ' 

Eugene had his Bar Mitzvah on 17 November 1915, his thirteenth birthday. 
Soon after the end of World War I, the communists took over Hungary. 'My 

father and I were deeply against Communism.' Evidently, it was already in his 
boyhood that Wigner learned to abhor Communism. Anthony Wigner took his 
family to Austria for a while, to a place south of Vienna, where he had a cousin. 
But the communists were soon overthrown and in 1919 the family returned 
to Budapest. Anthony decided that the family should change its religion to 
Lutheran Protestant, more as an anti-Communist gesture than as a result of 
compulsion or religious conviction. 

Higher Studies 

Eugene Wigner completed high school in 1920. He tt-und that he was principally 
interested in physics and mathematics, but that it was not easy to find a job 
as a scientist. He could have obtained a reasonably good job in the tannery 
where his father worked. So he thought he would study chemical engineering, 
and his father agreed, but Eugene told him: 'To be honest, I want to become 
a scientist.' He had in mind a real scientist who works on theoretical and 
experimental development of physics and not just a teacher of physics. It was 
then decided that he would study chemical engineering and later on work in the 
tannery. He enrolled in the technical university at Budapest for the year 1920-
21 to study chemical engineering, and the next year switched to the Technische 
Hochschule in Berlin. There was much activity in theoretical physics in Berlin 
but it was primarily concentrated at the University of Berlin where Albert 
Einstein, Max Planck, Max von Laue, Walther Nernst, among others, were 
active. The Technische Hochschule was primarily devoted to applications, and 
among these chemistry was considered important and fundamental. But even 
at the Technische Hochschule Wigner chose to spend most of his time in trying 
to learn as much theoretical physics as possible. In his regular course work 
Wigner mostly pursued lectures and laboratory work in inorganic chemistry. 
For his Diplomarbeit he worked on the crystal structure of rhombic sulphur 
under the supervision of the chemist Hermann Mark, completing his degree in 
the spring of 1924. 

Wigner then began doctoral work for a degree in chemical engineering 
('Dr.Ing.') under Michael Polanyi. His thesis, entitled 'Bildung und Zerfall 
von Molekii.len' [1] dealt with chemical reaction rates and the formation of 
molecules. 'They have skill enough to collide with the right energy. Polanyi 
accepted my proposal that angular momenta are quantized. Atoms collide 
with angular momentum in a proportion consistent with Planck's constant.' 
On studying the equilibrium between the electron and the excited atom, 'we 
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can predict that the energy levels are not absolutely precise, that they have 
a spread. However, with angular momentum, this was not so. Hence, we said 
that the electron's angular momentum had its definite value. This, of course, 
was a very feeble expression of the uncertainty principle.' Wigner obtained the 
'Dr. Ing.' degree in 1925. 

Return to Hungary and Call to Berlin 

Upon the completion of his degree, Wigner returned to Budapest and went to 
work in the tannery. He believed he would not have the opportunity to continue 
his science there. However, he did have one link to the physics he had left be
hind: a subscription to ZeitschriJt der PhY8ik. It was there that he first read the 
article by Born and Jordan on matrix mechanics [2]. 'This paper convinced me 
that the human being had enough imagination to understand microscopic pro
cesses.' Wigner knew matrices quite well as a result of his interest in crystals; 
the symmetries of a crystal were described in terms of matrices. So he under
stood the Born-Jordan article on matrix mechanics right away, as well as the 
following article by Born, Heisenberg and Jordan [3]. From these papers Wigner 
learned how to calculate energy levels and to describe atomic transitions. 

Meanwhile, Michael Polanyi, Wigner's doctoral thesis advisor, had been 
active in his behalf. Polanyi had been quite impressed by Wigner, and recom
mended him to Richard Becker who had just become Professor of Theoretical 
Physics at the Technische Hochschule in Berlin. Becker invited Wigner to be his 
research assistant, a post that Wigner accepted with alacrity. Wigner's duties 
included attending Becker's lectures; this was in response to Becker's request 
that Wigner point out the obscurities in his lectures. 'But this was not nec
essary because Becker spoke clearly and gave excellent explanations.' Wigner 
was also asked to work with G. Wessenberg, a Privatdozent at the Technische 
Hochschule. Wessenberg remarked to Wigner, ' ... it's a miracle that in a crys
tal the atoms are often arranged along the axis or plane of symmetry, why?' 
'I noticed that if you have an axis of symmetry, the potential is an extremum 
(a maximum or minimum), but the probability of its being a maximum is 
much larger, and a similar consideration applied to the plane of symmetry. 
Wessenberg said, "Perhaps you are right, but it is important to give a more 
elegant demonstration!'" This sent Wigner back to his study of group the
ory, in particular, to the classic Lehrbuch der Algebra by Heinrich Weber, of 
which the second volume deals with group theory. Wigner then produced a 
group-theoretical proof, but it was not published. 

Wigner then took up the problem of the symmetry of atomic eigenfunctions 
under permutation of electrons. He generalized an article of Heisenberg's [4], 
which treated the case of two electrons, first to three electrons and then to four 
or more. All this was for electrons without spin. Then, in three joint articles 
with John von Neumann, the whole theory was generalized to the case in which 
the electron's spin is described by the Pauli theory [5,6]. 
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All these results were given a systematic and pedagogical exposition in 
Wigner's book Gruppentheorie und ihre Anwendung in der Theorie der Atom
spektren [7]. He was urged to write this book by Max von Laue who was also 
helpful in persuading the publisher, Vieweg, that it should be published. The 
methods of group representation theory used by Wigner had been developed 
by Frobenius and Schur in the context of the theory of finite groups. They were 
sufficient for Wigner's application to the permutation group of the electrons. 
For the rotation group Wigner needed results and methods of 1. Schur and 
H. Weyl. What Wigner offered as a preliminary to his thoroughgoing practical 
application of these group-theoretical methods to atomic physics was a funda
mental analysis of the notion of symmetry in quantum mechanics. He showed 
how it reduces to a problem in group representation theory. 

Edward Teller and Leo Szilard in Berlin 

Eugene Wigner had not known either Edward Teller or Leo Szilard, his compa
triots from Hungary, in Budapest. He first met them when he was in the Tech
nische Hochschule in Berlin. Szilard was then working in Berlin, while Teller 
was working under Werner Heisenberg in Leipzig. Teller used to visit Berlin 
and Wigner occasionally went to Leipzig. In matters of politics they agreed, so 
they mainly discussed problems of theoretical physics with each other. 'All of 
us realized that there was a danger of submission of all countries to the Com
munist threat. Fascism at that time was still not very serious.' And, of course, 
the evil of Fascism', especially the threat of anti-semitism, was a great shock 
to both Wigner and Teller and to many, many other people. 

Gottingen 

In 1927 Eugene Wigner was invited to Gottingen to work as an assistant to 
David Hilbert. This came about because for many years Arnold Sommerfeld 
used to arrange for a young physicist to go to Gottingen to help Hilbert keep 
abreast of current developments in physics. But Hilbert was very sick when 
Wigner arrived in Gottingen; he suffered from pernicious anemia, and Wigner 
saw him only a few times and did not have close contact with him. 

However, he worked hard on physics, and became acquainted with the other 
people who were there. He got to know Max Born whom he liked a great deal. 
Among the younger physicists were Pascual Jordan and Walter Heitler. John 
von Neumann visited Gottingen frequently. Von Neumann and Lothar Nord
heim had attended lectures by Hilbert on quantum mechanics during the winter 
semester of 1926-27 and had written them up for publication. Von Neumann 
was working on the spectral theory of self-adjoint operators, a subject funda
mental both for mathematics and quantum theory. Among the experimental 
physicists whom Wigner got to know was James Franck, who in the famous 
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Franck-Hertz experiment, had shown the inelastic collisions of electrons with 
atoms yield excitation energies in agreement with those predicted from spec
troscopy according to Bohr's theory. "'-igner came into close contact with Jor
dan and together they published a paper on Pauli's exclusion principle [8], 
which turned out to be very important in the history of quantum field theory. 
This work was inspired by previous work by Pascual Jordan and Jordan and 
Oskar Klein, who gave an algebraic treatment (second quantization) for nonrel
ativistic charged bosons. 'But it was Jordan who first thought of the idea which 
we (Jordan and Wigner) published together. However, the mathematical proof, 
that this was the only way to explain Pauli's exclusion principle, was mine, and 
it was based on the theory of group representations - but the principal idea 
was Jordan's .... He was deeply impressed by my idea of unitarity, but that 
was not difficult; it did not require imagination.' 

Jordan and Wigner tried to write down a relativistic equation for the elec
tron, just as several other people had done at that time; they did not succeed. 
One day Born received a letter from Paul Dirac with a description of his equa
tion [9]. Born showed the letter to Jordan and 'Jordan told me, " It's a mar
vellous equation. It's a pity that we didn't invent it, but still it is very good it 
has been found." , 

Wigner continued to work with von Neumann. One product was a joint 
paper, 'Uber das Verhalten von Eigenwerten bei adiabatischen Prozessen' [10] 
'that was a very interesting question: How do energy levels change if the atom 
is subjected to a slow transition? It was written by me (Wigner).' 

Another product of Wigner's stay in Gottingen was a pair of influential 
papers written with Viktor Weisskopf [11]. These treated the problem of line 
width in Dirac's theory of atoms and radiation. 

Back to Berlin 

After the year in Gottingen, Wigner returned to Berlin, where he was again 
associated with Richard Becker. Upon his return in 1928 he was appointed 
Privatdozent (lecturer) at the Technische Hochschule and, in 1930, was given 
the title (untenured) 'nicht beamtlicher auBerordentlicher Professor'. 

It was during this period that Wigner wrote the above-mentioned book 
on group theory and its applications to atomic spectroscopy. The book invites 
comparison with two other classic books on group theory and quantum me
chanics: that of Hermann Weyl in two German editions of 1928 and 1931 and 
its English translation of 1931 [12], and the book of B. L. van der Waerden [13]. 
These are of a flavour quite different from Wigner's. There is little doubt that 
most spectroscopists would prefer Wigner's book, and most mathematicians 
Weyl's or van der Waerden's. Mathematical physicists are well advised to be 
acquainted with all three. 
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Offer from Princeton University 

One day in the fall of 1929, late in October or November, Eugene Wigner 
received a cable from Princeton University, offering him a job for half a year (one 
semester) in the spring of 1930. The salary was a considerable increase (seven 
times) over his salary in Berlin. John von Neumann also received an offer from 
Princeton University at the same time. (The University was using the income 
from the endowment funds of a chair, the Thomas D. Jones Professorship of 
Mathematical Physics, established in the mid-1920s to offer two temporary half
time positions. Hermann Weyl had been appointed to this Chair in 1928, but 
had resigned to return to Europe in 1929. It was to this Chair that Wigner 
was permanently appointed ten years later.) Their appointments had been 
recommended by Paul Ehrenfest of Leyden. 

Upon arrival in Princeton Wigner was offered a continuation of this ar
rangement for the next five years (1930-1935). At the same time the Technis
che Hoschschule in Berlin offered him half-yearly appointments for the same 
period. Thus he could divide the academic year between Princeton and Berlin, 
and spend about three months each year with his parents in Hungary. 

Princeton 

Wigner prospered scientifically in Princeton. He ranged widely across theoret
ical physics and chemistry. Some of his European friends and coworkers came 
to North America. John von Neumann was there of course and, eventually, Leo 
Szilard and Edward Teller came, as did many other Hungarians and they got 
together from time to time. He was also fortunate in his students: Frederick 
Seitz, John Bardeen, and Conyers Herring worked with him and went on to 
become outstanding physicists. Their work set a high standard in theoretical 
physics. 

Soon after Wigner came to Princeton dramatic developments took place in 
physics. In 1932, James Chadwick discovered the neutron and Carl Anderson 
the positron. Werner Heisenberg put forward the proposal that the atomic 
nucleus is composed of neutrons and protons; theoretical nuclear physics in a 
modern sense was born. Wigner contributed significantly to the development 
of nuclear physics through such papers as [14J. 

In 1933, the National Socialists seized power in Germany, and Wigner's 
position at the Technische Hochschule vanished. His job at Princeton was con
verted into a full-time position. Meanwhile, the Institute for Advanced Study 
had been created, and its newly appointed professors including Albert Einstein, 
Hermann Weyl and John von Neumann, were temporarily housed in Fine Hall, 
the University Mathematics Department's new building. 

When Wigner first came to Princeton, he saw the Physics Department as 
'a little behind times. Quantum mechanics was known to a very few. During 
my times here, first H. P. Robertson and then E. U. Condon were added to the 
department, and they were interested, but not as intensely as Johnny (von 
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Neumann) and 1. Occasionally I went to Columbia to discuss matters with 
1. 1. Rabi and with Breit. Gregory Breit, whom I admire very much, was at New 
York University. Rabi was at Columbia. Breit spent a year at the Institute (for 
Advanced Study) and we wrote a couple of papers together. One of them was 
on what people call the Breit-Wigner formula' [15]. 

When Wigner's contract as Visiting Lecture in Mathematical Physics ex
pired in 1935, he was offered a three year term as Visiting Professor of Math
ematical Physics. This was a promotion but only to a temporary position. He 
was bitterly disappointed, and sought a position elsewhere. With Gregory Breit 
as an advocate, he received an offer of a tenured position from the University 
of Wisconsin in Madison, Wisconsin, which he accepted. 

Madison 

Wigner was very happy in Madison, where he found the members of the De
partment very friendly and interested in his work. He continued to be extraor
dinarily productive, especially in nuclear physics. 

Another notable event that occured about this time was that Wigner sent 
the manuscript of his paper 'On Unitary Representations of the Inhomogenous 
Lorentz Group' to the American Journal of Mathematics. It was rejected with 
the remark that 'this work is not interesting for mathematics'. Wigner men
tioned the fact that it had been rejected to John von Neumann, who saw to it 
that the article was published in the Annals of Mathematics of which he was 
an Editor; so what is possibly Wigner's most famous paper saw the light of day 
[16]. 

In Madison, Wigner met Amelia Zipora Frank, who had been a student of 
physics. They were married on 23 December 1936, but she had heart disease 
and died on 16 August 1937. 

When Princeton finally decided to offer Wigner an endowed chair with a 
permanent appointment, the Thomas D. Jones Professorship of Mathematical 
Physics, beginning in the fall of 1938, he accepted. (They had first offered it to 
J. H. Van Vleck, but he, newly appointed at Harvard, refused, and recommended 
the appointment of Eugene Wigner to the Chair.) 

Consequences of the Discovery of Nuclear Fission 

In 1939, Otto Hahn and Fritz Strassmann discovered nuclear fission. Niels Bohr 
brought the news of its discovery to the United States and spent the spring 
term in Princeton, working on the theory of nuclear fission with John Archibald 
Wheeler. The phenomenon contradicted the ideas of Enrico Fermi, whose pre
vious explanation had been interpreted in terms of neutron absorption without 
fission but with the formation of transuranic elements. Fermi 'told us that 
there existed great danger that a nuclear explosion was possible. We also im
mediately understood the possibility of using the fission process for producing 
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energy.' Szilard had discussed the possibility of using a chain reaction involving 
neutrons for such purposes several years before but then he had no idea how to 
get the required neutrons; now fission might supply them. Wigner and Szilard 
were concerned that the Germans under Adolf Hilter's regime might develop 
nuclear weapons and with them conquer the world. 

Wigner and Szilard were convinced that the security of the United States 
and of the other western democracies depended on having such weapons first, 
if indeed they could be made. They convinced Einstein to write a letter to 
President Franklin Delano Roosevelt explaining the situation. Einstein's letter 
was conveyed to Washington by Alexander Sachs, who saw to it that it got 
to the President. The result was a commitment by the Army and the Navy. 
The initial support was small, $6,000 mainly to buy graphite to slow Fermi's 
neutrons down at Columbia University. However, after the entry of the United 
States into the war, the Manhattan Project, as it was called, grew to a billion 
dollar program. 

The Metallurgical Laboratory 
and the Atomic Bomb Project 

In the initial stages, 'Fermi did the actual (experimental) work at Columbia 
University, and we were in close contact with each other. I decided we should 
investigate one of the factors, the so-called resonance absorption. Robert 
R. Wilson, later Director of Fermilab, and Ed. Creutz, later Associate Director 
of the National Science Foundation, were two experimental physicists whom I 
persuaded to work on this. They worked together beautifully with a skill and 
understanding I admire. We had constant conferences with Fermi and one day, 
literally the day after Pearl Harbor, Arthur Compton turned up in Princeton 
and said, "We want to organize a laboratory." , 

In the meantime, Wigner had married again. On 4 June 1941, he married 
Annette Mary Wheeler, a physicist from Vassar College. 'My wife and I moved 
in April 1942 and I began to work at the University of Chicago in the so-called 
"Metallurgical Laboratory", where I was in charge of the theoretical physics 
section. Of course, it wasn't really a metallurgical laboratory; it was only given 
a name which does not tell you what it is about. The Metallurgical Laboratory 
was really about establishing a chain reaction. And not only a chain reaction 
but a chain reaction of great power which is a very different thing. A tiny 
chain reaction shows only that a chain reaction is possible. To make a giant 
chain reaction and to control it effectively you have to extract the best that it 
makes, you have to measure its power, and so many other essential things very 
correctly. ' 

The Metallurgical Laboratory occupied practically all of Eckart Hall, a 
large building at the University of Chicago. The group which Wigner headed 
had two or three moderately large rooms on the fourth floor. There were about 
twenty other theoretical physicists. 'If I had to pick one person who was most 
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indispensable at the Metallurgical Lab, I would pick Fermi, for two reasons: 
first, he was an excellent experimental physicist, so he knew how to build the 
chain reaction, how to take care of it, and many such things: second, he was 
very good in theoretical work.' 

A sustained nuclear chain reaction was first achieved by Fermi's group on 2 
December 1942 in a squash court under the Stagg Field stands at the University 
of Chicago. 

Wigner's scientific collaborators were recruited by Compton. 'Again, I had 
unbelievable luck with the collaborators. One of them was Alvin M. Weinberg; 
the other one, who was technically equally able and far sighted, was Gale Young. 
I was enormously lucky. We designed the so-called Hanford reactor. We were 
firmly convinced right from the beginning that the chain reaction would go 
and the problem was to get it to go on a scale that would produce significant 
amounts of plutonium.' 

Wigner's background in chemical engineering was a great help to him in 
the design process. 'I remembered engineering. I remembered, for instance, that 
corrosion can become a very important problem. I knew how to calculate the 
water flow through the tubes.' 

Wigner's group produced a design for a plutonium-producing reactor, but 
the blueprints for what was actually constructed were produced by duPont's 
engineers, and checked by Wigner's group. 'We did not disperse, and that was 
Compton's desire. Compton's and Harry Smyth's. They felt it was important 
for us to keep together and review the detailed du Pont plans. and in the mean
time they told us to work on power reactors. That was a sort of trick to keep 
us together, and a successful trick. When duPont drawings came, it was very 
important - with due respect to du Pont - that we review them.' (For a more 
detailed account of the relations between the theoretical group at the Metal
lurgical Lab and the du Pont Company, see Volume 5: Memoir of the Uranium 
Project.) 

The Hanford reactor was built and worked well, producing plutonium. The 
Oak Ridge separation plant produced U235 . The Los Alamos Laboratory was 
created to design and produce bombs using these materials. Some members 
of the Metallurgical Lab went on to Los Alamos, Enrico Fermi in particular, 
Eugene Wigner did not. After some further work on power reactors, he returned 
to Princeton. 

'Was it good or bad to have worked on the atom bomb? The debate has been 
going on for decades. We were mistaken about the Germans and their progress 
toward an atomic bomb. Some people say we should never have created this 
weapon. I have often been asked whether I would again help to create the first 
atomic bomb. And I have often asked myself this important question. In a way, 
I would like (to be able to say) that I regret having helped to build the bomb, 
because this response would please many people who ask me this question. 
But I really do not regret helping to build the bomb, either as an intellectual 
thing or an emotional one. The principle of building the bomb would have been 
discovered by someone. It was much better that it was done by America than 
by Hitler's Germany. 
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'In fact, my regret is that it was not done sooner. If we had begun trying 
seriously to control fission in 1939, we might have had an atomic bomb by 
the Winter of 1943-1944. At that time Stalin's army was still bottled up in 
Stalingrad. By the middle of 1945, when we first used the bomb, they had 
already overrun much of Central Europe. The Yalta Conference would have 
produced a document much less favourable to Russia, and even Communist 
China might have been set back. So I do not regret helping to build the atomic 
bomb.' 

Clinton Laboratory, Oak Ridge 

During the academic year 1945-46 Wigner was back at Princeton and his sci
entific activity resumed in full force, both in nuclear physics where he began a 
systematic study of nuclear reactions, and in relativistic quantum mechanics, 
but 1946-47 was spent at Oak Ridge. 'It was essentially (because of) Charlie 
Thomas of Monsanto Company. He told me that it was very important to have 
a good strong leadership for uranium power development. So, during 1946-47 
I became Director of Research and Development for one year at a new labora
tory, called the Clinton Laboratory (in Oak Ridge, Tennessee). It is now called 
the Oak Ridge National Laboratory. All my collaborators from Chicago had 
also gone there, especially Gale Young and Alvin Weinberg .... But Oak Ridge 
at that time was so bureaucratized that I am sorry to say I couldn't stand it, 
and we came back to Princeton after a year. The person who took over was 
Alvin Weinberg and he slowly, slowly improved things. I would not have had 
the patience to do what he did.' 

However, Wigner continued to take a very close interest in the work at 
Oak Ridge National Laboratory. He wrote papers and, together with Alvin 
Weinberg, a book on nuclear reactor theory. He also developed there an interest 
in questions of Civil Defense. 

Civil Defense 

'I define Civil Defense as a passive defense which makes nuclear weapons much 
less effective. I want different kinds of governments to persist on earth - not 
only Communism. During the war, I knew Civil Defense should be undertaken, 
and I talked about that, but my work was on nuclear reactors. After World 
War II, I supported Civil Defense very vigorously as a political issue, but was 
still not working on it scientifically.' 

'The danger was that the U.S. will be threatened and will be told: "Unless 
you do this and that which will make you powerless, tomorrow we will destroy 
all big cities and a large part of your population will perish." This threat had 
a name ("nuclear blackmail"), and I was very much after it and against it.' 

'A country can defend itself against this kind of threat in two ways. The 
principal way ... is to have good Civil Defense so that the threat is not serious. 
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The second is also to have nuclear weapons so that it can retaliate to some 
degree.' 

'There were two proposals (for Civil Defense): first, that we organize an 
evacuation of the cities, so that people can go to larger distances where the 
effect of nuclear weapons exploding over cities will be much less. But also: in 
the cities we should have shelters - good, heavy shelters, well-protected. This 
was a necessity then, and I consider it even now a necessity.' 

Wigner continued to participate actively in questions of Civil Defense and 
other programs as a consultant to Oak Ridge National Laboratory until well 
into the 1980s, and always held on to the belief that 'our neglect of Civil De
fense may become a true disaster.' In this context, he also supported SDI (the 
Strategic Defense Initiative, which proposed a defense against intercontinen
tal ballistic missles using anti-missle missles). He considered it another form 
of Civil Defense, suggesting that 'Civil Defense is based on shelters and SDI 
on having a shield. SDI means you should protect against aggressive nuclear 
weapons, and that's a very good idea.' 

Post World War II Themes 

In the three decades following the second world war, Wigner continued to work 
in all the fields he had cultivated before the war except solid state physics, 
but he broadened his interests to include philosophical and semi-philosophical 
subjects. '1 also become interested in what is called the interpretation and 
epistemology of quantum mechanics. It is a weakness of old people that their 
interests spread out, and they know as the Germans say "nothing about every
thing". There is a saying, "A full professor knows nothing about everything, an 
associate professor knows something about a little, but an assistant professor 
knows it better." , Wigner's many post-war students tell quite a different story 
about Wigner's incisiveness, his broad insight into physics, and his love of the 
subject. 

Wigner retired as of 1 July 1971 but continued to work, actively most of the 
time until later years, for another two decades. Mary Wigner, his second wife, 
with whom he had a son David and a daughter Martha, died on 8 November 
1977. On 29 December 1979, he married Eileen (Pat) Hamilton, the widow of 
a friend and colleague at Princeton, and, together, they continued to provide 
gentle companionship to each other. 

Acknowledgement. I am grateful to Arthur S. Wightman for a critical reading of this 
biographical sketch and helpful suggestions. All unnumbered quotations are from the 
author's conversations and interviews with Eugene P. Wigner. 



14 Eugene Paul Wigner: A Biographical Sketch 

References 

[1] M. Polanyi and E. Wigner: Bildung und Zerfall von Molekiilen. Published part 
of Wigner's doctoral dissertation. Z. Phys. 33,429-434 (1925) 

[2] M. Born and P. Jordan: Zur Quantenmechanik. Z. Phys. 34,858-888 (1925) 
[3] M. Born, W. Heisenberg and P. Jordan: Zur Quantenmechanik II. Z. Phys. 35, 

557-615 (1926) 
[4] W. Heisenberg: Uber die Spektra von Atomsystemen mit zwei Elektronen. Z. 

Phys. 39,499-518 (1926) 
[5] J. von Neumann and E. Wigner: Zur Erklarung einiger Eigenschaften der Spek

tren aus der Quantenmechanik des Drehelektrons I. Z. Phys. 47, 203-220 (1928) 
[6] J. von Neumann and E. Wigner: Zur Erklarung einiger Eigenschaften der Spek

tren aus der Quantenmechanik des Drehelektrons II, III. Z. Phys. 49, 73-94 
(1928) and 51, 844-858 (1928) 

[7] E. Wigner: Gruppentheorie und ihre Anwendung auf die Quantenmechanik der 
Atomspektren. Vieweg, Braunschweig 1931. (English translation: Group Theory 
and Its Applications to the Quantum Mechanics of Atomic Spectra. Academic 
Press, New York 1959) 

[8] P. Jordan and E. Wigner: Uber das Paulische Aquivalenzverbot. Z. Phys. 47, 
631-651 (1928) 

[9] P. A. M. Dirac: The Quantum Theory of the Electron. Proc. Roy. Soc. AU7, 
610-624 (1928) 

[10] J. von Neumann and E. Wigner: Uber das Verhalten von Eigenwerten bei Adia
batischen Prozessen. Phys. Z. 30, 467-470 (1929) 

[11] V. Weisskopf and E. Wigner: Berechnung der natiirlichen Linienbreite auf Grund 
der Diracschen Lichttheorie. Z. Phys. 63,54-73 (1930); Uber die natiirliche Li
nienbreite in der Strahlung des harmonischen Oszillators. Z. Phys. 65, 18-29 
(1930) 

[12] H. Weyl: Gruppentheorie und Quantenmechanik. Hirzel, Leipzig 1928. Second 
German edition 1931; Group Theory and Quantum Mechanics. Methuen, London 
1931 

[13] B. L. van der Waerden: Die gruppentheoretische Methode in der Quantenmecha
nik. Springer, Berlin 1932 

[14] E. Wigner: tiber die Streuung von Neutronen an Protonen. Z. Phys. 83, 253-258 
(1933); On the Saturation of Exchange Forces. Proc. Nat!. Acad. Sci. (USA) 22, 
662-666 (1936) 

[15] G. Breit and E. P. Wigner: Capture of Slow Neutrons. Phys. Rev. 49, 519-531 
(1936) 

[16] E. P. Wigner: On the Unitary Representations of the Inhomogeneous Lorentz 
Group. Ann. Math. 40, 149-204 (1939) 



PART II 

Applied Group Theory 1926 -1935 



Applied Group Theory 1926-1935 

Annotation by Brian R. Judd 

1. Introduction 

The articles written before 1931 can be regarded to a large extent as precur
sors to Wigner's seminal work "Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik der Atomspektren", [1] which appeared in that year. The 
importance of this book can scarcely be overstated. In the preface to the En
glish edition [2], which was published 28 years later, Wigner remarks that there 
was a great reluctance among physicists toward accepting group-theoretical ar
guments and the group-theoretical point of view. He also comments that this 
antipathy has subsequently vanished. One of the reasons for this is, of course, 
the influence that his book had on a generation of physicists. However, at the 
time of its publication, and for some years afterwards, opposition to group the
ory was real enough. In the rush to fit theory to experiment, simplicity in the 
mathematical treatment counted for more than elegance and generality. The 
uncompromising tone of Weyl's treatise on group theory and quantum mechan
ics [3] scarcely made the subject more accessible to physicists. They were more 
impressed by the success Slater [4] achieved in obtaining expressions for the 
energies of spectroscopic terms by elementary mathematical methods. Condon 
and Shortley [5] explicitly rejected the group-theoretical approach. Their alge
braic methods were extended by Racah [6), and is was not until he published 
his fourth article [7] on complex spectra that group theory became an accepted 
part of theoretical atomic spectroscopy. 

2. Groups in Atomic Theory 

In his 1931 preface [1], Wigner stressed the importance of taking full advan
tage of the symmetry of a system before calculations are attempted. He had 
made similar arguments some four years earlier, when he pointed out that 
group theory could lead to exact results not just for the hydrogen atom but 
for more complicated systems [8]. The basic principles on which the book is 
based are contained in that article. The groups that are introduced involve 
the permutations of the electrons of the atom and coordinate rotations in 3-
dimensional space. In the absence of external fields these are symmetry groups 
of the Hamiltonian, and their irreducible representations can be used to label 
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the eigenstates. As Wigner recognized in the first sentence of his article [8], 
the theory of representations is at the core of the analysis. In equation (10) he 
introduced matrix representations D~k of the rotation group - what we would 
now call 50(3) - without derivation and without an explicit construction. In 
particular, he did not follow what would be normal practice today and state 
that they could be derived by taking matrix elements of the operator 

exp (iaL z) exp (i,BLx) exp (i-yL z) , (1) 

where L is an appropriate angular-momentum vector (measured in units of 
Ii). In the absence of spin effects (which Wigner had in any case temporarily 
set aside) L can be taken to be the total orbital angular momentum of the 
electrons. 

The matrices d~k playa key role in putting group theory to work. For, in 
calculating an integral of the type 

(2) 

which we find in Sect. 15 of [8], we do not seek explicit forms for tPi and tPk 
in order to perform the integration: rather, we only need their transformation 
properties under rotations, with the result that the integral reduces to a prod
uct over three D functions. In a subsequent article with von Neumann [9], a 
formula was given for an integrand of the type D:oDfoD£j but several years 
had to elapse before the general result for an integrand of the form D:eDrID~ 
appeared (Ref [1], p.204). For the special case (2), Wigner was able to avoid 
such complications by writing z as r cos ,B and using some recursion relations for 
the D functions. The inadvertent omission of some terms from these relations 
(an error that was quickly rectified [10]) led to a selection rule for electric-dipole 
radiation of the form ilL = ±1, thus overlooking the possibility ilL = O. This 
oversight, and the fact that the reader could scarcely have been expected to 
detect it without being provided with an explicit form for the D functions, may 
have been an contributing factor in Wigner's decision, as stated in the 1931 
preface to his book [1], to spell out all derivations in full detail. 

Wigner recognized that integrals of the type (2) also occur in the evalua
tion of the Stark effect, and he was able to confirm (in equation (17) of [8]) 
the general expression (that was already known) for the displacements of the 
components of an atomic level. He was also able to make some general com
ments on the effect on an atom of a weak magnetic field. The paper [8] includes 
a calculation of the spectroscopic terms that occur in the configuration p' p2 . 
Today we would first evaluate the terms of p2 as 3 P, 15 and 1 Dj then we 
would couple these states to the third p electron (which is inequivalent to the 
others) in all possible ways, thereby getting 45, 4 P, 4 D, 25, 2 P and 2 D (from 
3P), 2p (from 15) and the three terms 2p, 2D and 2F (from ID). Wigner, 
however, obtained these terms (with 2 F represented in his notation as 2 B) by 
examining the possible assignments of the magnetic quantum numbers rna and 
rn, to the three electrons, subject to the constraint that not more than two 
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electrons could have identical sets of labels. Pauli's Exclusion Principle is im
plicit here, of course. The details of the assignments are set out in Table 1 of 
[8). This procedure is certainly lengthier than that based on coupling; in fact, 
the advantages of using coupling techniques to combine inequivalent particles 
can be extended by regarding spin-up (ms = 1/2) and spin-down (ms = -1/2) 
electrons as distinct particles, as Shudeman [11] later showed so strikingly. 

The paper [8] ends with a description of how spectroscopic terms can be 
described as normal or reflected. This terminology did not become widely used, 
mainly because the criterion for making the distinction involves both parity and 
the quantum number L. The latter ceases to be a good quantum number in 
the presence of spin-orbit interaction. Parity by itself provides a much better 
label, as Wigner himself recognized later [12]. 

3. Collaboration with von Neumann 

In 1928 a collaboration between von Neumann and Wigner bore fruit in three 
lengthy articles [13, 12, 9]. Their aim was to give a more rigorous basis for 
those aspects of atomic spectra having to do with electron spin. Instead of 
postulating a vector S whose commutation properties paralleled those of the 
orbital angular momentum L, they developed the kinematics of electron spin 
in terms of a two-dimensional irreducible representation of SO(3). Much of 
the first article is taken up by the proof that the transformation matrix for a 
collection of electron spins can be formed by taking products of the individual 
matrices, a result that follows immediately from the expression (1) above if we 
make the replacements 

L -+ S = S1 + S2 + ... + Sn (3) 

and then use the commutation of different Sj to separate out the rotation op
erators for each electron i. Instead of arguing along these lines, von Neumann 
and Wigner constructed an inductive proof that makes extensive use of the 
theory of groups. This put them in the position, at the end of that article [13], 
to calculate the number of times N 5 a given total spin quantum number S 
occurs in a system of n electrons, these electrons being unrestricted by sta
tistical constraints. There are (;) ways of picking x spin-up electrons, each 
of which corresponds to a product state that contributes exp( iaMs), that is, 
exp[i(2x - n)a/2], to the character. The total has now to be decomposed into 
the characters of irreducible representations of SO(3). As successive characters 
are extracted from the sum, a pattern emerges that leads to the result 

Ns = (t n ~ S) - (t n _nS -1) . (4) 

This agrees with the last equation of von Neumann and Wigner ([13], p.220) 
provided we make the identification q = 2S + 1. On putting n = 3, we find from 
equation (4) that the 23 product states provide a quartet and two doublets. 
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This is a special case of the system that Wigner had previously studied [14,15J 
with regard to the permutation symmetry of product states. It is interesting 
to note that the second of the two articles uses group theory while the first 
does not. The reference to "non-combining" terms in this early work refers 
to the impossibility that a perturbation, symmetric with respect to the three 
electrons, could connect states of different symmetry types. 

Just how permutation symmetry relates to the 80(3) classification is a cen
tral topic of the second of Wigner's papers with von Neumann [12J. The start
ing point is taken to be an m-fold degenerate solution of the spin-independent 
Schrodinger equation for n electrons. The 2n spin functions associated with this 
solution transform among themselves under permutations of the electrons; how
ever, Ms (or r/2 in the notation of the authors) necessarily remains constant 
and thus can be taken to distinguish the representations. The decomposition 
of the representation labeled by Ms into irreducible parts is given in Sect. 4 of 
[12], and is equivalent to the sequence 

[n,OJ + [n -1,1] + [n - 2,2] + ... + [~n + IMsl, ~n -IMsl] (5) 

of Young tableaux, where [n - z, zJ specifies a tableau with n - z cells in its 
first row and z in its second. Today we would probably calculate the dimension 
of such a tableau by asking for the number of "standard" tableaux that can be 
found for the given shape [n - z, zJ; that is, the number of ways the numbers 1 
to n can be arranged in the cells such that the numbers increase in going from 
left to right along the rows and from top to bottom down the columns. Young's 
general formula is given by Rutherford [16], with the aid of which we find 

(6) 

in agreement with von Neumann and Wigner ([12], Sect. 5). When the functions 
associated with the tableau [n - z, z] are multiplied by the m spin-independent 
functions, we are faced with the problem of decomposing the m Dim[n - z, z] 
products into their irreducible components. It is here that von Neumann and 
Wigner introduce the Pauli exclusion principle. The only components of interest 
are the totally antisymmetric ones. If the m-fold degeneracy derives solely from 
permutation symmetry (and not from rotational or other types of symmetry), 
then the analysis reveals that there is only one anti symmetric component, and 
all others can be set aside. From a modern perspective the tableaux in the 
sequence (5) correspond to the various values of 8 for which 8 ~ Ms; in 
fact, we have z = n/2 - 8, and equations (4) and (6) coalesce. The single 
anti symmetric component found by von Neumann and Wigner corresponds to 
a given 8, a given Ms, and a given label describing the spin-independent part of 
the problem. The symmetry of this last part is specified by the tableau adjoint 
to [n - z, z], that is, to [22 ... 211 ... IJ in which z twos and n - z ones appear. 
This is the content of equation (17b) of von Neumann and Wigner [12J. 

The need to cope with this procedure analytically led von Neumann and 
Wigner, in the third of their articles [9J, to introduce what are now usually called 
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Clebsch-Gordan coefficients (though they are sometimes referred to as Wigner 
coefficients or vector-coupling coefficients). They appear as s functions in the 
definition of the wavefunction tJ! ([9], equation (9)). The attendant labels, in 
modern notation, would be written as sitJMs(S,L). The coefficients for which 
L = 1 had already been worked out by Wigner in connection with his recursion 
formulas for the D functions [10], though those corresponding to J = L - 1 
possess opposite signs to what Wigner's general formula, presented later in his 

book ([IJ, p.206) as S~]}-}ML' would give. 
Von Neumann and Wigner ended their three articles with two applications: 

the derivations of the Lande g factor and the Burger-Dorgelo sum rule. Two 
years before this analysis, Heisenberg and Jordan [17J had shown that 

J(J + 1) - L(L + 1) + S(S + 1) 
g=l+ 2J(J+l) , (7) 

thus slightly amending the original expression of Back and Lande [18J, in which 
each product of the type X(X + 1) appears as X 2 - 1/4. To find the factor g 
that makes the crucial operator L+25 equivalent to gJ, Heisenberg and Jordan 
wrote L + 25 = J + 5 and then projected 5 on to J by making the replacement 
5 ---? J(J2)-lJ . 5. By using 

(8) 

the eigenvalues of (J2)-1 J . 5 immediately yield the second term on the right
hand side of equation (7). Instead of replacing 5 by a more tractable operator, 
von Neumann and Wigner decided to pick its z component and directly evaluate 
its expectation value for the eigenstate !Jr. This is a more obvious and technically 
correct approach, but it led, in equation (24) of [9], to a sum over a product of 
two Clebsch-Gordan coefficients weighted by the factor Ms. Faced with such a 
sum today, we would probably convert Ms to a third Clebsch-Gordan coefficient 
and reduce the sum to the product of a 6-j symbol and a 3-j symbol by means 
of equation (6.2.8) of Edmonds [19J or its equivalent. Von Neumann and Wigner 
could not resort to such a procedure in 1928. Nevertheless, they were able to 
arrive at the required result by a strategy of considerable ingenuity, in which 
g - 1 appears as the difference between two infinite series. 

The sum rule of Burger and Dorgelo [20J states that, for a multiplet char
acterized by a given initial term 25+1 L and a given final term 25+1 L', the sum 
of the intensities of all lines originating (or terminating) on a particular level 
J is proportional to its degeneracy, namely 2J + 1. That is, for isotropic ra
diation, each component MJ of the level contributes equally. Von Neumann 
and Wigner prove this result for electric-dipole radiation by using two sum 
rules for products of Clebsch-Gordan coefficients. The calculation is reasonably 
straightforward. Nowadays we would probably express their transition matrix 
element as a pr-oduct of a 3-j and a 6-j symbol, in which case the sums would 
appear in another guise. 
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4. The Wigner-Eckart Theorem 

Although von Neumann and Wigner were able to put theoretical atomic spec
troscopy on a more rigorous footing, the price was a level of abstraction that 
few experimentalists were willing to accept. When writing his book [1], Wigner 
aimed at greater accessibility. By giving a formal treatment of Kronecker prod
ucts, he was able to provide a sound theoretical basis for the vector-addition 
model of the atom, and with it the concept of coupling that Hund [21] had 
used so extensively. A more suggestive notation was adopted: thus 8 is used 
instead of ~n - z and L for 1. In addition to such technical improvements, 
Wigner also made a major advance in stating what has become known as the 
Wigner-Eckart theorem ([1], p.264). This generalizes the treatment of vector 
operators to those whose transformation properties with respect to 80(3) are 
specified by an arbitrary irreducible representation of that group. It extracts 
(by means of a Clebsch-Gordan coefficient) the geometric aspects of a matrix 
element from those features that depend on physical magnitudes. More remark
ably, the theorem is not special to 80(3), and can be extended to other groups, 
as Wigner, in noting some work of Eckart [22] (to judge from a footnote on 
page 264 of [1]), realized. Some 18 years later, applications of the theorem to 
80(7) and G2 were made to the spectroscopy of f electrons by Racah [7], and 
a new chapter in theoretical atomic physics was opened. 

The establishing of the Wigner-Eckart theorem enabled Wigner to simplify 
some of the derivations worked out earlier in his papers with von Neumann. 
The relations between Clebsch-Gordan coefficients given on pp.297-299 of [1] 
presage Wigner's introduction of 6-j symbols, which was to come almost a 
decade later [23]. With their aid, the formula for the Lande 9 factor emerges 
without the previous intricacies ([1], p. 302). Furthermore, Wigner was able to 
subsume the earlier analysis of the Burger-Dorgelo sum rule in a treatment of 
the Honl-Kronig intensity formulas [24,25], which specify the relative intensities 
of the component lines of a given multiplet ([1], p. 299) and not merely the sums 
of the relative intensities of certain groups of lines. 

5. Second Quantization 

Early in 1928, Jordan and Wigner submitted for publication an article dealing 
with a new technique for imposing the Pauli Exclusion Principle on an ensemble 
of electrons [26]. It arrived at the offices of the Zeitschrift fiir Physik less than 
a month after the first of the three articles in which Wigner collaborated with 
von Neumann [13]. Jordan and Klein [27] had already extended to many-boson 
systems the work of Dirac [28] on field quantization, and the question arose 
as to whether the formalism could be repeated for fermions. As Jordan and 
Wigner showed in Sect. 6 of their article, the key difference lies in replacing 
the commutation relations between the bt and b operators by anticommutation 
relations between their analogues, the operators at and a. During the early 
years of their use, when analyses involving explicit matrix representations were 
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common, they were often referred to as the Jordan-Wigner matrices (see, for 
example, Kramers [29]); today they are usually called creation and annihilation 
operators. Equation (66a) of Jordan and Wigner [26] gives the contribution to 
the Hamiltonian of an operator that acts on one electron at a time; equations 
(66b) and (66c) generalize this result to two-electron operators and then to 
n-electron operators. It is to be noted that there are no references to specific 
electrons in these formulas: indeed, the operators are independent of the number 
of electrons of the system under study. 

The general method outlined above has come to be referred to as second 
quantization. Its advantages were appreciated only slowly. Heisenberg applied 
the method to atomic shell theory, realizing that at and a for electrons could 
be replaced by a' and a't for holes, thereby finding formulas for the Coulomb 
energies of electrons in nearly closed shells [30]. As a result of his using a 
misidentified 1 S term of Til 3d2 , his prediction of 27500 ± 150 cm -1 for the 
energy for 1 S of Nil 3dB has turned out to differ markedly from the experimen
tal figure of 51457 [31]. This inconsequential error did not affect the work of 
Johnson [32], who extended Heisenberg's calculations to find expressions for the 
electrostatic energies of rfJ p and d9 d' and to confirm those of p5 p', which were 
already known. Apart from this initial flurry of activity, the method of second 
quantization, as applied to shell theory, lay dormant for some years. Wigner 
made no use of it in the writing of his book [1]; nor did Condon and Shortley 
[5] or Racah [6,7] in their work. In 1956, Brink and Satchler [33] revived the 
hole-particle connection in the context of nuclear shell theory, and recognized 
that a creation operator could be regarded as a spherical tensor of the type 
studied by Racah [6]. This allowed them to use the Wigner-Eckart theorem to 
identify a fractional parentage coefficient as the reduced matrix element of a 
creation operator. However, this result as well as the method of second quanti
zation as whole was disregarded by de-Shalit and Talmi in their 1963 book on 
nuclear shell theory [34]. 

Two developments have brought the method of second quantization to the 
fore in recent years. First, the creation and annihilation operators can be cou
pled to produce operators that change the number of particles, thereby enor
mously increasing the possibilities for forming the generators of Lie groups. Op
erators that conserve particle number can now be classified by the irreducible 
representations of these groups, and the Wigner-Eckart theorem can be used 
to relate matrix elements in different configurations [35,36]. Secondly, the cre
ation and annihilation operators are ideally suited for representing within a 
configuration the effects of perturbations from other configurations. A good 
example of this in atomic physics is the third-order and fourth-order analyses 
of the two-photon absorption of gadolinium ions in various environments [37]. 
Such applications of the method of second quantization are a striking justifica
tion for its use. As late as 1968, Slater [38], writing in the third person, stated 
that he "read the papers on second quantization when they first came out, and 
decided at that time that they seemed to him like a more complicated method 
of treating matters which could be more easily taken up without their use". It 
is difficult to see how that attitude could be plausibly maintained today. 
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6. Correlation Rules for Diatomic Molecules 

A month after von Neumann and Wigner submitted their third article [9] to the 
Zeitschrift fiir Physik, Wigner and Witmer sent to the same journal an article 
that has had widespread use in molecular spectroscopy [39]. By 1928, the year 
of the submission of these articles, much was already known about the kine
matic structure of simple molecules; indeed, the same issue of the Zeitschrift 
fiir Physik in which articles [9] and [39] were published also contains the last 
of four articles by Hund on molecular spectra [40]. By bringing group theory 
into play, Wigner and Witmer were able to cover all possible descriptions of 
the molecular states that derive from symmetry considerations. The first nine 
sections of their article describe how group theory can be used to deduce the 
selection rules and some relative intensities for the lines making up the rota
tional bands of diatomic molecules. They began by noting that, for a molecule 
built from two different nuclei, the internal symmetry of the molecule com
prises the two-dimensional rotations about the inter-nuclear axis together with 
a reflection in the plane containing this axis. This last symmetry operation 
is sometimes called the Kronig reflection after its originator [41J. If we follow 
current usage and take A to denote the eigenvalue (Lc) of the axial compo
nent of the electrons' orbital angular momentum L (rather than the symbol 
A used by Wigner and Witmer), the Kronig reflection converts a state labeled 
by A to one labeled by -A. When A f. 0, a phase choice has to be made in 
relating a wavefunction to its reflected counterpart. Wigner and Witmer, in 
their equation (la) of [39J, took it to be +1. The spherical harmonic Yk,q, on 
the other hand, goes over into ( -1 )qYk,-q when its usual definition is adopted 
(Edmonds [19]). If the many-electron wavefunctions of the molecule are built 
from superpositions of atomic wavefunctions, it would be more natural to use 
( -1 )L'q, that is, (_I)A instead of + 1. If this choice is made, the factors (-1). 
appearing in equation (7) of Wigner and Witmer [39J disappear. When A = 0, 
corresponding to r; states, no phase ambiguity occurs. Current usage requires 
that we write r;+ or r;- to indicate the behavior of a particular state under 
the Kronig reflection rather than the labels r; and r;' used by Wigner and 
Witmer. We should also note that the rotational angular-momentum quantum 
number I appearing in equations (7) of [39] would be written today as N (if 
the recommendations of the 1963 Joint Commission for Spectroscopy [42J are 
followed, as is often the case). 

The phase difference stemming from the factor ( _1)A is innocuous enough. 
For example, the crucial alternation of the parities of the molecular states as N 
runs over successive values holds whether or not this factor is included. How
ever, a rather more serious difference was produced when Wigner and Witmer 
turned to homonuclear diatomics. Instead of taking an inversion in the mid
point of the internuclear axis as a symmetry operation, they used a reflection 
in the plane passing through this midpoint and perpendicular to the axis. To
day, the intrinsic parity of the states of homonuclear diatomics is universally 
represented by the symbols 9 and u, corresponding to the former of the two 
symmetry operations. Wigner and Witmer, on the other hand, used the sub-
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scripts + and - to distinguish the properties of states under their reflection. 
Since a reflection can be formed from an inversion and a rotation by 71', the 
difference between 9 and +, and also between u and -, is given by the expec
tation value of exp( i 71' L(), that is, by ( _1)11. With these changes, the selection 
rules for electric-dipole radiation, as set out in the second table of Wigner and 
Witmer on p.867 of [39], can be subsumed into 9 t-T u, LlA = 0, ±1 (with ° t-T ° allowed only between two 17+ states or between two 17- states). As for 
the rotational quantum numbers, the allowed transitions satisfy LlN = +1 or 
-1 (for P and R bands) or ° (for Q bands), except for Eg t-T Eu , in which case 
the Q band vanishes. 

In the sections that follow a statement of these selection rules, Wigner and 
Witmer [39] derived the intensity alternations that characterize successive lines 
of homonuclear diatomics, and they extended their analysis to include the ef
fects of electron spin. Depending on the strength of the spin-orbit interaction, 
the analysis breaks up into two parts: for light atoms, for which the spin is 
almost free (corresponding to Hund's case (b) coupling); and for heavy atoms, 
for which it often happens that the spin is strongly coupled to the inter-nuclear 
axis (corresponding to Hund's case (a)). As in the papers written in collab
oration with von Neumann, the spin 5 appears somewhat incongruously as 
1 'in - z. 

Wigner and Witmer next turned their attention to the Aufbau principle: 
that is, a description of how molecular states can be built up from the states 
of the constituent atoms. It is this part of their article that is remembered and 
widely used today. Their method consists in imagining two separated atoms, 
whose states are known, and bringing them together to form the molecule 
of interest. In the limit of close approach, an atom is formed from the two 
coalesced nuclei, and the molecular states go over into the states of the united 
atom. Wigner and Witmer were not the only ones to consider this model: in 
fact, Hund, in the same issue of the Zeitschrift fur Physik, gave correlation 
schemes that represent the coalescing of C + H to give N, C + N (or N+ + N) 
to give AI, C + 0 (and N + N) to give Si, N + 0 to give P, as well as a 
sequence of diagrams relating Li + H, LiH, Be, He2 and He + He [40]. The 
only example given by Wigner and Witmer ([39], pp.884 and 885) treats the 
coalescing of two hydrogen atoms to form He. What makes their analysis more 
profound is their use of labels derived from reflection operations. In addition 
to showing that a state L of the united atom provides L + 1 states for which 
A = 0, ±1, ±2, ... , ±L, Wigner and Witmer demonstrated that the single 17 
state in that sequence is 17+ or 17- according as L + p is an even or an odd 
number, where p is the parity of the atomic state (and which is given by the 
sum of the azimuthal quantum numbers of the constituent electrons). Hund, 
who was aware of the analysis of Wigner and Witmer, wondered whether the 
Kronig reflection would prove useful, believing that most E states, like those 
occuring in the H + H problem studied by Wigner and Witmer, would be of the 
type 17+ ([40] p.780). However, 17- states frequently appear in many-electron 
configurations, the classic example being the ground state 317; of O2 • 
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The states of H2 deriving from five low-lying levels of He are set out on 
p.885 of [39]. In modern notation we would write Et for E+, Et for E_, and 
II u for II +. We note that states of a homonuclear diatomic springing from the 
configuration of the united atom characterized by a parity p (g or u) also carry 
that same parity label. In addition to exemplifying how molecular states can be 
derived from the united atom, Wigner and Witmer gave a table of the possible 
molecular states that certain specified states of the two separated H atoms can 
provide ([39], p.884). The general procedure for determining molecular states 
from the states of separated atoms is sometimes referred to as the second part 
of the Wigner-Witmer rules; it is slightly more intricate to codify than the 
previous part. A number of tables and several examples have been provided by 
Bingel to cover most cases of physical interest [43]. 

7. Conservation Laws 

The act of bringing two atoms together so that their nuclei coincide was also 
used by Wigner to exemplify a conservation law [44], a topic that he was consid
ering early in 1928. Having pointed out that the commutation of displacement 
and rotation operators with the Hamiltonian of a system leads to the conser
vation of the position of the centre of mass and the conservation of the total 
angular momentum of the system, Wigner turned to the inversion operation. 
He stated the corresponding conservation law in the folliwing way: The proba
bility for a state to be labelled 9 or u (8p+ or 8p_ in Wigner's notation) does 
not change with time provided the Hamiltonian commutes with the parity op
eration. To illustrate its significance, Wigner considered bringing an H nucleus 
(a proton) towards an H atom, ultimately forming He+. The pattern of the 
energy levels as the motion takes place had already been considered by Hund 
[45]. The initial state of the system, with respect to its center of mass, has a 
probability of 1/2 of being of type 9 and 1/2 of being of type u; this distribution 
of probabilities must persist as the two nuclei are brought together, with the 
result that the final state of He+ must have an equal probability of being of 
type 8 (the lowest 9 state) or type P (the lowest u state). As Wigner pointed 
out, this example has no classical analogue. 

The question of the conservation of spin was considered a few years later 
by Dopel, Gailer, and Wigner [46]. The motivation for this article was some 
experimental work in which canal rays of neutral helium atoms were found 
capable of exciting part of the triplet spectrum of neutral mercury [47]. Among 
the more prominent lines were those corresponding to transitions between the 
levels 6s6p3p J and 6s7s38 1 • The extreme feebleness of any triplet spectrum of 
helium was interpreted to mean that the helium atoms remained in the singlet 
ground state; so the question arose as to how triplet states of mercury could be 
excited from the singlet ground state without violating the conservation of the 
total spin of the combined system He + Hg. Wigner and his colleagues realized 
that there is substantial spin-orbit coupling in an atom as heavy as mercury, and 
the triplet states contain significant admixtures of singlet states. This can be 
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seen immediately by noting that the energy ratio [Eep2) - Eep 1 )l![Eep1 )

Eepo)], from Dopel and Gailer's own measurements [47], is 2.63. This number 
shows an appreciable deviation from 2.00, which the Lande interval rule predicts 
in the limit of small spin-orbit coupling. Thus 35 and 3p are only nominally 
triplets, and there is nothing to prevent their excitation (either directly or 
through intermediate states) by He-Hg collisions. Gailer subsequently turned 
his attention to lighter atoms, where the interval rule works better; but, here 
again, triplet spectra were observed [48]. As a result of communications from 
Wigner, it was finally realized by Gailer that only a fraction of the helium 
atoms in the canal rays were in their singlet ground state [49]. Many existed in 
the metastable state 182835, which, although undetectable spectroscopically, 
could excite the target atoms from singlet states to higher triplets, thereby 
producing the observed triplet spectra. Thus the experimental arrangement for 
testing the conservation of total spin turned out to ineffective. 

8. Extension to the Thomas-Reiche-Kuhn Sum Rule 

The sum rule usually associated today with the names of Thomas, Reiche, and 
Kuhn [50,51] was of considerable importance in the early days of quantum 
mechanics because it is independent of Planck's constant and has a direct 
correspondence with its classical counterpart. It fell to Wigner to see that it 
could be extended without any loss of generality [52]. That this is possible 
stems from the fact that the sum rule, as usually stated, refers to isotropic 
radiation, whereas equally valid sums can be constructed for the x, y, and z 
directions separately. These are set out in equations (2) of [52]. Wigner used 
them to investigate transitions between states labelled by the total orbital 
angular momentum L of an atomic system comprising n electrons. The selection 
rule i1L = + 1, 0 or -1 leads to the introduction of the three oscillator strengths 
1+1,10 or 1-1 for the transitions originating in a term Q (with a given L) and 
terminating in various terms P (labelled by quantum numbers L + 1, L, and 
L - 1). By the ingenious device of selecting the maximum component ML for 
the term Q, Wigner was able to augment the condition 1+1 + 10 + 1-1 = n 
with another, which is given in his equation (9). With the angular-momentum 
techniques available today, we would probably take an arbitrary ML, in which 
case Wigner's equation (9) would appear as 

1 L+q n )
2 

o ML lq = 3(2L + 1) . (9) 

It is straightforward to check that the above equation is a superposition of 
equations (5) and (9) of Wigner [52], the coefficients of superposition being 
functions of ML. 

Since we have three unknowns and only two equations, general expressions 
for the lq cannot be determined. The information that Wigner was able to 
extract from these expressions is in the form of various inequalities that the lq 
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must satisfy. However, for the special case of n = 1, parity considerations force 
10 to be zero. The concomitant solutions for 1+1 and 1-1 are given in equations 
(10) of [52]. It is for these formulas that Wigner's article is chiefly referred to 
today. Although strictly relevant only for the one-electron case, they are often 
applied to atoms for which the condition n = 1 is interpreted as meaning one 
electron outside closed shells. As Fock pointed out, exchange effects can lead 
to corrections to the oscillator strengths of the order of a few percent [53]; but 
this adjustment is sufficiently small not to cause serious difficulties. Perhaps 
the most striking feature is that 1-1 is negative, implying the existence of 
at least one state lying at lower energies than the term Q. For many-electron 
atoms, such states are often occupied by the electrons in the closed shells, so the 
transitions cannot be directly observed; but the hypothetical intensities of these 
transitions can be very much larger than that of the first allowed transition to 
the lowest excited state of the corresponding type. 

9. Normal Modes 

One of the most remarkable of Wigner's early papers concerns his application 
of group theory to the normal modes of vibration of molecules [54]. Wigner 
showed, first, that there are as many types of normal modes as there are irre
ducible representations of the group G whose operations send the equilibrium 
configuration of the molecule into itself. Secondly, he devised a method for 
finding how many times a given irreducible representation occurs in a com
plete listing of the normal modes. This is done by using characters, the crucial 
equation being (9) of [54]. An atom of the molecule that is displaced from its 
position after an operation of G contributes nothing to the character; one that 
remains in the same position after a (proper) rotation of the molecule through 
an angle <p contributes (1 + 2 cos <p), an expression that is familiar to us today 
and which appears here for the first time. The formula for the number of occur
rences of a given non-degenerate mode ([54], equation (lla)) needs some minor 
corrections, as was noted by Knox and Gold in their English translation [55]. 
As an example of selection rules, the infra-red active modes are determined. For 
us this is an example of the Wigner-Eckart theorem applied to the finite group 
G. The paper ends with a listing of the basic character tables from which those 
for all 32 point groups can be constructed. Much of this article has become 
second nature to us today, and it is easy to overlook its fundamental nature. 
Its significance was not lost on the writers of the time, as is clear from the 
review of Rosenthal and Murphy [56]. 

Wigner used the methane molecule (CH4 ) as an example of his techniques 
[54]. A normal-mode analysis had already been carried out by Dennison, who 
showed that there are just four normal frequencies [57]. The group G consists 
of the 24 elements that rotate and reflect the molecule into itself; it is denoted 
by Td. The characters corresponding to rotations (proper and improper) be
longing to the five classes must be corrected by withdrawing the contributions 
representing rotations and displacements of the molecule as a whole. When 
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the residual characters are expressed as linear combinations of those for the 
irreducible representations, it is found that just four of them are required, one 
of the three-dimensional ones occurring twice. Diagrams of the corresponding 
displacements were provided later by Jahn [58J when he wrote up his Leipzig 
thesis for publication. 

10. Time-Reversal 

In addition to his direct interest in methane, Wigner was influential in the work 
on polyatomic molecules of Tisza, who extended the selection rules to include 
those for the Raman effect and went beyond the 32 point groups to study the 
icosahedral group as well as a variety of cyclic groups [59J. Tisza also consid
ered irreducible representations with complex characters. These occur in pairs 
in the normal-mode analysis, since the characters on which the analysis de
pends are always real. Tisza was aware of Wigner's work on time reversal [60J, 
which had yet to be published; and he recognized that this concept could be 
used to relate one member of such a pair to the other. In general, an eigenfunc
tion 'IjJ of a real Hamiltonian H that is labeled by an irreducible representation 
whose characters are complex numbers possesses a companion 'IjJ* correspond
ing to the same energy E. In the simple Schrodinger picture, the connection 
between time reversal and complex conjugation can be seen by inspecting the 
factor exp( -iEtjli) that describes the time dependence of a wavefunction for a 
stationary state. This is the starting point for Wigner's article [60J. The devel
opment of the theory was revised and cast in a more expansive mathematical 
form in the 1959 edition of his book on group theory [2J. The time-reversal 
operator K of the earlier article is shown to be antiunitary and the concept 
of corepresentations is developed. In reading that earlier work, it is clear that 
much of the motivation stemmed from some work of Kramers on the Faraday 
effect for crystals whose active atoms possess an odd number of electrons [61J. 
Kramers showed that, in the absence of a magnetic field, all the eigenstates of 
such atoms must be at least doubly degenerate. For Wigner, such degeneracy 
could only come from some symmetry property of the Hamiltonian, and this he 
found in its invariance under time reversal. In fact, Kramers came very close to 
making this point himself, since he compared the two Hamiltonians that differ 
only with respect to the directions of the spins of the electrons, and these, of 
course, are related by time reversal. 

In his later discussion of time-reversal symmetry, Wigner remarked that it 
has no far-reaching consequences in the theory of atomic spectra ([2J, p.333). 
An interesting analogue can nevertheless be found. We can define an angular
momentum vector Q, the quasispin, whose components, all of which are scalars 
with respect to S and L, allow us to change the electron number n in steps of 
2. A conjugation operator C analogous to that of Bell [62J can be introduced 
that parallels the time-reversal operator; it is antiunitary and, by reversing 
the sign of Qo, converts electron states into hole states. Matrix elements of 
an operator invariant with respect to C must thus be the same (apart from 
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a possible phase) in the configuration 141+2-n as in In. We can also use C to 
relate the coefficients of fractional parentage for particles to those for holes, 
thereby obtaining a formula of Racah [63] in a direct and transparent way [36]. 

11. Rotating Molecules 

A central problem of molecular spectroscopy is how best to separate the rota
tions of the molecule as a whole from the internal motions of the electrons and 
nuclei that comprise it. The solution proposed by Hirschfelder and Wigner [64] 
is based on a variational principle. The center of mass is taken as the origin 
of the internal coordinates, and the orientation of the molecule is specified by 
the directions of the instantaneous principal axes of inertia. At about the same 
time, Eckart, working directly with the Lagrangian form of the kinetic energy 
and using a similar coordinate scheme, obtained a slightly different form for 
the Hamiltonian [65]. Both solutions possess anomalous coefficients for N;, Ni" 
and N;, the squares of the total angular momenta about the three principal 
axes. In terms of the moments of inertia h the coefficient of NT is more nearly 
equal to 1d2(Ii+l - 1;+2)2 than to the conventional value 1/21;, as Van Vleck 
pointed out [66]. In that same article Van Vleck also performed a detailed 
analysis showing that the interaction between rotation and vibration produced 
terms in the Hamiltonian that were larger than those coming from rotation 
alone, and that, if perturbation calculations were carried through with either 
the Eckart or the Hirschfelder-Wigner Hamiltonians, the anomalous coefficients 
reverted to the conventional forms. 

The difficulty arises because, surprising as it may seem, the directions of the 
instantaneous principal axes of inertia are not the best choice in determining 
the orientation of a molecule. We have some discretion in this matter when the 
Euler angles are being introduced, since we are faced with the problem of defin
ing what we mean by the rotation of a non-rigid body. Van Vleck was aware of 
the difficulties in referring internal motions to the principal axes. He suggested 
a rotating frame defined by the positions of individual particles ([66], p.494), 
evidently inspired by Wigner's approach in atomic spectra [8]. Little came of 
this, though something similar was explored by Hirschfelder and his colleagues 
some years later [67]. The solution that is almost always followed today was 
devised by Eckart [68], who showed that the coupling between vibration and 
rotation could be reduced by a special choice of coordinate axes. When re
ferred to these axes, the so-called vibrational angular momentum of the nuclei 
is minimized; in fact, we can use that condition, together with the approxima
tion that displacements of the nuclei from their equilibrium positions are small, 
to derive what have become known as the Eckart equations. A description of 
the procedure for determining the Eckart axes, as well as a detailed example 
for the water molecule, have been provided by Bunker [69]. From a modern 
perspective, the work of Hirschfelder and Wigner [64] represents an early first 
step in understanding the kinetics of molecules; but a change of direction was 
necessary to get us where we are today. 
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Uber nicht kombinierende Terme in der 
neueren Quantentheorie. Erster Tell 

E.P.Wigner 

Zeitschrift fur Physik 40, 492-500 (1926) 

(Eingegangen am 12. November 1926.) 

Es wird in einem System mit drei Elektronen der Zerfall der 'ferme in melirel'e, 
untereinander nichtkombinierende Gruppen bewiesen. Die Eigenrotation des Elek

trons ist nicht beriicksichtigt. 

1. In einer Arbeit liber )Iehrkorperproblem und Resonanz in der 
Quantenmechanik l ) gibt Heisenberg an, daB wenn n gleichwertige 
Teile in einem System in Wechselwirkung stehen (z. B. die beiden Elek
tronen eines He-Atoms), eine Einteilung der Terme in n! Gruppen in der 
Weise moglich ist, daB ein Atom im Zustand der einen Gruppe auf keine 
Weise in ein Atom im Zustand der anderen Gruppe libergehen kann. Er 
gibt weiter an, daB man aus dies en n! Gruppen eine herauswahlen kann, 
in der sowohl Paulis Verbot der aquiyalenten Bahnen, wie auch die 
Einstein-Bosesche Statistik gilt. 

1m G egensatz zu letzterem kommt D i r ac 2) auf Grund von etwas 
anderen llberlegungen zu dem Resultat, daB man zwei Termsysteme 
unterscheiden kann, von denen das eine dem Paulischen Verbot, das 
andere der Bose-Einsteinschen Statistik geniigt. 

In der vorliegenden Arbeit soIl gezeigt werden, daB die 'rerme tat
sachlich 3) in mehrere Gruppen zerfallen. Diese Gruppen konnen mit
einander nicht interkombinieren und es befinden sich unter ihnen zwei 
Gruppen, die folgende EigenRchaften haben: Beide enthalten etwa den 
l/n!ten 'reil der Terme des ganzen Systems; das eine System genligt dem 
Paul i schen Verbot, die Gewichtsverteilung des anderen ist durch die 
Bose-Einsteinsche Statistik gegeben. Die librigen Systeme sind aUe 
entartet, die Entartung ist aber so, daB sie durch keine Storung, die 
symmetrisch in den einzelnen gleichwertigen Teilchen ist, aufgehoben 
werden kann. 

I) ZS. f. Phys. 88, 411, 1926. 
i) Proc. Roy. Soc. 112, 661, 1926. 
3) He is e n b erg erwiihnt, dall ihm ein Beweis seiner Behauptung bisher 

nicht gelungen ist. 
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Wir betrachten also ein System mit n gleichwertigen Teilchen. 1m 
folgenden schreibe ich immer ti an Stelle des Koordinatentripels Xi' Y t , Zi 
des i ten Teilchens. Es erschien mir zweckma.6ig, zu der Rechnung die 
Schrodingersche Methode zu benutzen. 

Die Ladungsdichte an der Stelle t wird nach Schrodinger durch 
folgenden Ausdruck gegeben: 

(!(t) = ~ fW(l"l,l"!j ... l"j-l.r,l"j+l ... l"n) 
J 

W*(rl ··· rj-lI r, tj+ 1.·. 1"n) drl ··· dri_. ~ drj + 1 ... drll . (1) 

Dabei ist W die Schrodingersche Wellenfunktion 
21til!:kt 

~TI" "" 771" ( ) -h - i- 'Pk 
:t"' = L.J Ck""r k t] ... tn e , 

k 
(2) 

\Vorin Ek die Energie des mit k bezeichneten Zustandes, -qr k die zugehorige 
Eigenfunktion und Ck die AnregungsgroJ3e dieses Zustandes ist. 

Bekanntlich ist die Ubergangswahrscheinlichkeit nach Heisenberg
Schrodinger in erster Naherung proportional dem Quadrat der Summe 
der MatrizengroBen oder, was auf dasselbe herauslauft, der Polarisation 
des Atoms. Will man auch die Quadrupol- und hoheren Momente beriick
sichtigen, so muJ3 man nach Heisen berg symmetrische Funktionen der 
p und q bilden, die die entsprechenden Momente der klassischen Theorie 
reprasentieren. Es scheint mir aber zweckmaJ3iger, als hinreichende Be
dingung dafiir, daB die Ubergangswahrscheinlichkeit zwischen zwei Zu
standen Null ist, die Tatsache anzusehen, daB die Ladungsdichte in jedem 
Punkte des Raumes zeitlich konstant ist, wenn nur diese z\Vei Zustande 
angeregt sind. In diesem Falle ist also 

[ 
21tiElt 

(! (1", t) = ~ f CI WI (rl ··· 1)-1 r, 1"j + I ... 1"n) e-h-
j • 

21tiE2t] [ 21tiElt + C!j W 2 ( ••• rj_1 1", tj+ 1 ... ) e-h- • C1 WI ( ... rj_1 Uj+ I ... ) e--h--

21tiE2t] 

+c,W2 ( ••• 1"j_11"1"j+I ••• )e--h- dr] ... drj_1dtj+I ... drn (3) 

unabhangig von t. Oder, was dasselbe ist, 

~ f WI (rl 1"2·· .1";-1 rtj + 1··· t n) W. (r1··· 1"j-1 Uj + 1··· rn) 
J 

d r1 d 1"2 ... d rj __ 1 d 1"j + ... d 1"n = o. (4) 

2. Der Vollstandigkeit halber behandeln wir zuerst das Zweielek
tronenproblem, obwohl es von Heisenberg und Dirac vollkommen 
erledigt ist und dabei nichtsN eues mehr herauskommt. 
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Haben WIr eine Eigenfunktion 1]f (\"1 \"2)' so konnen wir drei Falle 
unterscheiden: a) Es ist fiir beliebige Wede vOn \"1 und \"~ W (\"1 \"~) 

= W (\"11 1:1); in diesem FaIle sagen wir, die Eigenfunktion ist symmetrisch. 
b) Es ist fiir beliebige Wede von 1:1 und \"2 W (rl T2) = - W (\"2 T1); in 
diesem FaIle sagen wir, die Eigenfunktion ist antisymmetrisch. c) "Veder 
a) noch b) trifft zu. In diesem FaIle ist weder W (\"1 T2) + 1]f (\"2 1:1) 

noch W (rl Til) -"qf (Til r1) identisch Null. Wegen der Symmetrie der po
tentiellen Energie und der Linearitat der Differentialgleichung reprasen
tieren beide Losungen, und zwar zueinander orthogonale Losungell des 

Eigenwertproblems, die zu demselben Eigenwert gehoren, wie der urspriing
liche W. Dieser Eigenwert ist also entartet, man kann jedoch die Entartung, 
wie dies He i sen b erg gezeigt hat, durch eine kleine, symmetrische Storung 
aufheben, wodurch aus dem entarteten Eigenwert zwei einfache, aus der 
entarteten Eigenfunktion zwei unentartete entstehen, die dann natiirlich 
(da sie einfach sind) entweder in die Kategorie a) oder b) gehOren. Wir 
konnen demnach sagen, daB der Fall c) unstabil ist, da er bei einer kleinen 
Storung in a) oder b) iibergeht und legen ihm keine weitere Bedeutung 
bei. Die Zustande mit den Eigenfunktionen der Sorte a) (W) kombinieren 
nicht mit den Zustiinden der Sorte b) (W). Es ist namlicll 

J 1]1 (r rll)"qf (rr2) d r2 + J! (rl 1:) W (Tl T) (1 r1 

- J! (r2 1:) "qf (r2 r) d rll - J ! (r 1:1) 1]1 (1: \"1) d \"1" 

Wenn wir jetzt auf der rechten Seite die Rolle der lntegrationsvariablen 
r1 und rll vertauschen, so sehen wir ullmittelbar, daB der ganze Ausdruck 
verschwindet, also die Bedingung (4) erfiillt ist. 

Wir gehen nun zu dem FaIle von drei Elektronen tiber. Wir 
werden als potelltielle Energien V (rl 1:,1:8) und Storungen nur in 1:1 Til T3 
symmetrische Funktionen zulassen, d. h. solche, in denen sich oer 
Funktionswert nicht andert, wenn wir die Wede der Argumente belie big 
vertauschen. Es ist also fiir beliebige Werte von abc die potelltielle 
Energie 

V(abc) = V(acb) = V(bac) = V(bca) = V(cab) = V(cba). (5) 
Wir gehen in Anlehnung an Heisenberg von einer nungestorten 

Bewegung" aus, in der die potentielle Energie als Summe von Funktionen 
darstellbar ist, die nur von dem einen Koordinatentripel, also entweder 
von tl oder von 1:11 oder von t3 abhangen, also wegen (5) 

Vo (1:1 r, ts) = v (r1) + v (r2) + v (r3)· 

Die Gleichung fUr die ungestode E~genfunktion 

LI"qf (1:1 rll 1:8) + k2 (E - Vo (1:11:2 1:a»)"qf (rl rll 1:8) = 0 (6) 
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wird also gelost durch 

qrijk (rl r2 ra) = 1/1i (r t ) 1/1j (r2) 1/1k (ra), E ijk = ei + ej + ek, (7) 

worin fur 1/1 und e die Losungen der Gleichung 

L11/1 (r) + k2 [e - v (r)] 1/1 (r) = 0 (8) 

gesetzt sind. Wir nehmen an, daJ3 die Losungen von (8) nicht ent
artet sind. 

Es wird sich folgendes zeigen: Wenn i = j = k, also aIle Elek
tronen auf derselben Bahn sind, so ist der Eigenwert einfach, kann also 
nicht aufspalten; ist i = j =1= le, so ist er dreifach und spaltet in einen 
einfachen und einen doppelten Eigenwert auf; ist i =1= j =1= k, so ist er 
[wie Formel (9) zeigt] sechsfach und gibt zwei entartete und zwei un

entartete Terme. Der eine hiervon bildet mit den unentarteten der vorigen 
beiden FiIlle eine Gruppe (die Bose-Einsteinsche), der andere un
entartete bildet eine Gruppe fur sich (die Paulische), wahrend die ent
arteten die dritte Gruppe bilden. 

3. Wir betrachten zunachst den Fall i =1= j =1= k. Wie zu sehen, 
ist jeder Eigenwert sechsfach, da die sechs orthogonalen Eigenfunktionen 

~~~W~~ ~~~~~~ ~~~~~~t ~ 
~~~W~~ ~~~~~~ ~~~~~~I 

dazu gebtlren. Wir behandeln dieses System nach dem Vorgang von 
Schrodinger I) und setzen der Einfachbeit halber i = 1, j = 2, k = 3. 
Die Sttlrungsfunktion, die also auch in r1 r2 ra symmetrisch sein muB, be
zeichnen wir mit V' (rl r2 ra). 

Eine gestorte Eigenfunktion ist, wenn die Storung klein ist, eine 
lineare Kombination 2) derjenigen ungestorten, aus denen sie hervor
gegangen ist. In unserem FaIle der lP'ijk in (9) 

b12 81/11 (rt ) 1/12 (r,) 1/1s (rs) + blu 1/11 (rl) 1/18 (rs) W, (ra) I 
+ b218 1/1, (rl) 1/11 (r2) 1/13 (ra) + bul 1/1, (r1) 1/1s (rs) 1/11 (ra) 

+ b81 ,1/1. (rl) 1/11 (rs) 1/1, (ra) + bsn 1/1s (r1) 1/12 (1"2) 1/1) (ra)· 

Die Gleichung fiir die Energiesti:irung L1 E ist sechsten Grades, 

1 2 3-.1 E 2 1 3 2 3 1 3 2 1 3 1 2 1 3 2 
2 1 3 1 2 3-.1 E 1 3 2 3 1 :l 32 1 2 3 1 
3 1 2 1 3 2 1 2 3-.1 E 2 1 3 2 3 1 3 2 1 
3 2 1 2 3 1 2 1 3 1 2 3-.1 E 1 3 2 3 1 2 = 0, 

2 3 1 3 2 1 3 1 2 1 3 2 1 2 3-.1 E 2 1 3 
1 3 2 3 1 2 3 2 1 2 3 1 2 1 3 1 2 3-.1 E 

bus 

1) Ann. d. Phys. 80, 437, 1926. 
2) 1. c. S. 453. 

(10) 

(11) 
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worm 

1 m n = S V'(o be) tPI (0) tPs (b) tPs (c) tPl (0) tP"l (b) tPn (c) £10 db d c. 

Sie ist die Bedingung flir die Losbarkeit der sechs linearen homogenen 
Gleichungen flir die bl 9 s usw. Die b - s sind unter die entsprechenden 
Rolonnen eingetragen. (Es ist 2 3 1 = 3 1 2.) 

Gleichung (11) hat zwei einfache und zwei doppelte 1) Wurzeln. 

L1 El = 1 23 + 1 32 + 2 3 1 + 2 1 3 + 3 1 2 + 3 2 1, 
L1 E2 = 1 2 3 - 1 3:2 + 2 3 1 - 2 1 3 + 3 1 2 - 32 1, 

L1 Es = L1 E, = 1 :2 3 + 2 3 1 

+ \'1 3 22 + 3 2 12 + :2 1 32 - 2 l 3. 1 3 :2 - 3 2 1 . 1 3 2 - 3 2 1.2 1 3, (12) 

L1 Er, = L1 E6 = 1 2 3 + 2 3 1 

- VI 3 22 + 32 12 + 2 1 32 - 2 1 3. 1 32 - 3 2 1.1 3 2 - 3 2 1.2 1 3. 

4. Die zu diesen gestorten Eigenwerten gehorenden Eigenfunktionen 
haben gewisse Transformationseigenschaften, die wir nun herleiten wollen. 

Einfache Eigenwerte: 

Wenn yrlllS(r1 \'2\'S) eine Losung ist, so ist auch yrijdrlrSl'S) = yrl 28 (rt rj rk), wo (ij k) eine Permutation von (1 2 3) ist, eine Losung. 
Da der Eigenwert einfach ist und also keine Entartung vorliegt, so ist 
es von vornherein klar, daB diese Funktionen bis auf einen konstantell 

Faktor, der wegen der Normierung nur + 1 oder - 1 sein kann, 
identisch sind. Und zwar sind entweder aIle einander gleich, oder aUe 
gehen durch jede Transposition der Argumente in den negativen Wert 
fiber. Die weiteren FaIle, daJ3 eine Transposition den Wert ungeandert 
laJ3t, wahrend eine andere das Vorzeichen wechselt, flihren, wie leicht zu 
sehen, zu einem Widerspruch, z. B. 

yr (rl \'2 rs) = + yr (rl fa r l ) = -"lJ! (ra r1 \'1) = - 'lJ! (ra rl r1) 

= + 'lJ! (\'2 \'a I,) = yr (r2 II Is) = - yr (rl f2 ra)' 

Die Eigenfunktionen dieser beiden Typen nennen wir mit Dirac 2) sym
metrische bzw. antisymmetrische Eigenfunktionen. 

Doppelte Eigen werte: 

Ich greife zwei linear unabhangige yr heraus und unterscheide zwei 
Fiille. a) Bei der Vertauschung des ersten mit dem letzten Argument 

1) Man findet sic, indem man aus der Determinante (11) die zwei trivialen 
Losungen .d El und dEl durch zweckmiUlige Addition von Zeilen und Spalten 
abspaltet. 

~ I. c. 
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bleiben entweder beide Funktionswerte ungeandert oder beide wechseln 

das Vorzeichen. Dann hat jede Eigenfunktioll diese Eigenschaft. b) Die 
eine der beiden (Yl'1) bleibt durch die angegebene Operation ungeandert, 
die andere (Yl' 9) wechselt ihr V orzeichen. Den Fall, daB wenigstens eine 
Eigenfunktion (Yl") bei dieser Vertauschung auch ihren absoluten Betrag 
andert, kann man auf b) zuriickfiihren, indem man andere Eigenfunktionen 
herausgreift : 

Yl'1 (\'1 Is Is) = Yl" (\'1 \'2 Is) + Yl" (Is \'2 II)' 

Yl's (II Is fs) = Yl" (rl fS rs) - Yl" (fs 12 II)' 

Yl'1 ist orthogonal zu Yl's' Ich leite hier nur fiir b) die Tl'snsformations
eigenschaften ab, 

Zunachst konnen wir nach Schema (9) vier weitere Losungen 
angeben: 

Yl'a (r1 1'2 \'a) == Yl'1 (I. II ra) = 'qJ'1 (\'S r1 \'2)' 1 
Yl', (r] \'9 In) == Yl'1 (fl f8 fS) = Yl'1 (fg fS f1), J 
Yl'b (II \'. \'s) == 'qJ'2 (\'s fl \'S) = - Yl's (fa fl \'2)' 
Yl'u (\'1 \'s f3) == Yi'2 (I] fS \'2) = - Yi'2 (fg Is f1), 

(13) 

Da wir es abel' mit einem nur doppelten Eigenwert zu tun haben, 

mussen die Yi's' W" Yi'., Yi'6 linear von den Yi'1 (\'1 \'2 fS) und W2 (fl 1's f3) 
abhiingen. Wir setzen also an: 

W, (II f~ f3) = WI (II 13 f2) = As WI (fl \'2 f8) + V 2 Yl'2 (rl fl Is), (14) 
Yi's (fl \'21'S) = Yi'1 (f2. 1'1 \'S) = Al Yl'1 (fl 1'2 1'3) + v] W2 (r1 1'1 1'a),} 

Yi's (rl r2 13) = Yi'2 (r2 f1 fa) = As WI (r1 f2 fa) + Va W2 (\'1 r2 fa), 

W6 (fl f2 \'a) = W2 (fl fs f2) = A, WI (fl fS fS) + V, W2 (\'1 \'2 \'s)' 

Dicse Gleichungen geben also an, wie sich Yi'1 und Yi's transformiert, 
wenn man die Werte der ersten bzw, letzten beiden Variablen vel'tauscht, 

Durch mehrfache Anwendung der angeschriebenen Regeln, sowie 
der Symmetrieeigenschaft von Yi'1 und Yi'2 in der ersten zur letzten 
Variable, lassen sich die A und 11 bestimmen, Wir erhalten dann 
folgende Gleichungen: 

1 VS 
WI (r] fS f2) = Yi'1 (f2 fS f1) = - 2 Yi'1 (f1 12 IS) + 2"" W2 (f1 fS fS)' 

WI (\'2 fl f3) = WI (f3 f1 f2) = - ! WI (fl f2 fS) + V23 W2 (\'1 f2 \'3)' 

,Is 1 
Yi'2 (r1 \'s 1'2) = - Yl'2 (\'2 rs f1) = + 2 W] (\'1 \'s fs) + 2 WS(ri \'s \'8)' 

(14a) 
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wo entweder III allen Gleichungen das obere oder in allen das untere 
Vorzeichen gilt. 

5. Wir wenden uns nun zuriick zu 3. Zunachst sehen wir durch 

direlde Bereehnung der Beziehungen zwischen den bl IA S' bl 39' b21 S usw., 
daB tatsachlich bei den doppelten Eigenwerten der im Punkt 4 mit b) 
bezeiehnete Fall vorliegt. Wollen wir direkt die dort gewahlten 'P'1 

und 'P's erhalten, so ergibt sich fUr 

'P'1 b~2:J = bJ21, bIs2 = bJI2, bJ31 = bJI2' bI23 + bIs2 + bJ31 = 0, 

~J' 9 1/3" b~ 23 = bI3 2 - bJ 1 3, V'S b: 32 = bI2 3 - bJ 1 3, 

'
1-3 1.2 - b1 b1 b2 - b2 b2 - b2 

u2 1 3 - 1 3 2 - 1 23, 1 2 3 - - 32 1, 1 3 2 - - 3 1 2, 

b~31 = - bNI2' 

die zusammen mit einer der Gleichungen, deren Determinante in (11) 

steM, die bI2 3, bf 3 2, •• ' und b~ 23, b: 32, •• , eindeutig bestimmen. 
Bringen wir nun noeh eine weitere in 1'1 r2 r3 symmetrische Storung 

V" (1'1 1'2 ra) an, so zeigt es sich, daB die Entartung dieser Zustande nicht 
mehr aufgehoben wird. Wir bezeichnen im folgenden die symmetrisehen 
Eigenfnuktionen mit 'P', die antisymmetrischen mit 'P', die entarteten 

behalten die Bezeichllung 'P'1 nnd 'P'2 bei. Fiir die Erhaltung der Ent
artung ist nach Schrodinger zunachst notwelldig, daB die Funktional
determinante, als Gleichung fiir L1 E aufgefaBt, 

J V" (1'1 r,ra) 'P'I (1'1 1'2 1'8)2 d 1'1 d 1'2 d 1'3 - L1 E, J V" 'P' 1 ~J' 2' 
= 0 (l5) J V""P'1 "P'2' J V""P'; - L1 E, 

doppelte Wurzeln habe. Nun ist wegen (14a) und (5) 

und 

A = J V" (rl rs 1'8) 'P'l (1'1 1'2 r8) 'P'2 (1'1 r2 1'8) dr1 dr, drs 

= - J V" (1'8 1'2 1'1) 'P'l (ra 1'2 1'1) 'P' 2 (1'8 1', t1) d 1'1 d 1'2 clr8 

J V" (rl \', ra) 'P'~ (\'1 r9 r8) elr1 dr,ldra 

= J V" (rt r1 ra) [ - i 'P'l (t, 1'1 ra) + ~3 'P',(r2 1'1 ra)J drl drIA dr8 

= i J V" (1', 1'1 r8) 'P'l (t2 1'1 ra) dr1 dttdrS 

+ ~ J V" (r, 1'1 rs) 'P', (r, 1'1 ra)2 dr1 dr2 dra + ~3 A. 

Nun konnen wir die Rolle der Integrationsvariablen r1 und 1'8 bzw. r2 
vertauschen und erhalten 

A = J V" 'P'1 YJ'2 = 0, J V" 'P'~ = J V" 'P':. (16) 

Gleichung (15) hat also die doppelte Wurzel L1 E = J V" 'P': d 1'1 d 1'2 d ra' 
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AuDer diesen Gleichungen (16), deren erste sich gemii.13 ihrer 
Ableitung nicht nur auf zwei, aus derselben ungestorten Eigenfunktion 
entstandene yrl und yr, beziehen, sondern fUr ein beliebiges Paar yrl' yrl 
giiltig sind, brauchen wir noch folgende, die sich ganz analog herleiten 
lassen: 

J V"yrl yrdr1 dr2 drs = J V"yr1 yrdr1 dr2 drs = o,} 
J V"yr2yrdr1 dr2 drs = J V"'yr2yrdr1 dr2 drs = 0, 

J V" yr yr d r1 d r2 d r3 = 0. 

(16a) 

Diese Gleichungen (16) und (16 a) driicken die Tatsache aus, daB 
das Integral fiber das Produkt einer beliebigen symmetrischen Storungs
funktion mit zwei yr - s verschiedener Gattung immer verschwindet. 
Dies~ Integrale sind aber nach Schrodinger nichts anderes als die Ent
wicklungskoeffizienten einer gestorten Eigenfunktion der einen Gattung 
nach den ungestorten Eigenfunktionen einer anderen Gattung. A.us dem 
Verschwinden dieser Koeffizienten ergibt sich, daB fUr yrl und yr, die 
Gleichungen (14 a) auch bei einer endlichen Storung richtig sind und 
auch yr und yr bei einer s'olchen ihre Symmetrie- bzw. Antisymmetrie
eigenschaft beibehalt. 

Um den Zerfall des Termsystems in der in 2. angedeuteten Weise 
zu beweisen, mUssen wir noch das Verschwindell des Ausdrucks (4) ais 
Foige der Transformationseigenschaften der yr, yr, yrI' yr 2 nachweisen. Es 
ergibt sich tatsachlich z. B. 

J yr (r r9 rs) yr (r r2 rs) d rl d ts + J yr (r1 r rs) yr (r1 r l's) d 1'1 d 1'3 

+ J yr (r1 1'2 r) yr (rl r2 r) dr} drs = - J yr (r r3 t 2) yr (r r3 r2) dt'2 eZrs 

- J qr (t r r ) qr (t· r r ) d r d r - r yr (r t r) yr (r r r) d r d r - ° _ 3 1 S 1 1. 3 J _ 2 1 • 9 1 1 2 - • 

und iihnlich die anderen. 

(j. Wenn wir von einem Zustand ausgegangen waren, der alIe drei 
Elektronen in demselben Zustand enthalt, so hatten wir als ungestorte 
Eigenfunktion 'lfJi (r)) 'lfJi (r2) 'lfJi (rs), als gestorte nur ein symmetrisches yr 
erhalten. 

Wenn nur zwei Teilchen auf derselben Bahn, das dritte dagegen 
auf einer anderen Bahn war, wenn also i = j =1= k, so ergibt sich eine 
symmetrische und eine entartete Eigenfunktion. Wir erhalten also mit 
Heisenberg das System der antisymmetrischen Eigenfunktion als das 
einzige, in dem das Paulische Verbot gilt. 
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~.\.us diesel' Aufzlthlung ersehen wir auch, daLl allen Zusta.nden, die 
mit del' Angabe del' Zellen bestimmt sind, in denen ein Elektron vor
handen ist, nul' eine und immer eine symmetrische Eigenfunktion zu
geordnet werden kann. Wenn wir allen symmetrischen Eigenfunktionen 
das gleiche statistische Gewicht beilegen, so haben wir, wie dies schon 
Dirac bemerkt hat, den Fall del' Bose-Einsteinschen Statistik 

VOl' uns. 
In einer zweiten Mitteilung hoffe ich die gleiche Aufgabe fiir 

mehrere Elektronen zu losen. 

Bel' Ii n, Institut fiir theoretische Physik del' Technischen Hochschule. 



Uber nicht kombinierende Terme in der 
neueren Quantentheorie. Zweiter Teil 

E.P. Wigner 

Zeitschrift fur Physik -10, 883-892 (1927) 

(Eingegangen am 26. November 1926.) 

Es wird der Termzerfall bei dem Mehrelektronenproblem behandelt. Die Eigen
rotation des Elektrons bleibt unberUcksichtigt. 

1. Im ersten Teil konnte man drei verschiedene Arten von Eigen
funktionen (symmetrische, antisymmetrische und entartete) unterscheiden, 
die in der Heisenberg-Schrodingerschen Theorie einem System mit 
drei absolut g1eichen Teilehen zugeordnet waren. Die Rechnung war 
ziemlich umstiilldlich, sie erforderte z. B. die Losung einer (reduziblen) 
Gleichung seehsten Grades und dergleichen. Es ist ldar, daB man diese 
elementaren l[ethoden schon bei vier Elektronen kaum anwenden kann, 
da die rechnerischen Sch wierigkeiten zu groB werden. Es existicrt aber 
eine wohl ausgebildete mathematische Theorie, die man hier verwenden 
kann: die Theorie der mit der symmetrischen Gruppe (der Gruppe der 
Permutationen) isomorphen Transformationsgruppen, die am Ende des 
vorigen ~Jahrhllnderts von Frobenius 1) begriindet llnd spater unter 
anderem "on W. Burnside 2) und .T. Schur3) ausgebildet worden ist. Auf 
diese Arbeiten hat mich Herr J. von Neumann freundlichst hingewiesen, 
der mir auch, als ieh ihm das Resultat der Rechnung fiir n = S mit
teilte, das allgemeine Resultat richtig voraussagte. 

Da die erwahnte Theorie wohl nicht allgemein bekannt sein diirfte, 
werde ich im nachsten Abschnitt (2) die Resultate mitteilen und erst 
weiter unten einen Be,veis erbringen, dessen Gedankengang sieh an die 
Rechnungen im 1. Teil anschlieBen wird, nur daLl die erwahnte Theorie 
hier weitgehend verwendet wird. 

2. Liegt ein System mit n Elektronen vor, so schreibe man die 
Zahl n in Form einer s01chen Summe auf, bei der jeder Summand groBer 

1) Berl. Ber. 1896, S.985, 1343; 1897, S.994; 1899, S.482. 
2) Acta mathematica 28, 369, 1904. Proc. London Math. Soc. (2) 1, 117, 1904. 
3) Berl. Ber. 1905, S.406; 1908, S.664 (diese beiden Veroffentliehungen 

entbalten alles, was wir brauchen). 



44 Applied Group Theory 1926-1935 

884 E. Wigner, 

oder gleich dem vorangehenden ist. J eder solchen Zerlegung ist daun 
ein Terrnsystem zugeordnet. Die Anzahl der moglichen Zerlegungen, die 
zugleich die Anzahl der untereinander nicht kombinierenden Termsysteme 
angibt, bezeichnet man als n partitio numerorum" yon n. Es sind z. B. 

flir n = 2 die Zerlegungen: 1 + 1, 2, moglich, flir n = 3 haben wir 

drei: ] + 1 + 1, 1 + 2,3, flir n = 4: 1 + 1 + 1 + 1, 1 + 1 + 2, 
1 + 3, 2 + 2,4. Nach dem letzten Beispiel ist die partitio numerorum flir 
n = 4 gleich 5, also existieren bei dem Vierelektronenproblem 5 unter
einander nicht kombinierende Terrnsysteme. 

Die Anzahl der linear unabhiLngigen Losungen, die zu einem Term 
gehoren (der Grad der Entartung), ist flir alle Terme des Termsystems 
dieselbe. Um sie zu bestimmen, geht man von jener Zerlegung von n in 
Summanden aus, welcher das Termsystem zugeordnet ist. 1st diese 

).1 + A2 + ... + Ai, so ist der Term 

N - n! II (). -).. + 7 - .) (1) 
.L J. 1 i.2 •.. J.t - 1 1 1 + 1) 1 (1 + . _ 1) 1 I 'J . J 

1\.1·~1\.2 .... I\.i ~ ·j<l 

fach entartet. Flir N gilt die Rekursionsformel 

Ni.1 J.2 ••• li = NJ.1-1i.2 ••• J.t + NJ.1 i.2-1. .. li + ... + Ni.1A2 ... At-I· (2) 

Dabei sind alle N gleich Null zu setzen, bei denen in den A eine ab

steigende Folge da ist jist ).1 = 0, so ist einfach Ni.2 l3 ••• Ai zu schreiben j 
N] = 1. Es ist also z. B. bei dem Term der zu der-Zerlegung 2 + 2 gehort, 

N22 = N]2 + N21 , N21 = 0, 

N12 = N02 + Nu ' NOfI = N I , N2 = Nl = 1, 

Nll = NOl + N10 , N]O = 0, NOl = Nl = 1, 

also ist Nu = 2. Ebenso ist 

NUll = 1, N, = 1, N13 = 3, .Nlls = 3. 

In einem System mit n gleichen Massenpunkten, zwischen denen 
zuniLchst keine Wechselwirkungsenergie da ist, ist jeder Eigenwert (sofern 
der betreffende Zustand keine il.quivalenten Babnen enthiLlt) n! fach ent
artet. LiL13t man eine Wechselwirkung entstehen, so spaltet jeder Eigen
wert in mebrere Werte auf. Von diesen gehBren so viele einem Term

system ).1).2 ••• ).i an, als das .NA1A2 ••• Ai dieser Gruppe betragt [Ni.l i.2 ••• It 
gibt gemiLJ3 (1) zugleich auch den Grad der Entartung des betreffenden 
Termsystems an]. Also entsteht auf diese Weise bei n =·4 ein ein

facher (N11ll = 1), 3 dreifach entartete (Nlll = 3), noch 3 dreifach 
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entartete (N13 = 3), 2 zweifach entartete (Nu = 2), noch ein einfacher 
(N, = 1) Term. 

Wenn wir bedenken, daB ein N}.l}.2 ••• "t fach entarteter Term eigent-
lich N" }. fach zu zahlen ist, so erhalten wir fUr die so gezil.hlte "I "2··· i. 

Anzahl der Terme, die aus einem ungestBrten Term entstanden sind, 

~ (Ni1 }.2 ••• }.i)~ = n! (3) 
II .. . li 

wenn n = 4, z. B. 

Ni 111 + Ni 12 + Nis + N: 9 + Ni = 1 + ~ + 9 + 4 + 1 = 24 = 4! 
wie es ja auch sein mua. 

Die Terme, die verschiedenen Zerlegungen von n entsprechen, 
kombinieren nicht miteinander, dagegen werden Kombinationen zwischen 
verschiedenen Termen, die zu derselben Zerlegung von n in Summand en 
gehoren, im allgemeinen vorkommen. 

3. Zum Verstaudnis des folgenden ist die Kenntnis der Grundlagen 
der Frobenius-Schurschen Theorie notwendig. 

Wir gehen wieder, wie im 1. Teil, von einer "ungestBrten Bewegung" 
aus, die keine aquivalenten Bahnen enthalt, und bringen eine kleine 

Storung an. Die 1/1 (r) sind die Losungen der Gleichung (8) im 1. Teil, 
zur Abkiirzung sei die Bezeichnung 

(4) 

eingefiihrt, wobei R die Permutation 1X1IXS ••• IXn ist. 

Die gestorten iJ! sind lineare Kombinationen der !P R (rl ". rn), und 
zwar sei 

Hh_l 

~ b~!PR = iJ!k, 
R=E 

(5) 

wo die Summation iiber alle Permutationen, also iiber aUe Elemente der 
symmetrischen Gruppe (E, HI' H'J, ... Hh -1; es ist h = n!) zu erstrecken 
ist· (E ist die identische Permutation 12 ... n). Den Index k wahlen 
wir zur Ullterscheidung der verschiedenen 'lJf, da ja, wie wir aus dem 
Fall von drei Elektronen wissen, mehrere entstehen werden. Fiir das 
Produkt zweier Permutationen R und S schreiben wir einfach R S. 

Wir bezeichnen weiter mit j das Integral 

JR = J V'(rl ••· rn)!PE(tl •·· tn)!PR(tl ··· rn)drJ ••• dr"" (6) 

worin V' die zusatzliche potentielle Energie, die von der StIJrung her
riihrt, d r l ... d tn die Integration tiber aUe Koordinaten andeutet. 
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Die Gleichung fiir die Energiestorung dEist n! = h ten Grades. 

I JE - dE J Hl J H2 J H3 

JH}1 JE-dE JH2HI1 '{H3 HII 

JHi l JH1Hsi JE-dE J Ha Jti I 

... J Hh -1 

... JHh_1Hll 

... JHh _ 1H;;1 

JHh~1 JH1Hh~1 JH2Hh~1 .JH3Hh~I"· JE-dE 

I 

=0. (7) 

Es ist hierin zu beachten, daB J R = JR -11 ist, wie man durch Vertauschung 
der Integrationsvariablen in (6) ohne weiteres sieht, daB also die Deter

minante (7) symmetrisch ist, und demgemaB lauter reelle Losungen hat. 
Nun betrachten wir eine k-dimensionale irreduzible Darstellung der 

symmetrischen Gruppe. !hr, der Permutation R entsprechendes Element, 
bezeichnen wir mit 

( 
a~1 a~2' .. a~k) 
a.:l .. a~2. ':'. a~k 
afl af2'" afk 

(8) 

Es ist a~ = ~ii; (a~) 
Gleichung 

ist die Einheitsmatrix. Wir bilden folgende 

~a~IJR-dE ~a~2JR J .. ~a~kJR 
R R R 

~a:l.JR ~a:2·JR-dE ... ~a:kJR 
R, R; ... , .... ,. R; 

~~:IJR ~l:2JR .. . ··~·~:kJR -dE 

=0. (9) 

R R R 

Gleichung (9) ist nichts anderes als die Gruppenmatrix un serer irredu
ziblen Darstellungmit den Variablen JE - dE, J H1, JH2 ... J Hh _ 1 und ist 
also 1) eine irreduzible Gleichung, z. B. fiir J E - dE, also auch fiir dE. 

Insbesondere hat sie also keine doppelten W urzeln. 

Eine ihrer Wurzeln sei dEl' Dann bilden wir folgendes Gleichungs
system fiir die b~, als Unbekannte: 

~ ~a~iJRb~-dElb';: = 0 (x = 12 ... k) 
i R 

(10) 

Da seine Determinante verschwindet, hat es eine Losung und wir be
bestimmen die hi. Wir setzen nun 

(11) 

I) J. S ch ur, Ber!. Ber. 413, 1905. Bei uns ist zwar J R = J R-"'f"";{, doch 
ist dies, wie man leicht einsieht belanglos. 
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\Vir wollen nun beweisen, daD die so bestimmten b~ die Gleichungen, 
die der Determinante (7) zugrunde liegen, befriedigen, und zwar fUr 
L1 li = L1 li1' Es ist namlich 

~" " ~ "J " L.J bRJRs- t -U::;L1li] = L.J bR SR-I-bsLlli l 
R R 
~ S-lSR-I j ~ S-1 I = L.J a"j bEJSR- I - L.J axz bELl li1 
Rj I 

~ 8-1 (SR-I j ') = L.J a"z a'j bE JSR- I - bE L1 E1 = 0 
Rjl 

Also befriedigen die in (11) definierten u~ im Verein mit dem LI Ii 

von (9) die Gleichungen. Wenn wir in (11) fUr X der Reihe naeh 
1, 2 ... k setzen, so haben wir k Losungen, die alle zu demselben L1 Ii 
gehoren. reh behaupte nun, die k Funktionen 

~ b~YR (x = 1,2 ... k) (12) 
R 

sind linear unabhangig. Denn soUten unter ihnen die Gleiehungen 
k 

~u,,~b~YR = 0 
x=1 R 

identisch in den Y bestehen, so konnte ieh unsere Darstellung in eine 
aquivalente Uberfiibren, in der aber in der ersten Zeile jeder Matrix: nur 
das erste Element von Null versehieden ist. Mithin ware unsere Dar
stellung reduzibel. Die Reehnung, da sie ziemlieh weitlaufig ist, sei bier 
ubergangen. 

[Die Transformationsmatrix ist 

a l all as··· ak I 
o 1 0 ... 0 I 
o 0 1 ... 0 ihre reziproke 

: .................. ! ~ ......... . 
...... 

............... : 
() ... "1 o o ... 1 

aIle bi werden zu Null, die ubrigen b~ andern sich nieht. .A.hnlich ver
fabren wir, wenn mehrere Gleiehungen der Art (12) bestehen.] 

Nun konnen wir leicht sehen, daJ3 die zu einer k-dimensionalen 
irreduziblen DarsteIlung gehOrende L1 Ii eine k - fache Wurzel der 
Gleichung (7) ist. Da namlich das zu (7) gehOrende Gleichungssystem 
bei diesem L1 Ii 1. linear unabhangige Losungssysteme hat (die b~ fUr 
j = I, 2 ... k), mussen aIle h - k-reihigen Minoren versehwinden, ins
besondere auch die Hauptminoren. Die Summe der h - Z - reihigen Haupt
minoren gibt aber den l-ten Differentialquotienten des Ausdrueks (7) 
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nach L1 E an. Da diese, wenn l < k, verschwindet, ist unser L1 E tut
sachlich eine I."-fache Wurzel. 

Zu ieder k-dimensionalen irreduziblen Darstellung gehort also durch (8) 

eine k-fache Wurzel. Andererseits sind die Gleichungeu (9) lauter irredu

zible algebraische Gleichungen 1) und fUr nicht aquivalente Darstellungen 

verschieden 2), so daB wir wirklich durch jede neue Darstellung neue 

\Vurzeln del' Gleichung (7) bekommen. 1m ganzen bekommen wir auf 

diese Weise, wie aus der 'fheorie der Darstellungen ohne weiteres hervor

geht, eben h. Da Gleichung (7) nul' It-ten Grades ist, haben wir eben 

aIle \V urzeln. 

Aus den Satzen tiber die irreduziblen Darstellungen einer sym

metrischen Gruppe geht nun ohne weiteres hen'or, daLl wir in erster 

N a her u n g eben diejenigen Termsysteme erhalten, die im Abschnitt 2 

angegeben sind. 

In der Tat stellen die dort angegebenen 'fermsysteme niehts anderes 

dar, als die Resultate der 'fheorie del' irreduziblen Darstellungen del' 

symmetrischen Gruppe 3), soweit sie sich auf die Anzahl derselben be

ziehen. lch brauche sie deshalb hier nicht zu wiederholen. 

4. Unser nachster Schritt, um zu zeigen, daB hieran sich auch bei 
einer endlichen Starung nichts andert, ist nun, wie im 1. Teil, die Angabe, 

wie sich die Eigenfunktionen hansformieren, wenn wir eine Permutation 

del' Argumente (der r) vornehmen. Zu diesem Zwecke schreiben Wlr 

zunachst folgende Formel hin: 

( 13) 

Daraus folgt, da [siehe (4), (5); S ist die Permutation {31 {32 ... {3nl 

) 
(14) 

1) J. Schur, I. c. 1905, S.413. 
2) S.409. 
3) Ber!. Bel'. 1908, S. 665, 666. 
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Dies Resultat besagt, daB, wenn wir eine Permutation del' Argumente 
an einem 1]1 vornehmen, die so entstandene Funktion sich als lineares 
Aggregat del' ,. linear unabhangigen 1]1 darstellen la6t, und zwar sind 
die Koeffizienten Elemente derjenigen Matrix der irreduziblen Darstellung 
die zu del' lletreffenden Permutation gehOrt. 

Dies ist nun in keiner Weise verwunderlieh. Wenn 1]1" (rl ... l'n) 
eine Losung un seres Eigenwertproblems ist, so ist aueh 1]1" (r~l ... 1'~n) 
eine Losung, da abel' nul' die Losungen 1]11 (1'1 ..• 1'11)' 1]1, (\'1 •.. rll) ". 
1]1 k (1'1 ... 1'n) voneinander linear unabhangig sind, lassen sieh aIle anderen 
I,osungen z. B. 1]1" (r~l ... 1'~II) dureh diese ausdriicken, Aueh sieht man 
leicht ein, da6 die Koeffizienten eine Darstellung der Permutationsgruppe 
bilden mUssen. Wenn wir namlich naeheinander zwei Permutationen R 
und S del' A.rgumente vornehmen, so erhalten wir bei leieht verstand
licher Bezeichnung [es ist F (S) diejenige Funktion, die aus del' Funktion 
F (E) = F (Xl X2 " , XII) durch die Permutation S der Argumente 

hervorgeht: F (S) = F (Xfll' Xfl2' . , , X~II)] 

1]Iy' (R) = ~ (t~11]l1 (E) t 
. "'VR "'VR~~ J 

1]1" (R S) = .LJ a"l y.rl (S) = .LJ a"l ~ alj 1]Ij (E) 

andel'erseits ist 
I I j 

1]1" (R S) = ~ a~/ 1]Ij (E), 
j 

woraus wegen der linear'en Unabhallgigkeit del' ip'j(E) 
RS "'V R S 

a"i = .LJ a" I alj 
I 

(15) 

(l5a) 

(15 b) 

hervorgeht, was eben die 'l'atsache ausdriickt, daLl, wenn R S = U, 80 

folgt (rifJ· (aft) = (ai~.). 
DaB die hier vorIwmmenden Darstellungen irreduzibel sind, geht 

daraus hervor, daB del' Eigenwert., wenn die in (14) vorkommenden 
Koeffiziellten einer reduziblen DarsteHung angehoren wiirden, bei einer 
weiteren Storung im allgemeinen aufspalten wiirde, wahrend dies hier, 
wie wir sehen werden, nie der Fall sein wird, 

Die in (14) ausgedl'iiekte Substitutionsformel ist also in gewissem 
Sinne trivial und wir hatten aueh unsere bisherigen Ableitungen ntU 

dazu notig, um festzustellen, wievielk-fach entartete Eigenwerte im 
Termsystem vorkommen werden. DaB die Eigenfunktionen, die zu einem 
k-Iach elltarteten Eigenwert gehOren, wirklich del' Formel (14) genligen, 
geht ebensogut aus den drei Zeilen (15), (Ina), (15b) hervor. FUr die 
weiteren Schliisse (den Fall endlicher Storungen) werden wir aber nur 
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die Formel (14) benutzen, da nur sie bei einer endlichen Storung richtig 
bleibt, wah rend die Formeln (4) und (5) selbstverstandlich versagen. 

5. Nun suchen wir unter unseren k-linear unabhangigen 'P' gewisse 

heraus, wie wir dies schon bei dem Dreielektronenfall mit der Wabl von 
qi'1 und 'P'2 getan haben. Hier wenden wir folgende Vorschrift an. 

Wir betrachten die irreduzible Darstellung, die zu unserem speziellen 
qi'1' qi's ... qi'k gehort, und deren Koeffizienten auch in (14) vorkommen 1). 

Wir nehmen nun diejenige Transformation (T), durch welche diese Dar
stellung orthogauilisiert wird. Bekanntlich existiert eine solche immer2). 

Dann bilden wir folgende linear unabhangige Funktionen [tik sind die 

Elemente von (T), 't'ik von (T)-I, I T I = I tiki 1- 0)] 
k 

(Pi = ~ tilt qi'll' 
11=1 

Wir finden nun 

Wi (R) = ~ tilt 'P'" (R) = ~ till a:1 qi'l (E), (16) 

da aber 

so finden wir 

II III 

'P'I (E) = ~ 't'lj Wj (E), 
; 

WieR) = ~ ~ tt"a~I't'ljWj(E) = ~ A~Wj(E), 
III j j 

(16a) 

(16b) 

worin (Afk) die durch (T) transformierte Matrix (afk), also eine ortho

gonale Matrix ist. Insbesondere ist 2) Afk = Aft-I. 

6. Wir wollen nun im AnschluB an Teil I sowohl die Erhaltung 
der Transformationseigenschaft in der Form (16 b) bei einer weiteren 
Storung, wie das Verschwinden des Ausdrucks (4) des Teil I nach
weisen. Hierzu brauchten wir zwei Satze, aus diesen ging alles hervor: 
die Gleichheit der Integrale 

J V"cj)~drl'" drn = J V"Wldrl ... drm (17) 

worin V" eine in den Variablen 1'1 ••• rn [es ist V" (R) = V" (E)] sym
metrische Storungsfunktion, Wz und W). zwei zu demselben Eigenwert 
gehOrende Eigenfunktionen sind; auBerdem das Verschwinden des Integrals 

(18) 

1) Zu einer anderen aquivalenten Darstellung in (8) hatten wir andere b 
erhalten. Geht die andere Darstellung durch Transformation der Matrizen (8) 
mit Tau!! ihnen hervor, so geben dazu gehiirige b durch Substitution mit Taus 
den alten b hervor. Vgl. das folgende. 

2) Vgl. z. B. A. Speiser, Theorie der Gruppen von endlicher Ordnung, 
S.107, Satz 100. 
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worin t1Ji und (J)j zwei beliebige, zu verschiedenen Gruppen gehOrende 
Eigenfunktionen sind, oder zwar derselben Gruppe angehoren, aber ver
schiedenen Zeilen der Matrix (Afk) entsprechen: verschiedene Trans
formationseigenschaften haben. 

(17) und (18) bedingen, daB die Entarlung keines Eigenwertes auf
gehoben wird und daa auch die Transformationseigenschaften der cp 
in (16 b) erhalten bleiben. Da man den Ausdruck (4), Teil I, als ein 
Integral (18) auffassen kann, worin V" liberall Null ist, nur in der Nahe 
der Stellen t = t l , t = t~ ... r = tn einen end lichen, und zwar sehr 
gro/3en Wert annimmt, so bedingt (18) auch das Verschwinden ieglicher 
Interkombination zwischen den beiden Zustanden. Dies ist alles, was 
wir beweisen wollen. 

Urn (17) und (18) zu beweisen, zerlegen wir das Integrationsgebiet 
in n! Teile. 1m ersten Teil, den wir mit G E bezeichnen, ist 

(19) 

(worin unter < etwa der absolute Betrag zu verstehen ist), die anderen 
Teile GR entstehen durch die Permutation B der t in der Bedingung (19). 

Flir (17) haben wir 

J V" (E) t1J;' (E) a 1'1 •.• a rn = :s J V" (E) «l>~ (E) a tl •.. a 1'n 
R GR 

= :s J V" (B-1) t1J~ (B-1) ar1 ... arn 
R GE 

= J V" (E) ~ t1J;' (B) ar1 ... d1'n 
GE R 

= J V" (E) ~ (~A:j t1Jj (E))2 d tl ... atn 
GE R j 

= f V" (E) ~ A:j A:z t1Jj (E) t1J1 (E) a \'1 ••• a rn 
GE RjZ 

Nun isV). 

1) J. Schur, Berl. Ber. 1905, S. 4'n. 

(17 a) 
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also unabhangig von x, womit (17) bewiesen ist. Fiir 

J V" (E) (bi (E) (bj (E) d t1 ... d t" 

= ~ J V" (E) CPi (E) CPj (E) d t1 ... dtn 
R GR 

= ~ J V" (E) CPi (R) (bj (R) dt1 ... dtn 
R GE 

Es ist nun 

(lRa) 

~ q>i (R) (bj (R) = ~ .A~" .AJ~ CP" (E) (bl (E) (18b) 
und 1) R Rxl 

"" R R "" R-1 R It 
L:J .Ai" .Ajl = L:J .A"i .Ajl = -k ~,,}. ~ij; (18c) 
R R 

da aber voraussetzungsgemaLl i =t=j ist, ist (18 c) = 0 und auch (18) = O. 
Hiermit haben wir den Zerfall des Termsystems in im 2. Abschnitt be
schriebene, untereinander nicht kombinierende Gruppen bewiesen. 

7. Vom physikalischen Standpunkt aus konnte es zunachst scheinen, 
daLl diese Untersuchung der Termsysteme ohne Belang ist, da ja praktisch 
nach Dirac 2) nur das eine, unentartete Termsystem in Betracht kommt. 
Dieses System entspricht derjenigen Dan;tellung, bei der zu jeder Permu
tation der alternierenden Gruppe die Matrix (1) zu jeder in der Neben
gruppe enthaltenen (- 1) gehort2). (In diesem Fall haben die Matrizen 
natiirlich nur je ein Element, da ja keine Entartung vorliegt.) 

Es zeigt sich aber, daB wegen der Eigenrotation des Elektrons auch 
den iibrigen Gruppen eine Bedeutung zukommt., wie dies Heisenherg 8) 

auch explizite am Helium gezeigt hat. (Zum Beispiel sind bei Li die 
normalen optischen Terme den entarteten Eigenfunktionen des Teil I 
zugeordnet.) 

Auf alle FaIle ist zu erwarten, daB ein, der Ortho-Paraeinteilung der 
Terme beim Helium analoger, naherungsweiser Zel'fall auch bei den 
anderen Elementen existiert. 

Dei dem strengen Zerfall in mehrere Termsysteme ist folgendes be
merkenswert. Bei jeder symmetrischen Storung lassen sich die neuen 
Eigenwerte und Eigenfunktionen eines Termsystems aus den alten Eigen
werten und Eigenfunktionen desselben Termsystems allein berechnen, 
d. h. die Eigenfunktionen und Eigenwerte anderer Termsysteme gehen in 
die Storungsrechnung gar nicht ein. 

Ber lin, Institut f. theoret. Physik d. 'I'echn. Hochschule, Nov. 1926. 

1) J. Schur, Ber!. Ber. 1905, S.411. 
2) L. c. 
3) ZS. f. Phys. 88, 411, 1926; 39, 499, 1926. 
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Es wird versucht, aus der Form der S c h rod i n g e r schen Differentialgleichung 
einige strukturelle Eigenschaften der Spektren abzuleiten. Es wird die Aufspaltung 
im elektrischen und magnetischen Feld, das Aufbauprinzip der Serienspektren und 
einiges Verwandte behandelt. Es ergiht sich - soweit das rotiel'ende Elektron 

nicht in Betracht zu ziehen ist - "Obereinstimmung mit der Erfahrung. 

1. Die einfache Gestalt der Schrodingerschen Differentialgleichung 
gestattet die Anwendung einiger }lethoden der Gruppen, genauer gesagt, 
der Darstellungstheorie. Diese l\Iethoden haben den Vorteil, da1l man 

mit ihrer Hilfe beinahe ganz ohne Rechnung Resultate erhalten kann, 

die nicht nur flir das Einkorperproblem (Wasserstoffatom), sondern auch 
flir beliebig komplizierte Systeme exakt gliltig sind. Der Nachteil del' 
Methode ist, dal.l sie keine Naherungsformeln abzuleiten gestattet. Es ist 
auf diese Weise moglich, einen gro1len Teil unserer qualitativen spektro
skopischen Erfahrung zu erldaren. Die Methode ist dabei so allgemein, 
da1l sie vielfach gar nicht an die spezielle Gestalt der Differentialgleichung 
gebunden ist. So z. B. kann die Frage nach der Anzahl der Aufspaltungs
komponenten im Magnetfeld behandelt werden, ohne dal.l man mehr 
voraussetzen mliBte, als daB die Terme Eigenwerte einer linearen homo

genen Differentialgleichung sind, in die physikalisch gleichwertige Dinge 
(z. B. Richtungen im Raume, solange keine iiuBeren Felder da sind) in 
gleicher Weise eingehen. Die relativen Intensitaten der Komponenten 
konnen noch bei schwachen Feldern berechnet werden, ohne daLl man 
eine Annahme liber die Differentialgleichung mit Feld machen mliLlte. 

Viele hier abgeleitete Beziehungen sind schon bekannt. Andererseits 
kenne ich aul.ler der Londonschen Ableit.ung 1) des Kuhn-Reiche
Thomasschen Summensatzes keine streng gliltige Beziehung, die hier 
nicht vorkame, es sei denn, daLl sie sich auf das Wasserstoffatom bezieht. 

U m das Resultat vorwegzunehmen, sei schon hier gesagt, dal.l in 
allen Fallen Ubereinstimmung mit den spektroskopischen Erfahrungell 
besteht [wie sie zuletzt von F. H und 2) so schOn zusammengefaJ.lt worden 

1) ZS. f. Phys. 39, 322, 1926. 
2) F. Hund, Linienspektren und periodisches System der Element.e. Berlin 

1927. Dortselbst auch weitere Literatur. 
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sind], soweit hierbei das "rotierende Elektron" keine Rolle spielt. Wenn 
man also aus dem Hundschen Buche aIle Kapitel uber das rotierende 
Elektron streichen konnte, so wurde das ubrigbleibende }Iaterial sich 
unseren Ergebnissen fligen. 

In der vorliegenden Arbeit ist das rotierende Elektron zumeist nicht 
mit beriicksichtigt und die Resultate sind dementsprechend vielfach nur 
fur Singulettsysteme giiltig. 

Es wird aIlerdings bei vielell Ableitungen gar nicht angenommen, 
dall die Differentialgleichung nnr die Lagenkoordinaten der Elektronen 
enthlilt; sie konnte noch beliebig viele, sich auf die Rotation der Elek
tronen beziehende Koordinaten enthalten. Da bei Nichtsingulettsystemen 
aueh in dies en Fallen keine UbereinstimD1ung mit der -Erfabrung erzielt 
werden konnte, so wurde ich glauben, dall man ohne einen neuen Ge
danken, lediglich durch Einfiihrung neuer Koordinaten zur Beschreibung 
der Elektronenmagnete, nicht auskommen kann. 

1m folgenden allgemeinen Teil werden die mathematischen Hilfs
mittel bereitgestellt, die dann im spezieIlen Teile verwertet werden. 

Allgemeiner Teil. 

2. 1m folgenden ist die Determinante aIler l\Iatrizen ungleich N uIl, 
ane Integrationen, wo nichts anderes angegeben ist, sind uber den ge
samten Bereich der Variablen zu erstreeken, 8j k = 0, 1, je nachdem 
j =1= k oder j = k. 

1st 1/1 (:Vl' xg , ••• xll) eine Funktion, Reine lineare Substitution in 
n Variablen 

X~ = OGll Xl + au X2 + ... al n ~n' ) 

X2 = OGn Xl + OG22 X2 + ... OG2n Xn , ..... 
X~ = OGnlX1 + OGn2X2 + ... OGnn Xn , 

(1) 

so verstehe ich unter der Funktion 1/1 (R (Xl' X2 .•• xn)) die Funktion, fur 
die identisch in den Xl' Xs ••• Xn gilt 

(2) 

wobei fur x;. x~ ... x~ die Werte aus (1) eingesetzt gedacht werden 
mussen. Wir werden fiir 1/1 (R (Xl' Xl! ••• xn)) auch kurz 1/1 (R) sehreiben. 
Da E immer die Einheitssubstitution ist (/JGf. k = 8ik), ist 1/1 (E) = 1/1. 

Es sei nun eine line are homogene Differentialgleichung, ein Eigen
wertproblem gegeben: II (1/1, E) = 0. Hat die Differentialgleichung, bzw. 
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die Substitution R die Eigenschaft, daB mit jeder 1jJ (Xl' X2 ••• Xn) auch 

1jJ (R(XI' X2 ••• Xn)) eine Losung der Differentialgleichung bei demselben E 

ist, so sagen wir "R ist in der Substitutionsgruppe der Differential

gleichung H (1jJ, E) enthalten". Es ist llamlich Idar, daB die Substitutionen, 

flir die dies gilt, eine Gruppe bilden. 

Zumeist ist ihre Substitutionsgruppe der Differentialgleichung direkt 
anzusehen. Zum Beispiel wenn ich in der Sehrodingersehen Gleiehung 

unter {J.~i' Yi, Zi die Lagenkoordinaten des i-ten Teilchens verstehe, unter 
R dagegen die Substitution 

wobei die ~latrix 

orthogonal ist, so verifiziert man leicht, daB R in der Substitutionsgruppe 
der Sehrodillgerschen Gleiehung enthalten ist. In einer vorangehenden 
Mitteilung 1) wUl'de zur Ableitung des Heisenberg-Diraeschen Term

zerfalls nul' die Tatsache bellut.zt, daB z. B. bei dem He die Substitution 

in die Substitutionsgruppe gehort. 

3. 1st mir umgekehrt die Substitutionsgruppe E, R2 , Rs' ... einer 
Difierentialgleichung bekannt, so kann ieh aus jeder Losung sofort andere 

angeben, namlieh aus 1jJ (xl' x2 ••• x./l ), die weiteren 1jJ (R~ (xl' XI ••. X1')) , 

1jJ (Rs (Xl' X2 .•• Xn)) usw., die aUe zum Eigenwert E gehoren. Diese 
Funktionen werden im aUgemeinen nieht aUe linear unabhangig von
einander sein. 1jJ]', 1jJ2' ••• 1jJ1 sei ein linear unabhangiges Aggregat, durch 
welches sieh aIle zu diesem Eigenwert E gehOrende Eigenfunktionen aus
drucken lassen. Da aueh 1jJl (Ri) eine solche Eigenfunktion ist, ist 

I 

1jJ). (Ri) = :s a:! 1jJ" (E). (3) 
,,=1 

1) E. Wig n e r, Ober nichtkombinierende Terme in der neueren Quanten
theorie, 2. Teil, ZS. f. Phys. 40, 883, 1927. 
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Fiihren wir in diese Gleichung durch die Substitution Rj neue Variable 
ein, so erhalten wir 

Andererseits ist 
I 

1"" (Rt Rj ) = ::8 a:! Rj WI' (E). 
1'=1 . 

Wegen der linearen Unabhangigkeit der WI' folgt hieraus 

I 

a,Ri, Rj = ::8 aRi, aRj . 
J.,U "=1 J." ",II 

(4) 

Mit anderen Worten: die Matrizen (afk) , (aff)' (af;) ... usw. bilden 
eine zur Substitutionsgruppe E, R2 , R3 ... der Differentialgleichung iso
morphe Substitutionsgruppe, oder wie man das in der Gruppentheorie 
sagt, sie bilden eine Darstellung dieser Gruppe 1). 

Diese Darstellung nennen wir dann zur Kiirze die Darstellung des 
betreffenden 'I'erms E. 

Durch eine andere Wahl der linear unabhangigen WI' W2 •.• WI, 

wenn wir z. B. 

W~ • !Xu WJ + !Xl2 W2 + ... !Xll,WI 

wi . !XII W) + !X12 W2 + ... !XII WI 

gewii.hlt hatten, erfahrt die Darstellung nur eine "Ahnlichkeitstransfor
mation" , indem aus den Matrizen (afk), (aff)' (aft) usw. die Matrizen 

(!Xu) (!Xfk) (aik)-l, (tXik) (aff) (tXik)-l, (!Xik) (af:) (!Xik)-1 usw. entstehen. 

Solche Darstellungen, die sich nur durch eine Ahnlichkeitstransformation 
unterscheiden, wollen wir als nicht verschieden voneinander ansehen. In 
diesem Sinne hat also jeder 'ferm eine Darstellung. 

Umgekehrt entspricht natiirlich einer Ahnlichkeitstransformation 
der Darstellung lediglich eine andere Wahl der linear unabhangigen 

WI' W2 ... Wl' 

1) Siehe z. B. A. S p e i s e r, Theorie der Gruppen von endlicher Ordnung. 
Berlin, 1923. Eine sehr schone und leicht verstiindliche Darstellung findet man 
bei J. Schur, Neue Begriindung der Theorie der Grnppencharaktere. Berl. Ber. 
1905, S. 406 in den ersten 6 bis 8 Seiten. Die bier gebrauchten Siitze sind ent 
weder hier abgeleitet oder wenigstens [(6), I, II und Punkt 11], ausfiihrlich be
sprochen. 
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4. N ehmen wir insbesondere die ""1' ""2 ... ""I orthogonal normiert, 

bzw. im komplexen Falle hermetisiert an, so da/3 J""i;; = Oij' so folgt 

Flihren wir nun auf der linken Seite die Transformation Ri1 der Inte

grationsvariablen aus, so konnen wir dafiir einfach f ""II (E) ~ = 011). 

schreiben, und wir sehen unmittelbar, daB 
rv 

~ aRi aRt - 0 
LJ II" I.lL - II).' 

/. ' . 
d. h. die Darstellung hat eine orthogonale, bzw. hermitische Form. 

folgt hieraus bekanntlich, d"a (a;r) = (a;O -1 ist, daB 

(5) 

Es 

rv -1 
Ri Ri (¥ ) ajk = akj • oa 

Eine Umkehrung dieses Satzes - die fiir "irreduzible" Darstellungen 
gilt - wird uns spater begegnen. 

5. Irreduzibel nennt man eine Darstellung, wenn es nicht moglich 
ist, die Matrix (tik) der Ahnlichkeitstransfonuation so zu wahlen, daB 

aIle Matrizen (til") (afk) (t£k)-1, (tik) (af~) (ttk)-1, (to) «(tfc) (ti v-1 usw. 
die Gestalt haben 

o ? .. 0 ) 

o 0 ... 0 
O .. 0 
0 .. 0 

0 .. 0 

wobei die leer gelassenen quadratfonuigen Stellen bei allen (ti k) (afk) (ti k)- 1 

beliebig besetzt sein konnen, wiihrend die ausgeschriebenen Nullen bei 
allen dieselben Stellen einnehmen. Es wiirden etwa bei allen in den 
ersten I'-Zeilen nur die ersten l'-Spalten besetzt sein, in den letzten 
l - I' -Zeilen nur die letzten l - l' -Spalten. In den ersten Z' -Zeilen 
stehen in den letzten l-l'·Spalten, in den letzten l -l'~Zeilen in den 

ersten I'-Spalten lauter Nullen. 1st eine solche Bestimmung des (tu) 
nicht moglich, ist also die Darstellung des Tenus eine irreduzible, so 
sagen wir, die Entartung (d. h. das Zugehoren mehrerer Eigenfunktionen 
zu einem Eigenwert) ist normal. Sonst sprecben wir von einer zufalligen 
Entartung. 
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In dem FaIle der zufalligen Entartung, wo also die Darstellung des 
Terms keine irreduzible ist, k6nnen wir diese durch eine zweckmaJ3ig 
gewahlte Ahnlichkeitstransformation (ti k) .. (ti k)-l ~ ausreduzieren ", d. h. 
alle Matrizen (afk) , (afl), (aft) ... in die Form bringen: 

0···0············0 
J1 

0···0············0 
0 .. ·0 0 ........ ··0 

J2 
0 .. ·0 0 .. · ...... ·0 

: 0· .. 0 ". (6) 
"" 

"",,0 .. 0 
o 

0· .. 00 .. ·0 ...... ·0 

wo an den quadratf6rmigen Stellen J 1, J2, ••• J, ~latrizen irreduzibler 
Darstellungen, sonst lauter Nullen stehen. Fuhren wir nun mit Hilfe 
der ti k neue Eigenfunktionen ein 

so zerfallen diese Eigenfunktionen in s - Gruppen. Die 1/11 (R) fur 
R = E J , R2 , Rs '" usw. der einen Gruppe lassen sich durch lineare 
Kombination der 1/1' dieser selben Gruppe allein ausdrucken. Dies geM 
aus der Gestalt (6) der Darstellung hervor, die fur die 1/1' gilt. Da13 der 
Eigenwert der einen dieser Gruppen mit dem Eigenwert der anderen 
Gruppen ubereinstimmt, ist quasi zufallig, woher auch das Wort zufallige 
Entartung genommen wurde. 1m entgegengesetzten Falle der normalen 
Entartung sind - bei beliebiger Wahl des 1/1 - aUe linear unabhan
gigen Eigenfunktionen: die zu dies em Eigenwert gehOren, unter den. 
1/1 (E), 1/1 (R2), 1/1 (Rs) . .. usw. enthalten. Im Falle der zufalligen Ent
artung konnen wir auch sagen, da13 die s-Terme normaler Entartung 
(mit den Darstellungseigenschaften J1 , J2 , ••• J,) zusammenfaUen. Wir 
werden einen solchen Eigenwert s-fach zahlen, indem wir jeder der 
s-Gruppen von 1/1' einen Eigenwert zuordnen. In dies em Sinne ist also die 
Darstellung eines je~en Terms eine irreduzible. Wir wollen an 
dieser N omenklatur festhalten. 
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6. Flir die Matrixelemente einer irreduziblen Darstellung gelten 
zwei wichtige Satze. Sind (aik) und (bik) zwei nicht ahnliche irreduzible 
Darstellungen derselben Gruppe, so gilt 1) 

(II) 

und 
(I) 

wobei die Summation liber aUe Elemente der Gruppe zu erstrecken ist 
und c eine Zahl ist, deren GroBe nur von den Eigenschaften der Gruppe 
und der Darstellung abhangt, von k, 1, x, ;.. dagegen unabhangig ist. 

Kombinieren wir diese Gleichung mit (5 a), indem wir annehmen 
daB die Form der Darstellung eine hermitische ist, so erhalten wir 

(lla) 

und 
~ af" af" = 8kZ 8,,). c. (I a) 
R 

Flir kontinuierliche Gruppen (Drehgruppe usw.) sind an Stelle der Summen 
Integrale zu setzen 2) .. 

(lIb) 

I'V 
~ R R oS' oS' j ahaZ). = UkZU,,;.C. (I b) 

R 

Jede Gruppe, also auch die Substitutionsgruppe unserer Differential
gleichung, besitzt offen bar eine Darstellung - die nidentische ·Dar
stellung" - bei der jedem B die Matrix (1) zugeordnet ist. Funk
tionen, die diese Darstellungseigenschaft haben, fur die also gilt 

f(B) = feE) 
nennen wir in Anlehnung an Dirac 8) symmetrische Funktionen. 

Haben wir nun zwei Eigenwerte mit den Darstellun,e;seigenschaften 
(afk) bzw. (bfk) (die voneinander verschieden sind), und den Eigen
funktionen WI' W2' ... bzw. W~, W;, ... , die wir uuter sich orthogonal
hermitisch annehmen wollen und ist die Funktion f symmetrisch, so gilt 

J Wk ~f = Au = O. (7) 

1) J. Schur, Berl. Ber. 1905, S. 411. 
2) VgI. J. Schur, Neue Anwendungen der Integralrechnung auf Probleme 

der Invariantentheorie. Berl. Ber. S. 199, 1924. 
8) Proc. Roy. Soc. 112, 661, 1926. 
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Es ist namlich 

Akl = f 1/1k(E)~f(E) = f 1/1k(R);r(ii)f(R), 

wie bei (5) ausgeflihl't ist. Wir haben nun 

ATe 1 = f 1/1k (R) ~i (R)' f (R) 

= ~a:xbfif1/1x(E) ~l(E)fE = ~a':x~Ax).. 
x~ x~ 

Summieren wir diese Gleichung libel' alle R del' Substitutionsgruppe del' 
Differentialglei6hung, so erhalten wir wegen (IIa) Akl = O. 

7. Wir haben im Punkt 4 folgendes gesehen: Nehmen wir die 

Eigenfunktionen 1/11 ' 1/12 ' 1/1a' ••• , die zu einem Eigenwert gehoren, ortho
gonal-hermitisch an, so ist die zugehOrige Form del' Darstellung des 
Eigenwertes ebenfalls orthogonal-hermitisch. Es gilt nun flir irreduzible 
Darstellungen auch die Umkehrung: 1st die Form del' Darstellung eine 
hermitische, was durch eine Ahnlichkeitstranslormation Immel' zu er
reichen ist, ist also 

rv 

~ a.:!, a~, = 8d (R = E, R2 , Rs ... ) 
." 

oder, was damit gleichbedeutend ist, 
,--' 

R R-l 
ax;. = alY. (R = E, R2 , Ra" .), 

(5) 

(5 a) 

so sind die Eigenfunktionen 1/11 ' 1/12 ' 1/13"" auch orthogonal-hermitisch. 
Es ist sogar allgemeiner (f wieder eine symmetrische Funktion) 

f 1/1k(E) W> feE) = 8Tel O. 
Setzen wir namlich 

f 1/1k. (E) W> f (E) = J 1/11: (R);;;(ii) f (R) 

f 1/1k (R) ~ f (R) = ~ a:x ~ f 1/1k (E) ~ f (E), 
x,J. 

und 

elies ergibt tiber R summiert wegen (Ia) 

f 1/1k (E) -;;(E) f (E) = 8k I 0, (7a) 

\Vo C eine von k, l unabhiingige, von del' Funktion f dagegen abhiingige 
Konstante ist. 

Man verifiziert auch leicht folgende Verallgemeinerung: Gehoren 
zu zwei Termen del's e I ben Darstellungseigenschaft die Eigenfunktionen 

1P1' 1P2' 1Ps"" bzw. 1P~, 1P~ ... , wobei diese so ge\vahlt sind, daB auch 
die Form der Darstellung dieselbe ist, so gilt ebenso wie vorher 

f 1Pk;j;if = C8u · (7b) 
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8. Wir haben nun alles in der Hand, um die Storungstheorie von 
Schrodinger 1) zu behandeln. Aus seinen Formeln in § 2 und den 
Formeln (7), (7 a), (7 b) geht ohne weiteres hervor, daB eine normale 
Entartung, solange die Storung eine symmetrische Funktion ist, also die 
Substitutionsgruppe der Differentialgleichung sich nicht andert - niemals 
aufgehoben wird und der Term seine Darstellung beibehiilt. Halten wir 
bei zufalligen Entartungen an der Nomenklatur des Punktes 5 fest, so 
andert sich hieran auch in diesem FaIle nichts: Es riicken hOchsten die 
zuflillig zusammengefallenen Terme etwas auseinauder, oder es riicken 
einige bisher getrennte zusammen, um sich eventuell bei einer weiteren 
Storung wieder zu trennen. 

Dieses Bild andert sich ganz, wenn die Storung nicht »symmetrisch" 
ist, die neue Differentialgleichung also nicht mehr die Substitutionsgruppe 
der alten hat. Hier interessiert uns namentlich der Fall, daB die Sub
stitutionsgruppe der gestorten Differentialgleichung eine Untergruppe der 
ungestorten ist. Dies ist z. B. der Fall, wenn man eine elektrische oder 
magnetische Kraft auf das System einwirken la/3t. 

Die Behandlung dieses Falles ist auch sehr einfach. Die Substitutions
gruppe der alten Differentialgleichung bezeichne ich mit ~n, dieder neuen mit 
~', die Darstellung des betrachteten Terms (a~) sei eine irreduzible Dar
stellung von 9t Sie ist selbstverstlindlich auch eine Darstellung ihrer 
Untergruppe 9~', aber als solche wahrscheinlich nicht irreduzibel. Wir 
konnen sie aber mit Hille einer Ahnlichkeitstransformation (tik) (afk) (ttk)-1 

ausreduzieren. Sind E, R;, R~, ... die Elemente von ~W (sie sind unter 
den E, ils' Rs' ... enthalten), so habell die (tik) (af;) (ttk)-1 die Form 
(Punkt 5) 

0······ .. ·· .. · .... 0 
J' 

1 O ..............••. 0 
0···0 0·· ...... ··0 

J' 
2 0 .......... 0 

: 0···0 ", 
" 

"',,0 .. 0 
0' 

J' , 
o 00··.0 ....... 0 

1) Ann. d. Pl1YS. SO, 437, 440-457, 1926. 

(8) 
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fiir aIle Elemente R' del' Gruppe ~{', wo J~, J~, ... J; irreduzible Dar

stellungen von ~{' sind. Bei den anderen Elementen von ~ werden 

natiirlich andere Formen auftreten und insbesondere nicht iiberall, wo 

hier, lauter Nullen stehen. 

Wir werden dieser Form der Matrix entsprechend auch neue Eigen

funktionen einfiihren (1jJ; = ::2 ti k lh), fiir die die Darstellung die 
k 

Form (8) hat. Wenn wir dann der urspriinglichen Differentialgleichung 

auch nur die Gruppe ~' als Substitutionsgruppe zuschreiben, ist 

der betrachtete Term s-fach "zufallig" entartet und enthalt eigentlich 

einen Term der Darstellungseigenschaft J;, einen weiteren der Darstellungs

eigenschaft J~ usw. bis J;. Verandern wir etwas die Differentialgleichung, 

wobei nun die jetzt betrachtete Substitutionsgruppe nicht mehr 

verandert wird, so wird die zufallige Entartung im allgemeinen auf

gehoben, und es entstehen die s-Terme mit den Darstellungseigenschaften 

J~, J~, ... J; aus den betrachteten. 

Urn die Aufspaltung eines Terms mit der Darstellung (afk) bei einer 

Storung, die die Substitutionsgruppe ~ der Differentialgleichung andert, 

zu erhalten, muB man also (afk) als Darstellung der neuen Substitutions

gruppe ~' ausreduzieren. Hat sie dann die Gestalt (8), so spaltet der 

urspriingliche Term in s Terme mit den DarsteHungseigenschaften J~, 

J;, ... J; auf. 

Natiirlich hatten wir all dies auch durch direkte Rechnung mit 
Hilfe der Formeln von Schrodinger erhalten konnen. 

9. 1m Punkte 5 haben wir jedem Term eine irreduzible Darstellung 

der Gruppe ~ zugeordnet. Es erhebt sich die Frage, ob auch umgekehrt 
aIle irreduziblen DarsteHungen der Gruppe 9~ gebraucht werden. 

Es sei H [1jJ (xl' x2' .•• xn), E] eine Differentialgleichung und (a~).) 
eine Darstellung ihrer Substitutionsgruppe. Existieren nun beliebige 

Funktionen fl (Xl' Xi' ... X,I)' f2 (Xl' X2' ••• xn), •.• fl (Xl' X2, ••• xn), die 
diese Darstellungseigenschaft haben, daB also 

fx (R) = ::2 a~1. fl. (E), 
I. 

so gibt es (im allgemeinen unendlich viele) Eigenwerte mit der Dar

steHnng (a~I.). (1m entgegengesetzten Falle gibt es natiirlich keinen, da 

ja sonst schon seine Eigenfunktionen 1jJ], 1jJ2' ••• 1jJ1 die fiir f l , f2' ••• fl 

verlangte Eigenschaft hatten, diese also nicht unerfiillbar ware.). 

Urn dies einzusehen, mu13 man nur eine der Funktionen (" nach 
dem vollstandigen System von Eigenfunktionen der Differentialgleichung 

H [1jJ (Xl' X2' ••• xn), E] entwickeln. Die Entwicklungskoeffizienten nach 
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Eigenfunktionen, deren Darstellung von (a~;,) verschieden ist, verschwinden 

hierbei wegen (7). Hieraus folgt unser Satz. 
Die Voraussetzungen dieses Satzes sind - \Vie wir sehen werden -

im Falle von wenigstens vier Teilchen flir alle irreduziblen Darstellungen 
der in Betracht kommenden Substitutionsgruppen erflillt. 

10. Die Substitutionsgruppen, die flir uns in Betracht kommen, sind 
im wesentlichen Verkntipfungen von symmetrischen Gruppen, zwei- oder 
dreidimensionalen Dreh- oder Drehspiegelungsgruppen, eventuellnoch mit 
einer Spiegelung. Die Darstellungen dieser Gruppen einzeln sind bekannt 1), 
wir brauchen nur einen Satz flir die Verlmlipfung. 

Unter der Dimension einer Darstellung versteht man die .Anzahl 
Zeilen oder Spalten in ihren l\Iatrizen, diese ist also gleich der .Anzahl 
der linear unabhangigen Eigenfunktionen, die zu diesem Term geh5ren. 

Habe ich eine Gruppe 12! vom Grade a mit den Elementen E, A2, A3, ••• Aa 
und eine andere 'B vom Grade b mit den Elementen E, B 2 , B 3 , ••• Bb so, 
daB sie auJ3er E kein gemeinsames Element haben, so sei das direkte Produkt 
~ = 12!. ~ = 'B. 12! der Gruppen 12! und 'B vom Grade a b und enthalte die 
Elemente E, A 2 , A 3 , ••• Aa' B 2, B2 A2 , B2 As, ... B2 Aa' .. , B b, Bb A2, 

Bb As, ... Bb Aa' AIle A ~ind mit allen B vertauschbar, An Bill = Bm An' Es 
ist klar, daB Q'; die Gruppeneigenschaften besitzt. 

Sind nun die a irreduziblen Darstellungen der Gruppe 12! die :JIatritzen 

mit den Dimensionen U1' u2' .•• 1~a; die f1 irreduziblen Darstellungen der Gruppe 'B 
die Matrizen 

mit den Dimensionen VI' V2' .,. Vf1' so hat die Gruppe ~ genau a f1 irreduzible 
Darstellungen, und zwar sind diese 

(9) 

dabei ist 
v, 11 cAn Bm _ vaAn "bBm 

i l , i2 i kt> k2 - it> k1 ' i 2, "2 
(9 a) 

1) Vgl. A. Speiser, Theorie der Gruppen usw. Flir die symmetrische 
Gruppe insbesondere J. Schur, Berl. Ber. 1908, S.664. Flir die Drehgruppen: 
J. Schur, Neue Anwendungen der Integralrechnung auf Probleme der Invarianten
theorie I., II. und III. Berl. Ber. 1924, S.189, 297 und 346. H. Weyl, Zur 
Theorie der Darstellung der einfachen kontinuierlichen Gruppen. Berl. Ber. 1924, 
S.338. Flir den Hinweis auf diese Arbeiten bin ich wiederum Herrn J. v. Neu
mann zu Danke verpfIichtet. 
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mit den Dimensionen "lVI' U1'VS' ••• UIVp' USV1' usvs • ••• usvp, ••• UaVI' 

Ita V2' •.• l£a vp. i1 uud i2 beziehen sich auf die Zeilen. kl und ks beziehen sich 
auf die Spalten. 

Man beweist zunachst leicht, dall diese wirklich Darstellungen von ~ sind. 
dann mit Hilfe der Gleichung (1) von J. Schur 1). dall alle Funktionen der y 

B" Aa 
~ ~ "./leAn Bm 
.L..J .L..J t1• i2; kl k2.Yn, m 

Bm=EAn=E 

linear unabhiingig sind. woraus die Irreduzibilitat folgt. Die Anzahl der Klassen 
konjugierter Elemente von III ist a. ,"on 'a ist fJ 2). Die von ~ bestimmt sich zu 
ufJ. Dies mull auch die Anzahl der irreduziblen Darstellungen sein, folgIich 
existieren auller diesen keine weiteren. 

Wir werden im folgenden die Terme nach ihren DarsteHungen unter
scheiden und bezeichnen. Unser (trivialer) Satz sagt also folgendes aus: 
besteht die Substitutionsgruppe einer Differentialgleichung aus dem 
direkten Produkt mehrerer Substitutionsgruppen (die eine Gruppe sei 
z. B. die Vertauschung der Elektronen untereinander, die andere etwa 
die der W asserstoffkerne), la£t also die Differentialgleichung zwei ver
tauschbare Substitutionsgruppen zu, so definiert jedes Paar von irre
duziblen Darstellungen der beiden Gruppen eine irreduzible Darstellung 
der ganzen Gruppe. Diese Darstellung, sowie die Terme mit diesen 
Darstellungen, benennt man dann zweckmaLlig so, daLl man die Zeichen 
beider Darstellungen nebeneinander rugt. 

Aus den Formeln (9), (9 a) liest man nun auch leicht ab - da alle 
C"afk) sowie ("bfk) Einheitsmatrizen sind -, daB die 1/J sich bei einer 
Substitution der einen Untergruppe so transformieren, wie wenn diese 
Untergruppe aHein da ware. 

Spezieller Teil. 

11. Wir werden jetzt die Substitutionsgruppe unseres Eigenwert
problems aufsuchen. 

Es gehOren folgende Substitutionen in diese Gruppe: 

I. Auf aIle Falle das Vertauschen alIer Koordinaten aller EIek
tronen. 

II. Ebenfalls auf alle Fitlle das Vertauschen anderer gleichwertiger 
Teilchen. 

1) 1. o. 
S) Ebenda, Satz XIII. 
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Diese beiden Gruppen sind Permutationsgruppen oder, wie man sie 

auch nennt, symmetrische Gruppen. Ihre irreduziblen Darstellungen 
sind bekannt 1). 

III a 1). 1m feldlosen Falle ist der Raum isot.rop. 1eh kann also 

das ganze System von einem anderen, zum urspriingliehen belie big ver

drehten, Koordinatensystem betrachten und kann dieses Koordinatell
system aueh noch spiegeln. Diese Gruppe ist also die dreidimensionale 

Drehspiegelungsgruppe, ihre Substitutionen stehen in (A). Ihre irre

duziblen Darstellungen sind ebenfalls bekannt j es existieren zwei Dar

stellungen von der Dimension 2 1 + 1 (wo 1 eine nieht negative ganze 

Zahl ist), die in den Matrizen, die reinen Drehungen zugeordnet sind, 
iibereinstimmen. Der rein en Spiegelung dureh den Ursprungspunkt ent

sprieht bei der einen Darstellung eine Diagonalmatrix mit lauter Gliedern 

- 11, wir nennen diese die "normale" Darstellung, bei del' zweiten eine 
Diagonalmatrix mit lauter Gliedern - 11 + 1, wir nennen diese die "ge
spiegelte" Darstellung 2). 

III b. 1m FaIle des elektrisehen Feldes wird die Isotropie des 

Raumes aufgehoben. Das Koordinatensystem kann blo£ um die Aehse 

des elektrisehen Feldes gedreht werden und au£erdem in einer zum Felde 

parallelen Ebene gespiegelt. Es bleibt uns also nur eine zweidimensionale 

Drehspiegelungsgruppe. Sie hat zwei Darstellungen der Dimension 1, 
unendlich viele der Dimension 2. Der reinen Verdrehung um emen 

Winkel DC entsprechen dabei die Matrizen 

(1)3), (1)4), (e~a e~ia). (e~ae_2~a} (e3~ae_~ia) ... ' 
der Spiegelung in der Ebene durch die Feldaehse 

(1)3), (_1)4), (~~). (~ ~). (~~) ... 
IIle. 1m Falle des magnetischen Feldes kann man das Koordinaten

system urn die Feldaehse drehen und in der Ebene senkreeht zu dieser 
spiegeln. Dies ist ein direktes Produkt einer zweidimensionalen Dreh

gruppe mit einer Spiegelung. 
In den irreduziblen Darstellungen der zW'eidimensionalen Drehgruppe 

entspreehen einer Verdrehung urn den Winkel DC die Matrizen 

(1), (eta), (e- ia), (e2ia); (e- 2ia) ... 

1) Vgl. J. Schur, 1. c. H. Weyl, 1. c. 
2) Diese Unterscheidung wird sich als zweckma.Dig erweisen. 
3) Diese Darstellung werden wir normal nennen. 
') Diese Darstellung werden wir gespiegelt nennen. 
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In den beiden Darstellungen der Spiegelung entsprechen einer solchen 
die Matrizen 

(1), (- 1). 

In den Darstellungen der Gruppe III c entsprechen also (Punkt 10) einer 
Drehung um den Winkel ct 

(1), (1), (eta), (eta), (e- ia), (e- ia), (e2ia), (e2ia), (e- 2ia:) ... , 

der Spiegelung in der zur Achse des Feldes senkrechten Ebene die Matrizen 

(1), (-1), (1), (-1), (1), (-1), (1), (-1), (1) ... 

Der Fall, daB beide Felder vorhanden sind, wird sich als nicht mehr 
wesentlich erweisen. 

Da nun die Gruppen I und II sowohl untereinander, wie mit jeder 
der Gruppen III a, Inb, III c vertauschbar sind, konnen wir die Sub
stitutionsgruppe der Differentialgleichung erhalten, indem wir das direkte 

Produkt der Gruppen I und II mit derjenigen Gruppe III bilden, die in 
Frage kommt. 

12. Zunachst betrachten wir den Fall gekreuzter elektrischer und 
magnetischer Felder, um die Wirkung der Gruppen III ganz aus
zuschlieIlen. 

Ware nur die Gruppe I vorhanden, so wiirde im Falle von n Elek
tronen ieder Aufteilung der Zahl n in ganzzahlige Summand en (wobei 
jeder Summand groIler oder gleich dem vorangehenden sein mUIl) eine 
Darstellung entsprechen. Sind au.Berdem n] Teilchen der Sorte (1) (etwa 
Protonen), n2 Teilchen der Sorte (2) usw. da, so muLl man im Sinne des 
Punktes 10 jede Aufteilung der Zahl n mit jeder Aufteilung der Zahl n1 

und ieder Aufteilung der Zahl n2 usw. kombinieren, um alle irreduziblen 
Darstellungen zu erhalten. Wegen 9. werden unendlich viele Eigen
werte ieder Darstellungseigenschaft existieren. DaIl keine Interkom
binationen zwischen Termen mit verschiedenen Darstellungen vorkommen, 
ist einfach eine Folge von (7). 

Es werden aber nicht aIle Eigenwerte in der Natur als Terme 
realisiert sein. Vielmehr ist z. B. bei Elektronen am einfachsten zu 
fordern, daB bei adiabatischem Verschwindenlassen der Wechselwirkung 
zwischen den Elektronen nur solche Zustlinde entstehen sollen, die 
hOchstens z wei Elektronen auf einer Bahn enthalten. Dies sind die
jenigen Termsysteme, bei denen die Zahl n in lauter 1 und 2 zerlegt 
wird 1). 

1) W. Heisenberg (ZS. f. Phys. 41, 239, 1927) leitet diese Termsysteme 
ab, indem er davon. ausgeht, dall die Wirkung der Elektronenrotation durch neue 
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Wir entnehmen nun mit Heisenberg ') der Erfahrung, daJ3 em 
Term bei einem Atom zu einer Multiplizitat gehort, die urn 1 groJ3er ist 
als die Anzahl der 1 in der Zerlegung von n in Summanden. 

Bei H 1 = 1 Dublett 

" 
He 2 = 2 Singulett 

2 = 1 + 1 Triplett 

" Li 3 = 1 + 2 Dublett 

" " 3 = 1 + 1+ 1 Quartett 

" Be 4 = 2 + 2 Singulett 

" " 4 = 1 + 1 + 2 Triplett 

" 4 = 1 + 1 + 1 +1 Quintett 
usw. 

Wie die Auswahl der III der Natur vorkornmenden Termsysteme 
bei Protonen usw. ist, kann vorlaufig nur durch Vergleich mit der Er
fahrung entschieden werden, wie insbesondere in der Diskussion dieses 
Thernas bei F. H und 2) auseinandergesetzt ist 3). 

13. Wir gehen nun zu dem Faile tiber, wo auf unser System keine 
Kraft wirkt. Dann sind die Darstellungen des III a mit den Darstellungell I 
und II zu kombinieren. 

Wir mtissen nun die Darstellungen der dreidimensiollalen Dreh
gruppe etwas genauer betrachten. Dazu flihren wir die Parameter
darstellung von Euler ein. Die Verdrehung, die den Bogen - in den 

Eigenfunktionen, und zwar entsprechend den zwei Einstellungsmoglichkeiten des 
Elektrons, zwei Eigenfunktionen beschrieben wird. Dann sucht er diejenigen 
Termsysteme aus, die durch zwei Funktionen antisymmetrisiert werden konnen. 
Diese Vorschrift fiihrt genau zu den im Text angegebenen Termsystemen. Ich 
kann davon absehen naheres hieriiber mitzuteilen, da Herr F. Hun d unabhangig 
von mir nach einer etwas anderen ?1ethode zu demselben Ergebnis gekommen ist 
und seine Resultate bald in dieser Zeitschrift erscheinen. 

1) I. c. 
2) ZS. f. Phys. 42, 93, 1927. 
3) Ich mochte an dieser Stelle noch eine Bemerkung zur Frage der B 0 s e

Einsteinschen Statistik machen, soweit sie die Gasentartung betrifft. Ob in 
einem Gase die Bose-Einsteinsche oder die Fermi-Diracsche Theorie zu Recht 
besteht. hangt lediglich davon ab (W. Pauli jr., ZS. f. Phys. 41, 81, 1927; siehe 
auch R. H. Fowler, Proc. Roy. Soc. (A) 113, 432, 1926), ob bei der Vertauschung 
zweier Atome bzw. Molekiile die Eigenfunktion ungeandert bleibt oder ihr Vor
zeichen umkehrt. Dies liillt sich mit groBer Wahrscheinlichkeit fiir Molektile, die 
aus zwei gleichen Atomen bestehen, angeben. Wie immer namlich das allgemeine 
Gesetz sein mag, das den Vorzeichenwechsel bei dem Austausch von Elektronen 
und etwa von Stickstoffkernen regelt. wenn man zwei N2 miteinander vertauscht, 
kann sich am Ende das Vorzeichen nicht geiindert haben, weil ja jede Operation 
zweimal ausgefiihrt worden ist. In solchen Fallen wenigstens besteht also die 
Einsteinsche Theorie der Gasentartung hOchstwahrscheinlich zu Recht.. Natiirlich 
gilt dies nicht flir Elektronen. 
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Bogen -. -. - uberfuhrt, kennzeichnen wir mit den drei Eulerschen 
Winkeln ex, (3, y. Sie ist aus einer Drehung urn die Z-Achse mit dem 
Winkel y, urn die X - Achse mit (3 und 
aus noch einer Drehung urn die Z-Achse 
mit dem Winkel ex zusammengesetzt. Das 
Matrizenelement, das in der 2l + 1-dimen
sionalen Darstellung in der j-ten Zeile ulld 
der k-ten Spalte steht, bezeichnen wir mit 
DJ k (j und k laufen von - 1 bis + l). 
Wir betrachten diejenige Form der Dar- Y 

stellung, die als Darstellung der zwei
dimensionalen Drehgruppe urn die Z-Achse 
ausreduziert und au13erdem hermitisch ist. 
DJ k hat die Form 

DJ k (ex, (3, y) = eija dJ k «(3) eO. "I, 

dh ((3) ist reell, nnd es gilt 

z 

Fill· I. 

dh«(3) = (-I)j+kah (- (3) = (- I)Hkd~j«(3) 

(10) 

=d~j(-(3) = (-I)j+kd_j._ k «(3). (11) 

Fur spater merkell wir uns die Rekursionsformein an: 

D l + 1 Vl+j+1 YZ+j+2Y(l+1)2-k2 

H1.k (21 + 1)(1 + 1) + 

+ D' . II. ia D'-1 YZ-j-1 y~v~ a (12 b) 
j k sm t" e - 1+ 1, k (2 Z + 1.) z= . 

lJurch (11) gehen aus ihnen weitere hervor. 
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Es seien noch die ersten zwei Darstellungen fiir reine Drehung 
explizite hergeschrieben. Die »normalen" und ngespiegelten" Dar
stellungen der Drehspiegelungsgruppe ergeben sich darausgemiiLl Punkt 11. 

(1), 

14. 

1 + cos R _'a sin R 1 - cos R e-{a ~ e-ir e' ~ e-{a ~ ely 
2 ' y'2 ' 2 ' 

cos (3, 

1 - cos R. . sin p eta ~ e-Jr e,a __ 
2 ' ,-, 1'2 

sin (3 if 
1/- e , 
y2 

i 1 + cos f3 i e a e y 2 . 

lch will nun 2 l + 1 Funktionen finden: 

f-I(Xl , Yl' ZI ... Xn, Yn, Zn), f-I+l (Xl' Y1I Zl '" Xn, Yn, Zn) ... , 
fz (Xl' Yl , Zl ... X'I' Y'II zn), 

die sich bei der Substitution (A) naeh ~IaLlgabe der 2 Z + 1-dimensionalen 
irreduziblen Darstellung der dreidimensionalen Dr e h gruppe trans
formieren, ftir die also gilt 

f,,(x~, Y~, z~ ... X;II Y~, z~) = :SD~dl(Xl' Yl' Zl'" Xn, Yn, Zn), (13) 
l 

worin fiir X~, Y~, Z~ ••• X~, Y~, Z;I die Werte aus (A) zu entnehmen sind. 
leh betraehte die Funktionen an der Uberflache Xl = Yl = X2 = O. 

An dieser Uberflache sind die Funktionen durch die gegenseitige Kon
figuration der Teilchen bestimmt, wiihrend die Lage der ganzen Konfi
guration im Raume vorgeschrieben ist, ieh nenne sie die Lage B. Fiir 
die Koordinaten, die die gegenseitige Konfiguration beschreiben, sehreibe 
ieh g. Die Werte der Funktionen f _ Ibis fl an dieser Uberflaehe be

zeichne ich mit X-I tg), X-I + dg), X-I + 2 (g) ... Xl (g). Die Funktion 
f" (x]' Y2 1 £1 ••• X," Yn, Zn) ist dann wegen (13) 

f" (Xl' Yl' ZI ... Xn, Yn, Zn) = :s D~l(a, p, rh4 (g), (13 a) 
l 

wo a das Azimut des ersten Elektrons, p sein Polabstand und r der 
Winkel zwischen den Ebenen Zrl und rl "2 istl). Umgekehrt bestimme 
ieh die X4(g) ganz beliebig, so haben die in (13a) definierten Funk
tionell f" die verlangte Transformationseigensehaft (13). 

SoUell die fIe die normale DarsteUungseigenschaft der Drehspiegelungs
gruppe haben, so muLl 

fIe (- Xl' -Yl , -Zl '''-Xn' -Yn, -Zn) = (-1)1 fIt (Xl' Yl' Zl · .. Xn, Yn, En) (14) 
sein, soU die Darstellungseigenschaft die gespiegelte sein, so ist 

flee-xl' -Yl' -ZI ... -Xn,-Yn,-Zn) = _(-1)lf,,(xl , Yl' Zl ... Xn' Yn' Zn). (14a) 

1) Es geht hieraus hervor, daD die D (a, (1, r) ein vollstandiges Funktionen
system bilden miissen. 
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1st die Auzahl der Teilcheu, die in die Differentialgleichung ein

gehen, mindestens gleich 3 (die gesamte Anzahl der Teilchen also min

destens gleich 4, da ein Teilchen wegen des Schwerpunktsatzes absepariert 

werden muJ3: z. B. gehen in die Gleichung des H-Atoms nur drei Roor

dinaten einem Teilchen entsprechend ein. Vgl. z. B. E. Fues, Ann. 

d. Phys. 80, 367, 1926), so kann man beides erreichen, indem man etwa 

die X in der Lage B nur dort willkiirlich definiert, wo X3 > 0 und die 

Werte fiir X3 < 0 durch die Gleichung (14) bzw. (14a) bestimmt. 1m 

Falle von nur drei'reilchen (z. B. He) ist dies jedoch nicht moglich; dort 
kommen uur die normalen Darstellungen in Betracht. 

Will man Funktionen bilden I), die sich bei der Vertauschung von 

Elektronen so benehmen, wie eine bestimmte in 11. I beschriebene Dar

stellullg dies verlangt, so hat man lediglich die X nul' dort willkiirlich 

zu definieren, wo r 1 < '·2 < ... < 1"11 ist (ri Abstand des i-ten Teilchens 
vom Schwerpunkt) und an den anderen Stellen die Funktionen mit Hilfe 

ihrer Darstellungseigenschaftell (9), (9 a) zu bestimmen. 

Wegen 9. konnen wir hieraus schlieJ3en: Vom Li ab kommen in 

jedem }Iultiplettsystem Terme jeder in Punkt 11, IlIa beschriebenen 

Darstellungseigenschaft vor. Bei He und H kommen nur normale 
Terme vor. 

Die Eigenfunldionell sind durch die Ausdriicke (13 a) gegeben, die 

Xl (g) hiingen nur von der gegenseitigeu Konfiguration der Teilchen abo 
15. In diesem Punkte mochte iell die Auswahlregeln fUr die azi

mutale Quantenzahl ableitell 2). Unter Intensitat ist hier die "Starke 
des Oszillators" zu versteheu, also die lineare Polarisation 

If x lPi 1/lk I, 
die hOheren Momente vou Heisenberg 3) sind nieht in Betracht gezogen. 

1) Es gilt dies nur, wenn ein Teilchen (bei uns der Kern) da ist, von dem 
nur ein Exemplar vorhanden ist und dessen Koordinaten man mit Hille des 
Schwerpunktsatzes absepariert. 

2) M. Born, W. Heisenberg uud P. Jordan erhielten bereits in ihrer 
Arbeit (ZS. f. Phys. 35, 557, 1926) Resultate, die sich in vielen Punkten mit den 
hier folgenden decken. Insbesondere findet sich dort die Auswahlregel flir die 
magnetische Quantenzahl tn und auch die Intensitatsformel (18). Auch bei 
P. A. M. Dirac (Proc. Roy. Soc. 111, 281, 1926) findp.n sich diese Formeln. Un sere 
Betrachtungen fUhren insofern etwas we iter, als wir auch einen Ubergang mit 
II = l2 (dort jl = j2) ausschlie.Den konnen, wodurch die Deutung des l als azi
mutale Quantenzahl gesichert erscheint. Au.Derdem kann l (f) dort ganz- oder 
halbzabJige Werte annehmenj bei uns sind nur ganzzablige Werte mogJich. 
Flir den Fall eines einzigen Elektrons findet sich dies auch bei L. Brillouin, 
Journ. de phys. et Ie Rad. 8, 74, 1927. 

3) ZS. f. Phys. 38, 411, 1926. 
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Da wir die Wirkung des rotierenden Elektrons nicht berucksichtigen 

konnten, werden aUe un sere "Multiplettsysteme" (siehe Punkt 12) die 
Eigensrhaften haben, die experimentell bei Singulettsystemen bekannt sind. 

Die Dimensionen del' Darstellungen del' Drehgruppe sind 2 1 + 1. 
Die Zahll nennen wir azimutale Quantenzahl, da folgendes gilt: 1 andert 

sich bei einem Ubergang urn + 1 odeI' - 1. Alie anderen Ubergange 
sind verboten. 

Es genligt, nachzuweisen, daB bei solchen veruotenen Ubergangen 

die Polarisat.ion, die vom ersten Elektron herriihrt, verschwindet. Be

zeichnen wir mit "1' r2 den Radiusvektor des ersten bzw. zweiten Elektrons, 
mit IX, ~ Azimut und Polabstand von del' Z-Achse des ersten, 7' ist del' 

Winkel del' Ebenen Z"1' "1 r 2 , so ist die ,,-te Eigenfunktion, die zu einem 
Term mit del' azimutalen Quantcnzahll gehort, wegen (13a) 

::2 D~]. (IX, ~, r) Xi. (g), 
i. 

die x' -te Eigenfunktion mit del' azimutalell Quantenzahl l' 

~ D~' A' (IX, ~, r) Xl' (g). 
I.' 

Die Polarisation in del' Z-Achse, die vom ersten Elektron herrlihrt, 

V(l + ll-x2 Vo + 1)2 - J...2 
U"l = (21 + 1)(l + 1) , 

l/~ VZ2_J...2 

V"l = (21 + 1) Z ' 

dies verschwindet schon bei del' Integration libel' IX, ~, r wegen (lIb), 
wenn wedel' 1 + 1 = l' noch 1- 1 = 7'. Ahnlich die Polarisation in 
del' X- und Y-Richtung. 

Terme, zu denen eil1e normale DarsteHung del' Drehspiegelungsgruppe 
gehBrt, bezeichnen wir als normal, 'ferme, zu denen eine gespiegelte Dar
steHung gehBrt, als gespiegelt. fTbergange zwischen normalen und ge
spiegelten Termen kOIDmen nicht VOl'. 

Es genligt, dies fur eine Anderung von 1 um + 1 nachzuweisen, da 

andere Ubergange liberhaupt nicht vorkommen. Die Polarisation in del' 

Z-Richtung vom ersten Elektron ist ('l/JI normal, 'ljJl + 1 gespiegelt) 

f'I/JI~Zl' -
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Fiihren wir fiir Xi, 'Iii, Si neue Integrationsvariable - Xi, - '!Ii, - Si ein, 
so andert sich tjJ! mit dem Faktor ( - 1)1; tjJl + 1 mit dem Faktor _ ( _ 1)1 + 1, 

S mit - 1. Es ist also 

J ,.-; J,-' 
tjJl tjJl + 1 SI = - tjJl tjJl + 1 SI = O. 

Dieser Satz wird sich als identisch mit der Laporteschen Regel er
weisen. [Punkt 25] 1). 

16. Wirkung des elektris('.hen Feldes. Durch ein elektrisches Feld 
in der Z-Achse wird die Substitutionsgruppe unserer Differentialgleichung 
verkleinert. Wir miissen also im Sinne des achten Punktes verfahren 
und die Darstellung der dreidimensionalen Drehgruppe als Darstellung 
der zweidimensionalen (um die Z-Achse) ausreduzieren. In (11) ist die 
Darstellung schon in dieser Form angenommen worden. [Es gilt namlich 
fiir fj = 0 

wie schon daraus hervorgeht, daB D~A. (a, fj, r) fUr a = fj = r = 0 
die Einheitsmatrix sein muLl.] In den irreduziblen Bestandteilen von 
D~l (a, 0, 0), als Darstellung der zweidimensionalen Drehspiegelungsgruppe 
urn die Z-Achse, sind also 

( 
eia. 0 ) 

(1), 0 e-ia. ' 
( 

e2ia. 0 ) 
o e- 2i a. ' "', 

( 
eila. 0 ) 

o e-ila. 

die Matrizen fur reine Drehung um den Winkel a; fiir die reine Spiegelung 
in der Y Z-Ebene (nicht mehr durch den Koordinatenursprungspunkt!) 
haben wir, wenn die Darstellung normal war, 

(1), 

bei gespiegelter Darstellung. 

(-1), (~~), 
Wir finden also: im homogenen elektrischen Felde spaltet ein Term 

mit der azimutalen Quantenzahl 1 in 1 + 1 Terme auf. Ein neuer Term 

1) Vgl. F. Hund, Linienspektren usw., S.132. Die Laportesche Regel solI 
also vom Li ab geIten. 

S) V gl. FuBnote 3 und 4, S. 636. 

S) Die M.atrb;en(~i::i~a.) und (~1-01 ) gehen durch eine Ahnlichkeits-

t f t · . d' u t . (/xa. 0 ) d (0 1) ""b rans orma Ion In Ie ro.a rlzen 0 e-ixa. un IOu er. 
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ist einfach, und je nachdem der urspriingliche Term normal oder gespiegelt 
war, normal oder gespiegelt, die anderen haben noch zwei Eigenfunktionen 
und unterscheiden sich in den beiden Failen nicht in ihren Darstellungs
eigenschaften. 

17. GroCe der Aufspaltung und Auswahlregeln. Ein Term mit der 

Darstellung (Oeima 0 . ) hat die elektrische Quantenzahl m. Bei einer 
e- lma, 

Strahlung, bei der der elektrische Vektor parallel zum Felde ist, andert 
sich 1n nicht (ein normaler Term geht in einen normalen, ein gespiegelter 
in einen gespiegelten liber). 1st der elektriscbe Vektor der Strahlung 
senkrecht zum Feld, so kann sich m nur mit + 1 oder - 1 andern. 
Wir sehen, daO die Auswahlregeln flir schwache Felder durchbrochen 
sind: es kommt gar nicht mehr darauf an, aus was flir einem Term der 
neue entstanden ist, nm die elektrische Quantenzahl 'In spielt eine Rolle. 

18. Mehr Interesse beanspruchen die Verhaltnisse in schwachen 
Feldern 1), wo wir noch die Storungstheorie von Schrodinger anwenden 
konnen. Das Storungspotential ist 

i=1 

1st keine zufaUige Entartung vorhanden, so mrd sich der Starkeffekt 
immer als quadratisch erweisen; wir mussen also, um zu einer Auf
spaltung zu gelangen, bis zur zweiten Naherung vorschreiten. 

Als linear unabbangige unter den 2 1 + 1 Eigenfunktionen mit der 
azimutalen Quantenzahll nehmen wir diejenigen heraus, deren Darstellungs
eigenschaft sich in der Form (11) schreiben laBt: sie haben die Gestalt (13a). 
Die Eigenfunktionen numerieren wir so, daB wir die azimutale Quanten
zahl und die laufende Nummer des Terms mit dieser azimutalen Quanten
zahl als oberen Index, die Nummer der Eigenfunktion, die zu diesem 
Term gehOrt, als unteren Index hinzufligen. Die oberen Indizes sind 
also bei allen Eigenfunktionen, die zu demselben Term geMren, dieselben, 
wah rend der untere Index von - 1 bis + 1 lauft. 

Flir die Storungstheorie brauchen wir Integrale der Gestalt 
,.--.- ,..---' 

(1 . 1 ) - f nr/lll 'IT..l2 82 - f R IfrllSl nrl2 82 (15) 
'1 81 11101 , '2 82 1n2 1 - J $1 'r mt ~ ffl2 - J r 1 cos t' 'r Inl 'r m2 ~ 

(da das i-te Elektron von dem ersten in keiner Weise bevorzugt ist, 
rechnen wir immer mit dem ersten). 

1) Vgl. auch A. Unsol d, Beitrage zur Quantenmechanik der Atome. Ann. 
d. Phys. 82, 355, 1927, § 10. 
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Zur Berechnung setzen wir (lSa) in (15) ein: 

(7 . 1 ) - ~ f Dll /181 ( )D~ 'i;';'2() . f.l (15) 1 81 ml , II 81\ mil 1 - ~ mt,ll Xll 9 m2/.2 Xl2 9 11 COS II a 
21.1'2 • 

und beachten (12), wodurch wir D~2l2 (u, (3, y) cos {3 durch D~~: (a, (3, y) 
und D~;i: (u, (3, y) ausdriicken. Dann fiihren wir die Integration iiber 
a, {3 und y (d. h. iiber aIle Lagen im Raume bei gleicher gegenseitiger 
Konfiguration der Teilchen) mit Hilfe von I b und II b aus, indem wir 

S D~lll(a, {3, y)D~222(a, (3, y) = CltOllkOmlm20).11.2 

setzen und erhaIten fiir (15a) 
~ 

~ {u Cl1 Olb 12 + 1 Oml ffl2 Oi.t J.2 + VC11 011.12 -1 Oml m2 <h1J.2} xi~ 81(g)x1~ 82 (g) 1'1 dg, 
ll. J.2 

Vel, + 1)11- 1n211 V(7s + 1)2 - M yz: - m: VZ: - M 
u= (212 +1)(72 +1) ,v= (212 +1)72 • 

. ,-' 

(ls + 1, 81 , mil; 72 82 mll)1 = ~ u C'2 + 1 j X~22 +1. 81 (g) xi~82 (g) rl d g. 
22 

fiir 71 = 72 - 1, 1nl = ms . 

(7t -1, 81mS; 72 8smll\ = ~VCI2-xSxi~-1'81(g)ifzTu')rldg. 

Wir konnen noch die Abhimgigkeit von m - auf die es uns alIein an
kommt - besser zum Ausdruck bringen, indem wir fiir 11 = 71\ + 1, 

(11 81 tnl ; '1 - 1, 81P mt )) = Vl~ - m~ C/18182 

flir 11 = 711 - 1, mil = m t 

(71 8 1 ml ; '1 + 1, 811 , ml)t = V(ll + 1)2 - m~ C1:'1 82 

flir ml =1= m2 und flir 111 -7, I =1= 1 

(1) 81 11101 ; 72 82 mll)l = 0, 1n1 =1= 11111 

(11 81 tnl ; 1'J 811 ml)1 = 0, /11 -1111 =1= 1. 

(l6a) 

(16 b) 

(l6c) 

(16d) 

1st der eine Term normal, der andere gespiegelt, so gilt offenbar auf 
aIle Falle 

(16 e) 

In diesen Formeln hangt C'1 '1 82 und C,~ 81'2 nicht mehr von tnl abo Da 
diese Formeln (16a), (16b), (16c), (Hid) und (16e) nicht nur flir das 
erste, sondern fiir alle Elektronen geIten, geIten sie auch fiir die Summe 

::8 (11 81 "'1; 7 i 82 m')i' nur daB die Zahlen Cl1 'l'2 und C,~ 81'2 eine etwas 
i 

andere Bedeutung hahen. 
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Jetzt konnen wir die Schrodingersche Storungstheorie anwenden. 

Fur den linearen Effekt kommen hierbei - solange keine zufallige Ent

artung auftritt - nur Ausdrucke der Art 

(11 S1 m1 ; 11 S~ 1n2) 

In Frage. Diese verschwinden aber wegen (16 d). Es ist nur ein 

q uadratischer Effekt zu erwarten. 

Die Existenz eines linearen EUeHs bangt also (z. B. bei dem 

W asserstoffatom) mit einer zuflilligen Entartung zusammen. Auch in 

der alteren Theorie war dies ahnlich der Fall. 

Wir konnen noch das quadratische Glied berechnen. Die Ver

schiebung des Eigenwerts, der zu der Eigenfunktion "P'!~tl gehort, ist 

E _ ~2 2 ~ (ll S1 m1 ; l~ S2 1n2)2 
Li 11 81 m1 - e L.J E E 

1282m2 1181 - 12 82 

oder wegen (16c), (lod) und (16a), (16b) 

LiEl181ml = ~2 {(1~ - m~) A' + (ll + 1)2 -mnB'} 

wo A' und B' nicht mehr von m abhangen. Anders geschrieben 

LiEl8m = ~~(Al8-BI8m2). (17) 

Die Zusatzenergie ist fur die m-te und - m-te Eigenfunktion die

selbe, was ia auch natiirlich ist, da diese Entartung selbst bei einem 

starken Feld (Punkt Hi) nicht aufgehoben wird. Die absolute GroDe 

der Verschiebung und Aufspaltung (A und B) laDt sich nicht allgemein 

angeben, iedoch gibt un sere Formel (17) das Bild der Aufspaltung an. 

Dieselbe Abbangigkeit von m findet sich auch bei R. Becker 1), 

dessen Theorie auch eine sehr gute Abschatzung von A und B ermog

licht. Auf Grund der Quantenmechanik hat seine Rechnung A. Unsold 2) 

wiederholt, der im wesentlichen zu derselben Formel gelangt. 

Unsere Formel (17) muI.l - wenigstens flir Singulettsysteme -
etwa ebenso genau gelten wie z. B. die Formeln flir die Aufspaltung bei 
dem Zeemaneffekt. Leider ist sie am experimentellen Material vorlaufig 
nicht zu prlifen, da man bisher eine wirkliche Aufspaltung (auDer natlir

lich bei H) kaum erreicht hat. 

In der Fig. 2 ist das Bild eines solchen Effekts schematisch auf

gezeichnet. Bei den vier aufgezeichneten Termen (ein S-, P-, D- und 

B-Term) sind die Linien mit m = 0 untereinander gezeichnet, und die 

BIB sind bei allen vier en gleich groD angenommen, was in Wirklichkeit 

1) ZS. f. Phys. 9, 332, 1922. 
2) 1. c. 
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natiirlich nieht del' Fall sein wird. Die gestriehelten Linien bedeuten 

Ubergange, die Zahlen auf Ihnen sind Intensitaten. 

19. Ieh moehte noeh kurz auf die Verhaltnisse im magnetisehen 
Felde eingehel1. Zu diesem Zweeke muD man wiecl.er die Uberlegungen 
des Punldes 8 hel'anziehen. 

Ein 'l'erm habe die azimutale Quantenzahl lund gehore zu einem 

Uultiplettsystem JJ£. Bis kein Feld da ist, ist die Substitutionsgruppe 

del' Differentialgleiehung (vgl. Punkt 11) das dil'ekte Produkt del' drei

dimensionalen Drehspiegelungsgruppe III a mit del' symmetrisehen Gruppe I. 
Die Darstellung unseres 'l'el'mes entsteht, indem wir die Darstellung, die 

zum Multiplettsystem 1J[ gehOrt, mit del' 

2 l + 1 dimensional en Darstellung del' Dreh
gruppe kOlubinieren. Ieh nehme die letztel'e 

Darstellung in del' Form (11) an und das 

entstehende magnetisehe Feld in del' Riehtung 

del' Z-Aehse. Unsel'e. Darstellung ist dann 
als Darstellung des direkten Produkts del' 

symmetrisehen Gruppe I mit del' Gruppe III e 

bereits ausreduziert. Sie hat 2l + 1 il're
duzible Bestandteile. Diese sind zusammen-

Fig. 2. 

gesetzt aus derjenigen Darstellung del' Gruppe I, die zu unserem 
1vIultiplettsystem gehort, mit einer del' folgenden Darstellungen von lIIc 

(e- ila), (e-i(l-l)a) ... (e- ia), (1), (eia) .. , (eila) 

fiir eine Drehung. Diese 2 l + 1 Dal'stellungen sind die Darstellungs
eigenschaften del' entstandenen 2 l + 1 'l'erme. 

Dieses Resultat ist von del' speziellen Gestalt del' Schrodinger
schen Gleichung sowie von del' Darstelluugseigenschaft del' Gruppe I, 
die zu unsel'em Multiplettsystem Jj[ gellOrt, wesentlich unabhangig. 

'l'rotzdem zeigt es sich, daD die Aufspaltung immer in eine ungerade 

Anzahl von Komponenten eintritt, was bekanntlieh del' Erfahrung bei 

Dublett-, Quartett- usw. Systemen widel'spricht. Diese Schwierigkeit 

tritt natiirlich nicht nul' an diesel' Stelle auf j sie ist abel' mer am 
krassesten zu fol'mulieren. Es scheint mil', daD mer zur Erklarung del' 
Verhaltnisse noch ein wesentlicher Punkt fehit. 

20. Wir konnten nun - eben so wie bei dem Starkeffekt -
durch Beriicksichtigung del' speziellen Gestalt del' Schrodingerschen 
Gleichung (in del' allerdings das rotierende Elektron auf keine Weise 
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beriicksichtigt ist) eine Aufspaltungsformel erhaIten. Es wiirde sich 1) -
wie zu erwarten - die fiir Singulettsysteme giiltige Formel des normalen 
Zeemaneffekts ergeben (Anfspaltungsfaktor g = 1). Ebenso konnten 
wir die Auswahlregel im beliebig starken Feld berechnen, was allerdings 
ein etwas komplizierteres Resultat ergibt. Fiir schwache Felder stehen 
die Integrale fiir die Intensitaten der n-Komponenten fertig in (16a) 
oder (16 b) da, die Intensitaten der <1 -Komponenten ergeben sich ebenso 
einfach durch Anwendung der Formel (12a) und (12b). Wenn wir dIe 
magnetlsche Quantenzahl mit m bezeichnen, so gilt fiir einen Ubergang 

Relative Intensitiiten 

1, m - 1 + 1. m (n-Komponente) (1 + 1)2 - m9 I 
7, m _ 1 + 1, m + 1 (<1-Komponente) HZ + 1 + m) (1 + 2 + m) (18) 
7, m _ 1 + 1, m - 1 (O'-Komponente) i(Z + 1 - m) (Z + 2 - m) 

Auch diese Formeln geIten fiir Singulettsysteme. 

21. Als vorletzten Punkt unserer Uberlegungen behandeln wir das 
sukzessive Einfangen von Elektronen von einem Ion. Wir werden 
hierbei von dem im wesentlichen von Heisenberg (1. c.) gegebenen 
Schema der Zuordnung der Darstellungen zu Multiplettsystemen aus
gehen, die in Punkt 12 beschrieben ist. 

Unsere Aufgabe besteht eigentlich aus zwei Teilen. 1m ersten TeilS) 

gehen wir von einem "ungestorten" System aus, in dem keine Wechsel
wirkung zwischen den Elektronen vorhanden ist und diese nur unter der 
Einwirkung des Kerns stehen. Dann sind die Eigenfunktionen Produkte 
von Funktionen der Koordinaten nul' je eines Elektrons, oder lineare 
Kombinationen solcher Produkte. Es laCt sich dann jed em Elektron i 

eine Hauptquantenzahl Ni und eine Azimutalquantenzahl 1i zuordnen. 
Wir fragen nun, was fur Terme (Multiplettsystem und Azimutalquanten
zahll des Atoms) aus diesem Term entstehen, wenn wir die Wechsel
wirkung zwischen den Elektronen langsam, als St<irung angewaehsen 
denken. Wir haben also zu jedem Elektron eine Azimutalquantenzahl 
zugeordnet und hagen, wie sieh diese zu der gesamten azimutalen Quanten
zahl des Atoms zusammensetzen. Dieser Teil der Aufgabe lli.l3t sich 
auch ganz formal erledigen j ich werde indessen hier eine etwas andere 
Behandlung wahlen. 

1) Siehe auch M. Born und P. Jordan, ZS. f. Phys. 84, 858, 1925, und 
E. Schrodinger, Ann. d. Phys. 81, 139, 1926. 

2) Vgl. F. Hund, Linienspektren usw. §§ 24, 25. 
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Die zweite Frage 1) betrifft die Zuordnung der einzelnen Serien
grenzen des Atoms zu Termen des Ions. Es ist mir leider nieht ge
lungen, diese Aufgabe in dieser Allgemeinheit zu losen, obwohl es mit 
den hier entwiekelten Methoden durehaus moglieh sein muJ3. Ieh ver
ziehte daher auf die Behandlung dieser Frage. 

22. Wir miissen hier eine kleine Hilfsbetraehtung einschalten. Es 
sei ein System von n gleichen Teilchen gegeben, die aile unter der 
Wirkung einer Kraft stehen (man denke an die n Elektronen des Atoms, 
wobei die Weehselwirkung vernaehlassigt ist). Die Eigenfunktionen 
dieses Systems sind Produkte von Eigenfunktionen der einzelnen Teilchen, 
oder Summen solcher Produkte. Insbesondere betrachten wir einen Zu
stand, in dem d Bahnen doppelt besetzt sind, alle anderen einfaeh. Zu 

einem Term gehOren dann ;! Eigenfunktionen. Lassen wir nun die 

Wechselwirkung zwischen den Teilchen eintreten, so spalten die Terme 
im allgemeinen auf, und es entstehen solche, deren Darsteilungen fiir 
Substitutionsgruppen der Art I irreduzibel sind. Die Frage ist nun, 
wieviel Terme einer bestimmten Darstellungseigenschaft aus einem be
stimmten, "ungestorten" Term entstehen. Das Problem wurde fiir den 
Fall d = 0 bereits in einer vorangehenden Mitteilung gelost 2), die 

N;'1J.2 •• • J.(l geben die Zahlen der Terme an, die zu der Darstellung ).1 

).9' •.. ).(l gehoren (AI + 1..2 + ... + I..(l = n). 1m allgemeinen ist das 
Problem etwas verwickelter, gliicklicherweise interessieren uns aber nur 
diejenige.n Termsysteme (vgl. Punkt 12), bei denen in der partitio nur 
die Zahlen 1 und 2 vorkommen. Die Anzahl der Zweier bezeiehnen wir 
mit It, die A.nzahl der Einser ist dann n - 2 It, die Multiplizitat des 
Terms n - 2 It + 1. 

Das Resultat der Reehnung, die ieh nicht anfiihren mochte (sie 
ist mit der flir d = 0 vollkommen analog, nur erfordert sie etwas mehr 
Rechenarbeit), ist folgendes: Aus einem ungestorten Term mit d doppelt 
besetzten Bahnen entstehen 

(n-2d)_( n-2d) 
,z-d z-d-1 

(19) 

Terme der Multiplizitat n - 2 z + 1. 

1) Vgl. F. Hund, Linienspektren usw. § 39. 
2) E. Wigner, ZS. f. Phys. 40, 883, 1927. 
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Diese Formel gilt natlirlich auch flir d = ° und ist in diesem FaIle 
- wie man sich leicht liberzeugt - mit der Formel flir Nlll2 ... l idell-

tisch, wenn namlich alle .t gleich 1 oder 2 sind. ~ 

23. Wir betrachten nunmehr ein nungestortes" Atom mit n Elek
tronen mit den Hauptquantenzahlen Nil N 2, ••• , N,~ und den Azimutal
quantenzahlen ll' I'}" ••• , In. Die direkte Berechnung der Aufspaltung 
der Eigenwerte ist zwar durchaus moglich, doch kommt man einfacher 
zum Ziele, wenn man sich ein schwaches magnetisches Feld angelegt 
denkt und so den 2 li + 1 fachen Term des i ten Elektrons in 2 Ii + 1 
Terme zerlegt. Dann ist unsere Aufgabe einfach die: Ein Elektron ist 

auf einer der 211 + 1 Bahnen N1, ll' ml (ml lauft von -ll bis + 1]), 
ein zweites auf einer der 2 12 + 1 Bahnen N'}" I'}" m2 llSW. und schlieLHich 
ein Elektron auf einer der 2In + 1 Bahnen Nnl In, mn (mn lauft von 
- In bis + In). Es ist nun zu beachten, daB die magnetische Quanten
zahl m des Atoms aufgebaut 'aus Elektronen mit den magnetischen 
Quantenzahlen ml , m'},l "'1 mn gleich m1 + 111'}, + ... mn ist. Die Eigen
funktion des Atoms ist namlich das Produkt der Eigenfunktionen der 
Elektronen, diese multiplizieren sich bei einer Drehung mit dem Winkel CG 

um die magnetische Feldachse mit eim1/l:, eim2 /1:, "'1 eimn/l:, die Eigenfunk
tion des Atoms also mit ei(ml + m2 + ... mn) /1:. 

Hiernac.h konnen wir alle etwa (211 + 1) (21'}, + 1) ... (21n + 1) 
Zustande separat betrachten, die durch spezielle Wahl der mil m'},l ... , 1nn 
entstehen und auf ane separat das Ergebnis des vorangehenden Punktes 
anwenden. Dieses genligt offenbar, da Falle, wo mehr als zwei Elek
tronen dieselben drei Zahlen N, 1, m haben, fiir uns iiberhaupt aus
scheiden (Punkt 12). 

24. Ich mochte dies an einem Beispiel illustrieren. Es seien eiD 
Ip- und zwei 2p-Elektronen vorhanden (Nt = 1, N'J, = Ns = 2, 
11 = 12 = Is = 1). Die erste Spalte in Tabelle 1 reprasentiert durch 
die drei Striche III die drei Bahnen N = 1, 1 = 1, m = - 1, 0, + I, 
in der zweiten Spalte sind die drei Striche die drei Zustande N = 2, 
Z = 1, m = -1, 0, + 1. Die Punkte auf den Strichen bedeuten 
Elektronen, die in diesem Zustand sind, d die Anzahl der doppelt be
setzten Bahnen, m sind magnetische Quantenzahlen des At 0 m s, also 
m1 + m'J, + ma' Darunter stehen die Ausdrlicke 

(n-2d)_1 n-2d ), 
s-d \s-d-l 

(19) 
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Tabelle 1. 

N=I,I=I II z = 0, Quartett • = I, Dublett N=2.,= lil d 

m= -1 0 1 -1 0 I -2 -1 0 1 2 -3 -2 -1 0 1 2 3 

* 
I II 1 1 I 

+ + II 0 1 2 

+ I + 0 1 2 
+ I I I 

* 
I 1 1 

I 
I + + 0 1 2 

I I 
* 

1 I 1 

I 
* 

I I 1 1 1 

I I 
+ + I 0 1 1 2 2 

I + + I + 0 1 1 2 2 
und 

I 
* 

I ~I 1 1 

\1 
I + I + + 1 1 2 2 

I I 
* 

1 I I I I 1 

die angeben, wieviel solche Terme entstehen. Es entsteht also ein 
Quartetterm mit m = - 2, zwei mit m = - 1, drei mit m = 0, 
zwei mit m = 1 und einer mit m = 2. Diese kann man nur in ein 
'D, 'P, '8 zusammenfassen. Ahnlich erhalten wir fiir die Dubletterme 
iB, 2D, iD, 'JP, 'Jp, iP, 28. Es sind dies offenbar durchweg dieselben 
Terme, die nach dem vorhandenen empirischen Material erwartet werden 
miissen. (V gl. z. B. F. Hun d, 1. c. § 24, 25, we) hierfiir viele Beispiele 
gegeben sind.) 

Auf die empirische Bedeutung dieses Aufbauprinzipes hinzuweisen, 
ist kaum notwendig, kann man doch bekanntlich mit seiner Hilfe einen 
groJ3en Teil des Baues der Serienspektren sowie des periodischen Systems 
erklaren. 

25. Wir untersuchen noch die Frage, welche Terme normal und 
welche gespiegelt sind. Da die Eigenfunktionen eines Elektrons immer 
normal sind (Punkt 14), so geht die Eigenfunktion des Hen Elektrons 
bei der Spiegelung durch den Koordinatenursprungspunkt in den 
(- 1)li fachen Wert iiber. Die ganze Eigenfunktion des Atoms geht in 
den (- 1 )11 + /2 + ... 'nfachen Wert iiber. 1st also Z die azimutale Quanten
zahl des ganzen Atoms, so ist dp.r zugehorige Term normal oder ge
spiegelt, je nachdem (- 1)11 + /2 + ... In -I gleich + 1 oder - 1 ist. Nun 
kommen tJbergii.nge nur von normalen in norm ale, von gespiegelten in 
gespiegelte Terme vor. Il + 11 + .. , In - l kann sich also nur urn eine 
gerade Zahl andern. Da sich Z nur urn + 1 oder - 1 II.ndert, dad sich 
Zl + 1.11 + ... 1n nur urn eine ungerade Zahl il.ndern. Dies ist der Inhalt 
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der Laporteschen Regel. Es ist merkwUrdig, wie wenig anschaulich 
diese Deutung ist, so daB man die in der alteren Quantentheorie von 
W. Reisen berg 1) gegebene Deutung kaum wiedererkennen kann. 

26. Zum SchluB mochte ich noch darauf hinweisen, daB es leicht 
ist - nicht nur die Kugelsymmetriealler S-Terme [die ja von unserem 
Standpunkte aus trivial ist]2) - zu beweisen, sondern das Versch,vinden 
der Dipolmomente aller stationaren Zustande zu zeigen. Auch 
die Quadrupolmomente lassen sich berechnen. rch mochte aber hierauf 
nicht eingehen, da die vorliegende Note ohnehin schon ailzu lang ge
worden ist. Die Bedeutung dieser Beziehungen besteht hauptsachlich in 
der zuerst von A. Unsold 3) bemerkten Tatsache, daB man bei ieder 
Stornngsrechnung in erster Naherung so rechnen kann, wie wenn die 
elektrische Ladung nach der Schrodingerschen FormelUber den ganzen 
Raum "verschmiert" ware und nach den Regeln der klassischen Elektro
statik wirken wUrde. 

27. Zweck der vorliegenden Arbeit war, zu zeigen, daB man durch 
ganz einfache Symmetriebetrachtungen Uber die Schrodingersche Diffe
rentialgleichung schon einen wesentlichen Teil der rein qualitativen 
spektroskopischen Erfahrung erklaren kann. 

Wie die in Punkt 19 gestreifte Schwierigkeit zu beheben ist, ver
mag ich nicht zu sagen. Es erscheint einem zunachst recht schwierig, 
mit e in e r Differentialgleichung mit eindeutigem 1/J eine Aufspaltung in 
eine gerade Anzahl von Komponenten im magnetischen Felde heraus
zuholen. Auch zeigen sich noch einige andere Schwierigkeiten in solchen 
Fallen, wo die rotierenden Elektronen eine Rolle spielen. 

Berlin, Institut fUr theoretische Physik der Techn. Rochschule. 

1) ZS. f. Phys. 32, 841, 1925. 
2) Zu diesem Ergebnis kommt aueh A. Unsold (1. c.) fiir S-Terme wasser

stoffahnlieher Spektren und fiir abgesehlossene Sehalen (die natiirlieh in unserem 
Sinne aueh S-Terme sind), indem er sieh fiir die Weehse)wirkung der Elektronen 
auf die erste bzw. zweite Naherung besehrankt. VgI. aueh A. Sommerfeld, 
Phys. ZS. 28, 231, 1927. 

3) 1. e. 
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Zeitschrift fiir Physik -15, 601-602 (1927) 

(Eingegangen am 8. September 1927.) 

1. Bei del' Ableitung del' Rekursionsformeln (12), (12a), (12b) in 
zitierter Arbeitl ist mil' ein Fehler unterlaufen. Genannte Formeln lauten 
richtigerweise: 

Dr R D I - 1 + DI 1+1 
'jkcOSt' = U'1 Uk 'j,1: V'1 Vk 'j,k + 10'1 WkD'1,k , 

D l • R -ia - D' - 1 + - Dl - D1+ 1 
'1kslnt'e =U'1 ltk'1-1,k V'1Vk '1-1,k+ 1O'11Ok j-1,k, 

Dl . R i + DI - 1 + DI + Dl + 1 
j kSln pea = u, '1 'Ii'k j + 1, k + V'1 'L'k i + 1, k + fC j 10k j + 1, k 

mit 
V12- ).~ ). V(l + 1)2_l2 

Ul = V), = -=---= , llil = 
Y1V21+1' . V1VI+1 \ll+q/21+1' 

_ Vl + l VI + l- 1 _ V1-l + 1 VI + l \I,-l + 1 V,-l + 2 
Ui. = - VI Y21 + 1 ' til = Y Z VI + 1 ,wi = \/Z + 1 V2T+i ' 

Vl- ). - 1 V1-l V, + l + qll=I + V1 + l + 1 Vl + ). + 2 ui = , vt = 1V = - . 
VIV21+1 \IIY1+l Y1+1V~1+1 

L. c. fehlten die Glieder mit den v. ~ran leitet diese Formeln ab, 
indem man die Darstellung DJI:D~1t ausreduziert. 

2. Hierdurch il.ndert sich Punkt 15. AuBel' den dort erwahnten 
"Obergil.ngen sind namlich noch Ubergange mit .dl = 0 zwischen nor
malen und gespiegelten Termen erlaubt. 

Die Auswahlregel fiir die azimutale Quantenzahl lautet also: 
1st ein Zustand aufgebaut aus einem le, einem 1,- usw. und einem In

Elektron und hat er dabei die azimutale Quantenzahl 1, so ist er normal 
odeI' gespiegelt, ie nachdem '1 + 1, + ... 7n -1 eine gerade oder ungerade 
Zahl isti. 

Es kommen Obergange VOl': mit.d1 = + 1 yon normalen in normale, 
von gespiegeU.en in gespiegelte Terme; mit .d7 = 0, wenn 1 =1= 0 ist, 

1 ZS. f. Phys. 48, 624, 1927. 
2 I. c. Punkt 25. 
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von normalen in gespiegelte, gespiegelten in normale Terme 1. AIle anderell 
Ubergiinge sind verboten. 

Man beweist dies ganz nach Punkt 15. Diese Auswahlregel (wie 
auch das Verbot von Interkombination zwischen verschiedenen Multiplett
systemen) gilt zunachst nur - wie l. c. auseinandergesetzt - unter 
Vernachlassigung der Elektronenrotation, d. h. bei kleiner Multiplett
aufspaltung. Die Elemeute niedriger Ordnungszahl (z. B. Stickstoff) 
fligen sich diesen Verboten noch gut, wahrend sie bei den hoheren EIe
menten durchbrochen werden. 

3. Auch in Punkt 18 mua man noch einige Glieder in Betracht 
ziehen, wodurch iedoch das Resultat nicht geandert wird. 

4. In Punkt 20 kommen zu den Formeln (18) noch folgende hinzu: 

Relative Intensitat 
1, m _ I, f)l (n;-Komponente) . . . . m2 

1, m - I, m + 1 (o-Komponente) .. HZ + 1 + m)(Z - tn.) 

Auch diese Formeln stehen bei Born, Heisenberg und Jordan 2. 

Es ist zu beach ten, daB solche "Obergange nur von normalen in ge
spiegelte Terme oder umgekehrt vorkommen. 

Alles andere bleibt ungeandert. 

Berlin, Inst. f. theoret. Phys. d. Techn. Hochschule. 

1 Diese Answahlregel ist empirisch zuerst von O. Laporte (ZS. f. Phys. 23, 
135, 1924) und H. N. Russell (Science 59, 512, 1924) mit Bezug auf ftunge
strichene" nnd ftgestrichene" Terme gefunden worden, welche Einteilung nach 
W. Heisenberg (ZS. f. Phys. 32, 841, 1925) mit der Einteilung in ftnormale" 
und ftgespiegelte" Terme identisch ist. Hierauf machte mich freundlichst Herr 
W. Pauli jr. aufmerksam. 

II ZS. f. Phys. 30, 557, 1926. 



Uber die Erhaltungssatze in der Quantenmechanik 

E.P. Wigner 

Nachrichten der Gesellschaft der Wissenschaften zu Gottingen 
Mathematisch-Physikalische Klasse 1917, 375-381 

Vorgelegt VOIl Max Born in der Sitzung yom 10. Februar 1928. 

1. Dureh die nstatistisehe Deutung der Quantenmeehanik" 1) 
muBten viele unserer gewohnten physikalischen Begriffe einer weit
gehenden ReviRion unterzogen werden. Ob das Gesehehen seIber 
akausal ist, solI hier nieht untersucht werden, es sollen nur die 
Erhaltungssatze del' nunmehr modifizierten Begriffe Enel'gie, Impuls 
usw. bespl'ochen werden. 

Bekanntlich kann man lin Sinne der Quantenmechanik niemals 
die Frage aufsteIlen: n Wie groB ist die X-Koordinate odel' etwa 
die Enel'gie dieses Korpers?" Die vernii.nftige Fragestellnllg ist: 
'Wie groB ist die Wahrsc hein liehk eit, daB ein Versueh zur 
Bestimmung der X-Koordlilate (oder Energie) diesen oder diesen 
Wert ergibt? In dies em Sinne miissen wir aueh die Erhaltungs
saize formulieren. Sie lauten dann z. B.: Die Wahrscheinlichkeit, 
daB die Energie den Wert E hat., andert sich im Laufe del' Zeit 
nieht. Dies ist also so zn verstehen, daB man bei einer Bestimmung 
del' Energie eines Systems mit derselben Wahrscheinliehkeit den 
Wert E erhiilt, gleiehgiiltig, ob man den Versuch zur Zeit 0 oder 
t ausfiihrt. 1st spezieIl die Wahrseheinlichkeit filr aIle Energie
werte, abgesehen yon Eo gleieh Null, fiir Eo also 1, so konnen wir 
sagen, das System hat die Energie Eo' Dann wird dies auch zu 
jedem spateren Zeit.punkt del' Fall sein. 

1. Die analytische Bedingung damr, daB fiir eine GroBe, del' 
del' hermiteische Operator Q entsprieht, der Erhaltungssatz gelten 
solI, ist die Vel'tausehbarkeit von Q mit dem Energieoperator H2). 

1) M. Born, Za. f. Phys., 37, 863, 38, 803, 1926; P. A. M. Dirac, Proc. 
Roy. Soc. A., 112, 661,1926,113,621,1927; W. Pauli jr., Zs. f. Phys., 41, 81, 
1927; P. Jordan, Zs. f. Phys.,40, 809,44,81, 1927. 

2) Siebe M. Born, W. Hei s en be r g u. P. J or d an, Zs. f. Phys., 35, 557, 
1926; H. Weyl, Zs. f.Phys., 46, 1, 1027. 
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1st namlieh Q mit R vertausehbar, so existiert ein vollstandiges 
Orthogonalsystem, dessen Funktionen X,-s sowobl von Q, als von H 
Eigenfunktionen sind. Insbesondere gehOre X,.S zum Eigenwert E,. 
von H und As von Q. 

Es HiBt sieh nun jede Wellenfunktion 1/J, dureh die del' Zustand 
beschrieben ist, in folgender Form sebreiben: 

1/J(O) = ~ a,.sX,.s· 
r,s 

Wegen der Sehrodingerseben zeitabhangigen Differentialgleiehung 
wird die '\Vellenf'unktion zur Zeit t 

f" t 

!f;(t) = ~ a,.sXrse2nih-
1', S 

sein. Die allgemein statistisehen Ansatze ergeben fill' die Wahr
scheinliehkeit fliT den Wert '\8 von Q zur Zeit t = 0 den 'Vert 

f I ~ a"s Xrs 12 

zul' Zeit t el'halten wir 

frt i~ 
--I 

f "" 2nih I - "" 1 I· {I I" ~ a"s x,·S e I - ~ aI'S -. XI'S -, 

das letztere wegen del' Orthogonalitat del' XI'S' Die beiden Aus
driicke sind gleicb, die Wahrscheinlichkeit hat sieh nieht geandert. 

Es gilt aber auch die Umkehrung, daB namlich der Erhaltungs
satz fUr eine GroBe nur gelten kann, wenn ihr Operator mit H 
vertauschbal' ist. 

3. Wenn man bemerkt, daB mit einem Operator Q auch aIle 
seine Funktionen mit H vertauschbar sind, so liegt es nahe nach 
denjenigen mit H vertauscbbaren Operatoren zu fragen, die nicht 
mehr als Funktionen von weniger Operatoren dargestellt werden 
konnen. Diese Operatoren werden gewissermaBen die voneinander 
unabhangigen Erhaltungssatze liefern. (So z. B. folgt in der 
klassischen Mechanik der Drehimpulssatz urn jed e n Punkt aus 
dem Drehirnpulssatz um einen Punkt und dem Sehwerpunktssatz.) 
Unsere Absiebt ist die Aufsuchung dieser, voneinander unabhiingigen 
GroBen. 

Man kalln jedem hermiteisehen Operator Q im Allgemeinen 
in umkehrbarer Weise einen unitaren Operator zuordnen, etwa 

O 2ni Q d 0 1- iQ d I" h 't' 't Q ' d = e 0 er = 1 + iQ' er g me zellg mi mIt em 

Energieoperator H vertauschbar ist. Wir konnen also an Stelle 



86 Applied Group Theory 1926-1935 

Uber die Erbaltungsslitze in del' Quantenmechanik. 377 

der voneinander unabbangigen hermiteischen die voneinander unab
bangigen unWiren, mit H vertauschbaren Operatoren 0 betrachten. 
1st 'I/J Eigenfunktion von II, so ist auch Of/J Eigenfunktion u. zwar 
zum selben Eigenwert und gleichzeitig mit 'I/J normiert: 

Hf/J = E'I/J, OH'I/J = H(Of/J) = E(O'I/J). 

Die Operatoren 0 haben also die anschauliche Eigenschaft, daB sie 
eine Eigenfunktion von H wieder in eine Eigenfunktion iiberfiihren 1). 

4. Es werden im folgenden nicht aIle GroBen betrachtet, fUr 
die der Erhaltungssatz gilt, sondel'll nur die, fur die er unter 
ziemlich allgemeinen, von der speziellen Gestalt des H unab
hiingigen Bedingungen gilt. 

Zu ihrer Aufsuchung werden wir uns des Resultates des vorigen 
Punktes bedienen. 'Wir nehmen an, daB keine iiuBeren Kriifte 
da sind. 

a) Dann ist es klar, daB man die Eigenfunktionen beliebig im 
Raume verschieben kann, ohne, daB ihr Charakter, Eigenfunktion 
zu bleiben, verloren gehen wiirde. Dem entspricht der orthogonale 
Operator: Ersetzen von Xi' Yo Zi durch Xi + a, Yi + h, Zi + C. 

b) Weiter kann man die Eigenfunktionen im Raume urn einen 
beliebigen Punkt, etwa urn den Nullpunkt des Koordinatensystems, 
beliebig verdrehen. Dem entspricht der orthogonale Operator: 
Ersetzen von Xi durch au Xi + a12 Yi + als Zi' von Yi durch "21 Xi + "n Yi 
+ "28 Zi, von Zi durch aSI Xi + "32 Yi + asszi , wo (ank) eine orthogonale 
Matrix, I"nkl = 1 ist. Wenn die Teilchen magne'tische l\lomente 
haben, so sind die "Spinkoordinaten" mit zu transformieren 2). 

c) Zuletzt kann man die Eigenfunktion in einem beliebigen 
Punkt des Raumes spiegeln. Dem entspricht das Ersetzen von 
Xii Yo Zi durch - xil - Yo - Zi' 

Weiter konnte man die Koordinaten von zwei gleichen Teil
chen vertauschen. Das gibt aber wegen der Heisenberg-Diracschen 
Forderung der Antisymmetrie der Eigenfunktionen nichts N eues. 

1m Ganzen haben wir also 6 von einander unabhangige Ope
rationen. Diese sind etwa: Verschiebung in Richtung der X-Achse, 
in der Y - Achse, in der Z -Achse; Drehung urn die X -Achse, urn 
die Y-Achse (jede Drehung laBt sich aus dies en zusammensetzen), 
und Spiegelung im Ursprungspunkt. AlIe iibrigen erwiihnten Ope
rationen lassen sich aus diesen zusammensetzen. l\lan iiberzeugt 

1) Auf diesen Zusammenbang der Erbaltungssatze mit den Invarianzeigen· 
schaften yon H wurde von Herrn Prof. B ° r n binge wiesen. 

2) W. Pauli jr., Zs. f. Phys., 43,601,1902, siehe auch J. v. Neumann 
und E. Wig n e r. Zs. f. Pbys, 47, 203, 1928. 
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sich leicht dul'ch zurii.ckgehen zu den hermiteischen Operatoren, 
daB aus a) del' Schwerpunktssatz, aus b) del' Drehimpulssatz folgt. 
Von drei Dl'ehimpulssatzen sind hier also nUl' zwei unabhangig, 
worauf schon 1\1. Born, W. Heisenberg und P. Jordan!) h1n
gewiesen haben. 

Etwas anders verhalt es sich mit dem letzten Satz: er hat 
kein Analogon in del' klassischen l'IIechanik. lch mochte gleich 
bemerken, daB (wie die anderen) auch er eine wesentliche Bedeutung 
fUr die Spektren hat, er liefert namlich die sog. Laportesche Regel, 
die experimentell vollkommen bestatigt ist. 

Urn einen hermiteischen Operator aus dem unitaren Operator 
c) zu bilden, bestimmen wir zunachst seine Eigenwerte. Es ist 

( ... , -Xii -Yi' -Zil ... ) = l( ... , Xi' Yo Zo ... ) 

das Eigenwertproblem. Es hat offenbar zwei Eigenwerte, + 1 
und -1. Del' Operator c) ist also schon hermiteisch und wir 
nennen einen Zustand, fUr den ((-Xi, -y" -Zi) = ({Xi) YH z;)'gilt, 
einen Sp+ Zustand, einen fiir den (-XiI-YiI -Zi) = -(Xii Yil Zi) 
gilt einen Sp_ Zustand. Unser Erhaltungssatz sagt also aus: die 
Wahrscheinlichkeit fiir einen Sp+ odeI' Sp_ Zustand andert sich 
im Laufe del' Zeit nicht. (1\Ian kann offenbar diese Wahrscheinlich
keiten berechnen, indem man die Wellenfunktion "" in einen ge
raden ""+ und ungeraden ""_ Teil zerlegt und JI""+12 und JIt/J_12 
bildet.) 

Um eine einigermaBen anschauliche Vorstellung iiber den Sinn 
dieses Erhaltungssatzes zu gewinnen, betrachten wir eine Anwen
dung. Denken wir uns, um ein moglichst einfaches Beispiel zu 
nehmen 2) ein Wasserstofiatom, das einem Wasserstoffkern ge
nahert wird. Am Ende lassen wir die beiden Kerne zusammen
fallen, so daB sich ein Heliumion bildet. Die beiden entstehenden 
Terme sind im wesentlichen del' Grundzustand und der erste P
Term des He-Jons. Urspriinglich war das System (vom Schwer
punkt aus betrachtet) mit der Wahrscheinlichkeit ! im Sp+ und 
mit derselben Wahrscheinlichkeit im Sp_ Zustand. Folglich muB 
dies auch am Ende des Prozesses del' Fall sein. Der Grundzustand 
ist ein Sp+ Zustand, der P-Term ein Sp_ Zustand. Beide sollen 
also mit gleicher Wahrscheinlichkeit entstehen. Abel' auch wenn 
mehrere Zustande entstehen, muB die Wahrscheinlichkeit der Zu
staude mit gerader Azimutalquantenzahl (Sp+) gleich sein der 

1) 1. C. 

2) Siehe F. Hun d, Zs. f. Phys., 40, 742, 1927. 
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Wahrscheinlichkeit del' Zustande mit ungerader Azimutalquanten
zahl (Sp_). 

Wir haben damit ein Beispiel fiir die Anwendung dieses Ge
setzes gesehen. Man wird ihn abel' nul' selten gebrauehen konnen, 
da er nur zwei Eigenwerte (± 1) hat und so zu wenig auszusagen 
vermag. Die anderen beiden Gesetze (Impuls und Drehimpuls) 
haben eine viel weitere Anwendungsmogliehkeit 1). 

Die soeben besproehenen Erhaltungssatze miissen in del' Quanten
meehanik ebenso genau gelten, wie ahnliehe Gesetze in del' klassi
sehen Mechanik. 'Vir miissen noeh den Energiesatz erwahnen, del' 
abel' offenbar in der jetzigen Formuliel'ung der Quantenmeehanik 
eine ausgezeiehnete Rolle hat. 

Wir werden nun noeh einige Gesetze besprechen, die nieht 
exakt giiltig sind. Diese hangen mit orthogonalen Operatoren 
zusammen, die bei kleiner 'Veehselwirkung der magnetischen Mo
mente der Elektronen eine Eigenfunktion in eine Eigenfunktion 
iiberfiihren. Diese GroBen werden, solange keine zu groBen Ge
schwindigkeiten auftreten und man sieh auf kurze Zeiten besehrankt, 
dem Erhaltungssatz noeh gut gehorchen. 

Die beiden hierfiir in Frage kommenden Operatoren sind fol
gende. 

d) Verdrehung del' Sehwerpunktskoordinaten der Teilehen um 
einen beliebigen Punkt (wie in b) 0 h n e l\1itverdrehung der Spin
koordinaten. 

e) Vertausc'hen der Ortskoordinaten gleieher Teilchen, 0 hne 
Vertauschung der Spinkoordinaten. 

Es diirfte hierzu noeh ein dritter Satz kommen, del' sich auf 
die Translation bezieht, doch diirfte er nieht besonders bedeutend sein. 

Wahrend nun die vorher gegebenen Erhaltungssatze eher prin
zipiell von Interesse waren, lassen diese eine Anzahl von intere.s
santen Anwendungen zu. 

Urn uns liber den Giiltigkeitsbereieh dieser Erhaltungssatze 
zu orientieren, erinnern wir uns daran, daB der erste die Auswahl
regel fiir die Azimutalquantenzahl, die zweite das Verbot der 
Interkombinationen verschiedener Multiplettsysteme regelte. 

Die physikalisehe GroBe und das klassische Analogon von d) 
sind klar 2), die von e) miissen wir etwas genauer betraehten. 

Es erweist sich dabei nieht zweckmaBig zu einem hermiteischen 
Operator zuriick zu kehren und filr die Eigenwerte desselben den 

1) Siebe z. B. F. Hnnd, I. c. 
2) Siehe auch Pnnkt 4. 
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Erhaltungsilatz (der also nul' naherungsweise gilt) zu formulieren, 
da wir uns - e) hat kein klassisches Analogon - doch nichts 
darunter vorstellen konnten. Die verschiedenen Zustande, in denen 
das System sein kann, sind ja durch die Zerlegung del' Zahl n in 
lanter 1 und 2 gekennzeichnet 1). Wir bezeichnen den Zustand 
also zweckmaBig mit der Anzahl del' Zweier z(e) in -dieser Zer
legung. (Das Argument e bedeutet, daB es sich urn Elektronen 

handelt.) Es liiuft dann see) von 0 bis ; bzw. n; 1 tiber alle 

ganzenZahlen. Wenn unser System ein Atom ist, so ist n-2z(e)+1 
das l\lultiplettsystem und unsere Regel sagt aus, daB sich das 
Multiplettsystem nicht andert. 

6. Wir betrachten jetzt einige Anwendungen dieser letzten 
Regel auf StoBprozesse. Der einfachste Fall ist offenbar der, daB 
wir das see) des Systems von vornherein kennen, wie z. B. bei 
dem StoB eines Teilchens, das gar keine Elektronen hat gegen ein 
beliebiges Atom. In dies em Fall ist niimlich das z(e) des Atoms 
auch das z(e) des ganzen Systems. Da sich dies durch den Pl'ozeB 
nicht andern darf, kommen wir zum Resultat, daB das z (e) des 
A toms bei einem sol chen StoB nicht geandert wird. 

Diese Folgerung konnte einer unmittelbaren experimentellen 
Prtifung zuganglich sein. Als stoBendes Teilchen, das keine Elek
tronen enthiilt, kommen zuniichst a-Strahlen in Frage. Man hiitte 
nul' darauf zu achten, daB die S"kundiirelektronen keinen wesent
lichen Beitrag zur Lichtanregung geben sollen. Alsdann hiitte 
man zu erwarten, daB kein anderes l\lnltiplettsystem angeregt 
wird, als das Multiplettsystem des N ormalzustandes. 

Wenn wir nun zu dem Fall iibergehen, wo beide stoBenden 
Teile Elektronen enthalten, entsteht die Aufgabe, die moglichen 
s (e) -Werte des Gesamtsystems aus den Werten diesel' GroBen bei 
den einzelnen Atomen (zl(e) und z2(e) zu bestimmen. Diese Auf
gabe wurde zu einem etwas anderen Zwecke von F. Lon don 2) 
geHist. Das Resultat ist, daB das Z (e) des Gesamtsystems zwischen 
Zl(e)+z,(e) und del' kleineren del' heiden Zahlen nl+z2-z, und 
n2 + ZI -:- Zz liegen muB. 

Nehmen wir etwa ein He- und ein H-Atom. He sei etwa im 
Grundzustand zl(e) = 1. H hat z2(e) = O. Das z(e) des ganzen 
Systems ist also 1. Nach dem StoB kann s, (e) sowohl 0, wie auch 

1) W.Heisenberg, Zs.f.Phys., 41, 239,1927; E. Wigner, Zs.f.Phys., 
43, 624, 1927; siehe auch F. Hun d, Zs. f. Phys., 43, 788, 1927. 

2) Zs. f. Phys., 46,455,1928. Siehe auch W. Heitier, ebenda, im Er
scheinen. 
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1 sein, da beide l\IOglichkeiten ein z (e) = 1 ergeben konnen. Das 
He-Atom kann also durch StoB mit einem H-Atom (odeI' Elektron) 
in den Triplett (ZI (e) = 0) odeI' aueh in den Singulettzustand ange
regt werden. 

Betrachten wir dagegell zwei He - ~Uol1le 11n Grundzustand: 
die gegeneinander stoBell, so haben wir 

n, = 1Z2 = 2, Z'l(e) = Z'1(e) = l. 

Es ist also see) = 2. Xun ist es nicht mebr moglicb, daB das 
eine He-Atom in einen rrriplettzustand angeregt wird, wahrend 
das andere ullangeregt bleibell wiirde. Dies wiirde namlieh einen 
Zustand des Gesamtsystems mit z(e) = 1 bedeuten. 

Ahnlich iiberlegt man sich leicht, daB dureh den Stofi eines 
einzelnen Elektrons das z (e) eines Atoms sich im Giiltigkeitsbereich 
unseres Erhaltungssatzes urn ± 1 odeI' 0 andern kann. Es ist also 
z. B. eine Anregung von Singulett- in den Quintettzustand bei 
niedrigen Atomen durch Elektronenstofi unwahrseheinlich. Diese 
Beispiele lieBen sich offenbar uoeh betraehtlieh vermchrcn. 

Z usa m men fa s sun g: N ach einer allgemeinen Betraehtung 
iiber den Sinn del' Erhaltungssatze in del' Quantenmeehanik wird 
der Zusammenhang von Darstellungstheoric und Erhaltungss~itzen 
beriihrt. Die Erhaltungssatze werden aus unitiirell rrransformationen 
gewollnen, die den Energieopel'ator invariant lassen. Es ergeben 
sich so die drei Impulssatze, zwei Drehimpulssatze und noeh cin 
Spiegelungsgesetz (sowie der Erhaltungssatz) als voneinander unab
hangig. 

Wenn man die Wechselwirkung der Drehmomente del' Elek
tronen usw. vernachHissigt, cl'geben sich noch zwei Erhaltungssiitze. 

Es werden einige Anwendungen del' gewonnellen Resultate 
auf Stofiprozesse gegeben. 

Herrn Prof. M. Born bin ieh fUr viele werholle Ratsehlage 
und Anregungen herzlieh dank bar. 

Gottingen, Februar 1828. 



Zur Erkliirung einiger Eigenschaften der Spektren 
aus der Quantenmechanik des Drehelektrons. 

Erster Teil 

J. von Neumann und E. P. Wigner 

Zeitschrift fUr Physik 47, 203-220 (1928) 

(Eingegangen am 28. Dezember 1927.) 

Die kinematischen Eigenscbaften beJiebiger Systeme von Drehelektronen wcrden 
aus dem P a u Ii schen Bilde des Spins (ohne weitere Annahmen) mit Hilfe der 
n ira c -J 0 r dan schen Transformationstheori e hergeleitet. - Die Fortsetzung solI 

die Anwendung auf die optischen Spektren bringen. 

E r s t e r rr e il. 

Einleitung. Vorliegende Note hat den Zweck, die von W. Pauli 

gegebene Beschreibung des Drehelektrons * zur Erklarung gewisser 
spektroskopischer HegelmaBigkeiten heranzuziehen; mit einer Methode die 
bereits von einem der V crfasser angewandt wurde, um einen Teil der spektro

skopischen Erfahrungen aus der Quantenmechanik (ohne Drebelektron \) 

herzuleiten **. Diese Methode beruht auf der Ausnutzung der elementaren 
Symmetrieeigenschaften alIer atomaren Systeme, namlich der Gleichheit 
aIler Elektronen und der Gleichwertigkeit aHer Richtungen des Raumes 
(diese letztere wird hauptsachlich benutzt werden) j sie findet in der so
genannten Darstellungstheorie ihr adaquates mathematisches Werkzeug. 

Die Einteilung der Arbeit ist diese; im vorliegenden ersten 'l'eile 
wird die Kinematik des Drehelektrons (bzw. eines Systems mehrerer 
Drehelektronen) aus der qualitativen Grundidee Paulis hergeleitet, so
dann im zweiten Teile die Anwendung auf diejenigen Gesetzma13igkeiten 
der Spektroskopie, die mit Berucksichtigung der magnetischen Wechsel
wirkungen der Elektronen-Spins streng gelten, gegeben. Ein dritter Teil 
soIl schliel.llich die erst bei Vernachliissigung dieser W echsel wirkungen 
gultigen Regelmal.ligkeiten behandeln. 

DaB die bekannte *** Kinematik des Drehelektrons bier nochmals in 
extenso bebandelt wird, sei damit entschuldigt, daB sie bisher stets durch 
spezielle Annahmen gewonnen wurde. Pauli entwickelt sie durch Ana
logisieren der Heisenberg-Born-Jordanschen Formeln fur Dreh-

* zs. f. Phys. 43, 601, 1927. 
** E. Wigner, ebenda 43,624, 1927; 46, 601, 1927. 

*** Vgl. Anmerkung 1, sowie P. Jordan, ZS. f. Phys. 44, 21-25, 1927, § 6. 
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impulse*, und Jordan durch Anwendung seiner 1'heorie del' kanonisch 
konjugierten Gro.l3en. Es solI nun gezeigt werden, da.B sie sich ohne alle 
weiteren Annahmen aus del' D i l' a c - J 0 l' dan schen Transformations
theorie ** ergeben - wenn die eingangs erwahnten Prinzipien (Gleichheit 
alIer Elektronen und aIler Raumrichtungen) konsequent beriicksichtigt 
werden. 

1m Anschlu.13 daran ist es vielleicht nicht unniitz, darauf hinzuweisen, 
welche Spiirkraft diesen (und il.hnlichen) Symmetrie- (d. h. Invarianz-) 
Prinzipien beim Aufsuchen von N aturgesetzen innewohnt: so wird es z. B. 
in diesem FaIle vom qualitativen Bilde Paulis yom Drehelektron ein
deutig und zwingend zu den Regelma.l3igkeiten del' Atomspektren fiihren. 
Es ist iihnlich wie in del' allgemeinen Relativitiitstheorie, wo ein In
varianzprinzip die Auffindung del' universellen Naturgesetze ermoglichte. 

I. Vorbereitungen. 

1. Del' Rahmen del' folgenden Uberlegungen ist, wie bereits erwahnt, 
die Dirac-Jordansche Transformationstheorie del' Quantenmechanik. 
Nach derselben erfolgt die Ermittlung des gegenwartigen Zustandes eines 
Systems durch einen nmaximalen Versuch", d. h. durch eine Anzahl simul
taner Experimente, die so geartet sind, daB jedes weitere Experiment 
(welches eine, durch die bereits gemessenen GrtHlen noch nicht bestimmte 
GrHLle millt) die Resultate derselben storen mull ***. Solche nmaximalen 
Versuche" sind z. B. (bei einem :AJassenpunkt) die Messungen alIer 
kartesischen Koordinaten, odeI' alIer dazu konjugierten Impulse, oder 
(wenn sie unentartet ist) del' Energie allein, usw. Die bei diesem Versuch 
gemessenen GroLlen bilden das "Koordinatensystem", ihre moglichen 
Werte den "Zustandsraum". Ein beliebiger nZustand" des Systems wird 
also beschrieben, indem man jed em Punkte (d. h. jedem moglichen Resultat 
des maximalen Versuchs) eine komplexe Zahl zuordnet: diese (komplex
wertige) Funktion im nZustandslaum" ist die n Wellenfunktion" , und illr 
A bsolutwertquadrat gibt die Wahrscheinlichkeitsdichte daftlr an, daD das 

* ZS. f. Phys. 30, 557, 1926, § 4. 
** P. A.. M. Dirac, Proc. Roy. Soo. 112, 661, 1926 und 113,621-641, 1927; 

P. Jordan, ZS. f. Phys. 40, 809, 1927 (1) und ~, 1, 1927 (IT). Gewisse Teile 
dieser Theorie sind schon bei F. London, ZS. f. Phys. 87, 915, 1926 und 4.0, 198, 
1926 zu finden. Vgl. auch J. v. Neumann, Gott. Nachr., Sitzung yom 20. Mai 
1927. - Der physikalische Sinn der Theorie tritt bei W. Heisenberg, ZS. l. 
Phys. 43, 172, 1927, am klarsten hervor. 

*** Die Frage, ob zwei Mes;;ungen simultan ausfiihrbar sind (ohne sich gegen
seitig zu storen) oder nicht, ist bekanntlich in der Quantenmechanik fundamental. 
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Resultat des erwahnten "maximalen Versuchs" das System als im be
treffenden Punkte des "Zustandsraumes" befindlicl! erweiseu wird. Die 
Phasen der n Wellenfunktion" haben eine weniger unmittelbare Bedeutung, 
die erst bei Messung nicht yom nKoordinatensystem" bestimmter - una 

uicht gleichzeitig mit ihm meLlbarer - GroLlen, sowie bei der zeitlichen 
Fortentwicklung des Systems zutage tritt*. "Ubrigens bestimmen zwei 
Wellenfunktionen, die sich bloLl um einen konstanten Faktor unterscheiden, 
denselben Zustand des Systems j sonst aber gehOren zu verschiedenen 
Wellenfunktionen verschiedene Zustande. 

Zu ieder (meLlbaren) physikalischen GraLle gehort em (hermiteisch) 
symmetrischer und linearer Funktiollaloperator: der, auf eine n We11ell
funktion" angewandt, aus ihr cine andere macht**. Die zu den Koordinatcll

graBen geharigen Operatoren multiplizieren iede "Wellenfunktioll" mit 
der entsprechenden Koordinatc des nZustandsraumcs". 

Eille physikalische GraUe kaun die unci nur die Werte annehmen, 
die Eigenwerte ihres Operators ~illd. 

~. \Vir bctrachten nunmehr ein von 1l Elektronen ge bildetes System *** 1 

dercn (toudsmi t- Uh lcn bl'cksrhcn Spin wir (im Paulischen Sinnc) 
ueriicksiehtigcn wolleu. Wie filldon wir in diesem System cinen "Illaxi
malen Versuch" r 

ZuniichRt konnen W11" allenfalls aHe kartesischen Koordinaten ;") . 

.'11' .:'1' '.'J .l!1tJ ll", ·'t ll der "Eleldroucll mcsseu, sodanll abel' nach Pauli 
ein sehr starkes i\lagnetfeld in Hiehtung der -+- Z-Achse einschalten: die~ 

bewirkt eino Orientierullg aUer Eleldronen in der + Z- odor - .%'-Hiehtun~. 

I lie Ji'estst.ellull~, ",elche Elektronen sich lIach + Z und welche sieh lIach 
- Z eingestellt haben, macht den Versuch zu einem maximalen. Er 
besteht somit aus eiller )Iessung alIe), kartcsisehell Koordinatcn sllwie 

* Auch ist die Bcstimmullg dieses Teiles der Wellenfunktion mehl'deutig, so
lange nieht weitere (liber die Wahl des nKool·dinatensystems" hinausgehende) 
I<'estsetzungcn getroffen werden. Vgl. P. Jordan, 1. c. (H) und J. v. Neumann, I. c. 

** I,inear ist ein Operator T (der die Fnnktion (in llie Funktion '1'( tiber
fiihrt), wenn 

T(af') = 11'1'(, '1'(r+!I) = Tf+ 'J'!I 

(n eine Konstante, /;.1/ n Wcllcnfunktioncn") ist; ZU1· Symmetrie vgl. das erste Zitat 
\'on Jord;In oder aueh das \'on \". Neumann in Anmerkung **, S.204. Wie die 
I\.enntnis des Operators '1' die Statistik der zugchUrigen GroDe \'crmittelt, sei hier 
llieht erortert, v gl. naheres a. a. O. 

*** Wobei natlirlich beliebige potentieUe und Weehselwirkungsenergien \'or
handen scin dlirfen: wir treiben zunaehst nur Kinematik. 
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Spins in der + Z-Richtung flir alle Elektronen: xl' !II' Zl' Sl' ... , Xn, !In, 

em Sn *. 
Die Xl' ..• , Zn konnen aHe Werte von - 00 bis + 00 annebmen, die 

81' •.. ,Sn die Werte + 1. Die" Wellenfunktionen" haben somit die 
folgende Form: 

wobei hinter dem Semikolon lauter + steben, sie werden also von 2"', 
auch mit 

zu bezeichnenden, Funktionen der kartesischen Koordinaten allein ("spin
freien W ellenfunktionen ") gebildet. 

3. Sei 6 irgendeine raumlicbe Richtung, so ist der Spin des v ten 
Elektrons (v = 1, 2, ... , n) in der 6-Richtung eine physikalische GroJ3e, 
zu der also ein Operator geboren mu.6, wir nennen denselben S~'·). S~ z ge
Mrt zum "Koordinatensystem" und ist daher unmittelbar angebbar: 
er bewirkt das Multiplizieren der "W ellenfunktion" mit der ihm ent
sprechenden Koordinate des Zustandsraumes, s,,, ,Venn also S~ z fP = 1/1 
ist, so gilt 

je nach dem s~ = ± 1 (fP, 1/1 "W ellenfunktionen", qJs" . " "' Sn' 1/181>"""' 8n deren 
"spinfreie W ellenfunktionen "). 

U m aber die librigen Operatoren S~V) zu bestimmell (die im allge

meinen gar nicht mit unserem "Koordinatensystem" gleichzeitig beob
achtet werden konnen), sind etwas eingehendere Betrachtungen notwendig: 
ein 2urUckgreifen auf die physikalische N atur unseres Systems. 

Sei ~ irgendeine Drehung (urn den NulJpunkt) des dreidimensionalen 
Raumes, der x, !I, Z in x', !I', z' 

.r' = all x + a 12 !J + alS Z, 

y' = a 21 X + a22 Y + an z, 

z' = as I X + as 2 !I + as S z 

liberflihrt. Jede" Wellenfunktion" fP beschreibt einen gewissen Zustand 
unseres Systems; wenn wir auf diesen Zustand die Drehung ~ ausiiben, 

* Wir normieren cler Einfachheit halber die Spins mit 8 = ± 1 (statt ± ;~). 
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so entsteht ein neuer, der die WellenfunkHon ep (~) haben moge *. Die 

N atur der Zuordnung ep __ ep (~) 

laBt sich aus physikalischen Uberlegungen leicht ermitteln. Zunachst 
muLl sie das Absolutwertquadrat des inneren Produkts invariant** lassen 
(I(ep, lP) 12 ist ja die Ubergangswahrscheinlichkeit aus dem Zustand ep in 
den Zustand lP). Hieraus folgert man leicht, daB es einen linearen ortho
gonalen Operator O!)t g i b t ***, so daD stets 

ep (~) = Ollt ep oder = O!)t ep 
(- bedeutet: komplexkonjugierte) ist ****. 

Man sieht leicht ein, daB nur der erste Fall in Frage kommtt-

* Man beachte, dan 'P (9t) blon bis auf einen konstanten Faktor vom Ab
solutwert 1 definiert ist! 

** Das innere Produkt von zwei "Wellenfunktionen" { und gist das Uber den 
ganzen nZustandsraum" erstreckte Integral des Produktes von {mit dem komplex
konjugierten von g. Es werde mit (f, g) bezeichnet. 

*** Orthogonal heint ein linearer Operator, wenn er das inn ere Produkt in
variant lant: (f, g) = (0 f, ° g). Man beachte, dan 'P -- 'P (9t) erstens kein ein
deutiger Operator ist (da 'P (9t) blon bis auf einen konstanten Faktor Sinn ha.t) 
und zweitens nicht linear sein miiDte. 

**** Man wii.hle namlich ein vollstandiges normiertes Orthogonalsystem 'Pl' 'P2' .•. 
aus, dann sind die 'PI (9t), 'Pi (9t), ... vollstandig und orthogonal und konnen 
normiert gewahlt werden. Weiter schlient man unschwer aus der Invarianz des 
Absolutwertquadrates des inneren Produktes: wenn 

"" = al 'PI + ~ '1'2 + ... , "" (9t) = bl 'Pd9t) + b2 'P2 (9t) + ... 
ist, so 1Ft lall = IbIl, lail = Ib2 1, ... j fiir ein 'If konnen wir also (durch ge
eignete Wahl der 'Pd9t), 'Ps (9t), ... , unbeschadet ihrer Normierung) al = bl , 
a2 = bi , ... machen, nnd zwar seien aile I an I > O. 

Dorch Betrachten der Ubrigen 
,,/,' = a~ 'PI + as 'P2 + ... , "/" (9\) = b~ '1'1 (9\) + bs 'Ps (9t) + ... 

l!;e1gt man nunmehr leicht, dan stets (wenn ",,' (9t) mit einer geeigneten Konstanten 
mult1pliziert wird) 

a~ = b~, a.; = hi, '" oder a~ = b~, as = bil, ... 
ist. Das ist aber unsere Behauptung. Hierdurch ist auch gezeigt, dan ° wirklich 
bis auf einen konstanten Faktor eindeutig bestimmt ist. 

t Wenn H der Energieoperator ist, so variiert die Wellenfunktion 'Pt (t ist 
die Zeit) nach S chro din ger gemii.D der DifferentiaJgleichung 

h a 
2ni at 'Pt = H'Pt· 

Hieraus folgt sofort rUr 'l't (m), je nachdem, ob 

gilt 'P (9t) = O!)t 'P oder = O!)t'l' 

2 ~i oat 'I't (9\) = H' 'Pt (9\), H' = 0!)t H 0i I bzw. = - O!)t H 09t" 1. 

Also entspricht der Energie im um 9t verdrehten Raume der Operator H'. H' hat 
im ersten Faile offen bar dieselben Eigenwerte wie H, im zweiten entgegengesetzte: 
daher scheidet der letztere aus. 
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Fiir das Folgende ist es von grundlegender W ichtigkeit, daa der 
lineare orthogonale Operator 09t bloLl bis auf einen konstanten Faktor 
(vom Absolutwert 1) definiert ist - dies wird (wie sich im nachsten Para
graphen zeigt) dazu fiihren, daa 09t im wesentlichen eine sogenannte mehr
deutige Darstellung der Drehgruppe ist (vgl. Anmerkung *, S. 210), 
was fiir die spektroskopischen Anwendungen entscheidend wird. 

Wir gehen nunmehr daran, durch gleichzeitige Betrachtung zweier 
Drehungen, ~,@3, den Darstellungscharakter von 09t zu gewinnen. 

4. Wenn wir fP (x~, ... , z~ j 81, ••• , 8n) durch fP (xv, .. , Zn j 8}1 •.• , 811) 

ersetzen (wobei die x~, ... , z~ und xl' ... , Zn durch 

x;. = all x" + a12 y" + a13 Z." 

y~ = au x" + a92 y. + a28 Z,., 

z;. = a)ll x,, + aH Y. + a83 Z,. 

verkniipft sind), so iiben wir oHenbar eine linear orthogonale Operation 
aus, ihr Operator heiae P9i l . Betrachten wir nunmehr den (gleichfalls 
linear orthogonal en) Operator P9i 1 09t = Q9t. 

W enn ~,(5 zwei Drehungen sind, und ~((5 ihr Produkt, so ist 
fP (~t (5) bis auf einen konstanten Faktor definiert und so mit 

09t Os = const 09ts· 
Ferner gilt offen bar 

P-l p-l p-l 
9t S = 9ts' 

Wenn '1' del' Operator irgend einer GroLle ist, in die der Spin iiberhaupt 
nic.ht eingeht, so ist es klar, daB fUr diese GroLle fP (W) derselbe Zustand 
ist, wie derienige, der aus fP durch die Koordinatentransformation Xv •.. , 

Zn - x~, ... , z~ entsteht. Das heiLlt: fiir diese GroLle ist t/J nicht vOn 
P9i 1 09t t/J = Q9t t/J verschieden. Aber wenn ane t/J in Q9t t/J iibergehen, 
so geht T in Q9t T Q9t'l uber, es ist also 

T = Q9t T Q9i \ T Q9t = Q9t T. 

Da in die GroLle T der Spin nicht eingeht, entspricht ihr ein 

Operator T', der bereits auf die »spinfreien Wellenfunktionen" fP8" .•• , BII 

anwendbar ist, und wir konnen T fP = t/J durch 

T' - .1. t:pSl' ... , Sn - '+"1,···, 811 

definieren. Dabei ist T' ganz willkiirlich. Da Q9t mit allen diesen l' 
vertauschbar ist, muLl es die folgende Form haben: 

Q9t fP = t/J 
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(die a~~) ... , 8n ; tl, ... , tn sind irgendwelche, bloB von ~ und s1''''' Sm 

t1' ... , tn abhii.ngige Konstanten *). 
Weil Q\R orthogonal ist, ist die Matrix 

{a~~) ... , 'n; tl, ..• , tJ 
(die 81, ••• , 811 numerieren die Zeilen, die tl , •.. , tn die Spalten) orthogonal **. 
Weiter ist offenbar Q\R mit allen Pel vertauschbar, also auch diese mit 
0% daher gilt 

Q\R Q6 = const Q\R,6, 

{a(\R)} J a(6)} = const {a.(\R 6)} . 
8,t l t,r ',r 

SchlieBlich ist Q\R bloll bis auf einen konstanten Faktor vom Absolut
wert 1 definiert (weil O\R so ist I), wir k6nnen daher die Determinante 
von {a;~)} gleich 1 Machen (ihr Absolutwert ist ja wegen der Ortho
gonalitii.t = 1). Dann mull die Konstante unserer obigen Gleichung 
eine 2n-te Einheitswurzel sein. 

5. Die letzte Gleichung des vorigen Paragraphen gibt uns eine Hand
habe, die ::Uatrizen {a;~l}, und damit die Operatoren Q\R und O\R = P\R Q\R 
zu bestimmen: {a~~)} ist ja eine (hochstens 2n-fach) vieldeutige 2n-dimen
sionale Darstellung der dreidimensionalen Drehgruppe ***. 

Die Bestimmung der Spinoperatoren Sr) ist dann leicht: wenn die 
Drehung ~~ die + Z-Richtung in die ~-Richtung uberfuhri, ist 

S(,·) - On> s(,·) 0- 1 **** 
E - '" +Z \R • 

* Es ist jedenfaUs 

'/'81>""'n = ~ A~~) ... 'B .. ;tl, .. .,t .. pt1> .•.. t .. ' 
t1, ••• , t .. =±l 

wobei die A,(\R) •. t t bloH von 9\ und 81' ••• , 8n ; t l , ••• , tn abhangige, 
h·· o , ft.. 1t ••• , n 

auf "spinfreie Wellenfunktionen" anwendbare Operatoren sind. Da diese mit allen 
r vertauschbar sein miissen, sind sie aHe von der Form 4. 1, woraus die Be
hauptung folgt. 

** 1m komplexen Sinne: 

" a(\R) a(\R) = {I, wenn aHe tv = "II sind, 
L..J I, t I, r 0, sonst, 

I 

~ a(\R) a(\R) = {I, wenn aUe tv = r. sind, 
t, , r, , 0, sonst. , 

*** Man beachte, dall, im Gegensatz zur zitierten Arbeit Wigners, eine mehr
deutige Darstellung herausgekommen ist. Dies wird es uns ermoglichen, die ge
radzahligen Multiplizitaten der Atomspektren zu erfassen - die eindeutigen 
Darstellungen der Drehgruppe haben stets ungerade Dimensionszahl und fuhren 
nur zu ungeraden !llultiplizitaten (vgl. a. a. 0.). 

**** Da 'I' in 0\R 'I' ubergebt, ist jeder Operator T durch 0\R TOil zu ersetzen. 
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ist: dies wissen wir bereits fur ~ = + Z, mit 

1
_ 1 wenn alie SI' _ t,lL sind, und s. _ 1 ist: 

p:~;.~, 8n ; t l , , .. , tn = 1» »S,IL - t,lL» »S~ - - lIst, 
o sonst 

oder kurz 
R"(+Z) - ~. 
t' t - S •• UB t, 

I, ' 

und fUr andere ~ lolgt es aus unserer Gleichung, mit 

{p.(E}} = {a(!R)} {p~(+Z)} {a(!R)}-l. 
8, t 8, U tt, v t, v 

II. Der Fall eines Elektrons. 

1. Wir setzen zunachst n = 1, da dieser Fall am leichtesten zu 

erledigen ist. In diesem Falle ist die Matrix {Q~)} zweidimensional, und 
wir konnen aIle zweidimensionalen (endlichvieldeutigen) Darstellungen 
der Drehgruppe ohne weiteres angeben *. Es gilt namlich: 

Entweder sind alie Matrizen {a~~)tJ gleich der Einheit {~: ~:}, oder 
sie entstehen alle durch Transformieren mit einer konstanten l\fatrix aus 
der Iolgenden: 

{e- 1/2ia , 0 } { cos 1/SP, sin l/sf1} {e- 1/2ir, 0 } 
o ,el /2ia - sin 1/2 p, cos 1/2 pO, e l /2ir ' 

wobei lX, p, l' die Eulerschen Drehwinkel von ~l sind ** 
* V gl. z. B. H. W e y I , Math. ZS. (2) 24:, 342-353, 1925, insbesondere 

Sab 6, S. 353. Freilich ist fiir unsere gegenwartigen Zwecke viel weniger als 
Weyls tief liegende Resultate notwendig. Eine Zusammenstellun!!: der fiir uns 
wichtigen Begriffe findet sich iibrigens bei Wigner, a. a. 0., auf S.628-631. Der 
besseren fJbersicht halber sei hier noch erwahnt: Die dreidimensionale Drehgruppe 
hat irreduzible Darstellungen aller Grade 1 = 1, 2, ... , und zwar fiir jedes q genau 
eine. Diese ist ein- bzw. zweideutig, wenn q ungerade bzw. gerade ist. Wenn 
a, fl, r die Eulerschen Drehwinkel der Drehung 9t sind (vgl. Anmerkung ** unten), 
so lautet das Element in der "ten Zeile und ,uten Spalte (fI,,u = - q+ 1, 
-q+3 ... q-3, q-l), 

i"~ i/J1 
e 2 e 2 (.1' (fl), 

wo {"p. (fl) ein homo genes Polynom q - lten Grades in cos 111 fl und sin 1/2 fl ist. 
(Die Bezeichnung ist hier etwas anders gewiihlt als I. c.) 

** Die Bedeutung der Eulerschen Drehwinkel ersieht man aus Fig. 1 bei 
Wigner, ZS. f. Phys. 4:3, 639, 1927, Nr.9/10 (9t fiihrt den Quadranten -- in 
._ .. - tiber). 
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Der erste Fall scheidet aus: wegen O~ = 1 waren dann aIle Spin

operatoren S~l) dem S~)z gleich, also auch die Spins, was unsinnig ist. 

1m zweiten FaIle ist zu beachten, daB die Drehungen ~~ urn die Z-Achse 

(/~ = 0) + Z in sich selbst iiberfiihren, also 09{ mit S~lz vertauschbar 
ist, d. h. {a(~) } mit flo1, ~ lJ • Somit muO es eine Diagonalmatrix sein. 

81, 81 ,1 

{
e-1/2i(a + r) 

Die konstante l\Iatrix, mit der transformiert wird, muLl somit 0: 
e1/2 i ~+ r)} in eine Diagonalmatrix iiberfiihren. 

Daher hat sie <lie Form 

{E'O} 
0,71 oder 

wobei sie orthogonal sein muO (wei I fl(t(~)t lJ es ii'lt), also 
,r1l 1 

lEI = 1711 = 1. 

Das Ersetzen der "WeIlenfunktion" cP durch 1/1, wobei 

CPl = E 1/11' cP~ 1 = 711/1-1 bzw. CP1 = - E 1/1-1' CP-1 = 711/11 

ist, ist eine linear orthogonale Operation, ihr Operator sei A. Wenn wir 
aIle cP durch A cP ersetzen, so geht jeder Operator T in .A '1' A-I iiber. 
Die spinfreien Operatoren (vgl. Ende von § 4 in J) andern sich dabei nicht, 

ebens6wenig~, d. h. unser "Koordinatensystem" bleibt ungeandert. 
\Vir konnen daher diese Operatoren zugrunde legen, wodurch O~ in 
A O~ A-I iibergeht. Das neue 09{ hat daher die Matrix 

r (9{)} _ {e- 1/2ia, 0 I {. COS1/IIP, sin 1/11 PI Je- 1/2ia, 0 I 
\a'l tl - 0, e1/2 iaf _ sin l/t P, cos 1/, pJ l 0 ,e1/2iaf' 

2. Es bereitp.t nun keine Schwierigkeit, die Matrizen tp!~t} auszu
rechnen: wenn ~ die Richtungscosinuse ~~, v, what (ull + Vi + wI! = 1), 
so findet man (die Eulerschen Drehwinkel von ~l bestimmen sich aU8 

cos p = w, eia sin P = u + iv, l' = 0) 

{ 1 ttl} {COS P, e-(a sin p } {W' U - iv 1 
P'ltl = eia sin p, - cos P = u + iv, - wI . 

Insbesondere erp:ibt sich fiir die + X- bzw. + Y- bzw. + Z-RiCl1tnng 
die Matrix 

{O, I) fO, -i} {1, O} 
1, 01 bzw. ti, ° bzw. 0, _ 1 ' 

im Einklang mit Pauli. Somit ist 

8(1) S(I) + S(t) S(I) .. ; = u +x f} + y + 1t' +z. 
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Der Spin des Elektrons hat ganz bestimmt die Richtung~, wenn 
seine "W ellenfunktion U 'P Eigenfunktion von S!l) vom Eigenwerte 1 ist: 

d. h. 

oder auch 

S(l) 
t 'P = 'P, 

W'PI + (u-iV)'P_l = 'PI 1 
(tt + iv) 'PI - W'P-1 = 'P-1f 

'P1:!P-1 = (u-iv):(I-w) = (1 +w):{u+iv) 

(die zwei letzten Verhll.ltnisse sind wegen US + VII + W S = 1 gleich). 
Dies kann erreicht werden, wenn 'PI: 'P-1 konstant ist, also wenn 
z. B. 'P au13erhalb eines kleinen Bereiches verschwindet, nnd in diesem 
'PI: 'P-1 konstant ist *. Dann hat also der Spin eine wohldefinierte 
Richtung **. 

III. Der allgemeine Fall. 

1. Sei nunmehr n beliebig. Wir schreiben rur {a~~l} (s, t stebt fiir 

Sl' ... , Sn' t1, .:., tn) der grij13eren Klarheit halber {"a~~l}. {la~~)tl} haben 
wir bereits bestimmtj wir wollen zeigen, daB 

"a(\R) 1 (91) 1 (91) 
B,t - a'btl"'" a.n,t" 

ist. Zu diesem Zwecke nehmen wir an, da13 die Behauptung bereits rur 
n - 1 bewiesen ist - wenn wir sie hieraus auf n iibertragen kBnnen, 
so gilt sie allgemein. 

Betrachten wir denjenigen Zustand der n Elektronen, in dem aIle ihre 
Spins in Richtung der + Z-Achse orientiert sind, und zwar mijgen sjc 

* Dies ist im wesentlicheJ1 die Umschreibung daliir, daB die Lage des Elektrons 
genau bekannt ist. 

** Es ist vielleicht nicht ganz uninteressant, zu bemerken, daB im FaIle des 
Spins auch der komplexe Teil der ~ Wahrscheinlichkeitsamplitude" eine unmittelbar 

anschaulicbe Deutnng zulUt. Es sei n&mlich II konstant, und wir betrachten '-1 die Wabrscheinlicbkeit lV dafiir. daB der Spin in der + Z-Richtnng = 1 ist. 

DieHe ist, wie man leicht berechnet, lV = 1'11,1'+::_11" und sie steht mit dem 

Cosinusw des Winkels zwischen + Z-Achse und Spinrichtnng, w = 1::1: + 1~=:I:' 
im einfachen Zusammenbang: 

In beiden kommt nur 1111 lum Ausdrnck. Der Arcus II hingegen ist, wie man 
'-1 '-1 sich leicht liberzeugt, gleich dem Winkel zwischen der + X-Acbse nnd der Pro-

jektion der Spinrichtung in der Xr-Ebene. 



Explanation of Some Properties of Spectra of the Spinning Electron. Part I 101 

Zur Erklarung einiger Eigenschaften der Spektren usw. 213 

llach CiI ' As, ... , Cin (= + 1) weisen. Dann ist also f/J811 ""'71 = 0, 
wenn nicht 81 = <fI' ... , 871 = Cin ist, Wie wahrscheinlich ist es nun, 
daB (beirn Einschalten eines Magnetfeldes in der ~-Richtung) sich die n - 1 
ersten Elektronen nach ~I"'" ~n-I (- + 1, in bezug auf ~) einstellen? 

W enn ~ eine Drehung ist, welche + Z in ~ iiberfiihrt, so ist diese 
Wahrscheinlichkeit, an n - 1 Elektronen formuliert*, 

f In-I (9t) 12 In-I (9t) '2 
a'fl' .. 0' "I'"n-l' (Jit ••• , Un-I' 1/Jab "0' tin = G'fto .• o,'tn -I' (11, "0' (In - 1 i 

= COS2il/2Psin2jI/2P 

(es gilt i-mal ~~ = <f,. und j-mal ~,. * a,., v = 1, , .. , 1» - 1 j IX, p, l' 
sind die Eulerschen Drehwinkel von Sl) j und an n Elektronen 

f In(S~~) ... , "n-I' 1, "1, ... , "71 tP"b "., "n 12 + f Ina~~) ... , "n-I' -1, "11 ., ""n 1/J"I' .,., unl2 

= Ina~~"., "n-l' 1, 010 , .. , "n12 + Ina~~) ... , Tn-I' -1, "10"" ",112. 
Hieraus folgt: 

17I"(9t) 12 + Ina(9t) 12 
(/'fl, •• 0' 't'n-l' 1, ul, •. 0' (In "'It •• 0' 'In.-I' -1, "1, .• 0' (In 

= COSH I/spsin2jI/2 p. (1.) 

Xun sind aHe Matrizellelemente irreduzibler Darstellungen der Drehgruppe 
homogene Polynome in cos 11, P, sin 1/2 p, somit auch alle Matrizen
elemente beliebiger Darstellungen (vgl. Anmerkung *, S. 210), also aueh 
die 71a(9t) + • Daher ist na l9t) + durch ''It· o 0' 'ftt- 1t _1, (fit·· 0, an 't'lt '.0' 'In.-I' _1, ul, •. 0' an 
COSO I 2 P und' 'Sinj 112 P teilbar, Die Rolle des n kann aber in unseren 
"Oberlegungen jede andere Zahl 1, .'" n iibernehmen, wahlen wir diese 
so, daB i bzw. j moglichst groB wird, so ergibt sich: 

n(9t) 't' h Pl' l/R'I/ a"b .," "11' "10 ,." fin IS em omogenes 0 ynom In cos 2/'" sm I p, 
und zwar ist es durch cosil/liP und sinJI/2P teilbar, wo i bz\\,. j die 
Anzahl der~. = <1. bzw, ~~ =1= <1., v = 1, "" n ist (ausgenommen, wenn 
diese Am~ahl = n ist, d. h, wenn stets t:~ = <1,. oder stets ~. = - 11~ 
ist - dann ist cs um 1 kleiner), 

2, Fur P = 0 ist ~n eine Drehung urn die + Z-Achse, Iii.Bt also aHe 

Spins s~'i invariant, d, h. es ist {p;,<tZ)} mit {na~'} vertauschbar, und somit 

{na~~l} eine Diagonalmatrix (die (p;yZ}} sind von I. § 5 her bekannt). 
Es ist eine Darstellung der zweidimensionalen Drehgruppe (Drehwinkel 
a + r), daher haben seine Diagonalelemente, wie man leicht zeigt, die 
Form et .u1/2(a+r). Es gilt also fur P = 0 

na(9t) _ eiP,l/2 (a + y) ~ 
8,t - U" t· 

... \Vir miiBten hier, und immer wie.der im folgenden, iiber aIle raumlichen 
Koordinaten i,ntegrieren j wir schreiben dafiir kurz S, 
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Andererseits entsteht die Matrix {na~~l durch Transformation (also 
linear) aus einer Aneinanderrcihung irreduzibler Darstellungen del' Dreh
gruppe (vgl. Anmerkung *, S.210). Unter den dabei vorkommenden 
irreouziblen Darstellungen m(ige die Mchstgradige den Grad tn haben. 

Es sei also 
fna(9t)} - {1' } {J.(9tl} {1' \-1 I ~, t - 8, U U, v ·1, v J 

(ITs, II konstant, IJ,~~J) eine Aneinanderreihung irreduzibler Matrizen), 
d. h. 

" (9t) "" J(9tl l' l' a." I - LJ u, V R, It I, V' 

lit, ... , lin) 
= ±1 

'Vb •.•• , Vn 

J nsbesondere ist fur ein Diagonalelemellt 

n (9t) "" J(9tl T a",,1f =,L.J tl, V II, It 1'8, v-
II, v 

Die irreduzible Darstellung Mchsten Grades, die in J~~~ vorkommt, 
sei vom Grade m. Ihr letztes Diagonalelemellt ist ei (m-l)t/ 2 (a+r) 

fm-2,m-l ((J) = ei(m-l) 1/2 (a+r) cosm- 11/s {J (\vie dies etwa aus den Re
kursionsformeln bei E. Wig n e r, 1. c., bervorgeht). 

In del' irreduziblen Darstellung h(ichsten Grades, q = 1n, kommt 
ei (m--l) t/2 (a+r) cosm-1 11 {J vor etwa als J~ _ es sei 1'-- ...J.... 0 und wir 

2' uu' ',UT' 
betrachten "'a~~. Dann hat fur (J = 0 J~~ den Koeffizienten 11'iIi12, 

8, , 1(.U , 

und eiL) 1/2 (a+r) den Koeffizienten ~1 IT;, U 12, ~' erstreckt libel' alle 1t 

mit J~~~ = eipl/2(a+r) cOsP-1l/2 {J • . Daher hat ei("1-1)1/2(a+r) einen 
Koeffizienten =1= 0, es ist fL~ = m - 1, und aUe anderen eip 1/2 (a+r) 

haben den Koeffizienten O. Daher ist Ti, u = 0, wenn nicht JI~~~ das 
Diagonalelement mit ei(m-l)1/2 (a+r) (d. h. das letzte) einer irrreduziblen 
Dar;;tellung Mchsten Grades (= m) ist. 

Wenn nun nicht mehr fJ = 0 ist, so wird 

na~9t) - "" J(9t) 1'- 'T-If,' - ~ U,l1 't U. I, v· 

Hier ist 1'" u = 0 bzw. Ti, v = 0, wenn nich~ u, v von del' oben ge
nannten Art sind j J~~~ = 0, wenn sie es sind, abel' U =1= v *. Daher 
haben wir (~' erstreckt sich anf die genannten u) 

, tim-I) a+r 
1lati = ~ "'~~~ IT;;u 12 = con st .. e 2 cosm- 1 t/2 {J. 

Da fUr a = {J = 'Y = 0 {1la~~l} die Einheit ist, ist diese Konstante = l. 

. ... Dann geht die Zeile u durch eine andere irreduzible Darstellung in (J~9tn 
a)s die Spalte V, so daB J~~ aullerhalb der irreduziblen Darstellung Iiegt und 
versehwindet. 
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3. Aus der Gleichung (1.) in § 1 und der Schluilgleichung von § 2 
folgt: 

also: 
eos2 (1n-1) II a _Ina~g;() _ _ _ _ _ 12 

S II #1' ..• 8n _I' "n; '1' ... , - 8n _I' -'" 

= C082(1I- 1) lis {3 - cos! (n-2)1/2/:hin2 1/2 p, 
d. h., wenn wir C082 I I '1 P = x setzen: 

I"u"-')t) _ _ _ _ -12 = X7l1 - 1 _ 2;1:n-1 + x n - 2• 
Ith .•• ,811 -1' '»; ~h ... , -lin-I' -Sn 

Die rechte Seite muLl also fUr aIle 0 < x < 1 > 0 seiu, worau:;;, wie 
man leicht einsieht, m < n + 1 folgt *. 

Somit hat jede in {J,~~j\ vorkommende irreduzihle Dal'stellullg 

einen Grad < n + 1. Die {na~~ll sind also (iu ihrer Ahht\ugigkeit 
von (:J) PolYllome von cos 1/2 p, siul/s {3 vom Grade ~ n. Daher ist 
(vgl. das ScllluLll'esultat von § 1) 

11 (g;() C ( ) iI/ R • j II a as, t = ", t a, r . cos 2 (I RIll S (I (II) 

(i hz\\". jist die Anzahl del' v = 1, ... , n mit s" = t" hz\\". 8" =1= ',.), 
ausgeuommen fUr 8 1 = tIl ... , SIl = tn und 81 = - ttl ... , 811 = - tIl' 

In diesell Fallen ist 

"{E~~l = C"s (a,,,). COSn- 11/ 2 {J (d,.cos 1/2 P + c,.sin 1/2 (J) 
11 (')t) _ C ( , . n-Il/ a (+' 1/ R + . 1/ R) a" - 8 - s,. a, r) . SIU 2 (I '8 cos '1 (I g, sm '1 (I 

Dureh Anwendung (I.) in § 1 ergibt sieh abel' c~ = 0, f~ = 0, so daLl 
unsere Gleiehung (II.) stets gilt. 

4. Fur a = " = 0 hat {na~~n die Spur, d. h. Summe del' Diagonal
elemente 

eonst . cosn 11'1 p. 
Fur {J = 0 ist es die Einheitsmatrix, seine Spur 211, also ist die Aon
stante :In. Dieselbe Spur hat nun (fUr a = ,.. = 0) die Matrix 

{ I (g;() I (')t) 1 
lI,I,I, ... , £I'n lnJ' 

* xnl -1 - 2 x7l - 1 + X1£- '1 ist fiir x = 1 gleich 0, dahcr llluD seine 
Derivierte' daselb~t <: 0 sein: 

111 - 1 - 2 (11 - 1) + 11 - 2 <: 0, til <: tI + 1. 
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mit der wir Ubereinstimmen beweisen wollen. Beide Spuren sind Linear
kombinationen der Spuren der in den betreffenden Darstellungen ent
haltenen irreduziblen Darstellungen, beide Darstellungen enthalten somit 
diesel ben irreduziblen Darstellungen (und konnen daher ineinander trans
formiert werden), wenn die Spuren der irreduziblen Darstellung der Dreh
gruppe allch fiir u = r = 0 voneinander linear unabhangig sind. Dies 
ist aber der Fall: die irreduzibe Darstellung vom Grade q hat fiir 
u = r = 0 die Spur qcosq- ll/ 2 (3 (vgl. Anmerkung *, S.210). Damit 
steht bereits die orthogonale Transformierbarkeit (wenn auch noch nicht 
die Gleichheit) unserer ~[atrix in die gewlinschte fest. 

Flir (3 = 0 ist (vgl. § 2) 

na('J(t) = ei 118112 (a + 1') 0 t 
~ ~ 

und die Drehung mit den Drehwinkeln u, (3, r ist das Produkt solcher 
mit den Drehwinkeln u, 0, 0; 0, (3, 0; r, 0, 0 *; daher ist aIlgemein 

na~~i = i!·8 1/2 a .0" t (0, 0) COSil/2 (3 sinj 1/2 (3 . /-"'t 1/2 r 

= 0" t et tu, 1/2 a + ,Ut 1/2 r) COSi 1/2 (3 sinj 1/2 (3, 

und dabei ist O,~~) konstant. Wenn wir u = (3 = r = 0 setzen, SO 

ist {"a~~i} die Einheitsmatrix: daher sind die 08~~) = 1. 
Die Spur von {na~~l} ist somit 

i a+r l/R 
~ e ""-2-' cos" 2"" 

8 

und dies muB gleich der Spur von {I a('J()t ' ... , l a(']()t } 
'1 1 8" n ' 

~ dX "') a -: r ,,1/ R 
~ e· v -. COS 1I ,., 

8 

sem. Daher stimmen die ft' mit den ~ 8. bis auf die Reihenfolge 
" 

iiberein; d. h. es gibt eine eindeutige und umkehrbare Zuordnung 8 _ S 
aIler Komplexe 8 = 81 , ••• , 8n (81, ••• , + 1) zu sich selbst, SQ daB 

~ - . t UT' hal, {n ('J()} k . h {I ('J() J ('J() } 
ft8 = ~ 8. IS. Yllr se en so. a8, t ann SIC von a81 t1 ,· •• , a'n tn .. 
nur in konstanten Faktoren vor den Elementen, sowill einer (gemein-
samen) Permutation alIer Zeilen und Spalten unterscheiden. Die dafiir 
noch iibrigen Moglichkeiten gilt es nun weiter einzuengen. 

5. Betrachten wir einen Zustand der n Elektronen, in dem aIle 
Spins in Richtung der +- Z-Achse orientiert sind, aber zwei Orientierungs-

* Das heiJlt: Um die Z-Achse mit IX, um die X-Achse mit p, um die Z-Achse 
mit Yj das ist ja die Definition der Eul erschen Drehwinkel. 
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kombinationen m<5glich sind: 81 , ••• , 8" und r I' ••• , "1\" Die" W ellen
funktion" cP sei also den Bedingungen 

= 0 flir t . .. t ± {'I' .... '" CPllt ..• , 1'1 - 1" n, r r 1 t ••• ," t& 

unterworfen. Wir nehmen weiter vorlliufig 811 = tn = 1 an, dann hat 

das n-te Elektron sicher den Spin in Richtung der + X-Achse - wir 
k<5nnen also von ibm absehen, und auch die n - 1 ersten Elektronen durch 

eine "W ellenfunktion" cP* mit 

* - 0 f" t t =1= {'I,.", '''-I CPt l , ... , t _ = ur 1"'" "-I 
11 1 rl, ... , '11-1 

charakterisieren. Wie wahrscheinlich ist es nun, daB (beim Einschalten 

eines Magnetfeldes in der ~-Richtung) sich die n - 1 ersten Elektronen 

1:' l' •.• , 1:'n- 1 (= + 1 in hezug auf ~) einstellen? 
Wenn 9? eine Drehung ist, welche + Z in ~ tiberftihrt, so ist diese 

Wahrscheinlichkeit, an H - 1 Elektronen formuliertt, 

J*ln- I a(9{J ... 
'fl' ... , 'f'I_I' 't. ""'n-l CPSI, ... , 'n-l 

..L 11 -la(9{> cp'" I' 
I ··'fl ..... ' Tn-I' TI, .•. , Tn-l rt, ... , r ll -1 , 

uncI in n-mektronen 

+ J I" (9{) cP a rl , ... , 'fn - 1 -I, 'I, ... , B'/I_ll '1, ... ,'11_1 1 

+ 71a (9{) I' T l' .•. , 'fn -I - I, rl, ... , r'l_l I CPrl' •.. , r ll _ 1 I • 

Diese heiden Ausdriicke sollen Dun gleich sein. Urn iiberfliissige Rech
nungen zu vermeiden, setzen wir a = 0, fJ = 1t/2 und hetrachten die 
AbMngigkeit von r: 

1I- l a(9{) _ + ._1_ at I v,,, 1/2 r 
ttll ... ~ U1&-l~ V1, .. 0,1.'.,,_1 - - v"2n ' 

'II ()tl _ 1 ii',·. '.2Y 
(till' ... , "n. t'" ... , vll - Ct/,v V'2" a . 

:Man sieht sofort, daB del' erste Ausdruck darum ein lineares Aggregat 

von l,e±·i(I, •. -It,.)1/2l' ist, der zweite aber einesvon l,e±i(II,-,lIr )I/2Y. 

Daher ist 

p.~ - !tr = + (~ 8,. - ~ r • .). (III.) 

t Die Integration tiber alle raumlichen Koordinaten werda durch r. die tiber 
diejenigen der n -1 er~ten Elektronen durch S'" andedeutet. . 
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Dieses fiir 8n = r n = 1 bewiesene Resultat gilt natiirlich ebenso 
fUr 8" = r n = - 1 j also braucht man nur 8n = "71.' Ferner kann die 
Rolle von n von jeder Zahl 1, ... , n iibernommen ,verden, daher gilt (III.) 
immer, wenn es ein v = 1, ... , n mit 8~ = t·" gibt. D. h, solange 
nicht 81 = - rp ... , 8n = - rn ist. 

Hieraus und aus der Feststellung am Schlusse von § 4 folgt aber, daB 

stets 1'8 = ~ 8. oder stets 1'8 = - ~ 8" ist *. Es gilt also: 

II (!R) _ 0 ± t ( I 'v . f + I I •. f) ill R • . 11 R 
a8, I - l', I e cos II ,., sm3 II'" 

(stets + oder stets -), d. h. stets 

n (!R) _ 0' 1 (!R) 1 (9\) 
a" I - 8, I a'8, I, , .. , a'n' tn' 

oder stets 
n (!R) 0' 1 (!R) 1 (9\) 
al',t = ',1 a_'t, -t1 , •• " (/.-'n, -III' 

D In (!R)} d h T f t' {I (!R) 1 (!R) } = {A,(!R, t)} a I a" t urc rans orma Ion aus a81 , /1' ••• , a8n , tn 

entsteht, etwa mittels der konstanten orthogonalen Matrix {T 8 u}, so ist 

also 

71. (9\) "" A(!R) T l' a"t = LJ UII ~u tv, 
tIll 

C' 4.(!R) b 0' A(!R) "" A(!R) T T p.,I~ 8,t ZW. 8,1 -8,-t = LJ It,ll 8·U III' 
U,v 

Nun gibt es unter den A!~ zwar gleiche**, aber die (bis aufs Vorzeichen) 
voneinander verschiedenen sind offen bar linear unabhangig j daher bleibt 
die obige Gleichung bestehen, wenn wir alie .A~~ durch 1 ersetzen: 

O;,t = :2 T"I! Tt,v = (:;8 T8,u)(~ T I,II) = d,dt. 
U,II It II 

* Dieser SehlulJ gelingt in der Tat miihelos fiir n > 2, fiir n = 2 ware 
aber zunaehst aueh die Mogliehkeit 

,aI, 1 = ,a-I, -1 = 0, ,aI, -1 = ± 2, ,a-I, 1 = "+ 2 

zu erwagen. Indessen folgte hieraus fUr n = 3 mit der vorhin benutzten Methode 

,aI, -1,1 - ,a-I, 1, 1 = ,aI, -1 - IL_ 1, 1 = ± 4, 

und dnrch zykliche Vertausehung der drei Indizes 

IL-1,1,I-ILI,I,-1 = ±4, IL1,1,-I-'"I,-I,1 = ±4 
(diese drti ± sind voneinander unabhiingig). Durch Addition wird hieraus 
o = ± 4 ± 4 ± 4, was offenkundig unmoglich ist. 

** Aus der Formel fiir l a8(!R)t fo)gt: 
1, 1 

t (I II .. • 2.. + I I. ' 1..) 
A (!R) = + e 2 2 cost 1/2fJsinj 1/ fJ l,t - • II , 
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Unser Schlu.flresultat ist also: 

n (9i) _ I d- 1 (9il 1 (9i) 
a"l - I B 'I· (/~!,Il' ••• , a·Bn , til' (IV.) 

oder stets 
l d- 1 (9\) 1 (9i) = (8 t· (I-s -'1' ••• , it_, -I· 

1, " n' n (IV.) 

Wegen der Orthogollalitat mull auf3erdem 

sein. 
lelll = ... = Iclnl= 1 

u. Weiter als bis zur Gleichung (IV.) konnen wir direkt nicht ge

langen: auch fiir n = 1 (II, § 1) blieb eine entsprechende Ungewi13heit 

zuriick. Hier wie dort, geniigt aber cine Transformation mit del' Matrix 

Itl~~B,t) In:\\". (ll8 ()',,_I), 
urn zur gewiinschten ~latrix zu kommen. Wenn wir «aher aUe \V ellen
fnnktion cp durch tP ersetzen 

cpo = tls '1/1. bzw. cps = d, tP-, *, 

so gewinnt erstens {II(/~~)l die gewUnschto Form, zweitens gehen aIle S~z 
ill sich selbst uber, und drittells aUe spinfreien Operatorell gleichfalls. 

D. h.: wir l,ollnen bei ungeandertem "Koordinatensystem" die gewiinsc h te 
Form von {1Irt~~I} ert"eichen. 

Damit sind wir am Ziele: {/!I/~~)J ist fiir aUe n bestimmt. 

l\'. Folgerungen. 

1. Wir bestimmen zunitchst die stl fUr beliebiges'll, d. h. die ,:\latrix 

tp;,cP}· Wenn die Allweisung am Schlnsse yon I, § 1 befolgt wird, so 
ergibt sich iiiI' die Richtung , mit den Richtungskosinusen 11, v, 'IV ollne 
,veiteres der Wert dieser Matrix; es ist abel' zweckmal.liger, gleich die 
Wirkung des Operators s~") hinzuschreiben (die hervol'gehobene Stelle ist 
die v-te): 

S (J') .10 
~ cp = 0/, 

'IJ,"1, ... , I, .•. , 811 = W CPS1, , .. , 1, ... , Bn + (II -- it:) cps!, ... , -1, ... , ill , 
.1, - (u + -i'/') m - til 0/81,'00, -1, ... , 1l1L - ""~1' .0.' 1, .0.' 81l '1: .. " -1, ... , HIl , 

wobei i bzw . .i die Zahl lIer " mit 8" = f,. bzw. s~ =1= f,. ist und + bzw. - zu 
wahlen ist, je nachdem fUr eine gerade oder ungerade Anzahl von " 

8" = I, f" = -1 

gilt. (Eine Verwechslung der imaginiiren Einheit i mit unserem i ist wohl nicht 
zu befUrchten.) 

* Fiir 8 = 81, ••• , s/& ist -s = -Sl' ..• , -S"/1; weiter setzen wi .. 

0s,t = 1 fiir Sl = tI , ••. , sn = fn' sonst = O. 
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Somit benimmt sich das v-te Elektron genau so wie in II, d. h. als ob 
die n - 1 anderen nicht da wil.ren ; insbesondere ist wieder 

S(·) = u S(·~ + v S<,·) + w S(,·) 
~ +x +1' +Z· 

2. Fur die Anwendungen wird es von Wichtigkeit sein, die in 
{fla~~l} enthaltenen irreduziblen Darstellungen der Drehgruppe zu kennenj 
dies gelingt leicht, da sich seine Spur aus deren Spuren additiv zu
sammensetzt. Wir setzen sogar {J = 'J' = 0, dann hat {fla~~l} die Spur 

~ /l: fI /l: 

~ /..,8". '2 = ~ (1l) e1<2z-II)2', 
8 z=o x 

wahrend die irreduzible Darstellung vom Grade q die Spur 

'G1 i(2z-q+l)!!. 
LJ e 2 
z=o 

hat. Wenn somit in {na~~l} die irreduzible Darstellung vom Grade q 
genau Nq-mal vorkommt, so ist 

q-l /l: 

"N "i(2z-q +1)
LJl q 'LJe 2. 

q z=o 

Hieraus folgt sofort, daLl nur Darstellungen der Grade q = 1, ... , 1l + 1 
vorkommen (was wir von IlJ, § 3 her sowieso wuBten), und daB dann 

Nq = 0, fur gerades n - q, 

__ (n - 7 •• ~ + 1) _ (n - n2q - 1) , \ ~ fur ungerades n - q 

ist. Die vorkommenden irreduziblen Darstellungen haben also die Grade 

n + 1, n - 1, n - H, .•. und die Vielfachheiten 1, n _ 1, n (n ;- 3), ... 

~{an beachte, daLl fur gerade n nur eindeutige irreduzible Darstellungen 
vorkommen, und fur ungerade n nur zweideutige. 

Gl5ttingen und Berlin, Dezember 1927. 



Uber das Paulische Aquivalenzverbot 

P. Jordan und E. P. Wigner 

Zeitschrift fUr Physik ~7, 631-651 (1928) 

(Eingegangen am 26. Januar 1928.) 

Die Arbeit enth3.lt eine Fortsetzung der kiirzlich von einem der Verfasser vor
gelcgten Note nZur Qllantcnmechanik der Gasentartullg", deren Ergebnisse hier 
wesentlich erweitert werden. Es handelt sich darum, ein ideales oder nichtideales, 
dem P a u Ii schen Aquivalenzverbot unterworfenes Gas zu beschreiben mit Begriffen, 
die keinen Bezug nehmen auf den abstrakten Koordinatenraum der Atomgesamtheit 
des Gases, sondern nur den gewohnlichen dreidimensionalen Raum benutzen. Das 
wird ermoglicht durch die Darstellung des Gases vermittelst eines gequantelten 
dreidimensionalen Wellenfeldes, wobei die besonderen nichtkommutativen Multi
pJikationseigenschaften der Wellenamplitude gleichzeitig fUr die Existenz korpus
kularer Gasatomc und fiir die Gliltigkeit des Paulischen Aquivalenzverbots ver
antwortlich sind. Die Einzelheiten der Theorie besitzen enge Analogien zu der 
entsprechenden Theorie flir Einsteinsche ideale oder nichtideale Gase, wie sie 

von Dirac, Klein und Jordan ausgefUhrt wurde. 

§ 1. Schon bei den ersten Untersuchungen zur systematischen Aus
bildung der Matrizentheorie der Quantenmechanik ergaben sich Hinweise 
darauf, daB die bekannten Schwierigkeiten der Strahlungstheorie tiber
wunden werden konnten, indem man nicht nur auf die materiellen Atome, 
sondern auch auf das Strahlungsfeld die quantenmechanischen Methoden 
anwendet *. In diesem Sinne sind durch mehrere Arbeiten ** der letzten 
Zeit Fortschritte erzielt worden einerseits bezuglich einer quanten
mechanischen Beschreibung des elektromagnetischen Feides, anderer
seits beztiglich einer Formulierung der Quantenmechanik materieller Teil
chen, welche die Wellendarstellung im abstrakten Koordinatenraum 
vermeidet zugunsten einer Darstellung durch quantenmechanische Wellen 
im gewohnlichen dreidimensionalen Raume, und weiche die Ex i s ten z 
materieller Teilchen in ahnlicher Weise zu erklaren sucht, wie durch die 
Quantelung der elektromagnetischen Wellen die Existenz von Lichtquanten 
bz,v. ieder durch die Annahme von Lichtquanten zu deutende physi
kalische Effekt erklart wird. 

Man verfahrt bei dieser Beschreibung so, da13 man diejenige, als 
q-Zahl aufzufassende GroBe Nr, weiche in korpuskulartheoretischer Um-

* Y. Born, W. Heisenberg und P. Jordan, ZS. f. Phys. 80, 557,1926. 
** P. A. Y. Dirac, Proc. Roy. Soc. London (A) 114,243,719, 1927; P. Jordan, 

ZS. f. Phys. 44,473, 1927 (im folgenden als A bezeichnet); P. Jord an und O. Klein, 
ZS. f. Phys.40, 751, 1927; P. Jordan, ZS. f. Phys. 40, 766, 1927 (im folgenden 
als B bezeichnet); P. Jordan undW. Pauli jr., ZS: f. Phys. (im Erscheinen). 
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deutung die Anzabl von Atomen (etwa innerbalb eines Kastens) im r-ten 
Quantenzustande miBt, in zwei Faktoren 

(1) 
der Form 

(2) 

zerlegt, wobei man fordert, daB Nr, @r kanonisch konjugiert seien. 
Legt man nun als Definition kanonisch konjugierter GroBen diejenige 
zugrunde, die von einem der Verfasser kiirzlich vorgescblagen wurde *, so 
erhalt man die Moglichkeit, in dieser Form nicht nur die Einsteinsche 
Statistik darzustellen, bei der die Eigenwerte N; von Nr durc.h 

N; = 0, 1,2,3, ... 

gegeben sind, sondern auch die Paulische, bei der nur 

N; = 0,1 

(3) 

(4) 

in Frage kommt. Man erbalt dann ferner sofort neben (2) weitere 
Gleichungen, und zwar im Einsteinscben Falle 

br = (1 + Nr)1/2e-2~if\ ) 

211:i 8 

b~ = ell r (1 + Nr )1/2j 

(5') 

aber statt dessen im Paulischen Falle: 

(5") 

wie in A gezeigt wurde. 
Diese Formeln stiitzen bereits sehr die Oberzeugung, daB d'iese Dar

stellungsweise des Paulischen Aquivalenzverbotes dem Wesen der Sache 
entspricht und in ihrer weiteren Verfolgung zu richtigeJl Ergebnissen 
fiihren wird. Die Formeln (5'), (5") stebcn namlich in enger Beziehung 
einerseits zu den Pro blemen der stollartigen W echsel wirkungen von 
Korpuskeln, und andererseits zu den Dichteschwankungen quanten
mecbanischer Gase. 

* P. Jordan, ZS. f. Phys. 44, I, 1927. 
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§ 2. Was zunachst die Wechselwirkungen betrifft, so mag es erlaubt 
sein, aus einer friiheren Note folgendes zu wiederholen *: In einem ab
geschlossenen Kasten mogen (endlich oder unendlich viele) Arten ver
schiedener Teilchen (materielle oder Lichtquanten) vorhanden sein. Die 
Dichte der l-ten Teilchenart pro ZelIe im Phasenraum sei n(!) (E), wo E 
die zu den betrachteten Zellen gehorige Energie bedeutet. Die Gesamt
zahlen N(!) [Integrale der n(l) (E) uber den Phasenraum] seien beliebig 

vielen (j = 1, 2, ... ) linearen Nebenbedingungen 

~ 01 N(!) = OJ = const (6) 
I 

unterworfen (Beispiele dazu a. a. 0.), wo die 01 ganze positive oder nega
tive Zahlen (oder Null) sind. Dann wird im statistischen Gleichgewicht 

1 
n(O (E) = . (7) 

~. J E -;- cl aj (T) + k T 

eJ + 1 

wobei das positive oder negative Vorzeichen in + 1 zu wahlen ist, ie 
nachdem, ob die l-te Teilchenart dem Pauliprinzip oder der Einstein
statistik gehorcht. 

Als Wechselwirkungsprozesse sind nun naturlich nur 80lche zuzu
lassen, bei denen die Forderungen (6) nicht verletzt werden. Eine be

stimmte Form eines solchen Elementaraktes ist zu beschreiben durch 
Angabe der Indizes 1 und der Geschwindigkeiten der vor dem Elementar
akt vorhandenen und der nach dem Prozell vorbandenen mitwirkenden 
Teilcben. Es seien ni, ni, ... , n; die zugehOrigen Dicbten n(l) (E) flir 
diejenigen vor dem ProzeJ3 vorbandenen Teilchen, welche der Einstein
statistik folgen; und nI , n;, ... , n; die n(O (E) fur die vor dem ProzeI3 

vorbandenen mitwirkenden Teilcben Pa ulischer Art. Entsprechend sollen 
sich mi, mi, ... , mt j mi", m;, ... , m;; auf die nach dem ProzeJ3 ubrig
gebliebenen bzw. neu erzeugten Teilchen beziehen. Dann mull aus stati
stisch.-thermodynamischen Grunden di"e Wahrscheinlichkeit des Elementar
akts proportional mit 

ni ni ... n; ni" n; ... n; (1 + mi) (1 + mi) ... 
'" (1 + mt) (1- mi") (1- m;) '" (1- m~) (8) 

angenommen werden j die des inversen Elementarakts entsprechend pro
portional mit 

mi ... mt mi" ... m-;; (1 + ni) ... (1 + n~) (1- n1) ... (1- n;). (9) 

* P. Jordan, ZS. f. Phys. 41, 711, 1927. Anmerkung nach Abschlu.6 der 
Arbeit: Dieselben Formeln sind kiirzlich von Bothe, ZS. f. Phys. 46, 327, 1928, 
erneut erortert worden. 
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Bezuglich der Faktoren (1- mi) usw. bei den Einsteinschen Teilchen 
ist nun von Dirac bei der Untersuchung der Absorption und Emission 
von Licht durch Atome gezeigt worden, daJ3 ihre Gestalt unmittelhar folgt 
aus der Gestalt der entsprechenden Faktorenin den Formeln (5'). Ent
sprechend wird die Form der Glieder (1- m1) usw. in (8), (9) auf (5") 
zuruckzufiihren sein. 

Was andererseits die Schwankungserscheinungen anbetrifft, so ist in 
A darauf hingewiesen, daJ3 das Schwankungsquadrat der Teilchendichte 
in einem Volumen, welches mit einem grol.len Volumen hezuglich der zu einem 
engen Frequenzintervall LI v gehBrigen Wellen kommuniziert, nach den 
bekannten Einsteinschen Formeln einen Wert proportional zu 

(10') 

besitzt. (Fur klassische Wellen ware es proportional n~). Die von 
Pauli berechnete analoge GrBBe bei einem Fermischen Gase ist aber 

proportional 
(1 a"} 

und in (10'), (10") zeigt sich der Unterschied vom Einsteinschen und 
Paulischen Gase wieder in derselben Form wie in (5'), (5"). 

Von dem Einsteinschen Gas bzw. dem Boseschen Wellenfeld be
sitzt man auf Grund der Arbeiten, die auf S. 631 genannt wurden, bereit.<; 
eine weitgehende Kenntnis. Wir beschaftigen uns im folgenden damit, 
in abnlicher Weise die in A begrundete Theorie des Pauligases zu vertiefen. 

§ 3. Wir wiederholen hier der Deutlicbkeit halher einige in A ge
brachte Formeln. Die GrBBen or, O~, N r, @Jr sind darstellbar durch die 
Matrizen 

Or = (g~\j 

Nr = (~~ti 
Hierbei ist jeweils 

(11) 

(12) 

eine Matrix, deren Zeilen und Spalten bezeichnet werden durch eine Reihe 
von Indizes, deren jeder den Wert 0 oder 1 haben kann j und zwar ist 
(12) eine Diagonalmatrix in bezug auf den ersten bis (r -I)-ten Index 
und in bezug auf den (r + I)-ten und die folgenden Indizes. 



On the Pauli Exclusion Principle 113 

Uber das Paulische Aquivalenzverbot. 635 

Neben den schon in § 1 besprochenen Gleichungen gelten die Formeln: 

bt br = Nr j br bt = 1 - Nr ; 

Nr2 = Nr j (btr' = (br)'J = 0 j 
(13) 

2ni 9 4 
e h r = i -@r. 

h 

Man kann aIle diese Gro.l3en ausdriicken durch drei Gro.l3en k1r), k~r), 

kJr), die den Multiplikationsregeln der Quaternionen folgen: 

kt) k~r) = - k~r) kf) = k~), } 

·(kIr»)2· . (kjr»)2· . (~~;»)~ . . ~ ~, 
(14) 

wobei durch die Punkte die beiden aus der angeschriebenen Gleichung 

durch zyklische Permutation der 1, 2, 3 hervorgehenden Gleichungen 
angedeutet sein sollen. 

Namlich: 
ik(r) + k(r) 

b - _ 3 '}, 
r - 2' 

t i k(r) - k(r) } b - _ S 3. 
r - 2' 

Q __ !:.: l·(r) 
I[7r - 4 011'2 • 

(15) 
ik(r) - 1 

Nr = - 12 j 

Die Quaternionen k1r), k~r), kJr) werden dabei selbst dargestellt durch 
die Matrizen 

(-i 0) (0 i) ( 0 1) k(r) = . k(r) = . k(r) = . 
1 0·' '}, . 0 "3 - 1 0 

, r .' r . r 
(16) 

§ 4. Ebenso wie in B fiir die Bosesche Statistik ausgefiihrt wurde 
kann man anch bei der Fermischen Stati~tik die Heisenberg-Dirac
schen Determinantenformeln fiir die Herleitung der antisymmetrischen 
Schrodingerschen Eigenfunktionen des Gesamtsystems aus denen eines 
Einzelatoms iibertragen auf beliebige Wahrscheinlichkeitsamplituden. Eine 
solche Amplitude sei fiir ein Einzelatom gegeben durch 

<1>!~ = wap (If, q'). (17) 

Um die Vorzeichen der aus ihr zu bildenden Determinanten eindeutig 
zu machen, legen wir fiir die Eigenwerte {J' von {J in beliebiger, aber ein 
fiir allemal bestimmter Weise eine Reihenfolge fest. Wir bezeichnen 

die so definierte Anordnung fiir zwei spezielle Eigenwerte {J', {J" von {J 
durch {J' < {J" bzw. {J" < {J', ohne jedoch mit dem Zeichen < notwendig 
die Bedeutung nkleiner als" zu verbinden. Genau so verfahren wir mit 

den Eigenwerten q' von q und allgemein: mit den Eigenwerten Q' ieder 
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meJ3baren GroJ.le Q beim Einzelatom. Danach kann man jeder Amplitude 
(17) flir das Einzelatom in eindeutiger Weise eine antisymmetrische Am

plitude "qf!~ flir ein System von N energetisch ungekoppelten Teilchen zu
ordnen. VVir schreiben 

1JF(f q -"qf ({3(I) {3(2) {3(N). q(I) q(2) q(N» ap - ap , , ... , , , , ..• , , (18) 
worm {3(l) < {3(2) < ... < {3(N), I 

q(l) < q(2) < ... < q(N) f (19) 

sein soIl; und dann: 11' 

1 
"qffJq = - "" E IT l!J ({3(k) q(n/:» ap Nl L.I n ap' , 

~ . (n) k= 1 

(20) 

wo die Summe tiber aile N! Permutationen n I , n2, ••• , n.N der Zahlen 1, 

2, ... , N zu erstrecken ist, wahrend En gleich + 1 ist flir gerade Permu
tationen und -1 flir ungerade. 

Nach (20) verschwindet "qfi1q, sobald zwei der GroJ.len {3(k) einander 
ap 

gleich werden. Das heiJ3t physikalisch: Es kommt nicht vor, daB 

irgend eine nichtentartete GroBe {3 bei zwei verschiedenen 
'l'eilchen des Systems gleichz ei tig densel ben Wert annimm t. 

VViiblen wir flir {3 insbesondere das System der Quantenzahlen, so gibt 
dieser Satz das Paulische Aquivalenzverbot in seiner ursprlinglichen 

Fassung. Wir wollen iill folgenden das gleichzeitige Bestehen 

dieses Satzes flir aIle GraJ.len {3 als den eigentlichen Inhalt des Pauli
schen Aquivalenzverbots betrachten. 

\Vir beschiiftigen uns ubrigens im folgenden vorwiegend mit dem 

FaIle, daB jede GroJ3e {3 am Einzelatom nur endlich viele, sagen wir K, 
Eigenwerte hat. Nur gelegentlich werden wir naher hinweisen auf den 
Grenzlibergang K _ 00, der im allgerneinen keinerlei Schwierigkeit 
macht. VVir wollen' die K Eigenwerte jeder GraUe {3 numerieren mit 
{3~, {3;, ... , 13K, und zwar so, daJ3 die oben vorausgesetzte Anordnung del' 

Eigenwerte gerade die Form 

{3~ < {3~ < ... < {3~, (21) 
gewinnt. 

§ 5. Die in solcher Weise definierten antisymrnetrischen Arnplitudell 

sind nun ill eindeutiger Weise darstellbar als Funktion von Argurnenten 

N' ({3') ; N' (q') (22) 

mit folgender Bedeutung: N' ({3') ist die Anzahl von Atomen, bei denen 
{3 den Wert {3' hat; ist also {3' ein diskreter Eigenwert, so ist nach dem 
allgemeinen P a u lischen Aquivalenzverbot 

N' ({3') = 0 oder 1. (23) 
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Liegt dagegen fJ' in einem kontinuierlichen Eigenwertgebiet, so haben 
wir zu schreiben: 

N' 

N' (fJ') = ~ 8 (fJ' - fJiJ, (24) 
k=l 

wenn insgesamt N' Teilchen vorhanden sind; das Integral von N' (fJ') 
liber ein'l'eilstlick des Eigenwertgebietes ist dann die Anzahl der Atome, 

bei denen die Wede von fJ in dieses Teilstlick fallen. 

Wir begnligen uns aber nicht mit der rein mathematischen Einfiihrung 

der neuen Gro/3en N' (fJ'), N' (q'), sondern gehen zu einer neuen physi
kalischen Theorie liber, indem wir annehmen, das Gesamtgas sei ein 
System, das durch ein kanonisches System von q-Zahlgro/3en 

N (fJ') j e (fJ') (25) 

beschrieben werden kann, wobei die N' (fJ') gerade die Eigenwerte von 

N ([3') darstellen. Dann sind die N (fJ'), e (fJ') in der in § 3 erlauterten 

Weise durch Matrizen darzustellenj den verschiedenen Eigenwerten [3' 
entsprechen die verschiedenen \Verte der in § 3 gebrauchten Indizes r, s. 

Insbesondere gilt fiir diskretes [3' die Gleichung 

N([3'). [1 - N([3')] = 0, (26) 

flir nicht diskretes fJ' kann man statt dessen schreiben: 

N(fJ'). [~([3' - fJ") - N (fJ")] = {N(fJ') ~(fJ") :: ~: =!= ~::: (27) 

Wahrend nun die q-Zahlen N ([3') durch ihre physikalische Bedeutung 
vollig definiert sind, ist dasselbe natiirlich nicht der Fall flir die e ([3'), 
wenn wir von ihnen nur verlangen, da/3 sie kanonisch konjugiert zu den 
N([3') seien. Man muB diese Nichteindeutigkeit natiirlich beseitigen 
bzw. beschriinken, wenn man eindeutige Relationen zwischen den GroBen 
N (fJ'), e (fJ') und N (q'), e (q') erhalten will. Wir werden nun im weiteren 
Verlauf unserer Betrachtungen sehen: Man kann, nachdem fiir jede GroBe [3, 
q usw. in der oben besprochenen Weise eine Reihenfolge der Eigenwerte 
fJ' und q' usw. festgelegt ist, ein gewisses System von koniugierten Phasen 

e (fJ'), e (q') usw. zu den N(fJ'), N(q') usw. bestimmen derart, da/3 ein

fache und eindeutige Relationen zwischen den verschiedenen kanonischen 

Systemen N (fJ') , e (fJ') j N (q'), e (q') usw. entstehen. Man hat dabei 
aber noch verschiedene Moglichkeiten rur die Definition der e (fJ') zu den 

N <fJ'), und diese verschiedenen Moglichkeiten konnen eindeutig zugeordnet 
werden den verschiedenen konjugierten Impulsen (JG zu fJ. Wir bezeichnen 



116 Applied Group Theory 1926-1935 

638 P. Jordan nnd E. Wigner, 

deshalb die q-Zahlgr(Hlen, deren Theorie wir im folgenden entwickeln 

wollen, endgiiltig mit 

bzw. 
N (q') ; @p (q') usf. 

(28) 

(29) 

Die gebildeten Verhaltnisse besitzen offenbar die denkbar grBJ3te 
Analogie zu den in B erorterten Verhaltnissen im Boseschen Falle, so
weit man uberhaupt angesichts der tiefgehenden Verschiedenheit beider 
FaIle eine Analogie erwarten kann. 

§ I). Die zwei K GroBen 

N (In, @,.. (~') 

mussen als q-Zahlen gewisse Funktionen der q-Zahlen 

N (q'), @p (q') 

sein; dieser funktionale Zusammenhang solI jetzt besprochen werden. Im 
Bose-Einsteinschen FaIle galt einfach 

b,.. ({f) = ::2 fP,..p (~', q') bp (q'), I 
q' 

b! (~') = ::2 b~ (q') (J)p,.. (q', [3'); 
q' . 

aber diese Formeln geiten nicht fiir das Paulische Gas. 
gelten Formeln 

a,.. ([3') = ~ (J)"p ({f, q') ap (q'), I 
q' 

a! (~') = ::2 at (q') fPp,.. (q', (f), 
q' 

wenn wir die GroBen a, at durch 

ap (q') = v (q') . bp (q'), } 

at (q') = bt (q'). v (q') j 

v (q') = II (1 - 2 N(q")} 
q"-<q' 

(30) 

Statt dessen 

(30a) 

(31) 

(32) 

definieren. Bier ist also v (q') das Produkt der GroJ3en 1 - 2 N (q") 
fiir q" = q' und alle v 0 r q' kommenden q". Es ist also 1) (q') eine 
Diagonalmatrix, deren Diagonalelemente samtIich gleich + 1 oder - 1 
sind j und es wird 

[v (q')J2 = 1. (33) 

Der vollstandige mathematische Beweis fur die Richtigl(eit dieser 
Formeln (30 a) wird sich in den §§ 8 und 9 ergeben. Rier wollen wir 
lediglich die Multiplikationseigenschaften der GroBen u, at untersuchen 
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und die Invarianz dieser Multiplikationseigenschaften gegen Trans

formationen (30 a) nachweisen. 

Zunlichst wird 

b (') "') { - v (q") . b (q') 
p q . v tq = v (q") . b (q) 

t ') " { - v (q") • bt (q') 
bp (q . v (q ) = v (q") . bt (q') 

fUr q' < q", } 
ffir q' > q"; 

ftir q' =::;;; q", 

ftir q' > q". 

Der Beweis ergibt sich leicht daraus, daB z. B. 

2 ni 6 ( ') 
b~ (q') . {1 - 2 N (q')} = N (q') ell p q {1 -2 N (q')} 

(34) 

= - {1 - 2 N (q')} b~ (q') (35) 

wird. Dann wird weiter 

Man beweist z. B. 

ap (q') ap (q") = - ap (q") ap (q'), l 
at (q') a~ (q") = - a~ (q") a! (q'). J 

ap (q') ap (q") = V (q') bp (q') v (q") bp (q") 

(36) 

_ {- V (q') V (q") bp (q') -bp (q") fUr q' < q", 
- V (q') V (g") bp (q') bp (q") fur q' -> q"; (37) 

nun ist aber insbesondere fur q' = q": 

also auch 
bp(g') bp(q") = [bp (g')]2 = 0, 

[ap (q')]2 = 0, 

(38) 

(39) 

womit fur q' = g" die Formel (36) schon bewiesen ist. Man sieht danach 
aus (37), daB das Produkt (36) in der Tat antisymmetrisch in g', g" ist. 

Ferner gilt 

a! (g') ap (q") + ap (g") a! (q') = ~ (g' - g"). (40) 

Denn es wird der links stehende AUlldruck gleich 

b! (q') v (q') v (g") bp (g'') + v (q") bp (q") bt (g') v (g') 

(

V (q') V (gil) b! (q') bp (q'') - v (gil) V (q') bp (q") b! (q') ffir q' < q"; 

= v (g') V (q'') b! (g') bp (q") + v (g") v (q') bp (q") b! (g') ffir g' = g"; 

- v (q') V (q'') b! (q') bp (gil) + V (q") V (g') bp (q") bt (q') fur q' > q"; 

(41) 

a.ll!o verschwindet er in der Tat fur g' =1= g" und wird fUr g' = g" gleich 
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Nunmehr zeigen wir, daB die Gleichungen (36) und (40) wirklich lll

variant sind gegen Transformationen (30 a). Es ergibt sich 

aa ({f) aa (f3") + aa ([j") aa ([j') 

= :2 <Pap ([j', q') <Pap ([j", q"). {ap(q') ap (q") + ap (q") ap (q')) = 0; (43) 
q' q" 

a! ([j') aa ([j") + aa ([j") a! ([j') 

= ::2 <Ppa(q', [j') <Pap ([j",q") . {at (q') ap (q") + ap (q") a; (q') )=0 ([j' -[j''). (44) 
q' q" 

Wahrend also die GroBen b, bt im Paulischen FaIle ebenso wie im 
Einsteinschen Fane die Eigenschaft haben, daB b ([j') mit b ([j") und 
bt ([j') fur [j" =i= [j' v erta usch b ar ist, kommt den a, at diese Eigenschaft 
nicht mehr zu. Trotzdem besitzen die a, at des Fermischen Gases in 
gewisser Hinsicht eine engere Analogie zu den b, bt des Einsteingases, 
als die b, bt des Pauli gases selbst; man sieht das besonders deutlich 
durch die Gegeniiberstellung: 

Bose.Einstein 

ba ({i') ba ({i") - ba ({i") ba (.8') = 0; 

b! ((i') ba W') - ba (P") b! ({i') 
= ()' ({i' - (i"); 

b! ({i') bee (Ii') = N ({i'); 

b", (n = ::2 1>" p ({i', q') bp (q') ; 
q' 

Pauli 

a", ({i') aa ((i") + a", W') a", ({i') = 0; 

a! ({i') aa (fl") + a", ({i") a~ (fl') 
= ()' (fl' - (i") ; 

a~ (fl') a", (fl') = N(fl'); 

au (fl') = ::2 1> "'p (fl', q') up (q'). 
q' 

Wir haben diese Gleichungen abgeleitet, indem wir das Paulische 
Aquivalenzverbot von vornherein zugrunde legten. Es zeigt sich aber, 
daB umgekehrt diese Multiplikationseigenschaften der a, at bereits die 
moglichen Eigenwerte der N([j') bestimmen und die Vertauschbarkeit 
(gleichzeitige Beobachtbarkeit) von N ([j') und N ([j") nach sich ziehen. 
Infolgedessen Mnnen wir sagen, daB die Existenz korpuskularer Teilchen 
und die Giiltigkeit des Paulischen Prinzips als eine Folgerung aus den 
quantenmechanischen 1\Iultiplikationseigenschaften der de Broglieschen 
Wellenamplituden aufgefaBt werden duden, da in den beiden Gleichungen 

N([j')N([j") - N([j") N([j') = 0, 

N' ([j') = 0 oder 1 

(45) 

(46) 

diese Tatsachen volistandig ausgedriickt sind. Die Gleichung (45) folgt 
sofort. Der Beweis, daB auch (46) aus den Multiplikationsregeln der 
a ([j'), at ([j') folgt, ergibt sich folgendermaBen: 
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Auf Grund yon 

gilt wegen 

die Gleichung 

al ({f) a" ({f) + a" ({f) al ({f) = 1 

[a" ({f)]2 = 0 

al ({3') a" ({3') al ({3') a" ({3') 

(47) 

= al ({3'). [1 - a~ ({3') a" ({3')] . a" ({3') = al ({3') a" ((3') j (48) 
also wird 

N({3').[1-N({3')] = al({3')a,,({3').[1-al({3')a,,({3')] = o. (49) 

Es sei noch betont: Da v ({3') aus den N ({3") aHein zu bilden ist (nach
dem eine Reihenfolge der Eigenwerte festgelegt wurde), so kann man 
vermittelst 

b" ({3') = v ({3') a" ({3'), l 
bl ({3') = al ({3') v ((3') J 

(50) 

die b, bt eindeutig durch die a, at definieren. Man bnn also in der Tat 
die a, at als die urspriinglichen Gri:H3en der Theorie und aUe anderen 
Grollen als Funktionen der a, at betrachten. 

Endlich sei hervorgehoben, daC die Gesamtzahl N der vorhandenen 
Teilchen gegeniiber den betrachteten Transformationen invariant bleibt: 

N = ~N({3') = ~N(q'). (51) 
~' q' 

Diese Invarianz ist offenbar nur ein anderer Ausdruck dafiir, daB (30 a) 
eine unitare Transformation ist. 

Zusatz bei der Korrektur. Es zeigt sich durch eine genauere 
Betrachtung, die im Anhang mitgeteilt wird, dall die Mrutiplikations
regeln der a, at nicht nur die Eigenwerte der N ({3') schon bestimmen, 
sondern uberhaupt die Matrizen a, at bis auf eine kanonische 'l'rans
formation der Matrizendarstellung festlegen. 

§ 7. Fur ein eindimensionales Kontinuum mit der Schwingungs-
gleichung 

t/J = t/J (x, t) (52) 

und der Randbedingung 

t/J (0, t) = t/J (l, t) = 0 (53) 
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war in A versuchsweise die raumliche Teilchendichte del' Wellen

korpuskeln definierl durch 
N (x) = 1/Jt 1/J, (54) 

00 

1/J = r~lbr sin r 7 x, (55) 

wo Nr = b~ br die Anzahl von Teilchen im r-ten Quantenzustand del' 
Translation bedeutet. 

Wir haben jetzt (55) zu korrigieren, indem wir die br durch ent

sprechende ar ersetzen: 
co 
~ . n 

1/J = L.J ar sm "-1 X· 
r=l . 

(56) 

Die in A durchgefiihrte Berechnung del' Dichteschwankullgell kann abel' 
sofort von (55) auf (56) iibertragen werden und zeigt dann, da13 (56), 
wie es sein mull, wirklich die richtige Formel liefert. Es wurde namlich 
aus (55) erhalten, da11 del' fragliche quadratische Mittelwert L/2 prop 01'-

tional sei mit 

(57) 

wo die Querstriche die MiUelung iiber ein infinitesimales Frequenzgebiet 

im AnschluB an die Frequenz Vr bedeuten, so daB sich die in § 2 er

wahnte Formel 
(58) 

ergibt. Rechnet man nun entsprechend mit (56), so wird .d2 propor
tional mit 

-t- --t - . 
arar . arar = Nr · (1 - Nr), (59) 

d. h. das Endergebnis bleibt ungeandert. 

§ 8. Wir wollen nun den in § 6 angekiindigten vollstandigen 
Beweis fiir die Aquivalenz del' Formeln (30 a) mit den Formeln del' ge
wohnlichen Darstellung im mehrdimensionalen Koordinatenraum antreten. 
Wir miissen uns in diesem Koordinatenraum auf solche Gro13en (Ope
ratoren) beschrii.nken, die symmetrisch in den gleichen Teilchen sind; 
auBerdem abel' bescbranken wir uns in diesem Paragrapben auf Gro13en, 
die aus einer Summe bestehen, wo in jedem Summand nul' ein Elektron 
vorkommt. Von diesel' Art ist die Energie eines idealen Gases. 
Diese Operatoren haben also die Gestalt 

V = Vt + VI + ... + VN , (60) 

wo die V, immer dieselbe GroBe darstellen, nul' an verschiedenen (am 1-, 
2-, ... , N-ten) Teilchen gemessen. 
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Unsere Wellenfunktion dagegen wird [§ 5, Gleichung' (22), (23)] 
von den N' ({3~) abhangen. Dies erscheint in der Tat vom Standpunkt 
der Quantenmechanik als der naturgemiU3e Ansatz, da ja ein "maximaler 
Versuch" - wegen der Gleichheit der Teilchen - immer nur bestimmen 

kann, wie viele Teilchen irn Zustand {31' {32' ... , 13K sind, wahrend die 
Frage, in welchem Zustand ein bestimm tes Elektron ist, nicht ent
schieden werden kann. 1m Sinne d~s Paulischen Aquivalenzverbotes 
haben wir in (23) den Wertbereich der N' ({3~) auf 0,1 beschrankt. 

Wir nehmen nun noch, wie in § 4 bereits betont, der Einfachheit 
halber an (was in Wahrheit niemals erfiillt ist), daB ein Elektron nur 
endlich viele (sagen wir K) Zustande annehmen kaun, die wir also mit 
{3t, {39' ... , 13K bezeichnen. Dann hat die im folgenden einzufiihrende 
Wellenfunktiol1 W (N' ({3~), N' ({3~), ... , N' (13K) gerade K Argumente 
und ist fiir 2K Wertsysteme der Argumente definiert. Der Grenz
iibergang K _ 00 scheil1t keine wesentlichen Schwierigkeiten zu bieten. 

Die nun folgenden Betrachtungen lassen sich am einfachsten aus
fiihren, wenn man den Zustand eines einzelnen Elektrons im mehr
dimensionalen Koordinatenraum mit einer Wellenfunktion beschreibt, 
deren- Argument {3' ist. Das bedeutet, daD beirn Einzelelektron die 
Messung eben die Bestimmung der GroDe {3 ist, deren Wertbereich also 
K Zahlen {3~, {3;, ... , 13K umfaJ3t. 

Haben wir nun im mehrdimensionalen Koordinatenraum eine anti
symmetrische Wellellfunktion von N' Elektronen 

t/J ({3'l, {3'2, ... , (3' N'), (61) 

so bestimmen wir, daB wir diesen Zustand fortan in unserem neuen 
N-Raume durch die Wellenfunktion W (N' ({3;), N' ({3;), ... , N' ({3Jd) be
schreiben wollen. Dabei sei 

W(N' ((3;), .. :, N'({3K) = V~'! t/J({3'l, ... , (3'N'). (62) 

Diese Gleichung ist so zu verstehen, daD CJ! iiberall 0 ist, wo nicht 
genau N von den K(K>N) Zahlen N' ({3;), ... , N' ({3id gleich 1, die 
iibrigen gleich 0 sind. Um den Wert an dies en Stellen zu bestirnmen, 
setzt man rechts fiir die {3'l, {3'2, "0' {3'N' jene Werte ein, fiir die eben 
N' ({3i) = 1 ist, und zwar fiir {3'l den (im Sinne der in § 4 getroffenen 
A nordnung) ersten, fiir {3' 2 den folgenden, ... , fiir {3' N' den letzten. 

Wir wollen an dieser Znordnung einer Funktion 

W (N' ({3;), N' ({3;), ... , N' (13K) 
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im neuen N-Raume zu einer Funktion 

1/1 ({f 1, {J'2, ... , (J' N') 

im mehrdirnensionalen Koordinatenraurne im folgenden immer (also auch, 

wenn 1/1 keine Wellenfunktion ist) festhalten. Es ist zu beachten, daB 
es flir das Vorzeichen von lP' wichtig ist, in 1/1 die {J~, {J;, .... {Jic in der 
einrnal festgesetzten Reihenfolge 

({J~ < {J; < ... < (Jic) 
einzusetzen, da nur dadurch das Vorzeichen von lP' eindeutig geregelt 

wird i und nur hierdurch ist die Zuordnung einer eindeutigen Funktion lP' 
zu der Funktion 1/1 m<lglich. 

Umgekehrt wird aber auch 1/1 durch lP' eindeutig bestirnrnt *: an 
den Stellen, flir weiche {J'l < ... < {J' N' gilt, dUl'ch (62), liberall sonst 
durch die Forderung der Antisymmetrie. 

Die einzelnen Teile (z. B. VI) des Operators V [Gleichung (60)] im 
mehrdimensionalen Koordinatenraum sind im wesentlichen hermiteische 
Matrizen von K Zeilen und K Spalten. In der v-ten Zeile und EL-ten 
Spaite stehe H",II' Dann ist der ganze Operator V mit der lIatrix 

H~1 "2 ... 'fN'; /11/12 ••• ,II N' = H"l PI 8"2 ,112 8"3 Pa .•. 8"N' P N' 

+ 8"1/11 H"2 112 8 "3 P3 ••• 8"N' P N' + ... + 8"1 PI 8"2/12 8"3.113 ... H"N' .'IN' (63) 

identisch. Wir schreiben zur Abklirzung 

dann ist also 
V 1/1 ({fl ... (f N') = ';j; ({J'! ... (f ... Y'), (64) 

K 

;j;({J~l'" (J:'N') = :;EH'·I .... N'Ul t .... IIN' 1/1({J.:lt"· (J~N')' (65) 
."1. P2 • .... /JoN' = 1 

Aus diesem ~({J't, {J'2, ... , (J'N') bilden wir - genall wie in (62) _ 
ein lP'"(N' ({J~), ... , N' ((Jid) durch 

lP'(N'({J~), ... , N'({J'x) = ~(fft, ... , {J'N')V~'!' (62a) 

Wir behaupten nun, daB 

lP' (N' ({J~), ... , N' ({J'x» = ~ lP' {N' ({J~), ... , N' ({J'x), (66) 

W'o der Operator ~ 

ist, mit den a aus (31). 

K 

~ = :;EHda!aA. 
a'.A.=1 

(66 a) 

• Wir setzen vorallS, daB 'F wieder iiberall verschwindet, wo nicht 

ist. 
N' (.8D + '" + N' (fJ'x) = N' 
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Gleichung (65) ist zunachst sicber richtig an allen Stellen (fiir aIle 
Wertsysteme der Argumente), wo die Anzahl der 1 im Argumentsystem 
von 1]1 nicht eben gleich N' ist. Dann verschwindet namlich die linke 
Seite wegen (62), (62a), und auch auf der rechten Seite stehen lauter 

Nullen, da a! al die Anzabl der 1 nicM andert. 
An den Stellen aber, wo etwa die 

N' (P~l)' N' (P~2)' ... , N' (PiN') 
(also genau N') gleich 1 sind, ist YN'! 1]J' gleich 

also gleich 
K 

-;p (Pit' ... , PiN')' 

~Hil ... iN'; "l""'N,1/1(P~l' ... , P,:'N') 
,111 ••• /IN' = 1 

K K 

= ~ HiU'l 1/1 (P'~l' Pt2' ... , Pi,N') + ~ Hi21'2 t/J (Pit ' P~2' ... , PiN') + 
I't = 1 P2 = 1 

K 

. .. + ~ Hi ~v' ,II JY' 1/1 (Pi" Pi2' ••• , P;'lY') 
,IIN,=·1 

N' K 

= ~ ~ lIirp 1/1 (Pil, Pi2 , ... , Plr - 1 , P,:" Pir + I' ... , PiN')' (67) 
r=l P=1 

das zweite ersieht man aus (63). Unsere A bsicht ist nun, die rechte 
Seite von (67) durch die 1]J' auszudriicken. Zu diesem Zwecke bemerken 
wir, dall in (67) rechts die Pi schon in der richtigen Reihenfolge stehen, 
nur das jeweils auftretende P;I ist an der falschen Stelle. 1st etwa * 

PIB- 1 <'p;1 < fJi" 
so konnen wir die Reihenfolge der P' zur ricbtigen machen, indem wir 
P;I iiber die zwischenliegenden Pi von der Stelle zwischen Plr- 1 und 
f.I; + an die Stelle zwischen tli und tli verschieben. Dabei multi-
fir 1 fl B-l fiB 

pliziert sich die antisymmetrische Funktion 1/1 mit (- 1):, wo z die 
Anzahl del' zwischen den beiden angegebenen SteIlen stehenden Pi ist. 

Wir konnen (67) also auch schreiben 
N K 

*(P1l' ... , Pi"y,) = ~ ~+Hir/,1/1(Pll' .'" p~, .. " PiN')' (67a) 
r=1 11=1 

* Das Gleichheitszeichen kommt nicbt in Frage, da dann das entsprechende 
V' doch verschwindet. 
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"0 natiirlich noch das Vorzeichen + VOll ,. und p. abhangt: abel' schon 

(3;1 < ... < P;, < ... < P:\" 
gilt. \Venn wir (62) beachten, 1\<5nnen wir dies anch * 
W(x] ... XK) =:;8 :;8 + H;, ~(Xl' ... , X:i-l' 0, x:i+1I,,,,xl- 1: 1, Xl,,,,,XK) 

:l:j=l :1:1=0 

+ :dB Fijj ~(Xl' ... , XK) (68) 
Xj=l 

schl'eiben, wie man leicht iiberlegt. In den Summanden lliimlich, in (67 a), 
wo ir =1= p. ist [erstes Glied in (68)], sind dieselben Argumente vorhanden 
wie an der linken Seite, es fehlt nur p{r' was links vorhanden war 
(Xj = 1), dagegen ist P.:, hinzugekommen, und wir 1;:o11nen annehmen, 
daB es nicht da war (Xl = 0), da sonst t/J doch versclnvinden wiirde. 
1st ir = p. [zweites Glied in (68)], so sind l'echts in t/J dieselben Argu
mente wie links. 

Das Vorzeichen in (68) bestimmt sich Offellbal' dadurch, daB man 
+ oder - setzt, je llachdem zwischen der ausgeschriebenen 0 und 1 
eine gerade oder ungerade Anzahl von 1 steht. (tiber ebenso viele Pi 
mu13te man das entsprechende P~ hiniiberschieben.) Dies ist aber die 
Anzahl der 1, die links von x, stehen, vermindert um die Allzahl del' 1, 
die links von Xj stehen. 

Obwohl jetzt die Richtigl{eit der vorangehellden Formeln schOll 
klar ist, wollen wir diese Gedanken doch zu Ende fiihren. Wir wissen, 
da13 der Wertbereich del' Argumente von 'lp' ingesamt 2K Stellen urn
fa13t, indem fiir jedes der Xk = N' ({3iJ entweder + 1 oder 0 gesetzt 
werden kann. Ein darauf wirkender linearer Operator ist also eine 
~latrix mit 2K Zeilen und ebensoviel Spalten. Wir bezeichnen jede Zeile 
oder Spalte mit K 1ndizes (den Xl"'" XK entsprechend), die jeweils 1 
oder 0 sein k<5nnell. 

Der Operator aA ist entsprechend § 3 nnd § 6 zu definieren (wir 
schreiben del' besseren "Obersicht halber die Indizes als Argumente) durch 

al(XI, x s"'" xKi 1111 1Is" •• , 11K) 

-(-1)%1+%2+"'+%l-1!l 0 0 8·\,.S' .\' '9) 
- %1111 %2112'" %l-1I1l-1 ;llOUV.iIU:t2+1Yl+l·"U%KYK, (0 

und entsprechend ist dann a~ 

a! (Xl' ... , XKi 'lit' ... , tlK) 

(69 a) 

* \Vir setzen aus Bequemlichkeitsgrunden xk fur N' (.Bic)' 
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Mit Hilfe dieser Formeln kann (68) auch so geschrieben werden: 

1p"(:l:1' ..• , :l:K) 

K 

.:.8 H,,2 :.8 a! (:x.\",XK;'!J)· .. '!JK).ai.V/t···'!JK;Z) ..• SK)1p"(St··.SK)' (70) 
I., ,,=1 1/1"'YK=O,1 

=i ... zK=o,1 

\Vie man sich mit einiger :Miihe iiberlegen kann, was aber schwer hin
geschrieben werden kaun. Damit ist (66) gewonnen. 

§~. Wir haben also in § 8 folgendes gesehen: Jeder antisymme
trischen Funktion, welche definiert ist in den Koordinatenraumen mit 
allen Anzahlen N' < Ie von Dimensionen, entspricht durch (62) eine 
Funktion im neuen Raume. Es entspricht dann dem Operator (60) 

V = VI + Vi + ... + VN [mit der Matrix in (64) lIrt ... T.""'i"'t ... !lN'] im 
Koordinatenraum der Operator ~ von (68) im neuen N'-Raum. Der 
Operator ~ ist dabei 

K 

~ = :2Hda!a~ 
",1=1 

(G6a) 

mit den at, a1 von (6H), (69 a). 
" Es folgt hieraus, daB einer Eigenfunktion von V eine Eigenfunktion 

von ~ entspricht. Wenn wir noch zeigen k<5nnen, daB das innere 
Produkt zweier Funktionen iIll Koordinatenraum denselben Wert hat 
\vie dasjenige der entsprechenden Funktionen im neuen N'-Raum, so 
sind wir mit dem Beweis fertig. rm Koordinatenraum ist 

Pit 
(t/Jp) = :2 t/J({3'I ... {3'N')rp({3'l ... p'-"'), (71) 

{I' 1, ... , {I' N' = (I; 
,vas \Vegen der Antisymmetrie 

tlK 
(t/Jp) = N'l· ~ t/J({3'1 ... (j'N') p({3'l ... (3"v') (72) 

(1'1, ... , p,N' = p; 
P'1< < (l,N' 

ergibt. Andererseits gilt irn neuen Raume 

(1J! cD) = :2 1J!(XI •.• XK) a; (Xl'" XK), (73) 
:t'l,,,zK=O,1 

,vas mit Riicksicht auf (62) eben (72) ist. 
Wir m<5chten noch bemerken, daB die q-Zahlrelationen (36), (40) 

natiirlich sofort aus der Formel (69) hervorgehen. 
§ 10. Wir miissen schlieBlich Operatoren betrachten, die keine 

Zerlegung mehr in die Gestalt (60) gestatten. Von dieser Form ist die 
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Energie eines nicbtidealen Gases. Wir beschranken nns dabei zunachst 
auf solche, die in Teile zerlegbar sind, die jeweils nur z\vei, stets ver
schiedene, Teilchen enthalten. Die Erledigung diesel' Aufgahc ergibt 
sich durch Analogisierung del' entsprechenden Formeln fiir die B 0 s e
Einsteinsche Statistil{ *. Del' Operator V la13t sich dann schreiben: 

wobei IT die Matrix 

H"l ... V~V'; Ill'" ,ll Z ... '" 
.Y' 

N' 

V = :8 J1jk, 
i, k=l 

i<k 

(60 b) 

= :::8 H,'i ",,; I'j ,"k O"ll'l"'O "j-ll'j-1 ° ''j +1,Uj +1",O"k-11'1.~1 ° "k+1I'I:+1"'O "N',"S' «(jSb) 
j, k=l 
j<k 

entspricht. Es ist dann 

V1/1(~'l, ... , ~'NI) = *(~'l, ... , ~'N') (64 b) 

mit Hilfe von (63 b) [ebenso \Vie (65») zu berechnen. Dann ist wieder 
die "richtige Reihenfolge" del' ~ auf der rechtell Seite herzustellen. 
Dabei konnen die ~i stehengelassen bleiben, f3~ und 13,:,' miissen iiber 
eine Allzahl von 13; hiniibergeschoben werden, wobei sich wieder das 
Vorzeichen lindern kann. 

Beachten wir wieder (62), so konnen wir wieder links und rechts 
fUr 1P bzw. 1/1 einsetzen yr bzw. yr. Unter Beachtung von (69) findet 
man nun, daB dem Operator (60 b) llunmehr del' Operator 

1 K t t 
2 ! ~ J-J"l "2; },1/'2 a"1 a"2 a}'2 all 

ll' },2=1 

(66 b) 

entspricht. "1' "2=1 

Es ist befriedigelld, daB die Rlickwirkung del' rreilchell auf sich 
selbst wieder durch die nichtkommutativen 1Ifultiplikationseigenschaften 
del' Wellenamplituden im dreidimensionalen Raume automatisch aus
geschlossen wird. Tm Bose-Einsteinschen FaIle \vurde diesel' Umstand 
deutlich gemacht durch Formel (40) del' Arbeit von Jordan und Klein. 
Da13 dieselbe Formel auch hier gilt, folgt aus del' leicht beweisbaren 
Formel 

t t tt ~ t 
akakal al- akal alak = Uklakak' 

Wir wenden nns endlich zu dem Fall von Operatoren, die aus 
Summand en bestehen, welche jeweils in n > 2 Teilchen symmetrisch sind, 

* P. Jordan und O. Klein, a. a, O. 



On the Pauli Exclusion Principle 127 

Uber das Paulische Aquivalenzverbot. 649 

wii.hrend in der Summe aUe diejenigen Summand en auszulassen sind, 
welehe dasselbe Teilehen zweimal enthalten (was eine Weehselwirkung 
des Teilehens mit sieh selbst bedeuten wiirde). Eine Verailgemeinerung 
der obigen Betraehtungen fubrt dann zu den folgenden Formeln, welehe 
analog sind der in B angegebenen VeraUgemeinerung * der Formel von 
Jordan und Klein: 

K K 
1" t t ,~ L.J H X1 ••• Xn; J.1 • • • In aX1 '" aXn a~ ... all' 
n. l.l ... i.n =l xI",x2=1 

(66 c) 

§ 11. Wir kHnnen endlich die erhaltenen Ergebnisse in einer etwas 
anderen Form so aussprechen: Es gibt bei einem Paulischen Mehr
kHrperproblem eine Wahrseheinliehkeitsamplitude, welche die Wahr
scheinliehkeit dafur bestimmt, dal3, nachdem fiir die me13baren Grl)l3en 

N (P~), N (P~), ... , N (P'x) ein gewisses Wertsystem N' (P~), N' (P~), " ., 
N' (PR) gemessen worden jst, fiir die anderen, entspreehend definierten 
Grl)l3en N (q~), N (q;), ... , N (qK) die Werte N' (q~), N' (q;), ... , N' (q'x) ge
funden werden. 

Eine solehe Amplitude wird erhalten durch 

(])NC[J'), N(q/) - 0 fiir "N' (R') -I- "N' (')I') 
- 8 a C[J'), - 8p (r'> - L.J,., -t- L.J 

(I' r' 
und 

mNC[J'),N(q') = N'I 7T1"{lq fur" "N'(R') - "N'(q') 
'IV _ (j C[J'), - (j <r') . rap L.J ,., - L.J , 

p , ~ 
(74) 

wobei tP~~, -qr~~ die in § 4 besprochenen Funktionen sind. 

Die in A in der Form 

{2:: Hr8 b; b8 - W} «1) = 0 
r8 

angegebene Funktionalgleiehung ffir die zum Gesamtsystem geh6rige 
Amplitude (]) lautet nunmehr bei unserer Vorzeichenbestimmung der in «1) 

enthaltenen Deterroinanten: 

{~Hr;a~a8 - W} (]) = OJ 

diese Abii.nderung ist nl)tig, weil in A die Vorzeiehenzweideutigkeit dieser 
Determinanten nicht ausreichend berlicksichtigt wurde j die Matrizen ar 

unterseheiden sieh, wie wir wissen, von den br nur beziiglich der Vor
zeiehen ihrer versehiedenen Elemente. Es scheint sehr befriedigend, daO 
die fur die Bildung des Energieaul;ldrueks notwendige Einflihrung der 

* Vgl. B, Formel (34). 
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GroBen a, at gleicbzeitig auch zu einfacben Multiplikationsgesetzen flihrte, 

wie wir in § 6 gesehen haben. 
Es sei endlich hervorgeboben, daB die in § 6 erorterten Multiplikations

gesetze der gequantelten Amplituden ap (q') in Analogie zu den von 
Jordan und Pauli entwickelten relativistisch invarianten Multiplikations

regeln des ladungsfreien elektromagnetischen Feldes leicht relativistisch 

verallgemeinert werden konnen, so da13 man die dem Pauliscben Aqui

valenzverbot entsprecbende Quantelung der de Broglieschen Wellen in 

relativistisch invarianter Form erhli.lt. Eine genauere Darlegung soU 

jedoch vorlaufig zurlickgestellt werden. 

Zusatz bei der Korrektur: Zwischen den 2 K Operatoren ap 

a2 , •.. , a K; at, at ... , a 1.- bestehen die Relationen 

a>(aj. + a}.a,>( = O} 
a~ a! + aX a~ = 0 

(36) 

und 
(40) 

Wir wollen nun zeigen, da13 diese tJi-Zahlrelationen die Operatoren a, at 

schon eindeutig bestimmen, wenn man sich auf irreduzible Matrizensysteme 

beschrankt und Matrizensysteme, die auseinander durch A.hnlicbkeits

transformation hervorgehen, als nicht verschieden voneinander ansieht *. 
Um dies einzusehen, bilden wir zunachst folgende GroBen 

a>( = a>( + a~, } 
1 t 

aK+>( = i(a,,-a>(). 
(I) 

Die 2 K Matrizen a bestimmen umgekehrt die a eindeutig. Nun 

gilt fiir die a" allgemein 

a>( a}. + al a" = 2 3>(l' (II) 

Man iiberzeugt sich z. B., wenn " < K, A < Kist, daB 

a" (Xl + ala>( = (a" + a~). (ai, + a!) + (al + ab. (a" + a!) = 23d • 

Man kann (II) auch schreiben 

a! = 1 
a"al = - 1 ala" fiir " ::f= A, } 

(II a) 

II< Dies ist die Transformation aller Matrizen a durch dieselbe Matrix 8 
zn 8-1 a 8, also nal1h dem Sprachgebranch der allgemeinen Qnantenmechanik die 
kanonische Transformation der Matrizendarstellung. 
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was aber mit anderen Worten so viel bedeutet, daB die 2 K Matrizen ~ 
zusammen mit der Matrix - 1. eine Gruppe aufspannen. Wenn z. B. 
E = 2 ist, so hat diese Gruppe folgende Elemente 

1; ~1' ~s' ~s' ~,;. OG.1 OG., OG1 OG8, OG1 OG,. OG2 OGS' OG2 OG" OG3OG4.;} 

-1; -OG1, -OG2, -OG8, -OG,; -OG1 OG2, -OG1 OGa, -OG1OG., -OG2 OGS' -OG,OG" -OGsOG,,; 
(III) 

OG1 OG2 OG8 , tXIOGaOG" OG1 OG2 OG" OG2 OG8 OG" ~ OGII OG8 OG,. 

- OG1 OG2 OGS ' - OG1 OGa OG" - OG1 OGJOG", - OGsOGaOG", - OG1 OGS OGS OG,. 

Das sind 32 Elemente, im allgemeinen 22 K + 1 Elemente. Das 
irreduzible Matrizensystem, das (II) geniigt, ist sieher eine irreduzible 
Darstellung dieser Grllppe (umgekehrt braueht es nieht der Fall zu sein, 
die Isomorphie kann ja mehrstufig sein). Wir werden nur die irreduziblen 
Darstellungen bestimmen. 

Unsere Gruppe hat den Normalteiler 1, - 1 (das Zentrum), ihre 
Faktorgruppe vom Grade 22K ist abelsch. Sie hat also 22 K dieser 
A belschen Faktorgrnppe entsprechende irreduzible Darstellungen vom 
Grade 1, die auch Darstellungen der ganzen Gruppe sind. Indessen 
kommen sie fiir uns nicht in Betracht, da sie den Gleichungen II nicht 
geniigen (da sie ja kommutativ sind). 

Wie viele Klassen hat unsere Gruppe? Die. beiden Elemente 1 
und - 1 bilden je eine Klasse fUr sich, sonst ist aber jedes Element R 
mit - 1. R in einer Klasse. Besteht namlich R in (III) aus einer un
geraden Anzahl von Faktoren, so ist OGR OG- 1 = - 1 . R, wenn OG in R 

nicht enthalten ist, wenn R aus einer geraden Anzahl von Faktoren 
besteht, ist OGROG- 1 = - 1. R, wenn OG in R enthalten ist. Die Anzahl 
der Kla.ssen ist also 22 K + 1 j dies ist auch die Anzahl der voneinander 
verschiedenen irreduziblen Darstellungen. Da wir 22 K Darstellungen 
schon kennen und diese nicht fiir uns in Betracht kommen, kann es nur 
eine einzige, die letzte sein, die die Gleichungen (II) befriedigt, alIe 
anderen LBsungen von (II) gehen daraus durch Ahnlichkeitstransformation 
hervor. 

Wir bestimmen noch die Anzahl von Zeilen und Spalten, die 
Dimension dieser Darstellung. (Es muLl dabei natiirlich 2K heraus
kommen.) In der Tat ist der Grad der Gruppe 22 K + 1 gleich der 
Summe der Quadrate der Dimensionen ihrer Darstellungen. Es haben 22 K 

die Dimension 1, die letzte muB die Dimension 2K hahen, damit 
~2K)1I + 22 K • 111 = 22 K + 1. Sie stimmt also tatsiichlich mit unserem 
Matrizensystem (69) oder § S und 6 iiberein. 

GUttingen, Inslitut fiir theoretische Physik. 



Zur Erklirung einiger Eigenschaften der Spektren 
aus der Quantenmechanik des Drehelektrons. 

Zweiter Teil 

J. von Neumann und E. P. Wigner 

Zeitschrift fur Physik 49, 73-94 (1928) 

Mit 2 Abbildungen. (Eingegangen am 2. }Ilirz 1928.) 

Mit Hilfe der im 1. Teil dieser Arbeit erhaltenen Ergebnisse wird das Aufbau
prinzip der Serienspektren, die Auswahlregeln rur die innere und magnetische 

Quantenzahl und der quadratische Starkeffekt behandelt. 

Einleitung. 

§ 1. Dem im ersten Teile dieser Arbeit gegebenen Programm ent
sprechend * sollen im vorliegenden Aufsatze die spektroskopischen Tat
sachen, die aus dem Paulischen Modell des Drehelektrons ableitbar sind, 
naher untersucht werden - nachdem (im ersten Teile) die hierzu er
forderlichen Grundtatsachen der Kinematik der Drehelektronen zusammen
gestellt wurden. 

Es sei erlaubt, die dort erzielten Resultate nochmals zusammen
zufassen. 

Der Zustand eines Systems von n Drehelektronen ist (na'Ch Pauli 1;:*) 

im Sinne der Dirac-Jordanschen Transformationstheorie durch ein.e 
" Wellenfunktion" zu beschreiben, die auLler von den kartesischen Koor
dinaten xl' Y1' z1''''' Xn , Yn, zn (oder auch 1'1" 1'2'"'' 1'n) der Teilchen 
auch noch von ihren "Spins in der + Z-Richtung" 81"", 8n abhangt 
(die Koordinaten variieren von - 00 bis + 00, die Spins hingegen sind 
nur zweier \Verte: + 1 fahig): 

cP = cp(x1, •.• , Z"j Sl' ••• , 8n)· (1) 

Wenn wir 81, ••• , 8n als Parameter behandeln, so ist cp eine Gesamtheit 
von 2n gewtihnlichen Koordinatenfunktionen: 

CP'b ""'n = CP'l! ... , 8n (Xl' .•. , Zn) = cP (Xl' ... , Zn j 81"", 8n). (2) 

DemgemiU3 wollen wir die eigentliche Wellenfunktion als " Hyper
funktion" und die CP'l!"" 8n (die "spinfreien W ellenfunktionen ") als ge
wtihnliche Funktionen bezeichnen. 

* ZS. f. Phys. 4'1, 203, 1928; diese Arbeit soil als I. zitiert werden. Eine 
genaue Kenntnis dieser Arbeit wird nieht vorausgesetzt. Dagegen diirfte die 
Kenntnis wenigstens der ersten Halfte einer Arbeit des einen von uns (E. Wig n e r, 
ZS. f. Phys. 43, 624, 1927, im folgenden als F zitiert) notwendig sein. 

** ZS. f. Phys. 43, 601, 1927. 
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Wenn derjenige Zustand des Systems, zu der die Hyperfunktion cP 
gehort, der raumlichen Drehung ~: 

x: = (,(1] X + (,(]2.'!! + auz, ) 
'!! = (,(21 X + au'!! + assz, 

.e' = a81 x + au'!! + (,(S3Z 

unterworfen wird, so entsteht aus ihm ein neuer Zu stand , dessen Hyper
funktion Om cp * folgendermaBen aus cp zu berechnen ist: 

09t CP'l, ...• 'n (x~, ... , z~) = :2 71a~~ ... , 'n; t l , •. " tn CPtl' ... , tn (Xl' •.. , zn), (3) 
tl! ...• tn 

d b · . d d· T f t· k ff·· tun (9t) d a el sm Ie" rans orma IOns oe lZlen en a'l' ... , 8n ; tl! .. " In so e-
finien: 

und 

i" ir 
la(9t) - _ e2 sin P.. e- 2' 

1-1 - 2' 

wo a, p, r die Eulerschen Winkel der Drehung ~ sind. 

(4) 

(4 a) 

Die na~~) ... , 'II.; t l , ••• , til. bilden 2n-dimensionale orthogonale Matrizen, 
die eine Darstellung der dreidimensionalen Drehgruppe liefern (ein- oder 
zweideutig, je nachdem n gerade oder ungerade ist); deren irreduzible 
Bestandteile wurden bestimmt. 

Ader dem Operator 09t wurde in I. noch ein anderer betrachtet, 
der cP in P9t cP iibergefiihrt hat. Es war dabei 

P!)t CP'l! ... ,'11. (x~, ... , .e~) = cp't, ... , 6n (Xl' ... , en)· (5) 

Er bedeutet also quasi die Verdrehung des Zustandes, wobei aber 
die Spinkoordinaten nicht mitverdreht werden. 

Wir werden hier noch weitere ahnliche 'rransformationen gebrauchen 
miissen. Wenn wir namlich unter ~ keine Drehung, sondern eine Per
mutation der Zahlen 1, 2, 3, ... , n verstehen, die 1 in (,(1' 2 in (,(2 usw., 
n in an iiberfiihrt (aI' a2, ... , an ist eine Permutation der Zahlen 1, 2, ... , n), 
so verstehen wir il.hnlich unter 09t cP die Hyperfunktion. fiir die iden
tisch gilt 

09t cP (t"l' ... , t"n; S"l'···' s",) = cP (t1' ... , tn ; SI'· •• ' Sn), (3 a) 

und unter P9t cP die Hyperfunktion 

P9tCP(t"l' I •• , t"n; Sl' • •• , Sn) = cp (tIl ... ' tn; S]' ••• , sJ. (5 a) 

* In der Bezeichnung If' ist 09l' das , (9t-l ). 
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Wie in I. verstehen wir weiter unter Q9t den Operator 

Q9t = p~l 09t; 09t = P9t Q9t, (6) 

d. h. wenn ~ eine Drehung ist, ist 

Q9t cp (T1' ... , Tn; 81, •.. , Sn) 

- ~ na(9t) cP (,. T • t t ) - LJ 811 ••• , Bn i t11 ••• , tn 'I' ••• , n' 1'···' n, 
tt· ... , tn 

(7) 

wenn ~ die erwiilmte Permutation ist, ist 

Q9t cP (t1' ... , t n ; 8at, ... , San) = cP (r1' ... , Tn; 81, ... , 8n)· (7 a) 

Q9t bedeutet quasi das Verdrehen oder Vertauschen der Spinkoordinaten 

allein. Die Q sind mit den P vertauschbar. Es gilt auBerdem fUr be
liebige ~ und @5 

09t 06 = + 09t6; Q9t Q6 = + Q9t6; P9t P6 = P9t6, 

also P~l = P9t- 1• (8) 

Diese Formeln und Begriffsbildungen werden wir im Laufe der Arbeit 

haufig gebrauchen. 

Wir werden auJ3erdem von der Tatsache Gebrauch machen, daJ3 09t 
ein orthogonaler Operator ist, also das innere Produkt illvariant laBt. 

Es ist also, wenn cP und 1/J beliebige Hyperfunktionen sind 

J 09t cP • ~ = J cp :;p, (9) 

wie man sich leicht iiberzeugt. Das Integralzeichen bedeutet - wie 
in I. und immer in dieser Arbeit - Integration von - 00 bis + 00 iiber 
alIe Koordinaten Xl' .•• , Zn und Summation iiber alle 2n Wertsysteme der 
81!, ... ,8n • Wir konnen dann, wie in F 09tCP bzw. 09t1/J auf andere 
Weise (mit Hilfe der Darstellungseigenschaften) ausdriicken und zeigen, 
daB (9) nur bestehen kann, wenn gewisse Relationen zwischen diesen 
Integralen bestehen. Wir werden dies bei der Ableitung der Auswahl 

und Intensitatsregeln benutzen. 

Das Aufbauprinzip. 

§ 2. Die Bestimmung der Terme, d. h. der Energiewerte eines 
Atoms wird natiirlich auch bei Beriicksichtigung der Elektronenmagnete 
auf ein Eigenwertproblem fiihren. In F wurde das Aufbauprinzip der 
Serienspektren bis zu dem Punkte abgeleitet, wo man die magnetischen 
Momente der Elektronen einfiihren mull. 

Man kann den Energieoperator H in zwei Teile zerlegen, H = HI + Hs 
so, daB HI die Energieanteile, die von der Schwerpunktsbewegung der 
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Elektronen und der elektrischen und magnetischen Wechselwirkung dieser 
Bewegung herriihren, H2 den Rest, der also auch die magnetischen 
Momente del' Elektronen beriicksichtigt, enthlilt. 

Das spinfreie Eigenwertproblem Hl Y = ).. y, da.<; also in F aus
schlie.6lich betrachtet wurde, enthalt nur die Energieanteile, die von der 
Schwerpunktsbewegung del' Elektronen herriihren. Ihre Eigenfunktionen 
waren lediglich Funktionen del' Schwerpunktskoordinaten der Teilchen. 
Jeder Term hatte eine bestimmte Darstellungseigenschaft gegeniiber Per
mutationen der Elektronen und eine azimutale Quantenzahl 1, die bei 
Drehungen zur Geltung kam. 

A. Unser erster Schritt wird sein, diese "spinfreiell Eigenfunktiollen" 
zu Hyperfunktiollen zu erganzen. 

B. Die vorher erwahllten Darstellungseigenschaften der spinfreien 
Eigenfunktiollen sind dann die Darstellungseigenschaftell der Hyper
funktionen gegeniiber den Operationen P'.R' Wir werden dann die Dar
stellungseigenschaftell gegeniiber dell Operationen O'.R feststellen, indem 
wir zunlichst die Darstellung8eigenschaften den Q'.R gegelliiber aufsuchen 
und dann die Gleichung (6): O'.R = P'.R Q'.R benutzen. 

C. Zuletzt denken wir uns dann die Energieanteile H 2, die von den 
magnetischen Moment.en der Teilchen herri.1hren, langsam anwachsell. Da 
dabei die Invarianz des Eigenwertproblems gegelliiber dell Operatiollen O'.R 
erhalten bleibt, andern sich die Darstellungseigenschaftell del' Hyper
funktionen den O'.R gegeniiber nicht. DaB bei dem Allwachsen von H2 
die Eigellwerte von Hl im allgemeillen weit.er aufspaltell, beruht llatiirlich 
darauf, daB Ht nicht nul' gegeniiber O'.R (9~ Drehung oder Permutation) 
invariant ist, wie H t + H'l' sondern auch die Operationen P'.R zulaDt, 
was Ht -+- Hs nicht mehr tut. Er laBt also offenbar auch Q'.R = p~,t O'.R 
zu, was ja auch sonst klar ist. 

Da in del' Natur nach Heisenberg und Dirac nul' solche Zustande 
vorkommen, deren Eigenfunktionen antisymmetrisch sind: 

O'.Rrp = +rp 
(~ eine beliebige Permutation, es gilt + oder -, ie nachdem ~ 
gerade oder ungerade ist) , werden wir uns auf solche beschranken 
konnen. 

Wir werden B. in zwei Schritten ausfiihren, indem wir zunachst 
solche O'.R betrachten, bei denen 9t eine Permutation ist, sondern die 
antisymmetrischen Hyperfunktionen in bezug auf O'.R aus und betrachten 
die Wirkung del' O'.R, wo 9l eine Drehung ist, nul' auf diese Hyper
funktionen. 
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§ 3. 1st die Funktion y eine Losung des spinfreien Eigenwert

problems HI'!J = A. y, so konnen wir aus y genau 2n Hyperfunktionen
losungen dieses Eigenwertproblems bilden. Diese Hyperfunktionen werden 

wir mit 1/1'th"" 'tn (t1, ... , l'n; SI' ••. , sn) bezeichnen *, wo die 't'1' 't'i' •.. , 't'n 

gleich + 1 sein konnen und zur Unterscheidung der 2n Hyperfunktionen 
dienen. Es ist 

(10) 

wenn nicht SI = 't'1; 82 = 't'2; •.• ; Sn = 't'n gilt, 

(lOa) 

Es ist klar, daB diese 2n Hyperfunktionen linear unabhangig (sogar 
orthogonal) sind. Auch daJ3 sie das Eigenwedproblem HI 1/1 = A.1/1 
losen, sieht man leicht ein. Es ist namlich klar, daJ3 man HI (da es auf 
die Spinkoordinaten S nicht einwirkt) auf die 2n Funktionen einer Hyper
fUllktion eillzeln an wendell kann. 

Da im allgemeinen schon mehrere, sagen wir m Funktionen '!J zu 
einem Eigenwert A. gehBrten (die sich eben bei der Vertauschung der 

Elektronen oder Drehung unter sich transformierten), werden wir m. 2n 

Hyperfunktionen zu diesem Eigenwert haben. 

Wir konnen diese tn. 2n Hyperfunktionen in eine'l'abelle mit tn Zeilen 
llnd 2n Spalten anordnen. In einer Zeile stehen die Hyperfunktionen, 
die aus demselben '!l!L entstallden sind, sie unterscheiden sich durch ihre 
unteren Indizes. In einer Spalte stehen Hyperfunktionen, die dieselben 
unteren Indizes haben und aus den verschiedenen '91 , Y2' ... Ym ent
standen sind. 

t/J(l) 
1, 1, ... , l' 

t/J(1) , •• , 
1,1, ... ,-1 

t/J(I) , 
-1, -I, .. 0,-1 

1/1(2) 
1,1, ".,1' 

t/J(2) , .,. 
1,1, .",-1 

tlJ<.2) 
-1, -1, .... , -1' 

1/1(111) 
1,1, " •• 1' 

t/J(m) , ••• 
1.1 ..... -1 

1/1(m) • 
-1. -1 •...• -1 

P!R t/J~~ • •••• 'tn lil.J3t sich durch die 1jJ~;' ...• 'tu (" = 1, 2, ... , tn) derselben 
Spalte allein linear ausdriicken und die Transformationseigenschaften sind 

offenbar die der y, dagegen lliBt sich Q!R 1/1~~~ .... 'tn durch die tV~:2 .... On 

derselben Zeile allein [mit Hilfe von (7) und (7 a)] ausdriicken. Fiir 
O!R 1/1 = P!R Q\R tV braucht man zunachst die ganze Tabelle. Wie schon 

* 1/'TI ••••• 'tn ist also keine Funktion, sondern eine HyperfunktioD. 
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angekiindigt, werden wir nun (§ 4) solche Linearkombinationen <1> dieser 1/J 
einfiihren, bei denen moglichst wenig <P unter sich transformieren, d. h. 

09l «D'lV = ~ 'lb~~~ «b'lf' 
f' 

gilt, wo die ('lb~~) irreduzible Darstel1ungen sind. Zunachst werden 
wir dies fiir solche ~ anstreben, die Permutationen der Elektronen dar
stellen. 

§ 4. Wenn wir in einem 1/J"'l""''''n (tl"'" t n; 81, .•. , 8n) eine Ver
tauschung der 8 vomehmen, also Q9l1/J"'l"'" "'n bilden, so lliJ3t sich diese 
Hyperfunktion durch die urspriinglichen 2n Hyperfunktionen 

linear ausdrucken. (Und zwar sind die Koeffizienten, wie nebenbei be

Merkt sei, von allen 1/Jul"'" Un gleich Null, abgesehen von dem, dessen 
Indexreihe aus t"1"'" t"n durch die Substitution 9~-1 hervorgeht.) Es 

liegt nun nahe, nach solchen IJinearkombinationen der tP"'l' ... , "'n zu fragen, 
deren Transformationsformel eine irreduzible Darstellung der symme
trischen Gruppe von n Elementen bildet. 

Zunachst ist klar, daB sich von vornherein nur solche 1/J"'1>"" "'n 

ineinander transformieren, bei denen die Summe der unteren Indizes 

't'l + ... + t"n = t" dieselbe ist. Jede neue Hyperfunktion wird also 
eine Linearkombination nur solcher tP sein, bei denen diese Summe den-

selben Werl, sagen wir den W.rI < h. t; ,olch. tP bab.n wir (n ~ 1<1). 
Ihre Transformationsformeln sind 

(11) 

wo c~~) ••• , "n; "'1> ••• , "'n gleich 1 oder 0, je nachdem CSl' ••• , CSn durch ~-1 
aus t"I' ••• , t"n hervorgeht oder nicht. Die (c~~) ... , "n; "'1, •.. , 'l:n) bilden eine 

(trivial.) (n ~ I<I)-dim.nsionel. Darstellnng der symm.trischen Grupp. 

von n Elementen, deren irreduzible Bestandteile wir bestimmen mussen. 
Es werden namlich diese die Transformationseigenschaften der neuen 
linear unabhangigen Hyperfunktionen den Q9l gegenuber sein (siehe F, 
Punkt 5). Wir ubergehen die einfache Rechnung und geben nur das 

Resultat an. 
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Die irreduziblen Bestandteile sind: je eine Darstellung, die fol
genden Zerlegungen von n in Summand en zugeordnet sind: 

n, 1 + (n - 1), 2 + (n _ 2), "', n -I ~ 1 + n + 1 ~ 1 . 
2 2 

Die Grade (Anzahl von Zeilen und Spalten) dieser Darstellungen sind 

der Reihe nach 

(~). G)-(~)· G)-G)· .... (n~I<I) - (. ~1<I_l) (12) 

Wir benennen die Darstellungen nach dem ersten Summanden in ihrer 

Partitio. den w;" obentreichen wollen. Aus den (n ~ 1<1) Hyper· 

funktionen t/J"I' .... "fa mit ~ + ... + ~n = ~ erhalten wir also neue Hyper

funktionen, die folgendermal3en zusammengefallt werden: 

eine gehOrt zur symmetrischen Darstellung, benannt 0, 

(~)-(~) gehoren zur Darstellung, benannt 1, 

(;)-(~) " » " " 2, 

(n :1<1) - (--1;1- 2) " " » » n-It:I. 
2 

Die neuen Hyperfunktionen [die aUe aus derselben Funktion 
Yk (ts' ... , rn) entstanden sind] bezeichnen wir also folgendermallen: 

(1)k ,wo t: die Werte - n, - n + 2, - n + 4, .... , n annehmen kann, 
"f,I,X 

der Index s die Darstellungseigens(',haft bezeichnet, von 0 bis n -; 1 ~ 1 und" 

von 1 his (-~ 1'1) - ( n --; I: I _ 1) lAnf!. Sie is! eine Linearkombi-

nation der t/J.'I' .... "n mit ~1 + ... + ~n = ~ und es gilt 
k - 9t) k Q9t (f) - = 'o;;;::"a( (f) - , 
'£'. Z', " LJ lX'''!', z,l 

A 

wo also (ia~~») die irreduzible Darstellung s ist. 

§ 5. Andererseits wissen wir, dall 
'" (9t) 

P9t Yk = .c." A, k YI, 
I' 

(13) 

(14) 



Explanation of Some Properties of Spectra of the Spinning Electron. Part II 137 

80 J. v. Neumann und E. Wiguer, 

wo (A~~») eine irreduzible Darstellung, die Darstellung der spinfreien 

Eigenfunktion der symmetrischen Gruppe gegeniiber ist. Es ist also auch 

P'Y. cpk - = ~ ,A('Y.)cpl - • 1 
... z." I Ik ",z,k' 

P Q dok 0 ffo.k '" A('Y.) z ('Y.) dol f 'Y. 'Y. w - = 'Y...... - = L.J I k • a)." W -).. 
1':.2," "r,%,Y. II 'f,Z, 

(15) 

Die O'Y. cpk - sind also Linearkombinationen der ~, was la auch 
"t',2, X 

selbstverstandlich ist, da HI die Operation O'Y. zula13t. Uns interessierten 

aber auch die Darstellungseigensehaften der Hyperfunktionen ~, die aus 

den Eigenfunktionen von HI Y = .t y durch Einfiihrung der weiteren 

Koordinaten Sl' S2' ... , Sn entstehen. Wir haben diese nunmehr in (15). 

Unsere Aufgabe ware nun, die m [(:) - C . ..::. 1) ]-dimenSiOllale Dar

stellung (A~~) . Za~~») auszureduzieren, die irreduziblen Bestandteile zu be

stimmen. Die Transformationseigensehaften dieser andern sieh namlieh 

aueh nieht, wenn man nun H~, d. h. den anderen Teil des Energie
operators langsam anwachsen la13t. Da uns indessen nur die anti

symmetrisehen Eigenfunktionen interessieren werden, geniigt es naeh

zusehen, ob und wie oft die antisymmetrisehe Darstellung in (A~~) ':ai~) 
enthalten ist. Dies ist aber leieht zu erledigen *. 

Stellen wir uns namlieh vor, die Matrix (Uu ; 1J.) (u bezeiehnet die 

Zeilen, lauft von 1 bis m [C) - C ~ 1)]; k und " beziehen sich auf die 

Spalten) hiitte die Eigensehaft, (A~~) . Zai~) auszureduzieren. Kommt m 

der ausreduzierten Darstellung (B~'Y.j) 

(B~'Y.J) = (Uu ; ll) (A~~) .za1~») (Ut';kY.)-1 

die antisymmetrisehe Darstellung in die u-te Zeile, so ist iedenfalls 

B ('Y.) "'" a A('Y.) 'i ('Y.) 
uu = E'Y. = L.J ll, k" Ik all<, 

k,,,, I,}. 

(IS) 

(lSa) 

wo die au, kl< gewisse Konstanten, die E'Y. gleich + 1 oder - 1, ie nach
dem ~? eine gerade oder ungerade Permutation ist. 

Nun kommt der eillzige wesentliche Punkt in der Uberlegung. Wir 
beaehten namlich, da13 die Matrizen 

(za~~») = E'Y. (~~») (17) 

* Siehe die schOne Diskussion bei F. Hund, ZS. f. Phys. 48, 788, 1927. 
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auch eine Darstellung, und zwar - da "i eine solche ist - eme irredu
zible Darstellung bilden. Es ist namlich 

~ (z (~») (Z (6») ~ (i (~») (Z (6») 
~ ax). . al," = ~ E~ ax/. E6 ai.,,, 

1 1 

= E~6 CZa~~t6») = ea~~6»), (17 a) 
so daB (17) wirklich eine Darstellung gibt. Sie ist offenbar auch irredu

zibel. Nun liegt es nahe, Gleichung (16 a) mit E~ zu multiplizieren und 
liber aIle Permutationen zu summieren: 

2: E~ = 2: 1 = 2: 2: Cli.hA~~). Zai~). (18) 
~ ~ ~ k,x,l,l 

Es ist 80wohl (A~~»), wie (=ar~») eine irreduzible Darstellung, wir 

haben also, wenn sie n i ch t aquivalent sind, 

::8 1 = n! = 0, (18a) 
!It 

was offenbar ein Widerspruch ist, der nur daher rlihren kann, daB wir 

angenommen haben, die Darstellung (Ak~) . za~.) enthalte die antisyrn

metrische, auch wenn (Ai~») nicht aquivalent zu (za~).) ist. Dies kann 

also hochstens der Fall sein, wenn diese aquivalent sind. 
In der Tat liberzeugt man sich in diesem Falle fast ebenso leicht, 

daB die Darstellnng (A~l' za~i.) die antisymmetrische einmal und nur 
einmal enthlilt. (Siehe z. B. A. Speiser, Theorie der Gruppen von end
Hcher Ordnung. Berlin 1923. Erste Aufla~. Satz 105, S.112.) 

§ 6. Nun schauen wir noch nacb, welche irreduzible Darstellung 

E~ (za~») ist, die also (A~~») aquivalent sein muB, damit liberhaupt aus 

den (fJk - (bei festern "t" und z, variablem k und x) eine antisymmetrische 
<r,z,Y. 

Eigenfunktion gebildet werden kann. Man filldet, daB (17) zur Zerlegullg 
von n in die Summanden 

1+1+ ... 1+2+ ... 2 
~ ~ (17b) 

n-2z z 
gehort*. Es sind z Zweier (daher die Bezeichnung) und n - 2 z Einser 

vorhanden. Dies muB also auch die Zerlegung von (Ai~») sein. 
Unser Resultat ist also folgendes. Gehen wir von einem Term, der 

nspinfreien Differentialgleichung" H 2 y(tl , ••• , t n) = ).y(rl' ... , t n) aus, 
deren DarsteUungseigenschaft in bezug auf die Vertauschung der Elek

tronen durch (A ~~») gege hen ist und bilden die m . 2n Hyperiunktionen (fJk - , 
"r, Z, "-

so liefert jedes Paar "t", z eine oder keine antisymrnetrische Hyperfunktion, 

ie naphdem in del' nZerlegung" von (A~~») genau z Zweier und n - 2 z 

* Siehe F oder F. Hund, 1. c. 
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Einser sind oder nieht. Diese antisymmetrisehen Hyperfunktionen sind 

dann gewisse Linearkombinationen 

?¥u = :8Ckx iPk -., 
kr. 't, z, it 

wo uns indessen die Koeffizienten Ck;< nieht weiter interessieren. Die 

anderen Linearkombinationen der iPk - konnen zu Hyperfunktionen mit 
't, z, Y-

sieher nieh t antisymmetrisehen Darstellungseigensehaften zusammen-

gefaBt werden und scheiden daher fur das Folgende uberhaupt aus. 

?¥~z(rJl ... , t n; SI' ••• , Sn) ist eine antisymmetrisehe Hyperfunktion, die 

1. an allen Stellen, wo S1 + ... + SI1 =f:: 'C, verschwindet und 2. deren 
Funktionen ane Linearkombinationen der Yl' ... , Ym sind. Die Dar
stellungseigenschaft von y (rl' ... , rn) in bezug auf Vertausehung der r 
entspricht der Zerlegung (17 b). 

1st umgekehrt die Darstellungseigenschaft (17b) der y von vorn
herein vorgegeben, so kann man nur noeh 'C variieren und erhalt aHe 
antisymmetrisehen Hyperfunktionen, wenn man es von - (n - 2e) bis 

n - 2z laufen laBt. Urn den Zusammenhang mit dem Vektorzusammen

setzungsmodell besser vor Augen zu haben, mochten wir dies noch durch 

ein Beispiel illustrieren. Es sei n = 4, flir 'C sind dann die Werte 

1 + 1 + 1 + 1 = 4; 1 + 1 + 1 - 1 = 2; 1 + 1 - 1 - 1 = 0; 
1-1-1-1 = -2; -1-1-1-1 =-4 

moglich (§ 4). 

- I ~=-4 I -2 0 I 2 4 z 

0 P'-40 1Jf -20 1Jfo 0 1Jf20 1£"'0 
1 P'-21 P'o 1 P'21 
2 P'o 2 

Wenn nun z. B. y die Zerlegung 1 + 1 + 2, also z = 1 hatte, so 
interessiert uns nur die zweite Zeile, da nur diese antisymmetrische Hyper
funktionen liefert. lIau kann sie abzahlen, indem man 'C von - (4 - 2.1) 
= - 2 bis 4 - 2 . 1 = 2 laufen laBt (naturlich springt 'C immer 
urn 2). 

§ 7. Damit ist gleichzeitig ein wichtiges Resultat, das in F voraus
gesetzt wurde, abgeleitet, daB namlich nur diejenigen spinfreien Eigen
funktionen in Betracht lwmmen, deren Zerlegung aus lauter 1 und 2 

besteht. IJ. c. war dies damit begrlindet, daB jede Bahn dureh Elek
tronen hoehstens doppelt besetzt sein kann. J etzt haben wir eine 

Erklarung, die aus der allgemeinen Forderung ausgeht, daB aHe Eigen

funktionen antisymmetriseh sein mussen. 
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Nun ist es Zeit, an die Entwicklungen von 2 1 - 24 von F anzu
schliellen. Das Rundsche Aufbauprinzip ist dort bis auf die Voraus
setzung abgeleitet worden, dall aus einem Term mit der azimutalen 
Quantenzahl lund der Zerlegung (17 b) durch Berucksichtigung der 
Elektronenmagnete ein Singulett, Dublett, Triplett usw. entsteht, je nach
dem n - 2 It + 1 gleich 1, 2, 3 usw. ist. Wenn wir dies noch aus 
unseren Resultaten erschliellen kijnnen, so haben wir das Aufbauprinzip 
yollkommen aus der Quantenmechanik abgeleitet. 

Genauer gesagt, mussen wir zeigen, dall aus einem Term der spin
freien Differentialgleichung mit der Partitio (17 b) und von der azimutalen 
Quantenzahl 1 genau t Terme entstehen, wo t die kleinere der beiden 
Zahlen 1l - 2 It + 1 und 2 Z + 1 ist. Die inneren Quantenzahlen j 
(definiert durch die Aufspaltung des Terms in 2j + 1 Komponenten im 
Magnetfeld, jist halb- oder ganzzahlig), dieser t Terme sind t aufeinander-

folgende Zahlen, die kleinste ist I n -; 2 It _ Z I, die grollte n --; 2 It + I. 
(Siehe z. B. E. Back und A. Lande, Zeemaneffekt und Mnltiplett
struktur der Spektrallinien, Berlin 1925, oder F. Hund, Linienspektren 
und periodisches System der Elemente, Berlin 1927.) 

§ 8. Wir mussen zu diesem Zwec.ke offen bar die innere Quanten
zahl j einfiihren. Dies geschieht ahnlich, wie wir in F die azimutale 
Quantenzahl eingefiihrt haben. Raben wir namlich eine (etwu anti
symmetrische) Hyperfunktion, die Lijsung des Eigenwertproblems 

ist, so ist offenbar auch 09t W (~ eine beliebige Drehung) eine Lijsung 
zum selben Eigenwert. Man schliellt hieraus nach dem bekannten 
Schema, daB 

09t Wit = ~ D~ p. (9~) W", (19) 
" 

wo die (D"p. (9?») bis auf das Vorzeichen (09t ist nur bis auf das Vor
zeichen bestimmt) eine Darstellung der dreidimensionalen Drehgruppe 
ist. Die Grade dieser Darstellungen sind· (wie in I. angefiihrt) 1, 2, 3, 
4, ... Dies ist auch die Anzahl der linear unabhangigen Eigenfunktionen, 
die zu diesem Term gehijren, was wir mit 2j + 1 bezeichnen. Es interes
sieren uns hauptsachlich diejenigen Matrizen, die den Drehungen urn die 
Z-Achse (in dieser Richtung denken wir uns ein schwaches Magnetfeld 
eingeschaltet) entsprechen. Diese Matrizen kijnnen gleichzeitig auf die 
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Diagonalform gebracht werden und haben bei einer Drehung urn den 

Winkel IX die Gestalt (j halb oder ganz!): 

e-ija 0··························0 0 

o 

o 
o 

-i(j-l)a 

e:;<:~~· .. ::··············O 
6 .............. :::~.>::::li(j -l)a 

0···························0 

o 

o 
eija 

(20) 

Die 2 j + 1 Eigenfunktionen, die zu einem Term mit der inneren 

Quantenzahl j zusammengefaBt werden, miissen also so in linear unab

hangige angeordnet werden konnen, daB sie bei einer Drehung urn die 
Z-Achse sich lediglich mit e-ija, e-t<j-l)a, ... , eima, ... , eija multi

plizieren. Die Hyperfunktion, die sich mit eima multipliziert, hat die 

.richtige magnetische Quantenzahl" m *. 
§ 9. Aus jedem Term mit der Partitio (17 b) entstanden die anti

symmetrischen Hyperfunktionen 'iJf Uf WO 'J: von - (n - 2 $) bis n - 2 $ 

lauft (§ 6). 

Die azimutale Quantenzahl der Eigenfunktionen y (tJ' ... , l'n), von 
denen wir ausgingen, sei 1. Dann sind 21 + 1 so viele vorhanden, als 
wir bisher betrachtet haben, da wir lediglich die Wirkung der Ver

tauschung der Elektronen berucksichtigten. Diese haben die • spinfreien 

magnetischen Quantenzahlen" - 1, - 1 + 1, ... , EL,"" 1 - 1, 1. Be
zeichnen wir diese spinfreien magnetischen Quantenzahlen (abweichend 
von F) mit EL und fngen wir dies als oberen Index zu unserem yru 
zu, so ist 

(21) 

wenn ~~ eine Drehung urn den Winkel IX um die Z -Achse ist. Da 
wegen (7) und § 6 

(21 a) 
ist, ist also 

( '<) i 1'+- a 
Ollt yrl' = PlIt QlIt 'iJf1' = e 2 yr.u. 

'<Z '<Z '<z 
(21 b) 

Die richtige magnetische Quantenzahl ist also m = EL + i· Wir 

schreiben, um den Zusammenhang mit dem Vektorzusammensetzungs

modell besser zu sehen, diese m in eine Tabelle: 

* tn bat bier das entgegengesetzte Vorzeicben wie in F. 
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.. II ,u =-l -l+I l-I 

-n+2z II-!!:. +z-l -.!!+z-l+l n -.!!+ z-l 

-n+ 2Z+ 2 1-i+ z -l+1 

2 -'2+ z+ l-l 2 
n -.!! + z + l -.!!+z-l+ I --+z-l+2 
2 2 2 

n-2z-2 ~-z-l-l 
2 

'!!-z-l 
2 

.!!-z+ l-2 
2 

.!!-z + l-l 
2 

n-2z '!!-z-l 
2 

'!!-z-l + I 
2 

.!!-z + l-l 
2 

.!!:-z+l 
2 

Jeder del' (2l + 1) (n - 2z + 1) Stellen diesel' Tabelle entspricht 
eine Hyperfunktion, ihre magnetische Quantenzahl steht an del' betreffen
den Stelle del' Tabelle. Es sind abel' natiirlich nicht etwa (21 + 1) 
n - 2 Z + 1) Terme da, weil meistens mehrere Hyperfunktionen zu einem 
Term zusammengefa13t werden mussen. Wie diese Zusammenfassung zu 
geschehen hat, dariiber gab uns § 8 Aufschlu13: die 2 j + 1 Hyper
funktionen eines Terms von del' inneren Quantenzahl j haben die mag
netischen Quantenzahlen - j, - j + 1, .. "j, zu solchen Komplexen 
mussen die Zahlen del' Tabelle vereinigt werden. 

Die Figuren 1 und 2 sollen diese Tabelle (abgesehen von del' ersten 
n-2z n-2z 

Zeile und Spalte) fUr die beiden Fitlle 1 < 2 bzw. 1 > 2 

veranschaulichen. Die Stellen del' Hyperfunktionen mit gleicher magne
tischer Quantenzahl sind durch gestrichelte Linien verbunden. 

Wir haben: 

1 Hyperfunktion (H. F.) mit m = i - Z + I, 
n 

2 linear unabhiingige H. F.» tit = "2 - z + I- 1, 

3 » » 
n 

» » m = "2 - z + l- 2" 

n 
3 linear unabhangige H. F. mit m = - 2" + z - l + 2, 

2 
1~ 

» » » » m =-2"+z-l + I, 

1 
n 

» » » » m =-2'+z-l. 
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D· 'bt' T 't . n "t . n + 1 1 les ergl emen erm ml J = 2" - z + " emen Illi J = 2" - z -, 

einen mit j =; - z + 7. - 2 usw. Das kleinste j hat in der Fig. 1 

n-2z 11,-2z 
den Wert 2 - l, in der Fig. 2 den Wert 7. - 2 . Es 

entspricht dies genau dem in § 7 angekiindigten Ergebnis. 
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/ 
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/ 

, , , , / , / 

, , , , , , , , / / , / , / , , , / 

Fig.!. Fig. 2. 

Damit ist wohl die wichtigste qualitative spektroskopisehe Regel 
abgeleitet. Man wird sich - abgesehen von der ungeheuren Leistungs
fahigkeit der Quantenmechanik (in der klassischen Mechanik ware es 
natiirlich absolut unm5glich, eine ahnliche Rechnung durchzufiihren oder 
z. B. die nun folgenden Intensitatsformeln streng zu berechnen) - dariiber 
wundern, daB alles, wie man sagt, "durch die Luft" ging, d. h. ohne Be
zugnahme auf die spezielle Form der Hamiltonschen Funktion, ledig
lich aus Symmetrieforderungen und del' qualitativen Idee Paulis. Aller
dings war dies bis zu einem gewisse Grade zu erwarten, daB namlich 
eine dem Wesen der Dinge angepaBte Theorie diese qualitativen Er
fahrungen auch ohne explizite Rechnung wird erschlieBen k5nnen. Dabei 
m5chten wir bemerken, daB die verhaItnismaBige Kompliziertheit unserer 
Oberlegungen erstens daher riihrt. daB das Resultat nicht ganz einfach 
ist und daB wir zweiiens - um an Begriffsbildungen zu sparen - etwas 
mehr gerechnet haben, als unbedingt notwendig. 

§ 10. Aus diesem Grunde auch mHchten wir das Geschehene an 
einem Beispiel illustrieren *. Wir wahlen dazu den in F angefangenen 
(Punkt 24) Fall. (Der Fall kommt praktisch nicht VOl'. Es kommt 
uns aber auch nul' darauf an, ein mHglichst einfaches Beispiel zu nehmen, 

* Man kann § 10 ruhig tiberschlagen. Er dient nur dazu, das Vorangehende 
an einem Beispiel auszufiihren. wobei von der Gruppentheorie kaum Gebrauch 
gemaeht wird und an seine Stelle etwas umstandliehe Abzablungen treten. 
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das alIe wesentliehen Eigenschaften beliebig komplizierter Beispiele schon 

aufweist.) 
Wir betrachten also ein Li-Atom, mit einem Elektron in der 

L-Schale mit der azimutalen Quantenzahl 1 und zwei weiteren in der 
M-Schale, ebenfalls mit der azimutalen Quantenzahl 1. 

Wenn wir von den Elektronenmagneten zuerst absehen, ist 

L~(?7t) P'~l( cos 01} 1) ei,ul (l'lL:(fI~)p.r2 (cosol)~) ei ,U2'1'2L; (fl3)P~3 (cos 01) 3) ei,ua'l'a (22) 

eine Eigenfunktion dieses Zustandes, wenn man Polarkoordinaten fiir alie 
drei Elektronen einfiihrt und fll' fI~, fls proportional zu den drei Radius

vektoren, 01} l' 01} 2' 01} 3 die drei Polarwinkel und CP1' CP2' CPs die Azimute 
sind. Dabei kann i-tl' i-ts' i-t3 die drei Werle - 1, 0, + 1 annehmen *. 
Wir wollen zuerst aile linear unabhangigen Eigenfunktionen aufsuehen. 
Dazu miissen wir zwei Faile unterscheiden. 

1. i-t2 = i-t3' das sind die lleun l\[oglichkeiten i-tl = - 1, 0, + 1; 
i-t2 = i-ta = - 1, 0, + 1. Jede J\'Iogliehkeit gibt drei Eigenfunktionen, 

da wir noeh fJl' 01} l' CPt mit fJ2' 01} 2' CP2 oder mit fJ3' 01} 3' CPs ver
tauschen konnen. Bei einer Weehselwirkung der Elektronen erhalten 
wir** ie einen "entarteten" und einen "symmetrischen" Term. 1m ganzen 
erhalten wir folgende Terme: 

,"1 + ,"2 + ,Ua = I' = II - 3 I - 2 I - 1 I 0 2 3 

Antisyrnmetrisch . 0 0 

I 
0 0 0 0 0 

Entartet 1 1 2 1 2 1 1 
Symrnetrisch 1 1 2 1 2 1 1 

wie eine einfaehe Abzahlung ergiht (das sind '2.7 Eigenfunktionen, da 
die entarteten doppelt zu zahlen sind). 

II. i-t =i= ms' das sind wieder nenn lIoglichkeiten. Jeder l\!(oglieh
keit entsprechen vier Terme: ein antisymmetrischer, zwei entartete, ein 
symmetriseher *. Wir haben also folgende Tabelle: 

1'1 + 1'2 + ,Ua =1' = II -3 -2 

Antisyrnrnetrisch . 

II 

0 1 
Entartet 0 2 
Symmetrisch 0 1 

-1 0 

2 3 
4 6 
2 3 

2 
4 
2 

2 

1 
2 
1 

3 

o 
o 
o 

* Siehe rl. B. E. Schrodinger, Abliandlungen zur Wel\enmecbaoik. Leipzig 
1927. 

** E. Wigner, ZS. f. Phys. 4:0, 492, 1926; W. Heisenberg, ebenda 4:1, 
239, 249-251, 1927; A. Unsold, Ann. d. Phys. 82, 355, 1927. 
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1m ganzen haben wir also folgende 'Terme: 

,.,.= II -3 -2 -1 0 2 3 

Antisymmetrisch . 0 1 2 3 2 1 0 
Entartet 1 3 6 7 6 3 1 
Symmetrisch 1 2 4 4 4 2 1 

Das sind 81 linear unabhi!.ngige Eigenfunktionen, wie man auch direkt 
abziihlen kann. Wenn wir die durch die Drehgruppe geforderlen Zu
sammenfassungen vornehmen, so erhalten wir: 

1= (7fach:Terme) I (5fache2Terme) (3fache\erme) (einfac:h~Terme) 
Antisymmetrisch 
Entartet .... 
Symmetrisch .. 

o 
1 
1 

1 
2 
1 

1 
3 
2 

1 
1 
o 

Wenn wir die Wechselwirkung der Elektronen beriicksichtigen, wird also 
der urspriingliche Term in diese 14 Terme aufspalten. Bisher ist dies 
alles eine Wiederholung aus F. 

Wenn wir jetzt die Elektronenmagnete einfiihren, so entstehen aus 
allen 81 linear unabbangigen Eigenfunktionell je 8 Hyperfunktionen. 
Wenn wir noch nachweisen konnen, daB ein (natiirlich nur in den Elek
tronenschwerpunkten) antisymmetrischer Term der vorigen Tabelle mit 
I = 0, 1, 2 ein Quartett von S-, P-, D-Termen, je ein entarteter mit 
I = 0, 1, 2, 3 je ein Dublett von S-, P-, D-, B-Termen liefern, wi!.hrend 
die symmetrischen gar keine antisymmetrischen Hyperfunktionen liefem, 
so sind wir am Ziel. 

Da es sich ohnehin nur urn ein Beispiel handelt, zeigen wir dies 
nur an einem einzigen Term der Tabelle, an einem entarteten Term mit 
1=1. 

Wir haben, ,venn ,vir die Elektronenmagnete einfiihren, folgende 
linear unabbangigen Eigenfunktionen (der obere Index bedeutet die spin
freie magnetische Quantenzahl, die unteren Indizes haben dieselbe Be
deutung wie in § S): 

-1 
0-1-1-1 

o 
4)-1-1-1 

-1 -1 -1 
0-1-11 4)-11-1 «111 - 1 - 1 

o 0 0 
«11-1 - 11 4)-11-1 «111 - 1 - 1 

-1 -1 -1 -1 
0 11 - 1 «111 - 11 «1)-111 «1)111 

o 0 0 0 
«1111 - 1 «1)1-11 «1)-111 «J111 

1 1 1 t 1 1 1 1 
4)-1-1 -1 «11-1 -11 «11-11 -1 «1>1-1 -1 '1)11-1 4)1-11 4)-111 «1>111 

Das sind 24 Eigenfunktionen. Hierbei wurde aber so getan, als ob zum 
urspriinglichen Terme nur eine Eigenfunktion geMrtej da er in Wahrheit 
zweifach entartet ist, erhBht sich die Anzahl von 24 auf 48. Aus den 
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acht t]J~1182 8a einer Reihe der Tabelle lassen sich Hyperfunktionen bilden, 
die bei der Vertauschung der Elektronen (r und s) sich nach irreduziblen 
Darstellungen der symmetrischen Gruppe transformieren *. 
1P~1 -1 -1 ist entartet, 

1P~1 -11' 1P~11-1' 1P,~t -1 -1 gibt 1 symm., 2 entartete, 1 antisymm. Hyperf., 

IP~ 1 -1' IP~ -1 l' 1P~1 11 "1" 2 1 
" " 

cp~ 1 1 ist entartet. 

Wir haben im ganzen zwei antisymmetrische Hyperfunktionen aus 
den 1P,11. Da p. = - 1, 0, 1 sein kann, haben wir im ganzen sechs 

I h H f kt' Db" t + It: d' W rt 3 1 1 SO C e yper un· lOnen. a el mmm p. 2 Ie e e -I' -I' -I' 

lIS D' t . '1:' 't . - 3 d' 't . _ 1 • 2' 2' '2 an. as IS em erm ml :J - 2 un emer tnl :J - 2' WIr 

haben also ein Dublett mit den richtigen inneren Quantenzahlen. 

Auswahl- und Intensitatsregeln. 

§ 11. Wir wenden uns nun den Auswahl- und Intensitatsregeln zu. 
Dabei ist das Folgende zu beobachten: Die Paulische Theorie des rotie
renden Elektrons gilt nur fur den Fall, daB die Geschwindigkeit des 
Elektrons gegenuber del' Lichtgeschwindigkeit zu vernachlassigen ist. 
\Vie das rotierende Elektron bzw. ein System von rotierenden Elektronen 
relativistisch zu behandeln ist, ist zurzeit eine offene Frage **. Es hatte 
also fur uns nicht viel Sinn, an Stelle der elektrischen Feldstarken mit 
den Vektorpotentialen zu rechnen, obwohl es sicher ist, daB dies der 
richtige Weg ware ***. 

Bevor wir die Auswahlregeln ableiten konnen, mussen wir die Sym
metrieverhaltnisse etwas genauer betrachten, als dies hisher notwendig 
war. DaB das Energieeigenwertproblem gegenuber einer Drehung in
variant ist, ist selbstverstandlich und wurde auch im vorangehenden schon 
benutzt. Wie steht es aber mit der Spiegelung? Wenn wir ein System, 
das sich im Laufe der Zeit gar nicht andert (also eine Eigenfunktion des 
Energieoperators darstellt), in einem Spiegel ansehen, so muB die Zu
standsfunktion des so betrachteten Zustandes auch eine Eigenfunktion des 
Energieoperators (und zwar zum selben Eigenwert) sein. 1m Raume an 
und fur sich ist ja rechts und links nicht bevorzugt. 

* Siehe Zitate ** auf S. 87, insbesondere das zweite. (Die Arbeiten enthalten 
keine gruppentheoretischen Recbenmetboden.) Es ist zu beachten, daB die rJ) bei 
der Vertauschung der r allein sich wie entartete Funktionen benehmen. 

** Siehe jedoch P. A. M. Dirac, Proc. Roy. Soc. (A) 117, 610, 1928. 
*** Derselbe, ebenda (A) 114, 710, 1927. 
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Wie sich die Hyperfunktion eines Zustandes bei der Verdrehung 
desselben transformiert, haben wir in der Einleitung (und hauptsachlicb 
in 1.) gesehen. Aber auch was bei einer Spiegelung geschieht, ist leicht 
zu iibersehen. 1m Koordinatensystem, das durch Spiegelung im Ur
sprungspunkt aus dem alten hervorgeht, wo also X' = - X, y' = - Y, 
Z' = - Z ist, entspricht einem Zustand mit der Hyperfunktion 

lP' (Xl' 'III, Sl' ... , Xn , JI," Sn; S1' .•. ,871) 

der ~ustand mit der Hyperfunktion lP' 

lP' (Xl' '!II, Sl' ... , Xn,'!}n, Zn; 811 ... , Sn) 

= lP'(-Xl' -'!iI' -Zl' ..• , -:I.:n' -'!in, -Zn; SI' ... , Sn). (23) 
Dies geht daraus hervor, daB ein Nordpol in einem Spiegel zu einem 
Siidpol wird: 1lP' (Xl' ... , Zn; Sl' ... , Sn) 12 gibt die Wahrscheinlichkeit an, 
daB das v-te Elektron an der Stelle X., Yv, z,. mit dem Drehimpllis in der 
Z-Achse s. (= + 1) gefunden wird. Dem entspricht im zweiten Ko
ordinatensystem, daB das v-te Elektron an der Stelle - X", - Yv, - sv, 
aber ebenfalls mit dem Drehimpuls s,. (in der Z'-Achse!) gefunden wird. 
Hieraus folgt 

IlJf(xl ,···, Zn; 81"'" Sn)12 = IlJf(-xl"'" -$71; Sl' ... ,811)12, (23 a) 

womit (23) bis auf die "Phasen" bewiesen ist, durch weitere Versuche 
beweist man sie miihelos ganz. 

Das Energieeigenwertproblem laBt also folgende Operationen zu: 
1. Vertauschung ailer Koordinaten beliebiger Elektronen. Indessen 

wird dies uns hier nicht mehr interessieren, da wir uns auf antisym
metrische Losungen beschranken. 

II. Weiter ist mit qr auch 09t qr eine Losung des Eigenwertproblems. 
III. Zuletzt ist mit lP' (x\' ... , Z7I; 81 , " ., Sn) auch 

Losung. 
Da die Operationen von I, n., III. vertauschbar sind, kann man sie 

der Reihe nach einzeln betrachten. Die Darsteilung, die den Operationen 
von I. entspricht, ist immer die autisymmetrische. 

Die Darstellungen, die denen von n. entsprechen, sind natiirlich die 
Darstellungen der dreidimensionalen Drehgruppe. Wir sahen, daB bei 
Elementen mit ungerader Ordnungszahl die zweideutigen, bei geraden 
Elementen die eindeutigen auftreten. Die Dimension der Darstellung 
bezeichneten wir mit 2 j + 1 und j war die innere Quantenzahl. 

§ 12. Die Operation von III. war auch Substitution des Problems 
H I y (\'11 ... , \'n) = ).Y (\'1' ... , \'n)· Wir nannten in F die Funktion '!J 
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normal oder gespiegelt*, je nachdem der Substitution von III. die Matrix 
(- 1 ~ oder (- Il + 1) entsprach. Bei unserem jetzigen Standpunkt ist 
es zweckma13iger, eine andere Unterscheidung einzufiihren, namlich die 
Terme in positive [der Operation ill. entspricht die Matrix (1)] und 
negative [mit der Matrix (- 1)] einzuteilen. Die richtiggestellte** Aus
wahlregel von F lautet dann (l andert sich urn + 1 oder 0): positive 
Terme kombinieren nur mit negativen, negative nur mit posi
tiven. Eine Hyperfunktion hat positiven oder negativen Charakter, je 
nachdem der Term, aus dem sie entstanden ist, diesen oder jenen Charakter 
hatte. Die gesperrt gedruckte Auswahlregel gilt auch bei Beriicksichtigung 
der Elektronenmagnete streng. Es verschwindet namlich etwa 

~ jx1lP'(Xl' ... , Zn; SI' ... , Sn)YF'(X1 , ••. , Zn; s1' ... , sn), (24) 
Bt, ••• , Bn 

wenn sowohl lP' wie lP" positive, oder beide negative Hyperfunktionen 
sind. Man sieht dies leicht ein, indem man fur die Xv, '!I~, Zv die Variable 
- X~, - '!I~, - Z~ einfiihrt. 

Wir wollen jetzt die Wirkung eines schwachen magnetischen Feldes 
in der Z-Achse betrachten. Dieses zerstort die Symmetrie IT. unserer 
Differentialgleichung, so daB sie nur die Achsensymmetrie in der Z-Achse 
behalt. Da die irreduziblen Darstellungen der iibrigbleibenden Gruppe 
samtlich von der Dimension 1 sind, spaltet der 2j + I-fache Eigenwert 
in 2j + 1 einfache Terme auf. Wir haben 2j + 1 Eigenfunktionen, die 
sich bei df'r Drehung um die Z-Achse urn den Winkel tx bzw. mit e-ija., 

e- i(j - 1) a., ••• , eij a. multiplizieren. Der Term, dessen Hyperfunktion sich 
mit eima. multipliziert, hat die magnetische Quantenzahl m. 

m andert sich bei einem Ubergaug nicht, wenn die Strahlung in der 
Z-Achse polarisiert ist. Betrachten wir namlich das Integral 

(25) 

von einem urn den Winkel tx verdrehten Koordinatensystem, d. h. bilden 
wir das Integral 

wo 3~ eine Drehung urn die Z - Achse um den Winkel tx ist, so find en 
wir dafiir 

(25a) 

* Diese EinteiluDg ist mit der Laporte-Russellschen in uDgestrichene und 
gestrichene identisch. 

** ZS. f. Phys. 40, 601, 1927. 
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J muJ3 bis auf das Vorzeichen gleich J' sein (da die Darstellung O~ 
orthogonal ist), dies ist aber nur der Fall, wenn m = m' ist, sonst mu/3 

J = J' = ° sein. 
Bei einer Strahlung, die in der X Y- Ebene polarisiert ist, muLl sich 

m um ± 1 and ern. Die Integrale 

f (Xl + i Yt ) Yfm iP~, und J (Xl - iy1) Yfm ;;;~, (25 b) 

verschwinden namlich beide, wenn 1m - m' I =1= 1. Daher verschwindet 

dann auch J Xl Yfm ;P~, und f Y1 Yfm ;P~t', Damit haben wir die Auswahl

regeln fur die magnetische Quantenzahl. 
Jetzt ist es auch sehr leicht, die Regel Llj = 0, + 1 herzuleiten. 

Betrachten wir den Ubergang von j zu j', wo etwa j' > j + 2 seien. 
Die 2j' + 1 Eigenfunktionen von der inneren Quantenzahl j' seien Yf:""j', 

Yf:"" j' + 1, ••. , Yf j" die 2 j + 1 von der inneren Quantenzahl j seien Yf _ j' 
Yf _ j + 11 ••• , Yfj. Da j' > j + 2, existiert vom Zustand Yf j, kein Uber
gang (weder in der XY-Ebene, noch in der Z-Richtung polarisiert) zu 
irgend einem Yf!L' Die Integrale 

J (O:Xk + ~,!Jk + rEk) Yf't ;Pj, = ° (26) 
verschwinden also bei beliebigem 0:, ~, r aIle. Es gilt dies also auch fur 
die Integrale 

S (0:' Xk + ~''!Ik + r' Zk) • O~ iJf,u' 6;iij, = ° (26 a) 

mit beliebigem ~, also auch 

f (0:' Xk + ~' '!Ik + r' zk) Yfv O;;;}, = 0, (26 b) 

da ja die O!)t Yf,L Linearkombinationen der Yf v sind und umgekehrt. Nun ist 

O'Jt Yf;' = ::8 Dlj' (~}() Wi , (26 c) 
I 

,-.--0' 

was mit Di.j' (~) multipliziert und tiber ~ integriert 

j D;'(9t) O'Jt. Yfj, = c Yf;' 
'Jt 

(26 d) 

ergibt. 
Multiplizieren wir also (26 b) mit Dlj,(fJ~) und integrieren uber~, 

so erhalten wir* 

f (0:' Xk + ~' '!Ik + r' Ek) Yfv;Pi = 0. (27) 

Ein 'Obergang mit Ij' - j I > 2 kommt also nicht vor, j andert sich 
um 0 oder ± 1. Au13erdem zeigt man leicht, daLl ein fibergang von 
j = 0 zu j = 0 nicht vorkommt. 

* Da (26 b) identisch in a', {J', y' gilt, konnen wir sie bei der Integration 
konstant halten. 
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§ 13. Hiermit haben wir also gesehen, da/3 die Auswahlregel fUr 
die magnetische Quantenzabl m, fiir die inn ere Quantenzahl j und die 
nLaportesche Regel" auch bei Mitberiicksichtigung der Elektronen
magnete gilt. Zu beachten ist natiirlich, da/3 die Beriicksichtigung der 
Elektronenmagnete bei ganz hohen Geschwindigkeiten nicht ganz korrekt 
sein dUrfte, worauf wir sehon in § 11 hinge wiesen haben. Immerhin ist 
es bemerkenswert, da/3 uns keine einzige Durchbrechung dieser Regeln in 
irdischen Lichtquellen bekannt ist. 

Wenn lIs im Verhaltnis zu HI klein ist, so geIten auch die Regeln 
fUr die Anderung von 1 noch gut, auch gilt dann das Verbot der Inter
kombination verschiedener Multiplettsysteme. Bei den normalen Serien
spektren, die also aus (im Sinne von F) normalen Termen bestehen, gilt 
die Auswahlregel LIZ = + 1 noch streng, da eine Durchbrechung dieser 
Regel gleichzeitig die Auswahlregel fUr j oder die Laportesche Regel 
verletzen wUrde. 

Leicht zeigt man auch die einfachen Summensatze, die in F (18) 
und * vorkommen und die genau gelten, wenn man 7 durch j ersetzt. 
Sie regeln das Verhiiltnis del' Intensitaten del' verschiedenen Zeeman
komponenten derselben Linie. Man findet diese Formeln auch bei 
M. Born, W. Heisenberg und P. Jordan ** und bei P. A. :M. 
Dirac***. 

Dasselbe gilt voIl!- Verschwinden des linearen Starkeffekts und den 
Formeln fiir den quadratischen, die in F Punkt 18 gegeben sind. Diese 
geIten also - entgegen der dortigen Annahme - streng bei beliebigem 
Multiplettsystem, wenigstens solange die Aufspaltungen nicht allzu gro/3 
werden. Zu beachten ist natiirlich, daLl auch m bei den ungeraden Ele
menten halbzahlig ist. Zusammenfassend kann man also sagen, da/3 ein 
!inearer Starkeffekt nul' im Falle del' zufalligen Entartung (Wasserstoff
atom) auftritt und das die quadratische Aufspaltung nach del' Formel 

(28) 

VOl' sich geht, wobei A und B von Term zu Term verschiedene Kon
stanten sind. Es ist bemerkenswert, daa diese Formel bei beliebigen 
Kopplungsverhaltnissen in Strenge gilt (im Gegensatz z. B. zu der 
Landeschen g-Formel), allerdings kann man den Wert del' Koeffizienten 
A und B hier nicht angeben. 

* ZS. f. Phys. 45, 601, 1927. 
** Ebenda 35, 557, 1926. 

*** Proc. Roy. Soc. (A) 111, 281, 1926. 
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§ 14. Wesentlich komplizierler ist die Ableitung der Summensatze, 
die sich auf das VerhaItnis der Intensitat verschiedener Linien eines 
Multipletts beziehen. Sie geIten nur, wenn die MuItiplettaufspaltung 
klein ist, und man muLl zu ihrer A bleitung auf die Uberlegungen zuriick
greifen, die wir zur Ableitung des Aufbauprinzips der Serienspektren an
gewendet haben. Auch erfordern sie die Kenntnis einiger mathematischer 
Formeln, die in der Literatur nicht vorkommen und die einfach hinzu
schreibeR nicht angangig erscheint. ~iihnliches gilt von den Landeschen 
g-Formeln. Wir mochten daher die Behandlung dieser Fragen auf den 
"dritten Teil U verschieben. 

Gottingen und Berlin, Februar 1928. 



Zur Erklirung einiger Eigenschaften der Spektren 
aus der Quantenmechanik des Drehelektrons. 

Dritter Teil 

J. von Neumann und E. P. Wigner 

Zeitsc:hriCt rur Physik 51, 844-858 (1928) 

(Eingegangen am 19. Juni 1928.) 

Es wird - ausgehend von der Losung der spinfreien (aber die spin-Freiheitsgrade 
der Elektronen beriicksichtigenden) Differentialgleichung fiir ein Atom, d. h. der 
Schrodingergleichung, in der die magnetischen Momente der Elektronen nicht ein
gefiihrt sind - die erste Niiherung fiir die Eigenfunktionen mit Spin abgeleitet. 
Hieraus ergibt sich die Landesche g-Formel, die Burger-Dorgeloscben Sum men-

siitze usw. 

Dritter Teil. 

§ 1. Nach dem im ersten Teile dieser Arbeit * gegebenen Programm 
sollen hier diejenigen GesetzmiiJ3igkeiten der Spektren besprochen werden, 
die bei Mitberiicksiehtigung der Elektronenmagnete naeh der Quanten
mechanik nicht mehr streng, sondern nur, wenn die Multiplettaufspaltung 
klein ist, gelten. Hierher geMrt vor aHem die Landesche g-Formel, 
von den Burger-Dorgeloschen Summensatzen diejenigtln, die das Ver
haltnis der Intensitaten verschiedener Linien eines Multipletts regeln 
(wahrend die Satze, die das Verhaltnis der Intensitaten der einzelnen 
Zeemankomponenten einer Linie regeIn, streng geIten undo in II besprochen 
worden sind **), und sehlie.Blich die Intervallregeln. Was die Intervall
regel anbetrifft, so ist es bekanntlich bei unserem unrelativistischen 
Standpunkt nicht mHglich, die richtige absolute GroBe dieser Aufspaltung 
herauszubekommen j und nachdem die Ber.echnung mit Hilfe der Formeln 
des § 2 elementar ist, mochten wir auf eine nabere Ausfnhrung ver
ziehten. 

Von bisherigen Untersuchungen nber diese Frage ist zunaehst die 
Arbeit von W. Heisenberg und P. Jordan*** zu nennen, die den 
Fall von Dubletts und die von P. A. M. Dirac ****, die allgemeine Multi
pletts behandelt. Indessen sind beide Arbeiten unter der Voraussetzung 
geschrieben, daB wir es mit einem Leuchtelektroll zu tun haben, das sich 

* ZS. f. Phys. 47, 203, 1928 j diese Arbeit solI als I zitiert werden. Der 
ebenfalls hiiufig benutzte zweite Teil (ebenda 49, 73, 1928) als II, eine etwas 
iiltere Arbeit des einen von uns: ZS. f. Phys. 43, 624, 1927, als F . 

•• Sie sollen trotzdem von einem etwas anderen Standpunkt aus noch ein
mal knrz besprochen werden. 

*** ZS. f. Phys. 37, 263, 1926. 
**** Proc. Roy. Soc. 111, 281, 1926. 
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unter dem EinfluB eines geladenen und mit einem magnetischen Moment 

behafteten Kerns, des "Rumpfes", bewegt. Wir werden diese Annahme 

nicht machen, sondern das Atom regelrecht als :Mehrelektronenproblem 

auffassen. Wir mochten bemerken, daB der hier eingeschlagene Weg 

nicht der eleganteste ist, durch den man zu den erwahnten Regeln gelangt. 
Wenn wir doch diesen wahlen, so geschieht das, weil dieser Weg der 

naheliegendste ist und bei der Berechnung anderer Gro13en auch immer 

beschritten werden kann. Wir berechnen namlich zuerst die "erste 

Naherung" fiir die Eigenfunktion und dann mit ihrer Hilfe die fraglichen 

Matrixelemente. Es zeigt sich, daD man dabei keine Integrale wirklich 

auszuwerten hat. 

Um auch eine andere !fethode zu zeigen, sollen mit ihrer Hilfe die 

"streng giiltigen Summensatze" nor.hmals abgeleitet werden. Wir mochten 
empfehlen, zuerst den mathematischen Anbang etwas anzusehen *. 

§ 2. Die erste Naherung fiir die Eigenfunktionen. In II 

gillgen wir von einem Eigenwert del' spinfreien Differentialgleichung aus, 
der die azimutale Quantenzahl 1 und die Darstellungseigenschaft gegen
iiber der symmetrischen Gruppe (Vertauschen der Elektronen) z hatte. 

Die dazu gehorigen Eigenfunktionen seien 1/JI'~ (tp ... , t n), so daLl 

Pcx 1/J.tI~ (t~, ... , t;l) = 1/J1tdt l"'" tn) = ~ D!.u (~) tPv~ (t~"", t~) (1) ,. 
(wenn ~ eine Drehung 1St und t~, ... , t;, aus 1'1" .• , 1'n durch diese Drehung 
hervorgeht) und 

Pe1/Jlt ~('Cal' ... , tal) = 1/Jlt~ (r1, ... , til) = ~.d~ ~ «(f5) W/t'! (tat' ... , rar), (1 a) 
'! 

wenn C5 die Permutation del' Zahlen 1, 2, ... , n in die Zahlen a l , IX2, ••• , an 

ist. Aus jedem diesel' tP.tI ~ (rl' ... , t n) bildeten wir dann 2n Hyperfunk
tionen, und zwar war 

1/Jlt~"'lt ... ,"'n (rl' ... , tn, 811 "" 8n) = 0, (2) 

wenn nicht 81 = '1:1' 89 = '1:'2' ••• , 8n = 'l:n und 

1/J'''~'''l''''''''n (tI, .. ·, 1'm 1:]1"" '1:11 ) = 1/JI,~(rI'"'' l'n). (2 a) 

Dies war der Inhalt des § 1 in II. 

* Die 2l + I-dimcnsionale Darstellung der Drehgruppe bezeichnen wir mit 
(D~l (9l») , wo " und J, von -l bis + 1 laufen. Um bei den hiiufig vorkommen
den Summationen die Summationsgrenzen nicht immer explizite hinschreiben zu 
miissen, bestimmen wir, daD wir unter D~J.' wenn I" I > 1 oder 1 ),1 > I, die ZahlO 
verstehen. Dadurch ist es mogIich, die Summationen immer von - 00 bis 00 aus
zudehnen, so da.ll wir nur in § 5 an einigen Stellen auf die Grenzen der Summation 
achten miissen. 
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Dann bildeten wir in II aIle antisymmetrisehen Linearkombinationen 

der 1/J1l~'l:b ••. ,'l:n (tt' •.. , tn, SI' ••• , Sn)· War insbesondere l = 0, so ist 
p. = 0 und die antisymmetrisehen Linearkombinationen seien 

= :::8'Cm~;$1, •.• ,8n 1/Joe(tl ,···, til.) , (3) 
~ 

wo wir zur Eindeutigkeit die Darstellungseigensehaft $ der 1/Jul: gegen

iiber der symmetrisehen Gruppe noeh als oberen Index bei ICm~; '1:17"" 'l:n 

hinzufiigen *. Solehe antisymmetrisehen Linearkombinationen hatten wir 

n - 2 $ + 1, m soIl daher von - (~n - $) bis ~ n - $ laufen. Die 
n - 2 e + 1 Hyperfunktionen von (3) mu13ten zu einem Term mit 
j = ~ n - $ zusammengefal3t werden, so da13 wir annehmen konnen, daB 
m die magnetisehe Quantenzahl ist. Aus der Orthogonalitat 

:::8 JWm Wm = 8mm, 

folgt 
~zC: " IC ," - 8 , LJ ml:ti'fb···,'t'n m ~;'t'll .•. ,'fn - mm· (4) 

~'l:l' .·'l:n 

AuJ3erdem ist naeh dem Vorangehenden 

Ogt Wm (t~, ... , t~; SI"'" sn) = :::8 D~'m (a~) W'm' (t~, ... , r;\; SI"'" sn), 
m' 

und mit Hilfe von (3) in II: 

Ogt qr m «, ... , t~; SI' ••• , sn) = :::8 a8h •.. , 8n ; t1> ••• , t" W'm(Tl ,···, Tn; S1' "', Sn) 
t1'" tn 

folgt hiemus dureh (3) ** : 
:::8 a.:1, ..• , '1:,,; 01, ... , On zCm~; 011 ••• , On = :::8 D~~~-z. zCm'~; '1:1, ... , 'l:n . (5) 

Ol"'On m' 

Nun gibt aber (3) nieht nur im Falle von l = 0, sOlldern natiirlieh 
immer aIle antisymmetrisehen Hyperfunktionen. Diese sind also 

Wh(tl ,···, Tn; 'tt' ... , 'tn) = :::8ZCk~;'l:1, ••. ''l:n 1/JIIC(rl , ... , t71),. (6) 
~ 

wo fiir die 'CkC'l:1"'" 'l:n Gleiehungen (4) und (5) geIten. Aus diesen lPklt 

miissen wir nun Linearkombinationen bilden, die sieh bei der Operation O!1{ 

* Die Ie ". _ _ sind dann reine Zahlen, die nur von ihren Indizes ab-
mr., "it ···'''n 

hangen. Wir bevorzugen auch soust immer das Ausschreiben aller Indizes und 
Argumente, weil dies zwar die Formeln etwas verlangert, dem Leser aber viel 
unn6tiges Nachdenken erspart. 

** Die Formeln (4) und (5) werden wir im folgenden ofters verwenden. 
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nach irreduziblen Darstellungen der Drehgruppe transformieren. Wir 

bilden zunachst 

09t c;I)h (r~, ... , r~; "1:1"", "l:n) = ~a1.~ .. . ,'rni /11, ... , "1~ (~). c;I)klC(rl,· .. , rn;611 "'1 6n) 
"l···(1n 

= ~ ~ a'rl' ... , 'rn; (111"', (1n zCk~; "1, ... , "n Wx; (rl 1 ••• , rn) 
(11 .. ·(1n ~ 

= ~ Dt,j,2:-= (~)ZCk'~;"'l, ... ,.'rn 1/Jx~(rl"'" t n) (7) 
~k' 

wegen (5). Dies ergibt nunmehr mit Riicksicht auf (1): 

09ttlih(t~, ... , t;l; "1:1 , ... , "l:n) 

'" ~ D 1/2 n - z zC Dl .1. (' ') = L..I L..I k'k k'~;'rl' '''''''n x'x 'l'x'~ t1l ... , tn 
~k' x' 

= ~ ~ S~'+x"k' (i n -- E, l)s~+x,k (in-E, 1) D~, +x',Ux 
k'x' • 

. Wk'x' (t~, ... , r~; "1:]1 ••• , '&'n), (7 a) 

wegen (III) im Anhang und (6). Wenn wir fiir " = 'In - k und fiir 
,,' = m' - k' setzen, erhalten wir nach Multiplikation mit 8~k und 
Summation iiber k unter Beachtung von (II) des Anhanges: 

09t~S~ktlik,m-k = ~D~'m(al) ~S~'k' tlik',m'-k" (8) 
k ~ ~ 

Die Funktionen 

yr~ (rl' ... , rn; "1:1 , ••• , "l:n) = :s S~k (~n - E, 1) c;I)k, m-k 
k 

= :;8 S~k (in - $, 1) zCk~; "'1, •.• , "'n Wm-k, ~ (tl' ... , rll) (9) 
k,~ 

sind also antisymmetrische Hyperfunktionen, die sich nach irreduziblen 
Darstellungen der Drehgruppe transformiereD, sie bilden die gesuchten 
ersten Naherungen fiir die Eigenfunktionen, wenn die Wirkung der 
magnetischen Momente der Elektronen klein ist und als Storung be
trachtet werden kann. 

Formel (9) gibt auch das Vektorzusammensetzungsmodell wieder, 
da aus ihr unmittelbar hervorgeht, daD j von I Z - in + $ Ibis 1 + in - $ 

laufen kann. Wir wollten diese :Formel ableiteD, da mit ihrer Hilfe 
Matrixelemente in der hier betrachteten Naherung im allgemeinen ein
fach zu berechnen sind. 

§ 3. Einige streng giiltige Formeln. Wir wollen zuerst die 
streng giiltigen Summensatze auf einem etwas anderen Wege, als in F 
und II ableiten. Wir bezeichnen das inn ere Produkt, also bei Hyper
funktionen : 

:g J (Xl' .•. , En; 81 "", 8n)'9 (Xl' .•. , En; Sp .•. , 8n) dx1 ••• dEn, 
'l""n 
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wie in II mit (f, g). Dann ist die Ubergangswahrscheinlichkeit vom 

Zustand 1Jf m in den Zustand 1Jf:n" wenn man die magnetischen Krlifte 
vernachllissigt, durch das Quadrat von 

gegeben, wenn wir fur 

Xl + ... + Xn = Xl l 
'lit + ... + '!In = X 2 J 
Zl + ... + Zn = Xs 

setzen. Wir haben auaerdem, wenn ~~ eine Drehung ist: 

09t Xa 1Jf:n, = X~' 09t 1Jf:n" 

(10) 

(11) 

(12) 

wo Xa aus X;: durch die Drehung ~ hervorgeht, also Xa = ~ ~a{J Xi; 
ist*. Bezeichnen wir (1Jfm , X~' W:n,) mit U~!, so ist {J 

a ~ " {I 
Umm, = L.J ~a{J Umm" 

{J 

~ a -a ~ "{I -"{I' 
L.J Umm, Umm, = L.J ~~a{J ~a{l' Umm, U mm' 
a an'· 

~ "{I-"{I = L.J Ufllfn , Umm,· 
{I 

Da 09t ein unitlirer Operator ist, ist zudern 

a ' Umm, = (09t 1Jfm , 09t Xa 1Jfm,) 

(13) 

= ~ Df. m Dt: m' (lJf,l' X~' lJf,~' ) (14) 
p.p! 

wegen (12). Erheben wir dies zurn Quadrat und surnmieren fiber a; von 
1 bis 3 und fiber m', so gilt 

~ 1 a 12 ~ ~ j j' - j -j' "a - "a 
L.J Umm, = L.J L.J Dp.m D ,II'm,D.·m D"m' UPI" U,.", 
am' Ill" 0:: 

... ·v' m' 

~ ~ ... i ~j "a, -"a = L.J L.J .lJj.Im D"m UN" UV ,II' 
PI" lIa 

wegen der Orthogonalitiit von (D;:'fI!')' 

(14a) 

Integrieren wir dies fiber aIle Drehungen ~, so erhalten wir wegen 
der Orthogonalitiitsbeziehungen der Darstellungselemente (siehe z. B. F, 
Formel 1 b) und (13): 

c ~ 1 U~m' 12 = C' ~ ~ I U/~I' Is, (Hi) 
a~ I' a~ 

... Wir bezeichnen hier die Matrix der Drehung 9l durch (9la (l)' weiter geh!ire 
!F m zu einem Term mit der inneren Quantenzahl j, !F:n, zu einem mit der Quanten
zahl f. 



Explanation of Some Properties of Spectra of the Spinning Electron. Part III 157 

Zur Erklarung einiger Eigenschaften der Spektren usw. 849 

d. h. die Summe der Ubergangswahrscheinlichkeiten in allen Richtungen, 
die zum anderen (j') Term fiihren, ist unabhangig von m. Dies ist die 
urspriingliche Gestalt der Summensatze. Hatten wir unsere "Oberlegungen 
nicht auf Hyperiunktionen, sondern auf einfache Funktionen angewandt 
und Pm an Stelle von Om geschrieben, so hatten wir die Summenregeln 
von F erhalten. 

Es scheint bemerkenswert, daLl (10) die Auswahlregeln fiir die innere 
bzw. azimutale Quantenzahl mit enthalt, wenn man diejenige fiir die 
magnetische Quantenzahl als bekannt voraussetzt. N ehmen wir namlich 
j' < j - 2 und setzen in (15) m = j, so versehwindet die linke Seite, 
da m Mehstens den Wert j annehmen kann. Hieraus folgt, daLl aueh die 
reehte Seite von (15), d. h. samtliehe Ubergangswahrscheinlichkeiten ver
schwind en. 

Wenn man die magnetisehen Krafte der Liehtanregung nicht ver
naehlassigt, so haben die Ubergangswahrscheinliehkeiten eine etwas andere 

eh2( h a 
Gestalt. An Stelle von eGrzt steht dann PI = -2- -2 ,~, wo & das 

, f£ C • :Itt u Zt 

Vektorpotential ist und wir haben noch ein Glied, das vOn den magne-

tischen :Momenten der Elektronen herriihrt P<j = 4eh f) 'l:'j. 1m allgemeinen 
:It f£c 

ist PI viel viel gr6.13er als P<j (gr6BenordnungsmaBig V~~) und fiir PI' 

d. h. fiir die Matrixelemente (1.P'm' PI 1.P'~,) leitet man die Summensatze 
genau wie fiir (1.P'm, X yr~.) abo Die Beobaehtbarkeit einer Abweiehung 
wegen Ps ist umso weniger zu erwarten, als die Auswahlregeln fUr j 
- bei denen allein eine so feine Priifung moglich ware - aueh fiir 
P'J geIten. 

§ 4. Die Proportionalitat der Aufspaltung mit der magnetisehen 
Quantenzahl m gilt auch bei beliebigen KopplungsverhaItnissen. Das 
Zusatzglied in der Hamiltonsehen Funktion, das einem Magnetfeld in 
der Z-Aehse entsprieht, besteht namlieh aus zwei Teilen. Der erste Teil 
riihrt von der Bahnbewegung der Elektronen her und lautet 

H = kef) :2(Xk~- '!Ik~) (16) 
I 4:Itif£C k a '!It a Xk ' 

wo e und f£ Ladung und Masse des Elektrons sind. Der zweite Teil des 
ZUBatzgliedes riihrt von den magnetisehen Momenten der Elektronen her 
und lautet 

(16a) 
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Sie ist durchaus von der GroBenordnung von HI' Leicht zu berechnen 
sind die Matrixelemente 

(17) 

Verstehen wir namlich unter 9? eine infinitesimale Drehung urn die 
Z-A.chse urn den Winkel Ll a, so ist 

O 7Tr (wo' ",'. )-ei(""l+",+,,"d~a 7Tr (wo ". )(18) m:r'm "'l'''·''''n,$p···,$n - WI ·:r'm "'1''''''''nl$1 1 ... ,$n 

wegen (3), (4) und (4a) in II. Dabei gilt fiir 

Xk = Xk - Ll a Yk } 
Yk = Y~ + Llaxk 
Zk = Zkl 

so daB man (18) auch schreiben kann 

Om Wm (X~"", Z~;$l I'" I t"n) 

(18a) 

=[1 +i~>k'~Lla][ 1 +Lla~(Xka~CYka~0JWm(X~, ... 'Z~;t"1""'$n) (19) 

{ . 4 n p. c ( 1 H.)} , , . ) = 1 + ~ Ll a he,p HI + "2 2 W m (Xl I ••• I Zn, $1 I ••• I $n . 

Es ist also 

(19a) 

da aber 

ist, haben wir 

(20) 

so daB fur 

" ( he,p ) he,p ZI = Wml -4--mWm = -4-- m 
np.c np.c 

(17a) 

in der Tat die Aufspaltung des normalen Zeemaneffekts folgt. 

Die Berechnung des zweiten Teiles des Zusatzgliedes 

( 1 ) he,p ""0 1 1 nhe,p 
Z2= Wm'-2HsWm =-S--L.l(!lIml t"k !lim) =-u--,(Wm,$lWm) (21) 

np.c k 0 np.c 

gestaltet sich merkwurdigerweise sehr kompliziert, wenn man streng 
rechnet, d. h. nicht die Niiherungsformel (9) benutzt. Wir berechnen 
zuerst 

O!)t$l Wm (r~, ... , r~; $1'"'' $n) = ~ t1r1, ... , inj 111,,,., lin 61 W m(r1,·.·, r,,; f11"'" f1,,) 
111 ... 11" 
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und dies ist wegen 

~ tl(ll, ••. ,' (In; U1, ' .. , (1n (~~) O!R Yf m (r~, ... , r~; (>1' ... , (>n) 
(ll"'(!n 

= :;8 tl(l1,\' .• ,(In; 01,·. " Un (~~) :;8 Dm'm (~~) Yfm' (r~, ... , r~; (>1 , ... , (>,.) 
(ll •.. (ln m' 

=~an n '11 11 (~~)~ao II .,' " (~~)Yfm(rl, ... ,rn;VI, ... ,Vn) L." ~ 1, ••. , ~n' 1,· .• 'n L.J. "" 1 , ... , ,1),' 1'···· n 
(l1· ··(In "1 0 • • 1'n 

= Yfm (r1 ,···, rn; al ,···, "n) 
gleich 

= :;8a$b .. ·,$n;Ub,,,,Un "1:;8 :;8tlQ1,. .. ,l?n;Ub""unDm'm' Yfm,(r~, ... , r'n; (>1 , ... , (>n), 
U1"'Un (l1 ••. (ln m' 

worin man die Summation wegen (4) in ]I 

tiber 6,P "8"'" an direkt ausftihren kann und erhalt 

O!J{ '1:1 Yf m t t·~ , ... , r~; '1:1 ' ••• , 'l:n) 

= :;8 :2 a$1 UJ <11 a(l1U1 Dm'm Yfm' (r;, ... , r~; (>1' '1:2 ' •• , 'l:n) 
U1,.(l1 m' 

:;8 :;8 X$1!1 Dm' m Yf m' (r~, ... , \'~; (>1' 'I:~, .. , l'n) (22) 
m' (I 

mit x$(I = :;8 a$u6a(lu 
U 

X-I -1 = - cos f3 X-II = e - ia sin f3 
Xl - 1 = eia sin f3 XII = cos {l 

Da der Summationsbuchstabe (> in (22) nur die beiden Werte '1:1 und - '1:1 
anzunehmen hat 

Nun ist 

O!J{ '1:1 ¥m (l'l'" • , t'n; '1:1 ' ••• , 'l:n) 

= :;8 Dm'm (a, f3, ")['1:1 cos f3 . Yf m' (l'1' ••• , l'n; '1:1' '1:2' •. , 'l:n) 
m' 

+ ei T:1 a sin f3. Yfm' (t1,· •• , l'n; - '1: 1' '1:., •• , 'l:n»). 

(Yfm, '1:1 Yfm) = (O!J{Yfm , O!J{'l:1Yfm) 

= ~ ~ Dm"m' Dm'm' Yfm" (l'I"'" l'n; '1:1"'" 'l:n) 
m'm"""'l .. ·'t'n 

(23) 

(23 a) 

['1:1 cos f3 iiim, (tl' ••• , l'n; '1:1' 'l:S"" 'l:n) + e-i$l a sin f3 Y; m' (l'1"'" \'n; -'1:1' '1:" •• , 'l:n)). 

Nun ist (F, S. 640) D~o (a, f3,,,) = cos P und D~o (a, P,,,) = _ -rei,," S!~!. 
r2 

Setzt man dies in (23' a) ein, so kann man wegen ill a ff. des Anhanges 
tiber alIe Drehungen integrieren. Die Integration ergibt auf der rechten Seite 

s~'m" (j, 1) s~m (j, 1), 
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m 
so daB man den Faktor si (j, 1) = 1r 1r= (V des Anhanges) 

mm yjy2j+l 
aus-

klammern kann und der Klammerausdruck unabha.ngig· von m wird. 

Auf der linken Seite steht (Wm' t"t Wm) mit einer Konstanten multipliziert. 

Hiermit ist also bewiesen, daB auch Zs proportional zu mist. Es folgt, 

daB die Termaufspaltung des Zeemaneffekts bei ldeinen Feldstarken mit m 
proportional ist, d. h. die Zeemanterme bei belie bigen Kopplungs

verhaltnissen aquidistant sind. 

§ 5. Landesche g-Formel. FUr den Fall, daB die Multiplett

aufspaltung klein ist, d. h. die Wirkung der Elektronenmagnete fUr die 

Eigenfunktionen in erster Naherung zu vernachlil.ssigen ist, konnen wir 
mit Hilfe un serer Formel (9) auch Z2 berechnen und miissen dann, wenn 

wir den Wert fiir ZI aus (17 a) entnehmen, fiir ZI + Z2 die Landesche 
g-Formel erhalten. 

Auch hier scheinen wir etwas weiter ausholen zu miiSRen. Denken 

wir in (5) die Abha.ngigkeit von den drei Eulerschen Winkeln IX, p, " 
eingeschrieben und differenzieren wir (5) nach". Wir erhalten 

:8 a"'l,' 00' "'n j 1111 00" I1n l (0'1 + ... + O'n) • :O:Om C j 111, ... , On 
111'" an 

= :::8 Dm'm m.zOm'~;"'l' """'n; 
m' 

(5a) 

multiplizieren wir dies - um das a von der linken Seite wegzuschaffen

mit a"'l"'" "'n; !,Il, ••. , lIn und summieren wir iiber '1:1", 'tn' Wenn wir dann 

noch mit zOm~; !,I1, ... ,!,In multiplizieren, erhalten wir 

! (n + ... + n ) lie • 20 ~ 
II ~J ~n m~;!,Ib''''l'n m~j!,ll"ool!,ln 

Summieren wir dies iiber (I] ••• (In und benutzen rechts wiederum (5) 

i :8 «(II + ... + (In) l'Ome; !,Il,"" !,Inls 
!,I1 .. ·!,In 

:8 :8 Dm'mmDm"m IIOm"e;"'11"""'n zOm'C;"'b"""'n' 
'Z'1 ••• orft m',." 

was schlieBlich wegen (4) und iiber alle Drehungen integriert wegen der 

Ortbogonalitatsrelationen der Darstellungselemente 

l:::8 :::8ll1a~C;!,Il' ... ,!,Inls «(I] + ... + (I,J = m (5 b) 
lll .. ·l'n ~ 

ergibt. 
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. , heS) 
Betrachten WIr also Z2 = 8-- . (qrlll' (1:1 + ... + t'n) qr m) und setzten 

n ILc 
fiir qr m (9) ein, so haben wir * 

::8 J ~ S!k (r, 1) zCk~; 'rh"" 'rn yr m - k, ~ 
""t'" ""n k, 

worin wir die Integration wegen der Orthogonalitat der yr ausfiihren 
konnen (sie ergibt 8w . 8;:;:.), und wir haben 

8nILc "" "" j )-j l)1 C 12 ) Z2 -] "" = L..I L..I Smk (r, 1 smk (r,. % k~; 'rb"" "'n (t'l + ... + 't'n ,ew 'rl .. ,'rn k~ 

= 2 ::8 S~k (r, 1) s-1mk (r, 1) k. 
k 

(24) 

Wir wissen aus dem vorangehenden § 4, daB Z2 proportional zu m 
ist. Wir konnen also 

::8 S~k (1', 1) S~k (r, 1) lc = f (j, 1, r) m (25) 
k 

fiir Iml < j schreiben, Fiir Iml > jist dagegen natiirlich 

::8 S~k (r, 1) S~k (r, 1) k = O. (25 a) 
k 

Bilden wir jetzt 
00 

::8 m f (j, 7, r) = ::8 S~k (r, l) S!nk (r, 1) k. 
j=m jk 

Hierin k(jnnen wir mit Hilfe von (II) des Anhanges die Summation iiber j 
ausfiihren. N ach ihr ist 

00 

::8 S~k (r, l) S~k (r, 1) = 1, 
j=m 

(II) 

wenn Ikl ~ r und 1m - kl < 1., sonst natiirlich O. Wir erhalten folglich, 

~ "" j _j ~ m - l + r 
j~m "T Smk (r, 1) smk (r, 1) k k=~-~ = 2 (r - m + Z + 1), 

so daJ3 

~ f . 1 ) - 2.. (m - l + r) (1 + r - m + 1) 
L..I (.1" r - 2 

j=m m 
(25 b) 

• Wir setzen der Bequemlichkeit balber r fur 1/2 n - z. 
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wird. Setzen Wlr fiir tn jetzt tn + 1 und ziehen die so entstandene 
Gleichung aus (25 b) ab, so erhalten wir 

00 ?O 

:2 f (j, 7, r) - :2 f (j, 7, r) = f (tn, 1, r) 
j=m j=m+l 

(m - Z + r) (1 + r - m + 1) (m + 1-1 + r) (1 + r - m) 
2 m 2 (m + 1) 

m (m + 1) -1 (l + 1) + r (r + 1) 
- 2 m (m + 1) 

wie man leicht verifiziert. Fiihren wir diesen Wert fiir f in (24) ein, 
so erhalten wir fiir Zs 

Z _ he S) 2 j (j + 1) - 1 (1 + 1) + ,. (r + 1) 
s - 8 '1t P, C • 2 j C; + 1) 111-, 

(24 a) 

so daD wir fiir Zl + Zs mit (17 a) 

Z +Z =m hcS) [1+ j (j+l)-l(l+1)+r(r+l)], 
1 I 4'1tp,c 2j(j+1) (26) 

d. h. die Landesche g-Formel erhalten. (Siehe z. B. E. Back und 
A. Lande: Zeemaneffekt und Multiplettstruktur der Spektrallinien. 
Berlin 1925. S.41, Formel (20'). Dort steht J - -l fUr unser j; K - ~ 

fiir unser lund R - -l fiir unser r = in - z). 

§ 6. Wenn zur Ableitung von (26) viel Rechnung notwendig 
erschien, so ist es umRO angenehmer zu sehen, daB man die Summensatze 
im wesentlichen schon sieht, wenn man die entsprechenden Ausdriicke 
aufgeschrieben hat. 

Wir betrachten zwei Terme der spinfreien Differentialgleichung. 
Die Eigenfunktionen des einen seien 1/J1' ~ (rl' ... , rn), er habe die azimu
tale Quantenzahl lund gebBre Zllr Partitio z, die Eigenfunktionen des 
anderen 'ferms seien 1/J~'~' (rl' ... , ~n)' die azimutalel Quantenzahl sei l', 
die Partitio ebenfalls z, da sonst die tJbergangswahrscheinlichkeiten in 
der hier betrachteten Nilherung iiberhaupt verschwinden. Wir bezeichnen 
das Integral 

(27) 

wo X" in (11) definiert ist. Der spinfreie Summensatz besagt dann, daB 

"" " ~" ~ U,.,.,.,., U,.,.",' = C, 
"p! 

(15a) 

d. h. unabhangig von p, ist. 
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Die erste Naherung (9) flir die Hyperfunktion mit der inneren 
Quantenzahlj und der magnetischen 111, die aus dem ersten Term entsteht, ist 

~s~k(r,I)ZCk;;"'lI"""'n'I/Jm-k,;(rl,···,rl!) = "P'~. (9 b) 
k~ 

Fiir die Hyperfunktion, die aus dem zweiten Term entsteht und die 
Quantenzahlen j', m' hat, haben wir 

" j', , . 'j' 
L.J sm' k' (r, I ) zCk, ~'; 't1, ... , 'tl/ 'l/Jm' - k', C' (tIl' .. , tn) = "P'm" 
k'C' 

Die Ubergangswahrscheinlichkeit ist also das Quadrat. von 

oder wegen (27) und (4) 

(0 b) 

Vj~I,j'1II' = :8 U~-k,m'_ks~k(r,l)s~'k(r,7'), (~7a) 
k 

Die Summe der Ubergangswahrscheinlichkeiten vom Zustand i, min 
ane Zustande j', tn' in allen Richtungen X, Y, Z ist 

= ~ ~ U~I-~.,t'i,-lJ~-k"m'-k'S~k(r,7) . ;~kt(r, 1) . s~'k(r, 1'). S!'k'(1', 1'), (28) 
aj'm t kk' 

worin aber die Summation iiber j' wegen (II) des Anhanges leicht aus

zufiihren ist. Wenn man fiir k = 'In + fJ und m' = 'In + 'YJ + fJ' setzt, 
erhalt man 

Sj1ll = ~ U~'1t U~'1t S~" m + '1 (t', 1) S~l, 111 + '1 (1', 7), 
a'l'l' 

was wegen (15a) 

Sjm = C ~ s~,m + '1 (1',1) S~'1II + '1 (1', 7). 
'1 

Dies ist aber nach ([V) des Anhanges 

(28 a) 

(28b) 

S,im = C ~ s~, _ '1 (1, r) s~, _ '1 (7, r) = C (29) 
'1 

wegen (II) des Anhallges. Die Summe der Ubergangswahrscheinlichkeiten 
ist also unabhangig von j und m. 

§ 7. Hiermit schlielJen wir unsere Rechnungen abo Man sieht, daB 
man ohlle besondere Miihe fast beliebig viele Zusammenhange zwischen 
Ubergangswahrscheinlichkeiten und dergleichen herstellen konnte. Wir 
glauben, daB es niitzlich ist, die streng giiltigen Gesetze von denen ab-
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zusondern, die nur bei gewissen KopplungsverbJiltnissen geIten, da nament
lich die Priifung der ersteren zur Entscheidung fur oder wider die Not

wendigkeit und Art von Zusatzgliedern geeignet erscheint. Sonst kam 

es uns hauptsachlich darauf an, die Theone der qualitativen Struktur der 
Atomspektren zu einem gewissen AbschluB zu bringen. 

Anhang. 

Es sei (D~i. (9l») die 2I + I-dimensionale Darstellung der drei
dimensionalen Drehgruppe, (D~l. (9?») die 2 Z' + I-dimensionale. Die Ma
trizen (M""" H' (~)) mit 

Jf""" H' (9l) = D~). (9?) . D~' i! (~) 
bilden dann offenbar auch eine Darstellung, und zwar eine (2I + 1) (21' + 1)

dimensionale, die aber nicht irreduzibel ist. Wir kijnnen seine irre

duziblen Bestandteile aber leicht bestimmen. Die Spur von (..1.1[""" H' (9?» 
I I' ist da8 Produkt der Spuren von (D,,).) und (D", i.'), also, wenn rp der Dreh-

winkel ist, 
1 I' 1 + I' j 

:B eixlf' :B ei""r = :B :B cii.lr. 
"=-1 ,,'=-1' j=II_I'1 I.=~j 

D. h. die irreduziblen Bestandteile sind je eine Darstellung eDt}.), wo j 
von II - l'1 bis I + I' in ganzzahligen Schritten lauft. Es muB d aber 
eine Matrix SH',iF existieren, die (M""" I.l') in die Form 

o Dl'-I'I + 1 •••• 0 (

DII_I'I ............. O ) 

6 6 . ·.·~·:·~·~·~·.··.·· .. · .. ·:.~I + I' 

bringt. Flihren wir zur Charakterisierung der Drehung ~~ die drei 
Eulerscben Winkel a, (3, l' ein, so kijnnen wir setzen (F, (10») 

D~A (a, (3, 1') = ei"tz d~i. «(3) ear. 
Fur die S2..(', iF gilt dann 

:B ei(It + It') tzd~A «(3) d~,i.' «(3) ei(A + A')r SH', iF = :BS""',jl" eiv'tz dt", «(3) ei'rr. 
AA' .. ' 
Wenn wir darin die Glieder mit gleicber Abbangigkeit von a und l' ein-
ailder gleichsetzen, erhalten wir unter anderem 

S2..(', i" = 0 fiir J.. + J..' =1= 1/. 

Wir bezeichnen also SH', j. mit 

was 
SH', j., = StA 6}. + A', l" (A) 

(I) 
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ergibt. Aus der OrthogonalitiLt von SJ.i..', jv folgt 

:;8SJ.i.." jvSx,,', j., = ~"l~"'i!j :;8sv." j"Su', j',., = ~jj' ~pv" 
jv l~ 

Dies ergibt, zusainmen mit (A), wenn man A. + A.' = " + ,,' = l' bzw. 
v = v' setzt: 

:;8 Stl (7, l') s{, x (J, l') = ~x}. j :;8 Sti. (1, l') S~l (1, l') = ~jj" (II) 
j l 

Wenn man dies mit (I) kombiniert, erha.lt man schlieLllich 

D~i. D~ - ", I' - l = :;8 st" (7, l') s{,1. (J, l') Dti. (III) 
j 

oder 
D l DI' " j (7 Z') - j (7 l') Dj III xl x'i! = ~Sx+"',,, , Si.+I.', J., x+:c', i.+l', ( a) 

j . 

In (I), (II), (III) und (IDa) sind die s~J. (l, 1') reine Zahlen, die nur von 
ihren Indizes und Argumenten abha.ngen. 

Wir wollen noch bemerken, daLl es - da die komplexe Phase der 
linken Seite von (III) gleich der komplexen Phase eines jeden Gliedes 
der rechten Seite (n~mlich vex + l'1') ist - moglich ist, die s!ei. (1, l') aIle 
reell anzunehmen. Dann erhalten wir, wenn wir etwa in (ilIa) 
A. = A.' = 0 annehmen, mit D~ + .. ', 0 multiplizieren und liber aIle 
Drehungen integrieren, 

J I I' - " , j 
D .. ,o D .. ,o D~+x" 0 ~ c~ + .. ', x(l, l') so,o (1., n, 

Weiter konnen wir sfo (1., l') = sfo (l', l) setzen und erhalten unter 
anderem 

s~ + .. ',,, (7, l') = s~ + :c', .. ' (l', Z). 

Flir den Fall l' = 1 wurden diese Formeln 
Dort findet man auch fur die Koeffizienten s 

(IV) 

schon angegeben *. 

I 
8",,,(1,1) = 

8~~;,,,(1,1) = 

8~:-:cl (1,1) = 

1 
8 .. - 1, .. (1,1) = 

v~ . 
\,'ZV21 + l' 

1'z-,,+ 1 ~ 
1'2 Z 1'z + 1 

1 (1 1) _ 1'z + ,,+ 1 VZ=;. 
8" + 1, ", - - .1.1 ' 

y21yZ+l 

Vh+1 1'~. 1+1 (1 1) _ 
.1 ' 8"" , -V21+1,2Z+2 ' 

i+ 1 1 1) _ ~ VZ+,,+2, 
"+1, .. (, - "121+2 "121+ 1 ' 

1'(Z+I)2-,,9. 

VI + 1 1'21+ 1 ' 

• E. Wigner, ZS. f. Phys. 40, 601, 1927. 

(V) 
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oft sind auch die Koeffizienten flir l' = ~ wichtig '" : 

1_1/2 71) _ l'Z+,,+j 1-1/2 (71) _ Yl-"+L 
8"_1/2,,,(,'2 - , 8,,+1/"'2 - , Y27 + 1 2. Y2l + 1 

l 'Z I ,17 I 
1+1/2 (II) _ . 1.-,,+-:;. 1+1/2 (11) _ f'+X+j 

8,,-112," , j -- - ,/2 ' 8"+1/2,,, "'"2 -- 1/"" • 
y'7+1 y~7+1 

(VI) 

Sowohl bei (V) wie bei (VI) verschwinden aIle iibrigen 8. 

GBttingen und Berlin, Juni 1928. 

* E . t DI/. 8' h I • S IS _ 1/;~, 1/2 (I = a~, /I' Ie e -

Fehlerberichtigung. 
1m ersten Teile dieser Arbeit * kommen bedauerlicherweise mehrere Druck

und 8chreibfehler yor. 

8.206 Zeile 7 von oben steht ±; richtig: ± 1, 

8.206 Anmerkuog * steht hm ; richtig: -4 he . 
4ne nmc 

8. 209 Zeile 8 von oben steht Q!R,6; richtig: Q!R 6' 

8.210 Anmerkung * steht l = 1, 2, ... ; richtig: q = 1, 2, ... 

8.211 Zeile 5 von oben steht {a~~) ~J ; richtig: {a~~!tJ' 
8.214 " 14" " .. fm_ 2,m_l;richtig:fm _ I ,m_I' 

S.214 " 6 .. unten.. :s; richtig: :S. 

8.215 .. 3 .. oben 

8.216 8 
" 

oben 

S.216 
" 

16 
" .. 

S.217 .. 8 .. unten 

S.217 
" 

5 
" " 

8.217 .. 3 
" " 

* ZS. f. Phys 47, 203, 1928. 

.. 

" 

" 

" 

" 
" 

1.£,11 

cosll(m-2) Ildl; richtig: cos2 (m-l) I/d/. 
I 
2'q-l 

qcosq-11/dJ ; richtig: :;8 eimfl . 

et ( ... ; richtig: i( .. ·. 
m=-.!..(q-I) 

2 

fI n . h' n = 2'; ric tlg: fI = 4' 
nil; richtig: UII • 

:;8 t,.; richtig: :;8 r , .. 



Uber die Struktur der zweiatomigen 
Molekelspektren nach der Quantenmechanik 

E. P. Wigner und E. E. Witmer* 

Zeitschrift fur Physik 51, 859-886 (1928) 

Mit 3 Abbildungen. (Eingegangen am 23. Juli 1928.) 

Die Struktur der Molekelspektren wird mit HUfe der gruppentheoretischen M.ethode 
behandelt. 1m ersten Teile (§ 1 bis 9) werden - nach AufsteUung der ersten 
Niiherung flir die Eigenfunktionen - die Auswahl- und lntensitatsregeln und die 
Aufbauregel einer Rotationsbande behandelt. 1m zweiten Teile (§ 10 bis 15) wird 
die Aufbauregel der Elektronenterme des ~Iolekiils gegcben, indem es durch Zu
sammenfiihren von zwei Atomen entstanden gedacht wird. Es werden so die
jenigen Elektronenterme des hlolekiils gleichzeitig ins Auge gefallt, die dieselbc 

Bandenkonvergenzstelle haben. 

§ 1. Wir wollen im folgenden die Struktur der zweiatomigen 
Molekelspektren, wie sie sich aus der Quantenmechanik ergibt, mit Hilfe 
einer Methode darsteIlen, die schon friiher zur Analyse der Atomspektren 
verwendet worden ist **. Diese scheint uns erstens eine einheitliche 
Behandlung der hier auftauchenden Fragen zu gestatten und ergibt 
zwangslaufig aIle RegelmaLligkeiten, Auswahlverbote oder nicht ganz 
normale Typen von Spektren. 

Von bisherigen Untersuchungen liber die qualitative Struktur*** 
dieser Spektren sind in erster Reihe die grundlegenden Untersuchungen 
von F. Hun d **** zu nennen, der auf halb quantenmechanischem, halb 
korrespondenzmii6igem Wege diese Frage zu li:isen versucht hat. Besonders 
wichtig erscheint uns seine Idee von der adiabatischen Zusammenfiihrung 
der Atome zu einem Moleklil. auf die sich unser Vektorzusammensetzungs
modell griindet. Durch die Franck-Condonschen Ideen liber die Be-

* Fellow of the National Research Council (U. S. A.) and the International 
Education Board. 

** E. Wigner, ZS. f. Phys. 40, 492, 883, 1927; 48, 624, 1927, im folgenden 
als F zitiert; J. v. Neumann und E. Wigner, ebenda 47, 203, 1928; 49, 73, 
1928; 51, 844, 1928, als I, II, III zitiert. - Es wird hier keine Vollstandigkeit 
angestrebt. Der Zweck ist vielmehr, nach dem Auflichreiben der ersten Niiherung 
fUr die Eigenfunktionen - woraus eigentlich aUes herzuleiten ist - nur einige 
uns besonders wichtig erscbeinende Regelmalligkeiten anzufiihren. 

*** Die Arbeiten von L. 'Mensing, ZS. f. Phys. 36, 814, 1926; E: Fues, 
Ann. d. Phys. 80, 367, 1926; 81, 218, 1926; H. Rademacher und F. Reiche, 
ZS. f. Phys. 89, 444, 1926; 41, 453, 1927; R. de L. Kronig und I. 1. Rabi, 
Phys. Rev. 29, 262, 1927, bescbiiftigen sich in erster Reihe mit den Termen eines 
mehr oder weniger idealisierten 'M 0 dell s. 

**** F. Hun d, ZS. f. Phys. 86, 657, 1926; 40, 742, 1927; 42, 93, 1927; 48, 
788, 1927. 
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deutung der Bandenkonvergenzstelle * erhlllt der Proze.13 der Zusammen

flihrung der A tome bzw. Trennullg der 1\folekel in Atome einen unmittel

baren physikalischen Sinn. Weiter mochten wir die Al'beit von R. de 

L. Kronig ** erwahnen, die einige unklare Punkte in der Hundscllen 

Theorie aufgeklart bat. Von W. Heisenberg*** stammt die El'klarung 
der ausfallenden Linien und des Intensitatswechsels in Banden mit zwei 

gleichen Atomen. Eine Begrlindung erfuhren die stillschweigendell 
Voraussetzungen diesel' Arbeiten durch M. B 0 r n und J. R. 0 p pen

heimer****, die ullmittelbar gezeigt haben, warum man die Kerribewegung 

in erster Naherung vernachlassigen darf; diese Arbeit gab den unmittel

baren Anla.13 zu vorliegendem Aufsatz. Vor einigen Tagell schlieLHich 

erscbien eine Anklindigung einel' Arbeit YOn J. H. vanVleck und R. S. 

Mulliken t liber die GroBe der sogenannten o-Typ Dubletts, so da.13 

* J. Franck, Trans. Faraday Society (1925); E. Condon, Phys. Re\,. 28, 
1182, 1926. 

** R. de L. Kronig, ZS. f. Phys. 46, 814, 1927. 
*** W. Heisenberg, ebenda 41, 239, 1927. 

**** M:. Born und J. R. Oppenheimer, Ann. d. Phys. 84, 457, 1927. 
t J. H. yan Vleck und R. S. ~fulliken, Bull. Amer. Phys. Soc. June 15, 

1928, S.13. 
Wir haben diese Rechnung auch ausgefiihrt, indem wir zuerst die richtige 

nulIte Niiherung (7) fiir die Eigenfunktion in die Schrodingergleichung H 1f = E1f 
eingefiihrt haben und damit die erste Naherung E = (\fl, H\fl) fiir den Eigenwert 
berechneten. Diese ergab 

E -E +[1(1+1)_'21~MI+M2JIP+'lq;+'}'d 
1- 0 I. 8n2 M I l\{2 Z2 g, 

(1 Rotationsquantenzahl, MI und M2 }Iassen der heiden Atome), wo Eo nicht mehr 
von 1 abhangt nnd die Energie der Elektronenbewegung nnd Kernschwingung 
darstellt. Das reziproke Trligheitsmoment ist also 

Ml + M2 J ({J±,l ip±,i. d . 
MIM2 Z2 9 

Die q-Typ-Aufspaltung tritt bei 11- Termen in der zweiten Naherung auf. Die 
Aufspaltnng fUr El betragt 

(4) 

wo der Snmmationsbuchstabe n aIle 2 - Terme durchliiuft, En, I die Energie des 
betreffenden 2-Znstandes mit der Rotationsqnantenzahl 1 ist. Die Elektronen
eigenfunktion, die zum n-ten 2 -Term geMrt, sei IPn' Dann ist 

- J!!.... Ml +M, """ J ~ '", (' ()rp - ~) An - 8 2 M M. ~ Z2 'In Xr () Zr' dg, 
n 1 2 r Zr OXr 

wo X r , Yr ' zr die in § 4 eingefUhrten, die relative Lage des f·-ten Elektrons 
kennzeichnenden Koordinaten sind, deren Gesamtheit mit Z zusammen g ergibt. 
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WIr beziiglich dieser Frage auf diese Arbeit hinweisen zu diiden 

glauben. 
W ir mochten schlieBlich nicht unerwlihnt lassen, wie wertvolle 

Dienste uns die Arbeiten von R. S. :M ullik en * geleistet haben und 
Herrn Prof. F. W. Loomis fiir viele interessante Diskussionen und Be
merkungen auch an dieser Stelle herzlich zu danken. 

§ 2. Einteilung dieser Arbeit. 1m erst en Teile (§ 3 bis 8) 
werden wir die verschiedenen Typen von Termen und die zwischen ihnen 
giiltigen Auswahl- und Intensitatsregeln diskutieren. 1m zweiten 'I'eile 
(§ 10 bis 12) werden wir ein Aufbauprinzip abzuleiten versuchen. 

Bei der Ableitung der verschiedenen Typen werden wir uns zuerst 

die Kerne auf einer Geraden festgehalten den ken (§ 3 fiir ungleiche, § 4 
fiir gleiche Kerne). Dann miissen wir aber zwei verschiedene Falle unter
scheiden, je nachdem b) die Rotationsenergie groJ3er (§ 7) oder a) kleiner 

als die Energie der Multiplettaufspaltung ist (§ 8 und 9). Dies entspricht 
dem Falle b) bzw. a) von Hund und Mulliken. n-lolekfile aus leichten 
Elementen (H2' Heg usw.) sind Beispiele fiir den ersten, afolekiile aus 
schweren Elementen (Jg , Hg2 usw.) sind Beispiele fiir den zweiten Fall. 
Gliicklicherweise ist das Ubergangsgebiet sehr klein, da die Rotationsauf
spaltung mit der Ordnungszahl flint, die Mnltiplettabspa1tung dagegen 
ansteigt. 1st die Rotationsaufspaltung groLl, so beriicksichtigen wir zuerst 
diese (§ 6) und fiihren danach die Elektronenmagnete, die die Multiplett

aufspaltung bedingen, ein (§ 7). 1st dagegen letztere groB, so ffihren wir 
noch bei festgehaltenen Kernen die Elektronenmagnete ein und beriick
sichtigen erst dann die Rotation (§ 8). 

Die A.ufbauregel versuchen wir, wie gesagt, durch adiabatisches 
Zusammenfiihren der Kerne nach Hund zu gewinnen. Wir mochten aber 
bemerken, daLl wir zu mit den seinigen nicht ganz iibereinstimmenden 
Resultaten kommen. Beziiglich der Benennung der Terme weichen wir 
etwas von Mullikens Nomenklatur ab, da wir Namen wie azimutale 
Quantenzahl, S, P, D usw. Terme, auch bei Molekiilen, nicht auf ganz 
andere Begriffe anwenden wollen, als man sie gewohnlich bei Atomen 

Die o-Typ-Aufspaltung der .d - Terme kommt erst in der naehsten Naherung ~um 
Vorsehein, sie soUte also im Verhii.ltnis zur Aufspaltung bei ll-Termen klein sein. 

Was die Lage der beiden entstehenden Terme anbetrifft, wurde in Tabelle 1 
angenommen, daB die Summe (a) negativ ist. Dies ist nur dunn sieher, wenn 
unter dem betraehtetem ll-Term kein I-Term - wenigstens desselben M.ultiplett
systems - mehr liegt. 

* R. S. Mulliken, Phys. Rev. 28, 481, 1202, 1926; 29, 391,637, 1927; 
SO, 138, 785, 1927. 
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anwendet. 1m letzten Paragraph en geben wir eine vergleichende 'Tabelle 
der heiden Nomellklaturen *. 

1m folgenden denken wir uns in der Schrodingergleichung die 

Schwerpunktskoordinatell schon absepariert; Xl' Yl' Zl' ... , Xu, '!In' Zn be
deuten dann die kartesischen Koordinaten der Elektronen, ",ofiir wir 
auch l), l2' •.. , rn schreiben, X, Y, Z bedeuten die Koordinaten des 

einen Kerns, die des anderen Kerns sind dann Mt X 11ft Y -llf '-llf. t 
2 2 

- ~: Z, wenn JI1. und JI2 die l\Iassen del' beiden Kerne sind und wir 

den Schwerpunkt in den Ursprungspunkt unseres Koordinatensystems legen. 

Das Vertauschen der beiden Kerne bei Molekiilen mit gleichen 
Kernen bedeutet das Ersetzen von X, Y, Z durch - X, - Y, - Z. 

§ 3. Betrachten wir ein Molekiil mit zwei ungleichen Kernen. Wir 
sehen zunachst von der Rotation des ganzen l\Iolekiil ab und denken uns 
die Kerne auf der Z-Achlle fixiert, also X = Y = 0 angenommen. Das 
Problem bat dann die Z-Achse als Symmetrieacbse, jede durch Z gehende 
Ebene als Symrnetrieebene. Wenn wir also auch von den Entartungen, die 
durch die Gleichheit der Elektronen bedingt sind, fiir den Augenblick 
absehen, ist die Symmetriegruppe eine zweidimensionale Drehspiegelungs
gruppe. Sie hat (siehe F) zwei irreduzible Darstellungen vom Grade 1t 
bei beiden entspricbt einer reinen Drebung einfach die Matrix (1), d. h. die 
Eigenfunktion ist achsensymmetrisch. Bei der einen eDtspricht auch 
eiDer Spiegelung diese Matrix, bei der anderen die Matrix (- 1). Alle 
aDderen Darstellungen sind vom Grade 2. In ihDen entspricht eiDer 
Drebung urn den Winkel r die Matrix 

(ear 0 ) 
o e-ii.y 

(1) 

einer Spiegelung in der Y Z -Ebene die Matrix 

(~ (1 a) 

so daJ3 jeder positiven ganzen Zabl it eine Darstellung entspricht: it ist 
der Drehimpuls der Elektronen urn die Kernverbindungslinie, soweit er 
von ihrer Schwerpunktsbewegung berriihrt. Bei Termen, die zu einem 
der beiden ersten Darstellungen geh15ren, sagen wir, daJ3 it = 0 ist, und 

* Wie uns Herr F. Hun d freundlichst mitteilt, schlagt er in einer demnachst 
erscheinenden Arbeit fast genau dieselbe Bezeichnungsweise yor, die wir hier ver
wenden. 
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den zweiten der beiden Darstellungen unterscheiden wir noch durch einen 

Strich an der 0'. Die verschiedenen Arlen von Elektronentermen sind also 

benannt mit ). = 0, 0', 1, 2, 3, 4, ... (2) 

Zieht man noch die Gleichheit der Elektronen in Betracht, so hat jeder 

Term noch eine Darstellungseigenschaft der symmetrischen Gruppe gegen
liber, diese Darstellung bezeichnen wir mit z. 

§ 4. Bei einem }loleklil mit zwei gleichen Kernen kommt zur be
trachteten Symmetriegruppe noch die Spiegelung in der X Y-Ebene hinzu, 

die ganze Gruppe ist das direkte Produkt dieser Spiegelung mit der vorhin 

(§ 3) betrachteten Gruppe. Da in den beiden Darstellungen der einfachen 

Spiegelungsgruppe einer Spiegelung die .Matrizen (+ 1) und (- 1) (beide 
Darstellungen sind vom Grade 1) entsprechen, entstehen aus jeder der 

vorhin beschriebenen Darstellungen zwei Darstellungen unserer ver

gro13erten Gruppe. Wir erhalten sie, wenn wir denjenigen Operationen, 

die k e in e Spiegelung in der X Y -Ebene enthalten, dieselbe ]\I[atrix wie 
in § 3 zuordnen, denjenigen, die eine solche Spiegelung enthalten, ent

weder au c h diese Matrix oder die mit - 1 multiplizierle Matrix zu

ordnen. Im ersten Falle erhalten wir die Darstellungen, die wir mit 

0+, 0+, 1+, 2+, ... 

bezeichnen *, die des zweiten Falles bezeichnen wir mit 

0_, 0:"', 1_, 2_, ... 

(2 a) 

(2 a') 

§ 5. Wenn). nicht ° (besser gesagt. nicht ° oder 0' bzw. 0+, 0'+, 
0_ oder 0:"') ist **, konnen wir die beiden Eigenfunktionen, die zum 
selben Elektronenterm gehoren, mit 

!P+,l(Z, r l , ... , l'n) und !p-,l(Z, r l , ... , l'n) (3) 

bezeichnen. Ist). aber 0 bzw. 0', so haben wir nur je eine Eigenfunktion 

!Po (Z, rl , ... , rn) bzw. !po' (Z, rt , ••• , rn). (3 a) 

\Vir konnen in (3) und (3 a) neue Koordinaten einfiihren, namlich erstens 
die gegenseitige Konfiguration der Elektronen und Kerne, wofiir wir den 
Buchstaben g setzen und zur Bestimmung der Lage dieser Konfiguration 

im Ranme etwa den Winkel r, den die r1Z-Ebene mit der YZ-Ebene 

* Diese entsprechen den "in den Kernen symmetrischen" Eigenfunktionen 
von Hund, die 0_, O~, L usw. den "in den Kernen antisymmetrischen". 

** Wenn wir von). sprechen, oder wenn wir). als Index von Eigenfunktionen 
benutzen, verstehen wir unter ). immer das ganze Symbol von (2) bzw. (2 a), (2 a'). 
Wenn dagegen ). in einer Formel als Zahl vorkommt, bedeutet es nur den Zahlen
wert von)., den man also erhiUt, wenn man das Komma uud die + und -. wegliiOt. 
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einschlieJ3t. Wenn wir also fP±, J. (Z, r1 , ••• , rn) = fP±, J. (r, g) setzen und 
den Zustand urn den Winkel r' urn die Z-Achse verdrehen *, erhalten wir 

P'J{ fP:!:., J. (r + r', g) = e±iJ.y' fPt, i. (r + r', g) = fP± (r, g). (4) 

Wenn wir r = ° und flir r' wieder r setzen, ergibt dies 

fP±,i. (r, g) = e'tiJ.y fP±,i. (g). (4 a) 

Die Eigenfunktion des 1D der YZ-Ebene gespiegelten Zustandes 
sei cp, dann ist wegen (1 a) 

fP+, i. = fP-, J. und fP-, J. = fP+,.iI (5) 

wenn J.> 0. Sonst ist 

fPo = fPo und fPo' = - fPo" (5 a) 

§ 6. Wir nehmen nun an, wir hatten den Fall b) vor UIlS, 

d. h. Rotationsenergie gro1l gegen W echseL wirkungsenergie der Elektronen
magnete. Dann mlissen wir jetzt die Rotation des Molekiils berlick
sichtigen und die Kerne nicht mehr an der Z-Achse festhalten, sondern 
ihr Azimut rx und Polabstand {3 in die Wellenfunktion einflihren. Gleich
zeitig erhoht sich die Symmetrie unseres Problems, indem wir nunmehr 
eine dreidimensionale Drehspiegelungsenergie haben. Diese Tatsache 
reicht hin (wie wir sehen werden), urn die Abhangigkeit von rx und {3 zu 
bestimmen. Wir haben namlich, wenn 9( die Drehung mit den Euler
schen Winkeln a, {3, r ist **, 

Pm 1jJ!.J. (rx, (3, y, g) = 1jJ~J. (0, 0, 0, g) = ~ D!Il' (rx, (3, '}') .1jJ,::- (a, {3, '}', g). (6) 
,It 

woraus 
lJ. ""0 - 1 a ° 'IfJ,tt (rx, {3, '}', g) = L:J D!,. (a, (3, '}') 1jJv (0.0, ,g) 

l' 

folgt. Flir rx = {3 = ° wollen wir aber wegen (3) und (4a) 

1jJ,~IJ. (0,0, ')', g) = e- o.y fP+, J.(g) + cetlyfP_, dg) 

mit vorlaufig beliebigem c haben. Es folgt hieraus 

(6 a) 

lJ. -I -I 
1jJ,.,. (a, (3, r, g) = DII , ;.(a, (3, r) fP+, i. (g) + c D", -J. (a, (3, r) fP-, J. (g) (6 b) 

flir die Eigenfunktion mit der magnetischen Quantenzahl EL, der azimu
talen 1 (Rotationsquantenzahl) und dem Elektronendrehimpuls A. 1st 

* D. h. P'J{ 'P (Z, r1 t ••• t r,) bilden, mit 9l = Drehung urn die Z-Achse urn 
den Winkel y' (siehe I und II), 

** Wir erinnern uns aus F, daD bei dreidimensionaler Symmetrie jeder Term 
eine azimutale Quantenzahl hat und fUhren hierfUr den Buchstaben l ein. Dieser 
Term hat 2 l + 1 Eigenfunktionen, zu ihrer Unterscheidung fUhren wir .. ein: 
.. Jauft von - Ibis + I. 
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I.. = 0, so ist das zweite Glied auf der rechten Seite von (6 b) weg
zulassen. a, {j, r, 9 stehen fiir X, Y, Z, Xl'" Zn: es sind a, {J, r die 
Eulerschen Winkel, durch die X, Y, Z, Xl' ... , Zn so verdreht wird, daD 
Y' = X' = x~ = 0 wird, gist die gegenseitige Konfiguration der 
Teilchen. 

Zur Bestimmung der Konstante c miissen wir die Spiegelungs
symmetrie unseres Problems heranzuziehen. Unter der Spiegelung im 
Ursprungspunkt verstehen wir das Ersetzen von X, Y, Z, Xl' •.. , Zn durch 
- X, - Y, - Z, - Xl' ... , - z~. W ir konnen dies erreichen, wenn 
wir in (6 b) fiir lP+,i. und lP-,i. wegen (5) lP-,J. und lP+.i., fiira, {j,r 
aber TC + IX, TC - {j, TC - r setzen. F'iihren wir dies in (6 b) aus, so 
erhalten wir * 

;j;,~:' (a, (j, r, g) = e- i,u (;z + a) d,~. i. (TC - (J) e- ii. (;z - y) lP-, i. (g) 

+ ce-i.u (:t + a) d,~,. -i. (TC - (j) eO. (n - y) lP+. i. (g) 

= (- 1)Z+i. [e-i,ua cl,~, -i. ({j) eay lP-.}. (g) + ce- ilia d1, l,{{j) e- ii.y lP+, i. (g)], 

das letztere wegen 

d!, i. (TC - (j) = (- 1)1 + ,u d~. _ i.C{j). 

D b · 't' T -U+ 1/.+ b . t· -lJ.- lJ.-a el POSI Iven ermen 1/1,.. = 1/1~1 , el nega lven 1/1,.. = -1/1,.. 
sein muD, sind die beiden richtigen Linearkombinationen von (6 a) ** 
(abgesehen vom Normierungsfaktor) 

1/1~i. + = n!" i. (a, (j, r) lP+, i. (g) + (- 1)1 + I. D,~" -i. (a, (j, r) lP-, I. (g), 1 7) 

1/1~i.- = D~,i. (a, (j, r) lP+,i. (g) - (- 1)/+ i. D.~. -i. (a, (j, y) lP-, i. (g). f ( 
Wenn I.. = 0 oder 0' ist, faUt das zweite Glied in der Klammer weg, 
und wir erhalten bei I.. = 0 fiir gerade l nur positive, fUr ungerade 1 
nur negative Terme, fUr I.. = 0' umgekehrt fiir gerade l negative, fiir 
ungerade 1 positive Terme. 

Raben wir es mit einem ]folekiil aus zwei gleichen Atomen zu tun, 
so miissen wir noch bestimmen, ob die Eigenfunktionen (7) in bezug auf 
Vertauschung der Kerne symmetrisch oder antisymmetrisch sind. Zu 
diesem Zwecke miissen wir X, Y, Z durch - X, - Y, - Z ersetzen, 
was wir so tun konnen, daD wir zuerst lP in der Ebene senkrecht zur 

* Rier bedeutet also das Uberstreichen die Spiegelung im Ursprung. Dies 
ist eine etwas andere Transformation, als sie R. de L. Kronig (1. c.) benutzt 
hat. Sie hat den Vorteil, daB sie offenbar in die Symmetriegruppe des Mo1ekiils 
gehiirt, wli.hrend R. de L. Kronigs Transformation nur bei kleiner Rotation mi>g
lich ist (wir vermeiden auch seine Yittelang iiber ex). 

** Vgl. die Formel von R. de L. Kronig, 1. c. 
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Kernverbindungslinie spiegeln, bei Termen (2 a) andert dies niehts, bei 
(2 a') gibt dies einen Faktor - 1. Dann ersetzen wir r dureh 7t + r, 
was einen Faktor (- l)l ergibt. Diese Operationen lassen X, Y, Z un
geandert, ersetzen aber Xi, 1/t, $i dureh - Xi, - 1/i' - $i' \Vir mussen 
also noeh das Ganze im Ursprungspunkt spiegeln, was bei positiven 
Termen den Faktor 1, bei negativen den Faktor - 1 gibt. Die Eigen
funktion ist also symmetrisch in den Kernen, wenn sie z. B. der Spiegelung 
1m Ursprungspunkt gegenuber positiv ist, wir einen A.+-Term haben 

{/ngleiche /(erne (llelche /(erne 

l-O 1 /1 J 'I l- 0 1 Z 3 'I 

).- ..1. 
0+ If II Ii k+ 0 , IF E 
0- If If , E_ 

o~ l II lE; 0' E' , If I 
0:'" E!.. I II II I 

1f- II! LI I'X+ 1 I I I , HI I"X 1_ III ±H III 111 x_ 

2f- t 1 l' I I L1.,. 
E LI III III I 

2_ !II III !! I L1_ 

J.,. LI IU.B.,. J I" .B .8_ J_ 1 1 

I I I I 1 MolJslob I I I 
0 2 G 13 20 0 2 6 12 30 

x kombinierl nur mit I x kombinierl nvr mit I 
x 

~ l 

1 l!. 

Lll-o, ±1; L1A.-~± 1 

Fig. I. 

und A. gerade ist. Fehlt eine gerade Anzahl dieser V oraussetzungen, 
dann haben wir eine symmetrische, wenn eine ungerade Anzahl nicht 
zutrifft, eine antisymmetrische Eigenftmktion. Obwohl wir noeh die 
Spinkoordinaten der Elektronen einfuhren mu.Bten, wollen wir die ge
wonnenen Ergebnisse in der Fig. 1 zURammenstellen *. Jeder horizon
tale Strich reprasentiert einen Typ von Elektronensehwingungstermen, 
links davon die Darstellungseigenschaft des Elektronenterms § a und 4, 

• Die Figur gilt natUrlich g e n a u fiir Singuletts. 
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1 bedeutet die Rotationsquantenzahl, positive Terme sind dureh X, nega
tive dureh I angegeben *. In den Kernen symmetrisehe sind nieht weiter 
bezeiehnet, in den Kernen antisymmetrisehe dureh einen kleinen Strieh 
unter dem ~ oder 1.. Die Auswahlregeln, die aueh bei Hinzunahme der 
magnetischen l'Iomente der Elektronen streng gelten, sind: positive Terme 
kombinieren nur mit negativen, negative mit positiven. In den Kernen 
symmetrisehe bzw. antisymmetrisehe Terme kombinieren nur unter sieh. 
Die Regel .d 1 = + 1 oder 0 gilt nur bei kleiner Multiplettaufspaltung, 
was wir allerdings im Falle b) voraussetzen konnen. Die Regel 
L1}' = + I, 0 gilt nur, solange aueh die Rotationsaufspaltung klein ist, 
praktiseh ist sie gut erfiillt **. Der horizontale ~fa3stab ist in der 
Tabelle natiirlieh verzerrt und entsprieht nieht dem energetisehen, dieser 
ist vielmehr 1 (1 + 1) und ist unten aufgetragen. 

Wir sehreiben noeh die Bandentypen auf, wie sie sieh aus dem 
Vorangehenden (7) ohne weiteres ergeben und aueh aus der Tabelle (ab
gesehen vom Verbot 0 ++ 0') abgelesen werden konnen. 

0++0 
0++0' 
0'++ 0' 

0,0'++ 1 

Ungleiche Kerne. 

P und R 
Nichts 

P und R 

Zweig 

i, ++), 
i,++},+1 

P, Q und R 
P,P, Q. Q. R.R. 
P,P. Q,Q. R.R. 

0 ... _0 ... 
o~_o~ 
0+_0_ 
0 .. _0:' 
o~ _ 0:' 

O+.O~ _1+ 
0_.0:' _1+ 

),+ - i,+ 
), ... -}.-
l~ ++ (1+ 1)_ 
},+ ++ (1 + 1)+ 

Gleiche Kerne. 

0 __ 0_ 

0:' _ 0:' 
O~ ++ 0:' 0 __ 0:' 

0_ ++ O~ 
0_.0:'- L 
0_.0:' ++ L 

l_ ++ i,_ 
i, _ _ ),+ 

), __ (i, + 1)+ 
i, _ _ (i.+1)_ 

! Nichts (Ausfall der rein en 
Rotationsschwingungsbanden) 

P und R Zweig 
Nichts 

" p. Q. R Zweig 
Nichts 

" P. p. Q. Q. R. R. Zweig 
Nicbts 
p.P. Q.Q. R.R. 

* Unter positiven bzw. negativen Termen verstehen wir also - cbenso wie 
bei Atomen - solche, deren Eigenfunktionen sich bei der Spiegelung im Ursprungs
punkt mit + 1 bzw. - 1 multiplizieren. Bei Atomen wird der Spiegelungscharakter 
(siehe II) durch die Summe der Azimutalquantenzahlen 11 + ... + I" der einzelnen 
Elektronen bestimmt. 1st diese gerade. so haben wir es mit einem positiven. ist 
sie ungerade. mit einem negativen Term zu tun. 

** Die Auswahlregeln leitet man aus (7) leicht abo 
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Es tritt also bei gleichen Kernen die zusatzliche Regel auf, daB A+-Terme 

mit A+-Termen mit L1 A = + 1 und A_-Terme mit A+-Termen mit 
L1 A = 0 kombinieren. Der Wortlaut dieser Regel stimmt mit dem 

"\Vortlaut der Laporteschen Regel iiberein *, wenn wir 1 fiir A sagen, so 

daB es na.heliegend ist, alle Auswahlregeln, die hier auftreten und fUr die 
Molekelspektrencharakteristisch sind, folgendermaBen zusammenfassen: 

A andert sich bei einem Ubergang um + 1 oder 0, bei gleichen Kernen 

ist bei L1 A = + 1 nur der Ubergang von A+ zu (A + 1)+ oder A_ zu 
(J. + 1)_, bei L1 J.= 0 von J.+ zu A_ mUglich; 0 ~ 0 und 0' ++ 0' 

gibt P- und B-Zweig, 0 ~ 0' ist verboten, 0 ~ 1 oder 0' ~ 1 gibt 

einen po, einen Q- und einen B-Zweig; A ~ A oder A ~ A + 1 gibt 
zwei po, zwei Q- und zwei B-Zweige. 

AuBer diesen gilt noch die Regel L1 Z = + 1, 0, solange die 
Multiplettaufspaltung klein ist (also praktisch immer), und die RegeIn: 

x kombiniert nur mit I bzw. I nur mit x, vollkommen streng. 
Wenn der Kern keinen Drehimpuls hat, so fallen im Molekiil mit 

zwei gleichen Atomen entweder die Linien x und I oder die Linien ~ 

und 1. ganzlich fort. 1m ersten Falle haben die Kerne Fermische, 

im zweiten Falle Bose-Einsteinsche Statistil{. 1st der Drehimpuls des 
nh .. 

Kerns 4 n' so ist das Verhiiltnis der Intensitat der Ubergange zwischen 

den in den Kernen symmetrischen Termen (zwischen x und j) zu der 
lntensitat der Ubergange zwischen den in den Kernen symmetrischen 

Termen ~ und 1.) gleich n + 2 bzw. ~2' je nachclem die Keme 
,~ n + 

Bose-Einsteinsche oder Fermische Statistik haben **. 

§ 7. Wir wollen noch die magnetischen Momente der Elektronen 
beriicksichtigen. Die jetzt darzustellenden Verhiiltnisse des Falles b) 

sind bei allen Termen der leichten Elemente (etwa bis A) und bei allen 

~-Termen realisiert**. Wir kUnnen nach II sofort sagen, daB, wenn 

die Partitio des Terms (3) bzw. (3 a) aus z-Zweiem und n - 2 z = 2,' 
Einsern besteht (1~ Anzahl der Elektronen im Molekiil), dann aus 

einem Term mit l < in - z = r die Terme mit den 2 Z + 1 inneren 

Quantenzahlen j = r -1, r -l + 1, ... , " + 7, aus einem Term mit 

* Trotzdem hat dies niehts mit der eigentlichen Lap 0 r t e schen Regel zu tun, 
da diese das Verbot von X ~ X und I ~ I bedeutet und bei ganz beliebiger 
Wechselwirkung streng, wiihrend diese Regel nur bei kleiner Rotationsaufspaltung 
gilt. Eine iihnliche Regel hat F. HUD d I. c" aDgegeben, 

** F. Hund, I. c. 
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1 > in - z = r die 2 r + 1 - 'l'erme mit den inneren Quantenzahlen 
i = 1 - r, 1 - r + 1, ... , l + r entstehen. Auch die Eigenfunktionen 
konnen wir nach (9) von III leicht hinschreiben, indem wir 

. "". I W;,. (rl' ... , rn; 't't' .•. , on) = Lj S;"k (1', 7) zCkE ; 'fl, "" 'fn t/Jm-k, E (rt' .. " I'll) 
Ek 

fUr (7) einsetzen, erhalten wir: 

jlJ.±( f.I ) Wm a,p,,},, 9i "1' ... , 1:" 

= :2 S!nk (1, /') [15k,,(a, 13, '}') tp~,2 (g) + (- 1)1+2 nt-i, (a, 13, '}'). tp~, i. eg)] 
k, E 

CZ 
m-k]~; 'l'h" 0' "fn • (8) 

Zur Unterscheidung del' C) -C.:. 1) zur Partitio z gehorenden Eigen

iunktionen tp haben wir den Index 8 eingefiihrt *. 1st J,. = 0, so ialit 
der zweite Summand in del' eckigen Klammer weg. 

Das Termschema wird hierdurch schon reichlich kompliziert, man 
muB sich z. B. bei einem Triplettsystem vorstellen, daD aIle Terme del' 
Fig 1 (abgesehen von denen mit 1 = 0) dreifach werden. Beziiglich 
del' Intensitaten miissen wir uns vor Augen halten, daD wir es hier -
ganz genau so, wie in III - mit einem spinfreien Term mit del' 
Azimutalquantenzahl1 und del' Partitio z zu tun haben, aIle in III ab
geleiteten Regeln bleiben best,ehen. Da wir indessen also z. B. bei einem 
Triplettsystem schon aus einer Linie sechs bzw, sieben Linien erhaltell, 
die aIle sehr nahe zueinallder sind, wird die :hiultiplettfeinstruktur dieser 
Banden schwer analysierbar sein**. Theoretisch kann man sie leicht ab
leiten, wenn man sich nur das Gesagte vor Augen halt, daB wir namlich 
einfache l\Iultipletts aus jedem der in Fig. 1 angegebenen 'rerme er
halten. In dieser Weise ergeben sieh auch die Intensitatsformeln. 

1m Sinne von III ist namlich die Summe der Ubergangswahrsehein
liehkeiten aus e i n em oberen Zustand (mit bestimmtem m, j und 1) in 
alle unteren Zustande mit vorgegebenem l' (samtliche m' und j') gleich 
del' Summe del' Ubergangswahrseheinlichkeiten, die man berechnet, wenn 
man die Elektronenmagnete nich t einfiihrt und die von einem tn und 1 
ausgehenden Ubergange in ein 1', abel' ebenfalls alle m', betrachtet. 

oil Beziiglich der Bezeichnung vgl. III. 
oil. G1iicklicherweise sind immer nur die Linien mit d l = d j intensiv, wie 

man sich mit liilfe der Intensitatsregeln bei normalen Kopplungsverhaltnissen 
(mit denen wir es hier eigentlich zu tun haben) (Summenregeln) leicht iiberlegt. 
Eine Auswahlregel, die die Linien d l =1= d j verbieten wiirde, wie sie vielfach 
angenommen wurde, scheint jedoch nicht zu existieren (siehe das Folgende). 
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Om aIle 1ntensitatsverhaltnisse zu beherrschen, mUssen wir also nur 
diejenigen von Ubergangen mit verschiedenen 1 und p. in verschiedene 7' und 
p.' berechnen. Dies leisten uns im wesentlichen die Honl-Londonschen* 
Formeln, die man mit Hilfe von (7) und einiger weiterer Formeln ** leicht 
ableitet. 

Hiermit haben wir den Fall b) erledigt und gehen zu a) Ub.er. 

§ 8. 1st die Multiplettaufspaltung groB der Rotationsaufspaltung 

gegenUber, so mUssen wir zuerst die magnetischen Momente der Elek
tronen berUcksichtigen und erst daun die Rotationsfreiheitsgrade der Kerne. 

Wir gehen also von (5) bzw. (5 a) aus und fuhren die Spinkoordi

naten Sl' ••• , Sn ein. A us einem 'rerm mit der Partition z entstehen 
n - 2 z + 1 = 2 l' + 1 neue antisymmetrische Terme *** mit den Dreh
impulsen UID die Kernverbindungslinie t = + (). -1'), + (). - r + 1), 
. , ., + (). + r). Den Spinimpuls um die Kernverbindungslinie bezeichnen 
wir mit 'YJ, er kann also die Werte - r, - ,. + 1, ., 0, I' annehmen, der 

gesamte Drehimpuls ist t = + ('YJ + ).). Wir haben fUr die Eigen
funktion **** 

(9) 

Die GroBe 'YJ durchlauft dabei alie Zahlen von - r bis + ". Zu einem 
Elektronenterm gehOren die in (9) mit + unterschiedenen beiden Eigen
funktionen, Eigenfunktionen mit verschiedenen 'YJ gehoren zu verschiedenen 
Elektronentermen. Wenn wir jetzt wieder die Rotation des Molekiils 
berUcksichtigen, mussen wir zwei neue Koordinatell ~ und (3 einfiihren, 
die Azimut, und Polabstand der Kerne bestimmen, Die Symmetriegruppe 
des Eigenwertproblems erhoht sich indessen zu einer dreidimensionalen 
Drehspiegelungsgruppe, was wiederum genUgen wird, urn die Abhangig. 
keit von ~ und (3 zu bestimmen. Es gilt namlich, wenn j die innere und 
m die magnetische Qualltenzahl ist und ~ die Drehung mit den drei 

Enlerschen Winkeln ~, (3, r: 
09{'P'f,'1 l ±(ft., (3, r, gj Sl"'" SlI) 1 

= ~ D~v(ft., (3, r) 'P'~'1H (ft., (3, r, gj Sl' ••• , s,,) ~ (10) 

= ::8 a'l ..... 8,,; tt • .... tn (ft., (3, r) 'P'!.'1 H (0, 0, 0, 9 j tp ... , til)' J 
tt • . 0 o. til 

... ZS, f. Phys. 88, 803, 1925. 
** Ebenda 40, 601, 1927. 

*** Die Bezeichnungen sind wie in II Wld III. 
**** Siehe III. 
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woraus 

( R ) 7TI,j'l J.± 0 0 0 ) 0 .a'l''''''njt1, ... ,tn a,t',1' r,. (,' ,gjtl , •.. ,tn (1 a) 

folgt. Setzen wir hierin a = p = 0, so mu13 die Abhangigkeit von 
1', g, 81 , ••• , 8n durch (9) gegeben sein. Wir erhalten also * 

1J!~7jJ.(a, p, 1', gj 81 , ••• , 8n) 

= :2 15~, J. + 7j (a, p, 1') a8l , ... , Bn j tll ... , tn (a, p, 1') . 0;, 8j tlo ... , tn fP~, J. (g) 
e, tt, ... , tn 
-j Z 8 

+ cDm, -7.- 'I (a, p, 1') a'b ... , 'n j tl, ... , tn (a, p, 1') 0_'1, Ej t1, ... , tn fP-,J. (g), (10 b) 

was mit Hilfe der Formel (5) von III 

1J!-!t, (a, p, 1', 9 j 8p ... , 811) 

_ '" {15 j (R )D1/2 n - Z ( R ) OZ 8 (g) - ~ m,J.+ 7j a, t', l' 1', 'I a, t', l' 1', Ej 811 ••• , 8n rp+,J. 
e~. 

+ cjj~, -l,-'1 (a, p, 1') D~,2!:,:;;Z(a, p, 1') 0;, Ej 810 ... , 8n rp~,l (g)} (lOc) 

ergibt. Hierin miissen wir noch c bestimmen, was ebenso wie in § 5 
mit Hilfe der Spiegelungssymmetrie unseres Problems geschieht. Wenn 

wir namlich in 1J! die Koordinaten X, Y, Z, Xl' .•. , Zn durch - X, - Y, 
- Z, - Xl' ... , -;- Zn ersetzen, miissen wir, je nachdem der Term positiv 
oder negativ ist, + 1J! oder - 1J! erhalten. Anstatt das Vorzeichen der 

Koordinaten zu andern, kl>nnen wir auch fP~,J. und rp~,). durch rp~,l und 
rp~,)., auBerdem a, p, l' durch 7t + a, 7t - p, 7t -1' ersetzen. Wir er
halten (abgesehen vom Normierungsfaktor) ** 

jf/A ± ( R ) lfFm a, t', 1', gj 81 , ... ,811 

(11) 

Diese Formel gilt auch fiir £ = '1'/ + A = 0 oder '1'/ = O. Fiir A = 0 
gilt sie hingegen nicht, was aber fiir uns nichts ausmacht, da wir es bei 
). = 0 immer mit dem Faile b) zu tun haben. 

§ 9. Bevor wir zur Aufbauregel iibergehen, wollen WIT die 
Auswahlregeln der Ubergange zwischen Termen vom Falle a) berechnen. 

* 0= . t t ist nur fUr tl + ... + t = 'T/ von 0 verschieden. 
" 'I, 11···' n n 

1 ** '2 n-z = r. 
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Wir haben das Integral 
Jw~'1J.+ ijf~''1'I.'- XS 

auszuweden, wenn wir mit XS das Moment 

(X3 = Zl + ... + Zn + Z. Kernladungszahl) 

(12) 

bezeichnen. Fur X 3 konnen wir auch :2 D~ y (a, ~,r) X; setzen, wenn wir ,. 
unter X; die Momente im Koordinatensystem verstehen, der auch zur Be

schreibung von g dient. (Seine Z-Achse lauft durch den Kern, seine 

X Z-Ebene durch das erste Elektron, siehe § 5.) Setzen wir (11) in 
(12) ein, so lassen sich die auftretenden recht lang en A usdriicke auf

fallend leicht berechnen. AuBer den bekannten Auswahlregeln (Llj = + 1 

oder 0; LI 1 = + 1 oder 0; usw.) erhalten wir noch die: LI fJ = 0, 
was dem Ausfallen sehr vieler Linien Rechnung tragt*. 

W ir wollen noch die erhaltenen Resultate kurz zusammenfassen. 

1. Ungleiche Kerne. 1m FaIle b), also bei leichten Elementen und 

allen E-Termen, wird ein Feinstrukturterm bestimmt durch den Elektronen

drehimpuls 1, der die Werte 0, 0', 1, 2, 3, ... durch die Azimutal

quantenzahl 1, die nur ganzzahlige "\Verte 0, 1, 2, ... annehmen, durch 

den positiven bzw. negativen Charakter und durch die innere Quanten

zahl j, die aIle Wede 11- 1·1, 11- rl + 1, ... , 1 + r annehmen kann. 
Mit 2 r + 1 ist die Multiplizitat des Terms ** bezeichnet, so daB j bei 
Molekulen mit ungerader Elektronenzahl halbzahlig ist, bei gerader 
Elektronenzahl ganzzahlig ist. Die Auswahlregeln sind bei der Tabelle 1 
fiir 1, lund Spiegelungscharakter beschrieben, fur j gilt LI j = + ], 0, 
Wle Immer. Auch die Intensitaten sind, wie im FaIle normaler Serien
spektren, die sie auch in Hinsicht der Multiplettstruktur sind. 

1m FaIle a), also bei II-, LI- usw. Termen schwerer Elemente, 
wird ein Term durch den Elektronendrehimpuls 1, der aIle ganzzahligen 

Wede (bei II-Termen 1, LI-Termen 2 usw.) annehmen kann, durch das fJ, 
das von - r bis + r lauft, durch die innere (Rotations-) Quantenzahl j, 

die die Wede 11 + fJl, 11 + fJl + 1, 11 + fJl + 2, ... annehmen kann, und 
durch den positiven bzw. negativen Charakter des Terms bestimmt. Die 
Auswahlregeln sind LI 1 = + 1, 0, positive Terme kombinieren nur mit 

negativen und umgekehrt, LlfJ = ° und Llj = + 1 oder 0. 
Bei den Kombinationen vom FaIle a) zum FaIle b) (E - II- tJber

gange bei hoheren Elementen) geIten nur die RegeIn LI j = -I- 1, ° j 
* Diese Regel ist schon bekannt (siehe Zitate in § 1). 

** Also im Singulettsystem r = 0, im Dublettsystem r = 1/2 USW. 
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L1}" = + 1, 0, und daJ3 positive Terme nur mit negativen und umgekehrt 
kombinieren. In den Diagrammen findet man gewohnlich noch einige 
Linien punktiert angegeben, diese sind jedoch keine verbotenen Ubergange, 
auch wenn man die Rotations- und Multiplettenergie als klein annimmt, 
sondern nur solche, deren Intensitaten sich bei der Berechnung als 
verhaltnismaJ3ig klein herausstellen. 

2. Molekiile mit gleichen Atomen. Fur Molekiile mit zwei 
gleichen A tomen geHen zunachst a II eRe gel n, die soe ben angege ben 
worden sind, naturlich ebenfaIls. Es kommen nur einige weitere 
Auswahlverbote hinzu, die darauf beruhen, daB Terme, die in den Kernen 
symmetrisch sind, nicht mit Termen, die in den Kernen antisymmetrisch 
sind, kombinieren. Hierdurch werden nicht etwa Intensitatsregeln ver
letzt, da diese nur das Intensitatsverhaltnis solcher Linien bestimmen, die 
entweder aIle ausfallen, oder aIle vorkommen. 

'Vir mussen also nur noch bestimmen, welche Terme von den vorhin 
beschriebenen symmetrisch und welche antisymmetrisch in den Kernen sind. 

1m FaIle b) ist dies einfach dadurch geschehen, daJ3 wir bemerken, 
daJ3 das Hinzufugen der magnetischen Momente der Elektronen an der 
Symmetrie bzw. Antisymmetrie des Terms in bezug auf die Kerne nichts 
andert. 1m Triplettsystem entstehen z. B. aus einem ~-Term mit l> ° drei 
Terme mit j = I- 1, I, 1 + 1, aber alle sind ebenfalls ~-Terme. Etwas 
genauer mussen wir uns den Fall a) iiberlegen. Die Frage ist hier, ob 
7Jf~"'J.± eine symmetrische oder antisymmetrische Funktion der Kerne ist, 
d. h. ob sie das Vorzeichen bei dem Ersetzen von X, Y, Z durch - X, 
- Y, - Z beibehalt oder verandert. Wie spiegeln zunaehst wieder die 
Elektronen in der Symmetrieebene der Kerne, was einen Faktor + I oder 
- I gibt, je nachdem A. aus (2 a) (1..+) oder (2 a') (1.._) stammt. Dann 
ersetzen wir r durch % + y, was den Faktor (- l)l ergibt. J etzt baben 
wir Xl' ••. , Zn durch - Xl' ... , - Zn ersetzt, wahrend X Y Z unverandert 
blieben. Wir ersetzen noch alle Koordinaten durch ibre negativen 
Werte, d. h. spiegeln das System im Ursprungspunkt, was den Faktor 
+ 1 ergibt. 

In den Fig. 2 und 3 sind wiederum einige Diagramme fiir den 
Fall b) bzw. a) gegeben. 

§ 10. Das Aufbauprinzip. Wenn man die Elektronen unter dem 
EinfluJ3 von zwei sehr weit voneinander festgehaltenen Kernen betrachtet, 
so ist es leicht, die Eigenfunktionen und Eigenwerte dieser Zustiinde 
anzugeben. Die Eigenfunktionen sind eillfach Produkte der Eigen-
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funktionen von zwei Atomzustanden, der zugehOrige Eigenwert ist die 
Summe der betreffenden Eigenwerte der Atome. Man wird also * die 
Eigenfunktionen und Eigenwerte in dem Falle, daB die Rerne nicht mehr 
sehr weit von einander sind, so zu berechnen versuchen, daLl man die 
weit getrennten Rerne einander nahert. Wenn sie schlieLllich in einem 
Punkte zusammengetroffen sind, kennt man die Eigenwerte wieder (aus 
spektroskopischen Daten), da wir es dann mit einem Atom zu tun hahen. 

l/n.glelche /(erne 

l - 0 1 2 

A. 

0 U II IUE 

j-~ 1.1 .Is. 
22 22 

0' I HII II 
J-~ 1J. .15-

22 22 

1 JOII I 3J."1 j- H1.~ 2 i2 

0 II III tum 
j-1 012 123 

liT/! b 
tlleiche )ferne 

J l = 0 7 
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0.,. If !! 

H IE j-~ 1~ 
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22 
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Uh 7;' j- f H 5.:1 
22 O!. I till 
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Triplelterme(r-1j 

0+. " III 
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Der Vorschlag, die Elektronenterme der Molekule auf diese Weise 
abzuschatzen, stammt von F. Rund*. W. Reitler und F. London** 
machen dagegen geltend, daLl nicht alIe auf diese Weise berechneten 
Energiewerte stationaren Zustanden des Molekuls entsprechen werden, 
viele vielmehr im kontinuierlichen Spektrum liegen werden. 

* F. Hund, 1. c. 
** W. Heitler nnd F. London, ZS. f. Phys. 44, 455, 1927. Anch aUB den 

Oberlegungen von M. Born und J. R. Oppenheimer (I. c.) scheint dies hervor
zugehen. Vgl. anch F. Hund, 1. c. S, 761. 
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Diesem Umstand wollen wir Rechnung tragen, indem wir folgender
ma.l3en verfahren. Wir denken uns zunachst die weit getrennten A tome 
einander genahert und berechnen, was fiir Elektronenterme des Molekiils 
aus zwei bestimmten Atomtermen entstehen. Diese Terme nennen WIT 

Fall CL. 

IIngleicl1e J(eme Cleiche /(erne 
1'-0, 1/-0 in Tobelle 1 

7 
"2 

r-f 

,,, If' 'If a.xt-lJ 

III Ifl 'hI-V 

7 
"2 

A. 
4----~I~r_~ll~I--~"~,~~/E 
1_ 1" If, 'If a.zjJ) 

'" '" tJ+IJJ 
'" "I z.tj./1J 

1J--/ 

1 '" , " " I I II a.z(- iJ 

r-1 

i-o 1 2 J 

1 H' III ".R:(I) 

1J-0 

1 ----!-I, , ..... ----,0+. 1--+1_11 "z(Oj 

77-- 1 

1 III III '" 1,,".R:(-1} 

2 "I " III iJ(-1) 

1+li' '" lil '" ".71:+(-1) 
1_ '" 1" "' J:!I~-(-f) 

i-o 1 2 .J 

"I 'li 7.,.(1) 
,,' i" '!x_II} 

1+----'1-:!!"t--~1 -1-1 --II-:!!:" "X+(O) 

1_ J:!. "' '" "!7i:-(o) 

1+!!1 I" !il Iol!o Z+f-1) 
1-"i '" U± IH"'x-!-1) 

i3+ "I '" '" 'l:1+f-1) 
2- II I I:!! :It I "2:1_(-1) 

Fig. 3. 

die "gruppentheoretisch mHglichen Terme", da man bei ihrer Bestimmung 
nur von gruppentheoretischen tJberlegungen ausgeht und auf energetische 
Fragen keinerlei Riicksicht nimmt. Zweifellos ~cheint, daB alle Terme, 
deren Energie bei gro.6en Schwingungsquantenzahlen zu dem betreffenden 
Energiewerte der getrennten Atome konvergiert, auf diese Weise erfaLlt 
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werden, wir werden sogar im allgemeinen viel mehr gruppentheoretisch 

mogliche 'ferme haben, als wirkliche existieren. 

N ur zur weiteren Abschatzung der Molekelterme werden wir die 
Terme des Atoms, das durch Vereinigen der beiden Kerne entsteht, 

benutzen. Dabei muLl man bei der Zuordnung streng auf die Aufrecht
erhaltung samtlicher Symmetrieeigenschaften achten *. Solche ngruppen
theoretisch moglichen Terme", denen auf diese Weise kein tiefliegender 
Atomterm des Atoms mit vereinigten Kernen zugeordnet werden kann, 
muLl auch seIber hoch - wahrscheinlich im kontinuierlichen Spektrum 

- liegen. Er existiert vom spektroskopischen Standpunkte aus nicht. 

Die Bestimmung derjenigen moglichen Terme, die zu diskreten stationaren 

Zustanden des Moleklils fiihren, ist eine recht schwierige Aufgabe, die 

man wahrscheinlich nur - wie bei Atomen - an Hand von erfahrungs
maLlig bewahrten Modellen losen konnen wird. 

Flir ungleiche Atome in S-Zustanden hat F. London ** die ngruppen
theoretisch moglichen Terme" bereits bestimmt. Er geht yon Glei
chung (14) fiir die Eigenfunktionen aus, die eine Darstellung der sym
metrischen Gruppe von 1n + m' = n E1ementen vermitte1n. Er reduziert 

diese Darstellung aus und bestimmt die irreduziblen Bestandteile nach 

einer sehr schonen Methode, womit seine Aufgabe gelost ist. Da die 
Ausdehnung seiner Resu1tate auf P-, D- usw. Terme keinerlei Schwierig

keiten bietet, hat er die moglichen Terme bei ungleichen Atomen eigentlich 
bestimmt. 

Etwas anders steht es bei gleichen Atomen, namentlich in dem -
praktisch sehr wichtigen - FaIle, wenn sie im selben Zustand sind. Hier 
miillte man eine wesent1ich kompliziertere gruppentheoretische Aufgabe 
losen ***, die wir, obg1eich sie durchaus losbar ist, umgehen wollten. 
Deshalb haben wir eine von der seinigen wesentlich abweichende Dar
stellung gegeben, die auch im FaIle von ungleichen Atomen etwas ein-

* Bei F. Hun d ist dies nicht der Fall. Wir glauben, da.O zum Teil dies 
die schlechte Ubereinstimmung seiner Resultate mit der Erfahrung verursacht. 

** ZS. f. Phys. 50, 24, 1928. Bei der Abfassung dieser Note kannten wir 
bereits seine Ergebnisse und mochten ihm hierfiir auch an dieser Stelle bestens 
danken. Vgl. auch W. Heitler, ZS. f. Phys. 47, 835, 1928. 

*** Das Bestimmen der irreduziblen Darstellungen derjenigen Gruppe, die 
folgende Permut.ationen von 2 m Elementen enthiilt: 1. Diejenigen, die die ersten 
n Elemente unter sich nnd die letzten n Elemente nnter sich permntieren. 2. Die
jenigen, die die ersten n Elemente an die letzten n Stell en, die letzten n Elemente 
an die ersten n Stellen bringt. Dann mii.Ote man wieder bestimmen, welche 
irreduziblen Darstellnngen dieser Gruppe in einer ins Auge gefallten Darstellung 
der ganzen Permntationsgruppe enthalten sind. 
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facher zu den mit den seinigen aquivalenten Resultaten ftihrt, wahrend sie 

bei gleichen Atomen eine vollstandige Bestimmung aller Symmetrie

eigensebaften gestattet. 
Auch die zweite Frage beztiglich der wirklichen Existenz der 

nmoglichen" Terme wird von London untersucht. Er stellt gewisse 

Formeln auf, die indessen notwendigel'weise gewisse Integrale entbalten, 

tiber die wir nichts wissen. Unsere Methode hat den Vorteil, daB sie 
mit viel einfacheren Hilfsmitteln als die strengeren Recbnungen von 

London auskommt. 

§ 11. Best i m m u n g d erg r u p pen the 0 ret is c h m 0 g Ii c hen 

Term e. Urn die). und Partitio (z) des ganzen Molektils zu bestimmen, 
gehen wir zuerst von unendlich weit getrennten Atomen aus, in denen 

die Spin der Elektronen schon berticksichtigt sind. Durch Zusammen

fiihren erhalten wir die vorkommenden £ = ). + fJ und, sofern es not
wendig .lst, den Spiegelungscharakter (§ 11). Wenn wir andererseits 

die Atome, ohne die Spin einzuftihren, zusammenbringen, erhalten wir 

ohne Weiteres die Zahlenwerte der vorkommenden t... Wenn auch die 
Partitiones dieser Terme bekannt waren, konnten wir aus den ). und $ 

die £ berechnen (§ 7). Umgekebrt konnen wir, da wir die £ schon (aus 
der ersten Uberlegung) kennen werden, aus ihnen die Partitiones $ be

rechnen (§ 12). 
A. Betrachten wir zwei unendlich weit getrennte verschiedene A tome 

Der eine Kern liege im Punkte 0, 0, Z, der andere in 0, 0, Z', 

wobei Z' = - 1112 Z ist. Die beiden Atome sind, jedes ftir sich, lD 
lYJ1 

stationaren Zustanden, das erste hat m Elektronen, die innere Quanten
zahl j und die Eigenfunktionen 

1/1", (Xl' Yl' $1' ... , Xm, Ym, Zm; SI' ... , Sm) 
(p, von - j his j), 

(13) 

das zweite m' Elektronen, die inneren Quantenzahlen j' und die Eigen
funktionen 

1/1~'(Xm+ 11 Ym+ 11 $m+ 1,···, Xm+m', Ym+m', $m+m'; Sm+ 1,···, Sm+m') (l3a) 
(p,' von - j' his n. 

Die Hyperfunktionen 1/1", und 1jJ~, sind antisymmetrisch. Die Eigen-
funktionen des ganzen Zustandes sind die Hyperfunktionen 

"iJI'",,,,'all ...• am (rI' ... , rm+m" St' ... , Sm+m') 

= 1/1,u (ral - Z, ... , ram - Z j Sal' ... , Sam) 

.1/1:,,(ra + -Z', ... ,ra + ,-Z'jSa + "",Sa + ,), 
r m 1 m m m 1 m .m (14a) 
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worin Z und Z' als Vektoren mit den Komponenten 0, 0, Z bzw. 0, 0, Z 

aufzufassen sind. In (14a) haben wir (2 j + 1) (2j' + 1) en ~ m) 
linear unabhi!.ngige Eigenfunktionen, da es wegen der Antisymmetrie der 1/J~, 

und 1/J~' weder auf die Reihenfolge der (.11:1' ••• , (.II:m noch der (.II:m + l' ... , 
l.Ii:m+m' in der Permutation (.11:11 ... , (.II:m, (.II:m+I, ... , (.II:m+m' ankommt. Bei 

einem bestimmten p. und p.' haben wir noch (m ~ m) Eigenfunktionen, 

von denen man aber nur eine antisymmetrische Linearkombination bilden 

kann *, namlich 

1J! ~~' = ~ E!It 1/JI-' (ral - Z, ... , ram - Z; Sal' ... , Sam) 
!It 

.1/J:,,(ra + -Z', ... , ra + ,-Z', Sa + , .•.. Sa + ,), (15a) 
r mi mm m1 mm 

worin ~ die Permutation (.11:1' ••• , (.II:m, (.II:m + 11 ... , (.II:m + m' der Zahlen 
1, 2, ... , m, m + I, ... , m + m' und E!It = 1 oder - I, ie nachdem 
diese gerade oder ungerade ist. 

Aus (15a) ersehen wir, daB wir zu jedem Paare p., fL' eine 
Eigenfunktion erhalten, die sich bei der Drehung um die Z-Achse 
mit dem Winkel " mit eH/L + ~') r multipliziert, den Drehimpuls fL + p.' in 
dieser Richtung hat. 

B. Bei zwei gleichen Atomen in verschiedenen Zustanden haben 
wir aul.ler (14a) noch die Eigenfunktionen 

= 1/J~ (ral - Z, .. ,', ram - Z; Sal' •.. , Sam) 

.1/J/L,(ram+I-Z', .•. ,ra2m-Z'; Sam +1"'" Sa2m)' (14 b) 

es ist diesmal Z' = - Z und m = m'. Wir haben zu jedem Paare p., fL' 
zwei antisymmetrische Hyperfunktionen, namlich auBer (15 a) noch 

1J!~~, = :8 E!It 1/J~ (ral - Z, , .. , ram - Z; Sal' .•. , Sam) 
!It 

• 1/JII' (ra + 1 + Z, ... , ra2 + Z; Sa + 1 S(2)' r. m m m, ... , m (15 b) 

* Man kann ja auch in dem Falle, daD aHe (m + m')! voneinander linear 
unabhangig sind, nur eine bilden. 
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Wir wollen ihren Spjegelungscharakter bei der Spiegelung im Ursprungs
punkt bestimmen*. Je nachdem der erste bzw. der zweite betrachtete 
Term des Atoms positiv oder negativ war, sei wt bzw. w2 gleich + 1 
oder - 1. Wenn man in (15a) - ti fiir ti einsetzt, erhalt man 

'/]fILII' (-tl' ... , -tm, -tm+l' ... , -t2m; SI' ••• , S2m) 

= :8E~1/J/L(-tal-Z, ... ;sal' ... ) 1/J,~'(-tam+l+Z, ... ; sam +1, ... ) 
~ 

= :8 E~ wt Wg1/J/L (tal + Z, ... ; Sal' ... ) 1/J~' (tam + 1 - Z, ... ; Sa7r.+ l' ... ) 
~ 

= WI W 2 'Il!,l~' ,II (tam + l' ••. , ta2 m' tal' ... , tam; 

Sam + l' ... , Sas m' Sal' ... , Sam) 

= (- l)m WI W2 'Il!~',It (tal' ... , tam' tam + l' ... , tas m; Sal' ... , Sa2 m)' (16) 

das letzte wegen der Antisymmetrie von 'Il!~, ,It. Es ist also 

eine positive und 
'Il!/1,U' + (- l)m WI Ws 'Il!':I' ,II 

'Il! /1/L' - (- ] )tn WI W2 'Il!,l:' /L 

(16a) 

(16 b) 

eine negative Eigenfunktion ist. Bei gleichen Atomen in verschiedenen 
Zustanden erhalten wir also zu jedem Paare fL' fL' eine "positive" 
und eine "negative" Eigenfunktion mit dem Drehimpuls fL + fL'. 

C. Sind schlie.l31ich die Atome in g lei c hen Zustanden, so ist 

'Il!~/L' = 'Il!/I/L" und wir erhalten, wenn fL =1= fL' ist, zu jed em Paare fL' fL', 
diesmal ohne Riicksicht auf die Reihenfolge, eine »positive" und 
eine »negative" Eigenfunktion. Wenn fL = fL' ist, so nrschwindet 
entweder (16 a) oder ( 16 b) identisch, und wir erhalten eine positive 
oder eine negative Eigenfunktion, je nachdem (WI = w2) die Anzahl 
der Elektronen in einem Atom m gerade oder ungerade ist. 

Nach dieser Vorbereitung konnen wir zu unserem eigentlichen 
Problem zuriickkehren. 

§ 12. Wir haben zwei Atome mit m bzw. m' Elektronen, ihre 
azimutalen Quantenzablen sind lund l', die Spiegelungscharaktere W und w' 
und die Partitiones f4 und 14'. Wir setzen r und r' fiir j m - f4 bzw. j tn' - 14' 
(die r bedeuten dann so etwas wie Rumpfimpuls). Un sere Aufgabe besteht 
nun darin, daLl wir die Terme des Molekiils bei festgebaltenen Kernen 
(Elektronenterme) kennenlernen wollen, die aus diesen Atomen durch 
adiabatisches Zusammenfiibren der Kerne entstehen, d. h. ihre Darstellungs-

* Nur dieser ist eindeutig, wenn man die Spin eingefiihrt hat (vgl. I und II). 
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eigenschaften in bezug auf Vertauschung der Elektronenschwerpunkte und 
Drehspiegelung um die Z-Achse bestimmen wollen. Die spinfreien Eigen
funktionen der Atome seien 'IJ1,.~ und 'IJ1~~" worin der Index ~ zur Unter-

scheidung der (;) - C m 1) zur Partitio $ geMrenden Eigenfunktionen 

dient. 
A. Bei ungleichen Kernen haben wir die Eigenfunktionen fUr das 

Molekiil 

yr""'~~'at ... am = 'IJ1,.~ (ral - Z, ... , ram - Z) 'IJ1~,~, (r"'m+ l' ; .. , ram +m,), (17) 

worin wir die tXl ' ... , tXm und die tXm+l' .•. , txm + m, in der natiirlichen 
Reihenfolge denken konnen. Wir sehen unmittelbar, daB wir zu iedem 
Paare v, v' dieselben Partitiones fUr das Molekiil I!.rhalten, ja, daB dieses 
von den azimutalen Quantenzahlen lund l' ganz unabhangig ist. 

Wir konnen also zur Bestimmung dieser Partitiones Z = Z' = 0 
setzen, daun ist auch v = v' = O. Wenn wir die R-Werte Rl, Rs usw. 
fUr das Molekiil erhalten, so miissen wir bei der Einflihrung del' Spin 
die folgenden £-W ede erhalten (§ 7): 

wegen Rl : Rl , Rl - 1, .. , 

wegen Rs: R2 , R2 - 1, ... 
-Rl' I 
-Rs usw. f (18a) 

Andererseits wissen wir, daB, wenn wir die Spin noch bei den 
getrennten Atomen einfiihren, wir bei dem ersten Atom ein j = r, bei 
dem zweiten ein j' = r' erhalten. Dies ergibt die £-W erte 

r+r', r + r' -1, 
,. + r' -1, 

"-r' } 
r - r', . r .~ r: ~ .1 , 

-r + r', -r-r. 

... , 
(18b) 

.. -, 

Der Komplex (18a) muB mit dem Komplex (18 b) identisch sein. Dies 

el'gibt * 
Rl = r+r', R2 = r+r'-l, ... bis R = Ir-r'l. (19) 

Diese Partitiones entstehen fiir die Molekiilterme fiir jed e s Paar v, v'. 
Andererseits ergibt das Paar v, v' und -v, - v' ein A = Iv + v'l, 
nur wenn v' = - v ist, haben wir ein A = 0 und ein A = 0' und, 
wenn v = v' = 0, ein A = 0 oder 0', je nachdem (_1)1+1' ww' gleich 
+ 1 oder - 1 ist. 

* Dies ist, da 2 r die Anzahl der Einser in der Partitio ist, genau das 
Londonsche Resultat. VgI. ZS. f. Phys. 50, 24, 1928. 
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Hiermit haben wir im Faile von ungleichen Atomen das Aufbau
prinzip: aus zwei Atomtermen mit 1, w, , und I', w', " (es sei l > I') 
entstehen die A 

I + Z', l + Z' - 1, 1, 0 0' 
l + Z' - 1, 1, 0 0' 

I, Z -1, 
l-l, 

1,0 oder* 0' 
1, 

I-l', 1. 

(20) 

Jedes hier aufgeschriebene A gibt je einen Term mit allen in (19) ge
gebenen R1 , R<J' •.• 

B. 1m Falle von zwei gleichen Atomen in verschiedenen Zustiinden 
haben wir auJ3er den Eigenfunktionen 

yr"v' ~~'C1> ... , Cm = t/JvC (rCl - Z, ... ) t/J~'C' (rcm + 1 + z, ... ) (17 a) 
noch die 

yr;v'~~'Cl' ... , Cm = t/J~'drCl - Z, ... ) t/JvC(rcm+1 + z, ... ), (17 b) 

und wir erhalten sowohl aus (17 a) zu jedem Paare v, v', wie aus (17 b) 
zu jedem Paare v', v die folgenden R fUr das 'Molekiil 

Rl = , + ,', Rg = , +,' - 1, '" bis R = I' - rl. (19) 

Das Molekiil hat also alle in (20) aufgeschriebenen A+ und ebendiese .L 
mit allen in (19) gegebenen R. 

C. Gleiche Atome in gleichen Zustanden. Die Eigenfunktionen sind 

~""'~~'ClI ... ,"'m = 'I/J,.C (r"'l - Z, ... ) 'l/Jv'~' (ram + 1 + Z, ... ). (17 c) 

Zuerst k6nnen wir genau wie im Falle A verfahren und erhalten die 
A-Werle 

1 + Z', Z + Z' -1, 1,0, 0' 

I, 1,0 oder* 0' (20) 

jedes mit allen R-Werten 
IZ-Z'I, 1, 

, + ,', , +,' - 1, ... , I' - "1 + 1, I' - "1· (19) 

1st v =1= v', so haben wir fiir jedes Paar v, v' ohne Riicksicht auf die 
Reihenfolge einen (v + v')+- und einen (v + v')_-Termmit allenR von (19). 

• Je nachdem (-1)/+ I' 1.01.0' gleich + 1 oder - 1 ist. 
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1st aber V = v', so haben wir nur 
Spiegelungscharakter bestimmen. 

einen Term und mussen seinen 

Diese hangt nicht von v ab, so 
Dann ist auch A = 0, wir haben die 

daD wir v = ° setzen konnen. 
2r + l-Werte R von (19), jedes 

einmal (r = r') 
2 r, 2 r - 1, ... , 0. (19') 

Um die Spiegelungscharaktere dieser 2 r + 1 Eigenfunktionen zu be
stimmen, erinnern wir uns, da1.l wir in § 11, C die Spiegelungscharaktere 
der aus ihnen entstandenen Hyperfunktionen schon bestimmt haben. Wir 
konnen die dortigen Ergebnisse fur j = j' = r anwenden und erhalten 
folgende Tabelle: 

Spiegelungscharaktere der Terme. 

2,. (_1)m 

2,.-1 (_1)m _(_1)m 

2,.-2 (_1)m _ (_1)m (_1)m 

0 (_1)m _ (_1)m (_1)m . 1 
R= 2,. 2,.-1 2,.-2. .0 

Das Paar p. = p.' = ,. ergibt namlich einen Term mit dem Charakter 
(- l)m, das Paar p., p.' =: r, r - 1 zwei Terme, einen mit positivem, 
einen mit negativem Charakter: das Paar p., p.' = r, r - 2 ebenfalls, 
das Paar p. = p.' = r -1 einen Term mit dem Charakter (- l)tn usw. 
Die Terme, die in einer vertikalen Kolonne steben, mUssen wir zu je 
einem A = O-Term zusammen£assen. Die erste Kolonne gibt einen Term 
mit R = 2,., die zweite einen mit R = 2 r - 1 usw. 

Gegeniiber der Spiegelung im Ursprung sind die Eigenfunktionen 
positiv oder negativ, je nachdem R gerade oder ungerade ist. 

Die Terme mit v = v' von (19') sind also A+- bzw. A_-Terme, je 
nachdem R + A = R + 2 v gerade oder ungerade ist. 

Bei gleichen Atomen in gleichen Zustii.nden lautet also die Aufbau
regel, wenn die Azimutalquantenzahl der Atome l, ihr Multiplettsystem r 
ist: Man hat je 'ein A von (20') 

21, 2Z -1, 1, 0, 0' 
2Z -1, 1, 0, 0' 

Z, Z-I, 1, 0, (20') 
Z-I, 1, 

1, 
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mit allen R von (19'). Die ungeraden I. kommen in (20') geradzahlig 
oft vor, es sind unter ihnen gleich viele 1.+ und 1._. Die gerad
zahligen I. kommen ungeradzahlig oft vor, man hat ein 1.+ mehr oder 
weniger als 1._, je nachdem R gerade oder ungerade ist. 1m ersten 
Fall (R gerade) hat man auch lauter 0+ und 0:"', im zweiten (R un
gerade) 0_ und O,+-. Man kann dies zum Ausdruck bringen, indem man 
(20') schreibt: 

(21h, (21-1h, (21- 2h, ... 21 , l±i O±, 0'-+ 
(2I-1h, (21- 2):p ... 2+, 1+; 01 , 0'-+ 

(21- 2h, .,. 2±, l±i 0::, 0'-+ (20'a) 

2+, 1+, 
1±, 

worin das obere oder untere Vorzeichen gilt, je nachdem man aus (19') 
ein gerades oder ungerades R wahlt. Mit anderen Worten, wir haben 
zu jedem R von (19'): 0, 1, ~, ... 2 r so viele Terme mit einem be
stimmten I., als dieses I. in (20') vorkommt. 1st diese Zahl eine gerade 
Zah1, so haben wir gleich viele Av und A_-Terme. 1st die Anzah1 der 
Ziffern I. in (20') dagegen eine ungerade (wie dies z. B. fur die Ziffer 
I. = ~ 1 immer zutrifft), so haben wir urn eins mehr A-Terme mit dem 
Index (- I)R, als mit dem entgegengesetzten Index - (- 1)R. AIle 
0-Terme haben den Index (- l)R, aIle 0'-Terme den Index - (- 1 )R. 

§ 13. Hiermit haben wir fur die drei Kopplungsverhaltnisse 
a) Multiplettaufspaltung groB gegen Rotationsaufspaltung, chemische 
Bindungsenergie gegen beide; b) Rotationsaufspaltung groB gegen 
~rultiplettaufspaltung, chemische Bindungsenergie groB gegen beide i 
c) Multiplettaufspaltung groD gegen chemische Bindungsenergie, diese 
groD gegell die Rotationsaufspaltung, die moglichen vorkommenden Terme 
bestimmt. 

Fiir die beiden ersten Falle haben wir die vorkommenden 1.- und 
zugehOrigen r-Werte bestimmt. Der Fall c) ist in § 10 erledigt, bei ibm 
sind die t-W erte so zu erhalt.en, daB man j und j' in bezug auf die Kern
verbindungslinie quantelt. Natiirlich werden sehr oft noch ganz andere 
Koppelungsverhi!.ltnisse vorkommen als die hier betrachteten drei Falle, 
as ist aber anzunehmen, daB diese besonders haufig sein werden. 

§ 14. Wir wollen noch die Resultate zusammenfassen. Wir gehen 
von zwei Atomen mit m' bzw. m Elektronen ausi die azimutalen Quanten
zablen sind I und I', die Multiplettsysteme r und r', die Spiegelungs-
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charaktere w und w'. Bei ungleichen Atomen erhalten wir die A von (20) 
fur das Molekul, jedes mit jedem R-Wert, d. h. Multiplettsystem von (19). 
Bei gleichen Atomen in verschiedenen Zustiinden haben wir doppelt 
soviel Terme, aIle A von (20) kommen sowohl als A+ wie auch alB A_ 
vor. Sind die Atome in gleichen Zustanden, so haben wir zu jeder Kom
bination eines A aus (20') mit einem R aus (19') nur einen Term j welche 
A+- und welche A_-Terme sind, ist aus (20'a) zu entnehmen. Dies sind 
die gruppentheoretisch moglichen Terme. 

Wir mussen noch angeben, was fUr Molekulterme einem bestimmten 
Atomterm, der zu dem Atom mit den vereinigten Kernen gehOrt, zuge
ordnet werden mussen *. Ein Atomterm mit der Azimutalquantenzahl Z 

giht je einen Term mit A = 7, Z - 1, ... , 1, O. U nd zwar ist der letzte 
Term ein O-Tel'ID, wenn Z gerade und der Atomterm positiv, oder wenn Z 

ungerade und der Atomterm negativ ist, sonst haben wir einen O'-Term. 
Erfolgt die Trennung in zwei gleiche Kerne, so haben wir 0+-, 1_-, 2+
... usw. Terme, wenn der Atomterm positiv, dagegen 0_-, 1+-, 2_-, 
'" Terme, wenn der Atomterm negativ war. Hiernach laJ3t sich nunmehr 
die im § 10 beschriebene Zuordnung der Terme der getrennten Atome 
zu den Termen des Molekuls und das Aufsuchen der Atomterme des 
Atoms mit vereinigten Kernen, die fur den betreffenden Molekelterm in 
Frage kommen, eindeutig ausfiihren. 

§ 15. Als Beispiel wollen wir das Spektrum von H2 behandeln **. 
Als Zustande mit weit getrennten H-Atomen seien folgende betrachtet: 

Atomzustiinde 

18 28+ - 1 8 28+ 
18 28+ - 28 28+ 

Ionisierungsfrequenz 

109700 . cm-1 

27400 

27400 

Gruppentheoretisch mogliche 
Terme 

3}; _ (2) 
3};_ (4) 
3}; + (6) 
a}; _ (8) 
3}; + (10) 
31I+ (12) 
31I_ (14) 

Von den He-Termen mussen wir fUr (1) und (:.:l) diejenigen in 
Betracht ziehen, deren Ionisierungsfrequenz kleiner ist als 109700, fur 

* F. Hund, ZS. f. Phys. (im Erscheinen). 
** Literatur siehe bei R. T. B i r g e. Proc. Nat . .Acad. 14, 12, 1928. Die 

Deutung von T. H 0 r j, ZS. f. Phys. 44, 834. 1927. stimmt im wesentlichen mit 
der unseren iiberein, nur .Annahme einer .Aufspaltung fUr den oberen Zustand der 
Lymanbanden (5) scheint uns nicht zuzutreffen. 
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die iibrigen diejenigen, deren Ionisierungsfrequenz kleiner oder ungefahr 

27 400 ist. Diese sind in fogender Tabelle aufgetragen: 

He.Atomzustand 

(18)218+ 
(18)(28)18+ 
(18) (28) 38+ 
(18)(2p)1P
(18)(2p)3P-

Ionisierungs. 
frequenz 

198400.cm-1 

32000 
38500 
27200 
29200 

Molekiilterme 

Zunll.chst soll also, in Ubereinstimmung mit der He it 1 e r und 

Londonschen Theorie, nur der eine der beiden Molekiilterme, die bei 
hohen Schwingungsquantenzahlen unangeregte Atome geben, zum diskreten 
Spektrum gehOren (1), der zweite (2) dagegen nicht. Von den Zustil.nden, 
die bei hohen Schwingungsquantenzahlen ein unangeregtes Atom und 
ein angeregtes Atom mit der Gesamtquantenzahl 2 geben, sollen zwei, 
(5) und (11), mit dem Grundzustand kombinieren duden, alle anderen 
Kombinationen sind durch Auswahlverbote ausgeschlossen. 

Die ersteren scheinen die Lyman-, die letzteren die Wernerbanden 
zu sein. Nach dieser Auffassung sind also die Lymanbanden 1I_ ~ 1I+ 
Ubergil.nge, und die Wernerbanden lII+ ~ lI+ Ubergil.nge. 

Es liegt nicht in dem Rahmen dieser Arbeit, auf weitere Spektren 
naher einzugehen, wir wollten nur zeigen, wie man die hier erhaltenen 

Resultate zur Analyse verwenden kann. Wir mochten nur noch be
merken, daD wir diese Methode mit gutem Erfolg auf die Spektren von 

He2 und Na2 angewendet hahen, wil.hrend das Spektrum von 02 - nament
lich die A'-Teilhande der atmospharischen Banden - Schwierigkeiten zu 
bereiten scheint. 

§ 16. Vergleieh der Mullikenschen Bezeichnungsweise mit der 
unseren. 

Mulliken Hier Mulliken Hier 

jk U 

j j 8 :s 
uk 1 P II 

Us 11 D LI 

Anmerkung bei der Korrektur. In einer inzwischen er-
sehienenen Arbeit* behandelt R. de L. Kronig die Molekiilspektren 

... ZS. f. Phys. 50, 347, 1928. 



194 Applied Group Theory 1926-1935 

886 E. Wigner und E. E. Witmer, fiber die Struktur usw. 

noch einmal und kommt zu Resultaten, die mit unseren § 1 bis 6 
aquivalent sind. 

In einer demnachst in dieser Zeitschrift erscheinenden Arbeit leitet 
F. Hund ein Aufbauprinzip abo Seine Resultate stehen in keinem Wider
spruch mit den unseren, es ist im Gegenteil zu hoffen, daJ3 sich die beiden 
Methoden bei der Abschatzung von Molekeltermen erganzen werden. 

Bei Hund bewegen sich die Elektronen im ungestorten Falle nur 
unter der Wirkung der festgehaltenen Kerne, die Wechselwirkung der 
Elektronen ist entkoppelt. 

Hierdurch hat F. Hund den Vorteil, daB er sich von der Kenntnis 
der Atomterme weitgehend unabhangig mach en kann. Die von uns ver
wendete Methode hat dagegen den Vorteil, daB dem Auseinanderziehen 
der Kerne ein Vorgang entspricht, dessen Verlauf an der Bandenkonver
genz direkt abgelesen werden kann, so daJ3 die Zuordnung der Molekiil
terme zu Termen der getrennten Atome durch die Spektren selbst 
eindeutig gegeben ist. Der Entkopplung der Wecbselwirkung der Elek
tronen entspricht kein ahnlicher ProzeB und die Zuordnung der Terme 
zu den "ungestorten 'l'ermen" kann daher vielfach willkiirlich geschehen. 

G ottingen, Juli 1928. 



Uber die elastischen Eigenschwingungen 
symmetrischer Systeme 

E.P.Wigner 

Nachrichten der Gesellschaft der Wissenschaften zu Gottingen 
Mathematisch-Physikalische Klasse 1930, 133-146 

Vorgelegt von M. BORN in der Sitzung am 23. Mai 1930. 

1. Bekanntlich kann man in der Quantenmechanik die Sym
metrieeigenschaften eines Systems zur Bestimmung seiner Be
wegungstypen nutzbar machen. Durch die Angabe "die Energie 1) 
ist E" ist eine endliche nrannigfaltigkeit von Zustiinden in drehungs
invarianter Weise charakterisiert. So etwas ist in del' klassischen 
1\lechanik im allgemeinen nicht moglich, weil die Anfangsbeclin
gungen eine zu groBe Rolle spiel en. 

Eine Ausnahme hien'on bilden die elastischen Schwingungen 
eines Punktsystems urn seine Gleichgewichtskonfiguration. Die Be
wegungsgleichungen s"ind in dies em Falle linear (d. h. die SupE'r·· 
position zweier moglicher Schwingungen ist wieder eine mogliche 
Schwingnng), sodaB die Verhaltnisse ganz analog zn denen der 
Quantenmechanik sind. Es ist daher zu erwarten, daB man mit 
denselben l\Iitteln, die man dort gebrauchen kann, anch hier zum 
Ziele kommt. 

Die Frage del' elastischen Schwingnngen symmetrischer Ge
bilde, die wir hier untersuchen wollen, bildet anch den Gegenstand 
einer alter en Arbeit von BRESTKR 2), del' sie mit ganz elementaren 
Hilfsmitteln v ollstandig gelost hat. Wenn hier diese Aufgabe 
noch einmal behandelt wird, so sei das dmnit entschuldigt, daB 
die eingangs erwiihnten gruppentheoretischen l\Iittel ihr ganz be-

1) Wenn JjJ eine Stelle des diskreten Spektrums mit nur endlich vielen Eigen
funktionen ist. 

2) C. J. BRESTER, Diss. Utr~cht 1923, angefertigt im Gottinger Institut fUr 
theor. Physik. S. 8-90. Einen speziellen Fall behandelt auch D. M. DENNISON, 

Astroph. Journ. 62. 87. 1925, den der Schwingungen eines CH(-Molekiils, den wir 
als Beispiel gebrauchen werden. 
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sonders angepaBt erscheinen und daB man mit ihrer Hilfe auch zu 
einer besseren Dbersicht der BRESTER'schen Theorie gelangt. 

Wir betrachten im folgenden die Schwingungen eines Systems 
von n Punkten, die durch elastische Krafte aneinandergebunden 
sind S). Der Schwerpunkt des Systems befinde sich im Nullpunkt 
des Koordinatensystems i in der Ruhelage seien die Koordinaten 
der Atome die Komponenten der Vektoren 4) til t., ... , tn' wahrend 
die Verriickungen aus den Gleichgewichtslagen durch die Vektoren 
t, i2' ... , in gegeben sind, die Koordinaten der Teilchen die Kompo
nenten von t, + i" t, + i., ... , t .. + in sind. Die ik hangen noch 
von der Zeit ab, aber sie sind immer klein gegen die t k , fiir die 
Eigenschwingungen ist die Zeitabhiingigkeit der ik durch einen 
Faktor sinr(t-to) gegeben. Die n Vektoren ill i~, ... , in' einer 
Verriickung kann man auch zu einem 3 n dimensionalen Vektor i 
zusaDlDlenfassen. 

Das ganze System soll eine Symmetrie haben, d. h. es soIl 
eine Gruppe @ von dreidimensionalen Drehungen~) (Rap) existieren, 
die die Gleichgewichtskonfiguration in sich iiberfiihrt. Es gilt 
also fiir jede Transformation R der Gruppe und aIle k und a. 

3 
(1) ~ RaptJ:p = tla oder einfach Rt" = tl, 

~=l 

wobei noch das k te und das l te Teilchen gleichartig (z. B. beide 
Wasserstoffatome) sein mussen 6). Die Nummer l des Teilchens, 
auf dessen Platz das k te Teilchen durch R geriickt wird, nennen 
wir R (k), dann lautet (1) 

(1 a) 
3 
~ Ra,8'rkfJ = tRek), a i Rt" = tRek). 

(t=l 

Eine Eigenschwingung des Systems kann durch die n Vektoren 
ill ill ... , in beschrieben werden, die die Verriickungen der Atome 

3) Man denke etwa an ein CH,-Moleklil, wobei die Atome durch Punkte 
idealisiert sind. 

4) Die Vektoren t sind hierdurch noch nicht eindeutig bestimmt, weil eine 
Drehung des ganzen Systems noch frei ist. 1m folgenden denken wir sie irgend
wie willklirlich festgelegt (etwa: tl liege in der Z-Achse, tl in der ZY-Ebene). 

5) Die Iodizes IX, ~ beziehen sich immer auf die Koordioatenachsen Xl = X, 
XI = Y, Xs = Z und werden zur Kennzeichnung der Komponenten eines Vektors 
alB untere Indizes aogefiigt. 

6) Man bezeicbnet in der Kristallographie Punkte, die durch Symmetrieele
mente ineioander iibergefiihrt werden, als "gleichwertig". Gleichwertige Punkte 
sind immer auch gleichartig, aber nicht notwendig umgekehrt. 
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aus den Gleichgcwichtslagen angehen, wenn die Amplitude del' 
Schwingung eben im Maximum ist. Sind fl' fj, ... , f .. Amplituden 
einer Eigenschwingung, und unterwirft man die durch sie gegebene 
Konfiguration des Systems einer Transformation R del' Gruppe 
@, so erhii1t man wieder die Konfiguration einer Eigenschwingung 
derselben Frequenz, weil man ja die relative Konfiguration del' 
Teilchen gar nicht geandert hat. Die Koordinate des k ten Punktes 
ist jetzt R tk + R fk = tR(k) + R fk' auch jetzt ist in del' Nahe einer 
jcden Gleichgewichtslage ein Punkt. 

Man kann daher eine mit diesel' Konfiguration identische auch 
durch kleine Verriickungen del' Punkte aus ihren Gleichgewichts
lagen erzeugen: man muB hierzu das l = R (Ie) te Teilchen urn 
Rlk = RiB-ICI) verschieben. Die Verruckungen 

RIB-ICl), RiR-I(2), ... , RiB-I(n) 

(2) Hil = R iR-1 (I) ; R fl« = r R«p l.R-1 (1), ~ 

bilden das Amplitudensystem Rf einer Eigenschwin
gung, die die gleiche Frequenz, wie die Eigenschwin
gung I hat. Die Operationen Ji ersetzen die "Drehungen" und 
»Vertauschungen von Elektonen" der Quantenrnechanik. 

Bezeichnet man die linear unabhangigen Eigenschwingungell 
cineI' bestimmten ]i~requenz mit i(l), r\ ... , IV), so miissen die RiO') 
durch diese linear ausdriickbar sein 

(3) 
- f 
Ril ") = ~ D(R)}.S') 

'" = 1 

und man scblieBt ehenso wie in del' Quantenrnechanik durch An
wendung einer weiteren Operation S, die einem Element S del' 
Gruppe @ zugeordnet ist, 

__ f _ . t' t' 
SRil") = ~ D(R)}."Sl'M = ~ ~ D(R)}."D(S) .. d'~) 

},,=l l=II'=1 ' 

f 
= ~ D(SR)"" fll) 

I' = 1 . 

daB die f-dirnensionalen l\latrizen (D(Rh,,) eine Darstellung del' 
Gruppe @ hilden. Es wird auf diese Weise jeder Eigenfrequenz 
eine Darstellung zugeordnet. l\lan schlieBt weiter ebenso, wie in 
del' Quantenmechanik, daB diese Darstellungen als i r I' e d u z i hIe 
angenomrnen werden konnen. Es giht also so viele Typen 
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von Eigenschwingungen, als 7) @ irreduzible Dar
stellungen d. h. Klassen hat, die Anzahl der linear 
unabhangigen Eigenschwingungen einer Frequenz ist 
d urch die Dimension del' zuge horigen D ars tellungen 
gege ben. 

2. Es interessiert noch die Frage, zu wie vielen Frequenzen 
eine vorgegebene Darstellung gehort, wie viele Eigenfrequenzen 
eines bestimmten Typs existieren. Die analoge Frage konnte in 
der Quantenmechanik nicht auftreten, weil diese Zahlen dort alle 
unendlich waren. 

Es liiBt sich bekanntlich jede Bewegung des Systems, bei der 
die Gleichgewichtslagen nicht verandert werden, aus Eigenschwin
gungen zusammensetzen. Zur Erzeugung jed e r Bewegung muB 
man noch die drei Parallelverschiebungen in Richtung der drei 
Koordinatenachsen und die Drehungen um die drei Achsen hinzu
nehmen (es \Vird angenommen, daB die Punkte nieht aIle auf einer 
Geraden liegen). Diese Verriickungen konnen aueh als Eigen
schwingungen aufgefaBt werden, nul' sind ihre Frequenzen Null. 
Die zugehorige Darstellung ist im ersten Fall D<U) (R), die Dar
stelIung polarer, im zweiten Fall D(U') (R), die Darstellung axialer 
Vektoren. 

Bezeichnen wir das Amplitudensystem der Verriickung, bei 
der nul' das k te Teilchen seinen Platz und dieses nur in del' Xu -

Riehtung urn die Einheit verandel't hat, mit e(kU) (d. h. es sei 
e~~U) = 8Icl 8{1/J). lUan kann durch die e(ku) ane Verritekungen linear 
ausdriieken: 

(4) 

Umgekehrt kann man aueh dureh die f (wenn man aueh die Ver
riickungsvektoren del' Translation und Rotation hinzunimmt) die e 
ausdriicken (ihre Zahl ist also 3 n), die Koeffizienten seien 8) 

7) EigentIich kommen nur die in r e ell e n irreduziblen Darstellungen in 
Fraga und die Eigenfrequenzen zu denen eiDe komplexe Darstellung gehOrt, fallen 
immer mit einer Eigenfrequenz zusammeD, zu der die kODjugiert komplexe Dar· 
stelluDg gehUrt. Hierdurch kommen bei den GruppeD, bei denen die im 'reellen 
irreduziblen Darstellungen Dicht auch im komplexen irreduzibel sind, sogenannte 
zufil.llige EntartilDgen zu Stande, die jedoch leicht zu iibersehen und fiir das fol· 
gende belanglos sind. 

8) Wegen der OrtbogoDalitil.t der i iet in Wirklicbkeit, wenn man die i 
normiert annimmt i~~ = ska; x' 
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e(ka) = ~y. Sku; Y. f(X). 

Aile I!:igen-
80hwingungell 

Denken wir uns jetzt fur einen Augenblick, daB wir die Ampli
tudensysteme aUel' 3 n Eigenschwingungen kennen. Fill' diezur 
gleichen Frequenz gehorigen gilt (3), fill' das ganze System also 

(5) RfX) = ~.d (R)lx fl.), 
l 

wo L/ (B) eine Darstellung del' Gestalt 

(5 a) (
DW (R) 0 . . .) 

L/(R) = .. ~ ... ~~2).(~~ . : : : 
ist. In (5 a) sind die DW(R), D(I) (R), .,. die zu den einzelnen 
Frequenzen im Sinne von (3) zugeordneten Darstellungen. Wenn 
wir also wissen wollen, wie viele Frequenzen eine gewisse Dar
stellung gemeinsam haben, so mussen wir bestimmen, wie oft diese 
Darstel1ung in L1 (R) vorkommt. Hierzu geniigt es bekanntlich, 
den Charakter von L1 (B), die Summe ~"L1 (R)x" , fill' aIle B zu 
kennen. Diesen konnen wir folgelldermaBell bestimmell. 

Wenll wir in (5) mit Hilfe von (4), (4a) an Stelle del' f die e 
einfilhren und R e(k'l) durch die e(jl~) linear ausdriicken 

n 3 
(6) Re(ker) = ~ ~ .d(R)j3;k«e(i(l) , 

j=1 ~=1 

so bilden die Koeffizienten wiederum eine Darstellung Li (R) del' 
Gruppe @, die zu L/(R) aquivalent ist und aus ihr durch Ahnlich
keitstransformation mit del' 3n-dimensionalen Matrix Sku;" hervor
geht. Ihr Charakter X(B) = ~ Li(R)j~;j.l ist also gleich dem von 

j~ 

L1 (B) und es genilgt den ersteren zu bestimmen. 
Nun ist elka ) die Verrilckung, die das k te Teilchen in del' X a -

Richtung um 1 verschiebt, die anderen in del' Gleichgewichtslage 
HiBt, Ii elka) entsteht aus diesel' Verriickung, indem man das ganze 
Punktsystem um B dreht. Dann ist jede Gleichgewichtslage be
setzt, nul' das B (k) te, wo das k te Teilchen hinkommt, nicht: 
dieses hat nach (2) die Verriickungskomponentell RIa' R2a , Baa' 
Es ist also 

(7) R e(kaJ = ~ Ba,1e(R-I (k),~) = ~ Li(R)N; "a e(j~). 
~ j~ 

Gleichung (7) bestimmt die Darstellung .d(R). Um noch 
ihren Charakter zu berechllen, muss en wir die Summe del' Dia-
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gonalelemente bilden. Nun steht in del' ka Spalte in del' Haupt
diagonale sichel' Null, wenn k =l= B-1 (k) ist, in diesem Fall braucht 
man ja e lkal zum Ausdriicken von R e<kal garnicht. 1st dagegen 
k = R-1 (k), so steht in L1 (R) in del' k Spalte in del' Hauptdiago
nale Baa' Es ist daher 

(S) 
- 0 fiir R(k) =l= k 

LI (B)ka; ka = Baa fiir R (k) = k 

und daher 

(Sa) 
- 0 fiir B(k) =l= k 

~LI(B)ka;ka = ~Baa = Spur (R) fiir B(k) = k. 

Bezeichnen wir noch die Anzahl del' Gleichgewichtslagen, die B 
unverandert lafit mit UR, so wird 

(9) Z(B) = ~~L1(R)ka;ka = UR Spur(R) = ±uR(1+2coSCPR), 
k " 

wo Spur (B) = ± (1 + 2 cos CPR) eingesetzt ist: CPR ist del' Dreh
winkel von B und es gilt das obere oder das untere Vorzeichen, 
je nachdem Beine reine Drehung oder eine Drehspiegelung ist. 
Aus (9) kann man den Charakter von Z(R) berechnen, es geniigt 
natiirlicb, dies fiir je ein Element jeder Klasse zu tun. 

Schreibt man Z (B) als Linearkombination del' Charaktere 
Z(\l(R), ZIZI(R), ... der verschiedenen irreduziblen Darstellungen 
von @j 

(10) 

so geben die Koeffizienten a:, a~, '" an (sie sind nichtnegative 
ganze Zahlen), wie viele Eigenfrequenzen des Problems zu den 
verschiedenen Darstellungen D(t)(B), DI21(R), .,. gebOren. Die 
Zahlen a:, a~, ... kann man auch mit Hilfe der expliziten Formeln 

(11) 

berechnen, wo die Summation iiber alle h Gruppenelemente yon @j 

zu erstrecken ist. Es ist indessen zu beachten, daB man auf diese 
Weise auch die beiden entarteten Schwingungen, die Translation 
und Drehungen mitbekommt. Will man diese nicht haben, so muB 
man aus dem nach (9) bestimmtem Z(R) die Charaktere diesel' ab
ziehen. Fiir die Translationen ist dies del' Charakter von DM(R), 
d. i. ± (1 + 2 cos CPR), fiir die Drehungen der von DIll) (R), d. i. 
+ (1 + 2 cos CPR)' 1m ganzen muB man also aus dem Charakter del' 
reinen Drehungen 2 (1 + 2 cos CPR) abziehen, den del' Dreispiegelungen 
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unverandert lassen. FUr die Anzahlen a der nich ten tarteten 
Eigenfrequenzen der verschiedenen Typen erhalt man 

(u - 2) (1 + 2 cos m ) R reine 
(lOa) a (l1(R) + a CtI(R) + ... = S(R) = R .,.R Drehung 

IX 2X _ u'R(l + 2 cos CPR) ~ Dreh-
, "plegelung 

oder die explizite Formel 

(11 a) Op = ~ ~xCPI(R) ~(R) = ~'(uR-2)(1+2costpR)- ~"uR(1+2costpR) 
I~ R 

wo die erste Summation iiber die reinen Drehungen, die zweite 
iiber die Drehspiegelungen von @j zu erstrecken ist. Dabei ist UR 

die Anzahl der Teilchen, die durch R nicht verriickt werden, 
XCP)(R) der Charakter der irreduziblen Darstellung des betreffenden 
Typus. Die Anzahl der linear unabhangigen Eigenschwingungen, 
die zu einer Eigenschwingung eines bestimmten Typs gehoren, ist 
die Dimension der zugehorigen Darstellung. 

Die Charaktere der irreduziblen Darstellungen der meisten 
Symmetriegruppen hat H. BETHE 9) bestimmtj da sie fiir verschiedene 
Probleme der Quantenmechanik wichtig sind, sind sie am Schlusse 
der Arbeit aIle zusammengestellt. 

Die Symmetriegruppe des Methans ist die Tetraedergruppe 
Td , sie besteht aus der Einheit E, vier dreizahligen Drehachsen 
as (acht Gruppenelemente), drei zweizahligen a, (drei Elemente), 
sechs Spiegelebenen at! (sechs Elemente) und drei vierzahligen Dreh
spiegelachsen S, (sechs Elemente). Die Charaktere der fiinf irre
duziblen Darstellungen sind (die Gruppe ist der symmetrischen 
vierlen Grades holomorph) in der Tab. 1 zusammengestellt. 

E(l) 
1 
2 
3 
3 
1 

Tab.1. 
08 (8) 0.(3) 

1 1 
-1 2 

o -1 
o -1 
1 1 

6d (6) 
1 
o 
1 

-1 
-1 

1 
o 

-1 
1 

-1 

Urn den Charakter von d(R) zu bestimmen, stell en wir in einer 
zweiten Tabelle die Anzahlen UR der unverandert gelassenen Atome, 
die Drehwinkel CPR, die GroBen ± (1 + 2 cos cpR), die Charaktere 
X (R), die die entarleten Schwingungen noch mitenthalten und 
schlieBlich den Charakter S(R), wo diese schon abgezogen sind, 
zusammen. 

9) Ann. d. Phys. (5) 8, 133, 1929. 
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Tab. 2. 

E 0,(8) 0,(3) 61l(6) 8,(6) 
"It 5 2 1 3 1 
CPR 0 2n/3 n n nl~ 

± (1 + 2 cos CPR) 3 0 -1 1 ~1 

x(R) 15 0 -1 3 -1 
S(R) 9 0 1 3 -1 

l\Iit Hilfe von (10 a), odeI' auch direkt nach (11 a) ergibt sich 

S (R) = xU) (R) + X(I) (R) + 2 X(8) (R). 

Die Eigenschwingungen des l\Iethans haben (auSer den Null
frequenzen) vier verschiedene Frequenzen, zu einer gehOrt eine, 
zu einer anderen zwei und zu den beiden letzten je drei Eigen
schwingungen. 

Den letzten Teil der Rechnung kann man sich ziemlich ver
einfachen, indem man die Tabelle 2 nicht fur das ganze System, 
auf einmal, sondern ffir alle gleichwertige Punkte separat aufge
stellt (also separat fur das 0 Atom und dann separat fUr die vier 
H Atome). Dann muB man in allen Tabellen bei den X(R) stehen 
bleiben und nul' in einer die Charaktere der Translation und 
Drehung abziehen, d. h. zu den S(R) iibergehen, diese Tabelle muJ3 
allerdings, damit <lleSe Ab7;' ~1Ung moglich sei, Punkte enthalten, 
die nicht aIle auf einer Geraden liegen, wahrend bis
her dies nur von der Gesamtheit aller Punkte ver
langt wurdf.\, Die Vereinfachung liegt darin, daB man die ein
zelnen X (R) °bzw. das S(R) einfacher in eine Summe irreduzibler 
Charaktere zerlegen kann, als die in der Tabelle 2 auftretende 
Summa dieser. Das gesamte ap erhalt man in diesem Fall durch 
Addition der aus den einzelnen rfabellen gewonnenen ajl' 

3. Es ist noch leicht, die "aktiven" Eigenschwingungen zu 
bestimmen, deren Anregung mit einer Dipolstrahlung verbunden 
ist. Bezeichnen wir den Gesamtpolarisationsvektor mit S 

(12) Sex) = e f(X! + e f(X) + ... + e fIX) 
(I I III I 2a n HU' 

so berechnet sich aus (3) 

(lS) tiS:) = ± D(R)lx(elf~2~+e2f~~+· .. +enf~2~) = f D(mlxS~), 
1 = 1 1= 1 

Andererseits transformiert sich S ofl'enbar wie ein Vektor 

3 
(lSa) Ji sex) = "" R SOl' a £.j g[l (I' 

{J=l 
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Es ergibt sich 

3 f 
(14) ~ Ra/G~) = ~ D(R)lx®~)i ®~).= ~ ~ Ra~D(R).txC5~). 

~=1 1=1 1 " 

Summiert man die rechte Seite tiber aHe Gruppenelemente Rvon 
@, so ergibt sich N uU, wenn die Matrizen (R,,~) als Darstellung 
von @ die irreduzible Darstellung D(R) der betreft'enden Eigen
frequenz nicht enthalt 10). Die Bedingung hierfiir ist, daB 

(15) ~' (1 + 2 cos !PR)x(l')(R) - ~" (1 + 2 cos !P}{)x!P)(R) 
reiDe Drelt-

Drehun,en spiegclungon 

verschwinde. In dies em Fall ist die Schwingung inaktiv, sonst 
aktiv 11). 1m vorangehenden Beispiel sind nur die beiden dreifachen 
Eigenschwinkungen aktiv. 

In ahnlicher Weise kann man auch tiber das Vorhandensein 
oder Verschwinden hOherer l\Iomente Rechenschaft geben. 

Zur expliziten Bestimmung der Amplitudensysteme der ein
zelnen Eigenschwingnngen geht man am besten aus einem Ver
gleich der Formeln (2) und (3) aus. Diese ergibt 

(16) Bfl: = 1 Ra~ li-'(l), p = t D(R)).Jl~, 
woraus mall 

3 f 
l~-l(l) R = ~ ~ RaRD(R)b f~~ 

'I" (J=11=1 I" 

(17) 

erhalt. Dies ist eine Gleichung zwischen den Verrlicknngell lauter 
gleichwertiger Punkte, die in vielen Fallen die Eigellschwingungen 
schon ganz zu bestimmen gestattet. Sonst muB man noch die 
Bewegullgsgleichungen zu Hilfe nehmen. 

10) Die Hochstzahl der aktiven Eigenschwingungstypen ist also drei, diese 
miissen dann aIle "unentartet" sein, d. h. zu einer Eigenfrequenz dieser Typen 
kann nur je eine Eigenschwingung gehOren. Es kiinnen auch zwei Typen aktiv 
sein, zu den Eigenfrequenzen einer dieser Typen gehOren dann je zwei Eigen
schwingungen. Schliefilich ist es moglich, daB nur ein dreifach entarteter Eigen
schwingungstyp aktiv ist (\Vie im FaIle der Tetraedersymmetrie). Dies folgt 
daraus, daB (Ra~) entweder aus drei eindimensionalen, oder aus einor ein und 
einer zweidimensfonalen oder schliefilich aus einer dreidimensionalen irreduziblen 
Darstellung von & bestehen kann. 

11) Es ist zu beacbten, daB die Tabellen 1 und 2 fUr je eine Klasse nur 
eine Spalte enthalten, deshalb muB man jedes Produkt so oft nehmen, als die 
betreffende Klasse Elemente hat. Z. B. ist ~%(·)(R)(l+2coscplI) = 1.3.3+ 
8. 0 .0 + 3 . - 1. - 1. + 6 . - 1. 1 + 6. 1. - 1 = O. 
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Urn hierin an Stelle del' Darstellungskoeffizienten D(R)2x die 
Charaktere einzufiihren, multipliziert man (16) mit dem Charakter 
'l?'l(R) einer irreduziblen Darstellung von @ und summiert iiber 
aUe Gruppenelemente. l\Ian erhiilt mit Hilfe der Orthogonalitiits
relationen der Darstellungskoeffizienten 

(18) j 1 x(p') (R) Rap '~I (l), P 

- ~~Xll1)(R)Dlp)(R) 1'2) = ~8 ,f'X), 
R l b la (1' PI la 

also insbesondere Null, wenn XIP) (R) der Charakter einer von 
D,p)(R) verschiedenen Darstellung ist. 

4. Die Eigenfrequenzen sind die Quadratwurzeln der Eigen
werte einer 3 n - dimensionalen symmetrischen l\'Iatrix Hkp; la, die 
zugehorigen Eigenvektoren bilden das Amplitudensystem der ent
sprechenden Eigenschwingungen. Bezeichnen wir die zu' der Dar
stellung DCP)(R) gehorigen Eigenfrequenzen mit v,>!, vpll •• " vpa, ., " 

die zu vpa gehorigen (p Eigenschwingungen mit 1'1"'0, ... , p.al ), so 
gilt 

(19) ~ H f' pall) 2 f'1'IIII) 
~ k/I; In la = Vpa 1(8 
la 

und wenn man die 1'1"'") normiert annimmt ~ m:'''l)2 = 1 
la 

(l9a) ~ ~ ~ 2 (IP!lX) f'paX) H 
~ ~ ~Vpa'kp la = kP; lao 
p a " 

Wenn man hierin R-l (l) fiir k einsetzt, mit Ra(l und dem Charakter 
XCP)(R) einer irreduziblen Darstellung multipliziert, liber (J und libel' 
aIle Gruppenelemente summiert, erhiilt man 

(20) ~ ~ ~VI fpaX) ~ ~ B xlP) (R)f(paX) 
p a " pa la ~ R a~ R-I (1), ~ 

-1jtRa~X(p')(R)HR-l(l)~;la' 

Dies ist nach (18) 

(20 a) ~ ~ ~ Vi ,(I'll") ~ 8 \,(paX) = '" ~ RIP') (R) H 
~ ~ ~ pa la .r PP'la 1t ~ ap X R-l (l), Pi la' 
p a " 11' /' .n 

was liber lund a summiert wegen der N ormierung der Eigenvek
toren 

(21) h ~ 2 ~ '" ~ R (p')(R) H \ -r, ~vp'a = ~~~ a~X H,-l(l)R'l« 
JI a afJ R 1 /'. 

fiir die Summe der Quadrate aller zur Darstellung D(P')(R) ge-
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hOrigen Eigenfrequenzen ergibt. Die Summe reehts in (21) laBt 
sieh, wenn die Bewegungsgleiehungen des Systems, also die Matrix 
Hk/J; la bekannt ist, mlihelos bereehnen, (21) entsprieht genau der 
fu[TLER'Schen Mittelwertformel 12). Sie geniigt zur Berechnung der 
Frequenzen derjenigen Eigensehwingungen, zu deren Darstellung 
keine andere Eigenschwingung mehr gehort. 

1st dies nicht der Fall, so muB man dem HElSRNBERo'schen Ver
fahren 13) entspreehend das Quadrat, die dritte Potenz usw. von 
Rk~; 1£1 bilden, dessen Eigenwerte die vierten, seehsten usw. Po
tenzen dar Eigenfrequenzen sind, wahrend die zugehorigen Eigen
vektoren die fpllXI bleiben. Wendet man auf diese das vorher fur 
Hlt{J; 1£1 gesehilderte Verfahren an, so erhiilt man Formeln flir die 
Summe der vierten, seehsten usw. Potenzen der zu derselben Dar
stellung gehOrigen Eigenfrequenzen: 

(21 a) ~ "" vtt = "" "" "" R (pl (R) H(t. f k.J pa k.J k.J k.J . etR X R (1-1) R. 1" ' 
P a etp )C l I' ,I' , 

wo die H1:~';I£I l\latrixelemente der Hen Potenzmatrix von ~{J; /£1 

sind. 
Ans diesen Gleiehungen (sie sind der sogenannten irreduziblen 

Sakulargleichung der Quantenmechanik aquivalent) kann man die 
Eigenfrequenzen verhaltnismaBig leieht bereehnen. 

In den folgenden 1'abellen sind die irreduziblen Darstellungen 
der 32 Kristallklassen zusammengestellt 14). Die Charaktere der 
Kristallklassen 0, die das direkte Produkt einer anderen Kristall
klasse 00 mit der Spiegelnngsgruppe 0i = (E, i) (oder 0, = (E, (Jill) 
sind, 0 = 00 x 0i (bezw. C = 00 >< 0,), sind nieht separat ange
geben. Man erhalt ans jeder Darstellung von 00 je zwei von G 
in der Weise, daB man den Elementen A von 0, die aueh in 00 

vorkommen, dieselbe Matrix wie in der Darstellung von 00 zu
ordnet. Die Elemente, die in 0 nicht vorkommen, lassen sieh 
immer Ai (bezw. A 6,,) sehreiben, wo A in 00 vorkommt. Man 
ordnet ihnen dieselbe Matrix, die man A zugeordnet hat, zu, ent
weder durehweg mit positivem: oder durchweg mit negativem Vor
zeiehen. So erhiilt man aIle Darstellungen von 0, genau doppelt 
so viele wie 00 hat. 

Die Kristallklassen, die sieh als direkte Produkte schreiben 
lassen, sind bekanntlieh die folgenden: 

12) W. HEITLER, Zs. f. Phys. 46. 47. 1927. 
13) W. HEISENBERG, Zs. f. Phys. 49. 619. 1928. 
14) Die Bezeichnungen sind dieselben, die auch in P. P. EWALD'S Artikel 

in Geiger·Scheels Handbuch der Physik, Band XXIV, verwendet sind. 
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0,,, = O,x Os = O2 XGi; Oall = 0 3 X Os; 0.,. = 0, X Os = 0, XCii 
O,u = 08 X 0,; 06h = 0, X 0, = 08 X 0i 

D.,• = D. >< Os; D." X Os = D, X 0i; DSh = D6 X Os = Ds X 0. 
0Si = O.xOi ; Vh = VxOs = VxOi; DS<f= O •• XOi 

T" =1!xOi i 0h=OXOi • 

Die Darstellungen der zueinander holomorphen Gruppen sind 
in den foIgenden Tabellen zusammengefaBt. In jeder Tabelle steht 
zuerst der Name der abstrakten Gruppe, zu del' die in den fol
genden Zeilen in der ersten Spalte angefiihrten Kristallklassen 
holomorph sind. In del' Zeile einer jeden Kristallklasse stehen die 
Zeichen ihrer einzeillen Klassen mit der Anzahl del' in ihnen ent
haltenen Elemente (z. B. bedeutet B O. eine Klasse, die aus drei 
zweizahligen Drehungen besteht). Einander entsprechende Klassen 
stehen untereillander. Unter dem Strich kommen die Charaktere del' 
irreduziblen Darstellungen, jeder Zeile entspricht eine Darstellung. 
Die konjugiert komplexen Darstellungen sind durch Klammern zu
sammengefaBt. 

Spiegelungsgruppe Vierergruppe 

Os E 6 ,• 021• E C2 a" ~ 

0, E O. °tv E O. a. 6v 

0. E i V E O2 0, Ot 

1 1 1 1 1 1 
1 -1 1 -1 -1 1 

1 1 -1 -1 
1 -1 1 -1 

B. zyklische (ro = -! +i ~- va) 3. Diedergruppe 

c. I E as c: 
1 1 

Ca. I E 2 O. 3a. 
Da E 2 Os 302 

(~ 
1 1 1 
1 1 -1 
2 -1 0 

4. zyklische 

0, \ E O2 0, 0 3 • 
8, E O2 8, sa , 

1 1 1 1 
1 1 -1 -1 

G -1 i -D -1 -i 
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4. Diedergruppe 

C4V E G 2 204 264 26" 
D, E C2 2 C. 20, 2 a, 
Vd E o~ 28. 264 202 

1 1 1 1 1 
1 1 1 -1 -1 
1 1 -1 1 -1 
1 1 -1 -1 1 
2 -2 0 0 0 

6. zyklische co = ! + i! '13 
c. E C. Os a, 0: 8 

0'1 B 
1 1 1 1 1 1 
1 -1 1 -1 1 -1 

G 
co2 co4 1 rot 

ro) 
ro4 ro' 1 ro· co2 

G 
ro ro2 -1 -ro -:') _rot -ro -1 ro' 

6. Diedergruppe 

Oa" I E 01 203 2 06 8 «1v 8 «1,[ 

DB E O2 2CB 2C6 8C, 80, 

1 1 1 1 1 1 
1 1 1 1 -1 -1 
1 -1 1 -1 1 -1 
1 -1 1 -1 -1 1 
2 2 -1 -1 0 0 
2 -2 -1 1 0 0 

" Tetraedergruppe" co=-i+itVS 

TI E 80, 40. 403 

1 1 1 1 

G 
1 ro :) 1 

., ro-
8 -.1 0 0 
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"Oktaedergruppe" 

~al 
E 80a a02 602 60. 
E 80a a 0, 611a 68, 

1 1 1 1 1 
1 1 1 -1 -1 
2 -1 2 0 0 
a 0 -1 1 -1 
3 0 -1 -1 1 



Uber eine Verscharfung des Summensatzes 

E.P. Wigner 

Physikalische Zeitschrift 3R, 450-453 (1931) 

Zur Zeit der Entdeekung der Quantenmeeha
nik spielte der Summensatz der "Obergangswahr
seheinliehkeiten 1) eine groBe Rolle; er diente 
als Fingerzeig bei der Aufstellung der Ver
tausehungsrelationen. Fiir die wirkliehe Bereeh
nung von "Obergangswahrseheinliehkeiten kann 

I) W. Kuhn, Zeitschr. f. Phys. 33, 408, 1925; 
W. Thomas, Naturw. 13,627,1925; F. Reiche und 
W. Thomas, Zeitschr. f. Phys. 34, 510, 1925. 

man ihn dagegen nieht sehr leieht verwenden, 
weil er eigentlieh nur die Summe der "Obergangs
wahrseheinliehkeiten (genauer: der f-Werte) a He r 
Spriinge, die von einem Niveau ausgehen, zu 
berechnen gestattet, nieht dagegen die Summe der 
Wahrseheinliehkeiten fUr die "Obergiinge der ein
zelnen Elektronen. Dies ist vielmehr nur in einer 
gewissen Annaherung und aueh so nur in den ein
faehsten Fallen miiglieh, namlieh nur dann, wenn 
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die Wirkung der anderen Elektronen auf das 
Leuchtelektron als die einer Ladungswolke be
trachtet werden kann1). 

Deshalb wird auch eine Verscharfung (wenig
stens die hier behalldelte Verschiirfung) des Sum
mensatzes nicht von groBem Nutzen bei der 
Berechnung von Obergangswahrscheinlichkeiten 
sein. Ich teile sie hier doch mit, weil sie im 
vorher erwiihnten Fall, wie sich zeigen wird, 
einige Ubergangswahrscheinlichkeiten auch ein
zein zu berechnen gestattet. 

1. Bezeichnen wir in einem Atom mit n-Elek
tronen die Summe der n Heisenbergschen Z
Koordinatenmatrixelemente, die den stationiiren 
Zustiinden P und Q entsprechen, mit 

ZPQ=j-' IVlj.{s! + S2 + ... + s")V'Q' (I) 

so ist bekanntlich nach den Vertauschungsrela
tionen2) 

'" h2n ~(EQ-Ep)IZPQi2 = - 8n2 m' (2 c) 
P 

wo Ep bzw. EQ die Energien der beiden Zustiinde 
P bzw. Q sino, und die Summation iiber aile 
Zustiinde (tiber aile orthogonalen Schrodinger
schen Eigenfunktionen) zu erstrecken ist, mist 
die Elektronenmasse. Dieselbe Gleichung gilt 
flir die Summe der X- und Y-Koordinaten
matrizen: 

~ h2n 
£.J(EQ -Ep) IXPQ I2 = - 8n2m' (2a) 

P 

'" h2 n ~(EQ _Ep)IYpQ I2 = - 8n2m' (2 b) 
P 

Nun ist die Ubergangswahrscheinlichkeit ApQ 
vom Zustand Q in den Zustand P, also die pro
zentische Anzahl der Atome im Zustand Q, die 
pro Sekunde durch spontane Ausstrahlung in 

I) Nach Y. Sugiura (Phil. Mag. 4, 495, 1927) 
gilt dies fUr die inneren Elektronen des Na in bezug 
auf das Leuchtelektron, die Summe der f-Werte fUr 
die 'Obergange des Leuchtelektrons aUein ist 1,05. 
Dagegen kann man in den Riintgenspektren nach 
R.de L. Kroni!f undA. H. Kramers(Zeltschr. f. Phys. 
48, 174, 19.28) dIe liuBeren Elektronen bei der Betrach
tung der Uberglinge der K-Elektronen nicht mehr mit 
einer Ladungswolke beschreiben, weil sie - abge
sehen von ihrer abschirmenden Wirkung - die 
'Oberglinge der K-Elektronen auch dadurch beein
flussen, daB wegen des Pauliprinzipes 'Ober~nge in 
die von ihnen besetzten Bahnen unmiiglich smd. Bei 
Sugiura dag-egen sind die durch das Pauliprinzip 
verbotenen O'bergange ohnehin sehr schwach und 
betragen nur etwa 5 Proz. der gesamtenf-Werte. 

2) Da die Impulsmatrixelemente jeweils die 
2 n i m (E p-E Q)/k-fachender entsprechenden Koordi
nantenmatrixelemente sind. 

den Zustand P iibergehen: 

A _ 64 nte2 (EQ - Ep)3 
PQ- 3~~ W 

'(1 XpQl1 + 1 YpQlt + IZ pQI2), 

wo e die Ladung des Elektrons ist. Es gilt daher 
flir die Summe derObergangswahrscheinlichkeiten 
der Summensatz 

~ ApQ 8n2rn 
f;' (Ep-EQ)I = - IIlmea (4) 

aus dem die Vertauschungsrelationen eigentlich 
entstanden sind. Durch das Vorangehende ist 
ApQ nur flir Ep< EQ definiert, ist Ep>EQ' 
So soli nach (3) A p Q = - A Q P die 'Obergangs
wahrscheinlichkeit von P nacn Q mit dem nega
tiven Vorzeichen sein. 

Wir wissen andererseits, daB die Ubergangs
wahrscheinlichkeiten AP9 nur dann von Null 
verschieden sind, wenn die Azimutalquantenzahl 
des Zustandes P entweder urn 1 groBer, oder urn 
1 kleiner oder gleich ist der Azimutalquantenzahl 
/ des Zustandes Q. Man kann daher die Surnme 
(4) in drei Teile zerlegen 

+ 0 :2 AQP +:2 AQP 
P (EQ-Ep)2 P (EQ-Ep)2 

+ 2 AQP _ 8n2e'n 
P (EQ-Ep)2 - k'm~' 

wo die erste Summe liber jene Zustiinde P zu er
strecken ist, deren Azimutalquantenzahl / + I 

ist, die zweite und dritte Sunune liber jene Zu
stande, deren Azimutalquantenzahl.1 bzw. /- I 

ist. Es fragt sich nun, ob man die drei Summen 
in (4 a), die wir mit 

bezeichnen wollen, nicht auch gesondert bestim
men kann? 

Dies ist nun zwar im allgemeinen nicht mog
lich, wie man schon daraus ersieht, daB bei 7J = I, 

bei dem Einelektronenproblem, die Ubergiinge 
ohne Anderung der Azimutalquantenzahl ver-
boten sind, so daB f~ = 0 wird, wiihrend sonst 
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im allgemeinenf~ nieht Null ist. Man kann aber 
noch sehr wohl auBer 

f~+~+f~=n (5) 

eine weitere Gleiehung zwischen f~, f~, f~ 
angeben, die dann bei n = I mit ~ = 0 zusam

men f~ und f~ auch gesondert zu bestimmen 
gestattet. 

2. Fiihren wir an Stelle von P dreifache In
dizes N, 1', p: fUr die Atomzustande ein, wo I' 
und /t' die azimutale und magnetische Quanten
zahl bedeuten, und N zur Unterscheidung der 
versehiedenen Zustande mit derselben azimutalen 
und magnetischen Quantenzahl dient. Es liiBt sich, 
wenn Q ein Zustand mit der azimutalen und 
magnetischen Quantenzahll und Jl ist, (2 c) ahn-

lich zu (4 a) 

2 (ENI+l-EQ) IZNI+1",QI2 
N 

+ 2: (ENt-EQ) IZNI",QI' 
N 

+ 2.}(ENt-l- E Q)IZNt-l",QI2 
N 

= 8x2 m 

(6) 

schreiben, wo man iiber p: nicht zu summieren 
hat, weil die Z-Matrixelemente alle verschwinden, 
wenn p: 9= Jl ist. Setzen wir noch Jl = I, so ist 
nach den bekannten Intensitatsformeln fUr den 
Zeemaneffekt bei einem 1_ I Obergang, der 
11(1 + I)-te Teil der Strahlung des Zustandes Q 
in der Z-Richtiung polarisiert, so daB 

I ZNII,QI2 = I: I 2 (IXNI,,',QI2 + I YNt,,',QI2 + I ZNt,,',QI2) 
,,' 

wird. Ahnlich ist fUr Jl = I die Strahlung des Zustandes Q bei einem I + I -I-Obergang zum 
(21 + 1)/(21 + 3) (I + I)-ten Teil in der Z-Richtung polarisiert, so daB 

IZNI+lI,QI' (2/~/3~1~ 1)2: <!XNI+ 1,.', QI2 + I YNI+l"',QI2 + IZNI+1"',QI2) 
,,' 

ist, wahrend bei einem 1- I - I-Obergang die (5) und (9) 
ganze Strahlung des Zustandes Q senkrecht zu Z fQ _ (21 + 3)(1 + I) 
polarisiert ist, so daB 3 + - 2 1 + I ' 

3IQ =_(2/-I)/. 
- 2/+ I 

ZNI_lI,Q = 0 (7 c) 

oder mit Hilfe der f ausgedriickt 

2/+1 Q I Q I 

(21 + 3)(/ + Il + + 1 + /0 = "3 n. 
(9) 

Diese Gleichungen gelten zuniichst nur fUr einen 
Zustand Q, dessen magnetische Quantenzahl 
gleich seiner azimutalen Quantenzahl ist. Da aber 
nach den erwiihnten Ornstein-Burgerschen 
Intensitatsregcln die Summe der Obergangs
wahrscheinlichkeiten 

1: ANI',.',Q 
I" 

von der magnetischen Quantenzahl von Q unab
hiingig ist, gilt (9) auch aIlgemein. 

3. Betrachten wir zuerst ein Einelektronen
problem, dann ist f~ = 0 und es ergibt sich aus 

(10) 

Es zeigt sieh also, daB f~ fUr I ~ I negativ ist, 
was soviel bedeutet, daB unter den Obergiingen 
mit AI = I die Emission starker vertreten ist, 
als die Absorption. Es folgt hieraus, daB wenig
stens ein Zustand mit der Azimutalquantenzahl 
1- I tiefer liegen muB, als selbst der tiefste Zu
stand mit der Azimutalquantenzahl I. Daher 
ist auch der Grundzustand bei dem Einelektronen
problem immer ein S-Zustand. 

Bezeichnen wir das tiefste Niveau mit der 
Azimutalquantenzahl I mit £1 und setzen wir 
voraus, daB unter £1 nur ein Niveau E I _ 1 mit 
der Azimutalquantenzahl 1- I liegt, wie das 
etwa im Spektrum des Wasserstoffatoms fUr aile I 
der Fall ist. 1st dann P, ein Zustand mit der 
Energie £" so sind in der Summe 3/:'t nur jene 
Glieder negativ, die Obergiingen in die Zustande 
des Niveaus £'_1 entspreehen. Die Summe 
318'_1 PI jener Glieder in 3/:'/, die diesen Ober
gangen entsprechen (sie ist fUr aUe Zustiinde 
des Niveaus £1 gleich) muB also dem Betrag 
nachgroBerals/(2 I-I)/(z/+ I) = 1-1+I/(z/+ I) 
sein. Andererseits enthiilt die Summe 3/~/-l 
= (21 + I) II(z / - I) lauter positive Glieder, 
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und daher muB die Summe 31EIPI_1 jener Glie
der, die Dbergangen in die Zustande des Ni
veausE,entsprechen,kleinerals 3/:'/-1 = (2/+1) 
1/(2/- I) sein. Da weiternaeh den Summenregeln 
- (21 + I) I EI-1 Pt = (2/- I) I EIPt-i ist, er
gibt sich 

oder 
1 

1- 1 + 21 + 1< - 3IEI_IPI < I. (lIb) 

Man sieht, daB bei hohem 1 die Dbergangswahr
seheinliehkeit von PI naeh E I _ 1 (und naeh 
E I + 1) eea. wie I zunimmt, und je groBer 1 ist,. 
umso genauer aus (II) entnommen werden kann. 
Es folgt aueh, daB je groBer 1 ist, die Interkom
binationen von P, mit den anderen Zustanden 
immer mehr in den Hintergrund treten: da 

31P, = 1 + 2 + _I _ 
+ 21 + 1 

ist und davon auf den Dbergang naeh E I + 1 allein 
wenigstens 1 + I entrallt, bleibt flir die anderen 
Dbergange von PI mit Lli = I einsehlieBlieh des 
kontinuierliehen Spektrums hOehstens 1 + 1/(21+ I) 
Ubrig. Ahnlieh ist die Summe der Glieder in 
3/:'1 die von Absorptionsubergangen (also nieht 
von Dbergangen naeh E'_I) herriihren, sieher 
kleiner als 1 - 1/(21 + I). 

All dies gilt natiirlich nur flir das Einkorpcr
problem oder flir Systeme, die man als Einkorper
probleme behandeln darf. Die letzten Regeln 
setzen zudem voraus, daB unter PI nur ein einzigcr 
Term mit der Azimutalquantenzahl 1- I liegt. 

Das Grenzgesetz fEIPI_1 - 1/3 ergibt !lieh 
auch aus dem Korrespondenzprinzip unabhiingig 
vom Kraftgesetz, wenn man beaehtet, daB die 
Bahnen des Niveaus E1und EI_1 als Kreisbahnen 
anzusehen sind. 

4. Es sei hier noeh flir den Fall, daB aueh 
Dbergiinge ohne Anderung der Azimutalquanten
zahl vorkommen, eine Absehatzung angegeben. 
Wir sahen, daB der Grundzustand ein S-Zustand 
sein muB, wenn diese Dbergiinge verboten sind: 
Umgekehrt mussen die Dbergange mit Lli = 0 

eine wesentliehe Rolle spielen, wenn die Azimutal
quantenzahl des Grundzustandes I + 0 ist. In der 
Tat folgt aus (5) und (9), wenn man aus ihnen/~ 
eliminiert 

I + I IQ 21 + I IQ _ n 
-,- 0 - 1(21- I) - - 3' (12) 

Da flir den Grundzustand I~ positiv sein muB, 
ist 

Q 'n 
10 > 1+13 

und ahniieh folgt aus (9), da/2 positiv sein muB 

I Q 1+ I n 
0<-1-"3' 

d. h. daB I~ flir den Grundzustand, wenn seine 
Azimutalquantenzahl graB ist, .... n/3 ist. 

Die Formeln (5) und (9) gelten aueh, wenn 
man in ihnen die Azimutalquantenzahl dureh die 
Gesamtquantenzahl (innere Quantenzahl) ersetzt. 
1m FaIle normaler Termordnung folgen indessen 
die so zu erhaltenden Formeln aus (5) und (9) mit 
Hilfe der bekannten Intensitatsformeln flir Multi
pletts. 

(Eingegangen 31. Miirz 1931.) 



Uber die Operation der Zeitumkehr 
in der Quantenmechanik 

E.P. Wigner 

Nachrichten der Gesellschaft der Wissenschaften zu Gottingen 
Mathematisch-Physikalische Klasse 193~, 546-559 

Vorgelegt von M. BORN in der Sitzung am 25. November 1932. 

1. H. A. KRAMERS 1) hat bei der Untersuchung der magnetischen 
Drehung del' Polarisationsebene wichtige allgemeine RegelmaBig
keiten der Losungen del' quantenmechanischen Eigenwertgleichung 
gefunden. EI' hat u. a. nacbgewiesen, daB solange die auBeren, 
auf ein System wirkenden Krafte rein elektrischer Natur sind, bei 
ungerader Teilchenzahl immer eine wenigstens zweifache Entartung 
del' Energieniveaus auftritt. KR.:UIERS legte seinen Betrachtungen 
in erster Reihe die Eigenwertgleicbung zugrunde, die G. BREIT 2) 
aufgestellt hat, und die noeh in zweiter Ordnung relativistisch in
variant ist. Er zeigte dann dutch direkte Rechnung, daB man aus 
einer Losung del' BRlmschen Gleicbungen eine zweite finden kann, 
die bei ungerader Elektronenzahl von del' ersten verschieden sein 
muB. 

1m folgenden soIl cs versucht werden, die KRulERssehen Re
sultate auf eine etwas allgemeinere Grundlage zu stellen. Es wird 
sieh insbesondere zeigen, daB die von ihm benutzte Operation die 
Operation der Zeitumkehr ist. AuBerdem solI diese Operation in 
das normale Schema del' Gruppentheorie der Terme eingebaut 
werden, was, wie wir sehen werden, wegen ihres nicht linearen 
Charakters nicbt ganzlich trivial ist. 

Bekanntlich beruhen viele allgemeine Eigenschaften quanten
mechanischer Systeme, insbesondere die filr die Spektroskopie wich
tigen, auf Symmet.rieiiberlegungen. Filr die Anwendung diesel' 

1) H A. KRAlIIERS, Proc. Amsterdam, XXXIII, 959, 1930. § 2. Neuerdings 
hat J. H. VAN VLECK die KRAMERsschen Resultate mit sehr groBem Erfolg auch 
auf Fragen des Paramagnetismu9 angewendet. (Electric and magnetic suscepti
bilities, Oxford 1932.) 

2} G. BRErr, Phys. Rev. 34. 553. 1929. 
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Uberlegungen ist es wichtig, daB die betrachtete Energiestufe nur 
eine endliche Entartung aufweise. Dies ist fiir im Raume frei 
bewegliche Systeme (z. B. Atome) wegen des kontinuierlicben Spek
trums, das mit der Bewegung des Systems als Ganzes verbunden 
ist, von vornberein nicbt der Fall. lVlan kann sicb da auf zwei 
Arten belfen: entweder recbnet man die Kerne nicbt zurn System 
und betrachtet diese als an feste Stellen des Raumes gebunden, 
oder aber man fiibrt eine Zusatzbedingung ein, die die freie Be
weglicbkeit des Systems im Raume ebenfll.lls aufbebt, indem man 
aoBer der Energie noch vorschreibt, daB der Gesamtimpuls des 
Systems Null sei 3). Bei Atomen fiihren beide Betrachtungen zu 
denselben Resnltaten, bei Molekiilen verwendet man bekanntlich 
die erstere, wenn man sich fiir die Elektronenterme interessiert, 
die zweite dagegen, wenn man auch die Bewegung der Kerne mit 
erfassen will. Da die Kerne in Wirklichkeit nicht an feste Punkte 
im Raume gebunden sind, fiibrt die erste Betrachtungsweise nul' 
zu naherungsweise richtigen Resultaten 4). 

Die folgenden Betrachtungen, deren Zweck die Zuriickfiibrung 
der KRAMERsschen RegelmaBigkeiten auf eine bisher nicht betrachtete 
Symmetrieart ist, konnen in beiden Fallen, die wir als "erste" 
(festgehaltene Kerne) und "zweite" (Gesamtimpuls Null) unter
scheiden wollen, angewendet werden. 

2. Wenn man seinen Betrachtungen ein frei bewegliches Sy
stem zugrunde legen wiirde~ wiirde im FaIle, daB keine auBeren 
Felder yorhanden sind, die Symmetriegruppe des Systems die gauze 
inhomogene LORENTzgruppe bzw. im nicbt-relativistischen . .Falle die 
entsprechende GALlI.Elgruppe umfassen, die auBer den gewohnlichen 
LORENTZ- bzw. GALII.EI-Transformationen noch Verschiebungen in 
Raum und Zeit enthalten (xl = Xi+O i ). Dadurcb, daB man nicht 
ein frei bewegliches System betrachtet, erfahrt die Symmetrie des 
Problems natiirlich Einschrankungen. 

In der "ersten" Betracbtungsweise wird durch die festen An
ziehungszentra VOl' aHem .eine absolute Rube definiert, und dies 
scblieBt die Tl'ansformationen, bei denen die beiden Koordinaten
systeme gegeneinandel' bewegt sind, aus. Auch die meisten rein 
raumlicben Tl'ansformationen fallen aus dem gleichen Grunde fort, 
es bleibt von ibnen nUl' die Symmetriegruppe der Anziehungs-

3) Die Forderung, daB sowohl die Energie, wie auch der Gesamtimpuls feste 
Werte baben sollen (daB beide "scharf" sein sollen) ist bekanntlich zulassig, wenn 
keine au6eren Felder da sind. 

4) Uber die Berechtigung dieser Betrachtungsweise vgl. M. BORN und 1. R. 
OPPENHEDIER, Ann. d. Phys. 84. 457. 1927. 



On the Operation of Time Reversal in Quantum Mechanics 215 

548 E. WIGNER, 

zentren iibrig, die bisher auch immer in Betracht gezogen wurde. 
AuBer diesen existieren aber noch die rein zeitlichen Transforma
tionen t' = t + to und t' = - t. Durch die Angabe der Energie 
ist die Darstellung (e - iEto/h) schon gegeben, zu der der Zustand 
in Bezug auf die ersteren Transformationen gehOrt; diese Symme
trie hat u. a. die FoIge, daB Zustiinde mit scharfer Energie zeitlich 
unverandedich sind. Die Transformationen t' = t + to geben also 
nichts Neues mehr. Es bleibt demnach nur die Transformation 
tt = - t zu untersuchen, die die Reversibilitat der Zeit ausdriickt. 
Sie wird, wie wir sehen werden, tatsachlich die KRAllEKsscben 
Regeln ergeben. Die Reversibilitat der Zeit gilt natiirlich nur so 
lange die Anzif'hungszentra auch durch ihre innere Bewegung keine 
Zeitrichtung auszeichnen, also insbesondere keine magnetischen 
Felder erzeugen 5). Die Felder, die durch den Kernspin verursacht 
sind, sind allerdings so klein, daB sie in der ersten, ohnehin nur 
naherungsweise giiltigen Betrachtung auBer Acht gelassen werden 
konnen. 

Ahnlich verhalt es sich bei der "zweiten" Betracbtungsweise. 
Bei ihr ist de£ Gesamtimpuls des Systems in einl"m Koordinaten
system gIeich Null gesetzt, dieses Koordinatensystem ist ausge
zeichnet und kann als ruhend betrachtet werden. Von den rein 
raumlichen Transformationen brauchen wir die Translatiollen nicht 
zu beriicksicbtigen, weil das System, dessen Gesamtimpuls Null ist, 
in Bezug auf diese zur identischen Darstellung gebOrt, d. h. durch 
eine Translation iiberhaupt nicbt geandert wird. Mit den iibrigen 
rein raumlichen und mit den rein zeitlichen Transformationen ver
halt es sich ebenso wie vorher, mit dem einzigen Unterschied, daB 
die rein raumlichen gewobnlich (wenn keine auBeren Felder vor
handen sind) die ganze dreidimensionale Drehsiegelungsgruppe um
fassen. 

Wir sehen also, daB sowobl das erste, wie auch das zweite 
quantenmechanische Problem auBer den Symmetrien, die man hisher 
immer betrachtet hat (rl"in raumliche rrransformationen), noch das 
Symmetrieelement der Zeitumkehr enthalt. Es sei im folgenden 
die Wirkung dieses Symmetrieelements untersucht, und zwar nur 
im nicht relativistischen FaIle. 

3. Zunachst miissen wir untersuchen, welche Operation K eine 
'Vellenfunktion rp in die Wellenfunktion K rp desjenigen Zustandes 

5) lJber die Frage, unter welchen Bedingungen die Zeit "reversibel" ist, 
was wir fortan ausdriicklich annehmen. wollen, vgl. die Diskussion von ONSAGER, 

Phys. Rev. 38. 2265. 1931. 
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iiberfiihrt, dessen Zeit umgekehrt der von cp lauft, dessen Zukunft 
also identisch mit der Vergangenheit und dessen Vergangenheit 
identisch mit der Zukunft von cp ist. Nehmen wir zunachst die 
einfache SCHRliDINGERSche Theorie, die den Spin unberiicksichtigt 
lEiSt. Dann ist cp = cp (XI' Xtl ••• , xn) eine Funktion der Cartesi
schen Koordinaten der Teilchen allein. 

In der einfachen SCHRODINGERSchen Theorie ist bekanntlich 
Kcp = cp*, doch wollen wir die Bezeichnung K beibehalten und 
nur die fo1genden drei Rechenrege1n fiir die Operation K beniitzen: 

(I) 
(II) 
(III) 

oder 
(III a) 

Klcp = cp, Ki = 1, 

K(acp + b",) = a* Kcp+ b* K"" 
(cp,1/I) = (1/1, cp)* = (Kw, Kcp) 

(Kcp,1/I) = (cp, K1/I)* = (K1/I, cp). 

[Hier bedeutet (u, v) das hermiteische ska1are Produkt der Funk
tionen u und v, also das iiber den ganzen Konfigurationsraum er
streckte Integral von u*v.] Es zeigt sich namlich, daB die fo1-
genden Betrachtungen in dieser Weise auch fiir die Theorie, die 
den Spin beriicksichtigt im Falle gerader Elektronenzahl wortlich 
geIten, mit dem einzigen Unterschied, daB K nicht mehr einfach 
den Ubergang zum konjugiert Komplexen bedeutet, sondern eine 
etwas andere Operation ist, die den Regeln (1), (II), (III) ebenfalls 
genUgt. Gleichung (II) zeigt, was fUr das f'olgende entscheidend 
ist, daB K kein linearer Operator ist. AIle anderen vorkommenden 
Operator en werden jedoch linear sein, sodaB dies nicht immer be
sonders angegeben wird. 

ReelI ist eine Funktion, fiir die K cp = cp gilt, imaginar 
eine, fiir die K cp = - cp gilt. Von einem hermiteischen linearen 
Operator A sagen wir, daB er reell ist, wenn er eine reelIe Funk
tion in eine reelle iiberfiihrt, er f'iihrt dann konjugiert komplexe 
in konjugiert komplexe iiber; so daB 

(1) AKcp = KAcp, AK = KA, A = KAK 

gilt. Ein imaginarer Operator B fiihrt reelle Funktionen in ima
gin are iiber, es gilt fiir ihn 

(2) B = -BKB. 

Aus der Umkehrbarkeit der Zeit folgt nach 1, daB mit cp auch 
K cp eine Eigenfunktion ist. Man kann cp und K cp durch die reelIen 
Funktionen cp + K cp und i (cp - K cp) ersetzen. Es konnen also aIle 
Eigenfunktionen reeIl angenommen werden. Daher muB auch der 
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Energieoperator reeIl sein, wie wir das vom SCHRODINGERSehen Ope
rator aueh wissen. 

Dasselbe gilt aueh fill' aIle rein diumliehen Symmetrieope
ratoren. Man erhiilt namlich denselben Zustand, gleiebgiiltig, ob 
man zuerst eine diumliehe Drehung Q und dann die Zeitumkehr 
vornimmt: odeI' zuerst die Zeit umkebrt und dann im Raume 
dreht. Es gilt daher fUr aUe ffJ 

(3) 

wo Cp eine Konstante vom Absolutbetrag 1 ist, die zunaehst fiir 
versehiedene Wellenfunktionen versebieden sein konnte. Wiire abel' 
C'I' versehiedcn von cp , so folgt aus del' Linearitat von Q doeh 

K Q (ffJ + 1/J) - K Q ffJ + K Q 1/J = c,p Q K ffJ + C'jJ Q K 1/J 

= Cp + 'I) Q K (ffJ + 1/J) = C'f + 'i' Q K ffJ + cp + 'I' Q K 1/J 

Cp = C'f+ 'I' - C~). Ersetzt man noeh Q dureh 0 = Vc ,p Q, so wird 

(3 a) KO ffJ = OK ffJ 

o tatsaehlieh reell. Bei del' einfacben SCRRODINGERSehen Theorie ist 
dies aueh natiirlich, da die Symmetrieoperatoren reelle Trans
formationen der Argumente del' WeIlenfunktionen sind. 

Del' reclle Cbarakter von WeIlenfunktionen und Operatoren 
hat hei del' Betraehtung des Symmetrieelements t' = - t ent
seheidende Bedeutung. Allgemein sind Operatoren, die die Zeit 
nieht, oder nul' in gerader Potenz enthalten, reell, weil ihr Er
wartungswert fUr ffJ und K ffJ gleieh ist. R,eelle Operatoren sind 
demnaeh die Koordinaten und ihre Funktionen, das Quadrat der 
Geschwindigkeit, die kinetische Energie, Gesamtenergie usw, Ima
ginal' sind dagegen die Operatoren, die die Zeit in ungerader Po
tenz entbalten, wie etwa die Geschwindigkeit, del' Drehimpuls usw. 
weil ihr Erwartungswert fur rp und K rp entgegengesetzt gleich ist. 
1m ersten FaIle ist z. B. 

(Arp, rp) = (ffJ, Arp) = (Krp, AKrp) = (KAKep, ep), 

sodaB tatsachlich A = K A K gelten muB, weil die quadratischen 
Formen beider Operatoren gleich sind. 1m zweiten FaIle erbalt 
man aus (ffJ, Bep) = -(Krp, BKep) ebenso B = -KBK. 

4. Wir sahen eben, daB es moglich ist, aIle Eigenfunktionen 
reell anzunehmen. Daraus folgt unmittelbar, daB del' 1'I1ittelwert 
eines rein imaginaren hermiteiscben Operators fUr aIle Zustiinde 
derselben Energie 

(4) (1/Jl' Bt/Jl)+(t/JII Bt/J,) + (t/J., Bt/Js)+'" = 0 
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verschwindet, weil in (4) schon aIle Glieder einzeln Null sind, wenn 
die Eigenfunktionen in rein reeller Form angenommen sind: 

Fur den Fall, daB keine Entartungen vorliegen, wie z. B. wenn 
keine raumliche Symmetrie vorhanden ist, gilt dies auch fiir die 
einzelnen Eigenfunktionen. So z. B. ist del' Erwartungswert del' 
Geschwindigheit fUr jeden stationaren Zustand Null. Dasselbe gilt 
von del' dritten und jeder ungeraden Potenz del' Geschwindigkeits
komponenten und dahel' hat jede Geschwindigkeit dieselbe Wahr
scheinlichkeit, wie die entgegengesetzt~ Geschwindigkeit. Ebenso 
verhalt es sich mit dem Drehimpuls. 

5. Gehen wir nun zu dem Fall iiber, daB auch eine raumliche 
Symmetrie vorhanden ist, und betrachten wir Eigenfunktionen 
t/Jl' ... , t/Jl die in Bezug auf diese zur irreduziblen DarsteUung D 
gehOren: 

z 
(5) 0/1 t}·x = ~ D (R)Ax 1/J1.' 

1.= 1 

Die Zeitumkehl' ist mit allen raumlichen Symmetrieelementen ver
tauschbar, so daB die gesamte Symmetriegruppe abstrakt das 
direkte Produkt del' raumlichen Symmetriegruppe und del' Zeit
umkehr ist. lUan kann aber die Darstellungstheorie nicht in del' 
Form, wie das sonst Uhlich ist, anwenden, weil die Operation del' 
Zeitumkehr nicht linear ist. Man muB vielmehr eine etwas de
tailliertere Uherleg1.1ng anwenden, indem man die drei Falle 6) 
unterscheidet: 

a) Die Darstell1.1ng D kann in eine rein reelle l!'orm trans
formiert werden. 

b) Die Darstell1.1ngen D und D* sind nicht aq1.1ivalent. 
c) Die Darstellungen D und D* sind zwar aquivalent, abel' 

sie konnen in keine rein reelle Form transformiert werden. 
a) 1m ersten FaIle (wie z. B. bei allen eindeutigen Darstellungen 

del' dreidimensionalen Drehgruppe und Drehspiegelungsgruppe, del' 
zweidimensionalen Drehspiegelungsgruppe und del' symmetrischen 
Gruppen) kann man D von vornherein in ree11er Form annehmen. 
Dann folgt aus (5), wenn man zum konjugiert Komplexen iibergeht 

1 
(6) KOR1/Jx = ORK'!/Jx = ~ D(R)AxKt/JJ.. 

1.=1 

6) Y gl. G. FROBI~NIUS und I. SCHUR, Berl. Ber. 186. 1906. 
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Dieselbe Gleichung gilt fiir die reellen ]'unktionen 1/J" + K 1/J" = u" 
und i ("'" - K "',,) = V,,, so daB sich die u" ... , u, sowohl bei raum
lichen Transformationen, wie auch bei der Zeitumkehr nur unter 
sich transformieren. Dasselbe gilt von den V,"'" VI' Es liegt 
daher kein Grund vor, daB diese, wenn sie von den t, linear unab
hangig sind, zu dem Eigenwert der u gehoren sollen, es sei denn, 
daB eine zufallige Entartung vorliegt. 

Im FaIle a) bedingt also die Zeitumkehr keine zusatzliche 
Entartung, sie bewirkt nur I daB die Eigenfunktionen, die zur 
reellen Form der Darste11ung gehoren, durch l\Iultiplikation mit 
einer Konstante aIle ree11 gemacbt werden konnen. 

1st A ein ree11er hermiteischer Operator, und gebOren "'i und 
"'i beide zu Eigenwerten der Klasse a), so folgt fiir das l\latrix
element von A, das sie verbindet, 

daB es ree11 ist. Hat A noch die raumliche Symmetrie des Pro
blems, so kann man dies noch mit (7) kombinieren und erhalt 
einiges weitere fUr seine l\latrixelemente. Es sei hierauf jedoch 
nicht weiter eingegangen, nur als Beispiel erwahnt, daB der Er
wartungswert eines i mag ina r e n hermiteischen Operators, del' 
die raumliche Symmetrie des Problems besitzt (wie z. B. von 

~ x"P .... + PnzX" + Y"P"'I+ PnIlY" + Sn Pn. + P ... Z oder xMz+ Y Mil + Z lJf.) 
n 

fiir j eden stationaren Zustand a, "', + ... + at"'l verschwindet, wenn 
keine zufaIlige Entartung vorliegt: 

(~a"",,,, B~al"'l) = ~a:al("'''' B1/Jl); 
x 1 xl 

("',,' B"'J verschwindet fiir " = A, weil "'" reell ist; fiir " =1= J.., 
weil "'" und 1/J1 zu verschiedenen Zeilen von D gehoren. 

b) und c) Wenn die Eigenfunktionen aIle reell sind, ist die 
zugebOrige Darstellung auch reell. Dies folgt aus (5): 

(1/J1' OR1/J,,) = D(R)l,,' 

weil links sowohl 1/11, wie auch OR 1/1" reell sind. Kann daher eine 
Darstellung nicht rein ree11 gemacht werden, so konnen die zuge
bOrigen Eigenfunktionen auch nicbt reell sein. Trotzdem gebOren 
auch K 1/JII ... , K 1/J1 zu dem Eigenwert von 1/111 "" 1/1,; aber sie 
konnen durch die 1/J" ••• , '1/1, nicht mehr linear ausgedriickt werden, 
wie das vorher der Fall war. Aus (5) und (3a) folgt 
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l 
(8) KORf/l" = ORKf/l'll = ~ D(R);xKf/ll' 

1=1 

1m FaIle b) sind D und D* nicht aquivalent, und die K f/l" die zu 
D* gehOren, sind demnach orthogonal auf den f/l'll' Die Existenz 
des Symmetrieelements K verdoppelt die Entartung, es gehoren 
zwei Terme mit verschiedenen (zueinander konjugiert komplexen) 
Darstellungen zu demselben Eigenwert. An Stelle von (7) gilt 
diesmal: 

daB die Matrixelemente in ihre konjugiert komplexen Werte iiber
gehen, wenn man die Eigenfunktionen durch die konjugiert kom
plexen Eigenfunktionen ersetzt, wenn del Operator ree11 hermiteisch 
ist. Auch im FaIle b) kann man noch auf weitere Eigenschaften 
eines reellen oder imaginaren Operators schlieBen, wenn er auch 
die Symmetrie des Problems besitzt. 

Auch im FaIle c) bewirkt das neu hinzutretende Symmetrie
element der Zeitumkehr eine zusatzliche Entartung, es fallen in 
diesem Falle zwei Eigenwerte mit del' gleichen Darstellung zu
sammen. Die Diskussion des Falles c) kann hier umsomehr unter
bleiben, als die dreidimensionale Drehgruppe keine Untergruppe 
hat, die auch nur eine eindeutige Darstellung diesel' Art hatte. 
Die Resultate sind ahnlich wie bei Mitberiicksichtigung des Spins 
bei ungerader Elektronenzahl im FaIle a). 

6. Wir gehen jetzt zur Theorie iiber, die auch den Spin be
riicksichtigt 7). Zuerst bestimmen wir wieder die Operation K, die 
"die Zeit umkehrt". Die Lagenstatistik darf K nicht andern, da
gegen wird die Wahrscheinlichkeit en t g e g eng e s e tz tel' Ge
schwindigkeiten und Spin-Orientierungen fiir tp und K tp gleich sein. 

Die Operation K kann entweder ein unWirer Operator sein, 
oder ein unitarer Operator verbunden mit dem Ubergang zum 
konjugiert Komplexen; das letztere ist del' FallS). 

Setzen ~.ir daher K = U Ko, wo U linear - unitar ist, und Ko 
einfach den Ubergang zum konjugiert Komplexen bedeutet. Dann 
miissen nach dem Vorangehenden x, y, s vertauschbar, Pz, 1111 , p., 
SZ' s1l' s. schief vertauschbar mit K sein: 

7) W. PAULI, ZS. f. Phys. 43, 601, 1927. 
8) E. WIGNER, Gruppentheorie usw. Braunschweig 1931, S.251-254. Die

selbe Argumentation, die dort den Ubergang zum konjugiert komplexen verbietet, 
fordert hier dies en Ubergang, da die Zeitrichtung eben umgekehrt werden solI. 
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Xf{! - KxKf{! = UKoxKoU-lf{! = UxU-If{!; 

'JIf{! = UyU-If{!; Zf{! = UZU-lf{!; 

h a _ It a _I _ It a -1. 

2--;· ~ rp - - U Ko ~ ~ Ko U rp - + U-2 . ~ U f{!1 
%t uX ~%t uX %$ uX 

h a U h aU-I h a U h a U-l 
2 % i ay f{! - 2 % { ay q;; 2 % i dz q; - 2 % i az f{! : 

szq; = -UKos.,KoU-Iq; = -US:U-Iq;; 

Syf{! = - Us;U-1 q;; Sz q; = - U s;U-1 q;. 

Die ersten beiden Gleichungen zeigen, daB U mit x, y, Z, p", PII , P. 
vertauschbar ist und daher auf die Cartesischen Koordinaten gar 
nicht einwirkt. Die dritte Gleichung zeigt, daB es mit den reellen 
PAuLIschen Spinmatrizen (Sy und sz) schief vertauschbar, mit del' 
imaginaren (S.,) vertauschbar ist. Es kann daher bis auf eine Kon
stante, die man jedoch weglassen kann, nul' Sz sein. 1m FaIle 
mehrerer Elektronen ergibt sich entsprechend, daB U gleich dem 
Produkt der S., Operatoren alIer Elektronen ist, also 

(10) Jiq;(Xll YI' zn ... , Xn, Y .. , zn; 0Il ... , on) 

= SIZ S2Z'" s"z q; (Xl' Yn Z" •.. , :Cn, Yn' Zn; 6 0 ••• , 0,,) 

Dies ist genau die KltAMERssche Transformation. 
An Stelle der Gleichungen (I), (II), (III) erhalten wir somit 

CIa) K"q; = UKoUKof{! = UU*q; = Sl,,'" snzs;",,,, s;.,q; = (-ltq;, 

(II a) K(aq;+bl/J) = UKo(aq;+b1/J) = a*UKof{!+b*UKol/J, 

(lIla) (q;,1/J) = (Ko1/J, Koq;) = (U Ko1/J, UKof{!) = (K1/J, Krp). 

Fur gerade n sind dies genau dieselben Gleichungen, die den 
vorangehenden Betrachtungen zugrunde lagen, so daB diese auch 
in der PAuLIschen TheOl·ie wortlich gelten, wenn die Zahl der 
Elektronen gerade ist. Bei ungerader Elektronenzahl dagegen gilt 
an Stelle von (I) 

(Ib) 

Mit dies em Fall wollen wir uns im nachsten Abscbnitt be
schaftigen. 

Sind auBer den Elektronen auch andere 'l'eilchen im System 
entbalten, so gilt (I) oder (I b), je nachdem die Gesamtzahl der 
Teilchen gerade oder ungerade ist. Dabei mussen jedoch Teilchen 
mit s-fachem Elektronenspin s-fach gezahlt werden. 
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7. Schon im FaIle gerader Elektronenzabl ist das K cp, das 
wir das konjugiert Komplexe von cp nennen, nicht das konjugiert 
Komplexe im gewohnlichen Sinn, sondern UKocp = Ucp*. Bei un
gerader Elektronenzahl kann man aber gar nicht mehr von reellen 
Funktionen sprechen, da K rp nicht mehr gleich cp sein kann, viel
mehr auf cp orthogonal steht 

(11) (Kcp,cp) = (Kcp,KKcp) = -(Kcp,cp) = o. 
Es soIl K cp die zu cp konjugierte Funktion genannt werden, zu 
K cp ist dann - cp konjugiert, usw. 

Reelle und imaginare Operatoren sind auch etwas anders defi
niert, wie vorher. Fur reelle gilt niimlich anstatt .A = K-l AK 
= K A K jetzt A = K-I A K = - X A K, fur imaginare 

B = -X-IBK = KRE. 

Wichtige reelle Operatoren auBer den in 3. erwahnten sind die 
Transformationen Pit del' Cartesischen Koordinaten allein, die 
Transformationen QlI del' Spinkoordinaten, wichtige imaginare 
Operatoren sind die SpingroBen SU, SkU' Skz. 

Matrixelemente reeller hermiteischer Operatoren, die konju
gierte Funktionen verbinden, verschwinden 

Del' Erwartungswert eines reellen hermiteischen Operators ist fill' 
zwei konjugierte Funktionen gleich, der eines imaginaren Ope
rators B entgegengesetzt gleich 

(13) (cp,Bcp) = (KBcp,Kcp) = -(BKcp,Kcp) = -(Kcp,BKcp). 

Da man die Eigenfunktionen orthogonal so wahlen !rann, daB sie 
Paare von konjugierten Funktionen hilden, versch,vindet in Folge 
von (13) der lVlittelwert eines imaginiiren Operators fUr die Ge
samtheit aller Zustande gleicher Energie. 

8. Infolge del' Gleichung X' = - 1 sind die Verhaltnisse bei 
ungerader Elektronenzahl auch in Bezug auf Entartung wesent
lich anders als bei gerader Elektronenzahl. Vor aHem sieht man 
sofort , daB, wenn auch keine raumliche Symmetrie vorhanden 
ist, immer eine doppelte Entartung auf tritt, die zwei orthogonalen 
Funktionen cp und K cp gehOren immer zu demselben Eigenwert. 
Die Matrixelemente reeHer Operatoren sind fur konjugierte Funk
tionen konjugiert komplex 
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Aueh bei Vorhandensein raumlieher Symmetrie verandern sieh 
die Verhaltnisse weitgehend, und wir miissen die drei Falle von 
5. wieder gesondert betraehten. 

a) 1st die Darstellung des betraehteten Terms K reell D = D*, 
so folgt aus (5) 

l 
(15) KOR1/J~ = ORK1/J~ = ~ D(R)lKK1/Jl' 

l=l 

daB aueh ]( tPl zur J.. - Zeile von D gehort. .Mithin bewirkt das 
Symmetrieelement K eine zusiitzliehe doppelte Entartung, reelle 
Darstellungen treten immer doppelt auf. 

Flir Operatoren, die die raumliehe Symmetrie des Problems 
besitzen, HiBt sieh aus den iibliehen Formeln der Darstellungs
theorie fiir Matrixelemente dureh Kombination mit (13) bis (15) 
noeh einiges gewinnen. Insbesondere gilt fiir einen "symmetri
sehen" reellen hermiteischen Operator: daB die l\1atrixelemente aile 
verschwinden, die verschiedene Eigenfunktionen derselben Energie 
verbinden; die Erwartungswerte fiir die einzelnen Eigenfunktionen 
sind dagegen gleich. Innerhalb eines Eigenwerts verbalt sieh daher 
die reduzible Darstellung so, wie wenn sie irreduzibel ware. 

b) Die Verhaltnisse liegen am einfaehsten, fiir Eigenwerte, 
deren Darstellung der konjugiert komplexen Darstellung nicht 
iiquivalent ist. Hier gel ten die Betraehtungen von 5. wortlich. 

c) \Venn D und D* aquivalent sind, so lassen sie sieh durch 
ein uniHires S ineinander transformieren. Es sei 

(16) SD(R)S-I = D(R)*, S* D(R)*S*-I = D(R). 

Es folgt, daB 

(17) S*SD(R)S-IS*-I = S* D(R)*S*-I = D(R), 

S* S mit allen D (R) vertausehbar, also ein Vielfaehes der Einheits
matrix ist. Somit ist S = cS' und hieraus erbalt man aueh 
S' = c S, so daB c = ± 1 ist. In unserem Falle ist c = - 1, 
da fiir c = + 1 die Darstellung rein reell gemacht werden kann. 
Es gilt somit 

(18) S' = -So 

Daraus folgt auch, daB die Darstellungen del' Art c) aUe gerade 
Dimensionszahl haben. Transformiert man noeh die DarsteUung 
D(R) mit einer unitaren Matrix U, so geht die l\fatrix S, die sie 
in die konjugiert komplexe Form iiberfiihrt in U'SU iiber. Durch 
zweekmaBige 'VabI der Form von D (R) kann man es also immer 
erreicben, daB das S in (18) die Form 
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. 
0 0 0 i ... 

(18 a) s= 0 o -i 0 .. · 
0 ~ 0 0 .. · 

···-i 0 0 0 .. · 

habe 9). Es ist zweckmaBig, dies von vornherein anzunehmen, die 
halbzahligen Darstellungen der dreidimensionale,n Drehgruppe (die 
in diese Kategorie gehoren) werden gewohnlich von vornherein in 
einer Form angenommen, fii.r die S die Form (18 a) hat. Weiterhin 
empfiehlt es sich, in Analogie zu diesen halbzahligen Darstellungen, 
die Zeilen und SpaUen von D und S (und demgemaB auch die 
Eigenfunktionen) anstatt mit 1, 2, ... mit - j, - j + 1, .'" j -1, j 
zu numerieren, wobei j halbzahlig una 2j + 1 die Dimension der 
Darstellung ist. Aus (16) wird dann 10) 

(16a) D(R);. = i~U-2' D(R)_f'_' = (-1)'1-' D(R)_f'_" 

Durch Anwendung von K auf die Transformationsformel (5) 
der ""14 sieht man mit Hilfe von (18 a) leicht, daB iYft K ""f' zur 
- IL - Zeile von D (R) geho rt 

(19) o.R""", = ~D(R)y.u1jJ,., Olli 2I'K1jJ" = ~D(R)_'~I.i2·K1jJ~. 
~ ~ 

Betrachten wir daher die Funktionen u bzw. v 

(20) "" = "",. + i-I,u K "'-I' bzw, v,, = i ("",. - i-2,u K "'_,.), 

so sehen wir, daB sie sich sowohl bei raumlichen Transformationen 
R, wie auch bei der Zeitumkehr K unter sich transformieren, so 
daB kein Grund fii.r das Zusammenfallen des Eigenwertes der u 
mit dem Eigenwert der v vorliegt. Daher bedingt fiir Eigen
werte mit einer Darstellung der Art c) bei ungerader Elektronen
zahl keine zusatzliche Entartung. Fur die Eigenfunktionen kann 
von vornherein die sowohl fur die u wie fur die v geltende Glei
chung 

(21) K·'· +i~II.,. = 0 '1'" '1'-", 

angenommen werden. 
Betrachten wir, um eine Anwendung dieser Gleichungen zu 

sehen, die Matl'ixelemente eines imaginaren hermiteischen Operators, 

9) V gl. I. SCHUR, l. c. 
10) Auch die ganzzahligen Darstellungen der dreidimensionalen Drehgruppe, 

obwobl sie in die Kategorie a) gehiiren, werden gewohnlich in solcher Form ange
nom men, daB fiir sie (16 a) gilt. 
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die die Eigenfunktionen eines Eigenwerts del' Klasse c) verbinden. 
Es ist 

Hat B noch die volle Symmetrie des Problems, so verschwinden 
aHe Matrixelemente (22): fUr p. =1= v weil dann t/Ju und t/J" zu ver
schiedenen Zeilen von D gehoren, fiir I' = v dagegen miiBten sie 
ane gleich sein und (22) zeigt, daB sie demzufolge aIle rein ima
ginal' sein miiBten. Das ist abel' nicht moglich, weil sie wegen 
des hermiteischen Charakters von B reell sein miissen. Es folgt, 
daB del' Erwartungswert eines imaginaren hermiteischen Operators, 
der die volle Symmetrie des Problems besitzt, fUr aIle stationaren 
Zustande verschwindet. 

Es ist wohl nicht zu verkennen, daB bei gerader Elektronen
zahl der Fall a) dieselbe Rolle spielt wie der Fall c) bei ungerader 
Elektronenzahl, und umgekehrt. Dies steht wohl damit in Zu
sammenhang, daB die Darste11ung, die QR bildet, bei gerader Elek
tronenzahl zur Klasse a), bei ungerader zur Klasse c) gehort. 
Wenn auch andere rl'eilchen als Elektronen im System enthalten 
sind, sollte dabei eigentlich nicht "gerade Elektronenzahl", sondern 
"gerade Zahl der Teilchen, deren Spin halbzahlig ist" stehen. 

9. Es soIl nochmals auf die Verschiedenheit in der Behandlung 
der "Zeitumkehr" und der gewohnlichen raumlichen Symmetrien 
hingewiesCIi werden. Sie ist dadurch bedingt, daB die Operation, 
die die Zeit in einer Wellenfunktion umkehrt, nicht linear ist. -
Die V oraussetzullg fiir die vorangehenden Uberlegungen ist die, 
daB das ganze Problem invariant sei gegeniiber del' Transformation 
t' = -to 

Wenn das Problem auch gegeniiber der Transformation t' = - t 
nicht invariant ist, so existieren doch of tel's Transformationen, die 
die Zeitumkehr enthalten. So z. B. besteht bei einem homogenen 
Magnetfeld das Symmetrieelement: Spiegelung an einer Ebene 
durc~ das Magnetfeld mit gleichzeiger Zeitumkehr. Sie bedingt, 
daB die Eigenfunktionen, wenn man den Faktor eitlHP abspaltet, 
ree11 werden. 

Die Wirkung del' Zeitnmkehr ist bei den beiden Betrachtungs
aden des Abschnittes 1 sehr verschieden. Bei der zweiten Be
trachtungsart (Gesamtimpuls Null) besagt sie Z. B. bei gerader 
Teilchenzahl, daB rrerme ohne Entartung existieren, die sich be
sonders einfach verhalten. So z. B. ist ihr mittleres magnetisches 
l\Ioment in jeder Richtung exakt Null. Dies folgt natiirlich nicht 
aus dem Verschwinden des Gesamtdrehimpulses, da man ja nicht 
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nur eine Art Teilchen hat. Bei ungerader Teilchenzahl existieren 
dagegen keine unentarteten Zustiinde. 

Bei der ersten Betrachtungsart (festgehaltene Keme) ergeben 
sich je nach der Symmetrie verschiedene Resultate, so z. B. ist der 
mittlere Drehimpuls der Elektronen bei ganzlich unsymmetrischer 
Konfiguration der Kerne bei gerader Elektronenzahl immer Null. 
Dies ist nach VAN V L~:CK fiir den Diamagnetismus der meisten 
Stoffe verantwol'tlicb, weil das von der Kernbewegung herriihrende 
magnetische Moment sehr klein ist. 



Uber die experimentelle Priifung 
des Spinerhaltungssatzes 

R. Dopel, K. Gailer und E. P. Wigner 

Physikalische Zeitschrift 35, 336-337 {1934} 

I. Die Diskussion fiber eine vor kurzem er
sehienene Arbeit mit diesem Titel l ) hat einige 
Ergebnisse gehabt, die wir fUr erwahnenswert 
halten und daher hier mitteilen wollen. 

Wir maehten vor allem eine mehr theoreti
sehe Bemerkung einschalten. Die Erhaltungs
satze der Quantenmeehanik zerfallen in zwei 
Gruppen. In die erste Gruppe gehOrt der Energie
satz, der lineare Impulssatz und der Drehimpuls
satz (sowie ein Satz fiber die Erhaltung des 

Spiegelungseharakters, der jedoch bei dem StoB 
nieht gepriift werden kann). Eine Giiltigkeits
grenze fiir diese Erhaltungssatze ergibt sieh aus 
der (gegenwartigen) Quantenmechanik nieht, sie 
sollen ebenso wie in der klassisehen Theorie unter 
allen Umstanden gelten. In die zweite Gruppe 
der Erhaltungssatze fallt der Erhaltungssatz fUr 

I) R. Dopel u. K. GaBer, Physik. Zeitschr. 
34. 827. 1933. 
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den gesamten Elektronenspin (auch ei? Erhal
tungssatz fiir den gesamten Protonen~pm us,,:.). 
Diese sollten in der Quantenmechamk nur 10-

sofern gelten, als man "die Wechselwirkung der 
Drehmomente der Elektronen usw. vernach
lassigen kann" 1). .. 

Der Spinerhaltungssatz wurde blsher bel 
zwei verschiedenen Arten von Zusammenstollen 
gepriift. Erstens bei solchen, bei dene~ die 
Energie der Umwandlung von vornherem als 
Anregungsenergie in den Atomen bzw. Molekiil~n 
vorhanden war, und zweitens in Fallen, wo sle 
durch die kinetische Energie der Partner ge
liefert wurde. 

2. In die erste Gruppe kann die bekannte 
Stabilitii.t des Parawasserstoffes, die Versuche 
von R. W. Wood und F. W. Loomis iiber die 
Jodfluoreszenz 2), das Studium der Reaktion 
3Kr + lflg = IKr + ZHg (die links angefiigten 
Zahlen deuten das Multiplettsystem des betref
fenden Atomzustandes an) durch H. Beutler 
und W. Eisenschimme}3) gerechnet werden. 
AIle drei Versuche bestii.tigen den Spinerhal
tungssatz in den beziiglichen Fii.llen - die schO
nen Versuche von Beutler und Eisenschim
mel allerdings nur in statistischem Sinne. Dies 
wurde aber bei den schweren Elementen Kr und 
Hg, wo die Spin-Bahnwechselwirkung nicht mehr 
klein ist, auch nicht anders erwartet'). 

3. Der Fall, dall die kinetische E?erg~e der 
Stollpartner die Umwandlungsenergle hefert, 
unterscheidet sich scheinbar theoretisch nicht 
von dem vorangehenden Fall. Trotzdem ist. es 
natiirlich von vornherein moglich, dall der Spm
erhaltungssatz hier seine Giiltigkeit vet:liert. 

K.F.Bonhoeffer und P.Harteck5) haben 
Parawasserstoff im Entladungsrohr zum Leuch
ten gebracht und gefunden, dall er durch den 
anregenden Elektronenstoll nicht in Ortho
wasserstoff umgewandelt wird. Der Spinerhal
tungssatz scheint also in diesem Fall bestii.tigt 
zu sein. 

In der obengenannten Arbeit8) wurde das 
Leuchten von Hg untersucht, das von neutralen 
He-Kanalstrahlatomen angeregt wurde. Die 
Untersuchung war zunii.chst auf den Nachweis 
eines Triplettzustandes eingestellt, und ein sol-

I) E. Wigner, Nachr. d. Ges. d. Wiss. zu GOt-
tingen, S. 379, 1927. 

2) Phys. Rev. 31. 705. 1928. 
3) Zeitschr. f. phys. Chern. (B) 10. 89. 1930. 
4) Wir miichten an dieser Stelle bernerken. daB 

auch die Versuche von J. H. Lees [proc. Roy. Soc. 
London (A) 137. 173. 1932]. die J. ~. Lees und 
H.W. B. Skinner (ebenda. 5.186) als eI.nen Fall ~er 
Verletzung des Spinerhaltungssatzes mterpretlert 
haben. neuerdings L. R. Maxwell (Joum. of the 
Franklin Inst. 214. 533. 1932) anders gedeutet hat. 

5) Zeitschr. f. phys. Che!ll' (B) 4. II3. 1929. 
6) R. Dopel und K. Galler, 1. c. 

cher (2 3SI) wurde durch das Vorhandensein 
mehrerer Linien nachgewiesen. (Das Vorhanden
sein noch eines Triplettzustandes 33D ist sehr 
wahrscheinlich.) Da gleichzeitig iiberhaupt keine 
He-Linien beobachtet wurden, wurde angenom
men dall die bombardierenden He-Atome im 
Gru~dzustand bleiben. Es liegt daher eine Stoll
reaktion vor: 

IHe + 'Hg = 'He + 3Hg. (I) 
Da die ganze linke Seite von (I) im Singulett
zustand, die rechte dagegen, als Ganzes be
trachtet, im Triplettzustand ist,liegt hier schein
bar eine Verletzung des Spinerhaltungssatzes vor. 

Nun geht es aus den vorangehenden theo
retischen Dberlegungen hervor, dall eine strenge 
Giiltigkeit des Spinerhaltungssatzes bei Hg gar 
nicht zu erwarten ist, weil die Krii.fte, die von 
den magnetischen Momenten der Elektronen 
ausgehen, in diesem Fall bekanntlich nicht m~hr 
klein sind. Die sogenannten Singuletterme smd 
keine wirklichen Singuletterme, sondern nur 
Terme bei denen die Spin der beiden Valenz
elektr~nen mit grollerer Wahrscheinlich
kei t antiparallel sind als parallel, und ii.hnlich 
verMlt es sich mit den Triplettermen. Deshalb 
kann das Auftreten des Triplettzustandes 2 3S1 

auch so interpretiert werden, dall bei diesem 
Term die individuellen, fiir die Anregung mit 
He-Atomen giinstigen Eigenschaften des be
treffenden Triplettzustandes seinen Triplett
charakter iiberkompensieren. Ein Schlull iiber 
die Giiltigkeit oder Ungiiltigkeit des Erhaltungs
satzes kann bei Hg nur aus einem statistischen 
Material gewonnen werden, aus dem Vergleich 
der Anregungen mehrerer Singulett- und Tri
plettzustii.nde. (Vgl. das iiber die Arbeit von 
Beutler und Eisenschimmel Gesagte.) 

Hierzu kommt noch ein Einwand. auf den 
uns Herr R. Ladenburg freundlichst aufmerk
sam gemacht hat. Es lii.llt sich die Moglichkeit 
nicht von der Hand weisen, dall die Atome im 
Zustand 2 3S1 zum Teil nicht direkt durch Stoll 
entstanden sind, sondern durch Strahlung yon 
anderen, hoher gelegenen Zustii.nden hervor
gingen. Diese konnten entweder selber Singulett
zustii.nde sein oder aber hoch angeregte Zu
stii.nde, bei denen der Singulett- bzw. Triplett
charakter noch weniger eindeutig ist als bei den 
niedrigeren Termen. 

Aus diesen Griinden wurde beschlossen, den 
Spinerhaltungssatz in einem anderen FaIle zu 
untersuchen, in dem diese Einwande leichter 
ausgeschaltet werden konnen. Als dieser wurde 
der Sto13 von neutralem He auf Mg gewahlt, 
und die diesbeziiglichen Versuche wurden von 
R. Dopel und K. Gailer bereits in Angriff ge-

nommen. (Eingegangen 19. Marz 1934.) 



Separation of Rotational Coordinates 
from the Schrodinger Equation for N Particles 

J. O. Hirschfelder and E. P. Wigner 

Proceedings of the National Academy of Sciences (USA) II, l13-l19 (1935) 

Communicated November 9, 1934 

1. Introduction.-In quantum mechanics, as well as in classical me
chanics, the number of variables involved in the equations of motion may 
be reduced by utilizing the constants of motion of the system. For a set 
of N particles moving in a field-free space there are six integrals if N is 
greater than two. These correspond to the laws of conservation of linear 
and of angular momentum. It is the purpose of this paper to elimi-
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nate the coordinates of rotation and of translation of the total system 
from the SchrOdinger equation and to obtain a new set of differential 
equations involving only 3N-6 variables. 1 

The separation of the translation coordinates is simple. The total 
energy may be decomposed into the sum of the energy due to the motion 
of the center of mass and to the motion relative to the center of mass. 
The energy of the motion about the center of mass is obtained by subtract
ing the operator corresponding to the energy of translation of the center 
of mass from the total energy operator 

h2 N 3 1 o'l,f; h2 3 (N 0)2 
HI{; = - - I: I: - - + - I: I: - I{; + VI{; = EI{;, (1) 

2 n=1 k=1 mn OXnk2 2Al k=1 ,,=1 OXnk 

where M is the total mass of the system. 1 It may be shown that if I{; is 
an eigenfunction of Hand U is a function of the coordinates of the center 
of mass, the product UI{; is also an eigenfunction. Therefore equation (1) 
is really independent of the translational motion of the system. For our 
purposes, it will be convenient to consider (1) as the Eulerian equation 
of the variational problem:2 

o f{!:: I: I: I ~ \2 - ~ I: II: ~ \2 + V I I{; I 2} dr = 0, (2) 
2 "k OXnk 2111 k "OXnk 

and the condition f I I{; 12 dr = 1. 
The dependence of the eigenfunctions of H on the rotation of the total 

system is well known from group theory. 3 The eigenfunctions possess 
two quantum numbers land J.I., characteristic respectively of the total 
angular momentum lit and the Z component of angular momentum JLh, 
and may be labeled I{;~ (Xl> ••. , ZN)' If one defines for every configura
tion Xl> ••• , ZN a "standard position" x~, ... , z~ which is the same for 
all configurations in which the relative position of the particles is the 
same, one can write 

I 

1{;~(Xl ••• ZN) = I: D(/) (R):r Xr (Xl> ••. , ZN)' (3) 
r- -I 

Here R is the rotation which brings the standard position x~, ... , z:v 
into Xl> ••• , ZN, the D(/)(R)"" are the coefficients of the irreducible repre
sentations of the three dimensional rotation group. The 

(3a) 

are such functions of the Xl, ... , ZN which depend on the relative posi
tions of the particles only, since x~, ... , z~ is the same set of numbers 
for all possible orientations of a relative configuration. 

Once the standard position has been selected, (3) may be stubstituted 
into (2) and the integration performed over the rotational coordinates. 
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2. Modified Schrodinger Equation in General Form.-In order to sub
stitute (3) into (2), it is necessary to evaluate the derivatives of the repre
sentation coefficients. Letting Rand RS"k be the rotation which brings 
the standard position into Xu, ... , XN3 and Xu, ... , X"k + E, ..• , XN' 

(X"k is the k-th coordinate of the n-th particle) 

()D(I)(R)", = lim ~ [D(I)(RSnk),., - D CI) (R)",]. (4) 
()X"k .-0 E 

Evidently snk is an infinitesimal rotation and can be decomposed. into 
three infinitesimal rotations about the coordinate axes. The correspond
ing angles of rotation about the X, Y, Z axes may be denoted respectively 
by ES::, E~:, ES:~. The Sijk are functions of the coordinates, their forms 
depending on the choice of the standard position. If the standard posi
tion is independent of rotation and of translation of the total system, they 
satisfy the identities: 

(i ¢ j) (5a) 

"X Sl,.b _ X Sll = R a, b, c as well as i, j, k form (5b) 
";;' "a Jl "b Jl 'k cyclic permutations of 1, 2, 3. 

[(5b) will not be used further on.] Using (4) and the explicit form of 
the representation coefficients we obtain 

()D(I)(R),., _ . ("'Ilk D(I)(R) _ 
~ - ~r"'21 ,., 
UX"k 

~ (S;: - i S~:) V (I + r) (I - r + 1) D(I) (R),,'-l + 
1 
"2 (S;: + i S~:) V(l + r + 1) (I - r) D(I)(R)I"+l (6) 

And therefore 
~,.l I 

_U¥,_" = L: D(I)(R):, (..k (7a) 
()Xnk -I 

()Xr • k 1 k • "Ie r.-:--:----:---:-:-...,-:--...,. 
ft.k = ;-- - ~r 5;1 X, - -2 (5;2 + ~S13) V(l + r + 1) (I - r) X'+l 

uX"k 

1 + "2 (5;: - i~:) V(l + r) (I - r + I)X'-l' (7b) 

These derivatives may be substituted into the variational principle, (2), 

f f " (I) * (I) [h2 " (~",,' J. ) I. 8 dR d., ~ D (R)", D (R)J'TI 2;;' m" - M ft.. (..'. 
k 

+ VX,X~ ] = 0 (Sa) 

Using the orthogonality relations between the representation coefficients, 
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the integration may be performed over the rotational coordinates, R. 
One obtains: 

[ h2 (6"", 1) · I I ] 6 f dT ~ 2" ~ mIl - M r~k rn'k + V X, 2 = 0 
k 

(Bb) 

with the boundary condition 

f :E 1 X, 12 dT = Const. , 

3. The Standard Position.-The next problem is that of defining the 
standard position for any configuration of the system. The best standard 
position should make the final equations as simple as possible without 
disturbing the symmetry between equivalent particles. We investigated 
several possibilities for the standard position and the most simple results 
were obtained if the center of gravity was in the origin of the coordinate 
system and the principal axes of inertia parallel to the coordinate axes. 
Therefore, we shall define R as the orthogonal matrix which brings: 

Tik = ~ m,,(x,,; - ~ m~"'i) (Xllk _ ~ m~,,~) (9) 

into the diagonal form 

(10) 

The RiP and the tp are functions of the x-coordinates. It will be con
venient to define the coordinates, y"p, of the particles referred to the prin
cipal axes of inertia 

( 1nn,x,,'k) 
y"p = ~ RkP X"k - ~ ~ (11) 

They satisfy the identities: 

'" 0 p oJ. p' L.. mIl y"p y"P' = .- (12a) 

" 
:E mIl Y7IP == O. (12b) 

71 

For the sake of definiteness we shall take: tl ~ h ~ t3. 
The X7Ik can be completely replaced by the three coordinates of the 

center of mass, the RiP (three independent variables) and the y"p (3N-6 
independent variables). Of course, the wave function is defined only for 
such y"p which satisfy the six identities (l2). However, in order to pre
serve the symmetry, it is advantageous to define the X, also for such y"p 
which do not satisfy the identities by assuming that they depend only 
on the relative configuration in the y-space. These generalized wave 
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functions might still depend on the R's and the coordinates of the center 
of gravity, but they do not, since they are functions only of the relative 
configuration in x-space. 

It is easy to calculate the S;~, matrix by the Rayleigh-Schrodinger per
turbation method. The RilJ R i2 , Ria are the three characteristic vectors 
of the Tij for the original configuration Xu .•. XNa. If Xnk is changed by 
the small quantity E, the S;;'E are the coefficients of the original RiP in 
the pi -th characteristic vector of the "perturbed" Tik • The formulas of 
the Rayleigh-SchrOdinger theory give 

and 

From (14) it follows that 

Where 

Me = ~ (Yna ()~nb - Ynb ()~nJ a, h, c are cyclical per
mutations of I, 2, 3. 

(14a) 

(14b) 

(15a) 

(15b) 

Inserting this into the variational principle, (8), we obtain an explicit 
form: 

(16) 

Here 

(16a) 

. . 
A2 =M2X, + ~ V (l + r + l)(l - r)Xr +1 + ~ V (l + r)(l- r + I)X'_l 

Aa = MaX, + irX,. (16b) 
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The Eulerian equations for the vanishing of the first variation of (16) are 

EX, = I-lo X, + G'-2 X'-2 + G'-1 X'-1 + ~ Xr + 
C; X'+1 + G~ X'+2 + F"-1 X'-1 + F~ X, + F~ X'+1 (17) 

where 

2 , 1 V[ ( ) ( ) 1 ) ( t2 + t3 11 + t3 ) ];2G -2 = - 4 II + 1 - r - 1 2 2 - (r - 1 2 (~_ t3)2 - (it _ t3)2 

~ G' ! ...; [l(l ) ( ) 2] ( ) 2 ( ~ + ta II + ta ) h2 2 = - 4 + 1 - r + 1 - r + 1 (~ _ t3)2 - (tl _ t3)2 

~Gr_l = - V l(l + 1) - r(r - 1) (LI - iL2) (17b) 

:2G~ = Vl(l + 1) - r(r + 1) (Ll + iL2) 

2 r. tl + ~ 1 ( 12 + t3 tl + t3 ) 
];2Go = 2~rL3 + (tl _ ~)2 r2 + '2 (l(l + 1) - r2) (t2 _ t3)2 + (tl _ t2)2 

and 

2, Vel ) ( )[ ~+t3 M . t1 +ta ] 
h2 F -1 = I + 1 - r r - 1 (~_ t3)2 1 - ~ (t1 _ t3)2 M2 

2 _/ [12+ta. t1 +/3 ] hi ~ = -v 1(1 + 1) - r(r + 1) (t2 _ t3)2 MI + ~ (tl _ t3)2 M2 (17c) 

2 . tl + t2 &p+l + tpH 2 
l2 Yo = - 2~r (t 1_)2M3 - :E (t t)2 Mp + 
It 1 - "2 P P+l - P+2 

1 c>2 
2 :ELpMp + M:E :E . 

p nn' P C>Ynp C>YII'P 

This is the Schrodinger equation after the elimination of the six integrals 
of motion. The unknown functions, X" in (16a) may be interpreted in 
two ways. First, if they are considered as functions of such variables, 
Ynp, which satisfy the identities (12), it can be shown that the X, need 
to be defined only in the quasi-hyperboloidal regions satisfying the identi
ties. 4 Second, they may be regarded as functions of unrestricted y's, 
but they must be of such a form that they are invariant under all trans
lations and rotations. In the second case, however, the tp must be con
sidered as the characteristic values of the Tik formed from the y's (not 
from the x's) and this would make the actual calculations impractical 
since the characteristic values of a three rowed matrix are not easily 
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obtainable. The terms with the Fin (17) can be omitted for both inter
pretations, if the X, are expressed explicitly as such functions of the -y, 
which depend only on the relative configuration. 

I t will be noticed that whenever any two of the tp become equal, the 
principal axes of inertia as well as the standard position become indeter
mined. This manifests itself in the equations by producing singularities 
of the first and second order for these configurations. As a result, the 
wave functions will not be continuous as tp and tp' approach equality 
from tlie two sides tp > tp' and tp' > tp. However, a detailed discussion 
of this behavior will not be given in this paper. 

1 For application to the He-atom see G. Breit, Phys. Rev., 35. 569 (1930). In a paper 
which appeared a short time ago (Phys. Rev., 46, 383 (19-34» C. Eckart developed the 
theory of rotation and inner motion of a system of particles in classical dynamics. His 
results are such, however, that one can deduce from his eq. (26) a quantum mechanical 
equation, which must be equivalent to our (17), except for the use of different coordi
nates. It does not seem to be quite easy, however, to specify Eckart's coordinates in 
such a way as to conserve the symmetry between identical particles. The elimination 
of the translational coordinates and applications of the resulting equation were given 
already by D. S. Hughes and C. Eckart, Phys. Rev., 36, 694 (1930). 

I The system must be considered as being in a finite box in order to make the integrals 
finite. However, the box may be made sufficiently large so as to have no effect on 
the system. 

3 See any book on the applications of group theory to quantum mechanics, e.g., 
H. Weyl, Theory of Groups and Quantum Mechanics, or E. Wigner, Gruppentheorie, 
etc. Formulas (3) and the expressions for the D(I) (R)pI' may be found in the latter 
one in chapters XIX and XV, respectively. 

4 This can be proved directly by substituting f(IIo .. • ,Is)X, for the X, in (17), 
where II, ... , I, are the expressions on the left side of the identities. The new X's will 
still satisfy (17) for all points II = . . . = Is = O. 
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The Mathematical Papers 
Annotation by George W. Mackey 

Eugene Wigner is above all a theoretical physicist. However he was one of 
the two men (Hermann Weyl was the other) who introduced a powerful new 
mathematical tool into quantum mechanics in its earliest years. This is the 
theory of group representations, invented by Frobenius in 1896, and apparently 
not applied outside of pure group theory until E. Artin's startling application 
to number theory in 1923. Wigner's first application of this theory to quantum 
mechanics was published only four years later in 1927. Weyl's contribution was 
of a completely different character and was made a few months after Wigner's. 

Wigner's involvement with this new mathematical theory led him to par
ticipate in its development and thus to work which can be considered as contri
butions to mathematics as well as to physics - some of it indeed of considerable 
mathematical importance. Moreover Wigner was by no means immune to the 
lure of mathematics for its own sake. When his work suggested interesting 
generalizations or questions, he sometimes pursued these even when their im
portance for physics was hard to see. 

Although it is certainly the best known, Wigner's work on group represen
tations accounts for only about half of his papers with serious mathematical 
content. As a physicist, the single largest component of his voluminous output 
is his work on nuclear physics. He of course applied group representations there 
as well as to other branches of physics; above all to nuclear structure. How
ever, his work on nuclear reactions led him in quite a different mathematical 
direction - specifically to a series of papers on a class of meromorphic functions 
which he called R-functions. These are meromorphic functions (analytic func
tions of one complex variable whose only singularities are poles) which map 
the upper and lower half planes into themselves and have (necessarily) all their 
singularities on the real axis. Wigner concerned himself chiefly with those R
functions for which there are an infinite number of poles and in which both 
the pole locations and their residues have certain statistical properties - e.g., 
well-defined densities and averages. The aspect of his work which led to the 
study of R-functions also led to several papers on probability theory. 

Together the papers on group representations, other group theory, R
functions and probability account for about three-quarters of Wigner's con
tributions to mathematics. The remainder are of a miscellaneous character 
with only one or two papers in each category; abstract operator theory, non
associative algebra, perturbation theory, etc. All of these contributions will be 
described in greater detail in the body of this essay. 
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Of course, the distinction between a mathematical contribution and a con
tribution to physics is far from clear cut. An ostensible contribution to physics 
may be found, on close examination, to rest on a not very clearly formulated 
mathematical theorem of some novelty and of independent mathematical inter
est. Contrariwise an interesting mathematical analysis may have been suggested 
by a real physical problem but be interesting only under conditions not realized 
in the world; e.g., scattering theory with unrealistic potentials. Finally a very 
common type of paper in physics involves a well-defined mathematical model 
and a well-defined question about it which is much too difficult to settle by 
available mathematical techniques. Suppose that the author makes a number 
of approximations and qualitative assumptions of uncertain validity and by a 
non-air-tight chain of reasoning is led to a definite conclusion about the an
swer. Most mathematicians would not count this work as a contribution to 
mathematics. In some cases, however, a close examination may reveal that the 
author, somewhere in the course of his reasoning, has suggested a proof of a 
new and interesting mathematical theorem which he, however, leaves unformu
lated - perhaps even in his own mind. Should one consider this a contribution 
to mathematics? 

Because of such difficulties it has not been easy to decide which of Wigner's 
papers to discuss in this essay. Despairing of finding a clear and defensible 
criterion I have done more or less what I felt like doing and I am sure that some 
readers will object to my selections. In the same spirit I have not hesitated to 
comment on papers that are part of the task of one of my half dozen or so 
collaborators on this project. 

A. Wigner's Papers on Group Representations 

The basic mathematical theorem underlying Wigner's discovery that the the
ory of group representations can be useful in quantum mechanics can be un
derstood as a simple (but not obvious) generalization of an elementary fact 
about eigenvalues of commuting linear operators. Let U be a linear operator 
and let 'PI, 'P2, ... be a basis for the underlying vector space consisting entirely 
of eigenvectors of U, U('Pj) = Aj'Pj. Let H be any linear operator in the same 
space which commutes with U (HU = UH). Then U(H('Pj» = H(U('Pj» = 
H(Aj'Pj) = AjH('Pj). In other words, H applied to anY'Pj is again an eigen
vector of U and one having the same eigenvalue Aj. Let MAj denote the linear 
span of all the 'P" such that A" = Aj. Then MAj contains all Aj eigenvectors 
of U and the above argument tells us that H takes every element in MAj back 
into an element in MAj and so defines a linear operator HAj in the subspace 
MAj' Evidently in order to find a basis of eigenvectors for H, it suffices to find 
such a basis for each H Aj' In other words, a diagonalization of an operator U 
which commutes with an operator H provides a partial diagonalization of H. 

Suppose now that we have several operators Ul , U2 , ••• , all of which com
mute with H and each of which has a basis of eigenvectors. If the Uj commute 
among themselves, the argument of the preceding paragraph can be used to 
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find a basis CPl, CP2, ••• whose elements are simultaneous eigenvectors of all of 
the Uj, Uj(cplc) = >,{cplc and each sequence >'1,>'1 ... can be considered a joint 
eigenvalue of Ul , U2 , .... Let M~l,~~,". be the subspace of all cP such that 

Uj(cp) = >.{(cp) for all j. Then H carries each element of each M~l,~~,". into 
itself and, just as above, the joint eigenspaces of Ul! U2 , ••• define a partial 
diagonalization of H - a diagonalization that becomes less partial and more 
complete the more Uj one can find. 

The theory of group representations enters in when one tries to extend the 
above results to operators Uj which commute with H but do not necessarily 
commute among themselves. One no longer need have joint eigenspaces, but it 
is hard to believe that some synthesis of the partial diagonalizations provided 
by the individual Uj does not exist. To find it one specializes to the case in 
which all the Uj are invertible and considers the set G of all products of the 
Uj and their inverses. It is evident that all members of G also commute with 
H, so that we might as well assume at the outset that the set of all Uj is 
closed with respect to the formation of products and inverses and hence is 
a group of operatoT8. Let G be the corresponding abstract group and let U, 
x --+ Uz denote an isomorphism of G with G. Then this mapping U of G into 
the invertible linear operators in our vector space is a representation of G in 
the sense of that UZII = UzU,I and UZ-l = (Uz)-l for all x and y in G. This 
particular representation has the additional property of being "faithful". This 
means that Uz = U,I implies that x = y. However, since the analysis of faithful 
representations leads to the study of those that are not faithful it is convenient 
to study both kinds together. Indeed one is rather seldom interested in whether 
a given representation is faithful or not. 

Our problem has now been replaced by the following. We have a group G, 
a representation U of G in a vector space 'Jt(U) and a linear operator H such 
that UzH = HUz for all x in G. We wish to find a partial diagonalization of 
H generalizing that described above when the Uz commute with one another. 
We shall find it, almost made to order, in the general theory of the equivalence 
and reducibility of group representations. 

This theory was first developed in the special case in which G is a finite 
group and the representation space 'Jt(U) is a finite-dimensional vector space 
with the complex numbers as scalars. We shall explain it first in that case 
and introduce generalizations later. If U is such a representation of a finite 
group G, it is said to be reducible if the vector space 'Jt(U) admits a proper 
subspace M (i.e., i= 0 and 'Jt(U)) which is invariant in the sense that Uz ( cp) 
is in M whenever cP is in M and x is in G. Every invariant subspace defines 
a new representation whose space is M by simply restricting all U z to M and 
ignoring what they do outside of M. This new representation whose space is 
M is called the subrepresentation defined by M. A representation U is said to 
be irreducible if there are no proper invariant subspaces and hence no proper 
subrepresentation. 

Now let Ml and M2 be two invariant subspaces of 'Jt(U). These subspaces 
are said to be complementary if they have only zero in common and every 
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vector in H.(U) is the sum of a vector in MI and a vector in M 2 • If MI 
and M2 are complementary, then every element of H.(U) is uniquely a sum 
of an element in MI and an element in M2 and one sees that U itself is 
completely described by giving the subrepresentations U Ml and U M2 defined 
by MI and M2. One says that U is the direct sum of the representations 
U Ml and U M2. It turns out to be possible to prove that every proper invariant 
subspace M has a complement so that every representation is either irreducible 
or the direct sum of two proper subrepresentations. Of course, one can look 
for subrepresentations of component representations and in a finite number of 
steps obtain a decomposition of every U as a direct sum of a finite number 
of irreducible subrepresentations. Finding such a deccomposition is an exact 
analogue of finding a basis of eigenvectors for a single operator. In neither case 
is the decomposition unique. However, in the operator case the eigenvalues 
and their multiplicities of occurrence are uniquely determined. Moreover the 
linear span of these basis vectors with a common eigenvalue is just the total 
eigenspace for that eigenvalue and is uniquely determined. The decomposition 
as a direct sum of eigenspaces is unique. The non-uniqueness is due to the fact 
that an arbitrary basis in each eigenspace is a basis of eigenvectors. 

This partial uniqueness has an analogue in the decomposition of group rep
resentations. It involves finding an analogue for equality of eigenvalues. What 
are we to understand by "equality" for two group representations? We have de
fined group representation in a rather abstract way but if we introduce a basis 
'PI, ... , 'Pn in H.(U) every operator Ux has a matrix with respect to 'PI, ... , 'Pn 
and our abstract representation becomes a representation by matrices. It is 
obvious what it means to say that two matrix representations are equal and 
natural to define two abstract representations to be equivalent if bases can be 
chosen so that the corresponding matrix representations are equal. In more 
abstract terms one defines Ul and U2 to be equivalent representations of the 
group G if there exists a one-to-one linear transformation T of H.(U) onto H.(U) 
such that TU;T-I = U; for all x in G. 

Now let U be a representation of G and let H.(U) be a direct sum of invari
ant subspaces M I EEl M 2 + ... EEl M I which define irreducible subrepresentations. 
For each irreducible representation L of G, which is equivalent to one of these 
subrepresentations, let M L be the direct sum of all the M i for which L is 
equivalent to the subrepresentation defined by Mi' It is easy to prove that the 
subspace ML contains every invariant subspace of H.(U) whose corresponding 
subrepresentation is equivalent to L and no other irreducible subspaces. Hence 
it is uniquely determined by the equivalence class of L. It is the invariant sub
spaces ML which are the analogues of the eigenspaces of a single operator. 
H.(U) is a direct sum of the ML and this decomposition is unique. The fur
ther decomposition of the M L into irreducible invariant subspaces which define 
mutually equivalent irreducible sub-representations is not unique. The decom
position of U as a direct sum of the UML is called the canonical decomposition 
into primary representations, where we define a representation to be primary 
if all its irreducible subrepresentations are equivalent. 
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We may now state the fundamental theorem which underlies Wigner's ap
plications of the theory of group representations to the quantum mechanics of 
the atom in 1927 and 1928. 

Theorem 1. Let U be a representation of group G which can be decomposed 
as a direct sum of irreducible finite dimensional subrepresentations and let 
1i(U) = ML' $Mp + ... define the canonical decomposition ofU into primary 
subrepresentations. Then any linear operator H which commutes with all Ux 
must map each of the Mv into itself. 

Corollary. To find a basis for 1i(U) consisting of eigenvectors of H it suffices 
to find such a basis for the restriction HLi of H to each MLi. 

This, however, is not the end of the story. The operators H Li which remain 
to be diagonalized also commute with certain representations of G. Clearly 
H Li commutes with the primary component of U defined by M Li and primary 
representations, unlike constant operators, are far from trivial. Theorem 1 tells 
us nothing but perhaps there is some other way of exploiting the commutativity 
of HLi with the primary Li component of U. There is and it depends upon 
two lemmas whose proofs are trivial. 

Lemma 1. Let U = L $ L + ... $ L be a direct sum of replicas of the same 
representation L. Then every operator H in ?t(U) is completely described by a 
matrix IIHii11 of operators in 1i(L) and H commutes with all Ux if and only if 
Hii commutes with Lx for all x and all pairs i, j. 

Lemma 2. If U is irreducible and finite dimensional then H commutes with 
all Ux if and only if H = )..J for some complex number A. 

Proof. Since 1l(U) is finite dimensional H must have a nonzero eigenvector 
<po H(<p) = A<P for some A. Let M~ be the vector space of all A eigenvectors. 
If t/J E M~, H(Ux(t/J» = Ux(H(t/J» = Ux(At/J) = >.Ux(t/J) for all x. Hence 
Ux(t/J) E M~ and M~ must be a U invariant subspace of 1i(U). Since U is 
irreducible M~ = 0 or 1i(U) and M~ = 0 is impossible because <p is in M~. 
Thus H = )..J. 0 

Corollary (of Proof). If U is arbitrary and H commutes with all Ux then 
every eigenspace M~ of H is a U invariant subspace of1i(U). 

This corollary may be regarded as a sort of dual of Theorem 1 although 
its proof requires nothing but the definition of a group representation and no 
decomposition theory. 

Let us return now to Theorem 1 and consider the operators in Hj in MLi. 
Since U restricted to M Li is equivalent to the direct sum of m i replicas of 
Li it follows from Lemma 1 that Hi may be described (in the obvious way) 
by an mi x mi matrix of operators in 1i(Li) and that each of these is a con-
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stant operator by Lemma 2. It is thus clear that to diagonalize Hj it suffices 
to diagonalize this mj x mj matrix of complex numbers and that each of its 
eigenvalues appears di times in the diagonalization of Hi where dj is the di
mension of the representation Lj. In short, the fact that Hi commutes with a 
primary representation of dimension dimj, where mj is its multiplicity, tells us 
that we may replace diagonalizing a matrix with djmj rows and columns by 
one with mj rows and columns. In particular, if mj = 1, then Hj is already a 
constant operator and there is no more work to do. 

Theorem 1, and the refinements of it implied by Lemmas 1 and 2, are not 
only useful in determining the exact eigenvalues of an operator H which com
mutes with a group representation U. They are also useful in obtaining a first 
approximation to the eigenvalues of an operator H + V when H is a self ad
joint operator whose eigenvalues and eigenvectors are known and V is in some 
sense "small". In the special case in which H has no multiple eigenvalues the 
so-called first order perturbation theory provides Ai + (V(<pj) .<pj) as a first ap
proximation to the eigenvalue of H + V which the eigenvalue Aj of H becomes 
when H is continuously deformed into it. When H has multiple eigenvalues, 
however, the perturbation V may cause a fixed multiple eigenvalue A to split 
into as many distinct eigenvalues as the dimension of the eigenspace M A• To 
determine these one must project V on M A and diagonalize the resulting op
erator VA on the space M A• The eigenvalues into which A splits will then be 
A + ILl, A + IL2 ... A + ILk, where ILl, IL2, ... ,ILk are the eigenvalues of V A. If U is a 
group representation which commutes with both H and V, MA will be a U in
variant subspace and the subrepresentation defined by MA will commute with 
VA. Thus Theorem 1 and its refinement may be applied to the diagonalization 
of the V A and hence to the determination of the splitting of the eigenvalues of 
H under the change from H to H + V. 

The fact that H has known eigenvalues usually arises in quantum physics 
from the fact that H commutes with a representation U of some group G. 
It follows from Theorem 1 and its refinement that whenever U has irreducible 
constituents which are more than one dimensional, then H necessarily has mul
tiple eigenvalues. V will usually not commute with U but will often commute 
with the restriction of U to some non trivial subgroup Go of G. When this is 
the case one may apply the considerations of the preceding paragraph. When 
the restricted representation has irreducible constituents which are more than 
one dimensional V A will have multiple eigenvalues itself and the splitting of A 
will be incomplete. Of course an irreducible representation of a group G need 
no longer be irreducible when restricted to a subgroup. Thus in applying the 
above theory it becomes important not only to know the irreducible represen
tations of the groups which occur but also to know how they decompose when 
restricted to certain subgroups. 

Wigner was led to discover and apply the above principles by his study of 
the following problem. Let H be a self adjoint operator in a separable Hilbert 
space 1i and let <Pl, <P2, ... be an orthonormal basis in 1i whose elements are 
eigenvectors of H (H(<pj) = Ai<Pj). Then the tensor product 1i ® 1i ... ® 1i of 
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1{ with itself n times, which we will denote by 1{n, has an orthonormal basis 
consisting of all possible products 'Pil x 'Pi2· .. x 'Pin where il,h,·· .in are 
positive integers. Moreover if we define fin to be the sum (H x 1 ... x 1) + 
(1 x H x 1 ... x 1) + ... (I x 1 ... x H) one sees at once that each basis element 
'P il x 'P i2 ... x 'P in is an eigenvector of fin with eigenvalue Ail + A i2 ... A in. If 11" is 
any permutation of the integers 1,2 ... n then setting U w( 'P il x 'P i2 ... x 'Pin) = 
'Pj"{l) ... X 'Pi,,(n) defines a permutation of the basis elements of 1{n which, 

when extended by linearity, defines a unitary operator ifw in 1{n. It is clear 
that fin commutes with all the if w. Let V be any self adjoint operator in 1{n 

which also commutes with all if wand is small enough so that fin + V may be 
regarded as a "perturbation" of fin. Wigner's problem was to study the effect 
of the addition of V to fin on the known eigenvalues Ail + Ai2 ... + Ain of fin. 
This problem arises in quantum mechanics when n replicas of the same system 
interact with one another, the most important special case being that of the n 
electrons in an atom. 

Wigner's work on the problem was published in two parts in Volumes 40 
(1926) and 43 (1927) of the ZeitschriJt fUr Physik [1,2] and was stimulated by 
a slightly earlier paper of Heisenberg [3] published in Volume 38 of the same 
journal. When n = 2 the situation is rather transparent and one can derive 
the conclusions of the theory sketched above by simple elementary arguments. 
Heisenberg did this and then speculated about what one might hope to do 
along the same lines for larger n. In Wigner's Volume 40 paper he was able to 
handle the case n = 3 quite completely by elementary methods but had to use 
rather more elaborate algebraic calculations than Heisenberg. He promised to 
deal with n > 3 in Part II. At the beginning of Part II, however, he remarks 
that the algebra becomes progressively more difficult as n increases but that the 
work can be vastly simplified by applying the theory of group representations. 
He credits von Neumann with calling his attention to the existence of this 
theory and its relevance to his problem. He also credits von Neumann with 
correctly guessing some of his results. He then goes on to analyze the general 
case using the principles described in detail above. 

As applied to an atom, the group representation which Wigner exploited 
arises from the identity of all electrons so that permuting them is a "symmetry" 
of the system. It did not take Wigner long to realize that an atom has other sym
metries - notably rotations about the nucleus which lead to exploitable group 
representations in the same way. Indeed one can regard the "Hamiltonian" self 
adjoint operator H of the atom as a perturbation Ho + V of the operator Ho, 
where Ho is what the Hamiltonian would be if the electrons did not repel one 
another but were subject only to the attraction of the nucleus. Ho turns out 
to commute with a unitary representation U of the direct product of n replicas 
of the group R of all rotations and reflections about an origin in 3 space and 
H itself to commute with the restriction of U to the "diagonal" subgroup of 
R x R . .. x R, i.e., to the subgroup of all Xl, X2, ••• Xn with Xl = X2 ••• = X n • 

Combining the rotational and permutational symmetries one obtains a unitary 
representation of the natural "semi direct product" of R x R . .. x R = Rn and 
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the permutation group sn. (In this semi direct product one defines the prod
uct of x}, X2 ••• Xn , 11"} Y}, Y2 ••• Y2, 11"2 to be x} Y1I'2(1), X2Y1I'2(2) ••• Xn Y1I'2(n), 11"}11"2 

where xi and Yi are elements of Rand 11"} and 11"2 are elements of Sn.) 
In a long paper [4] published a few months later in Volume 43 of the 

Zeit8chriJt JUr PhY8ilc, Wigner gave a systematic account of the theory of group 
representations, followed by a detailed treatment of the extent to which the 
theory of the energy levels of an atom may be understood by applying this the
ory in the manner indicated above - bringing both Rand Sn into the picture. 
He warns the reader that his conclusions cannot be expected to agree with 
experiment in all cases because he has assumed a simplified model of the atom 
in which the recently discovered "spin" of the electron is neglected. This defi
ciency was removed the following year (1928) in a three part article by Wigner 
and von Neumann published in Volumes 45, 47, and 51 of the same journal 
[5-7]. 

In the course of the work, certain basic questions about the von Neumann 
Hilbert space formulation of quantum mechanics are elucidated. In particular 
it is argued that every symmetry of a quantum mechanical system is imple
mented, either by a unitary operator or by an anti-unitary operator, in the 
Hilbert space of states. and pointed out that an operator and any product of it 
with a complex number of modulus one define the same symmetry. Because of 
this last fact there is an ambiguity in defining a group of symmetries by a group 
of operators which forces one to consider so-called "projective" or "ray" repre
sentations along with ordinary group representations. This was noted slightly 
earlier by Weyl in a different context. We shall give a precise definition below in 
a discussion of Weyl's work. In the present context it plays a key role because 
the discussion of the quantum mechanics of electron spin demands a consider
ation of the two-dimensional projective representations of the rotation group. 
While anti-unitary operators are ruled out in most important cases, e.g., when
ever the group in question is such that every element has a "square root" they 
do occur. Perhaps the most important case is that of "time reversal symmetry". 
Wigner's work on this subject is discussed in detail in the annotation of Arthur 
Wightman. It is convenient to distinguish between two rather different ways 
of applying the theory of group representations to quantum mechanics by the 
names of the men who discovered them using the terms Wigner's program and 
Weyl's program. In the end each man contributed to the other's program and 
the Volume 45 paper is certainly a contribution to Weyl's program. 

Wigner's book "Gruppentheorie und ihre Anwendung auf die Quantenme
chanik der Atomspektren" [8] was published three years later in 1931. This 
book is mainly a detailed reworking of the material just described. It is more 
than that in two important respects. First of all it introduces and studies the 
concept of "tensor operator" and a theorem about such operators now known 
as the Wigner-Eckart theorem. Secondly it takes advantage of Slater's impor
tant observation that quite substantial simplifications can be made by taking 
account of the spin of the electron before rather than after considering the 
consequences of the Pauli exclusion principle. Slater made his observation in 
an extremely influential paper [9] published in 1929. 
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Actually Slater's paper went considerably further than this and for two 
decades convinced most physicists that they could be spared the trouble of 
learning such an "unphysical" branch of mathematics as group theory. However, 
before explaining how Slater accomplished this or the nature of tensor operators 
it will be useful and convenient to go back to 1927 and explain a rather different 
application of the theory of group representations to quantum physics published 
by Hermann Weyl in Volume 46 of the Zeit8chrijt fUr PhY8ik [10]. 

Weyl's fundamental paper "Quantenmechanik und Gruppentheorie" is not 
nearly so well known as his comprehensive book "Gruppentheorie und Quan
tenmechanik" which appeared in 1928 three years before Wigner's. The book 
contains expositions of the ideas of both Wigner and Weyl and a large part of 
it is devoted to systematic presentations of background material on linear al
gebra, group theory, group representations, and quantum mechanics. However, 
it is the paper which I want to describe here. Weyl's idea differed from that 
of Wigner in that he wanted to apply group representations to get a better 
understanding of the foundations of quantum mechanics in general and not so 
much to gain insight into particular problems. In the introduction to his paper 
Weyl began by distinguishing two questions in (the foundations of) quantum 
mechanics. 

(1) How does one arrive at the self adjoint operators which correspond to 
various concrete physical observables? 

(2) What is the physical significance of these operators, i.e., how does one 
deduce physical statements? 

He asserts that (1) is the deeper question and has not yet been satisfactorily 
treated while (2) has been more or less satisfactorily answered by the (now well 
known) von Neumann formulation of quantum mechanics (which had been 
published earlier in 1927). He goes on to say that he proposes to treat question 
(1) with the help of group theory "Hier glaube ich mit Hilfe der Gruppentheorie 
zu einer tieferen Einsicht in den wahren Sachverhalt gelangt zu sein". He cites 
Wigner's work of earlier in the year but declares that this connection with 
group theory lies in quite a different direction. 

In more concrete terms Weyl wanted to find a deeper reason for assuming 
the Heisenberg commutation relations PjQk -QkPj = n/ioj than that provided 
by analogy with the classical Poisson brackets. His first step was to globalize 
the problem by replacing each of the self adjoint operators Ph Qk by the one
parameter group which it generates. If A is a self adjoint operator in a finite 
dimensional Hilbert space, then for each real t, eiAt may be defined by the 
infinite series 1 + iAt + (i~t)2 + ... and it is easy to prove the following: 

(i) t -t eiAt is a continuous unitary representation of the real line, i.e., of 
the group formed by all real numbers under addition. 

(ii) Every finite dimensional continuous unitary representation of the real 
line is of the form eiAt for a uniquely determined self adjoint operator A. 

(iii) iA is equal to !t(eiAt)]t=o and so may be appropriately referred to as 
the infinitesimal generator of the group representation t -t e iAt . 
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More or less exact analogues of these theorems are true when the Hilbert 
space is infinite dimensional but are much more difficult to prove at least when 
A has a spectrum which is in part continuous. These proofs had not been found 
when Weyl wrote but he took it for granted that they soon would be and made 
the simple calculations showing that (on a formal level) the commutation rela
tion PjQk - QkPj = ~t5; holds if and only if the two one-parameter subgroups 
t -+ eitPi , s -+ eisQ• obey the commutation relation 

for all s and t. 
Weyl's next step was to reinterpret his globalized form of the Heisenberg 

commutation relation by introducing a unitary operator valued function of 2n 
real variables by the definition 

One readily checks that the Pj and Q k satisfy the globalized forms of the Heisen
berg commutation relations if and only if the function tl ... Sn -+ Wt1 ,t2 ... S1 ... Sn 

satisfies the following identity 

W. -ilit"8W. W. t+t' ,s+s' = e f,s f' ,s' 

where t, s, t', s' are vectors with n real components and t'·s is the scalar product 
ti SI + t~s2 ... t~sn. This identity almost says that the mapping t, s -+ Wt,s is a 
unitary representation of the commutative group R2n (under vector addition) of 
all 2n-tuples of real numbers. It fails to do so only because the numerical factor 
e-ili(t~81 ... t~Sn) interferes. However, it says something almost equally interesting. 
It says that t, s -+ Wt,s is a projective or ray representation of the commutative 
2n-dimensional group R2n. 

Quite generally if G is a group and x -+ Lx is a linear operator valued 
function on G one says that L is a projective (or ray) representation if Lxy = 
O"(x, y)LxLy for all x and y where O"(x, y) is a complex number depending on x 
and y. When 0"( x, y) == 1 the definition reduces to that of group representation 
as given earlier. For finite groups projective representations were studied in 
some depth by I. Schur in papers published in 1904 and 1907. Weyl points out 
that projective representations are especially relevant in quantum mechanics 
because whenever VI and V2 are unitary operators in a Hilbert space H. and 
V2 = eiBVI for some real number () then VI and V2 define exactly the same 
permutations of the pure states of the system. It follows that in dealing with 
groups of symmetries, each unitary operator defining a symmetry is determined 
only up to a "phase factor" eiB and so the identity Lxy = LxLy must be relaxed 
to read Lxy = O"(x, y)LxLy where O"(x, y) is a complex number of modulus one. 

Weyl regarded it as of fundamental significance that the Heisenberg com
mutation relations for PI ... Pn, Ql ... Qn are formally equivalent to the asser
tion that W is a projective unitary representation of the group R2n. This view 
derives much of its strength from the following two facts: 
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(a) Any two irreducible projective unitary representations of R2n with 

are equivalent - in fact unitarily equivalent. 
(b) Every projective multiple (1" for R2n which is "non-degenerate" is equiv

alent to the (1' of (a) in the sense that if W is any (1'1 representation then one can 
convert W into a (1' representation by multiplying each operator W t1 ... tn 81 ••• 8 n 

by a suitable complex number of modulus one. 
The above considerations constitute Weyl's contribution to the first of the 

two problems stated in the introduction to his paper. While more suggestive 
than persuasive or logically compelling, they are of importance as perhaps 
the first step in the program of deriving fundamental relationship in quantum 
mechanics from group-theoretical symmetry principles. 

It is interesting to compare the uniqueness theorem stated in (a) above with 
a theorem added in proof to a paper of Wigner and Jordan [11] also published 
in 1928. One says that a set of n operators At, A2 , ••• , An in a Hilbert space 
1{ satisfies the canonical anti-commutation relations if 

AiAj + AjAi = 0 and AiAj + AjAi = af 
for all i and j. The theorem of Wigner and Jordan states that these relations 
have an irreducible solution which is unique to within equivalence. If one makes 
the change of variable OJ = Aj + Aj, 0n+j = HAj - Aj) one obtains 2n 
operators which are self adjoint and satisfy o~ = I and OjOk = -OkOj when 
j f:. k. These operators and ±I generate a group of 22n+t elements and Jordan 
and Wigner show that their theorem is equivalent to showing that (to within 
equivalence) this group has a unique irreducible representation which is not the 
identity on the two element center. Although they do not say so, their theorem 
is also equivalent to a complete analogue of Weyl's theorem in which the group 
R2n is replaced by the direct product of 2n replicas of a group of order 2. This 
group also has an essentially unique non-degenerate projective multiplier (1' and 
(to within equivalence) a unique irreducible (1' representation. The case n = 2 is 
given in Weyl's paper. There is a generalization which includes both theorems 
as special cases but it was not formulated for two decades and discussion of it 
will be postponed to later in this essay. 

The uniqueness theorem of Wigner and Jordan was much easier to prove 
than that stated by Weyl because it only involves finite dimensional repre
sentations of finite groups. Indeed Weyl offered only a heuristic proof of this 
theorem. Moreover Weyl did not attempt to prove the (by no means trivial) 
infinite dimension extension of the theorem connecting self adjoint operators 
with unitary representations of the real line which played such a key role in 
his paper of 1927. He contented himself with the conjecture that this would 
now be proved using the techniques of recent work of von Neumann and others 
on spectral theory for unbounded self adjoint operators. These gaps in Weyl's 
paper were soon filled by work of M. H. Stone and von Neumann published in 
1930 and 1931 [12,13] and directly inspired by Weyi's work. 
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Wigner and Weyl not only introduced group representations into quantum 
mechanics in quite different ways with different goals but they reached this 
interaction between physics and mathematics from opposite directions. While 
Wigner was above all a theoretical physicist, Weyl was a pure mathematician. 
Moreover while Wigner had to have the existence of the theory of group rep
resentations called to his attention by von Neumann, Weyl had been actively 
working in the field since 1924. In particular, he and 1. Schur had been respon
sible for the recent extension of the theory from finite groups to compact Lie 
groups. In 1924 Schur noticed that a great deal of the theory that had been 
developed by Frobenius, Burnside and himself in the preceding quarter of a 
century could be carried over to the orthogonal group in n dimensions by using 
a certain invariant integration process which had been discovered in 1897 by 
Hurwitz. Specifically one simply had to replace the frequently occurring sum
mations over the set of all group elements in the finite case by integrating over 
the group manifold. Weyl, on learning of Schur's results, soon realized that one 
could extend the theory to all compact semi-simple Lie groups. He published 
a fully detailed account in 1925 and 1926 in a celebrated three part paper. In 
particular, he succeeded in determining all equivalence classes of irreducible 
representations for the groups in question. 

With the description of Weyl's 1927 paper to refer to, let us return to 
Slater's paper of 1929 and explain how Slater was able (for the time being at 
least) to eliminate the "group pest" from the theory of atomic spectra. The 
idea (although Slater hardly looked at things in this way) was to do just the 
reverse of what Weyl had done in replacing Q and P by the one-parameter 
unitary groups s -+ eisQ , t -+ eitP . Let a -+ U 01 be a continuous unitary 
representation of the group G = SO(3) of all rotations about some point 0 in 
three dimensional Euclidean space. When this representation is restricted to 
the subgroup G A of all rotations about an axis A going through 0 (and one 
has chosen a unit in which to measure angles) this restriction defines a unitary 
representation of the real line and, as indicated above, this representation may 
be written uniquely in the form t -+ eitMA where MA is a self adjoint operator. 
Let Mx,lvfy,Mz denote MA when A is chosen to be the x, y, and z axes in 
some rectangular coordinate system. One can show that for every A, MA is of 
the form aMx + bMy + cMz for suitable real numbers a, b and c so that the 
three operators M x, lvI y and M z determine all M A. Moreover one can show 
that, when the unit of angular measure is suitably chosen, Mx, My and Mz 
obey the following simple commutation relations 

MxMy ~ MyMx = Mz 
z 

MzMx ~ MxMz = My . 
z 

Conversely, at least when 'H.(U) is finite-dimensional, it is easy to show that U is 
uniquely determined by the three operators j\;Ix , Afy and Mz and moreover that 
(modulo one simple qualification) every triple of self adjoint operators which 
obeys the relations * arises from some unitary representation of G = SO(3). 
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This qualification is that one may have to be content with projective represen
tations or equivalently with representations of the "double covering" 5U(2) of 
50(3). When 1i(U) is infinite dimensional the formulation and proof of this 
proposition is more complex and difficult but essentially the same result holds. 
In short, one may replace considerations involving the group representation U 
by considerations involving the operator triple Mx , My, Mz satisfying *. 

The great advantage of such a replacement, from the point of view of the 
physicists of the time, was that groups and group representations were to them 
difficult and unphysically abstract new concepts while linear operators and 
matrices had become familiar to them from their appearance in the very foun
dations of quantum mechanics. Moreover operators Mx, My and Mz satisfying 
* occur explicitly throughout quantum mechanics as the operator counterparts 
of the x, y and z components of angular momentum. At any rate when Slater 
showed how Wigner's results could be obtained by computations with "angular 
momentum" the physicists were delighted and by and large postponed learn
ing group theory for a quarter of a century. The standard treatise on atomic 
spectroscopy for over a decade was the book, "The Theory of Atomic Spectra" 
[14], published by E. U. Condon and G. H. Shortley in 1935. An exposition of 
Slater's method, which is clearly the core of the book occupies most of their 
Chapters VI and VII. Toward the end of their introductory Chapter I, one finds 
the following statement: "We wish finally to make a few remarks concerning 
the place of the theory of groups in the study of the quantum mechanics of 
atomic spectra. The reader will have heard that this mathematical discipline is 
of great importance for the subject. We manage to get along without it." On 
the other hand, Chapter III entitled "Angular Momentum" is little more than 
a very complete account of the representation theory of SU(2) (and hence of 
its quotient 50(3)) carried out from the point of view of a systematic study of 
triples of operators satisfying the commutation relations *. 

Of course this correspondence between unitary representations of 50(3) or 
U(2) and angular momentum triples is just a very special case of the fact that 
every connected Lie group G admits an "infinitesimal version" which is called 
its "Lie algebra" and that this Lie algebra has a representation theory which 
largely parallels that of the group. Once one understands this, it seems almost 
bizarre that the physicists should have made such a big thing of the difference 
between working with angular momentum operators and working with repre
sentations of 50(3). However, at the time most physicists did not know what 
a group was, much less a Lie group or its Lie algebra. The reader will find sup
port for this contention on page 555 of "Inward bound" by A. Pais who, after 
calling attention to the knowledge of Lie groups possessed by graduate students 
in 1986 says "It was not so in, say 1960. Whatever the average well-educated 
theorist then knew about groups concerned rotations, Lorentz transformations 
and various discrete symmetries". One might also read the last eight lines of 
page 163 and all of page 164 of J. Bernstein's "The Life it Brings" where we 
learn that Murray Gell Mann, in the fall of 1960, had to be told by a mathe
matician that the "cute" objects he was playing with in the early development 
of current algebra were well known to mathematicians as Lie groups and had 



254 The Mathematical Papers 

an elaborate theory. The fact that Bernstein referred to these objects as Lie 
groups when he was really talking about Lie algebras was not exactly a mis
take on his part. In those days at least, many physicists used these two terms 
interchangeably. 

Let us return to Wigner's book and explain the concept of tenJor operator 
which is introduced therein. Just a a real-valued observable in quantum me
chanics is associated with a self adjoint operator, a vector-valued observable, 
such as a velocity or a momentum, is associated with a triple of self adjoint 
operators. However, as in classical mechanics, the particular triple one uses 
depends upon the coordinate system. A little reflection shows that this depen
dence must take the following form. Let U be the unitary representation of the 
rotation group defined by the rotational invariance of the whole system and let 
AI, A2, A3 be the self adjoint operators describing our vector valued observ
able in some coordinate system. Then if we change coordinates by a rotation 
0: the three components A I ,A2,A3 must be replaced by UaAIU';I, UaA2U.;I, 
UaA3U.;I. So much would be true for any triple of observables. The fact that 
they are the components of a vector implies further that for each j = 1,2,3 
UaAjU.;1 is a linear combination of AI, A2, and A3, say, bjlAI +bj2A2 +bj3A3 
and that the mapping 

( 
bll(o:-l) bI2 (0:-1) b13(O:-I)) 

0: -+ b2I (0:-1) b22 (0:-I) b23 (0:-I) 

b31 (o:-l) b32 (0:-1) b33 (0:-1) 

of the rotation group is equivalent to the unique three dimensional irreducible 
unitary representation DI of this group. This implies, in particular, that each 
of the three components AI, A2, A3 has the property that the continuum many 
operators UaAjU.;I have a three-dimensional vector space as their linear span 
and that this three-dimensional vector space is independent of j and invariant 
under all Ua . Although this does not seem to be customary in physics, one 
could take the three-dimensional vector space spanned by AI, A2 and A3 as 
a coordinate independent quantum representation of the vector observable in 
question. 

Quite generally, Wigner defined a triple AI, A2, A3 of self adjoint operators 
in the Hilbert space of a rotationally invariant quantum mechanical system 
to be a vector operator if it has the above stated properties with respect to 
the representations U and Dl of the rotation group. He then generalized this 
notion by replacing DI by an arbitrary irreducible representation Dj of the 
rotation group. Since Dj is 2j + I-dimensional, the triple A t ,A2,A3 must be 
replaced by a 2j + 1 triple At, A2 , ••• , A2j+I' Repeating the definition of vector 
operator with these changes one obtains Wigner's definition of an irreducible 
ten80r operator. 

Wigner introduced this notion in Chapter XXI, Section 5 of his book in 
order to formulate and prove a generalization of a very useful theorem about 
the matrix elements of an operator S which commutes with all Ua . To say 
that an operator S commutes with all U a is the same as to say that it is an 
irreducible tensor operator in the special case in which j = O. Thus to be a 



A. Wigner's Papers on Group Representations 255 

component of an irreducible tensor operator for some j not necessarily equal 
to zero is a natural generalization of actually commuting with all U a. 

The theorem which Wigner generalized is a theorem about the matrix ele
ments of an operator S which commutes with all U a with respect to a so-called 
"angular momentum basis". This latter notion can be defined in somewhat 
greater generality than in the case considered by Wigner and it will be more 
convenient to give the more general definition. Decompose the Hilbert space 
as a direct sum 11.(U) = 11.1 EB 11.2 + ... of invariant subspaces each of which is 
such that the restriction Uk of U to 11.k is multiplicity free for all k. This means 
that each Uk is uniquely a direct sum of irreducible representations D' where 
no I occurs more than once. Let 11., denote the 21 + I-dimensional subspace 
on which un is equivalent to D' (whenever Uk actually contains D'). Finally, 
choose once and for all a particular axis and consider the restriction of un to 
rotations about this axis. Under this restriction Hn,1 splits into 21 + 1 invariant 
subspaces which we label with an integer m with -I ~ m ~ 1. Choosing a 
unit vector 'Pn,l,m, in each of these one-dimensional subspaces one obtains an 
angular momentum basis for 11.(U). 

The theorem which Wigner generalized, and which is proved in an earlier 
part of the book, asserts the following. If {'Pn,l,m} is an angular momentum 
basis for U and S is an operator which commutes with all Ua , then the matrix 
element (S('Pn,l,m) . 'Pn',I',m') is zero unless I = I' and m = m' and in that 
case its value is independent of m. In the generalization S is replaced by the p 
component of an irreducible tensor operator for DW (p = one of the integers: 
-w, -w + 1, ... w). The theorem asserts that the matrix element is zero unless 
I' lies in the interval 11-w 1 ~ I' ~ 1 + w and m' = m + p. When these conditions 
hold it is a product of two factors one of which is independent of the particular 
tensor operator chosen and the other of which depends only on n, n', 1, and 
I' and not on m or m'. The former factor can be computed from the general 
properties of tensor products of the irreducible representations of the rotation 
group once w, p, 1, I', and m are known. 

In the special case of vector operators this theorem appeared in a survey ar
ticle by C. Eckart [15]. The generalization to other irreducible tensor operators 
was implicit in Eckart's paper. However, Wigner was the first to give a for
mal definition of irreducible tensor operator and work out the general theorem 
explicitly. It is now known as the Wigner-Eckart theorem. 

The notion of tensor operator may be defined in Lie algebra terms and in 
this form played an important role in the work of Racah a decade later. 

A few months before finishing work on his book, Wigner began applying 
the theory of group representations to problems in physics other than those of 
atomic spectroscopy. In [16], published in 1930, he exploited the fact that a 
classical dynamical system with a potential energy which is a quadratic form 
in the coordinates (such as in the small vibrations about an equilibrium point) 
has a phase space which can, in a natural way, be given the structure of a finite 
dimensional Hilbert space. Any finite group G of symmetries of the system 
gives rise to a unitary representation of G and the self adjoint operator H 
whose eigenvalues give the normal modes lies in the commuting algebra of this 
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group representation. The general principles explained earlier in the essay can 
then be applied to obtain information about the normal modes. Wigner refers 
to an earlier paper of Brester where the same results are obtained by elementary 
methods but asserts that using group representations produces better insight 
into the problem. 

Two years later Wigner published a paper [17] showing that some recent 
work of Kramers could be explained by a slight extension of the theory of 
unitary group representations and proceeded to study this extension system
atically. This extension consists in allowing the representing operators to be 
anti-unitary as well as unitary. A norm-preserving real linear operator U is 
said to be anti-unitary if the condition U(>.x) = >'U(x) for complex>. is re
placed by U(>.x) = XU(x) where X is the complex conjugate of >.. If U is such 
an extension, one checks easily that the subset of all x for which U x is actually 
unitary is a closed normal subgroup of index 2. In other words, U can always 
be obtained from a unitary representation by adjoining a single anti-unitary 
operator and its products with the unitary Ux • The point is that there can be 
symmetries of a quantum system which are described by anti-unitary opera
tors, the simplest example being 1jJ -+ tjj for spinless collections of interacting 
particles. This will be a symmetry whenever the Hamiltonian is real and is 
called "time reversal". For a discussion from a somewhat different of point of 
view see the annotation of Wightman in Volume III. 

Two other applications of group representations which Wigner found in the 
1930's were intimately related to his own activities as a physicist - activities 
in which his main contributions were not group theoretical. In 1932 Wigner 
gave a course at Princeton on solid state physics, for which lecture notes were 
made available. In the ensuing six years he published nine papers on the sub
ject. In the same period he published over a dozen papers on nuclear physics. 
Nuclear physics changed radically (and may even be said to have begun) with 
Chadwick's discovery of the neutron in 1932. Wigner became interested almost 
immediately. Indeed he was one of the pioneers in studying the nature of the 
nuclear interaction, the structure of nuclei, etc. As far as solid state physics is 
concerned he was also a pioneer in that in 1934 [18] he introduced and made 
the first calculation of the "correlation energy" in the problem of calculating 
the cohesive energy of metals. It was of course natural for Wigner to attempt to 
apply the theory of group representations to these new interests. The attempt 
succeeded in each case and led to two much cited papers [19,20] published in 
1936 and 1937. 

We shall discuss the 1937 paper, "On the consequence of the symmetry of 
the nuclear Hamiltonian on the spectroscopy ~f the nuclei" first because it is 
more closely related to Wigner's work on atomic spectroscopy, and because the 
1936 paper can best be discussed in connection with later work; especially the 
celebrated 1939 paper [21] "On unitary representations of the inhomogeneous 
Lorentz group". 

It will be useful to begin our discussion of the 1937 paper by recalling the 
mathematics underlying the celebrated Pauli exclusion principle. Let 'H1 and 
'H2 be the Hilbert spaces of states for two particles in quantum mechanics. 
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Then the Hilbert space for the system obtained by putting the two particles in 
interaction is the tensor product 11.1 ® 11.2 of the two Hilbert spaces - at least 
when the two particles are "distinguishable". More generally, if one has n parti
cles with Hilbert spaces 11.1 .• . 11.n (and they are "distinguishable") the Hilbert 
space will be the n-fold tensor product 11.1 ®11.2 ..• ®11.n • That this simple prin
ciple did not necessarily hold for "indistinguishable" particles became clear in 
the earliest applications of quantum mechanics to atoms with more than one 
electron. The failure of many expected spectral lines to appear was soon shown 
to be explainable by the hypotheses that the Hilbert space 11. ® 11. ..• ® 11. (n 
factors), where 11. is the one electron Hilbert space, must be replaced by the 
anti-symmetric subspace 11.@11.@ ... 11.. To define this one recalls the natural 
unitary representation U ofthe symmetric group Sn on 11.®11.® ... ®11., defined 
earlier and chooses the subspace on which U1r is minus the identity for all odd 
permutations 1l'. The Pauli exclusion principle as first formulated by Pauli is 
an immediate consequence. 

Later it was found that whenever one has several particles of the same type 
in interaction, the product of the corresponding identical Hilbert spaces must be 
replaced either by 11.@11.@ ... 11. - the anti-symmetrized tensor power - or by 
the subspace 11.®11.® ... 11. defined by replacing -I by I in the anti-symmetric 
definition. Accordingly one speaks of the particles in question as being fermions 
or bosons. Electrons, protons and neutrons turn out to be fermions and photons 
to be bosons. 

A nucleus is formed by an interaction between nl protons and n2 neutrons 
and the appropriate Hilbert space is 

where 11.p is the proton Hilbert space, 11.N is the neutron Hilbert space, and the 
two parentheses contain nl factors and n2 factors respectively. This statement 
exemplifies a general principle whose precise formulation we leave to the reader. 

The content of Wigner's 1937 paper is perhaps most easily explained in 
terms of a simple and general mathematical theorem concerning the connection 
between direct sums of Hilbert spaces and anti-symmetrized tensor powers. Let 
11.1 and 11.2 be two Hilbert spaces and consider (11.1 EB 11.2) @ (11.1 EB 11.2) @ ... 
(11.1 EB 11.2) where there are n factors, i.e., the anti-symmetrized n-fold tensor 
power of the direct sum 11.1 EB 11.2' The theorem asserts that there is a nat
'Ural isomorphism between this Hilbert space and the following direct sum of 
products of anti-symmetrized tensor powers 

A 
(Here we have introduced the notation 11. m for 11.@11.@ .. . 11. with m factors.) 

Because of this theorem one can simplify the problem of studying the 
interaction between nl protons and n2 neutrons by considering simultane
ously the interaction between nl + k protons and n2 - k neutrons for k = 
n2, n2 -1, n2 - 2 ... - nl' The direct sum of all of these nl + n2 + 1 Hilbert spaces 
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may be identified with a single anti-symmetrized power (1{p ~ 1{N) nl +n2 and 
our problem is more or less reduced to that of considering nl + n2 identical 
"particles" the Hilbert space of each of which is the direct sum 1{N EB 1{p of 
the proton and neutron Hilbert spaces. A key point here is that one can look 
at the Hilbert space 1{N EB 1{p as the Hilbert space of a particle which is nei
ther a proton or a neutron but which can be either. The idea of looking at 
the neutron and proton as two different states of a single particle (sometimes 
called a nucleon) was introduced by Heisenberg in 1932 in the same year that 
the neutron was discovered. He used it in formulating a hypothesis about the 
nature of the force between two nucleons. The theorem about anti-symmetrized 
tensor powers cited above plays an essential role in establishing the consistency 
of Heisenberg's point of view. 

In Wigner's 1937 paper the above described way of viewing the interaction 
between protons and neutrons is exploited to set up an analogy between atomic 
structure and nuclear structure. One replaces the n identical electrons in an 
atom by the n identical nucleons in a nucleus. The role of the atomic nucleus 
is played by the center of gravity of the nucleons and one finds that much the 
same group theoretical methods may be applied. The analogy would be even 
closer than it is "because of the fact that the electron has spin t" if it were not 
for the fact that the proton and neutron also have spin t. At the same time 
this circumstance makes it necessary to consider the representation theory of 
somewhat higher dimensional compact Lie groups than the rotation group and 
its simply connected covering group SU(2) - in particular SU(4). (In general 
SU(n) is the group of all n x n unitary matrices of determinant one.) 

To clarify these, perhaps somewhat cryptic, remarks let us recall the Hilbert 
space formulation of the concept of the "spin" of a particle. For a particle with
out spin the Hilbert space can always be realized as £2 (S, J.I.) where S is physical 
space and J.I. is the volume measure in S. However, certain anomalies in atomic 
spectra could be explained very satisfactorily by assuming that for electrons 
£2 (S, J.I.) is replaced by a slightly different Hilbert space which may be equiv
alently defined as £2 (S, J.I.) ® 1{2 where 'H.2 is a two-dimensional Hilbert space 
or as £2 (S, J.I., 'H.2) the space of all square summable functions from S, J.I. to this 
same two-dimensional Hilbert space. This change leaves the operators defining 
the coordinate and linear momentum observables essentially unchanged. More 
precisely it replaces them (in the £2 (S, J.I.) X 1{2 form) by their tensor products 
Q j x I and Pj x I where Q j and Pj are the old operators in £2 (S, J.I.). Each an
gular momentum operator n in £2(S,J.I.) is, however, replaced by a sum of the 
form n x I + I x (1 where (1 is a self adjoint operator in 'H.2 • The "extra" angular 
momentum term I x S is thought of as due to a rotation or "spin" of the elec
tron about an axis through its center. Hence the term "spin". The mathematics 
of course is independent of such imaginative interpretations. The operator (1 

depends upon which axis of rotation one considers but in all cases has the same 
two eigenvalues and trace zero. Once one has chosen an axis (the Z axis, say) 
the space 'H.2 may be written as a direct sum of two one-dimensional subspaces 
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in each of which l7t has a definite value and correspondingly {,2(S, J.L) X 1i2 may 
be written as a direct sum of two replicas of {,2(S, J.L). 

Notice the analogy between its direct sum decomposition into subspaces 
of positive and negative spin with that for nucleons into proton and neutron 
subspaces. It is important to remember, however, that the analogy is not com
plete because the proton neutron splitting does not depend upon choosing a 
direction in space. Moreover since neutrons and protons also have non-zero spin 
and in fact a spin also described by a two-dimensional Hilbert space one has 
to deal with both effects at the same time. The Hilbert space of a nucleon is of 
the form {,2(S, J.L) ® 1i2 EB {,2(S, J.L) ® 1i2 or equivalently {,2(S, J.L) ® (1i2 EB 1i2) 
where of course 1i2 EB 1i2 is a four-dimensional Hilbert space. 

In the end the crucial analogy is that between the anti-symmetrized n

th power of the Hilbert space {,2 (S, J.L) ® 1i2 which underlies the quantum 
mechanics of the n electrons in an atom and the anti-symmetrized n-th power 
of the Hilbert {,2 (S, J.L) ® (1i2 EB 1i2) or (equivalently) {,2 (S, J.L) ® 1i4 which 
underlies the quantum mechanics of a nucleus with n nucleons. The analogy 
is incomplete, because rotational symmetry is implemented rather differently 
in the Hilbert spaces 1i2 and 1i4 - the relevant representations of the rotation 
group in these two spaces being irreducible in the first case and a direct sum 
of two equivalent irreducible representations in the second. It is incomplete in 
another and more profound way which we shall describe in the next paragraph. 

So far everything we have said would still be valid if the neutron and the 
proton were not only of different charge but also of different mass and at
tracted one another by forces which varied with distance and spin in quite 
different ways. However, a new symmetry group (more precisely a new approx
imate symmetry group) is available because the neutron and proton are almost 
identical except for charge. The ratio of the mass of the neutron to that of 
the proton is approximately 1.0014. Moreover in the very first sentence of his 
1937 paper, Wigner cites two experimental papers, published in 1936 which 
"appear to show that the forces between all pairs of constituents of the nucleus 
are approximately equal". Of course, this statement must be interpreted to 
imply the qualification "after allowing for the electrostatic repulsion between 
two protons". This suggests that a good approximation to a model for a nu
cleus will be invariant under an action of the group of all unitary operators in 
{,2(5) ® 1i2 CS·1i2 of the form I x I x U where U is a unitary operator in 11.2 and 
that the action of this group on the n nucleon Hilbert space will be analogous 
to that of the rotation group. To be more explicit than this would require a 
more detailed discussion than seems appropriate. Of course, this symmetry and 
the rotational symmetry must be combined and one has finally to deal with 
an analogue of the problem of atomic spectra on which the underlying group 
theory is somewhat more involved. 

The extra degree of group theoretical difficulty increases considerably when 
one considers with vVigner a less accurate but more symmetrical approximation 
in which the full group of all unitary operators in 1i4 = 1i2 ® 1i2 appears 
as a symmetry group. Whereas the direct product of the rotation group and 
the group ["(2) of all unitary operators in 11.2 has a representation theory 
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easily deducible from that of the rotation group (which was in turn familiar to 
physicists from the theory of angular momentum), that of the unitary group 
in four dimensions was new and unfamiliar. Indeed a substantial part of the 
paper is devoted to recalling the classical theory of Cartan, Schur, and Weyl in 
its application to the four dimensional unitary group and indicating how the 
theory of rotational symmetry changes when U( 4) replaces the rotation group. 

Actually Wigner discusses two degrees of approximate symmetry in addi
tion to that of the preceding paragraph. In one of these he allows forces which 
depend on the spin of the particle but not on whether it is a proton or neu
tron and in the other he does the opposite. As is clear from the foregoing, the 
mathematics of the reversal of spin and that of passing from the neutron state 
to the protein state are very similar and involve groups which have isomorphic 
Lie algebras. To emphasize this Wigner introduced the term isotopic spin to 
describe a concept which was destined to playa key role in later developments 
in elementary particle physics. 

Concerning the significance of the work for physics, it is useful to quote 
a few lines from David Brink's book "Nuclear forces" first published in 1965. 
"They did not, however, work out more general consequences of the theory or 
show how it could be used for more complex nuclei. This was done by Wigner 
(1937) in a very important paper which also included the first work on a general 
method of classifying nuclear states called supermultiplet theory. This theory 
was much more involved than isobaric (isotopic) spin theory, and Wigner's 
paper was too difficult for most experimental and many theoretical physicists, 
and the simple consequences of charge independence were not widely recognized 
until many years later." 

Before discussing the Wigner papers of 1936 and 1939 mentioned above 
it will be useful to explain a general theorem about group representations, 
which was known to Frobenius for finite groups, and generalizations of which 
to certain infinite groups playa role in Wigner's two papers. In the interests 
of later generalizations and unifications we shall formulate this theorem rather 
differently than Frobenius did. In particular we shall emphasize representations 
rather than their characters. 

Let G be an arbitrary group (not necessarily finite) and let N be a normal 
subgroup of Gj that is a subgroup such that xnx-1 is in N for all n in N 
and all x in G. One says that G is an extension of N and that "the extension 
splits" if there exists a second subgroup H such that N n H consists only of 
the identity element e (N n H = {e}) and every element x in G is a product 
nh of an element n in N and an element h in H. One proves easily that the 
decomposition x = nh is unique and that the subgroup H, when it exists is 
unique up to isomorphism. On the other hand, it is often possible to find more 
than one subgroup H' which effects the splitting when one exists. 

Starting at the other end, so to speak, let N and H be two arbitrary 
groups and suppose that we are given a mapping h - lXh taking each element 
h of H into an "automorphism" of N (i.e., an isomorphism of N with itself). 
Suppose further that h _ lXh is a homomorphism of H into the group of all 
automorphisms of N (i.e., preserves group multiplication). Consider the set G 
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of all pairs (n, h) where n E N and h E H and define a multiplication in G 
by the following rule (nt, ht)(nz, hz) = (nlO'h t (nz), hlhz). It is straightforward 
to prove that under this rule G is a group, that the set of all (n, e) where e is 
the identity of H and n E N is a normal subgroup isomorphic to N and that 
the set of all (e, h) with h E H is isomorphic to H and makes G into a split 
extension of N. Every split extension of a group G by a normal subgroup can 
be constructed in this way. G is said to be a semi-direct product of Nand H 
and to be the semi direct product defined by the homomorphism h - O'h. It 
is easy to see that a semi-direct product N@H reduces to the ordinary direct 
product whenever O'h is the identity for all h. 

The theorem of Frobenius, which we are about to explain, is a theorem 
about the classification of all irreducible representations of a semi-direct prod
uct N&JH, when both Nand H are finite and N is commutative. It reduces 
the problem to that of classifying the irreducible representations of H and cer
tain of its subgroups. Both finite and infinite semi direct products occur in 
important places in physics. In the 1936 paper of Wigner cited above N is the 
group of translations in the so-called "space group" of a crystal lattice and H 
is a finite group. In Wigner's 1939 paper N is the four-dimensional translation 
group in space time and H is the Lorentz group. 

Before actually stating Frobenius' theorem we shall need the notion of 
"induced representation". Let K be an arbitrary subgroup of a finite group G 
and let L be an arbitrary representations of K. We propose to use L to define 
a representation of the whole group G. Let Ji( L) be the vector space in which 
the operators Lk (k E K) act. Define FL to be the vector space of all functions 
f from the group G to the vector space Ji(L) which satisfy the identity 

for all k E K and all x E G. Evidently the right translate of any member of FL 
by any member of G is again a member of FL. Hence we obtain a representation 
U L of G whose space is FL by defining ut f(y) = f(yx). By definition U L is 
the representation of G induced by the representation L of K. It is easy to check 
that the dimension of FL is the dimension of Ji(L) multiplied by the number 
of right K cosets in G; that is, by o(G)/o(K). 

Now let G = N&JH be a semi-direct product of the finite commutative 
group N and some other finite group H. Let N denote the so-called character 
group of N; that is the set of all functions X from N to the complex numbers 
of modulus one such that X( nl nz) = X( nl )X( nz) for all nl and nz in N. These 
functions clearly form a group under multiplication. The members of N are 
precisely the one dimensional representations of N and, since N is commutative, 
precisely the irreducible representations. Let O'h be the automorphism of N 
defined by h in H. Then for each h and x, n - X( 0' h ( n )) is also a member of N 
which we denote by (x)O'i;. It is easy to see that X - (x)O'i; is an automorphism 
of N and that for each X E N the set of all h in H with (X)O'i; = X is a subgroup 
of H. We denote this subgroup by H)(. 
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Theorem (Frobenius). Choose any X E N and form the subgroup Gx of G 
consisting of all nh with n in Nand h in H x' Choose any irreducible represen
tation L of Hx; then 

(a) nh -+ x(n)Lh is an irreducible representation ofGx' Denote it by XL. 
(b) The induced representation U X L of G is irreducible. 
(c) Every irreducible representation ofG is equivalent to UXL for some choice 

of X and L. 
(d) U X Land U X M are equivalent if and only if Land M are equivalent rep

resentations of Hx' 
(e) If Xl and X2 are in the same H "orbit ", that is, if X2 = (Xl )a;; for some H 

then every irreducible representation of G of the form UX2L is equivalent 
to UXI M for some M. 

Corollary. Let C be a "cross section" for the H orbits in N, that is, a subset of 
N with the property that for each X E N, there is one and only one member of 
C which lies in the same orbit as X. Then, as X varies over C and L varies over 
the inequivalent irreducible representations of Hx, the irreducible representation 
uxL of G passes through each equivalence class of representations of Gonce 
and only once. 

It follows from this theorem and its corollary that the classification of the 
irreducible representation of G = N@H proceeds in two steps. First, study 
the action of H on N defined by the aj; and pick a cross section C for the 
orbits. Then, for each X in C classify the irreducible representations of H x' This 
method does not necessarily give a complete classification. It merely reduces 
the classification problem to several presumably easier ones. However, in many 
important cases the easier problems can be solved by other methods, or even 
by a second application of Frobenius' theorem. Moreover, it usually happens 
that many of the H x for X in different orbits are isomorphic groups, so that the 
number of essentially different Hx's to analyze is much less than the number 
of orbits. To give more insight into the situation we remark that the orbit 
associated with a given irreducible representation of N@H is precisely the 
set of all members of N which occur when one regards this representation 
as a representation of N and reduces it into its (one-dimensional) irreducible 
constituents. 

Wigner's 1936 paper [20] was written jointly with L. P. Bouckaert and 
R. Smoluchowski and is entitled: "Theory of Brillouin zones and symmetry 
properties of wave functions in crystals". A solid crystal is a collection of an 
enormous number of atoms arranged in space in a regular pattern capable of 
indefinite extension. For the purposes of mathematical analysis it is convenient 
to pass to the limit in which the extension is continued to infinity. The "regu
larity" of the pattern is then defined by the existence of a large discrete group 
of isometries of space which leave the pattern unaltered. In particular the sub
group of translations is such that every atom is a translate of a member of a 
finite subset of the atoms. Thus the whole pattern is determined by specifying 
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the nature and position of a finite number of the atoms. The group of all such 
isometries is called the space group of the crystal. In the most important cases, 
it is a semi-direct product of the translation subgroup and a finite group. One 
speaks of the space group as being symmorphic in these cases. 

In studying the quantum mechanics of crystal structure, one starts with 
an approximation in which the outer electrons in each atom move freely and 
independently in the field generated by the ion cores held in fixed positions 
in a crystal lattice. In a further refinement one modifies this ion core field by 
adding to it the average of the fields due to the moving electrons. In either case, 
in the limit of an infinite crystal, one considers the motion of a single electron 
moving in space subject to an effective potential function v defined in space,' 
which is not only triply periodic but invariant under the action on space of the 
relevant space group. As is usual in quantum mechanics, one is interested in the 
spectrum of the self adjoint operator which defines the motion. This operator 
IS 

;,,2 ( 82 82 82 ) 
- 2m 8x2 + 8y2 + 8z2 + V = Hv 

and evidently commutes with the unitary representation W of the space group 
r, defined by its natural action on Euclidean three space E3 • If it were possible 
to decompose W as a discrete direct sum of irreducible representations, this 
decomposition would imply a partial diagonalization of Hv , as explained early 
in this essay. However, r is not a compact group and W decomposes "con
tinuously" rather than discretely. Nevertheless an analogue of the theorem for 
compact groups continuous to hold and Hv can be "continuously" decomposed 
into self adjoint operators parametrized by irreducible unitary representations 
of r. Moreover, each member of this continuous family of self adjoint oper
ators turns out to have a discrete spectrum. These discrete eigenvalues vary 
continuously with the representation of r which parametrizes them and the 
representation theory of r becomes an indispensable tool. The 1936 paper of 
Wigner el al. (BSW), which we are now proposing to discuss, studies the rep
resentation theory of r with this application in view. 

This paper only considers the case in which the relevant space group is 
symmorphic so that one can hope to deduce its representation theory from 
a suitable generalization of the Frobenius theorem cited above. This hope is 
justified; moreover, the generalization turns out to be a rather easy one because 
the only induced representations that occur are those in which the relevant 
subgroup has finite index in the whole group. In this case the definition of 
induced representation given above may be used without change. However, one 
is only interested here in unitary representations so we add the remark that 
UL can be made unitary in a natural way whenever L is unitary. This said, 
one can extend the results of Frobenius immediately to all semi direct products 
N@JH where H is finite and N is an arbitrary locally compact commutative 
group, provided that one changes the statement by putting "unitary" in front 
of representation, wherever it occurs. Of course, one must assume that the 
automorphisms CXh of N respect the topology of N, but this is automatically 
true in the space group case because N is discrete. The classification of the 



264 The Mathematical Papers 

unitary representations of N®H, described by the generalization of Frobenius 
theorem is assumed in the BSW paper and is summarized in Section II. The 
reader is referred for details to a paper of Seitz, published a year earlier in 
"Annals of Mathematics". Seitz was a recent Ph. D. student of Wigner but 
seems to have attacked this problem independently. 

The main concern in BSW is with the way in which the subgroups Hx of 
H vary as X varies over N and how this influences the spectrum of the self 
adjoint operator Hv. They discuss the general situation in Sections III and 
IV and analyze three special cases in Sections V, VI, and VII. A key fact is 
the following. Whenever H' is a subgroup of H which is not just the identity, 
then the set of all X in N for which H x = H' is either empty or is a closed 
lower dimensional closed subset of the three dimensional torus N. Since there 
are only a finite number of subgroups of H, the subset N° of all X for which 
H x = {e} is an open everywhere dense subset of N, i.e., any X sufficiently close 
to a member of N° is in N° and every member of N either in N° or a limit of a 
sequence of members of N°. Evidently having H x = {e} is the "generic" case. 
In that case the set of all Qh(X) (which BSW call the "star" of A) contains o(H) 
elements and is as large as possible. Leaving out the representations associated 
with non generic members of N, one has a perfect one-to-one correspondence 
between irreducible representations and stars. The authors also study the more 
complex behavior of the non generic representations. 

In order to study the connection between the unitary representations of r 
and the spectrum of the self-adjoint operator H v one does not need to study 
the theory of continuous decomposition of Hilbert spaces (which in any case did 
not exist at the time). One can be led to the component self-adjoint operators 
in question by following F. Bloch and others in considering the eigenfunctions 
of the operator H v which are not square summable but have the following quasi 
periodicity property instead. 

for all real triples x, y, z and all real triples nl, n2, n3 contained in N. Here X is 
some member of N and one gets a different class of functions for each choice of 
X. Now every X in N may be written (non uniquely) in the form x(nl' n2, n3) = 
ei(.~l nl +A2 n 2+A3n 2) and it is trivial to show that every "Bloch function", that is, 
every function that satisfies (*) above may be written (uniquely once AI, A2, A3 
have been chosen) in the form 

where g is periodic with respect to translations by members nl, n2, n3 of N. 
An easy computation then shows that f is a J.I. eigenfunction for H v if and only 
if 9 is a fl eigenfunction for the operator 
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But, this operator may be regarded as an operator defined on the compact 
group obtained from the additive group of all triples x, y, z of real numbers by 
identifying two triples when they differ by a member nl, n2, n3 of N. Hence 
under very mild restrictions on v it is an operator with a discrete spectrum. In 
its dependence on >'1, >'2, >'3 it depends only upon the member X of N which 
it defines by the formula above. We denote it by Hv,x. These operators are 
precisely those that Hv decomposes into when the unitary representation of N 
in £2 (E3) is decomposed into its irreducible constituents which of course are the 
characters X of N. Since one can show that each eigenvalue of each Hv,x varies 
continuously with X, the whole spectrum is a union of count ably many closed 
intervals on the real line. This union does not need to be connected, and when 
it is not, there will be open intervals separating the connected components. 
The spectrum has a so-called "band structure". 

We now turn our attention to one of Wigner's most celebrated papers [21]. 
This paper, published in 1939 in the Annals of Mathematics, is entitled On 
unitary representations of the inhomogeneous Lorentz group. Its basic result is 
an analysis of the irreducible unitary representations of the group of the ti
tle, including a complete classification of those that are "physically relevant". 
The analysis includes the so-called "ray" or "projective" representations (see 
above discussion of 1927 paper of Weyl), as well as a proof that the only pos
sible projective multipliers are rather special. The physical motivation for the 
study is the fact that the Hilbert space of states of any relativistically invariant 
quantum mechanical system is the space of a naturally associated projective 
or ordinary representation of the group in question. This kind of application 
of the theory of group representations to quantum mechanics is much more in 
the spirit of Weyl's 1927 paper in the ZeitschriJt for Physik than that of most 
of Wigner's work up to this point. In the terminology introduced earlier in this 
essay, Wigner's 1939 paper was a further contribution to "Weyl's program". At 
the same time it constituted a key step in the purely mathematical program 
of developing a general theory of unitary group representations. Except for the 
trivial representation in which every group element is taken into the identity, all 
of the irreducible unitary representations of the inhomogeneous Lorentz group 
are infinite dimensional. This was the first time that the irreducible unitary 
representations of such a group had been even partially classified in a more 
or less rigorous measure - at least explicitly. Actually many years later it was 
realized that the work of Stone and von Neumann on the uniqueness of the irre
ducible solutions of the Heisenberg commutation relations (see above) could be 
regarded as being such a theorem and trivially implying another. In addition to 
this the completion of Wigner's classification by dealing with the non-physically 
relevant representations was one of the stimuli eight years later for the work of 
Bargmann and of Gelfand and Neimark on the unitary representation theory 
of the groups 5L(2, R) and 5L(2, C). This, in turn, stimulated the vast and 
still incomplete program of classifying the irreducible unitary representations 
of the non compact semi simple Lie groups. 

It is easy to describe the precise nature of Wigner's results by remarking 
that they follow from a general theorem whose statement (but not its proof) 
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can be immediately guessed from the theorem about the representations of 
finite semi direct products N®H in which we have formulated the results of 
Frobenius. 

Indeed let G = N®H where Nand H are arbitrary locally compact groups, 
N is commutative and the CXh act continuously on N. Suppose that the notion 
of induced representation has been generalized so that U L is a well defined uni
tary representation of G, whenever L is a finite or infinite dimensional unitary 
representation of an arbitrary closed subgroup K of G (and not just for those 
in which K has finite index in G). Then it is obvious how to formulate an exact 
analogue of the Frobenius theorem, and the only question is whether it is true 
or not when N is the four dimensional group of all space-time translations and 
H is the Lorentz group acting on N in the natural way. Wigner's result asserts 
that it is, so that the problem of classifying the ordinary unitary irreducible 
representations of the group is reduced to classifying the ordinary unitary ir
reducible representation of H x for each X in N. While there are a continuous 
infinity of characters X in N, the Hx are largely mutually isomorphic groups. 
Indeed there are only three different isomorphism classes in addition to H itself. 

These are (a) the Lorentz group in three space time dimensions, (b) the two
dimensional Euclidean group, and (c) the rotation group in three dimensions. 
Both H itself and the Lorentz group in three space time dimensions lead to 
representations which, it could be plausibly argued, could not occur in physical 
problems. The representations of the rotation group in three dimensions were 
well known to Wigner because of his work in atomic spectroscopy and only the 
two-dimensional Euclidean group presented a problem. Note, however, that this 
group is also a semi-direct product - the semi-direct product of the translations 
and rotations in the plane. Moreover the group of rotations in the plane is 
commutative so that none of the Hx in this group present problems. Thus 
did Wigner classify the "physical" irreducible unitary representations of the 
inhomogeneous Lorentz group and reduce the determination of the rest to the 
solution of the corresponding problem for the homogeneous Lorentz group, in 
three and four space time dimensions - or, essentially equivalently, the groups 
8L(2, R) and 8L(2, C). 

What about the projective representations? We shall content ourselves with 
the remark that there is a straightforward generalization of the inducing process 
and of the Frobenius theorem, although the latter is less straightforward when 
the projective multiple is non trivial on N. In Wigner's case all projective 
multipliers are trivial on N. 

A much more serious difficulty is that of extending the proof of the Frobe
nius theorem to the case of semi direct products N®H in which H is not 
only infinite but continuous. The problem is that, in general, this forces the 
irreducible unitary representations of N®H to have restrictions to N which 
are not discretely decomposable, and direct integral theory in some form must 
be used. More precisely the irreducible unitary representations associated with 
the character Xo of N reduce, when restricted to N, to a multiple of a sum 
(or integral) of all members of N of the form [Xojcxh, where h varies over H. 
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Whenever there are a continuum of right H x cosets an integral will be called 
o 

for. The problem of dealing with direct integrals of Hilbert spaces already oc-
curs in "diagonalizing" self-adjoint operators with continuous spectra, and, as 
far as bounded operators are concerned, was completely solved by Hilbert with 
his spectral theorem in the first decade of the twentieth century. The ideas and 
techniques of the spectral theorem are just what is needed for dealing rigorously 
with the problems at hand. These ideas and techniques have however always 
been considered "too abstract" by the great majority of physicistsj they prefer 
to make do with (unrigorous) use of Dirac 6 functions. Accordingly, Wigner's 
paper is incomplete at this crucial point. He is quite explicit about this and 
gives a sketch of the argument with a promise that full details will appear in a 
forthcoming paper of von Neumann. An incomplete manuscript of this promised 
paper was found among von Neumann's manuscripts, after his death in 1956, 
and published as it stood as part of his "N achlaB" in his collected works. In the 
meantime, it had been rendered superfluous by more general work of others. 
More details will be found below. 

It should be mentioned that the formulation in terms of induced represen
tations is not given in Wigner's paper, nor in that of Seitz. They simply apply 
Frobenius' method of analysis which physicists today sometimes call the "little 
group" method. The H" are the little groups. Using the language of induced 
representations makes the nature and unity of the results more apparent. 

In 1940 Wigner published a short note, in collaboration with von Neumann 
[22], which is not closely related to any of his other papers, nor to any physical 
applications. Its chief content is the presentation of three examples of infinite 
discrete groups which have different properties as far as the existence of almost 
periodic functions is concerned. It is an example of his interest in occasional 
forays into mathematics for its own sake. 

A year later in 1941 he published another short note [23] of a similarly pure 
and (apparently) isolated character. However, the main result is surprising
almost bizarre - and the paper introduces a theme to which Wigner was to 
return three times beginning in 1968. The paper is about finite groups which 
have the following two properties: 

(a) Every group element is conjugate to its inverse. 

(b) If L1 and L2 are any two irreducible representations then their tensor 
(Kronecker) product is a direct sum of mutually inequivalent irreducible 
representations - in later terminology is "multiplicity free" . 

Wigner called such groups "imply redu.cible (abbreviated S.R.). The main result, 
Theorem 2, characterizes simply reducible groups in terms which do not invoke 
representation theory. For each group element R, let p( R) denote the number of 
square roots of Rj that is, the number of group elements X such that X 2 = R. 
Let v( R) denote the number of elements X such that X R = RX. Theorem 2 
asserts that the finite group G is simply reducible if and only if ER p(R)3 = 
ER V(R)2 and that, in any case, the left hand side of the equation is not greater 
than the right hand side. 
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A second paper on S.R. groups [24J, believed to have been written around 
the same time, circulated as a mimeographed typescript but did not appear 
in print until 1965 when Biedenharn and van Dam included a slightly revised 
version in their anthology "Quantum theory of angular momentum". This paper 
is rather longer than its predecessor and is entitled "On the matrices which 
reduce the Kronecker products of S.R. groups". It b~gins with a definition of 
simply reducible group, but now applied to compact groups, as well as finite 
groups. The main point seems to be that some of the most important properties 
of the representation theory of the compact groups 80(3) and 8U(2) which play 
a role in atomic spectroscopy, follow from the fact that these groups are S.R. 
groups and may be proved for all S.R. groups. Taking advantage of this Wigner 
reorganized the theory and presented it in abstract form before specializing to 
the groups 80(3) and 8U(2) of interest to physics. At the same time he carried 
the abstract theory further than the concrete theory had been carried earlier 
and in so doing anticipated a part of the very significant work done by Giulio 
Racah in the later 1940's. Specifically, he defined and established some of the 
properties of what are now known as Racah coefficients. 

To be a bit more specific, let G be any simply reducible group, let L1 and L2 
be irreducible representations of G, and let L3 be any irreducible representation 
of G which is equivalent to a constituent of the decomposition of the Kronecker 
product Ll ® L2 of L1 and L2. This representation takes place in the tensor 
product 11.(L1) ® 11.(L2) of the Hilbert spaces of L1 and L2, and because of the 
hypothesis of simple reduciblity, the constituent equivalent to L3 takes place in 
a uniquely determined subspace 11.La of 11.(Ll) ® 11.(L2). Thus, if 'PI, 'P2, and 
'P3 are arbitrary vectors in 11.(Ll), 11.(L2), and 11.La then one can ask for the 
scalar product of 'P3 with 'PI X 'P2. This scalar product is a complex number 
which is a function of the six variables Ll, L2 , L3 . 'PI, 'P2, 'P3' When normalized 
by dividing by Vd(£3), where d(L3) is the dimension of 11.(L3), it is what is 
known variously in the literature as a Wigner coefficient, a Clebsch-Gordan 
coefficient or a 3j symbol. The latter term is used especially for the denotation 

( Ll L2 L3 ) 
" for the number in question and refers to the fact that a common 

'PI, 'P2, 'P3 
notation for the 2j + I-dimensional representation of 80(3) in 8U(2) is Vi. 
We remark that the unitary equivalence between L 3 , given externally, and the 
appropriate subspace of 11.(Ll) ® 11.(L2) is unique only up to multiplication 
by an arbitrary complex number of modulus one. Thus if 'P3 is chosen from 

( Ll L2 L3) 
11.(L3) rather than from 11.La ~ 11.(Ll) ® 1i(L2) the coefficients " 

'PI, 'P2, 'P3 
are ambiguous up to a (universal) multiplicative constant of modulus one. In 
practice one chooses canonical bases in 11.(L1), 1i(L2), and 11.(L3 ) and chooses 
'PI, 'P2, and 'P3 from the basis elements. 

When one is making actual calculations of atomic spectra by perturba
tion theory, these coefficients enter in an essential way and one needs efficient 
methods for their explicit computation. This can be done by recursion for
mulae and by exploiting various symmetries under permutations of the vari
ables. The rather elaborate theory that has developed was begun in Wigner's 
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1931 book and repeated, in Lie algebra language, in Condon and Shortley's 
1935 treatise "The Theory of Atomic Spectra". The further developments in 
Wigner's abstract theory result from applying similar considerations to triple 
Kronecker products, such as (L1 ®L2)®L3, and comparing (L1 ®L2)®L3 with 
L1 ® (L2 ® L3). The analysis of this situation leads to a complex valued func
tion of six irreducible representations whose value at any particular sextuple 

L 1 ,L2,L3 ,L\L5 ,L6 Wigner denotes by {~::~::~:} (using curly brackets) 

and calls a 6 - j symbol. The 6 - j symbols have recursion relations and sym
metries just as the 3 - j symbols do. While the 6 - j symbols may be expressed 
in terms of the 3 - j symbols, this is not the best way of dealing with them. 

To set this paper of Wigner in its proper context it seems wise to digress 
briefly and say a few words about the work of Guilio Racah who was inspired 
by the 1929 paper mentioned earlier, in which Slater showed how to do almost 
everything in atomic spectroscopy which Wigner had done, without explicit use 
of groups or their representations. It turned out that Slater's methods, while 
valid, led to prohibitively long and tedious calculations whenever more than 
a very few electrons were involved. Racah set out to find short cuts, and suc
ceeded to an astonishing degree, by applying a number of ingenious arguments 
and methods. The results were published in a series of four papers [25], [26], [27], 
and [28] with the running title "Theory of complex spectra X" where X = I, 
II, III, and IV. These papers appeared in the Physical Review in 1942, 1942, 
1943, and 1949, respectively. They are much too complicated for brief sum
mary. The interested reader is referred to a lengthy article by the author of 
this essay for further details. This article appears as an introduction to the two 
volume contribution of L. C. Biedenharn and J. D. Louck to the Encyclopedia of 
Mathematics and its Applications. For editorial reasons it is published at the 
beginning of the second volume (Volume 9 of the Encyclopedia). A description 
of Racah's four papers from the point of view of the theory of group represen
tations occupies Sections 20, 21, 22, and 23. For our present purposes it will 
suffice to say that in the second of his four papers Racah introduces a slight 
variant of the 6 - j symbols (now called the Racah coefficients) and uses them 
to make a considerable simplification in one of his formulae. They find a rather 
different use in a later paper. It is interesting that Wigner found the 6 - j 
symbols while theorizing about S.R. groups while Racah found essentially the 
same theory while working on practical problems in atomic spectroscopy. We 
remark here that, slightly later, Racah found that his work could be applied to 
nuclear structure for much the same reasons that made it possible for Wigner 
to adapt his approach to atomic spectroscopy to nuclear structure in his 1937 
paper on that subject [20]. 

It is interesting that although Racah began with the anti-group theoretical 
approach initiated by Slater, and developed and made standard by the book of 
Condon and Shortley, he finally capitulated in Part IV and brought in group 
theory explicitly. 

In December 1941 the United States entered World War II and, in April 
1942, Wigner went to work in Chicago on theoretical work connected with the 



270 The Mathematical Papers 

design of an atomic bomb. His work on groups and group representations was 
interrupted and no more papers by him on the subject appeared until 1948. 

In 1948 and 1949 Wigner returned to the theme of his 1939 paper on the uni
tary representations of the inhomogeneous Lorentz group by publishing closely 
related joint papers with V. Bargmann and T. D. Newton respectively [29] and 
[30]. The first of these is entitled "Group theoretical discussion of relativistic 
wave equations" and a footnote at the very beginning informs us that "All the 
essential results of the present paper were obtained by the two authors inde
pendently, but they decided to publish them jointly". The idea is to exploit the 
fact that every relativistically invariant quantum mechanical system is intrin
sically associated with a unitary representation (or projective representation) 
of the inhomogeneous Lorentz group in the simplest possible special case -
that in which the system consists of a single particle moving freely in space. In 
this case one can argue that the representation must be irreducible and hence 
that the classification of such representations, given by Wigner in 1939, pro
vides a classification of particles. Given any particular class, one can deduce a 
great deal about the quantum mechanics of particles in this class directly from 
the properties of the associated representation. In particular, having chosen 
a coordinate system, one can deduce the Hamiltonian operator H by simply 
restricting the representation to the one parameter subgroup of time transla
tions and computing the infinitesimal generator of this one parameter unitary 
group. Given H one can write down the relativistic Schrodinger equation, re
ferred to here as the "wave equation". Replacing the time translation by the 
translations in some fixed direction in space, the same procedure leads to the 
operators associated with the linear momentum in that direction. The authors 
do this in detail on a case by case basis. The most important case is that in 
which the "little group" is SO(3). In that case a real number describing the 
orbit of X is the rest mass of the particle and the irreducible representation 
(or projective representation) of 50(3), which completes the description of the 
representation in question determines, its spin. Notice how much of the physics 
of a free relativistic particle is deducible from symmetry principles combined 
with group representations (Weyl's program!!). 

Wigner and Bargmann have nothing to say about the operators correspond
ing to the position observables. This is a somewhat tricky question and is the 
subject of the cited 1949 paper of Wigner and T. D. Newton entitled "Local
ized States for Elementary Systems". Among other things, it turns out that 
not all of the physically acceptable irreducible unitary representations of the 
inhomogeneous Lorentz group can define particles which possess any such thing 
as a position observable. As discovered some four or five years later by Arthur 
Wightman, the considerations of Wigner and Newton can be made mathemat
ically rigorous and easier to understand by introducing a certain concept from 
the theory of unitary group representations. This concept was first defined by 
the author of this essay in a paper [31], submitted to the editors in July of 
1949, the same month in which the paper of Wigner and Newton appeared in 
print. This concept is that of a continuous system of imprimitivity for a group 
representation. The main point of [31] was to state and outline the proof of a 
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general theorem known as "the imprimitivity theorem" which has as corollaries 
many theorems about group representations which are of interest in physics. 
These include the main results in Wigner's 1939 paper [21] and the results of 
Stone and von Neumann on the uniqueness of the irreducible solutions of the 
Heisenberg commutation relations. Because of its multiple connections with 
Wigner's work and its use in clarifying the Wigner-Newton paper, it seems 
appropriate to digress briefly to define the concept of system of imprimitivity 
and state the imprimitivity theorem. 

The notion of di8crete system of imprimitivity for unitary representations 
of finite groups was known to Frobenius and is defined as follows. Let U be 
a unitary representation of the finite group G in the Hilbert space 'H(U) and 
let 'H(U) = 'HI EB 'H2 EB ... EB 'Hn be a direct sum decomposition of 'H(U) into 
mutually orthogonal subspaces 'HI, 'H2 ... 'Hn. If Ux maps each 'Hj into itselffor 
all x, we say that U itself is a direct sum of subrepresentations defined by the 
'Hj. One says that the 'Hj define a di8crete 8y8tem of imprimitivity for U, if the 
following weaker condition holds. For each j and each x in G, Ux('Hj) = 'Hk for 
some k depending on j and x, but not necessarily equal to j. In other words, 
while the Ux do not necessarily leave the 'Hj fixed, they preserve their individ
uality and merely permute them amongst themselves. One says that a discrete 
system of imprimitivity 'HI, 'H2 ... 'Hn for U is tran8itive, if for each i and j 
there exists an x E G with Ux('Hi) == 'Hj. Evidently, every discrete system of 
imprimitivity may be broken up uniquely into subsets on each of which the Ux 

act transitively. Correspondingly, U breaks up as a direct sum of subrepresen
tations each of which has some subset of the 'Hj as a tran8itive discrete system 
of imprimitivity. It follows that one need only study tran8itive discrete systems 
of imprimitivity to know them all. Suppose, then, that 'HI, 'H2,'" 'Hn defines 
a transitive discrete system of imprimitivity for U. Let K denote the set of 
all x E G for which Ux('Hd = 'HI. Then K is evidently a subgroup of G and 
the restriction of U to K defines a representation L of K in 'HI. It is easy to 
check that if we know only the representation L of K and they way in which 
G permutes the Hj we may reconstruct U and verify that it is equivalent to 
the representation of G induced by the representation L of K. Conversely, if K 
is any subgroup of the finite group G, and L is any unitary representation of 
K, then one can construct a transitive discrete system of imprimitivity for the 
induced representation UL of G, as follows. Recall that the space 'H(UL) of UL 
is the set of all functions f from G to 'H(L) such that f(kx) = Lk(f(X)) for all 
x E G and all k E K. Recall also that one defines a right K -coset of G to be 
the subset K x of all kx for fixed x and arbitrary k in K, and that two right 
K-cosets Kx and Ky are either disjoint or identical. Given f in 'H(UL), we 
may write it uniquely as a sum it + ... + fn where each Ii is zero except on a 
single right K -coset. It is an immediate consequence of the definitions that each 
Ii is also in 'H(UL) so that 'H(UL) is a direct sum of subspaces one for each 
right K -coset, and consisting of all members of 'H(U L) which vanish outside of 
this coset. The proof that this decomposition is a discrete system of imprim
itivity for U L is a straightforward verification. We shall call it the canonical 
system of imprimitivity for U L. The so-called "imprimitivity theorem" (in the 
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special case of finite groups) asserts the existence of the canonical system of 
imprimitivity just described together with the key fact that every transitive 
system of imprimitivity arises in this way from an induced representation. The 
above remarks are an outline of a proof which it is easy to fill in. One may 
regard the theorem as an abstract characterization of induced representations. 
However, it is more than just an elegant theorem. Systems of imprimitivity 
arise naturally in various parts of mathematics and physics, and the fact that 
this implies that the representation is induced by a lower dimensional repre
sentation of a subgroup is quite useful. In particular Frobenius' analysis of the 
irreducible representations of semi-direct products of finite groups is a corollary 
of the imprimitivity theorem for finite groups. 

Returning now to the 1949 paper [31J whose title is "Imprimitivity for 
representations of locally compact groups I" we now indicate what is involved 
in generalizing the discrete imprimitivity theorem, whose (quite elementary) 
proof we have just sketched, so as to apply to general separable locally compact 
groups. Actually, the only serious difficulty in making the generalization occurs 
(just as in generalizing the Frobenius semi-direct product theorem) in dealing 
with induced representations in which the set of right K -cosets is not discrete. 
When this happens, a system of imprimitivity can no longer be a direct sum 
decomposition of the representation space but must be a direct integral or 
continuous direct sum decomposition. As far as the basic definitions (but not 
the proofs) are concerned the difficulty can be met by introducing the concept 
of a "projection valued measure". This notion is not familiar to most physicists 
but is simple and easy to explain. Let 'H = 'HI EIl1i2EIl ... be an ordinary discrete 
sum decomposition of a Hilbert space 'H. For each subset E of the real line, let 
PE be the projection operator in 'H whose range is the direct sum of all 'Hi for 
which j is a member of E. If E = 0 (the empty set) let PE = O. Then E --+ PE 
is a function defined on all subsets of the real line, having projection operators 
in the Hilbert space 1i as values. It is easy to check that this function has the 
following properties: 

(a) For all El and E2, PE1PE, = PE,PEl = P ElnE,. 

(b) Whenever the sets E1 , E2 ... are pairwise disjoint then PE1UE,u ... = PEl + 
PE2 + ... where the sequence may be infinite. 

( c) PR = I and p. = 0 where R is the whole real line. 

(a), (b), and (c) are the defining properties of a projection valued measure. 
In general it is not defined on all subsets but only on the measurable or Borel 
subsets of some measure space or Borel space which need not be the real line. In 
this example there is a countable subset, namely the positive integers Z+ such 
that Pz+ = I. Whenever this happens, one has a direct sum decomposition of 
the Hilbert space from which P can be reconstructed as in the example above. 
However, such examples are exceptional and the non exceptional examples may 
be used as substitutes for continuous direct sum decompositions. Consider the 
Hilbert space 'H of all square summable complex valued functions on the unit 
interval 0 ~ x ~ 1. For each measurable subset E of 0 ~ x ~ 1 let PE denote 
the linear operator which takes I in 'H into <PEl, where <PE(X) = 1 if x is in E 
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and <P E( x) = 0 if x is not in E. It is easy to see that each PE is a projection 
operator in 'H and that the function taking E into PE is a projection valued 
measure, in the sense that it satisfies (a), (b), and (c) above. On the other 
hand, for every E which has only count ably many elements, PE = 0, so no 
discrete direct sum decomposition is associated with it. 

Having the notion of projection valued measure defined, it is now easy to 
generalize the notion of system of imprimitivity in the appropriate way. Let V 
be a unitary representation of the separable locally compact group G. Let M be 
any set on which G acts as a group of transformations and let [m]x denote the 
transform of min M by x in G. Then by definition of transformation group [m]x 
is in M for all x and m, [[m]x]y = [m]xy and [m]e = m for all x, y in G and all 
min M. As usual e denotes the identity element of G. Suppose that M has part 
of the structure of a measure space, in the sense that a family of "measurable" 
sets has been defined which is closed under complementation and countable 
union, and that the transformations m --+ [m]x preserve this structure. One 
says that a projection valued measure defined on the measurable subsets of 
M, and whose values are projections in 'H(V), is a system of imprimitivity for 
V, provided that the Vx and the PE satisfy the following simple commutation 
relation 

where [E]x-1 denotes the transform of the set E by X-I (that is, the set of all 
[m]x- I for m E E). 

To see the connection of this definition with that of the very special discrete 
case considered above, suppose that M is the set Z+ of all positive integers 
and every subset of M is measurable. Let E j be the set whose only element is 
j and let 'Hj be the range of PEj. One verifies at once that 'H(V) is the direct 
sum of the 'Hj and that (*) is equivalent to the assertion that each Vx permutes 
the 'Hi among themselves. 

The reader should now have no trouble in formulating the general imprimi
tivity theorem which is the principal result of [31]. The proof is not so easy and 
this is not the place to give or even outline it. The chief difficulty is constructing 
the representation L of K which induces V. The method used in the discrete 
case fails because the anlogue of 'HI is an "infinitesimal" slice of 'H(V) and is 
only defined "almost everywhere". Once the proof has been carried out, how
ever, one has done all the difficult analysis necessary to rigorize the arguments 
which Wigner sketched in his paper [21] and said that von Neumann would 
fill in later. Indeed, there is an easy corollary of the imprimitivity theorem of 
[31] which generalizes the Frobenius theorem, stated earlier, to any separable 
locally compact semi direct product N@;H, in which N is commutative and in 
which the action of H on N defined by the a~ divides N into orbits in a manner 
which is not too wildly chaotic. Specifically it suffices that there should exist a 
cross section for the orbits which is a Borel set. When this regularity condition 
does not hold, the Frobenius classification still applies to a large subset of the 
irreducible unitary representation, but there are other representations which 
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can only be partially classified and ergodic theory enters the picture in a way 
which it would take us too far afield to describe. 

The imprimitivity theorem of [31] has another application which is directly 
relevant to this essay and is historically interesting because it is this application 
which inspired the writer to discover the theorem as well as rediscover and gen
eralize the notion of induced representation. It turns out that the commutation 
relation (*) may be looked upon as a generalization of the Heisenberg commu
tation relations in the global form, given them by Weyl in his 1927 paper [10], 
introducing group representations into physics and inaugurating what we have 
called Weyl's program. The uniqueness theorem for the irreducible solutions of 
these relations, formulated by Weyl and proved rigorously by Stone and von 
Neumann (see above), may in fact, as already mentioned above, be obtained 
as a corollary of the imprimitivity theorem. The same is true of the theorem 
of Jordan and Wigner [11] on the uniqueness of the solution of the canonical 
anti-commutation relations. However, in this case the finite discrete version of 
the imprimitivity theorem suffices. 

Wightman's observation that the paper [30] of Wigner and Newton could 
be clarified and made more rigorous by using the notions of [31], although made 
in the early 1950's, was not published until 1962 when Wightman included it 
in a long paper [32] in "Reviews of Modern Physics" dedicated to Wigner on 
the latter's sixtieth birthday. (It is amusing that the Wigner-Newton paper 
was published in the same journal and dedicated to Einstein on his seventieth 
birthday.) Wightman's paper also includes a detailed exposition of the results 
of [31], in the special case of the group £3 generated by the translations and 
rotations in Euclidean 3 space. This group is a semi direct product of its trans
lation and rotation subgroups and is a subgroup of the inhomogeneous Lorentz 
group. To get the operators corresponding to position observables, when they 
exist, Wightman restricts the irreducible representation of the inhomogeneous 
Lorentz group to £3 and finds that it has a system of imprimitivity E --+ PE 
based on the action of the Euclidean group on physical space. The projection 
operator PE then corresponds to the observable which is one, when the particle 
is observed to be in E, and zero when it is not. 

Long before Wightman's paper was published, probably in the very early 
1950's, the author of [31] (and this essay) received a postcard from our mutual 
friend, Irving Segal, informing him in rather vague terms that Wightman had 
found an application of [31] to [30]. The author of [31] found [30] incomprehen
sible but was engaged at the time in trying to achieve a better understanding 
of quantum mechanics. Eventually he was led to ideas which he assumed must 
be close to Wightman's, and this was verified in 1955 when he and Wightman 
met for the first time and discussed the matter. His approach was rather dif
ferent from Wightman's and started with an axiomatic definition of the notion 
of a quantum mechanical particle. Further details will be found in # 10 of the 
published version [33] of the author's 1961 American Mathematical Society 
Colloquium lectures and in several later publications. Suffice it to say that the 
commutation relation (*) can be justified a priori as following from applying 
invariance principles to position observables and that the imprimitivity thea-
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rem then allows one to deduce the usual realizations of position, momentum 
and angular momentum operators. Spin appears automatically when one ana
lyzes the angular momentum operators. (This completes our digression and we 
return to the main theme.) 

Three years later Wigner began a brief collaboration with E.Inonii which 
resulted in three closely related papers [34], [35], and [36]. In the first of these 
the authors studied the unitary representation theory of the so-called inho
mogeneous Galilei group. This is the group of symmetries of space time as it 
was understood before the discovery of special relativity. The authors wished 
to explore the connections between its representation theory and the ordinary 
non-relativistic Schrodinger equation for a free particle, in analogy with the 
work of Wigner and Bargmann, and of Wigner and Newton. The Galilei group 
is a semi-direct product to which the theory described above may be applied and 
the authors found no difficulty in determining its irreducible unitary represen
tation. However, they found the (at first rather surprising) result that none of 
them were associated with position operators or with the usual non-relativistic 
free particle Schrodinger equation. 

The second paper is entitled "On the contraction of groups and their repre
sentations" and connects with the first through the final Part III. In this part, 
the fact that the Galilei group is a contraction of the inhomogeneous Lorentz 
group is exploited to throw light on the surprising results of the first paper. 
Actually, the fundamental source of the mystery is that in physical applica
tions projective representations must be considered as on a par with ordinary 
representations and that they playa much bigger role in the Galilei group than 
in the inhomogeneous Lorentz group. Specifically, up to equivalence, there is 
only one non-trivial projective multiplier for the inhomogeneous Lorentz group 
and it is trivial on the translation subgroup. By contrast, the Galilei group has 
continuum many inequivalent projective multipliers which are non trivial when 
restricted to the translation subgroup. Moreover all the particles which have 
mass and position operators correspond to projective representations. Indeed 
different masses come from representations with inequivalent projective multi
pliers. A full account of this aspect of things was published by V. Bargmann a 
year later [371. What Wigner and Inonii point out in Part III of their paper is 
that in the passage to the limit described in Part II, ordinary representations 
can pick up a non-trivial projective multiplier and do so in the case at hand. 

Parts I and II are of a more general and purely mathematical character. 
The contraction notion is defined in Part I and the effect of contraction on rep
resentations is discussed in Part II. The basic idea may be described as follows. 
Let G be a connected Lie group and let S be a closed Lie subgroup so that 
the space GIS of right S cosets has the structure of a differentiable manifold 
and right multiplication gives us an action of G on GIS ([Sy1x = S(yx)). Let 
the right coset Se = S be chosen as an "origin" and let T denote the tangent 
space to the manifold at this origin. Then since each element x of S leaves 
S e fixed, it carries Tonto T and defines a linear transformation in the vector 
space T. The semi-direct product of the additive group of T and the subgroup 
S defined by the just described action of S on T is what Wigner and Inonii call 
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the contraction of G by S. The Galilei group, for example, is the contraction 
of the inhomogeneous Lorentz group by the group generated by spatial rota
tions and time displacements, and the Euclidean group in two dimensions is 
the contraction of the rotation group in three dimensions by anyone param
eter subgroup. One thinks of the contraction as a sort of limiting form of the 
original group G in much the same sense that Galilian relativity is a limiting 
form of special relativity or that ordinary Euclidean space is a limiting form 
of a three dimensional curved Riemannian space. In the latter connection note 
that the coset space of SL(2, C) by the subgroup SU(2) of all unitary matrices 
is a three dimensional Riemannian manifold in a natural way and that the con
traction of SL(2, C) by SU(2) is a double covering of the Euclidean group &3. 
Because of this interpretation, one can hope to regard unitary representations 
of contractions as limiting forms of unitary representations of the contracted 
group and this possibility is explored in Part II. Actually, the au.thors find it 
easier to discuss all of these issues in terms of the Lie algebras of the groups 
where convergence questions can be put into more concrete form. They call 
attention to a paper of I. E. Segal [38], published a year earlier, in which quite 
similar ideas were discussed. This paper of Segal also contains ideas close to 
some of those of the paper [31] on the imprimitivity theorem and was cited 
in the immediate predecessor of [31]. The contraction idea turned out to be of 
some importance and was further developed later. See, for example, [39] and 
the papers cited therein. 

The third paper of Wigner and Inonii is mainly in the nature of a technical 
correction to an argument in the second paper. 

These three papers were published in 1952, 1953, and 1954. In 1954 Wigner 
also published a one-page note [40] presenting a new way of looking at the Racah 
coefficients. In 1955 Wigner gave a course of lectures at Princeton. Thirteen 
years later these lectures were written up and published by J. D. Talman [41] 
under the title "Special functions - A group theoretic approach". The book 
begins with an elementary introduction to Lie groups, Lie algebras and their 
representations. In the later chapters there are some examples illustrating the 
known fact that many of the classical "special functions" appear as matrix 
coefficients of the irreducible representations of familiar Lie groups and that 
this fact can be used to elucidate some of the properties of these functions. 

After 1955 Wigner put aside the theory of groups and group representations 
for over a decade, except for three isolated and rather minor contributions in 
1957, 1964, and 1967. Then in 1968 he returned to the subject long enough to 
write three papers related to his work on S.R. groups and two survey articles. 
We conclude this part of our essay on Wigner's mathematical papers with brief 
summaries of these eight contributions. 

The 1957 paper [42], written jointly with E. Hewitt, is in the spirit of gen
eralizing theorems about the additive group of the real line to arbitrary locally 
compact commutative groups. W. Magnus published a paper in 1955, gener
alizing the Plancherel formula and the Fourier inversion theorem on the line 
from complex valued functions to matrix valued functions. In [42] Wigner and 
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Hewitt simplified the inversion formula and showed that the theorem is true in 
the generality indicated above. 

The 1964 paper [43] is a conference report which is mainly a review of 
Wigner's work on the inhomogeneous Lorentz group but includes an analysis 
of what happens when spatial reflections are included. 

The 1967 paper [44] was written jointly with A. W. Saenz. It is mainly 
devoted to generalizing the well known theorem according to which the Lorentz 
group is isomorphic to the quotient of the group SL(2, C) by its center. In 
this generalization the Lorentz group in 3-spacelike dimensions is replaced by 
the Lorentz group in n ;::: 2 spacelike dimensions. The results differ slightly 
depending upon whether n is even or odd. 

The tensor product L ® M of two irreducible representations of a finite 
group G is the restriction of the irreducible representation L x M of G x G 
to the G isomorphic subgroup G of G x G consisting of x, y with x = y. This 
subgroup is often called the diagonal subgroup. Since every irreducible subrep
resent at ion of G x G is of the form L x M, to say that every tensor product 
L ® M of irreducible representations of G is multiplicity free is equivalent to 
saying that every irreducible representation of G x G is multiplicity free when 
restricted to the diagonal subgroup G. Now this condition is the main compo
nent of the definition of simply reducible groups. Thus in view of the results 
of Wigner's 1941 paper [23] characterizing SR groups, it is not unreasonable 
to seek some characterization of finite group subgroup pairs H C G with the 
property that every irreducible representation of G is multiplicity free when re
stricted to H. Wigner sought and found such a characterization and published 
it in 1968 [45]. The result is simple and elegant enough to be quoted. Let us 
generalize the familiar conjugacy class notion by defining two elements x and 
y of G to be in the same H class if x = hyh-1 for some h in H. Wigner's 
necessary and sufficient condition is, then, that the set theoretic products of 
the H classes should commute with one another. It should be mentioned that 
Wigner's motivation was not the purely mathematical one indicated here. In 
applying a combination of perturbation theory and symmetry considerations 
to physical problems one often is confronted with restricting a representation 
of an approximate symmetry group to a more exact symmetry subgroup. To 
have this restricted representation turn out to be multiplicity free is very useful. 
Indeed, Wigner's original reason for being interested in S.R. groups is of this 
character. 

Three years later, in 1971, Wigner published a paper [46] putting the result 
of the 1968 paper in a larger context. Specifically he studied the representations 
obtained by restricting the irreducible representations of a finite group G to a 
subgroup H in a systematic way which led to a general relationship connecting 
properties of the H classes with the multiplicities occuring in the restrictions 
of irreducible representations of G. The main result of the 1968 paper comes 
out as a corollary. 

A year later in 1972 Wigner, in collaboration with F. E. Goldrich, published 
a third and final paper [47] on the subject. In it the authors prove a version 
of the theorem of the 1968 paper which applies to compact groups. The for-
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mulation of the theorem has to be changed because Wigner's definition of the 
product of two H classes in the 1968 paper involves attaching multiplicities 
of occurrence to the elements in the product. The authors apply their result 
to obtain a new proof of the known fact that irreducible unitary representa
tions of U(n) are multiplicity free when restricted to U(n - 1). In the final 
few lines they give a further condition for the multiplicity freeness of restricted 
representations which is sufficient but not necessary. 

In the interests of unity, it seems appropriate to mention that in the early 
fifties the writer of this essay found an approach to Wigner's 1941 charac
terization of S.R. groups through the theory of induced representations and 
published it in [48]. It turns out that the two sides of the mysterious equation 
L:zEG p( x)3 = L:zEG v( x)2 have a simple meaning in terms of the G3 : G3 

double cosets in the triple product G x G x G. Here G3 is the subgroup of all 
X,Y,z with x = y = z. One can show that o(~) L:zEGP(x)3 is equal to the 

number of G3 : G3 double cosets in G x G x G and that o(~) L:zEG v( x)2 is 
equal to the number of self inverse double cosets. Thus Wigner's criterion may 
be restated as: every G3 : G3 double coset is self inverse. In this form Wigner's 
theorem makes sense and is true for compact groups as well as finite ones. See 
also [49] for more work in this direction. 

In 1968 Wigner gave the annual J. Willard Gibbs lecture before the Ameri
can Mathematical Society and published it in the same year [50]. Its six sections 
have the titles: Introduction and summary, The evolution of the physical sci
ences, Crystal symmetry, The role of the group of rotations in three space, 
Decompositon of the tensor products of representations, Symmetry problems 
of particle physics. Of these the next to the last is by far the longest and most 
detailed (six pages). It is entirely about simply reducible finite groups and the 
3 - j and 6 - j symbols. The section on crystal symmetry is a history going 
back to the work of Hensel in 1830. The final section is not quite two pages 
long and is mainly devoted to a rather sketchy description of the eight fold 
way of Gell-Mann and Ne'eman with emphasis on the Gell-Mann Okubo mass 
formula. The important work of Wigner, Bargmann, and Newton is treated 
rather briefly in the section on quantum mechanics and not mentioned at all 
in the final section. 

We conclude this account of Wigner's work on group representations with 
a description of a second review lecture published five years later in 1973 [51]. 
It is entitled "Reduction of direct products and restriction of representations to 
subgroups: the everyday tasks of the quantum theorists" . It begins with a three 
page section entitled "The difference between the roles which symmetry plays 
in classical and quantum mechanics". This is followed by ten pages (divided 
into two sections), giving an even fuller treatment of the material in the fifth 
section of Wigner's 1968 lecture and including some identities which Wigner 
suggests might be new. The final section is basically an account of Wigner's 
1971 paper on restrictions to subgroups. 
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B. Wigner's Papers on Linear Operators 
and Other Questions of Linear Algebra 

There are ten of these of a very heterogeneous character. All but two of them 
are short notes of from one to five pages and they are spread out irregularly in 
time from 1929 to 1970 with none in the 1940's and only one in the 1950's. We 
shall describe their contents in chronological order. 

The first two, [52] and [53], appeared in 1929 and were written jointly with 
von Neumann. The point of the first is to present two examples of self adjoint 
operators of the form 

in which the discrete spectrum overlaps the continuous spectrum so as to 
present an apparent paradox, from the point of view of the quantum mechanics 
of a particle moving under the influence of the potential V. The examples are 
chosen so as to illustrate two distinct ways in which the situation can arise. 
The second is concerned with how the eigenvalues of a self adjoint operator H, 
which depend upon one or more real parameters, vary when the real parameters 
vary continuously. For simplicity only operators in finite dimensional spaces are 
considered and special emphasis is placed on the question of how many param
eters are necessary in order to be sure of causing two variable eigenvalues to 
blend into one. "In general" the authors find that there must be at least three. 

The first of the two long papers (36 pages) [54] appeared in 1934 and was 
a joint effort of Wigner, von Neumann, and P. Jordan. From one point of view 
it is a development of certain ideas of Jordan published in 1932 and 1933 and 
summarized in Part A of the present paper. From another it is a study of a class 
of non associative finite dimensional commutative linear algebras culminating 
in a complete structure theorem analogous to the celebrated Wedderburn the
orem for finite dimensional associative algebras. The motivating idea is that 
in quantum mechanics, in the von Neumann formulation, the observables are 
represented by self adjoint operators and bounded self adjoint operators con
stitute a commutative non associate algebra under ordinary operator addition, 
and with HI 0 H2 = HIH2 + H2HI as the product. The authors express the 
hope that their analysis will suggest a modification of the standard von Neu
mann formulation which will help overcome some of the difficulties arising in 
reconciling quantum mechanics with special relativity. They realize of course 
that they will have to extend their theory to the infinite dimensional case. Al
gebras with closely related properties have since been studied from the point 
of view of pure mathematicians and are called Jordan algebras. The style of 
the paper strongly suggests that von Neumann did most of the writing. 

A year later Wigner published a paper [55J containing his contribution to 
a method in perturbation theory. It is known as the Brillouin-Wigner method 
and involves finding an equation of the form E - Eo = P( E - Eo) where P is 
an infinite series and determining the energy shift by solving this equation. The 
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point is that this series tends to converge more rapidly and in more cases than 
the explicit series of the older Rayleigh-SchrOdinger method. Wigner explains 
the relationship of his work to that of Brillouin as follows: 

"The infinite series was first found by L. Brillouin{l) who obtained it by an intuitive 
consideration of the usual scheme. He has already pointed out in his important paper 
that his series converges much more rapidly than the power series of Schrodinger. He 
has not investigated, however, the successive approximations and their relations to 
the actual problem." The footnote reads: Brillouin's paper was published in 1933 in 
Journal de physique. 

Wigner's next contribution in this category [56] was published a full nine
teen years later in 1954. It, too, is concerned with the effect of perturbations 
on the eigenvalues of self adjoint operators but now with the older Rayleigh
Schrodinger theory of such perturbations. Its .aim is to present a family of 
examples in which the first approximation to the energy shift produced by the 
perturbation is zero, and the second approximation is finite and non zero for 
only one value of a certain parameter. For all other values the second approxi
mation is either zero or infinity. 

In 1960 Wigner published two short notes [57] and [58] on anti-unitary op
erators. In the first of these he states and proves the analogue for anti-unitary 
operators of the well known theorem describing the most general unitary op
erator with a discrete spectrum in terms of its eigenvectors and eigenvalues. 
In the other he describes a way in which unitary and anti-unitary operators 
differ, and which can be used to distinguish them in quantum mechanical ap
plications. The motivation of this work stems from the fact that anti-unitary 
operators define automorphisms of the space of states in quantum mechanics. 

Let CPI and CP2 be two orthogonal unit vectors in the Hilbert space 1t and 
let T denote either a unitary or an anti unitary operator. Let CPI and CP2 both 
be eigenvectors of T and for all real a let t/Jo = (CPI + eiocp2)/V2. In the 
unitary case I( t/Jo . T( t/Jo) W is independent of a while in the anti unitary case 
I(t/Jo . T(t/Jo)W = t{1 + cos2a). 

In a paper [59] published in 1963 Wigner generalized the notion of positive 
definite matrix by defining a matrix to be wealcly positive whenever it is similar 
to a diagonal matrix all of whose elements are positive real numbers. He then 
gave the following elegant and somewhat surprising characterization of such 
matrices. 

Theorem 1. A matrix is weakly positive if and only if it can be written as a 
product of two positive definite matrices. 

In addition he proved two further theorems. 

Theorem 2. If the product of a positive definite and of a weakly positive matrix 
is Hermitian it is also positive definite. The same holds of the product PI P2Pa 
of three positive definite matrices PI, P2 , and Pa if this product is Hermitian. 
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Theorem 3. Theorems 1 and 2 hold also for bounded linear operators on 
Hilbert space. 

In 1968 Wigner published a paper [60] entitled "On a generalization of 

Euler's angles". Let F be the matrix (10' -~m) where lit; denotes the k

dimensional identity matrix and n ~ m. The two main theorems of the paper 
assert 

(1) If U is any (n + m) x (n + m) matrix which satisfies U· FU = F then 

where UI and VI are n-dimensional unitary matrices, U2 and V2 _are m
dimensional unitary matrices C and C' are real diagonal matrices, 8 is the 
transpose of 8, both are real and C2 - 85 = In, C,2 - 58 = 1m. 

(2) If R is any (n+m) x (n+m) real matrix such that RFR = F then it can 
be factored in the same way except that now UI,V17U2,V2 are real orthogonal 
matrices. 

The degree of non uniquencess of these factorizations is specified. The refer
ence to Euler's angles in the title is to the a, 13, and "y in the following theorem 
of Euler. Any real orthogonal 3 x 3 matrix may be factored as 

( 
co~ a sin a 0) (COS 13 0 - sin 13) ( co~ "y sin"Y 0) 

- sm a cos a 0 0 1 0 - sm"Y cOS"Y 0 . 
o 0 1 sinj3 0 cos 13 0 0 1 

Wigner indicates at the beginning how he was led to these considerations in 
his well known R matrix theory of nuclear reactions (see Feshbach's essay on 
Wigner's work in nuclear physics); specifically from an attempt to extend R 
matrix theory so as to account for peripheral reactions more generally. 

Wigner's final paper in this category is a short (two page) note [61] pub
lished in 1970 with H. C. Schweiner as co-author. Principal result is an alterna
tive to the well known Schmidt procedure for orthogonalizing linearly indepen
dent sets of vectors. This alternative gives a result independent of the order in 
which the original vectors are put. The result is shown to maximize a certain 
quartic form on the original vector. 

c. Wigner's Papers on Analytic Functions 
and Probability 

Five of the eight papers in this category are concerned with a special class of 
analytic functions introduced by Wigner and called R functions. All five were 
published between 1951 and 1954. The remaining three deal with the eigenvalue 
distributions of random matrices and were published in 1955, 1957, and 1958. 
The 1957 and 1958 papers are brief supplements to the 1955 paper. All eight 
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are included in the same category to avoid one extremely small category and 
because they are connected in two ways. First, two of the papers on R functions 
have a strong probabilistic flavor. Secondly, the two sets of papers were inspired 
by two closely related aspects of Wigner's work on nuclear physics. 

An R function is, by definition, a meromorphic function R defined on the 
whole complex plane and having the property that R( z) is in the lower half 
plane, the real axis or the upper half plane according as z is in the lower half 
plane the real axis or the upper half plane. It follows easily from this definition 
that all the poles of an R-function are on the real axis, are simple, and have 
residues which are negative real numbers. For each R function Wigner defines 
(dR/dz)/(1 + R2) to be its invariant derivative and denotes it by f' where the 
function J is consequently determined up to an additive constant. Integrating 
(dR/(1 + R2) = J'(z)dt one concludes that arctanR(z) = J(z) + <p where <p 
is a constant and hence that R(z) = tan(f(z) + <p). Evidently the poles of J' 
which are not on the real axis occur at those z for which R( Z) = ±i and are 
symmetrically placed about the real axis. 

These definitions and remarks are made in Section II ofWigner's first paper 
on R functions [62] which was published in the Annals oj Mathematics in 1951 
and entitled "On a class of analytic functions from the quantum theory of 
collisions". Section II contains several other theorems about R functions the 
most important of which are two so-called "normal form" theorems. The first of 
these states that every R function has an absolutely convergent Mittag-Leffler 
series expansion of the special form 

where Zt, Z2, . .. are the positions of the poles of R, -'Yf, -'Y? . .. are the 
residues of these poles, a > 0 and f3 is real. Wigner presents a proof which 
he attributes to M. M. Schiffer and V. Bargmann. The other normal form the
orem expresses R in terms of the poles above and below the real axis of the 
invariant derivative f'. Let the poles of J' which are not on the real axis be 
Xl ± ill:t, X2 ± i1l:2 , X3 ± i1l:3 , ••• where Xt, X2 ••• are real and 11:1,11:2 are real and 
positive and let nj be the order of the zero of R - i at Xj + ill:j. Then f' can 
be shown to be of the form 

where T/ > 0, from which it follows that 

{ '" z-x X } R(z) = tanJ(z) = tan TJZ + (J + L nl'(arctan --I' + arctan ~ . 
I' '" I' '" I' 

Wigner presents a proof for which he gives credit to von Neumann. The fact 
that R can be so expressed implies that, up to the choice of the constants 7J 
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and 9, R is completely determined by the zeros of R - i together with their 
multiplicities. 

For the purposes of quantum mechanical collision theory Wigner was in
terested only in R functions with rather special properties. These are defined 
and discussed in Section III, Uniform R functions, and Section IV, Statistical 
R functions. Before reviewing these sections we shall give a brief explanation of 
the relevance of R functions to physics. Consider a spinless particle moving in a 
force field described by a potential function V defined in space and spherically 
symmetrical about some origin so that V(x, y, z) = v( Jx2 + y2 + z2). When 
v vanishes sufficiently rapidly at 00, there will be motions of the particle such 
that, in the distant past, as well as the distant future, it will move like a free 
particle. However, as a result of the distortion of the free particle motion by the 
force field the free particle motion in the distant future will be different from 
that in the distant past. Under mild restrictions on v one can prove that this 
transformation from one free particle motion to another is completely described 
by a certain unitary operator S in the underlying Hilbert space 11.. This opera
tor is called the S operator or the scattering operator. Because of the assumed 
rotational invariance, the unitary operator S commutes with the natural rep
resentation of the rotation group SO(3) in 11., and from this it follows that S 
breaks down as a direct sum of unitary operators, S', one for each equivalence 
class of irreducible unitary representations of SO(3). These are parameterized 
by the non negative integers 0,1,2, ... and each unitary operator S' turns out 
to be describable by a function k -+ s'(k) from the positive real numbers to the 
complex numbers of modulus one. This is so because S' is a direct integral of 
the one dimensional unitary operators defined by s'(k). It turns out that the 
computation of the functions sl (k) can be reduced to a study of the solutions 
of the differential equation 

d2t/J (() l(l + 1)) k2 --+ v r + y= y dr2 r2 

for positive real k. Indeed in the case in which v(r) = 0 for r > a one can show 
that 

s'(k) = e-2ika (1 + ikt/J(a)/t/J'(a)) 
1 - ikt/J( a )/t/J' (a) 

where t/J is any solution of * which is asymptotic at 00 to eikr. Of course 
t/J(a)/t/J'(a) depends upon k2 as well as a. Let us denote it by Ra(k2). Thus we 
have 

so that sl (k) and hence S' is completely determined by knowing the function 
Ra for any a for which v( r) vanishes for r > a. The key fact is that under 
quite general hypotheses the functions Ra are R functions. One immediate 
consequence is that the functions s'(k) have extensions into the complex plane 
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which have a singularity structure which can be deduced from (**) and the 
properties of R functions. 

The preceding description of the connection between R functions and the 
scattering operator is considerably more detailed than that given by Wigner 
in Section I of the paper under discussion. On the other hand, Wigner goes 
on to discuss the more general case in which v( r) need not vanish for r > a 
but is equal to some simple well understood function there. As a matter of fact 
Wigner's point of view is also somewhat different and leads him to describe the 
scattering by a function 8 such that 

2 F'(k2)R(k2) - F(k2) 
8(k ) = -G'(k2)R(k2) + G(k2) 

where F', F, G, and G are real valued functions which vary with k2 much more 
slowly than R does, and can be approximated by constants. Since F' G - G' F = 
1, 8(k2 ) to the indicated approximation will also be an R function. Our point 
of view will be useful in our description of a later paper. 

In Section III Wigner begins be defining what he means by the "pole den
sity" and the "strength" of an R function and defines an R function to be 
uniform if its "pole density" and "strength" actually exist and if in addition 
the linear term az in the first normal form is zero. The "strength" is the 
"average value" of the residues of the poles and the formal definitions of "pole 
density" and "average value" , when they exist, are more or less what one would 
expect. It is clear that (atR + bd/(a2R +~) is an R function whenever R is 
an R function and at , bt , a2, b2 are real numbers such that at b2 - bt a2 > 0 and 
a short proof shows that if R has a pole density then (atR+ bt)/(a2R+~) has 
the same pole density. Another useful fact about R functions with a strength 
s is that this strength can be determined from the asymptotic properties of R 
in the upper half plane whenever the linear term az in the first normal form 
is zero and in particular when R is uniform. Indeed the paper contains a proof 
that the imaginary part of R(x + iy) converges to 11"8 as y tends to 00 and that 
this convergence is uniform in x. It also contains a proof of a converse; namely 
that the uniform existence of the limit in question and its independence of x 
together imply that R has a strength and no az term in its first normal form. 
The proof of this converse is rather long and so is the proof of the next theo
rem. The latter asserts that a hypothesis (called the subsidiary condition) on 
the rapidity of convergence to the limit defining the strength of an R function 
implies correspondingly rapid convergence of the imaginary part of R( x + iy) 
to 11"8 as y increases to 00. Other results in III have shorter proofs. The final 
theorem asserts that for any uniform R function, the residues of its poles are 
bounded above in absolute value and that there is a lower limit to the distances 
between successive poles. 

If one knows the pole density for a uniform R function one cannot conclude 
very much about the statistical properties of the differences between consecu
tive poles. On the other hand, one might hope that, if one knows both the pole 
density and the strength of a uniform R function one might be able to deduce 
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something about the gross statistical properties ofthe poles of f' = R' /(1+R2). 
This hope turns out to be vain, and the final Section IV entitled "Statistical R 
functions" reports a preliminary investigation of what one can do in this direc
tion using finer statistical properties of the sequences of poles and residues of 
Rand f. By definition a statistical R function is a uniform R function in which 
certain specific finer statistical measures exist. The main result is the existence 
of a class of statistical R functions which is invariant under linear fractional 
transformations of the special form R -+ (sin <p + R cos <p ) / ( cos <p - R sin <p) and 
which are in a certain sense normalized. Connections between the statistical 
properties of R and f' of the sort indicated above are made plausible but are 
not proved. The details are both complicated and lengthy and are best omitted 
in an essay of this nature. 

One year later, in 1952, Wigner published no less than three more articles 
about R functions. One of these is a direct continuation of Section IV of the 
introductory 1951 article [62]. The other two are of a quite different character. 
We shall deal first with the direct continuation [63]. Its contents, for our pur
poses, are perhaps sufficiently indicated by the following quotation from the 
introduction to the paper itself: 

"Similarly, it is plausible that conversely, the distribution functions for 
"'/.I and X/.I differences, together with the statistical correlations between these 
quantities, determine the distribution functions for the g/.l (g/.l = 1/7/.12) and 
the Z /.I differences and their statistical correlations. 

The present article will deal with an example for the latter problem: it will 
give, explicitly, the distribution of the g/.l and of the differences of subsequent 
Z/.I for the case that the "'/.I have an arbitrary distribution, the corresponding 
x/.I are distributed entirely at random and ." > 0." 

Another of the papers on R functions [64] published in 1952 concerns the 
relationship discussed above in connection with Section I of the 1951 paper and 
labelled (**) 

'(k) = -2ika (1 + ikRa(k2») 
s e 1 _ ikRa(k2) 

where 1 and a are held fixed, Ra is an R function and s' the complex valued 
function of modulus one describing the l-th component of the scattering oper
ators. Rewriting (**) as S(k) = e-2ika (1 + ikR(k2))/(1 - ikR(k2») where S 
and R are abstract functions defined on the positive real axis, Wigner studies 
the properties of S which imply that R must be extensible to an R function and 
conversely. Evidently R is uniquely determined by S. H R is indeed extensible 
to be an R function it is easy to check that the corresponding extension of S 
has the following properties: 

(a) S(k)S( -k) == 1 
(b) S(k)(S(k*»* == 1 (where * indicates the complex conjugate) 
(c) S( k )e2ikp is uniformly bounded for p > a and 1m k > o. 

In a paper [65] published in 1951 by Schutzer and Tiomno, these proper
ties for sl were shown to be a consequence of "causality" on purely physical 
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grounds and without reference to the relationship ( **). Wigner's basic question 
is whether (a), (b), and (c) imply conversely that R is an R function and if not 
by what they might be supplemented. In Part II he gives an example showing 
that (a), (b), and (c) do not suffice and in Part III finds a new property of 
S which is not implied by (a), (b), and (c) but is implied by R's being an 
R function. He asserts, however, that (a), (b), and (c) together with the new 
property still do not suffice to prove that R is an R function. 

It seems appropriate to mention that a trend which almost dominated el
ementary particle physics for more than a decade began with a paper [66] 
published in 1954. It was concerned above all with exploiting the hypothesis 
that the scattering operator may be continued into the complex domain. 

The third paper in this category [67], which appeared in 1952, was published 
in the American Mathematical Monthly. Its purpose was to present a new way 
of deriving the main properties of the elementary trigonometric and exponential 
functions for complex values of the argument without using their properties for 
real values of the argument. It does this by exploiting the fact that the tangent 
function is in a sense the simplest R function and the expansion theorems 
involved in the two normal forms for general R functions. The author takes 
the opportunity to acknowledge that some of the more elementary parts of his 
1951 paper on R functions were published some decades earlier by G. Herglotz. 

In 1954 Wigner published a joint paper with von Neumann [68] which 
concluded his work on the mathematical aspects of the theory of R functions. 
This paper is entitled "Significance of Loewner's theorem in the quantum theory 
of collisions". Let R be an R function and let Zl, Z2, • •• ,Zn be positive real 
numbers with Zl < Z2 ••• < Zn and not including any singularities of R. Form 
the n x n matrix IIK;jll where K;; = R'(z;) and for i I: j, K;j = (R(Zi) -
R(zj ))/(i- j). It is not difficult to prove that for all n = 1,2, ... and all n-tuples 
Zl < Z2 ••• < Zn te matrix II "'ij II is a positive semi definite. The main concern 
of the paper is the extent to which this theorem has a converse. Specifically 
let R be a real valued differentiable function defined on the positive real axis, 
except for a discrete sequence of points Zl, Z2 called its singularities. Suppose 
that the matrices II "'ij II defined above are all positive semi definite. To what 
extent can we conclude that R must be the restriction to the positive real axis 
of an R function in which some of the Zj may not be singularities. The answer 
is that R can be extended over the whole complex plane with the negative 
real axis removed and there has all the defining properties of an R function. 
The proof is far from trivial and makes essential use of ideas which appear 
in a paper of Loewner [69] published in 1933. Indeed the authors assert that 
although Loewner's problem is rather different from theirs, his arguments come 
very near to constituting a complete proof of their result. They admit, however, 
that they have simplified Loewner's argument in some respects. 

We have described the connection between R functions and scattering the
ory in only the simple special case of spinless potential scattering. It should 
be pointed out, however, that Wigner's interest in these functions stems from 
much more difficult problems in the theory of the interactions between nuclei. 
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We refer the reader to H. Feshbach's annotation for a description of Wigner's 
R matrix theory of nuclear reactions and its importance. 

One can also consult Feshbach's annotation for a description of Wigner's 
work on the "giant resonance model" in the theory of the interaction of a single 
nucleon with a complex nucleus. This work also led to some purely mathemat
ical investigations. These were published in three papers'in Annal8 of Mathe
matic8 in 1955, 1957, and 1958, respectively [70,71 72]. We conclude our essay 
with a brief description of the contents of these papers. 

Let 'H. be a Hilbert space and let ... r.p -2, r.p -1, r.po, r.pl, r.p2, ... be an orthonor
mal basis for 'H. indexed by the positive and negative integers. Let H be a 
self-adjoint operator whose matrix elements with respect to this basis have the 
following properties: (a) (H(r.pn) . <Pm) = ° for [m - n] > N, where N is some 
fixed positive integer. (b) (H(r.pn) . r.pn) = n. (c) (H(r.pn) . r.pm) = ±v when ° < In - ml < N where v is some fixed positive number. Given v and N the 
matrix elements of H are completely determined up to a choice of sign at each 
pair n > m with n - m ~ N. Supposing these chosen independently with equal 
probabilities of being ±1, one has a well defined probability distribution on the 
class of possible matrices. The problem is to study the statistical properties of 
the eigenvalues of these matrices. The results of [70], which are admittedly in 
part only heuristically established, are meant to apply in the limit of very large 
N and v with v2 IN remaining bounded. The analysis begins with a detailed 
study of the eigenvalue structure in the special case in which N = 1. In another 
preliminary section, a study is made of the eigenvalue statistics for finite real 
symmetric matrices of very large odd dimension in which the diagonal elements 
are all zero and the off diagonal elements all have the same absolute value. 

In the 1957 paper [71] the analysis given in [70] is improved as follows. 
An integral equation for one of the main results of [70] is "transformed into a 
much simpler equation from which the approximate expressions for p (for large 
and small values of q) which were obtained before can be obtained much more 
easily" . 

The 1958 paper [71] is only two pages long and consists mainly of an an
nouncement that the preliminary results about finite matrices contained in the 
section of [70] entitled "Random sign symmetric matrices" can be considerably 
generalized. The final sentence reads "The heuristic proof given for the special 
case considered before applies equally under the more general conditions here 
specified" . 

References 

[1] E. Wigner: Uber nicht kombinierencle Terme in cler neueren Quantentheorie. Z. 
Phys. 40,492-500 (1926); volume I, part II 

[2] E. Wigner: Uber nicht kombinierencle Terme in cler neueren Quantentheorie II. 
Teil. Z. Phys. 43, 883-892 (1927); volume I, part II 

[3] W. Heisenberg: Mehrkorperproblem und Resonanz in cler Quantenmechanik. Z. 
Phys. 38,411-426 (1926) 



288 The Mathematical Papers 

[4] E. Wigner: Einige Folgerungen aus der Schrodingerschen Theorie fur die Term
strukturen. Z. Phys. 43, 624-652; volume I, part II 

[5] J. von Neumann und E. Wigner: Zur Erkliirung einiger Eigenschaften der Spek
tren aus der Quantenmechanik des Drehelektrons. Z. Phys. 47,203-220 (1928); 
volume I, part II 

[6] J. von Neumann und E. Wigner: Zur Erkliirung einiger Eigenschaften der Spek
tren aus der Quantenmechanik des Drehelektrons II. Z. Phys. 49, 73-94 (1928); 
volume I, part II 

[7] J. von Neumann und E. Wigner: Zur Erkliirung einiger Eigenschaften der Spek
tren aus der Quantenmechanik des Drehelektrons III. Z. Phys. 51, 844-858 
(1928); volume I, part II 

[8] E. Wigner: Gruppentheorie und ihre Anwendung auf die Quantenmechanik der 
Atomspektren. Vieweg, Braunschweig 1931 

[9] J. C. Slater: The theory of complex spectra. Phys. Rev. 34, 1293-1322 (1929) 
[10] H. Weyl: Quantenmechanik und Gruppentheorie. Z. Phys. 46,1-46 (1927) 
[11] P. Jordan and E. Wigner: Uber das Paulische Aquivalenzverbot. Z. Phys. 47, 

631-651 (1928); volume I, part II 
[12] M. H. Stone: Linear transformations in Hilbert space III. Operational methods 

and group theory. Proc. Nat. Acad. Sci. USA 16, 172-175 (1930) 
[13] J. von Neumann: Die Eindeutigkeit der Schrodingerschen Operatoren. Math. 

Ann. 104,570-578 (1931) 
[14] E. U. Condon and G. H. Shortley: The theory of atomic spectra. Cambridge Uni

versity Press, Cambridge 1935 
[15] C. Eckart: The application of group theory to the quantum dynamics of monatom

ic systems. Rev. Mod. Phys. 2,305-380 (1930) 
[16] E. Wigner: Uber die elastischen Eigenschwingungen symmetrischer Systeme. 

Nachr. Ges. Wiss. Gatt., Math-Phys. Klasse (1930) 133-146; volume I, part II 
[17] E. Wigner: Uber die Operation der Zeitumkehr in der Quantenmechanik. Nachr. 

Ges. Wiss. Gatt., Math.-Phys. Klasse (1932) 546-559; volume I, part II 
[18] E. Wigner: On the interaction of electrons in metals. Phys. Rev. 46, 1002-1011 

(1934); volume IV, part II 
[19] L. P. Bouckaert, R. Smoluchowski and E. Wigner: Theory of Brillouin zones and 

symmetry properties of wave functions in crystals. Phys. Rev. 50,58-67 (1936); 
volume IV, part II 

[20] E. Wigner: On the consequences of the symmetry of the nuclear Hamiltonian on 
the spectroscopy of nuclei. Phys. Rev. 51, 106-119 (1937); volume II 

[21] E. Wigner: On unitary representations of the inhomogeneous Lorentz group. Ann. 
Math. 40, 149-204 (1939); volume I, part III 

[22] J. von Neumann and E. Wigner: Minimally almost periodic groups. Ann. Math. 
41,746-750 (1940); volume I, part III 

[23] E. Wigner: On representations of certain finite groups. Am. J. Math. 63, 57-63 
(1941); volume I, part III 

[24] E. Wigner: On the matrices which reduce the Kronecker products of S.R. groups. 
Unpublished manuscript of circa 1940, printed in: Quantum theory of angular 
momentum, eds. 1. C. Biedenharn and H. van Dam. Academic Press, New York 
1965; volume I, part III 

[25] G. Racah: Theory of complex spectra I. Phys. Rev. 61, 186-197 (1942) 
[26] G. Racah: Theory of complex spectra II. Phys. Rev. 62,438-462 (1942) 
[27] G. Racah: Theory of complex spectra III. Phys. Rev. 63,367-382 (1943) 
[28] G.Racah: Theory of complex spectra IV. Phys. Rev. 76, 1352-1365 (1949) 
[29] V. Bargmann and E. Wigner: Group theoretical discussion of relativistic wave 

equations. Proc. Nat. Acad. Sci. 34,211-223 (1948); volume III, part I 
[30] T. D. Newton and E. Wigner: Localized states for elementary systems. Rev. Mod. 

Phys. 21,400-406 (1949); volume I, part III 



References 289 

[31] G. Mackey: Imprimitivity for representations of locally compact groups I. Proc. 
Nat. Acad. Sci. 35, 537-544 (1949) 

[32] A. Wightman: On the localizability of quantum mechanical systems. Rev. Mod. 
Phys. 34, 845-872 (1962) 

[33] G. Mackey: Infinite-dimensional group representations. Bull. Amer. Math. Soc. 
69,628-686 (1963) 

[34] E.Inanii and E. Wigner: Representations ofthe Galilei group. II N uovo Cimento 
IX, 705-718 (1952); volume I, part III 

[35] E. Inanii and E. Wigner: On the contraction of groups and their representations. 
Proc. Nat. Acad. Sci. 39, 510-524 (1953); volume I, part III 

[36] E. Inanii and E. Wigner: On a particular type of convergence to a singular matrix. 
Proc. Nat. Acad. Sci. 40, 119-121 (1954); volume I, part III 

[37] V. Bargmann: On unitary ray representations of continuous groups. Ann. Math. 
59, 1-46 (1954) 

[38] I. Segal: A class of operator algebras which are determined by groups. Duke Math. 
J. 18,221-265 (1951) 

[39] G. Mackey: On the analogy between semi-simple Lie groups and certain related 
semi direct groups. Lie groups and their representations. Proc. Summer School 
on Group Representations of the Bolyai Janos Math. Soc., Budapest (1971) 339-
363. Halsted, New York 1975 

[40] E. Wigner: The interpretation of Racah's coefficients. Symposium on New Re
search Techniques in Physics, July 15-29, 1952. Published at Rio de Janeiro 
1954; volume I, part III 

[41] J. Talman: Special functions - a group theoretic approach. Based on 1955 lectures 
by E. Wigner. Benjamin, New York 1968 

[42] E. Hewitt and E. Wigner: Note on a theorem of Magnus. Proc. Amer. Math. Soc. 
8, 740-744 (1957); volume I, part III 

[43] E. Wigner: Unitary representations of the inhomogeneous Lorentz group includ
ing reflections. In: Group theoretical concepts and methods in elementary parti
cle physics, Feza Gursey (ed.). Gordon and Breach, New York 1964, pp.37-80; 
volume I, part III 

[44] A. Saenz and E. Wigner: Unimodular matrices homomorphic to Lorentz trans
formations in n ~ 2 spacelike dimensions. Z. Naturforsch. 22, 1293-1299 (1967); 
volume I, part III 

[45] E. Wigner: Condition that the irreducible representations of a group, considered 
as representations of a subgroup, do not contain any representation of the sub
group more than once. In: Spectroscopic and group theoretic methods in physics, 
F. Bloch et al. (ed.). North-Holland, Amsterdam 1968, pp.131-136; volume I, 
part III 

[46] E. Wigner: Restriction of irreducible representations of groups to a subgroup. 
Proc. Royal Soc. 322, 181-189 (1971); volume I, part III 

[47] F. Goldrich and E. Wigner: Condition that all irreducible representations of a 
compact Lie group, if restricted to a subgroup, contain no representation more 
than once. Can. J. Math. 24,432-438 (1972); volume I, part III 

[48] G. Mackey: Symmetric and anti symmetric Kronecker squares and intertwining 
numbers of induced representations of finite groups. Amer. J. Math. 75,387-405 
(1953) 

[49] G. Mackey: Multiplicity free representations of finite groups. Pacific J. Math. 8, 
503-510 (1958) 

[50] E. Wigner: Symmetry principles in old and new physics. Bull. Amer. Math. Soc. 
74, 793-815 (1968); volume III, part I 

[51] E. Wigner: Reduction of direct products and restrictions of representations to 
subgroups: the everyday tasks of the quantum theorists. Siam J. Appl. Math. 
25,169-185 (1973); volume I, part III 



290 The Mathematical Papers 

[52] J. von Neumann and E. Wigner: Uber merkwiirdige diskrete Eigenwerte. Phys. 
Z. 30,465-467 (1929); volume I, part III. This paper contains an error which is 
discussed in Belazs' annotation, volume IV, part I 

[53] J. von Neumann and E. Wigner: Uber das Verhalten von Eigenwerten bei adia
batischen Prozessen. Phys. Z. 30,467-470 (1929); volume I, part III 

[54] P. Jordan, J. von Neumann and E. Wigner: On an algebraic generalization of the 
quantum mechanical formalism. Ann. Math. 35,29-64 (1934); volume I, part III 

[55] E. Wigner: On a modification of the Rayleigh-Schrodinger perturbation theory. 
Magy. Tud. Akad. Mat. Termeszettudomanyi Ert. 53,475-482 (1935); volume 
IV, part I 

[56] E. Wigner: Application of the Rayleigh-SchrOdinger perturbation theory to the 
hydrogen atom. Phys. Rev. 94, 77-78 (1954); volume I, part III 

[57] E. Wigner: Normal form of antiunitary operators. J. Math. Phys. 1, 409-413 
(1960); volume I, part III 

[58] E. Wigner: Phenomenological distinction between unitary and anti unitary sym
metry operators. J. Math. Phys. 1,414-416 (1960); volume I, part III 

[59] E. Wigner: On weakly positive matrices. Can. J. Math. 15,313-317 (1963); vol
ume I, part III 

[60] E. Wigner: On a generalization of Euler's angles. In: Group theory and its Ap
plications. Academic Press, New York 1968, pp.119-129; volume I, part III 

[61] H. Schweinler and E. Wigner: Orthogonalization methods. J. Math. Phys. 11, 
1693-1694 (1970); volume I, part III 

[62] E. Wigner: On a class of analytic functions from the quantum theory of collisions. 
Ann. Math. 53,36-67 (1951); volume I, part III 

[63] E. Wigner: On the connection between the distribution of poles and residues for 
an R-function and its invariant derivative. Ann. Math. 55, 7-18 (1952); volume 
I, part III 

[64] E. Wigner: Derivative matrix and scattering matrix. Revista Mexicana de Fisica 
1,91-101 (1952); volume I, part III 

[65] W. Schiitzer and J. Tiomno: On the connection of the scattering and derivative 
matrices with causality. Phys. Rev. 83,249-251 (1951) 

[66] M. Gell-Mann, M. Goldberger and W. Thirring: Use of causality conditions in 
quantum theory. Phys. Rev. 95, 1612-1627 (1954) 

[67] E. Wigner: Simplified derivation of the properties of elementary transcendentals. 
Amer. Math. Monthley 59, 669-683 (1952); volume I, part III 

[68] J. von Neumann and E. Wigner: Significance of Loewner's theorem in the quan
tum theory of collisions. Ann. Math. 59,418-433 (1954); volume I, part III 

[69] K. Loewner: Uber monotone Matrixfunktionen. Math. Z. 38, 177-216 (1933) 
[70] E. Wigner: Characteristic vectors of bordered matrices with infinite dimensions. 

Ann. Math. 62, 548-564 (1955); volume I, part III 
[71] E. Wigner: Characteristic vectors of bordered matrices with infinite dimensions, 

II. Ann. Math. 65, 203-207 (1957); volume I, part III 
[72] E. Wigner: On the distribution of the roots of certain symmetric matrices. Ann. 

Math. 67, 325-327 (1958); volume I, part III 



Uber merkwiirdige diskrete Eigenwerte 

J. von Neumann and E. P. Wigner 

Physikalische Zeitschrift 30, 465-467 {1929} 

I. Es sind in der quantentheoretischen Lite
ratur mehrfach anschauliche Schliisse von der Art 
gemacht worden, daB z. B. aus der Tatsache, daB 
ein Elektron geniigend kinetische Energie hat, urn 
sich aus einem atomaren System (klassisch gerech
net) ins Unendliche zu entfemen, geschlossen 
wurde, daB der betreff"ende Energiewert zum kon
tinuierlichen Spektrum des genannten Systems ge
hOrt. 1m folgenden 5011 gezeigt werden, daB derar
tige 'Uberlegungen mit iiuBerster Vorsicht zu hand
haben sind, denn es kommt hiiufig ein entgegen
gesetztes Verhalten vor. Dieser Umstand, daB 
ein Elektron auf einer stationaren Bahn verharrt 
(Punkteigenwert I), obwohl es Energie genug 
hatte, urn sich aus dem Anziehungsbereich des 
ihn umgebenden Systems zu befreien, ist nur 
scheinbar paradox. Wir werden' uns an zwei 
verschiedenen Beispielen klar machen, daB dieses 
Phiinomen zwei ganz verschiedene Ursachen 
haben kann - aber in beiden Fiillen bis zu einem 
gewissen Grade anschaulich deutbar ist. 

Wir werden stets ein Elektron im Bereiche 
eines geeigneten kugelsymmetrischen Potentials 
betrachten, also die Wellengleichung 

h2 
- --LlV' + (V(r) - E) V' = 0 

8n'm 

( 0' 02 a' 02 2 0 . 
LI =~+ ~ +-;t =~ +--;-,dawlr 

vX v)' vi or rvr 

uns auf kugelsymmetrische V' beschriinken und die 
AblCltungen nach den Winkeln 0 und rp weglassen 
konnen). Damit E = 0 ein Punkteigenwert mit 
der kugelsymmetrischen Eigenfunktion V' = '1'(1') 

hi ('1''' 2 '1") sei, muB also V = 8n'm tp + 1''1' sein. Wir 

werden nun durch geeignete Waltl von V' dem V 
die oben erwiihnten, scheinbar paradoxen, Formen 
erteilen. . (3) 

S . sm,. d 'b' 1) el zuerst V' = -1'2- , ann ergl t Sich 

(unter Weglassung des unwesentlichen Faktors 

~) V= 2,.-2_ 9,-4. Ein ebener Schnitt 
8n2 m 
durch den Potentialverlauf sieht also wie auf 
der Figur angedeutet aus. Nach allem Erwarten 
miiBte das Elektron den Potentiala.bhang hinab
stiirzen und daher nur ein Streckenspektrum be
sitzen - dennoch ist cine stationiire Bahn und 
der Punkteigenwert E = 0 da! 

]edoch ist dieses Verhalten sogar auf Grund 
klassisch-mechanischer Analogien zu verstehenl ). 

I) Man setze versuchsweise op(r) = 1''' sin (,.0). 

Damit das Quadratintegral von op1 d.h.j 41£ rli (op (r):ld l' 
~ 0 

=/4nra+ 2sinl(rIJ)dr endlich sei, mull mit Riick-
o 

sieht auf das Verhalten bei l' = 0: 2a +" + 2 > _ 1 
und auf das Verhalten bei 1'=00: 2a + 2 < - 1 sein. 
Die Regularitat von V (1') fiir rt 0 erfordert 2a +" 
+ 1 =0. Beides erfOllt a = -2, ,,= 3. 

2) Diese Bemerkung riihrt von Herrn L. Szilard. 
her. 
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Auf dem Potentialabhang V = 2,-2 - 9,-4 wird 
ein Punkt (falls er sich langs einer dureh die den 
Nullpunkt gehenden Geraden bewegt) die Bahn 

m (d,)2 "2 dt + V (,) = Konst. 

-= - Konst. - --+-,-4 d, V 2 4 I 18 
dt m m,2 m 

besehreiben. 
Man erkennt leicht, daB schlieBlich , ~OO, 

d, d d' . eh d J ~ 00, un ann 1St asymptous 

dr = 3 Yz ,2 . .!.. = 3112" (to _ t) 
dt Vm " yfii 

yfii 
'=-='---

3112" (to - J) 

Der Punkt geht also noch in der endlichen Zeit 
t = to ins Unendliche. 

In diesern Moment horen nun die Aussagen 
der klassischen Meehanik auf. Es scheint aber, 
als ob die Quantenmechanik sich 'durch diese 

Flucht des zu untersuchenden Punktes ins Un
endliche nieht davon abhalten lieBe, sein femeres 
Schicksal zu verfolgen. Die stationare Losung 
'P(') deutet an, daB er aus dem Unendlichen 
wiederkehrt, daB er dort sozusagen reftektiert 
wird - urn dann das Pendeln wieder zu beginnen. 
DaB 'P(') fur, = 00 gegen 0 strebt, d. h. daB sich 
der Punkt vorwiegend bei miiBig groBen , auf
halt, riihrt daher, daB er bei groBen Werten 
enorme Geschwindigkeiten hat (er ist ja bis dahin 
einen groBen Potentialberg hinuntergestiirzt), 
also nur kurze Verweilzeiten. Da der ganze 
Pendelvorgang (von 'min naeh 00 und zuriick) 
periodisch ist, ist es sehr vemiinftig, daB das cnt
sprechende quantenmechanische Problem eine 
stationare Losung besitzt. 

Ein weiterer Beleg dafiir, daB die Stationaritat 
dieser Bahn wirklich nur durch die klassische 
Analogie einer Reftexion im Unendlichen ver
standlich ist, ergibt sieh, wenn man im Sinne von 

Anm. 1) der vorigen Seite allgemeiner 'I' = '~;~~~)1) 
(6) 2) setzt, dann wird V = (62 - I) (4,2)-1- 62 
,U-2. Man erkennt miihelos, daB bei klassisch
mechaniseher Bewegung die fiirs Erreichen des 
Unendlichen in endlicher Zeit charakteristisehe Be
dingung 6 > 2 ist - genau das, was zur End
lichkeit des Quadratintegrals von '1', d. h. fUr die 
Stationaritat dieser Bahn, notwendig und hin
reichend ist. 

2. Wir gehen nun zu einem zweiten Beispiel 
iiber, das auf Grund solcher Erwiigungen nicht 
mehr zu deuten ist. 

Z . sin'd 'd uerst setzen wlr 'P = -- , ann Wlr V = , 
- I. Es ist die wohlbekannte Kugelwellenlosung, 
einem sieh ins Unendliche entfemenden Elektron 
entspreehend, die Energie E = 0 ist dabei groBer 
als das Potential V = - I, so daB ein positiver 
Betrag fiir die klassische kinetische Energie 
ubrigbleibt. Wir sind dabei im kontinuierlichen 

Spektrum, da f~",21 'P (,) 12 d, = 4" f~in2 ,d, 
o 0 

unendlieh ist. Nun werden wir aber versuchen, 'I' 
so abzuandem, daB sein Quadratintegral end
lieh wird und V doch in der Niihe von - I 

variiert. 
Hierzu machen wir den Ansatz: 

sin, 
'P(r) = -f(r). 

r 

Wennf(,) stetig ist und fiir , ~oo einem r" mit 

a < - .!.. asymptotiseh gleieh ist, so ist das Qua-
2 

dratintegral von 'P in der Tat endlich. V dagegen 
bestimmt sich zu 

f'(r) f"(r) 
V= -1+2tgr-----· 

f(r) f(r) 

Damit dieses V standig in der Niihe von - I 

bleibt, und (was wir zusatzlieh verlangen wollen) 
fUr , ~oo gegen - I konvergiert, miissen 

f'(,) /"(r) 
tg r f(,)' f(r) stets klein sein, und fUr , ~oo 

gegen 0 streben. 

In erster Linie muB also .r; (~; fUr tg r = 00, 

d . "3" 5" h . d d h • I. , = "2' -;-, -;-, .. , versc WID en, . . 

fiir cos, = o. Das ist gewiB der Fall, wennf(r) dem 
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r 

f t l' I. I" od cos rdr=-+-sm 21' gelch 1St, er 
2 4 

o 
irgendeiner Funktion davon. Wir setzen (da fer) 

I 
fiir l' -+00 asymptotisch r', a< -- sein solI) 

2 

fer) = [AI + (21'+ sin2r)lrl, wo iiber A noch 
verfiigt werden wird. Dann ist: 

f'(r) 8(21' + sin 2 r)cos1r 
fer) = - AI + (21' + sin 21')1 

f" (1') 128 (2 l' + sin 21')2 cos' l' 
fer) = [AI + (21' + sin 21')2]2 

32cos'r- 16 (21'+ sin2r)cosrsinr 
A2 + (21' + sin 21')1 

Hieraus folgt (es heben sich zwei Glieder weg, 
was ·aber unwesentlich ist) 

V--I- 32 cos' l' 
- A2+(2r+sin2r)! 

128(21'+ sin 2 1')2 cos '1' 

+ [AI + (2 l' + sin 21')1]2 

, AI - 3(21'+ sin21')! 
= - 1- 32 cos l' [A! + (21'+ sin 21')!]! 

Diesem Ausdruck sieht man es aber sofort an, 
daB erstens zu jedem e > 0 ein A gewiihlt werden 
kann, daB er stets zwischen - I - e und - I + e 
liegt, und daB er zweitens fiir l' -+00 gegen - I 
strebt1). 

I) Ebenso Jiegen aile seine Deri\'ierten beliebig 
nahe bei o. 

Ein 
sin l' 

VJ = ~....-:~--;---;----:-;;:' 
l' (AI + (21' + sin 21')!) 

mit geniigend groBem A leistet also alles Ge
wiinschte. 

Eine Deutung wie im vorigen Punkt kommt 
bier nicht in Frage: V schmiegt sich ja beliebig 
gut an - I ani Das einzige, was sich in Anleh
nung an allgemein geliiufige anscbauliche Be-

I trachtungsweisen vorbringen lieBe, ist dieses: 
Das obige Potential V weist gewisse Wellungen 

. mit der Periode n auf (cos2 l' und sin 21' gehen 
in die Formel ein), welche mit l' -+ 0 gegen 0 ab-
fallen. Diese scheinen nun eine interferenzartige 
Ausloschung des Wellenpaketes VJ in den ent
femteren Raumgegenden zu veranlassen2). 

So wie wir hier in der Niihe des Potentials 
V = - I eines mit stationiiren Bahnen fanden, 
lassen sich auch in der Niihe anderer Potentiale, 
z. B. V = x solche angeben. Dies ist darum er
wiihnenswert, weil es zcigt, daB eine Diskussion 
der Frage, ob das durch ein homogenes elek
trisches Feld gestorte Wasserstoffatom (Stark
effekt) Punkteigenwerte besitzt oder nicht, mit 
gewissen Schwierigkeiten verbunden ist1). Ins
besondere muB dabei die "Glattheit" des elek
trischen Storungsfeldes eine wesentliche Rolle 
spielen. 

I) Vgl. J. R. Oppenheimer, Phys. Rev. 31, 
80, 1928, wo die Annahme des Fehlens von Punkt
eigenwerten gemacht wird. 

2) Das Potential V(r) = 21'-2 - 9" war nieht 
so, es war vollkommen "glatt". 

(Eingegangen 25. Mai 1929.) 



Uber das Verhalten von Eigenwerten 
bei adiabatischen Prozessen 

J. von Neumann und E. P. Wigner 

Physikalische Zeitschrift 30, 467-470 (1929) 

J. In vielen Fragen der Quantenmechanik ist 
es wichtig, die Veriinderung der Eigenwerte und 
Eigenfunktionen bei stetiger Anderung eines oder 
mehrerer Parameter zu untersuchen. N amentlich 
interessiert oft der Fall, in dem man fUr zwei 
spezieIle Werte der Parameter Eigenwerte und 
Eigenfunktionen kennt und sich flir das Zwischen
gebiet interessiert. Man fragt gewahnlich, ob 
im Zwischengebiet Oberschneidungen der Eigen
werte vorkommen, in welchen Eigenwert ein be
stimmter Eigenwert iibergeht, wenn man von dem 
einen Wertsystem der Parameter kontinuierlich 
in das andere Wertsystem iibergeht usw. Fragen 
iihnlicher Art hat F. Hund aufgeworfen1) und 
insbesondere die letzte Frage fUr den Fall eines 
Parameters - auf Grund von Beispielen - dahin 
beantwortet, daB Oberschneidungen im allge
meinen - wenn dafiir kein spezieller Grund vor-

I) F. H und, Zeitschr. f. Phys. ·40, 742, 192 7. 

handen ist - nicht vorkommenl ). Wir wollen bier 
dies allgemein begriinden, unsere Methode erlaubt 
dabei gleichzeitig die Untersuchung von Systemen 
mit mehreren veriinderlichen Parametern. 

Die Energiewerte eines Systems sind bekannt
lich die Eigenwerte einer Henniteschen3) Matrix 
(H. ,:>, die wir der Einfachheit halber endlich
vieldimensional, etwa n-dimensional, annehmen 
wollen. Dabei miissen wir uns vorstellen, daB 
aIle nl komplexen GraBen H.,. noch von einigen 
reeIlen Parametern "11 "" ... abhiingen, und wir 
fragen, durch Anderung wie vieler Para
meter man im allgemeinen ein Zusam
menfallen zweier Eigenwerte erreichen 
kann. Wir werden sehen, daB dazu im allge
meinen drei reelle Parameterwerte ent-

2) Siehe insbesondere S. 752. 
3) DaB die MatrixHermiteisch ist, istentscheidend 

'filr das F olgende. 



On the Behavior of Eigenvalues in Adiabatic Processes 295 

468 Neumann u. Wigner, Eigenwerte bei adiabatischen Prozessen. Physik.Zeitschr.XXX, 1929. 

sprechend bestimmt werden mussen ("im all
gemeinen" bedeutet, daB zwischen den Zahlen 
H.,• keine Beziehungen bestehen, die nicht aus 
dem Hermiteschen Charakter folgen)l). Wenn 
man also nur einen oder zwei Parameter 
verandern kann, ist es i. a. nicht moglich, 
e in "Oberschneiden der Eigenwerte zu er
reichen. 

U m dies zu zeigen, zahlen wir die freien reellen 
Parameter einer n-dimensionalen Hermiteschen 
Matrix mit und ohne doppelte Eigenwerte abo 
Die Differenz dieser Zahlen wird uns die Anzahl 
der zu verandernden Parameter "1, "I' ... angeben, 
durch deren Veranderung man ein Zusammen
fallen von Eigenwerten bewirken kann. 

Man kann bekanntlich jede Hermitesche Ma
trix (H,.,J durch cine unitare Matrix (Uq .) auf 
die Diagonalform bringen 

H.p = I EQUe.OQI• (I) 
e 

wo E 1, E 2, ••• die Eigenwerte sind. Zur Bestim
mung der.H.,. muB man also die n reellen Zahlen 
EQ und die unitare l\fatrix We') kennen, diese 
letztere allerdings nur bis auf eine unitare Matrix, 
die mit der Diagonalmatrix 

E 1 0 0 •.• 0 

o E2 0 ••• 0 

o 0 E 3 • •• 0 

o 0 0 .• • E" 

vertauschbar ist. Mit einer solchen darf man 
niimlich (UQ ,.) von hinten multiplizieren, ohne daB 
(I) sich lindern wurde. Da eine·unitiire Matrix n2 

reelle Parameter hat, ist die Anzahl der freien 
Parameter einer Hermiteschen Matrix n2 + 1- 'lI 

wo 1 die Anzahl der voneinander verschiedenen 
Zahlen unter E 1, E 2, ••• , E .. und 'lI die Anzahl 
der Parameter einer mit (2) vertauschbaren uni
taren Matrix ist. Sind aile E 1, E 2, ••• , En ver
schieden, soist mit (2) nur eine Diagonalrnatrix 
vertauschbar, kann man dagegen die EQ in Grup
pen einteilen, etwa so, daB in den umrahmten 
Quadraten lauter gleiche E vorkornrnen 

lEI 0 0 0 0 

o E1 0 0 0 

~ E2 0----0 
o 0 0 E2 0 

00 ooE2 

o 
o 

o 
o 
o 

o 0 0 0 o~t ~,'I 
----

I) Man sollte meinen, daB das lusammenfallen 
von zwei (natiirlich reelIen) Eigenwerten nur eine 
reelle Bedingung ergibt. Es solI aber gerade ge
zeigt werden, daB ein singularer Fall vorliegt und 
sich die lahl der Bedingungen so erhoht. 

so ist mit (3) jede Matrix vertauschbar, die nur 
an den den umrahmten Stellen entsprechenden 
Stellen von 0 verschiedene Koeffizienten hat. 
Soil die Matrix unitar sein, so mussen in den 
umrahmten Quadraten unitare Matrizen stehen. 

Kann man also die Eigenwerte in Gruppen 
mit gl' g2, ... , g, (g1 + gl + ... + g,= n) 
Eigenwerten einteilen, so daB alle Eigenwerte 
derselben Gruppe gleich sind, so ist die Anzahl 
der freien Parameter gleich 

n2+I-gi-~-···-g}· 

In der allgemeinen Hermiteschen Matrix ist 
gl = gl = ... = g .. = I, die Anzahl der freien 
Parameter ist nl + n - II - II - ..• - II = ·n2, 

wie man auch auf anderem Wege leicht ab
zahlt1). Sollen aber zwei Eigenwerte zu
sammenfallen, so ist gl = 2, gz = g3 = ... = 
g,,-1 = I, die Anzahl der freien Parameter ist 
,,2 + (n - I) - 21 - 12 - I Z _ ••• _ II = nl + 
(n-I)-4-(n-2)=n2-3. Man sieht 
auch etwa flirn = 2, daB nur ein ree11er Para-

meter p frei ist, da nur die Matrix (~ ;) einen 

doppelten Eigenwert hat. Man kann also im 
allgemeinen nur durch Veriinderung von drei 
Parametern ein Zusammenfa1len von zwei Eigen
werten erreichen. 

Haben wir es mit einer reellen Hermite
schen Matrix zu tun, so iindert sich an dem 
Vorangehenden nur das, daB man uberall reelle 
orthogonale Matrizen an die Stelle der unitiiren 
setzen muB. Die Anzahl der freien Parameter 
einer reellen orthogonalen Matrix von n Dimen-

sionen ist -;- n (n - I) = (:), so daB die An

zahl der freien Parameter im ree11en Fall 

(:) +1- (:1) _ (:1) - ... _ (!') betragt. 

Fur die allgemeine reelle syrnrnetrische Matrix 

ergibt dies .!.. n (n + I); soli ein doppelter 
2 

Eigenwert da sein, so haben wir ~ n (n + I) - 2 : 
2 

in diesern Fall geniigt es schon, zwei reelle 
Parameter zu verandern diirfen, urn zwei 
Eigenwerte zurn Zusammenfallen zu bringen. 

Bei der Analyse der Struktur der Terme 
atomarer Systeme konnten die Eigenwerte in ver
schiedene Gruppen eingeteilt werden, jede Gruppe 
war etwa durch eine azimutale Quantent'ahl, den 
Spiegelungscharakter, und das Multiplettsystem 
gekennzeichnet und solange die beziigliche Sym-

I) Es sind n reelle Diagonalelemente und 

.2... (n - I) n komplexe Elemente oberhalb der Haupt-
2 

diagonale. 
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metrie nicht gestort wird, hat kein Term der einen 
Gruppe irgendeine "Kenntnis" von den Termen 
der anderen Gruppet). Terme verschiedener 
Gruppen (d. h. verschiedener Transformations
eigenschaft) haben sich beliebig liberkreuzt. 
AuBerdem waren siimtliche Terme der meisten 
Gruppen mehrfach entartet. Dies steht jedoch 
in keinem Widerspruch zu dem Vorangehenden, 
da hier das "im allgemeinen" nicht zutriiTt, da 
eine genligende Anzahl von Matrixelementen 
immer identisch verschwindet. Ebenso wie in der 
Gruppentheorie der Terme angenommen werden 
konnte, daB keine "zuflilligen Entartungen" vor
kommen, konnen wir hier annehmen, daB keine 
Beziehungen existieren, die nicht aus der Sym
metrie des Systems auf gruppentheoretischem 
Wege folgen wlirden, also, daB innerhalb einer 
Termgruppe immer der "allgemeine Fall" vor
liegt. 

2. Flir den Fall von zwei nahe aneinander vor
beigehenden Eigenwerten wollen wir die Verbalt
nisse noch rechnerisch verfolgen. Dazu benutzen 
wir das Schrodingersche Storungsverfahren2), 

indem wir die Veriinderung der Eigenwerte und 
Eigenfunktionen des Operators D + ~V bei 
wachsendem ~ betrachten, wobei wir jedoch an
nehmen, daB die Entfernung von zwei Eigen
werten - etwa El und E z - in der GroBen
ordnung von "Vu oder "VII liegt. 

In der Figur sind die Eigenwerte als Funktion 
vonl) " (die ausgezogenen Kurven) aufgetragen. 
Es ist dabei das urspTiingliche " so durch eine 

K 

---------------~z 

I) Siehe z. B.: E. Wi gner, Zeitschr. f. Phys. 
40, 883, 1927 (S. 892) und 43, 624. 1927. 

2) Sie ist hier mit dem Born, Heisenberg. 
Jordanschen identisch. 

3) In der Figur steht K und - K an Stelle von 
~ und -~. 

neue Variable " + t: ersetzt, daB flir ,,= 0 die 
beiden Kurven parallel verlaufen. 

Flir" = 0 seien die Eigenfunktionen IFl (0) = VJ 
und fIIz(o) = VJ' die Eigenwerte El(o) = E - e 
und E 2(0) = E + e. Dann setzen wir an 

fII] (,,) = al (,,) VJ + a{ (,,) VJ' + .I al' (,,) VJ. 

IP. (,,) = a2 (,,) V' + a! (")(VJ' + ..± a2• (,,) VJ. 
• 

und erhalten, indem wir dies in 

(D + "V) IF] (,,) = E2 (,,) IF] (,,) 
(D + ~ V) IF2 (,,) = E2 (x) IF2 (x) 

einfiihren und 

(VJ, VVJ) = v; (VJ', VVJ') = v" 
(VJ', VVJ) = v'; (VJ, VVJ') = (VVJ, VJ') = ii' 

(5) 

(6) 

setzen, in bekannter Weise (durch Koeffizienten
vergleich) flir E l (,,) 

(E - e + "V - E] (,,») a) (,,) + "ii' a;(,,) = 0 ) 

"V' a) (,,) + (E + e + "v" -E] (,,»)a;(,,) = 0 (7 
Die Determinante dieses Gleichungssystems Null 
gesetzt ergibt flir E l (,,) (unter Beachtung von 
v = v", was aus der Parallelitiit der E](,,) und 
E t (,,) Kurven flir " = 0 folgt) 

E] (~) = E + "V - -yr:e2::-+-'-~-::;II-'v'=12 (8) 

und entsprechend flir E .(,,) 

E2 (,,) = E + "V + ~+ ,,21v'12 . (8 a) 

Die beiden Kurven E t (,,) und E.(,,) 
bilden also die beiden Aste einer Hy
perbel. Die Steigung der beiden Asymptoten 
ist v -lv'l bzw. v + Iv'l, die minimale Entfer
nung der beiden Aste 2 e, die Entfernung nimmt 

auf das Doppelte zu, wenn ,,= ~~ wird, die 

Dauer des Vorbeigehens ist LI" _ 2 ~ e • 

Die Eigenfunktionen IFl(") und IF.(") sind -
wenn man sich auf die erste Niiherung be
schrankt - nach (4) Linearkombinationen von 
VJ und 'I", zu ihrer Kennzeichnung genligt es 

a] (,,) ~ (,,) 
PI (,,) =....-( ) und P2 (,,) = --;-(-) (9) 

al " a2 " 
zu berechnen. Diese ergeben sich zu 

"V' e + 1'~1fll2 
PI(") = 12+ 11'12 = "V' e -le "V 

(10) 

,,;/ e -l'~el=-+-:-,,-:I:t-Iv-;''-I· 
P2 (,,) = e + Vel + ,,21v'12 = ~v' 

(loa) 

und sind in der Figurgestricheltaufgetragen, wobei 
natlirlich v' reell angenommen werden muBte. 
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Man sieht, daB fUr sehr kleine " 
~' v' 

PiC - (0) = lf7l; PI (- (0) = - \v'l ' (II) 

wahrend fUr sehr graBe " 
ii' ii' 

PiCOO) = - \v'l; P2 (00) = \v'l' (IIa) 

gilt, so daB Pl in P. und PI in PI tibergeht. Ftir 
" fUr die I ",; I :> 1 ist, verhalten sieh Eigenwerte 
und Eigenfunktionen so, als ob sie sieh tiber
kreuzen wiirden1). 

Die v, v' sind die Matrixelemente von V be
reehnet mit denjenigen Eigenfunktionen 'P, 'P', 
die die riehtigen Linearkombinationen fUr " = 0 

sind. Es ist oft ntitzlieh, den kleinsten Abstand 
28 und LI ", die "Dauer des Vorbeigehens" mit 
den Matrixelementen Vu , Vn = 1711, VII auszu
drucken, die mit Hilfe der Eigenfunktionen bei 
einem beliebigen" gebildet werden konnen. 

Man erhalt naeh etwas umstandlicher Rech
nung fUr die kleinste Entfernung der Eigenwerte 

V I VIl (EI - E I )· 
(E2 - EI)mir. = 28 = I (V v. }I+ I v II 

i il - 22 12 
(12) 

fUr LI ", die Dauer des Vorbeigehens 

LI 21'38 f3 (E, - E I) I V12 1 

,,= m = t(Vl1 - V22)' + I VIlli 
(13) 

Der Wert (E, - EJmin wird fUr 

1 (Vl1 - V22) (E. - E 1) 

"=-I'V )' IV II 4 i( 11-22 + 12 

angenommen. 1st Vu = 0 wie immer, wenn El 
und E. in verschiedene Termgruppen gehOren, 
so wird sowohl (12) als aueh (13) gleich 0; das 
sind dann ausnahmsweise doch die' Verhaltnisse 
der' 'Oberkreuzung. 

Wird der Parameter " nieht nur gedanklieh 
aufgefaBt, sandern andert man ibn wirklieh am 
mechanisehen System seiber, so erfolgt die .ADde
rung adiabatisch (d. h. fIJI (-00) geht in flJl(oo) 
und flJl( - (0) - in fIJ.(oo) tiber), wenn 

" d" LI,,:>-- (IS) 
26 dt 

ist; ist dagegen 

" d" LI,,<--, (16) 
28 dt 

so geht flJl(-oo) in fIJ,(oo), fIJ.(-oo) in flJl(oo) 
tiber. In diesem Fall bat die Wellenfunktion 
keine Zeit sich zu andem. 

3. Eine Anwendung kann das Vorangehende 
vor allem auf Zuordnungsfragen finden. U. a. 
folgt die Zuordnungsregel fUr den Obergang von 

I) Auf diesen Punkt hat bereits F. H und wieder
holt hingewiesen. 

sehwachen in starke Magnetfelder1). Terme mit 
gleichem m tiberkreuzen sich nieht. Sagar bei 
gleiehzeitiger Anderung eines magnetischen und 
in derselben Riehtung liegenden elektrisehen 
Feldes wird man keine uberkreuzung erreichen 
konnen, da die Differentialgleichung komplex ist 
und zur Erreiehung einer uberkreuzung drei 
Parameter notwendig waren. Andert man auch 
den Winkel der beiden Felder, so la3t sieh eine 
Oberkreuzung erzwingen. 

Bei der Anwendung auf Fragen der Zuord
nung von Molekeltermen zu Termen getrennter 
Atome sind jedoch die Bemerkungen von F. 
Hundl) zu berucksiehtigen, unsere Formeln 
(12), (13) gestatten prinzipiell eine Obersieht der 
VerhaItnisse. 

Aueh fUr den Adiabatensatz dtirfte das Voran
gehende nieht ganz ohne Belang sein, da die Ver
hiiltnisse bei "Oberkreuzungen" wohl niemals 
ganz klar waren. 

Die wiehtigste Anwendung scheint sich aber 
bei der Londonsehen Theorie der chemisehen 
Reaktion zu ergeben8). Wir wollen darauf hier 
nieht naher eingehen, nur auffolgenden Umstand 
hinweisen: 1m I. c. betraehteten Faile dreier 
Atome, deren eines in einer durch die beiden 
anderen gelegten Ebene beweglich ist, baben 
wir zwei freie Parameter, etwa die X und V 
Koordinate des beweglichen Atoms. Da die 
Differentialgleichung reell ist, ist ein Zusammen
fallen zweier Eigenwerte zwar moglieh, aber 
nur in einzelnen Punk ten. In der Tat kommt 
es nach F. London in erster Naherung nur in 
einem einzelnen Punkt vor. Es gilt das nun nach 
dem Vorangehenden streng, d. h. in beliebig 
hoher N iiherung. Man kann also eine untere 
und eine obere Energiefiiiche unterscheiden, die 
nur einzelne Punkte gemeinsam haben. Diese 
Betrachtung liiBt sich noch verallgemeinern und 
gestattet dann einen Einblick in den Meehanismus 
mehratomiger Systeme. 

I) A. Sommerfeld, Zeitschr. f. Phys. 8, 257, 
1922; A. Lande, Zeitschr. f. Phys, 19, I12, 1923. 

2) Zeitschr. f. Phys. 52. 601, 1928. Bei streng 
adiabatischer Auseinanderfilhrung der Atome wilrden 
sich nach dem Vorangehenden - wegen der Spin
wechselwirkung - auch Terme verschiedener Multi
plettsysteme nieht kreuzen. In diesem Fall ist jedoch 
die Exzentrizitlit der Hyperbel (wegen der Kleinheit 
von Vlt• der Spinwechselwirkung) so klein. daB die 
Hyperbel praktisch in zwei sich schneidende Gerade 
ausartet. Dasselbe muB nach F. London filr zwei 
Terme gelten, deren einer zwei aneinandergebrachten 
Atomen (K und F) und deren anderer zwei anein
andergebrachten loneR (K+ und r) entspricht. 
wenn die Oberschneidung in groBer Entfernung er
folgt (Zeitschr. f. Phys. 48, 455, 1928, S. 475). 

I) F. London, Sommerfeld Festschrift. S. 104 
S. Hirzel. 1929. 

(Eingegangen 25. Mai 1929.) 
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Introduction 

One of us has shown that the statistical properties of the measurements of a 
quantum mechanical system assume their simplest form when expressed in 
terms of a certain hypercomplex algebra which is commutative but not associa
tive. l This algebra differs from the non-commutative but associative matrix 
algebra usually considered in that one is concerned with the commutative 
expression!(A X B + B X A) instead of the associative product A X B of two 
matrices. It was conjectured that the laws of this commutative algebra would 
form a suitable starting point for a generalization of the present quantum 
mechanical theory. The need of such a generalization arises from the (probably) 
fundamental difficulties resulting when one attempts to apply quantum me
chanics to questions in relativistic and nuclear phenomena. 

The mathematical foundations underlying this generalization have already 
been investigated completely2 and the results obtained are summarized in Part I 
of this paper except for the following alterations: 1) We restrict ourselves 
entirely to commutative systems while in the investigation mentioned the com
mutative law was partly excluded. Further, it is of basic importance that we 
assume the "field of coefficients" of the algebra considered to be always real. 
(In this way we meet an old objection to the quantum mechanical formalism, 
namely, that it does not confine itself to the real domain. Complex numbers 
and the like are used here only as technical expedients.) 2) We give the 
unpublished proof of the deducibility of the law (a2b)a = a(ba2) from the law 
aPa' = a P +'. 3) We give determinative conditions for the further investiga
tion in Part III of the structure of the "r-number systems" i these conditions 
appear in (23), (24), and (25) below. 

Part II contains a summary discussion of the concepts "trace" and "inter
changeability" i the investigation of these concepts has already been begun.2 

The essential achievement of this paper is contained in Part III. There the 
structure of all (formally real, finite, and commutative) r-number systems is 
fully determined. It is shown that, with but one exception, all such systems 
are merely matrix algebras. This is noteworthy in itself from the mathematical 
point of view. But of more importance is the fact that the above mentioned 

1 P. Jordan, Zschr. f. Phys., vol. SO, 1933, p. 285. 
I P. Jordan, Gottinger Nachr., 1932, p. 569; 1933, p. 209. 
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physical considerations demand an algebra essentially more general than matrix 
algebras. Our results therefore point to the necessity of further generalizations. 
Although we found one 1"-number system which is not a matrix algebra (ID1:, 
cf. paragraph 22), this system is too narrow for the generalization needed. It 
may nevertheless be usable as a first step in this direction. 

Apart from the possibility of dropping the requirement of commutativity, one 
first thinks of omitting the condition of finiteness, all the more so since the 
algebra appearing in quantum mechanics is, as well known, infinite (that is, it 
has no finite linear basis). It may well happen that new types of algebra will 
arise with the removal of some of the present restrictions. This possibility is 
further suggested by the fact that in the ordinary quantum mechanics many 
important features first appeared in terms of an infinite algebra.3 But it is too 
early to make conjectures concerning these difficult questions. 

However, our procedure can be regarded as a phenomenological basis for the 
matrix calculus of the quantum theory. 

We wish to express here our appreciation to Dr. C. C. Torrance for his valuable 
assistance in connection with the preparation of this manuscript. 

Foundations of the theory 

1. We consider an algebra A with elements a, b, c, ... such that from the 
elements a and b we can form the sum a + b, the difference a - b, and the 
product ab; also from the element a we can form the element ha, where h is a real 
number. (In what follows, greek letters will always denote real numbers.) In 
our algebra all the· usual rules of calculation are to hold (including the commu
tative law of mUltiplication) with the single exception of the associative law of 
multiplication.' Our algebra will have a finite linear base, that is, there will be a 
finite number of linearly independent elements aI, a2, ••• , aN such that each 
element of the algebra is linearly dependent upon these a's. Further, our 
algebra will be "formally real" in the sense that 

(I) If a2 + b2 + c2 + ... = 0, then' a = b = c = ... = o. 

We call this algebra an 1"-number algebra if it has the properties 

(II) 

(III) 

(1', v = 1, 2, ... ) 

3 For example, the possibility of satisfying the commutation relations pq - qp == 2h. 1, 
'11"1 

where h is a real number different from zero. 
4 That is, it is not necessary that (OO)c = a(bc), though we desire that (XI')a == >.(pa) and 

that (xa)b = >.(00). 
I An algebra fulfilling this condition which, in a more general form, is better adapted to 

non-commutative algebras, has been called by Jordan' semi-simple. The present name, 
i.e., real, (used by E. Artin and I. Schreier, Ramb. Abh., vol. 5, 1926, p. 83) seems to be more 
suitable. 
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where aP is defined by 

a l = a, (JL = I, 2, ... ). 

FUNDAMENTAL THEOREM 1. According to the assumptions made above, in
cluding (I), III is a consequence of II and II is a consequence of III. 

The importance of this theorem lies in that (II) must be regarded as a neces
sary axiom because of the physical meaning of the theory,S whereupon the theo
rem shows that (III) is also a necessary law of any meaningful generalization of 
quantum mechanics. 

The derivation of (III) from (II) is given at the end of paragraph 4. The 
derivation of (II) from (III) comes about in the following way: 

We use the notation 

(1) [a, b, c] = (ab)c - a(bc). 

From the commutative law it follows immediately that 

(2) 

(3) 

[a, b, c] + [c, b, a] = 0, 

[a, b, c] + [b, c, a] + [c, a, b] = O. 

If we replace b and a in (III) respectively by u and >.a + JLb + vc, then an iden
tity results in >., JL, v such that the terms proportional to >,JLII give 

(4) lab, u, c] + [bc, u, a] + rca, u, b] = O. 

Now suppose that it has already been shown that (II) follows from (III) for all 
JL and v such that JL + II ~ N, where aP is determined by the definition given in 
(III). By (2) and (4) it follows that for 1 ~ v ~ N 

la' + I, b, aN - • - I] = la', b, aN -'] + la, b, aN - I]. 

Hence 

rap, b, aN - p] = p[a, b, aN - I] for p = 1, 2, "', N - 1, 

and therefore we have in particular that 

- [a, b, aN - 1] = [aN - 1, b, a] = (N - 1) [a, b, aN - I], 

[a b aN - 1] = 0 , , , 
This gives the relation aP + IaN - P = apaN - P + 1 = a.laN = aN + 1 in the case 
where b = a. Hence (II) also holds for JL + v = N + 1. Hence (II) holds in 
general and we have incidentally shown that rap, b, a'] = O. 

In what follows we use (II) as a hypothesis; the further development will 
show that (III) is a consequence. 

2. Before we undertake the actual investigation of A we point out that the 
mathematical foundation (equivalent to the physical basis, cf. footnote 1) may 

6 Cf. footnote 1. 
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also be based on a ± b, Xa, and al' instead of a ± b, Xa, and abo For then we· 
could define ab as !(a + b)2 - a2 - b2) from which it follows automatically that 
ab is commutative. Accordingly the postulation assumes the following form in 
this case: 

In the algebra A with elements a, b, c, ... , one can form from the elements 
a and b the elements a ± b, Xa (X a real number), and al' (J.I. = 1,2, ... , a1 = a); 
all the usual rules of calculation hold for the operations a ± band Xa; and A has a 
finite linear basis. al' is a continuous function of a (that is, if we represent all the 
elements as linear aggregates of the basis elements, then the coefficients of al' 
depend continuously on those of a). A is "formally reai", that is, 

(I') If a2 + b2 + c2 + ... = 0, then a = b = c = ... = O. 

«I') is the same as (I).) It is always the case that 

(II') 

«II') is equivalent to (II), but it has the definition a1 = a, al' + 1 = a al' as a 
consequence.) Finally, 

(*) (a + b + C)2 + a2 + b2 + c2 = (a + b)2 + (a + C)2 + (b + C)2. 

«*) is equivalent to (a + b)c = ac + be, but because of the continuity of a2 (and 
therefore also of ab), it has the condition (Xa)b = X(ab) as a consequence. This 
completes the list of the desired rules of calculation.-(*) could be replaced by 
the simpler rule (a + b)2 + (a - b)2 = 2a2 + 2b2• 

All of these postulates, except for (*), necessarily arise from the assumed 
physical conditions. 

Part 1. Structure of the r-number algebras. 

3. We now begin the investigation of the properties of A. 
THEOREM 1. If a ~ 0, then al' ~ O. 
Proof: If a' ~ 0, then, by (I), (a·)2 ~ O. Therefore a' + 1 ~ 0 since we have 

a" + laP -1 = a2P = (a·)2. (If" = 1, the factor a' -1 is to be omitted.) Hence 
if a ~ 0, thenal' ~ O. 

We call an element e = e2 ~ 0 a unit element (or idempotent element). If 
two distinct unit elements e and e' are such that ee' = 0, we say that they are 
mutually orthogonal. If ee' = 0, then e + e' is also a unit element (because 
(e + e')2 = e2 + e'2 + 2ee' = e + e' and e(e + e') = e2 + ee' = e ~ 0 so that 
e + e' ~ 0). 

THEOREM 2. Corresponding to each a ~ 0 there exists a unit element e = e(a) 
(where e is a polynomial in a, and e = e2 ~ 0) such that, for J.I. ~ 2, eal' = al'. 

Proof: Since the basis of A is finite, only a finite number of the elements 
a, a2, ... are linearly independent. Suppose that al' depends linearly on a, 
... , al' - 1 so that 

a" + XI' _ 1 al' - 1 + ... + Xpap = O. 
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Since a ~ 0 and aP ~ 0, it follows that Xp ~ 0 and p < p. if p is given its largest 
possible value. The condition p > 2 would imply that 

aP + XI' _ laP - I + ... + Xpap = (a p - 2 + XI' _ la" - 3 + ... + Xpa p - 2)a2 = 0, 

(a" - 2 + X" _ la" - 3 + '" + Xpap - 2)2 a2 = 0, 

so that, by Theorem 1, 

(a" - 2 + X" -laP - 3+ ... + Xpap - 2)a = a"- 1+ X,,_ ia p - 2+ ... + X,ap- 1 =0. 

Therefore if p. is given its smallest possible value it follows that p = lor 2. Now 
put 

(5) 

Then 

a"-P + Xp - 1 a,,-p-l + ... + Xp •q a 
_ X

p 
aP = ap• 

Hence eaP = ap, and ea p' = aI" if p.' ~ p, and therefore afortiori if,.,.' ~ 2. Hence 
e2 = e e(a) = e, and since ea2 = a2 ~ 0, it follows that e ~ 0, i.e., e is a unit 
element. (Note that, having dealt in this proof only with powers and poly
nomials involving one element a, we could use the associative law because of (II).) 

The simplest special case of (II) is a2a2 = a4, that is, a2a2 = (a2a)a. If we 
now replace a by Aa + p.b and compare the terms proportional to A3p. and A2p.'t 
respectively, then 

(6) 4(ab)a2 = a3b + a(a2b) + 2a(a(ab», 

(7) 4(ab)2 + 2a2b2 = a(ab2) + b(ba2) + 2a(b(ab» + 2b(a(ab». 

If in (6) we replace a by a uni't element e and replace b by x, then 

(8) 2e(e(ex» - 3e(ex) + ex = O. 

THEOREM 3. If e is a unit element and if N). = N).(e) is the set of x's such that 
ex = >.x, then N). is obviously a linear manifold, but if X ~ 0, t, and 1, then N). 
consists of zero alone. 

Each x can be represented in the form 

(9) x = Xo + Xi + Xl, Xo E N.o, Xi E Ni, 

in one and only one way. 
Proof: If X EN)., then, by (8), (2X3 - 3X2 + X)x = 0, and if X ~ 0, i, and 1, 

then X = 0. If X EN)., then 2e(ex) - 3ex + X = (2X2 - 3X + l)x. For A = ° 
this expression reduces to x and for X = ! or 1 it reduces to O. Hence, by (9), 

{

XO = 2e(ex) - 3ex + x, 

(10) Xi = - 4e(ex) + 4ex, 

Xl = 2e(ex) - ex, 



On an Algebraic Generalization of the Quantum Mechanical Formalism 303 

34 P. JORDAN, J. v. NEUMANN AND E. WIGNER 

where the latter two formulas are obtained in a similar way. Thus equation (9) 
can have no solution other than (10). But (10) is a solution, for the equations 
exo = 0, eXI - tXI = 0, and eXI - Xl = 0 are equivalent to (8), and it is evident 
that X = Xo + Xl + Xl. 

THEOREM 4. If a E No and b E No, then ab E No; if a E NI and b E N I, then 
ab E N I; if a E No and b E NI, then ab = o. Thus No and NI are mutually orthogonal 
sub-algebras of A. If a E Nt and bENt, then ab E (No + N I); if a E Nt and b E No, 
thenT ab E (No + Nt); if a E Nt and b E N I, thenT ab E(Nt + NI). 

Proof: in (7) we set a = e and replace b by >.a + J.lb. If we consider the 
terms proportional to >'J.I, then 

8(ea)(eb) + 4e(ab) - 2e(e(ab» - (ea)b - (eb)a 

- 2e(a(eb» - 2e(b(ea» -2a(e(eb» - 2b(e(ea» = 0, 

and if a EN p and bEN a, then 

- 2e(e(ab» + (4 - 2p - 2u)e(ab) + (8pu - 2p2 - 2u2 - P - u)ab = O. 

If we resolve ab according to Theorem 3, then 

(8pu - 2p2 - 2u2 - P - u) (ab)o + (8pcr - 2p2 - 2u2 - 2p - 2u + I) (ab)! 

+ (8pu - 2p2 - 2u2 - 3p - 3u + 2) (ab)1 = O. 

Since this may be regarded as a resolution of zero in the sense of Theorem 3, 
each of the three terms separately vanish. Hence if one of the three conditions 

8pu - 2p2 - 2u2 - P - u r!: 0, 8pu - 2p2 - 2cr2 - 2p - 2u + I r!: 0, 

8pu - 2p2 - 2u2 - 3p - 3u + 2 r!: 0 

is satisfied, the corresponding equation (ab)o = 0, (ab)l = 0, (abh = 0 must be 
true. Substitution of p, u = 0, t. and 1 leads to the desired results. 

COROLLARY. If a E Nt, then, by.Theorem 4, a2 E (No + N I); yet were it the case 
that a2 E No or a2 E N I, then a would be zero. 

Proof: It would follow that ea = ! a and ea2 = >.a2 with>. = 0 or 1. Hence 
if b = e, then (6) becomes 

2a3 = ea3 + >.a3 + a3, 

so that ea3 = (1 - >.)a3 and a3 E NI _ >.. By Theorem 4, it follows that 
a' = a3a2 = o (a2EN>.,a3 ENI _>.),sothata = O. 

THEOREM 5. There exists one modulus I, that is, one unit element e = 1 such 
that la = a for every a. 

Proof: We select a unit element e so that the resulting dimension a of the 
algebra No(e) is as small as possible. Suppose No(e) contained an element a r!: o. 
Then, by Theorem 2, it would contain a unit element e'. Since e' E No (e) , it 

7 We shall later (Theorem 7) restrict this to ab E Nt. 
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follows that ee' = O. Hence e + e' is also a unit element. Since (e + e')e = e, 
e belongs to NI(e + e'), and if a E No(e + e') then, by Theorem 4, ea= 0 and 
a E No(e). Therefore No(e + e') S; No(e). e; E No(e), but e' does not belong to 
No(e + e') since (e + e')e' = e' F- O. Therefore No(e + e') F- No(e). Hence 
the dimension of No(e + e') is less than ~, contrary to assumption. Consequently 
No(e) consists of 0 alone. 

If a E Ni(e), then, by Theorem 4, a~ E [No(e) + NI(e)]. By the above argument 
a2 E NI(e), and by the Corollary, a = O. Hence Ni(e) consists of 0 alone. 

In the notation of (9) it follows that x always equals Xl, hence that X E NI(e), 
and hence that ex = x. Therefore e is the modulus. 

4. Because of the existence of the modulus we may restate in more complete 
form the considerations which led up to Theorem 2. Among the elements 1, 
a, a2, linear dependence must occur so that there exists a relation of the form 

(11) f(a) = all + XII _ la ll - I + ... + Xla + Xol = O. 

If this relation is such that p. has the smallest possible value, then we call (11) 
the characteristic equation and we call p. the order of a. These notions are 
uniquely determined, for if there existed two equations f(a) = 0 and g(a) = 0 of 
this form, then f(a) - g(a) = 0 would be an equation of lower degree unless 
the polynomials f and g were identical. 

Let ~ be a variable whose values are real numbers. Suppose the equation 
fW = 0 had a complex root ~ = p + icr with cr F- O. Then it would also have 
the root ~ = p - icr. Hence fW would be divisible by the polynomial 

(~ - (p + icr» (~ - (p - icr» = (~ - p)2 + cr2• 

Again, if fW = 0 had a mUltiple real root ~ = p, then fW would again be 
divisible by (~ - p)2 + cr2, where cr = O. In either case fW is of the form 

fm = «~ - p)2 + cr2)g(~). 
If f(a) = 0, then f(a)g(a) = 0, and hence «a - pI)g(a»2 + (crg(a»2 = O. It 
follows by (I) that (a - pI)g(a) = O. But this is impossible since (~ - p)g(~) 
is a polynomial of the same form as fW but of lower degree. 

It follows thatfW = 0 has p. distinct simple real roots ~1' ~2' ... , ~II which we 
call the proper values of a. 

If two polynomials g(~) and hW have the same value at each of the points 
~ = ~1, ~2' ... , ~II' then gW - h(~) is divisible by fW = (~ - ~1) .•. (~- ~II) 
so that gW - hW = f(~)kW. Hence 

g(a) - h(a) = f(a)k(a) = 0 and g(a) = h(a). 

THEOREM 6. Each element a may be represented as a linear combination of a set 
oj pairwise orthogonal unit element8 who8e BUm is the modulus; the coefficients in 
this representation are the proper values of a. 
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fm . 
Proof: Let p,m = (~ _ ~,)f'(~,) (v = 1,2, "', p.) be that polynomlal whose 

value is zero when ~ has any of the values ~l, ~2, "', ~" except ~" in which 
ease p,(~) has the value unity. Since p,m is not identically zero and since the 
degree of p,(~) is less than p., it follows that p.(a) ;o!E 0. Let 

(12) e. = p.(a) (v = 1, 2, "', p.). 

For each ~ = ~l, ~2, ,~'" p,(~)2 = p,W and p,(~)p,'W = 0, where v ;o!E V/j 

also PIW + .,. + p"W = 1 and ~l PIW + ... + ~"P"W =~. It follows 
from the last remark before Theorem 6 that 

{
e; = e, ;o!E 0, e,e" = ° for v ;o!E v', 

el + ... + ell = 1, 

~lel + ... + ~"e" = a. 

(13) 

This completes the proof of all parts of the theorem. 
Since the relation g(~I)PIW + ... + ga")p,,W = gW holds for any poly

nomial gW for each ~ = ~l, ~2' "', ~'" then 

(14) 

If ~, ;o!E 0, we can find a polynomial h(~) which is zero for ~ = 0, ~l, ~2' 1 

and ~" except ~" and which has the value unity for ~ = ~,. Then by (14), 
h(a) = e, and h(~) contains no constant term. Hence h(a) 'contains no term 1 
but only terms a, a2, •••• This proves the following 

COROLLARY. If a belongs to a sub-algebra B of A, then each of its e, whose ~. ;o!E ° 
.belongs to B. 

THEOREM 7. Theorem 4 may be modified as follows: if a E Nt and if either 
·b ENo or b EN1, then ab ENt. 

Proof: By Theorem 6 and its corollary it is sufficient, since No and NI are 
.algebras, to consider only unit elements b = e'. 1 - e is a unit element, for 
(1 - e)2 = 1 - e, and if 1 - e were zero, then it would be the case that e = 1 
and Nt = 0, so that no proof would be necessary. Since the substitution of 
(1 - e) for e carries No, Nil and NI over into N 1, NiJ and No respectively, it is 
sufficient to consider only those elements bEN oj for these elements, ee' = 0. 
(In t.his argument N-,. has really signified N-,.(e).) 

Since e and e' are orthogonal it follows that e + e' is a unit element and 
according to (9) we are able to resolve a with respect to e + e' as follows: 
a = ao + at + al. Since a E Ni(e) and ea = ta, we have 

eao + eal + eal == tao + -tal + tal. 

By application of Theorem 4 to e + e' it follows that 

eao = 0, eal E [No(e + e') + Ni(e + e')], 
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since (e + e')e = e and e E N1(e + e'). From the right hand side of the above 
equation we have that 

(tao + tal) E [No(e + e') + Nl(e + e')], tal E NI(e + e'). 

Because of the uniqueness of the resolution (9) it results that 

By definition, 

(e + e')ao = 0, (e + e')a\ = tat, 
so that 

e'ao = 0, e'at = -tao, 

Hence e'(e'al) = O. Resolving al by (9) with respect to e' shows that this implies 
at E No(e'). Therefore -tao = e'al = 0 and ao = O. Consequently 

e'a = e'ao + e'at + e'al = 0 + 0 + tal = tal. 

Since eal = !al, al E Nl(e), and e'a E Nj(e), we have finally that ab E Nj(e). 
Theorem 6 and Formula (14) give us the means to prove (III), that is, that 

{a2, b, a] = O. If we resolve a by Theorem 6 then, by (14), it is sufficient to 
prove the relation [e" b, e,-] = 0 for all JI and II'. If" = v' this relation fol
lows from (2), but if JI ~ II', then e,e,- = 0 and it remains to show that 

(15) e(e'b) = e'(eb) 

if e and e' are orthogonal unit elements. By Theorem 3 it suffices to consider 
the cases b E No(e), b E NI(e), and b ENI(e). ee' = 0 implies e' E No (e), and so 
theorems 4 and 7 prove the statement. 

5. In accordance with the usual general terminology, the algebra A is called 
irreducible if it contains no invariant subalgebra B, that is, if no subalgebra B 
(except A itself and 0) is such that if a E A and b E B, then ab E B. A is called a 
direct sum if it is the sum of two orthogonal subalgebras Band C, that is, if every 
a E A can be written in the form a = b + c, where b E Band c E C and where B 
and C are such that if b E Band c E C, then be = 0 (neither B nor C being A or 0).8 
Every r-number algebra is completely reducible, that is, the properties of being 
reducible and of being a direct sum are equivalent. For it is clear that B is an 
invariant subalgebra if A is the direct sum of Band C. Conversely, if B is an 
invariant subalgebra then it has a modulus 1 *, and from its invariance it follows 
immediately that N 1(1*) = B, N j (l*) C B, so that N 1(1*) = O. Consequently 
A is the direct sum of Band C if N o(l *) = C. 

8 If b belongs to Band C simultaneously, then b' = 0 a.nd b = O. Hence the resolution 
a = b + c is unique, where bE Band c E C. 
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We can represent every r-number algebra A as the direct sum of finitely many 
irreducible subalgebras BI , "', B" (all ~ 0), that is, each a E A is 

(16) a = bl + ... + b", 
where if b; E B, and bj E Bj for i ~ i, then b,b j = 0.9 Moreover, B l , "', B" are 
uniquely determined except for their order. For let CI , '''', C" be a second 
resolution of this kind. Since B" and C, are invariant sub algebras of A, so also 
is their intersection which is likewise an invariant subalgebra of B" and C,. 
Since both B,. and C. are irreducible, their intersection must be 0 or else it must 
equal B" and C,. Hence if B,. = C" the intersection of B,. and C, is zero. The 
sum of all the C, is A which in turn contains B,.. Thus not all of these inter
sections can be zero. Hence for each JI. there is a II such that B,. = C,. Because 
the C, are pairwise orthogonal there is only one such II. Similarly for each II 

there is one and only one JI. such that B,. = C,. Hence k = h and the B,. go 
over by a permutation into the C,. 

The B I , "', Bk are the irreducible components of A. It is apparent from the 
above discussion that it is sufficient to investigate the irreducible algebras A 
since the other algebras may be constructed from these in the simple manner just 
indicated. Consequently we shall confine our interest merely to the irreducible 
aigebras, although we shall word our theorems for all algebras wherever the 
proofs do not make use of irreducibility. 

6. We now examine systems of pairwise orthogonal unit elements el, 
e., (e; = ep ~ 0, epe. = 0 for p ~ 0'). 

THEOREM 8. Let e1, "', e., be a system oj pairwise orthogonal unit elements 
with the sum 1. Let the set oj all x such thatlO 

(17) (7 = I, "', 'Y) 

be denoted by Mp·, where p, 0" = 1, .. " 'Y.ll Mptl is obviously a linear maniJold. 

Every x can be represented in theJorm 

(18) 

in one and only one way. 
Proof: It follows from (17) and (18) that 

(19) 
J4ep(e.x) = 4e.(epX) = Xp• 

l2ep(epX) - epx = Xpp. 

8 Consequently the resolution (16) is unique. Cf. footnote 8. 

10 lip. is the Kronecker symbol, that is, lip, = {OI ffor I' .. II, 
or I' F II. 

(p ~ 0'), 

11 It is obvious that MPtl = M'P, so that for the most part we shall be able to limit our
selves to the consideration of MP' for p ;:;; fT. 
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Therefore (IS) can have no solution other than (19) and, as we shall show, (19) 
is a solution of (18). «15) shows that (19) is self-consistent.) Comparison of 
(19) with (10) shows that Xpp belongs to Nl(e p). For T ¢ p, e?e p = 0 so that 
these e~ belong to No(e p). Hence for T ¢ p, epx pp = Xpp and e~xpp = O. Hence 
by (17), Xpp E Mpp. If in (4) we set a = b = ep, c = x, and u = e", then for 
p r6 (I (since e; = ep and epe" = 0) 

rep, e., x) + 2[epx, e", e,) = 0, 

-ep(e"x) + 2ep(e,,(epx» = 0, 

epxp" = !xp". 

By symmetry it follows that e"x p" = !x p". Hence (e p + e")x p,, = XP" and 
:C p• E N1(e, + e.). If T ¢ P and (I, then (e p + e.,)e~ = 0 and e~ E No(e p + eO') so 

that e~xp. = O. By (17), XP" E Mp". Finally, (since ~ ep = 1) 

~ XP" = ~ (2ep(epx) - epx) + ~ (2ep(e"x) + 2e,,(epx» 
P:iO" p P <" 

= 2 ~ ep(e"x) - ~ epx = 2x - x = x. 
p, IT P 

This completes the proof of all parts of the theorem. 
THEOREM 9. Suppose a E Mp" and b E Mr~. Then: if both p and (I are distinct 

from both'll" and T, then ab = 0; if p, (I and'll", T have one common index, say p = 11' 

but (I r6 T, then ab EM"; if p, (I are the same pair as 11', T (except possibly for order; 
cf.footnote 11), say p = 'II" and (I = T, then ab E (Mpp + M .... ) for p ¢ (I and ab E Mpp 
for p = (I. 

Proof: We set 

e = rep + e .. for p ¢ (I, 

ep for p = (I, 

fer + e~ for'll" ¢ T, 
e' = 

e r for'll" = T. 

By (17) it follows that ea = a and e'b = b so that a E Nl(e) and b E N1(e'). If 
both p and (I are distinct from both 11' and T, then it is obvious that ee' = 0 and 
.e' E No(e). Hence, by Theorem 4, e'a = 0, a E No(e'), and ab = O. 

Suppose that (I, T, and p = 'II" are three distinct numbers. By Theorem 4, 
B = N1(e, + e .. + e~) is an algebra and its modulus is e, + e" + e~. If we re
solve the condition (e p + e" + e~)x = x according to (17) and (18), the result 
:shows that x can contain only those addends x"' in which p., II = p, (I, T. Hence 

B = N1(e, + eft + e~) = ~ M"'. In a similar way it is apparent 
1'," =p, •• T 

that the relations N1(e p + e.) = ~ M"', N.(e p + e,,) = ~ M"~, and 
1'," =p," I';ap," 

No(e p + eO') = M" hold in B. So a ENl and b ENI and, by Theorem 7, ab EN., 
where Nt = Mp~ + M". By symmetry it follows that ab E (Mp" + M"). 
Because of the uniqueness of the resolution (18), ab EM"'. 
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If p = 7r = (1 ~ T, we reach the same result by considering B = NI(e p + e,) 
and NI(e p), Ni(e p), and N o(ep). By symmetry the same result holds for 
p = 7r = T ;06 (1. This accounts for all the cases where p = 7r and (1 ~ T. 

If P = 7r and (1 = T, then e = e'. It follows that a E NI(e) and b E NI(e) so 
that ab E NI(e). If p = (1, then ab E NI(e p), where NI(e p) = Mpp. If p ;06 (1, 

then ab E N 1(e p + e .. ), where NI(e p + e .. ) = ~ M"" = Mpp + M .... + Mp". 
I',·=P." 

The relations NI(e p) = MpP, Nl(e p) = Mp", and No(e p) = M .... (note (17) and 
(18» hold in B = NI(ep + e .. ). Hence a E Ni, b E Ni, and, by Theorem 4, 
ab E (No + NI), where No + NI = Mpp + M..... This completes the proof of all 
parts of the theorem. 

A unit element e is called unresolvable if it can not be represented as the sum 
of two orthogonal unit elements. 

THEOREM 10. Every unit element can be represented as the sum of pairwise 
orthogonal unresolvable unit elements. 

Proof: There exist representations of e as a sum of pairwise orthogonal unit. 
elements: 

el + ... + e-y = e. 

For example, el = e, 'Y = 1. Since el, ... , e-y are linearly independent (if 
Aiel + ... + A-ye-y = 0, then ell(}\lel + ... + A-ye-y) = A"ell = 0 and All = 0 
for all p. = I, ... , 'Y), then 'Y ~ N, where N is the dimension of A. Let 'Y be as 
large as possible. Suppose an ell (p. = I, ... , 'Y) were resolvable, e" = e~ + e':. 
Then we would have 

el + ... + e~ + e': + ... + e-y = e. 

Since e"e~ = (e~ + e;')e~ = e~, therefore e~ E NI(e,,). Likewise e;' E NI(e,,). 
For p. ~ II, e"e. = 0 and e. E No(e,,) so that e~e. = e'~e. = O. Thus the 'Y + 1 
elements ell, "', e~, e;', "', e-y are pairwise orthogonal. This contradicts OUI" 

original assumption and every ell must be unresolvable. 
THEOREM 11. A unit element e is umesolvable when and only when the dimen-

sion of N I (e) is equal to unity. • 
Proof: If e is resolvable, e = e' + e", then ee' = (e' + e")e' = e'and e' E NI(e). 

Likewise e" E NI(e), and e' and e" are linearly independent. Hence the dimen
sion is greater than unity. 

Conversely, suppose that e is unresolvable. If a E NI(e) then, in the resolution 
of a according to (13), each e. (for which ~. ~ 0) belongs to NI(e) by the corollary 
of Theorem 6. Hence ee. = e.. Since e. + (e - e.) = e, (e - e.)2 = e - e., 
and e.(e - e.) = 0, it follows that if (e - e.) were different from zero then e 
would be resolvable. Hence e. = e. Hence there is at most one ~. ~ 0 so that 
a = Oora = ~.e. ThereforeNI(e) contains only the elements Ae and the dimen
sion is unity. 

On the basis of Theorem 10 we now assume a resolution of 1 in pairwise orthog
onal unresolvable unit elements: 

el + ... + e-y = 1, 
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and we form the corresponding },fP' in accordance with Theorem 8. Since 
N1(e p) = Mpp, then, by Theorem 11, each Mpp has the dimension unity. 

THEOREM 12. Under the above assumptions a2 = a(e p + e.), where a runs 
through Mp, and p ~ u. 

Proof: By Theorem 9 it follows that a2 E (Mpp + MIlO) and, by Theorem 11, 
Mpp consists merely of the elements ae p. Likewise M"" consists of the elements 
{3e., so that a2 = ae p + {3e". By (III) and (17), 

a·!a = (a + (3)'!' !a, 1(a-{3)'a=O, 

so that if a ~ 0 then 1(a - (3) = 0 and a = {3. If a = 0 then it follows imme
diately that a = {3 = O. 

THEOREM 13. Under the above assumptions there exists a linear basis Sl, "', 

Sx (or if it is desired to show the dependency of the basis on p and u, s~", "', s~:) 
of Mp" such that the following multiplication rules are valid (see footnote 10): 

(20) (}.I,ll = 1, ···,x). 

This basis is uniquely determined to within a (real) orthogonal transfGrmation 

(21) (}.I = 1, "', x), 

where the matrix II w 11.11 is orthogonal. 
Proof: Since ab = !«a + b)2 - a2 - b2) it follows from Theorem 12 that ab 

likewise has the form a(e p + elf)' Therefore a = a(a, b) is obviously linear in a 
and in b, is symmetric in a and b, and is consequently a symmetric bilinear form 
in a and b (that is, in the coefficients appearing in the expansion of ab with 
respect to SI, "', S x). If an a(a, a) were not greater than' zero, then it would 
be the case that 

a2 + CV - a(a, a) (e p + e.»2 = a(a, a) (ep + e.) - a(a, a) (e p + e.) = 0 

so that, by (I), a = O. Hence if a ~ 0 then a(a, a) > O. Therefore the quad
ratic form a(a, a) is positive definite. Consequently a(a, b) can be transformed 
into the unit form by a linear transformation. Hence it is possible to select the 
basis of Mp" so that a(a, b) is the unit form of the expansion coefficients of a and 
b. a(s II'S.) = 0", and (20) is proved. 

It is clear that (20) is invariant under (21). 
Formulas (17) and (20) together with the first and second multiplication rules 

of Theorem 9 (where we interchange p and u) lead to the following multiplication 
table, providing that ep and s;: are selected in accordance with Theorems 12 and 
13: 

THEOREM 14. Under the above assumptions it follows that ep (p = 1, "', -y) 
ands:" (p,u = 1, "', -Y;}.I = 1, "', xP" wherep ~ u and the pairs p, uandu, p 

are to be identified; see footnote 11) is a linear basis of A for which the following 
multiplication rules hold: 
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(a) 

(b) 

(22) 
(c) 

Xp, 

P" '" - "AP"',..p, f ....I. S,.. S. - L....J .x,.. lix or p ,- :r, 
x = 1 

The proof was given above. 

7. The algebra A is completely described by (22) so that the only data we 
need are the integers 'Y and XP" and the real numbers A~~~. Our next problem is 
to deduce from the r-number character of A some conditions which will limit 
t.hese numbers more closely. 

THEOREM 15. If p, 11, T, and v are four distinct numbers then, under the above 
assumptions, 

(23) 
x,,, 

(24) " (APtT' APtT' + APtT' APtTT) 1. • L....J v).p. .,).',.,.' vA.,.,.' .. ).'p. = 2' ux).' Up.p.' (see footnote 10), 
v=1 

(25) 
~=l 0=1 

Proof: We substitute for a, b, c, and u in (4) t.he following combinations of the 
elements of the basis in Theorem 14: t;.tT, s:', e., s~'; t;.", t;.':, s~', e., s~tT, s~r, s:", ep• 

The first substitution gives A:~; = A;~ and (23) follows by cyclic permutation 
of the indices. (24) follows from the second substitution with the aid of (23). 
The third substitution leads to (25). 

Although the relations (23), (24), and (25) are merely necessary and not 
sufficient, yet they will enable us in what follows, particularly in Part III, to 
determine completely all r-number algebras. 

We now draw a few conclusions. 
THEOREM 16. If Xp. ;:e 0, then under the above assumptions XP" = Xpr. 

Proof: Since XP1 ~ 1, we can set X = X' = 1 in (24) and it follows that 
>ltTT 

2 ~ A:~: A~~~. = !o~/. Therefore the vectors 2A j;; , "', 2A~:I"" where 
0=1 

J.I. = 1, "', XP" form a normalized orthogonal system. Since their dimension 
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is Xn and since there are Xp~ of these vectors, Xp~ ~ Xn. Interchange of P 

and T gives Xn ~ Xp~, whence Xp~ = Xn. 
THEOREM 17. If A is irreducible then, under the above assumptions, all the 

Xp~ are equal to each other and distinct from zero. 
Proof: Let N be the set of all P for which a chain Po = 1, PI, ... , P. - 11 

P. = P (E = 0, 1,2, ... ) exists such that every xp~ -IP~~ 0 for '11 = 1, ... , E. Let 
M be the set of all other p. N is not empty since 1 EN. If pEN and (J E M, then 

Xp~ = o. Hence Mp~ contains only the element o. e = ~ ep is a unit ele-
p. N 

ment. By (17) and (18) it follows that the condition ex = tx is equivalent to 
the condition that, in the resolution (18) of x, only those addends Xp~ occur for 
which pEN and (J E M. Hence Xp~ E Mp~ and Xp~ = 0 so that x = O •• Therefore 
Nl(e) = 0 and A is the sum of the two orthogonal subalgebras No(e) and Nl(e). 
Since A is irreducible and NI(e) ~ 0, then No(e) = O. But every ep , P E M, 
is distinct from zero and belongs to No(e) (since ee p = 0). Hence M is empty 
and every p, P = 1, ... , "'I, belongs to N. Thus we can set up the chain po = 1, 
PI, ... , P.-I, P. = P for every p. 

From Theorem 16 it follows that X'::~-I <T = Xp~" for e,-ery (J since XP~-IP~ ~ o. 
Therefore Xp," = XP." and Xp~ = XI~. But we can write XI~ as X~I. By the pre
ceding argument it follows that Xl~ = Xli so that Xp~ = Xli. 

If we denote the common value of the Xp~ by x, then Theorem 14 provides the 
following condition on the dimension N of A: 

(26) N _ + "'1("'1 - 1) 
- "'I 2 x, X> O. 

It should be noted that, while N is uniquely determined by A, this by no means 
needs to be the case for "'I and X as introduced in Theorems 12, 13, 14 and 17. 
We shall see later (Theorem 23 in Part II) that "'I and X are actually so 
determined. 

Part II. Trace, Commutativity 

8. The investigation of the concepts mentioned in the title of this part is not 
absolutely necessary for the logical connection of the entire paper since in Part 
III we shall determine directly from Part I all r-number algebras. And in the 
concrete instances taken up in Part III these concepts can be set up directly 
without reference to the general theory. But it is our desire to develop in 
general form for the sake of eventual generalizations our present concepts which 
are in themselves not uninteresting. Moreover we arrive at the proof of the 
determinateness of "'I and x. Finally we touch on the application of these con
cepts to the forming of quantum mechanical concepts. 

All the following considerations arise from the setting up of the operation 
OaX = ax, where x E A. If A has a linear basis ai, "', aN then a matrix 
II Ta/l(a) II, a,.B = 1, .. :, N,correspondstoOa : 
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(27) (fJ = 1, ... , N). 

H the basis is altered then liT a{J(a) II is merely transformed as follows: 

(28) 
fJ = 1, ... , N, 

Therefore the concepts which are invariant under transformations, such as 
N 

trace IITa{J(-a)1I = ~Taa(a) and the commutativity of II Ta{J(a) II and II Ta{J(b) II (that 

is, of 0", and Ob), are independent of the selection of the basis. 

9. Because of the non-associativity of multiplication in A it need not be the 
case that O",Ob is either 000 or Oba., for otherwise it would be necessary that the 
relation a(bx) = (ab)x, that is, [0, b, x] = 0, hold for all x. From ab = ba it does 
not follow that O",Ob = ObO", (that is, the commutativity of the corresponding 
matrices), for this would imply the relations a(bx) = b(ax) and a(xb) = (ax)b, 
that is, [a, x, b] = 0 for all x. Consequently it is impossible to define even the 
general commutativity of multiplication as a concept of interchangeability in A. 

Accordingly we call a and b interchangeable if the operations 0", and Ob are 
interchangeable, that is, if the matrices II Ta{J(a) II and IITa{J(b)1I are interchange
able, and hence if 

(29) [a, x, b) = 0 

holds for all x. The centrum of A consists of those elements a with which all 
elements b are interchangeable and hence which are such that 

(30) [a, x, y] = 0 

holds for all x and y. In this event it follows by (2) and (3) that 

(31) [x, a, y] = 0 and [x, y, a] = o. 
With regard to the preceding definition of interchangeability it must be kept in 

mind that it is essential that the basis of A be finite. In important instances of 
quantum mechanics analogous to the r-number algebras the situation is quite 
otherwise. There the elements a, b, c, ... are infinite Hermitian matrices 
A, B, C, ... and our product 

AB = A X B + B X A, 
2 

where A X B is the usual associative non-commutative matrix multiplication. 
(See footnote 1 as well as the discussion in the introduction.) A simple cal
culation shows that 
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[A, B, C] = B X (A X C - C X A) - (A X C - C X A) X B, 
4 

45 

so that interchangeability occurs in our sense only when A X C - C X A = ~1. 
It follows from this that A X C - C X A = 0 only for finite matrices but not 
for infinite matrices.12 In generalizations to infinite r-number algebras it is 
necessary to exercise caution with regard to interchangeability. It is clear that 
the concept of centrum must remain unaltered. 

THEOREM 18. The elements b wMch are interchangeable with a form an algebra 
C(a) which contains 1. If one represents a according to Theorem 6 and formula 
(13), then the algebras NI(el), ... , NI(e,.) are pairwise orthogonal and C(a) is 
their (direct) sum. 

Proof: For the resolution (18) of a with respect to the elements el, ... , e,. 
it follows that NI(e,) = M" and NI(e,.) = MN. By Theorem 9 these two 
algebras (cf. Theorem 4) are orthogonal for v ¢ v'. Consequently NI(el) + ... 
+ NI(e,.) is an algebra which contains 1 = el + ... + e,.. 

To show that a is interchangeable with each element of NI(el) + ... + N1(e,.) 
it is sufficient to show that it is interchangeable with each element of every 
NI(e,,). Since a = ~Iel + ... + ~,.e,. it is sufficient to show that each 
x E NI(e,,) is interchangeable with each e,. By the above argument it follows 
that x E NI(e,) for v = v' and that x t No(e,) for v ¢ v'. We now have to show 
that [x, y, e.l = 0 for all y, but by Theorem 3 it suffices to consider the cases 
y E No(e,), y E Ni(e,), and y E NI(e,). In other words it remains to show that 
(xy)e = x(ye) for all six combinations of x E No(e) and x E NI(e) with y E No(e), 
y E Ni(e), and y E NI(e). But this follows immediately from Theorems 4 and 7. 

Conversely, suppose that b is interchangeable with a. We set x = e,' in 
[a, x, bl = 0 and resolve b according to (18) with respect to the el, ... , e,. 
corresponding to a. By (17) one concludes immediately that [e" e", bp ,,1, i.e., 
(e,e.,)b p " - e,(e"bp ,,) differs from zero only if p ¢ 0', V = p, and v' = 0' (or, what 
amounts to the same thing, v = 0' and v' = p) in which case it equals - tbp ". 

Consequently 

[a, e", b] = - t ~ ~, b"'. 
",.,/ 

Therefore b'" = 0 for v ¢ v' jf ~, is not zero. So b'" ¢ 0, v ¢ v' implies ~. = O. 
By symmetry, it implies ~" = O. But this contradicts the fact that all the ~v 
are distinct (note the discussion preceding Theorem 6). Hence 

,. 
b = ~ b" and b E (Nl (el) + .. , + Nl (ell»' 

,-I 

11 For example, A and C may be the matrices arising from the well-known quantum 
d 

mechanical operators x and i dx' 
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THEOREM 19. The centrum Z is an algebra which contains 1. Its degree 
is the number k of the irreducible components of A. (Note the end of paragraph 5.) 

Proof: By Theorem 18, the first assertion follows from the fact that Z is the 
common part of all G(a). It can also be deduced directly from the identityl3 

[ab, x, y] = [a, bx, y] - [a, b, xy] + arb, x, y] + [a, b, x]y. 

If A = BI + ... + Bk is the representation of A as the direct sum of irre
ducible algebras, then let el, "', ek be the moduli of BI, "', Bk. e2 = e, ,c 0 
and e.ej = 0 for i ,c j (Bi and B j orthogonal); if Xj f Bit then e,xj = Xj for i = j 
and eiXj = 0 for i ,c j (also because of orthogonality). Thus (el + ... ek) x = x 
for x = Xj and accordingly for every x. Hence el + ... + ek = 1. Accord
ing to the discussion at the end of paragraph 5 it follows that Ni(e.) = 0 so that 
A = N o( ei) + N I (e.) = N 1(1 - e,) + N I (e,). Thus the resolution of ei accord
ing to (13) is 1· e. + O· (1 - e.) so that, by Theorem 18, G( e.) = A. Hence 
ei is interchangeable with every band ei E Z. But el, "', ek are linearly inde
pendent and the dimension of Z is greater than or equal to k. 

Conversely, suppose that a belongs to Z. Then every polynomial in a belongs 
to Z and, in particular (because of (12)), the elements el, "', e,. of the resolution 
(13). We shall show that el, "', e,. are linear aggregates of el, "', ek and 
hence that a is such an aggregate. It follows from this that the dimension of 
Z isk. 

Let e f Zbe a unit element. Its resolution according to (13) is I·e + O· (1- e). 
Thus G(e) = No(e) + NI(e). Since e E Z, G(e) = A, i.e., No(e) + NI(e) = A. 
No and N I are of course orthogonal. If we resolve the algebras No and N I into 
their irreducible components: No = BI' + ... + B~, NI = BI' + ... + B~', 
then we have the resolution A = B~ + ... + B~ + B~' + ... + B; which 
must be a permutation of A = BI + ... + Bk• But the modulus e of NI is 
the sum of the moduli of B~', "', B~ (cf. the corresponding situation relative 
to A in the preceding theorem). Hence e is the sum of the moduli of some of 
the B i, that is, of some of the e.. Hence e is a linear aggregate of el, "', ek 
as asserted above. 

By Theorem 19, A is irreducible (that is, k = 1) when and only when the 
dimension of Z is unity, that is, when A consists of the elements Xl alone. 

10. The trace of a is a (real) number defined by the equation 

N 

trace a = A trace IITa~(a)1I = A ~ Taa(a). 
a-I 

As we know, the trace is independent of the selection of the basis of A (cf. the 
end of paragraph 8). The normalization factor A is some positive number 
which we shall select later. 

13 Cf. M. Zorn, Ramb. Abh., vol. 8, 1930, p. 123. This follows from the distributive law 
of multiplication alone. 
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It is clear that the trace is linear in a. The relation (which we do not prove) 

O[a. b. eJ = Ob(OaOe - OeOa) - (OaOe - OeO,.)Ob 

implies the same relation for the corresponding matrices. From this it follows 
that trace [a, b, c] = 0 (since the trace of every matrix commutator vanishes). 
This is noteworthy because of its analogy with certain formulas of the quantum 
mechanical matrix-theory, but it will not be used in the sequel. We now con
sider other properties of the trace which are essential for the development of 
the quantum mechanical calculus. 

THEOREM 20. IJ e and e' are two unresolvable unit elements, there exists a reso
lution oj 1 in pairwise orthogonal unresolvable unit elements: el + ... + e., = 1, 
where el = e and 'Y ~ 2, so that 

(32) 
(0 ~ a ~ 1, x E M12), 

(ef. Theorem 12). 

Proof: We make the resolution e' = Xo + Xi + Xl, where Xo € No(e), Xi € Ni(e), 
and Xl € NI(e). Since e is unresolvable, it follows by Theorem 11 that Xl = ae. 
We resolve Xo in the algebra N o(e) according to (13): Xo = ~,e2 + ... + ~.,e.,. 
(We begin with the index 2 for formal reasons.) Since we can represent each e, 
as a sum of pairwise orthogonal unit elements (this sum being an element of 
N(e,) so that the unit elements for distinct p are mutually orthogonal), we can 
arrive at the same representation with unresolvable unit elements. So we may 
assume that the preceding e, are unresolvable, but then the ~, need no longer be 
distinct. The elements e2, "', e., are all orthogonal to el and their sum is the 
modulus 1 - e of No(e) = N I(1 - e). Hence if el = e then el + .,. + e., = 1 is 
a resolution of! of the desired sort. Since N I( e) = N I( el) = Ml2 + ... + MI., 
(cf. the analogous argument in the proof of Theorem 9) we have 

e' = £lei + ~2e2 + '" + ~'Ye'Y + X2 + ... + X'Y' 

where X2 E M 12, "', X., E MI.,. By Theorem 12 we have that X; = 'I.(el + e.) 
and therefore that 

e'2 = (a2 + '12 + ... + 'I.,) el + (~i + 'Il) e2 + ... + (E., + 'I.,) e., + (a + ~2) X2 

+ ... + (a + ~.,) X'Y + ~ x.x., (p, v' = 2, ... , 'Y) • 
• <p' 

As was the case with e', the terms of the summation belong to 
M,rI (p, p' = 2, "', 'Y; p < v'), while the other terms in this equation belong re
spectivelyto Mll,M22, .. ',M"",M12," ·,ltfi". Sincee'2 = e',.thereforex,x., = o. 
With the help of formulas (22 c, d), (23) and (24) one may readily calculate that 
x,(x,x,,) = h,x., (represent x. and X.' as linear aggregates of the bases s~' and s}''). 
Hence either x.' = 0 or 'I. = 0 so that x~ = 0 and x. = O. Hence at most one 
x, is different from zero and, by a permutation of the elements e2, "', e." we 
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may take it to be X2. Consequently 7]3 = ... = 7].., = 0, Xa = ... = x..,·= 0, 
and, since e'2 = e', 

t' 2 2 
a2 + 7]2 = a, ~2 + 7]2 = ~2' ~a = ~a, ••• , ~~ = ~.." 

a + ~2 = 1 for X2 ,= O. 
(33) 

By (33) every ~. is either zero or unity for" = 3, ... , 'Y. A solution remains 
a solution if a ~. with value unity is given the value zero instead. If t. = I, 
then e. and e' - e, are two orthogonal unit elements provided that e' - e. ,= O. 
Since e' is unresolvable, it must be the case that e' = e.. By a permutation of 
the elements e2, ea, ... , e.., it can be arranged that e' = e2. This is in agreement 
with (32) when a = 0 and x = O. If, on the contrary, every ~. is zero for 
II = 3, ... , 'Y, then we may draw the following conclusion from (33): If 
x = 0, then e' has one of the values el, e2, el + e2, or O. But it is obvious that 
o cannot be a value of e'. Neither can el + e2 because of our hypothesis of unre
solvability. Hence e is either el or e2. This agrees with (32) in the case where 
Of. is 1 or 0 and x = O. But if x '=0, then ~2 = 1 - a, 7]2 = a(1 - a) > 0 so 
that 0 < a < 1. This agrees with (32) in the case where a is neither 0 nor 1. 

THEOREM 21. IJ e and e' are non-orthogonal unit elements, trace (ee') > O. 
Proof: By Theorem 10 we can represent e and e' as sums of unresolvable 

unit elements. Consequently it is sufficient to consider the case where e and 
e' are unresolvable. By (32) it follows that 

If we now select the basis of A defined in Theorem 14, then it follows by (22) 
and the definition of trace that 

trace ep = !l (1 + ! ~ xP") > 0, trace fIy." = 0 (p, (f = I, "" 'Y). 
P'-''' 

Hence if a > 0, then trace (ee') = a/2 trace (el) > O. But since 0 ~ a ~ I, 
therefore the only alternative is a = 0, which in turn implies X2 = 0, X = 0, 
and therefore ee' = O. 

THEOREM 22. IJ A is irreducible then !l can be given such a positive value that 
trace (e) = 1Jor every unresolvable unit element e. 

Proof: For every resolution el + ... + e.., of 1 in pairwise orthogonal un
resolvable unit elements it follows by the trace formulas in the proof of Theorem 
21 and the remarks at the end of paragraph 7 that 

( h - 1) x) !l N " trace ~P =!l 1 + 2 = -:Y' trace fly. = O. 

Thus 'Y, x, and all trace ep have the same values for every such resolution having 
the same el = e. For any other unresolvable unit element e' it follows by (32) 
that trace e' = trace el = trace e since trace x = 0 as all trace s; 2 = O. There-
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fore every unresolvable unit element e has the same trace. Consequently'Y and x 
always have the same value. We may therefore set 

(34) 1 'Y 
A= =->0 

1 + ('Y - 1) x N 
2 

and arrive at the resu1tl4 that trace e = 1. 

We shall always select A in this way if A is irreducible. We now formulate 
two immediate consequences. 

THEOREM 23. The numbers 'Y and X defined at the end of paragraph 7 for an 
irreducible A are uniquely determined. 

Proof: Note the remark in the proof of Theorem 22. 
THEOREM 24. If A is irreducible a unit element e may be represented (in the 

sense of Theorem 10) as a sum of unresolvable unit elements. The number of 
addends is then always equal to trace e. 

Proof: The theorem follows immediately from Theorem 22. 
The physical meaning of an r-number algebra can be determined from Theo

rems 6, 21, and 22. The elements a, b, ... correspond to the measurable 
quantities of a quantum system. The possible values of an element a arise 
from its resolution (13): a = ~lel + ... + ~I'el' and are the proper values 
~l' ••• , ~I" If the value of a is measured and found to be ~. then the state 
of the quantum system is described by the unit element e.. In the state e the 

expectation of an element b is tr;ce (eb). If 711 f1 + ... + 71ih is the resolution 
race e 

of b by (13), then the probability that the measured value of b be 71; is trace (eli). 
trace e 

The case where e is unresolvable corresponds to a measurement which leads to a 
II reiner Fall." 

Part III. Determination of all r-Number Algebras 

11. We shall now seek all the solutions of the equations of condition (23), 
(24), and (25). These solutions will determine all r-number algebras which we 
shall assume throughout to be irreducible. We shall proceed stepwise in that 
we shall successively consider the cases'Y = 1, 2, 3, and 'Y ~ 4. 

The analysis starts with the linear basis of A described in Theorem 14 together 
with the multiplication rules (22). But before we actually begin, we remark 
that if the resolution theorem 14 is applicable to an r-number algebra then the 
condition Xpa = X > 0 for irreducibility is not only necessary (as we already 
know) but also sufficient. Under this assumption every invariant subalgebra 
of A is either 0 or A. This means that if any x F- 0 of A is given, all elements 
of A may be obtained from it by forming suitable linear aggregates of expressions 

14 This conclusion is valid because of the previous unique determination of l' and x. 
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of the form «(xa)b) .. , )k, where a, b, "', k belong to A. For the formulas 
(18) and (19) show that in any case the elements X p" can be so obtained. If some 
Xpp ~ 0 then we get an ep, and if some X p " ~ 0 for p ~ (J'then we get an x;" ~ O. 
Therefore we can get an element ep + ell and from it we get (e p + e,,)ep = ep• 

Thus an ep can be obtained in any case and from it we can get every element 
epapT = ! apT for p ~ T. Since we may select apT ~ 0 it follows that a: T ~ 0; 
this leads to ep + eT and to (ep + eT)eT = eT' Hence we have all ep and with 
them all ep ·2s:" = s:" for p ~ (J'. This completes the proof. 

12. 'Y = 1. In this case A = Mil and el = 1 so that A consists merely of the
elements Xl. Since Xl ± J.Ll = (X ± J.L)I, X(J.L1) = (XJ.L)l, and (Xl) (J.Ll) = (XJ.L)l, 
it follows that A is isomorphic with the algebra of real numbers. 

13. 'Y = 2.15 In the basis of Theorem 14 we replace el and e2 by el + e2 = 1 
and el - e2 = Sx + I, and we write SI, "', Sx in place of s~\ "', S~2. We 
observe that N = X + 2. This leads to the-basis 1, SI, "', SN _ 1 of A and the 
multiplication rules 

S; = 1, sl's, = 0 for J.L ~ v. 

Since X > 0 it follows that N ~ 3. 
Conversely, A is an r-number algebra for each N ~ 3. This may be seen by 

verifying (I) and (III). In fact, if a = a1 + alSI + '" + aN _ 1 SN _ 1, then 
a2 = (a2 + a~ + ... + a~ _ 1)1 + 2aals1 + ... + 2aaN _ I SN _ 1. If 
a ~ 0 the coefficient of 1 is greater than zero, so that if a2 + b2 + c2 + '" = 0 
then a = b = c = ... = O. But a2 has the form {31 + 'Ya so that from 
the definition of 1 and the commutativity of multiplication it follows that 
(a2b)a = a2(ba). 

14. 'Y = 3. It is now necessary to solye t.he equations (23) and (24). In this 
case (24) assumes the form 

,= 1 

If we define X matrices B1, "', B x by the equations 

(35) B~ = liB~.JA.Il, J.L,V = 1, ... , X; 

then16 

(36) 

15 This case was first discussed by M. Zorn to whom the authors are indebted also for 
valuable assistance. 

16 We denote the transposed matrix of B by B*: B = IIba"ii and B* :4iib"aii. 1 is the unit 
matrix 1 = iiOa"ii. 
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One can effect changes in the A : ~! (that is, the B p) by altering the bases of 
11122, MI3, and lvI23. These latter changes are unessential and, by Theorem 13 
and (21), the transformations are 

X X X 

(37) ( 12),_,", 12 
Sp - ~ wp.S. , (S,.13)' = '"' 13 ~ cP,.,S. , (S 2,. 3)' = '"' .1. 23 ~ V',..8. , 

.=1 JI'= 1 1'=1 

where the matrices Ilwp.II, IIcp,..II, and 111/1,..11 are orthogonal. By (22d) the ele
ments A ~ ~! transform according to the relation 

x 

(38) (A :~!)' = ~ w,.,., CPAX' 1/1 .. , A;,:,;" 
,,'.X',Jj' = 1 

or, in terms of the B p, 

x 

(39) B~ = ~ cp).).' U*B).,W, 
A'= 1 

where U = Ilw,..II, V = IIcp,..II, and W = 111/Ip.1I are unitary matrices. One 
sees immediately that for every solution of (36) there is another resulting from 
(39). We shall regard such solutions as being not essentially distinct. 

The solution of (36) was obtained in a well-known paperl7 by A. Hurwitz 
who showed in particular that x must be I, 2, 4, or 8. Since a part of Hurwitz's 
investigation (unimportant for his main purpose but important for our discus
sion in paragraph 15) contains an essential error,lS it is convenient to carry 
out the entire argument independently. 

If in (36) A = A', then B~B). = 1 so that all B). are orthogonal. If we set 
Clo. = B~Blo.' A = I, "', x-I, then the Clo. are also all orthogonal. If A ~ X' 
then (36) may be written in the form B~B).' = -B~,Blo. or B~,B). B~,B). = -l. 
Hence if A' = X (X ~ A' = x) then C~ = -1 and if A, A' ~ x (X ~ X') then 
(C~,C).)2 = -1 since C~,C). = B~,B).. Or again, C~,·C).C~,·C). = -1 while 
C~,·C~,C).·C). = C~; ·C~ = 1 so that C).C~, = -C~,C)., or (after multiplication 
on both sides by C).,) C).,C). = -C).C).,. Hence the C).'s are orthogonal, 

(40) 

where A, A' = 1, "', X - l. 
If B is any orthogonal matrix, then BI = BCI, "', B x-I = Be x - I, 

17 "tYber die Composition der quadratischen Formen von beliebig vielen Variablen," 
Goett. Nachr., 1898, p. 309. 

18 Namely, the assertion that for a given X all solutions B'A may be obtained from one 
particular Bx by means of the relation B~ = U*BAW (that is, without the use of tp in (39», 
this relation assuming the form C{ = W*CAW in the case where CA = B;B A• (Cf. below.) 
One sees that this is incorrect in the following way: in case x is equal to 4 or 8, then 
C1 • •••• Cx _I = ±l. This equation is invariant under the a.bove transformation. Yet 
the left side has the opposite sign in the solution B; = - B, B; = B" "', Bx = Bx. 
(Cf. footnote 17, pp. 313-315; our B, C, U, Ware there denoted by A, B, P, Q.) 
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B x = B is the general solution of (36) in case C" "', C X-I is the general solu
tion of (40). 

15. Let Gx be that group whose modulus may be denoted by I and which 
possesses x generators - I, i\, "', f x-I which satisfy the following relations: 

(41) { ( -1)2 = I, 
f~ = -I, 

(-I)f>. = f>.(-I), 
f>.f>.' = (- I)f>..f>. for X .= X'. 

It is obvious that all the elements of this group may be written as fAl fAr or 
as ( - I)fAl ... fAr' r = 0, "', X - I, 1 ~ Xl < ... < Xr ~ X - 1. Hence 
Gx is finite and has 2x elements. The problem of solving (40) reduces to that of 
finding19 all representations of Gx by x-dimensional orthogonal matrices in 
which - I is represented by the matrix -1. f>. is then represented by CA, 

X = I, "', X - 1. 
We next determine the "irreducible" representations of Gx (cf. footnote 19 for 

all concepts and theorems in the theory of representations), and, of course, 
merely the complex-unitary ones. Since no CA exist for X = 1 (the solution is 
simply that Bl must be orthogonal) we assume that X ~ 2. 

The order of Gx is 2". The commutators of Gx are I and - I and they form an 
invariant subgroup of order 2 so that the index of Gx is 2x - 1. An element of the 
group can be transformed only into itself and its product with -I, the latter 
being impossible for I and -I as well as for f1 ... f x _ I, (-I)f1 '" f x - 1 

if X is even. Hence 2 or 4 equivalence classes each contain one element accord
ing as X is odd or even, while all others contain two elements. Their number is 
therefore 2x - 1 + 1 or 2x - 1 + 2. (The reader may complete the simple 
discussion of Gx.) Hence Gx has 2x - 1 + lor 2x - 1 + 2 inequivalent irreduc
ible representations of which 2x - 1 are of order 1. These are the commutative 
representations. But since every commutator is I or - I, and is therefore 
representable by the matrices 1 or -1, these commutative representations are 
exactly those in which - I is represented by 1. The representations which are 
of interest to us are therefore those of order .= 1. From the above discussion it 
follows that there are one or two such representations. 

The orders of all irreducible representations are divisors of 2 x and the sum of 
the squares of these orders is 2x, of which the representations of order 1 contrib
ute 2x - 1·12 = 2 x-I. The sum of the squares of the orders of the remaining 
representations is 2x - 2x - 1 = 2x - 1. If X is odd there is only one such 

x-I 

representation and its order is 2-2-. If X is even there are two and their 
orders are divisors of 2 x. Hence their orders are powers of 2 and the sum of the 

x- 2 

squares of their orders can be 2 x-I only if each of them is 2-2 • 

11 The G. Frobenius-1. Schur "theory of representations," which is prominent in what 
follows, may be found in 1. Schur's treatise "Neue Begrundung der Theorie der Gruppen
charaktere," Berliner Ber., 1905, p. 406. 
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The (real) representation we are seeking must be made up of these irreducible 
(complex) representations and its order X must be some multiple of the common 

x-1 x-2 
degrees, i.e., 2-2- or 2-2-. It follows immediately that X = 2, 4, or 8. All 

x-2 
these values are even, x/2-2- = 2,2, or 1, and our representation consists of 2, 
2, or 1 irreducible parts. But since we wish to form a real representation from 
complex representations, we must keep the reality conditions in mind.20 

A complex irreducible representation can have in this regard one of three 
properties: 1) it may be equivalent to a real representation, 2) it may be equiva
lent to no real representation but instead be equivalent to its own complex
conjugate representation, or 3) it may be inequivalent to its complex-conjugate 
representation. In order to distinguish these cases one must form the sum of 
the traces (characteristics) of the matrices representing the squares of all the 
elements of the group. According as this sum is greater than, equal to, or less 
than 0 the situation is described by 1), 3), or 2). 

In Gx the square of every element is I or - 1. Suppose a of the elements have 
I for their square and suppose {3 of the elements have - I for their square. 
Then a + {3 = 2x. The matrix representations of these squared elements are 

x-2 x-2 
10r -1 and their trace is 2-2- or -2-2-. The sum in question is therefore 

x-2 
2-2- (a - {3) and our criterion reduces merely to the questions whether a is 
greater than, equal to, or less than {3. Enumeration shows that the relations =, 
<, and> hold for the values 2,4, and 8 respectively of x. Hence the cases 3), 
2), and 1) exist. For X = 2 each of our two irreducible representations is 
inequivalent to its own complex-conjugate. Hence each is equivalent to the 
other so that we may describe the two irreducible representations as complex
conjugate to one another. The real representation we are seeking must there
fore contain each of them exactly once. For X = 4 each irreducible representa
tion is in case 2) and the real representation sought must contain each of them an 
even number of times. Hence it contains one of them twice but does not 
contain the other. For X = 8 each irreducible representation can be described 
as real so that both may be used as solutions. We may summarize our discus
sion by saying that for X = 2 there is one solution, and for X = 4 or 8 there are 
two inequivalent solutions. 

Since C1 ••• C x - 1 is interchangeable with all C}" (since X is even), it must be 
of the form ~ 1 in each irreducible representation, and since its square is 1, it 
must be ± 1. Since the solution for X = 4 consists of two equivalent irre
ducible matrices and since the solution for X = 8 is irreducible, we have for X = 4 
or 8 that 

(42) 

2Q Cf. G. Frobenius and I. Schur, Berliner Ber., 1906, p. 186. 
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Since an equivalence transformation does not alter this relation, while the 
transformation C~ = -Cl , C~ = C2, "', C~ - 1 = C x _ 1 interchanges the 
+ and - signs in it, it follows that this transformation carries one solution 
over into the other. (Cf. footnote 18.) 

If, for x = 2, we mean by 8x simply 8x = 1, and for X = 4 or 8 we mean the 
same or 81 = -1, 82 = ... = 8 x = 1, then the most general solution C~ 
arises from a solution Cx by the transformation C~ = 8xW*CxW, where W is 
orthogonal. Hence B~ = 8xBW*CxW (the relation also holds for}., = X if we 
set C x = 1: B~ = 8xBW*W = B). With the help of (39) it follows that 
U = WB* and 'P". = s"o",. 

To sum up: Solutions exist for X = 1, 2, 4, and 8, but for each of these values 
there is essentially only one solution in the sense of (37), (38), and (39). In 
particular we can set U and V equal to 1 for X = 1, we can set V = 1 for X = 2, 
and we can set V = 1 or V = Ils"o".1I (Sl = -1, S2 = ... = Sx = 1) for X 
= 4 or 8. 

16. Having shown that there is only one solution, we may better find it in 
another way. (36) may also be reformulated (and this was the original formu
lation by A. Hurwitz). In fact, (36) is equivalent to 

{
(xi + ... + x~) (yi + ~ .. + y~ ) = zi + ... + z~, 

(43) 
Zx = ~ Bx. ".Xp.y. (}., = 1, ... , X) 

11,"= 1 

(Xl, "', Xx and Yl, "', Yx being two sets of independent variables). The 
solution may be found by the well-known substitution 

{
X = XlI + x2i2 + ... + Xxix: Y = yll ~ Y2i2 + ... + Yxix, 

(44) Z = zl l + Z2t2 + ... zxtx, 
Xy = Z 

in case i l = 1, i 2, "', ix constitute the basis of the following hypercomplex 
number systems: for X = 1, the real numbers; for X = 2, the ordinary complex 
numbers; for X = 4, the quaternions;21 for X = 8, the so-called Cayley numbers 
or quasi-quaternions.22 

2t Quaternions satisfy the relations i: = i! = i! = -1; i2i3 = - i3i2 = i.; i,i, - i,i, = i 2 ; 

i,i2 = -i2i, = i 3. 
22 These were introduced by Cayley, Corresp. Math. Phys., vol. 1, 1843, p. 452. (Published 

by P. H. Fuss). A summary, and at the same time historically exhaustive, description of 
them has been given by L. E. Dickson, Annals. of Math., vol. 20, 1918, p. 155 and partic
ularly pp. 157-159. A detailed discussion of their algebraic properties has been given by 
M. Zorn, cf. footnote 13. Quasi-quaternions are defined by i: = ... = i: = -1 and each 
of the systems i 2, i 3, ii; i 3, i" is; i" is, i7; is, is, is; ie, i 7, i.; i 7, is, i3; is, i 2, i, (together with 
it = 1) has the formal properties of quaternions. They form a non-associative system of 
quantities. 
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If we denote the complex-conjugate of such a hypercomplex number X = 
xlI + x2i2 + ... + xxix by X = xlI - xziz - ... - xxix and its real part by 
R(X) = Xl, then R(Xil') = XI" Jl. = 1, "', x. Consequently, if we note that 
R(XY) = R(YX), 

(45) 

By (45) it is possible to calculate these A ! ~! with the help of the multiplication 
tables of the above hypercomplex number systems, but we shall not go into this. 
The general solution (A~>.~ 3)' arises from (45) by (38) where we can keep the 
restriction mentioned at the end of paragraph 15. 

It follows from the rules (22) together with (43) or (45) that the algebra A 
is isomorphic with a system of matrices A, B, C, ... of order 3, wherein the 
operations a ± b, >.a, and ab correspond to the matrix operations A ± B, M, 

and A X B ~ B X A (A X B is the usual matrix multiplication). Again, ep 

corresponds to that matrix which has the pp-element 1 but otherwise consists 
of zeros, and 8:" (p < cr) corresponds to that matrix which has il' for its pcr
element and il' for its crp-element but otherwise consists of zeros. Conse
quently A is the algebra of all third order Hermitian matrices, IIXp .. lI, where 
p, cr = 1,2,3 and X p .. = X .. P (the diagonal elements X pp being real numbers), 
with the above addition and multiplication rules. Hence the matrix elements for 
X = 1,2,4, or 8 respectively are real numbers, complex numbers, quatemions, 

and quasi-quatemions and N = 'Y + 'Y('Y ;: 1) X = 3 + 3x = 6,9, 15,27. 

17. Conversely, if A is one of the above algebras, we shall ascertain whether 
or not it is an r-number algebra. Since we can form the system of Hermitian 
matrices described in the last paragraph for every order (and not merely of 
order three as was done there), and since we shall need the more general matrices 
later on, we generalize the problem as follows: A consists of all Hermitian 
matrices of order 'Y subject to the above addition and multiplication rules and 
having real numbers, complex numbers, quatemions, and quasi-quatemions 
respectively as elements. We provisionally assume merely that 'Y ~ 3 (since 
'Y = 1 or 2 leads merely to special cases of the results obtained in paragraphs 12 
and 13). 

It is obvious that it is necessary to verify only (I) and either (II) or (III). 
'Y 

(I) follows from the fact that if A = II X p .. li, then trace(A2) = ~ I X p.12 
p, IT IIIiiI I 

and hence is real and, for A ~ 0, positive. (II) is evident for the first three cases 
(x = 1, 2, and 4) since the matrix elements belong to associative number systems 
so that A2, AI, ... result from our multiplication AB just as with the usual 
matrix multiplication A X B (cf. footnote 1). It remains to consider only the 
fourth case (x = 8). We shall soon see that there is no solution for 'Y ~ 4 so 
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that only the case 'Y = 3 is in question. Instead of proving (III) we could prove 
its generalization (4) (which leads to (III) if one replaces a, b, c, u by a, a, a, b) 
which has the advantage of being linear in all four variables a, b, c, u. It suffices 
for this purpose to substitute all combinations of the 27 elements of the linear 
basis. This would lead actually to 27' = 531,441 combinations on the basis of 
the multiplication rules and footnote 22. Yet this number may be reduced by a 
few devices so that the investigation is possible without too many possibilities. 
It results that (4) holds in all cases. We omit the proof which may be found in a 
subsequent paper of A. A. Albert in this journal. Thus for 'Y = 3 the fourth 
case also leads to a solution. 

3 

18. 'Y ~ 4. Since N1(el + e2 + e3) = ~ M"" is a sub algebra of A which 
p. a = 1 

has the same X as A but for which 'Y = 3, we again have x = 1,2,4, or 8. We 
shall examine these cases successively. 

'Y E; 4, x = 8. H in (25) we set p, 0', 1', II respectively equal to 1, 2, 3, and 4, 
and introduce the following matrices (as in (35)): 

E). = IIE)..".II,E)..". = 2A!!~;G\ = I\G\.,..I\,G\.". = 2A~!~; 
- II - II - 18 4" II" II' 2 3 4 D). = D).."., D)..". = 2A).".; E). = E).."., E)..". = 2A)..". 

then it follows from (25) that 
;r, -P.I* D- B-* (46) v l l!i, = « I' 

and all of these matrices are orthogonal. (The orthogonality follows from (24), 
with either X = X' or p. = p.', together with (23).) H now we replace ~ by ~' in 
(46) and form the transposed matrices, we have 

E.(J~, = E I,D~. 
Multiplication of (46) on the right by this last equation gives 

;r, ;r,* D- B-*B- D-* 
v IV I' = « • .' •• 

The left side of this equation is independent of /( so that 
-* - -* - -* - r;.*-D"D.·BIB" = B.BI,·u.,D,. 

Hence every E~E., commutes with every D!,D •. 
We now have, with regard to (23), 

D- 2A134 2A 413 
)..". = ).". = ').1" 

Hence in the subalgebra N1(el + e~ + e,) = ~ Mpa of A the matrix 
p, fI = 1,3,4: 

DA = liD).. ".Ii plays the same r61e as did the matrix B). = liB).. ".Ii in paragraphs 
14 to 17 in the r-number algebra with 1 = el + e2 + ea. (The indices 1, 2, 3 are 



326 The Mathematical Papers 

QUANTUM MECHANICAL FORMALISM 57 

replaced by 4, I, 3.) The matrices D~D •. , It = I, "', X - I, therefore play 
the r6le of the 01 and therefore form, for our X = 8, an irreducible system 
(cf. paragraph 15). Since every B~B., is interchangeable with every D~D" 
they all have the form E •• ,1. But with regard to (23), 

B- - 2A 1t • - 2AII1 A.,.. - ,.,A - .>.,.. 

3 

Hence in the subalgebra N1(el + e2 + ea) = L; M,fI of A the matrix 
P.' -1 

B>. = liB>., ,.,11 plays the same r6le as did the matrix B>. = liB>.. ,.,11 in paragraphs 
14 to 17 in the r-number algebra with 1 = el + e2 + ea. (The indices I, 2, 3 are 

fio*-replaced by 2, 3, 1.) The matrices DxB" It = I, "', X - I, play the r6le 
of the Oland form, for our X = 8, an irreducible system. Therefore the form 
Ex.1 with the order X = 8 > 1 is impossible. 

Thus in the above case there exists no solution. 

19. 'Y ~ 4, X = 4. In (45) we obtained a solution for 2A!~! in the form 
R(i,i>. i,.), where it = I, ii, iI, i4 compose the basis of the system of quatemions. 
(Cf. footnote 21.) By (38) the most general solution results from it if we 
replace 

4 

i, by L; 1/1 .. , i", 
.' - 1 

4 

ill by ~ 'P,.,.' i,.I, 
,.' - 1 

, 
iA by ~ WUI i>.1 

>" -1 

(we make no use of the restriction proved at the end of paragraph 15). But 
4 

every orthogonal transfoimation ~ (f.al i., of the basis of the quatemion 
,,' -1 

system may also be represented in the form X'i.· X", where X' and X" repre-
sent certain quatemions of absolute value unity and • denotes nothing at all or 
else the sign for the complex conjugate.2a The most general expression for 
2A!~! is therefore (since R(XY) = R(YX» 

2A!~! = R(y(12 a) iPP) y(Ul) i>.(1~a) yU 12 , i,.(I~l» 

where the Y's are certain quatemions of absolute value unity and where the 
• 's are independent of one another. Since R(XY) = R(YX) it follows by (23) 
that this equation also holds for 2A:~! and 2A!~! if the indices 1,2, and 3 are 
correspondingly permuted on the right side. Hence we may set 

(47) 

where the Y's are certain quatemions of absolute value unity and where the • 's 
are independent of one another. Consequently we shall limit ourselves to the 

U We will write • -= 0 if • denotes nothing, and • = - if it denotes the complex con
jugate. The representation of rotations by means of quaternions can be verified easily. 
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consideration of such values of p, 0", and T which may be transformed by a cyclic 
permutation into a monotonically increasing sequence, and we shall call them 
allowable sequences. (We have treated the permutations of I, 2, and 3 in the 
same manner. Since p, 0", T or T, 0", P is always allowed in this sense, it follows 
that the allowable Ar; are sufficient for the purpose of the multiplication rules 
in (22d).) 

On the other hand the generality of (47) can be somewhat lessened in that we 
can subject every M P fT to an arbitrary transformation in the sense of Theorem 13, 
(21), and (37). This is exhibited in the formulas (47) for 2A:A;, 2A:{:, 2A;~, 
or 2A:~;, 2A~;, 2A;~; as a transformation of the corresponding iI" i A, i. and 
hence as that of the i. with (fT~p) or (p~fTl. If we transform all the MpfT simul
taneously so that in MpfT i. goes over into XrfT) i~:l X.}tHll, and if for the sake 

- --
of simplicity we identify pO" and O"p, then we have (since XY = YX) 

(48) 
I (a) 

(b) 

l 

(p~Tl is replaced by ~T) (~T), 

Y(PfTT) is replaced by xyrr) Y(PfTT) xIr), where 

XYfT ) = X~) or X~PfT) when CfT~p) = 0 or-, 

X~r) = XifTr) or X~T) when CT~fT) = 0 or -. 

We now consider (25). (Since p, 0", T; p, 0", U; p, T, u; and 0", T, U are to be 
allowable, it must be the case that every p, 0", T, U goes over into a monotonically 
increasing sequence by a cyclic permutation and hence must be allowable.) 
If we substitute 

4 

R(XY) = R(YX), h R(X i.(~») R (Y i.e;» = R(Xycl) (;» 
• = 1 

in (47), we get 

R([Y'''VP) i,~v) yCVPfT) i.(""/) Y'pn)] • [yCWT) i>. (T:fT) yCm) i. C~T) y(TW)](V~fT) (~v» 

= R([Ycpro) i. (v,,:) Y(TPP) i,(P~) Y(VPT)] • [Y(TPfT) i. (fT~p) y(PfTT) i" (T':') y("TP)J'T~) (~r). 

Since we are forming linear aggregates we can set a free quatemion variable Z, 
in place of i, and likewise free quatemion variables Z., Z A, and Z. in place of 
i., iA, i.. Then we can ~~tiply out the parentheses on both sides of the equation 
using the law (XY) = YX. It can accordingly be seen that, because of the non
commutativity of quatemion multiplication, equality can exist only if variables 
which are in juxtaposition on one side are also in juxtaposition on the other side. 
Since Z, and Z., as well as ZA and Z., are in every case adjacent on the left side of 
the equation, they are again adjacent on the right side. Therefore ("I) (~T) can 
not be equal to -, and hence (T~) rf: (~Tl. Similarly the invariable juxtaposi
tion of Z. and Z, on the right side of the equation, as well as of Z. and Z", 
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leads to the condition (u~) ;c (a~u). Now our equation assumes the form (since 
R(XY) = R(YX» 

R( Y(TUO') y(avp) 'is~u) y(upa) i, (a:p) y(pau) Y(WT) i). (T":) y(aTU) i.e",,;» 

= R(Y(TUP) is(P~·) Y(UPT) Y(TPO') i, (a~p y(paT) i). (T~) y(aTP) Y(PTU) i. (U,T». 

Again we can replace is, i" i,.., i. by Zs, Z" Z,.., Z. and it results that 
(pau) _ (PTU) (aup) _ (aTp) (TUa) _ (TPO') (UO'T) _ (VPT) . - ., . - ., . - ., . - . 

in addition to the conditions 
(TUp) -J. (paT) (upa) -J. (a.v) ."......,.7""-. 

already obtained, so that 

(Y) 
f y(.va)y<O'.p) = Y(TUP), 

1 Y<PO'U)Y(UO'T) = Y(PO"), 

Y<vPO') = Y<VpT)Y(TPO'), 

Y(O"V) = Y(O'Tp)Y<PTV). 

It is to be noted that we have required of the sequences p, fT, T; p, fT, v; p, T, v; 
and (1, T, v that each of them be transformable into a monotonically increasing 
sequence by a cyclic permutation, and of course the same must hold also of 
p, (1, T, v. 

We now see that the four ~quations simply comprise all possible subcases of 
a:fJ = a:fJ for which a, E, fJ and a, "I, fJ are allowable sequences. The two next 
following --inequalities express together that a:fJ ;c fJla, where a, E, fJ and fJ, "I, a 
ara arbitrary allowable sequences. By the operation of (48 a) we can, for every 
pair a > fJ, make a af vanish or make a fJr equal to -.24 From our --equa
tions and --inequalities it follows that in any case everyaf will vanish and every 
fJ"':' will be equal to -. Hence, for p < (1 < T, P:T equals -, while a~p and T,a 

vanish. 
The Y -equations all arise by cyclic permutations of the first which may also 

be written 

If now ii is the immediate successor of v (that is, v + 1 for v ;c 'Y, 1 for v = 'Y), 
then we have 

where we define T(wv) = Y<wuil) (w ;c v) so long as the right side has meaning, and 
if it is meaningless (w = ii) then T(wv) = 1. In this equation it is obvious that 
T ;c v; for T ;c ii the equation follows from the preceding one with p = ii, and for 
T = ii it is an identity. (Note that T(ptI) and T(tlp) are not identical.) 

Among the operations of (48 b) we select 

(a < fJ). 

24 We must leave both alternatives open since, for example, aEfJ is never an allowable 
sequence for a = 'Y and fJ = I, and the same holds for p, 'I, a when a = fJ + 1. 
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(The left sides are symmetric in ex and ~ while the right sides are not. Hence, 
for ex > (3, we obtain valid formulas by interchanging ex and ~ on the right sides.) 
If P < (T < T, then, by (48 b), ycP"'), yCnp), yc.p,,) all go over into 1 since 
("!T) = - and ( .. ~p) = (T~") = o. We have therefore made all the y's simultane
ously equal to 1, and if p < (T < T, then, by (47), 

(49) 2AP"T R( . - . ) .A" = t.tAl". 

This result is exactly similar to that for 2A ; i! in (45). 
The multiplication rules (22) are accordingly uniquely determined by (49) 

and (23). Therefore in the preceding case there is at most one solution. But 
in any event a solution exists, namely, the Hermitian quaternion matrices of 
order'Y (cf. paragraph 17). Hence this is the only solution. 

20. 'Y ~ 4, X = 2. In (45) we have obtained a solution 2A ~i! in the form 
R(i.hi,,), where il = 1 and ~ = i constitute the basis of the system of ordinary 
complex numbers. By (38) the most general solution arises if we replace 

2 2 2 

i. by ~ t/t .. ,i." iA by ~ f/JAA/iAI, i" by ~ w"",i"/. 
.,'= 1 A'=-l p.'= 1 

(We make no use of the restrictions proved at the end of paragraph 15). But 
2 

every orthogonal transformation ~ (T .. ,i., of the basis of the complex number 
,,'-1 

system may also be represented in the form Xi • • , where X is a complex number 
of absolute value unity and • represents nothing at all or else the sign for the 
complex conjugate. The most general expression for 2A ! i! is therefore (note 
the commutativity of complex numbers) 

2A 123 = R (y(123) .. (312) .. (123) .. (231) 
r x II ,.1' • "X • "P • 1 

where y(12 3) is a certain complex number of absolute value unity and where the 
.'s are independent of one another. It follows by (23) that this equation also 

holds for 2A !~! and 2A !~! if the indices 1, 2, and 3 are correspondingly permuted 
on the right side, provided that we define Y(123) = Y(231) = Y(312). Therefore 
we may set 

(50) 2A~~ = R (Y(pO'T) i.(T~) iA(P:T) i,,("~p», Y(pO'T) = Y(O'TP) = Y (TPO'), 

where the Y's are certain complex numbers of absolute value unity and where 
the .'s are independent of one another. As in paragraph 19 we limit ourselves 
to such values of p, (T, T which may be transformed into a monotonically increas
ing sequence by a cyclic permutation. 

Again we must determine the influence of the basis transformations of the 
Mp" (in the sense of Theorem 13, (21) and (37» on (50). This is exhibited in 
the formulas (47) for 2A~~, 2A:x:, 2A~~:, or 2A:~~, 2A:~:, 2A;~: as a transforma
tion of the corresponding iI" i)., i, and hence as that of the i. with (O'~p) or (p~O'). 
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If we transform all the MpII simultaneously so that ia in MpII goes over into 
X{ptt)ia(pt), and if for the sake of simplicity we identify P(f and (fP, then we have 
(note the commutativity of complex numbers) 

1 (a) (":T) is replaced by (":T) ~T) , 
(51) 

. (b) y(pn) is replaced by Y(PIIT) X(IIT) (Te') X(Tp) ~) X{ptt) (.~p). 

Further, since R(X) = R(X) and XY = XY, we can immediately 

{
(c) alter all ~T), (":1'), and (T~) simultaneously, 

(51) 
and replace Y(p .. T) by Y(pn) in (50). 

By application of (51 c) we can simultaneously obtain (~) = - for all p, (f, T 

such that P < (f < T. 

We now consider (25). We assume P < (f < T < v. Then it follows that 
(p:T) = (,,:v) = (p~v) = (.~v) = -. If we substitute 

2 

~ R(Xia(~» R(Yia(~» = R(xY(!) (~» 
,-I 

and the particular choice of some .'s just now formulated into (50), we get 

R(Y(Pllv) Y( .. TU) (UPII):; .; ( .. up) .. (TW) (UPII) .; (""") (u,...») • .'.,. .>'. • oa· • 

Since we are forming linear aggregates we can set free complex variables Z" 
Z., Z>., Z. in place of i" i" i>., i a• The above equality can hold only if the two 
parentheses are equal or if one is equal to the conjugate of the other. But since 
Z, occurs on both sides the latter possibility is excluded. Consequently it must 
be the case that 

("VI') _ ( .. Tp}(TUp) (TUp)(VPII) _ (Tper) (TUp) ( ... T)(Uper) _ (u,...) 
.- •• J •• - •• , •• -e. 

The first equation can also be written (TV.") = (":1') (":1') so that if p is the imme
diate successor of p (that is, p + 1 inasmuch as p ~ 'Y because of the condition 
p < (f < T < v) 

(TVI') _ «T"» «V,,» . -. ., 
where we define «"'I» = (ii;'p) (w ~ p) so long as the right side has meaning, and 
if it is meaningless (w = p) then «"'I» = o. 

For p < (f < T it follows that (":T) = - and (or:p) = «"I» «T/», where «T/» 

is arbitrary. If for «TI» = - we apply the operation (51 c) and for «T/» = 0 
we do nothing, then it results that (":T) = «T/» and ( .. :1') = «"I», where (T~) is 
arbitrary. If to this result we apply the operation (51 a) with (a/) = «1» 
(a > fJ), then it results that "':T) = - and ( .. :1') = 0, where (T~) is arbitrary. From 
these equations we have 

(Vp.) _ (TPII) ( ... T) (VPII) _ (u,...) .-.J. e-e. 
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The first states that (OJea) (naturally p < u < Cal) is independent of Cal so that 
( .. ~) = (((,,:») and the second states that «(v:») w,,:») = «(P:»). There
fore «(P:») = lell: 1 and ( .. ~) = le)[:I. Therefore~) = -, (v~,) = 0, and 
("",) = lell: l. If for leI = - we here apply the operation (51 c) and for leI == 0 
we do nothing, then it results that (,:,,) = leI, (v~p) = 'el, and ("",) == ':1. If we 
apply the operation (51 a) with (a/) = I!I (a > fJ), then we have ~,,) == - and 
(v~p) = (,,~) = O. 

In the second equation following (51 c) the coefficients in the parenthe
ses must be equal to one another so that for p < u < T < v it follows that 
y(pvu) y( .... u) (u~v) = y(p".) y(pv,,) (r:p) so that with the • just obtained, 
y(PfTu) yCv"u) = y(p"u) y(p.,,,) and hence y(,.,") = y(vru) y(p".) y(PfTu). Consequently 

y(p.,,,) = T(v,,) T(P") T(pv), 

where we set T(aP) = y(aPY) (a < fJ) so long as the right side has meaning, and if 
it is meaningless (fJ == 'Y) then T(aP) = 1. We now select from the operations of 
(51 b) 

x(aII) = T(aP) (a < fJ). 

(The left side is symmetric in a and fJ while the right side is not so that we obtain 
the formulas valid for a > fJ by interchange of a and fJ on the right side.) Then 
all Y(PfTT) go over into 1. 

By (50) it follows that, for p < U < T, 

-
(52) 2APfTT R('" ) .>.,. = t. t). Zp 

which is similar to (49) and to 2A !~! in (45). 
Hence the multiplication rules (22) are uniquely determined by (52) and (23). 

There is therefore at most one solution in the preceding case. But a solution 
exists in any event, for example, the Hermitian complex matrices of order'Y (cf. 
paragraph 17). Hence it is the only solution. 

21. 'Y ~ 4, X = 1. In this case it is not worth while to carry out the general 
theory of paragraphs 14 to 17. Since>. = II- = " == 1 in A:A;, therefore 
2A~ == yPfTT and (24) leads to the result YPVT = ± 1. The basis transforma
tions of Mp., in the sense of Theorem 13, (21), and (37) are (ar)' == XPfT sr 
and X'V = ±1, where for the sake of simplicity we identify pu and up. Hence 

(53) 

In the preceding case it follows from (25) that 

(54) 

The relation 
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follows from (54) in exactly the same way as did the analogous relation for the 
complex Y at the end of paragraph 20. \Ye similarly find that every T is either 
a YOI' 1 and hence is ±1. Therefore we select from the operations of (53) 

(a < fJ). 

(With reference to the symmetry conditions in a and fJ, cf. the remark at the 
end of paragraph 20.) Then all Y(pG'T) go over into 1. Hence we have in 
general that 

(54) 2A~~ = 1. 

The multiplication rules (22) are uniquely determined by (54) and (23). 
Hence in the preceding case there is at most one solution. But in any event a 
solution exists, for example, the Hermitian (real) matrices of order 'Y (cf. para
graph 17). Hence it is the only solution. 

22. We now summarize our results. 
In the course of the preceding investigations we have learned the properties 

of the following algebras: 
a. m, the algebra of the real numbers in which a ± b, Xa, and ab are defined 

in the usual way. 
fJ. @iN, N = 1, 2, "', the algebra with the linear basis 1, SI, "', SN - 1, 

in which a ± band Xa are defined in the usual way but in which ab is 
defined by 

11 = 1, 1 8" = S", s"s. = 15".1. 

'Y. ID1~, x = 1,2,4,8; 'Y = 1,2, ... , the algebra ofthe Hermitian matrices of 
order 'Y in which the elements are real numbers, ordinary complex 
numbers, quanternions, and quasi-quaternions respectively for X 
= 1, 2, 4, and 8. a ± band Xa are defined in the u~ual way, but ab is 

aXb+bXa . 
defined by 2 ' where a X b represents the usual matnx 

multiplication. 
We can summarize the results of paragraphs 12 to 21 as follows: 

FUNDAMENTAL THEOREM 2. The only irreducible r-number algebras are the 
Jollowing: 

For'Y = 1: m. 
For'Y = 2: All @iN ,N=3,4, (@idsmand@idsreducible.) 
For'Y = 3: All ID1~, x = 1,2,4,8. 
For 'Y !5; 4: All ID1~, X = 1, 2, 4. (All ID1~ are m; the IDl~ are respectively the 

@ix + 2; the ID1~ are already classified under 'Y = 3; the ID1~, 'Y !5; 4, are not r-number 
algebras.) 

In connection with this result we mention the following circumstance: let 
A' be an associative, but not necessarily commutative algebra having the real 
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numbers as coefficients. Then a ± b, Xa, and a X b are the fundamental opera
tions and all the usual rules of calculation are valid except for a X b = b X a. 

We now define ab = a X b ~ b X a and we consider a subsystem A of A' which 

is closed for a ± b, Xa, and ab (but not necessarily for a X b) and which is 
"formally real" (a2 = a X a = aaj cf. (1) in paragraph 1 and footnote 5). 
Since (II) is obviously satisfied (an is the same for ab and a X b), A is an r
number algebra. By the theorem of Wedderburn25 we could select a matrix 
algebra for A' without loss of generality. We say (in agreement with the 
terminology of footnote 1) that an r-number algebra which is isomorphic with 
such an A results from quasi-multiplication. As one of us has shown elsewhere 
(cf. footnote I), essentially new results, in contrast with the present content of 
quantum mechanics, are to be expected only in such r-number algebras which 
do not result from quasi-multiplication. 

Now all the r-number algebras of our list, with the exception of ID1~, result 
from quasi-multiplication. This is obvious in the case of m and the ID1~ 
(x = 1,2,4) so that only the@5N need examination. But in any event the @:iN arise 

b h . b a X b + b X aft . h' hI' h d y t e operatIOn a = 2 rom a sys em m w lC IS t e mo -

ulus, s; = I, and s"s, = -s,s,,(J.I. ~ v, J.I., v = I, ... , N - 1). We now take 
the quaternion-like, non-commutative, but associative system I, i, j, k with 
~'2 = P = k2 = I, ij = -ji = k, jk = - kj = i, ki = - ik = j and form 
N - 1 sets 1(1), i(l), j<l), k(1); ... ; 1 (N- 1), i CV - 1), j(N - 1), keN - 1) of this sort. 
The direct products 1 = 1(1)·1(2). ••• ·1 (N - 1), Sl = j(1).1 (2). ••• .1 (N - 1), 

S2 = i(1) -j<2). ... ·1 (N - 1), ... , SN _ 1 = i(l)· i(2). ... • j(N - 1) perform the 
desired function. 

On the other hand it can be shown that ID1~ can not result from quasi-multipli
cation. The proof of this remarkable result was given by A. Albert, to whom we 
proposed the problem, and can be found in his next paper in this journal. Hence 
there is one single (irreducible) r-number algebra which does not arise from quasi
multiplication: ID1:. 

ROSTOCK, GERMANY, AND PRINCETON, N. J. 

2& Proc. London Math. Soc., 1907, Vol. (2) 6, p. 99. 
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1. ORIGIN AND CHARACTERIZATION OF THE PROBLEM 

It is perhaps the most fundamental principle of Quantum Mechanics that the 
system of states forms a linear manifold,l in which a unitary scalar product is 
defined.2 The states are generally represented by wave functions' in such a way 
that If' and constant multiples of If' represent the same physical state. It is 
possible, therefore, to normalize the wave function, i.e., to mUltiply it by a 
constant factor such that its scalar product with itself becomes 1. Then, only a 
constant factor of modulus 1, the so-called phase, will be left undetermined 
in the wave function. The linear character of the wave function is called the 
superposition principle. The square of the modulus of the unitary scalar 
product (Vt, If') of two normalized wave functions Vt and If'is called the transition 
probability from the state Vt into If', or conversely. This is supposed to give the 
probability that an experiment performed on a system in the state If', to see 
whether or not the state is Vt, gives the result that it is Vt. If there are two or 
more different experiments to decide this (e.g., essentially the same experiment, 

* Parts of the present paper were presented at the Pittsburgh Symposium on Group 
Theory and Quantum Mechanics. Cf. Bull. Amer. Math. Soc., 41, p. 306,1935. 

1 The possibility of a future non linear chara.cter of the quantum mechanics must be 
admitted, of course. An indication in this direction is given by the theory of the positron, 
as developed by P. A. M. Dirac (Proc. Camb. Phil. Soc. 30, 150, 1934, cf. also W. Heisenberg, 
Zeits. f. Phys. 90, 209, 1934; 911, 623, 1934; W. Heisenberg and H. Euler, ibid. 98, 714, 1936 
and R. Serber, Phys. Rev. 48, 49, 1935; 49,545, 1936) which does not use wave functions 
and is a non linear theory. 

2 Cf. P. A. M. Dirac, The Principles of Quantum Mechanic8, Oxford 1935, Chapters I and 
II; J. v. Neumann, ill athematische Grundlagen der Quantenmechanik, Berlin 1932, pages 
19-24. 

J The wave functions represent throughout this paper states in the sellse of the "Heisen
berg picture," i.e. a single wave function represents the state for all past and future. On 
the other hand, the operator which refers to a measurement at a certain time t contains 
this t as a parameter. (Cf. e.g. Dirac, I.e. ref. 2, pages 115-123). One obtains the wave 
function 'P.(t) of the Schrodinger picture from the wave function 'PH of the Heisenberg 
picture by 'P~(t) = cxp (-iHt/h)'PH' The operator of the Heisenberg picture is Q(t) = 
exp(iHt/h) Qexp (-iHt/h), where Q is the operator in the Schrodinger picture which does not 
depend on time. Cf. also E. Schrodinger, Sitz. d. Kon. Preuss. Akad. p. 418, 1930. 

The wave functions are complex quantities and the undetermined factors in them are 
complex also. Recently attempts have been made toward a theory with real wave func
tions. Cf. E. Majorana, Nuovo Cim.14, 171, 1937 and P. A. M. Dirac, in print. 

149 
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performed at different times) they are all supposed to give the same result, 
i.e., the transition probability has an invariant physical sense. 

The wave functions form a description of the physical state, not an invariant 
however, since the same state will be described in different coordinate systems 
by different wave functions. In order to put this into evidence, we shall affix 
an index to our wave functions, denoting the Lorentz frame of reference for which 
the wave function is given. Thus 'PI and 'PI' represent the same state, but they 
are different functions. The first is the wave function of the state in the co
ordinate system l,. the second in the coordinate system l'. If 'PI = fI" the 
state 'P behaves in the coordinate system 1 exactly as fI behaves in the QOordinate 
system l'. If 'PI is given, all 'PI' are determined up to a constant factor. Because 
of the invariance of the transition probability we have 

(1) 

and it can be shown 4 that the aforementioned constants in the 'PI' can be chosen 
in such a way that the 'Pl' are obtained from the 'PI by a linear unitary operation, 
depending, of course, on land l' 

(2) 'PI' = D(l', 1)'P1 . 

The unitary operators D are determined by the physical contcnt of the theory 
up to a constant factor again, which can depend on land l'. Apart from this 
constant however, the operations D(l', l) and D(l~ , 11) must be identical if I' 
arises from 1 by the same Lorentz transformation, by which l~.arises from ll. 
If this were not tme, there would be a real difference between the frames of 
reference land 11 • Thus the unitary operator D(l', l) = D(L) is in every 
Lorentz invariant quantum mechanical theory (apart from the constant factor 
which has no physical significance) completely determined by the Lorentz 
transformation L which carries 1 into I' = Ll. One can write, instead of (2) 

(2a) 'PLI = D(L)'PI' 

By going over from a first system of reference I to a second l' = L1l and then to a 
third 1" = U11 or directly to the third I" = (Ut)l, one must obtain-apart 
from the above mentioned constant-the same set of wave functions. Hence 
from 

it follows 

(3) 

'PI" = D(l", 1')D(l', l)'PI 

'PI" = D(l", l)'PI 

D(l", l')D(l', 1) = ",D(l", l) 

t E. Wigner, Gruppentheorie und ihre Anwendungen auf die QuantenmechaniA: der Atom.· 
pektren. Braunschweig 1931, pages 251-254. 
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or 

(3a) 

where w is a number of modulus 1 and can depend on Lt and Ll • Thus the 
D(L) form, up to a factor, a representation of the inhomogeneous Lorentz 
group by linear, unitary operators. 

We see thus5 that there corresponds to every invariant quantum mechanical 
system of equations such a representation of the inhomogeneous Lorentz group. 
This representation, on the other hand, though not sufficient to replace the 
quantum mechanical equations entirely, can replace them to a large extent. 
If we knew, e.g., the operator K corresponding to the measurement of a physical 
quantity at the time t = 0, we could follow up the change of this quantity 
throughout time. In order to obtain its value for the time t = ·tl , we could 
transform the original wave function f{)1 by D(l', l) to a coordinate system l' 
the time scale of which begins a time tllater. The measurement of the quantity 
in question in this coordinate system for the time 0 is given-as in the original 
one-by the operator K. This measurement is indentical, however, with the 
measurement of the quantity at time tl in the original system. One can say that 
the representation can replace the equation of motion, it cannot replace, how
ever, connections holding between operators at one instant of time. 

It may be mentioned, finally, that these developments apply not only in 
quantum mechanics, but also to all linear theories, e.g., the Maxwell equations 
in empty space. The only difference is that there is no arbitrary factor in the 
description and the w can be omitted in (3a) and one is led to real representations 
instead of representations up to a factor. On the other hand, the unitary char
acter of the representation is not a consequence of the basic assumptions. 

The increase in generality, obtained by the present calculus, as compared 
with the usual tensor theory, consists in that no assumptions regarding the 
field nature of the underlying equations are necessary. Thus more general 
equations, as far as they exist (e.g., in which the coordinate is quantized, etc.) 
are also included in the present treatment. It must be realized, however, 
that some assumptions concerning the continuity of space have been made by 
assuming Lorentz frames of reference in the classical sense. We should like to 
mention, on the other hand, that the previous remarks concerning the time
parameter in the observables, have only an explanatory character, and we do not 
make assumptions of the kind that measurements can be performed instan
taneously. 

We shall endeavor, in the ensuing sections, to determine all the continuous6 

unitary representations up to a factor of the inhomogeneous Lorentz group, 
i.e., all continuous systems of linear, unitary operators satisfying (3a). 

6 E. Wigner, I.e. Chapter XX. 
8 The exact definition of the continuous character of a representation up to a factor will 

be given in Section SA. The definition of the inhomogeneous Lorentz group is contained 
in Section 4A. 
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2. COMPARISON WITH PREVIOUS TREATMENTS AND SOME IMMEDIATE 

SIMPLIFICATIONS 

A. Previous treatments 

The representations of the Lorentz group have been investigated repeatedly. 
The first investigation is due to Majorana/ who in fact found all representations 
of the class to be dealt with in the present work excepting two sets of representa
tions. Diracs and ProcaB gave more elegant derivations of Majorana's results 
and brought them into a form which can be handled more easily. Klein's 
work9 docs not endeavor to derive irreducible representations and seems to be 
in a less close connection with the present work. 

The difference between the present paper and that of Majorana and Dirac 
lies-apart from the finding of new representations-mainly in its greater 
mathematical rigor. Majorana and Dirac freely use the notion of infinitesimal 
operators and a set of functions to all members of which every infinitesimal 
operator can be applied. This procedure cannot be mathematically justified 
at present, and no such assumption will be used in the present paper. Also the 
conditions of reducibility and irreducibility could be, in general, somewhat more 
complicated than assumed by Majorana and Dirac. Finally, the previous 
treatments assume from the outset that the space and time coordinates will be 
continuous variables of the wave function in the usual way. This will not be 
done, of course, in the present work. 

B. Some immediate simplifications 

Two representations are physically equivalent if there is a one to one cor
respondence between the states of both which is 1. invariant under Lorentz 
transformations and 2. of such a character that the transition probabilities 
between corresponding states are the same. 

It follows from the second condition5 that there either exists a unitary operator 
S by which the wave functions cI>(2) of the second representation can be obtained 
from the corresponding Wave functions cI>(1) of the first representation 

(4) cI>(2) = ScI>(l) 

or that this is true for the conjugate imaginary of cI>(2). Although, in the 
latter case, the two representations are still equivalent physically, we shall, in 
keeping with the mathematical convention, not call them equivalent. 

The first condition now means that if the states cI>(1), cI>(2) = ScI>(l) correspond 
to each other in one coordinate system, the states D(1)(L)cI>(l) and D(2)(L)cI>(2) 
correspond to each other also. We have then 
(4a) D(2) (L)cJJ(2) = SD(1) (L)cJJ(I) = SD(I) (L)S-lcJJ(2). 

7 E. Majorana, Nuovo Cim. 9, 335,1932. 
• P. A. M. Dirac, Proc. Roy. Soc. A. 166,447, 1936; AI. Proca, J. de Phys. Rad. 7, 347, 

1936. 
o Klein, Arkiv f. Matern. Astr. och Fysik, !6A, No. 15, 1936. I am indebted to Mr. 

Darling for an interesting conversation on this paper. 
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AB this shall hold for every ",(2), the existence of a unitary 8 which transforms 
D(l) into D(2) is the condition for the equivalence of these two representations. 
Equivalent representations are not considered to be really different and it will 
be sufficient to find one sample from every infinite class of equivalent repre
sentations. 

If there is a closed linear manifold of states which is invariant under all 
Lorentz transformations, i.e. which contains D(L)", if it contains "', the linear 
manifold perpendicular to this one will be invariant also. In fact, if tp belongs 
to the second manifold, D(L)tp will be, on account of the unitary character of 
D(L) , perpendicular to D(L)1/I' if ",' belongs to the first manifold. However, 
D(L -I)", belongs to the first manifold if '" does and thus D(L)tp will be orthogonal 
to D(L)D(L -I)", = w", i.e. to all members of the first manifold and belong itself to 
the second manifold also. The original representation then "decomposes" 
into two representations, corresponding to the two linear manifolds. It is 
clear that, conversely, one can form a representation, by simply "adding" 
several other representations together, i.e. by considering as states linear 
combinations of the states of several representations and assume that the states 
which originate from different representations are perpendicular to each other. 

Representations which are equivalent to sums of already known representa
tions are not really new and, in order to master all representations, it will be 
sufficient to determine those, out of which all others can be obtained by "adding" 
a finite or infinite number of them together. 

Two simple theorems shall be mentioned here which will be proved later 
(Sections 7A and Be respectively). The first one refers to unitary representa
tions of any closed group, the second to irreducible unitary representations of 
any (closed or open) group. 

The representations of a closed group by unitary operators can be transformed 
into the sum of unitary representations with matrices of finite dimensions. 

Given two non equivalent irreducible unitary representations of an arbitrary 
group. If the scalar product between the wave functions is invariant under the 
operations of the group, the wave functions belonging" to the first representa
tion are orthogonal to all wave functions belonging to the second representation. 

C. Classification of unitary representations according to von Neumann 
and MurraylO 

Given the operators D(L) of a unitary representations, or a representation 
up to a factor, one can consider the algebra of these operators, i.e. all linear 
combinations 

aID(~) + aJJ(Lt) + aJ)(La) + ... 
of the D(L) and all limits of such linear combinations which are bounded 
operators. According to the properties of this representation algebra, three 
classes of unitary representations can be distinguished. 

Ie F. J. Murray and J. v. Neumann, Ann. of Math. S1, 116, 1936; J. v. Neumann, to be 
published soon. 
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The first class of irreducible representations has a representation algebra 
which contains all bounded operators, i.e. if !/I and I{> are two arbitrary states, 
there is an operator A of the representation algebra for which A!/I = I{> and 
A!/I' = 0 if !/I' is orthogonal to !/I. It is clear that the center of the algebra con
tains only the unit operator and multiply thereof. In fact, if C is in the center 
one can decompose C!/I = 00/1 + !/I' so that !/I' shall be orthogonal to !/I. However, 
!/I' must vanish since otherwise C would not commute with the operator which 
leaves !/I invariant and transforms every function orthogonal to it into O. For 
similar reasons, a must be the same for all !/I. For irreducible representations 
there is no closed linear manifold of states, (excepting the manifold of all states) 
which is invariant under all Lorentz transformations. In fact, according to the 
above definition, a I{>' arbitrarily close to any I{> can be represented by a finite 
linear combination 

Hence, a closed linear invariant manifold contains every state if it contains one. 
This is, in fact, the more customary definition for irreducible representations 
and the one which will be used subsequently. It is well known that all finite 
dimensional representations are sums of irreducible representations. This is 
not true,lO in general, in an infinite number of dimensions. 

The second class of representations will be called factorial. For these, the 
center of the representation algebra still contains only multiples of the unit 
operator. Clearly, the irreducible representations are all factorial, but not 
conversely. For finite dimensions, the factorial representations may contain 
one irreducible representation several times. This is also possible in an infinite 
number of dimensions, but in addition to this, there are the "continuous" 
representations of Murray and von Neumann.1o These are not i;"educible as 
there are invariant linear manifolds of states. On the other hand, it is impossible 
to carry the decomposition so far as to obtain as parts only irreducible repre
sentations. In all the examples known so far, the representations into which 
these continuous representations can be decomposed, are equivalent to the 
original representation. 

The third class contains all possible unitary representations. In a finite 
number of dimensions, these can be decomposed first into factorial repre
sentations, and these, in tum, in irreducible ones. Von NeumannlO has shown 
that the first step still is possible in infinite dimensions. We can assume, 
therefore, from the outset that we are dealing with factorial representations. 

In the theory of representations of finite dimensions, it is sufficient to deter
mine only the irreducible ones, all others are equivalent to sums of these. Here, 
it will be necessary to determine all factorial representations. Having done 
that, we shall know from the above theorem of von Neumann, that all repre
sentations are equivalent to finite or infinite sums of factorial representations. 

It will be one of the results of the detailed investigation that the inhomo
geneous Lorentz group has no "continuous" representations, all representations 



340 The Mathematical Papers 

UNITARY REPRESENTATIONS OF LORENTZ GROUP 155 

can be decomposed into irreducible ones. Thus the work of Majorana and 
Dirac appears to be justified from this point of view a posteriori. 

D. Classification of unitary representations from the point of view of 
infinitesimal operators 

The existence of an infinitesimal operator of a continuous one parametric 
(cyclic, abelian) unitary group has been shown by Stone.ll He proved that the 
operators of such a group can be written as exp(iHt) where H is a (bounded or 
unbounded) hermitean operator and t is the group parameter. However, the 
Lorentz group has many one parametric subgroups, and the corresponding 
infinitesimal operators HI, H2 , ••• are all unbounded. For every Hi an 
everywhere dense set of functions I(J can be found such that Hil(J can be defined. 
It is not clear, however, that an everywhere dense set can be found, to all 
members of which every H can be applied. In fact, it is not clear that one 
such I(J can be found. 

Indeed, it may be interesting to remark that for an irreducible representation 
the existence of one function I(J to which all infinitesimal operators can be applied, 
entails the exi~tence of an everywhere dense set of such functions. This again 
has the consequence that one can operate with infinitesimal operators to a large 
extent in the usual way. 

PROOF: Let Q(t) be a one parametric subgroup such that Q(t)Q(t') = Q(t + t'l. 
If the infinitesimal operator of all subgroups can be applied to I(J, the 

(5) lim rl(Q(t) - 1)1(J 
1-0 

exists. It follows, then, that the infinitesimal operators can be applied to &p 
also where R is an arbitrary operator of the representation: Since R-1Q(t) R is 
also a one parametric subgroup 

lim r1(R-1Q(t)R - 1)1(J = lim R-1.t-1(Q(t) - l)RI(J 
1-0 1-0 

also exists and hence also (R is unitary) 

lim t-1(Q(t) - l)RI(J. 
1-0 

Every infinitesimal operator can be applied to &p if they all can be applied to I(J, 
and the same holds for sums of the kind 

(6) 

These form, however, an everywhere dense set of functions if the representation 
is irreducible. 

If the representation is not irreducible, one can consider the set No of such 
wave functions to which every infinitesimal operator can be applied. This set is 

11 M. H. Stone, Proc. Nat. Acad. 16, 173, 1930, Ann. of Math. SS, 643, 1932, also J. v. 
Neumann, ibid, SS, 567, 1932. 



On Unitary Representations of the Inhomogeneous Lorentz Group 341 

156 E. WIGNER 

clearly linear and, according to the previous paragraph, invariant under the 
operations of the group (i.e. contains every Rtp if it contains tp). The same 
holds for the closed set N generated by No and also of the set P of functions 
which are perpendicular to all functions of N. In fact, if tpp is perpendicular to 
alltpfl of N, it is perpendicular also to all R-ltpfl and, for the unitary character of 
R, the Rtpp is perpendicular to alltpfl , i.e. is also contained in the set P. 

We can decompose thus, by a unitary transformation, every unitary repre
sentation into a "normal" and a "pathological" part. For the former, there is 
an everywhere dense set of functions, to which all infinitesimal operators can be 
applied. There is no single wave functions to which all infinitesimal operators 
of a "pathological" representation could be applied. 

According to Murray and von Neumann, if the original representation was 
factorial, all representations into which it can be decomposed will be factorial 
also. Thus every representation is equivalent to a sum of factorial repre
sentations, part of which is "normal," the other part "pathological." 

It will t.um out again that the inhomogeneous Lorentz group has no path
ological representations. Thus this assumption of Majorana and Dirac also 
will be justified a posteriori. Every unitary representation of the inhomogenous 
Lorentz group can be decomposed into normal irreducible representations. It 
should be stated, however, that the representations in which the unit operator 
corresponds to every translation have not been determined to date (cf. also 
section 3, end). Hence, the above statements are not proved for these repre
sentations, which are, however, more truly representations of the homogeneous 
Lorentz group, than of the inhomogeneous group. 

While all these points may be of interest to the mathematician only, the new 
representation of the Lorentz group which will be described in section 7 may 
interest the physicist also. It describes a particle with a continuous spin. 

Acknowledgement. The subject of this paper was suggested to me as early as 
1928 by P. A. M. Dirac who realised even at that date the connection of repre
sentations with quantum mechanical equations. I am greatly indebted to him 
also for many fruitful conversations about this subject, especially during the 
years 1934/35, the outgrowth of which the present paper is. 

I am indebted also to J. v. Neumann for his help and friendly advice. 

3. SUMMARY OF ENSUING SECTIONS 

Section 4 will be devoted to the definition of the inhomogeneous Lorentz 
group and the theory of characteristic values and characteristic vectors of a 
homogeneous (ordinary) Lorentz transformation. The discussion will follow 
very closely the corresponding, well-known theory of the group of motions in 
ordinary space and the theory of characteristic values of orthogonal trans
formations.1t It will contain only a straightforward generalization of the 
methods usually applied in those discussions. 

II Cf. e.g. E. Wigner, I.e. Chapter III. O. Veblen and J. W. Young, Projective Geometry, 
Boston 1917. Vol. 2, especially Chapter VII. 
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In Section 5, it will be proved that one can determine the physically meaning
less constants in the D(L) in such a way that instead of (3a) the more special 
equation 

(7) 

will be valid. This means that instead of a representation up to a factor, we 
can consider representations up to the sign. For the case that either Ll or L,. 
is a pure translation, Dirac13 has given a proof of (7) using infinitesimal operators. 
A consideration very similar to his can be carried out, however, also using only 
finite transformations. 

For representations with a finite number of dimensions (corresponding to an 
only finite number of linearly independent states), (7) could be proved also if 
both Ll and L,. are homogeneous Lorentz transformations, by a straightforward 
application of the method of Weyl and Schreier.14 However, the Lorentz group 
has no finite dimensional representation (apart from the trivial one in which the 
unit operation corresponds to every L). Thus the method of Weyl and Schreier 
cannot be applied. Its first step is to normalize the indeterminate constants in 
every matrix D(L) in such a way that the determinant of D(L) becomes 1. 
No determinant can be defined for general unitary operators. 

The method to be employed here will be to decompose every L into a product 
of two involutions L = MN with M2 = N2 = 1. Then D(M) and D(N) will be 
normalized so that their squares become unity and D(L) = D(M)D(N) set. 
It will be possible, then, to prove (7) without going back to the topology -of the 
group. 

Sections 6, 7, and 8 will contain the determination of the representations. 
The pure translations form an invariant subgroup of the whole inhomogeneous 
Lorentz group and Frobenius' methodli will be applied in Section 6 to build 
up the representations of the whole group out of representations of the subgroup, 
by means of a "little group." In Section 6, it will be shown on the basis of an as 
yet unpublished work2( of J. v. Neumann that there is a characteristic (in
variant) set of "momentum vectors" for every irreducible representation. The 
irreducible representations of the Lorentz group will be divided into four classes. 
The momentum vectors of the 
1st class are time-like, 
2nd class are null-vectors, but not all their components will be zero, 
3rd class vanish (i.e., all their components will be zero), 
4th class are space-like. 
Only the first two cases will be considered in Section 7, although the last case 

liP. A. M. Dirac, mimeographed notes of lectures delivered at Princeton University, 
1934/35, page 5a. 

1. H. Weyl, Mathem. Zeits. SS, 271; S4, 328, 377, 789,1925; O. Schreier, Abhandl. Mathem. 
Seminar Hamburg, 4, 15, 1926; 6,233,1927. 

11 G. Frobenius, Sitz. d. Kon. Preuss. Akad. p. 501, 1898, I. Schur, ibid, p. 164, 1906; 
F. Seitz, Ann. of Math. S7, 17, 1936. 
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may be the most interesting from the mathematical point of view. I hope to 
return to it in another paper. I did not succeed so far in giving a complete 
discussion of the 3rd class. (All these restrictions appear in the previous 
treatments also.) 

In Section 7, we shall find again all known representations of the inhomo
geneous Lorentz group (i.e., all known Lorentz invariant equations) and two 
new sets. 

Sections 5, 6, 7 will deal with the "restricted Lorentz group" only, i.e. Lorentz 
transformations with determinant 1 which do not reverse the direction of the 
time axis. In section 8, the representations of the extended Lorentz group will 
be considered, the transformations of which are not subject to these conditions. 

4. DESCRIPTION OF THE INHOMOGENEOUS LORENTZ GROUP 

A. 

An inhomogeneous Lorentz transformation L = (a, A) is the product of a 
translation by a real vector a 

(8) (i = 1, 2, 3, 4) 

and a homogeneous Lorentz transformation A with real coefficients 
4 

(9) x~ = :E Aile Xl:. 
k-l 

The translation shall be performed after the homogeneous transformation. 
The coefficients of the homogeneous transformation satisfy three conditions: 
(1) They are real and A leaves the indefinite quadratic form -x~ - x~ - x: + x: 
invariant: 

(10) AFA' = F 

where the prime denotes the interchange of rows and columns and 1/ is the 
diagonal matrix with the diagonal elements -1, -1, -1, +1.-(2} The deter
minant I Ai/. I = 1 and-(3} A44 > o. 

We shall denote the Lorentz-hermitean product of two vectors x and y by 

(11) 

(The star denotes the conjugate imaginary.) If {x, x} < 0 the vector x is 
called space-like, if {x, x} = 0, it is a null vector, if {x, x} > 0, it is called time
like. A real time-like vector lies in the positive light cone if x, > 0 i it lies in the 
negative light cone if x, < O. Two vectors x and yare called orthogonal if 
{x, y} = o. 

On account of its linear character a homogeneous Lorentz transformation is 
completely defined if Av is given for four linearly independent vectors v(l) J 

V(2), V(3), V(4). 

From (11) and (10) it follows that {v, w} = {Av, Aw} for every pair of vectors 
v, w. This will be satisfied for every pair if it is satisfied for all pairs v(i), V(k) 
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of four linearly independent vectors. The reality condition IS satisfied if 
(AvCi»* = A(vCi)*) holds for four such vectors. 

The scalar product of two vectors x and Y is positive if both lie in the positive 
light cone or both in the negative light cone. It is negative if one lies in the 
positive, the other in the negative light cone. Since both x and yare time-like 
\ X,\2 > \ XI \2 + \ :1:2\2 + \ Xa\2; \ y, \2 > \ YI \2 + I Y212 + I Ya\2. Hence, by 

. Schwarz's inequality \ x: y,\ > \ x~ Yl + x: Y2 + x: ya\ and the sign of the scalar 
product of two real time-like vectors is determined by the product of their 
time components. 

A time-likevectoris transformed by a Lorentz transformation into a time-like 
vector. Furthermore, on account of the condition A.. > 0, the vector vIOl 

with the components 0, 0, 0, 1 remains in the positive light cone, since the fourth 
component of AvCO) is .\44. If v(l) is another vector16 in the positive light cone 
I v(I), vIOl I > 0 and hence also I Av(I) , Av(O) I > 0 and Av(1) is ill the positive light 
cone also. The third condition for a Lorentz transformation can be formulated 
also as the requirement that every vector in (or on) the positive light cone shall 
remain in (or, respectively, on) the positive light cone. 

This formulation of the third condition shows that the third condition holds 
for the product of two homogeneous Lorentz transformations if it holds for both 
factors. The same is e,·ident for the first two conditions. 

From AF A' = F one obtains by multiplying with A-I from the left and 
A,-l = (rl)' from the right F = .\-IF(A-1), so that the reciprocal of a homo
geneous Lorentz transformation is again such a transformation. The homo
geneous Lorentz transformations form a group, therefore. 

One easily calculates that the product of two inhomogeneous Lorentz trans
formations (b, M) and (c, N) is again an inhomogeneous Lorentz transformation 
(a, A) 

(12) (h, M)(c, N) = (a, A) 

where 

(12a) 

or, somewhat shorter 

(12b) A = MN; 

a, = hi + L Mijcj, 
j 

a = b + Mc. 

B. Theory of characteristic values and characteristic vectors of a homogeneous 
Lorentz transformation 

Linear homogeneous transformations are most simply described by their 
characteristic values and vectors. Before doing this for the homogeneous 
Lorentz group, however, we shall need two rules about orthogonal vectors. 

II Wherever a confusion between vectors and vcctor components appears to be possible. 
upper indices will be used for distinguishing different vectors and lower indices for denoting 
the components of a vector. 
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[1] If lv, W} = 0 and lv, v} > 0, then Iw, w} < 0; if lv, w} = 0, lv, v} = 0, 
then 10 is either space-like, or parallel to v (either 110, w) < 0, or w = cv). 

PROOF: 

(13) 

By Schwarz's inequality, then 

(14) 1 V4\21 w. 12 ~ ( 1 VI \2 + 1 V2 12 + 1 V3\2)( 1 WI 12 + I w212 + \ W3\2). 

For \ V4 \2 > \ VI \2 + \ V2 \2 + \ V3 \2 it follows that \ w. \2 < \ WI \2 + \ Wz !2 + \ W3\2. 

If \ V4 \2 = I VI \2 + \ V2 \2 + \ V3 \2 the second inequality still follows if the in
equality sign holds in (14). The equality sign can hold only, however, if the 
first three components of the vectors v and ware proportional. Then, on 
account of (13) and both being null vectors, the fourth components are in the 
same ratio also. 

[2] If four vectors vO ), V(2), V(3), V(4) are mutually orthogonal and linearly inde
pendent, one of them is time-like, three are space-like. 

PROOF: It follows from the previous paragraph that only one of four mutually 
orthogonal, linearly independent vectors can be time-like or a null vector. It 
remains to be shown therefore only that one of them is time-like. Since they 
are linearly independent, it is possible to express by them any time-like vector 

4 

V{/) -" V(k) - LJ ak • 
k-l 

The scalar product of the left side of this equation with itself is positive and 
therefore 

or 

(15) 

and one I V(k), V(k)} must be positive. Four mutually orthogonal vectors are not 
necessarily linearly independent, because a null vector is perpendicular to itself. 
The linear independence follows, however, if none of the four is a null vector. 

We go over now to the characteristic values X of A. These make the deter
minant \ A - Xl \ of the matrix A - Xl vanish. 

[3] If X is a characteristic value, X * , X-I and X *-1 are characteristic values also. 
PROOF: For X* this follows from the fact that A is real. Furthermore, from 

\ A - Xl \ = ° also \ A' - Xl I = 0 follows, and this multiplied by the deter
minants of AF and F-I gives 

\ AF \ . \ A' - Al\ . \ F \-1 = 1 AFA'F-I - XA \ = \1 - XA \ = 0, 

so that X-I is a characteristic value also. 
[4] 'l'he characteristic vectors VI and V2 belonging to two characteristic values Xl and 

X, are orthogonal if X~X2 ~ 1. 
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PROOF: 

{Vl ,V2} = I AVl, AV2} = I ~lVl ,~2V2} = ~:~21 VI , V2}. 

Thus if {VI, V2} "F 0, ).:~2 = 1. 
[5] If the modulus of a characteristic value ~ is I ~ I"F 1, the corresponding 

characteristic vector V is a null vector and X itself real and positive. 
From lv, v} = {Av, Av} = I X 12{V, v} the {v, v} = 0 follows immediately for 

I X I "F 1. If ~ were complex, X* would be a characteristic value also. The 
characteristic vectors of ~ and A * would be two different null vectors and, 
because of [4], orthogonal to each other. This is impossible on account of (1]. 
Thus A is real and v a real null vector. Then, on account of the third condition 
for a homogeneous Lorentz transformation, X must be positive. 

[6] The characteristic value ~ of a characteristic vector v of length null is real and 
positive. 

If ). were not real, A * would be a characteristic value also. The corresponding 
characteristic vector v* would be different from v, a null vector also, and per
pendicular to v on account of [4]. This is impossible because of [1]. 

[7] 'l'he characteristic vector v of a complex characteristic value ~ (the modulus of 
which is 1 on account of [5]) is space-like: {v, v} < o. 

PROOF: ~* is a characteristic value also, the corresponding characteristic 
vector is v*. Since (~*)*~ = ~2 "F 1, {v*, v} = o. Since they are different, at 
least one is space-like. On account of {v, v} = Iv*, v*} both are space-like. If 
all four characteristic values were complex and the corresponding characteristic 
vectors linearly independent (which is true except if A has elementary divisors) 
we should have four space-like, mutually orthogonal vector:;;. This is impossible, 
on account of [2]. Hence 

[8] There is not more than one pair oj conjugate complex characteristic values, 
if A has no elementary divisors. Similarly, under the same condition, there is 
not more than one pair ~, ~ -1 oj characteristic values whose modulus is different 
from 1. Otherwise their characteristic vectors would be orthogonal, which 
they cannot be, being null vectors. 

For homogeneous Lorentz transformations which do not have elementary 
divisors, the following possibilities remain: 

(a) There is a pair of complex characteristic values, their modulus is 1, on 
account of [5] 

(16) Al = ~: = A;l; I ~d = I ~21 = 1, 

and also a pair of characteristic values ~3, ~4 , the modulus of which is not 1· 
These must be real and positive: 

(16a) ~4 = ~3l; ~3 = ~: > o. 
The characteristic vectors of the conjugate complex characteristic values are 
conjugate complex, perpendicular to each other and space-like so that they can 
be normalized to -1 

(17) 
I VI ,VI} = I VI , v:} = 0 
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those of the real characteristic values are real null vectors, their scalar product 
can be normalized to 1 

(17a) 
{Va, Va} = {v" v,} = o. 

Finally, the former pair of characteristic vectors is perpendicular to the latter 
kind 

(17b) 

It will turn out that all the other cases in which A has no elementary divisor 
are special cases of ( a). 

-

---~A, 

FIG. 1. Position of the characteristic values for the general case a} in the complex plane. 
In case b}, >'1 and >.. coincide and are equall; in case c}, >'1 and},2 coincide and are either 
+ lor -1. In case d} both pairs). ... )., == 1 Rnd )., = ).2 ... ::1::1 coincide. 

(b) There is a pair of complex characteristic values hi, h2 = hl1 = h~, 
hi ¢ h:, \ hi I = \ >'2 \ = 1. No pair with \ ha \ ¢ I, however. Then on account 
of [8], still ha = h: which gives with \ >'3\ = I, h3 = ± 1. Since the product 
hlh2h3>" = I, on account of the second condition for homogeneous Lorentz 
transformations, also he = h3 = ± 1. The double characteristic value ±1 has 
two linearly independent characteristic vectors Vs and v, which can be assumed 
to be perpendicular to each other, {Va, v,l = O. According to [2], one of the 
four characteristic vectors must be time-like and since those of hi and h2 are 
space-like, the time-like one must belong to ± 1. This must be positive, 
therefore ha = he = 1. Out of the time-like and space-like vectors {V3 , V3} = -1 
and {v., v,} = I, one can build two null vectors v, + Va and v. - Va. Doing 
this, case (b) becomes the special case of (a) in which the real positive char
acteristic values become equal h3 = h,l = 1. 

(c) All characteristic values are real; there is however one pair >'3 = >.:, 
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A4 = A3\ the modulus of which is not unity. Then IV3, V3} = IV4, V4} = 0 
and A3 > 0 and one can conclude for Al and A2 , as before for A3 and A4 that Al = 
A2 = ± 1. This again is a special case of (a); here the two characteristic values 
of modulus 1 become equal. 

(d) All characteristic values are real and of modulus 1. If all of them are + 1, 
we have the unit matrix which clearly can be considered as a special case of (a). 
The other case is Al = A2 = - 1, A3 = A4 = + 1. The characteristic vectors of 
Al and A2 must be space-like, on account of the third condition for a homogeneous 
Lorentz transformation; they can be assumed to be orthogonal and normalized 
to -1. This is then a special case of (b) and hence of (a) also. The cases 
(a), (b), (c), (d) are illustrated in Fig. 1. 

The cases remain to be considered in which A has an elementary divisor. 
We set therefore 

(18) A.v. = A.V. ; A.w. = A.W. + v •. 

It follows from [5] that either I A.I = 1, or Iv., v.} = o. We have Iv., w.} 
I A.v., A,w.} = I A. 121 v. , w.} + Iv., v.}. From this equation 

(19) Iv. ,v.1 = 0 

follows for I A.I = 1, so that (19) holds in any case. It follows then from 
[6] that A. is real, positive and v. , w. can be assumed to be real also. The last 
equation now becomes Iv. , w.} = A! I v. , w.1 so that either A. = 1 or Iv. , w.} = o. 
Finally, we have 

Iw., w.} = IA,w., A.w.} = A!lw., w.} + 2A.lw., v.} + Iv., v.}. 

This equation now shows that 

(19a) Iw., v.} = 0 

even if A. = 1. From (19), (19a) it follows that w. is space-like and can be 
normalized to 

(19b) Iw.,w.} = -1. 

Inserting (19a) into the preceding equation we finally obtain 

(19c) A. = 1. 

[9] If A. has an elementary divisor, all its characteristic roots are 1. 
From (19c) we see that the root of the elementary divisor is 1 and this is at 

least a double root. If A had a pair of characteristic values Al ~ 1, A2 = Ai"\ 
the corresponding characteristic vectors VI and V2 would be orthogonal to v. and 
therefore space-like. On account of [5], then I Al I = I A2 I = 1 and I VI , v21 = o. 
Furthermore, from 110., vI! = IA.w., A.vd = AI/W., vd + AI/V., vd and from 
Iv.,vd = o also Iw.,vd = o follows. Thusallthefourvectorsvl,v2,v.,w,would 
be mutually orthogonal. This is excluded by [2] and (19). 
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Two cases are conceivable now. Either the fourfold characteristic root has 
only one characteristic vector, or there is in addition to v. (at least) another 
characteristic vector VI. In the former case four linearly independent vectors 
v. , w. , z. , x. could be found such that 

A.v. = v. A.w. = w. + v. 
A.z. = z. + w. A,x, = x. + z •. 

However Iv., x.1 = I A.v., A.x.1 = Iv., x.1 + Iv., z.1 from which Iv., z.1 = 0 
follows. On the other hand 

I w. , z.1 = I A.w., A.z.I = I w., z.1 + I w. , w.1 + Iv., z.1 + Iv., w.l. 
This gives with (19a) and (19b) Iv., z.1 = 1 so that this case must be excluded. 

(e) There is thus a vector VI so that in addition to (18) 

(I8a) A,VI = VI 

holds. From {We, vd = {A.w., A.vd = {w., vd + (v., vd follows 

(19d) Iv. , vd = O. 

The equations (18), (18a) will remain unchanged if we add to w. and VI a multiple 
of v.. We can achieve in this way that the fourth components of both w. and 
VI vanish. Furthermore, VI can be normalized to -1 and added to w. also with 
an arbitrary coefficient, to make it orthogonal to VI. Hence, we can assume that 

(1ge) Vu = w" = OJ lVI, vd = -lj Iw.,vt\ =0. 

We can finally define the null vector z. to be orthogonal to w. and VI and have a 
scalar product 1 with v. 

(19f) I z. , z.1 = I z. , w.1 = I z. , vd = 0 j Iz. ,v.1 = 1. 

Then the null vectors v. and z. represent the momenta of two light beams in 
opposite directions. If we set A.z. = avo + bw. + cz. + dVI the conditions 
Iz. , vI = I A.z. , A.vl give, if we set for V the vectors v. , w. , z. , VI the conditions 
c = Ijb = c;2ac - b2 - d2 = Ojd = O. Hence 

A.v. = v. A.w. = w. + v. 
(20) 

A.z. = z. + w. + tv •. 
A Lorentz transformation with an elementary divisor can be best characterized 
by the null vector v. which is invariant under it and the space part of which 
forms with the two other vectors w. and VI three mutually orthogonal vectors in 
ordinary space. The two vectors w. and VI are normalized, VI is invariant under 
A. while the vector v. is added to w. upon application of A.. The result of the 
application of A. to a vector which is linearly independent of v. , w. and VI is, 
as we saw, already determined by the expressions for A.v., A.w. and A,vI . 

The A.h) which have the invariant null vector v. and also w. (and hence also 
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VI) in common and differ only by adding to w. different multiples 'YV. of v., 
form a cyclic group with l' = 0, the unit transformation as unity: 

A.h)A.('Y') = A.('Y + 1"). 

The Lorentz transformation M(a) which leaves VI and w. invariant but re
places fl. by avo (and z. by a -IZ.) has the property of transforming A.('Y) into 

M(a) A.('Y )M(a)-I = A.(a-y). (+) 
An example of A.('Y) and M(a) is 

1 0 0 0 

A.('Y) = 
0 1 l' l' 

0 -1' 1- h 2 -!i 
0 l' 

1. 2 
21' 1 + 1. 2 2 l' . 

1 0 0 0 

M(a) = 
0 1 0 0 

0 0 !Ca + a-I) !Ca - a-I) 

0 0 !Ca - a -I) !(a + a -I) 

These Lorentz transformations play an important role in the representations 
with space like momentum vectors. 

A behavior like (+) is impossible for finite unitary matrices because the 
characteristic values of M(a)-IA.h)M(a) and A.h) are the same-those of 
A.ha) = A.h)" the ath powers of those of A.h). This shows very simply that 
the Lorentz group has no true unitary representation in a finite number of 
dimensions. 

c. Decomposition of a homogeneous Lorentz transformation into rotations and 
an acceleration in a given direction 

The homogeneous Lorentz transformation is, from the point of view of the 
physicist, a transformation to a uniformly moving coordinate system, the origin 
of which coincided at t = 0 with the origin of the first coordinate system. One 
can, therefore, first perform a rotation which brings the direction of motion of 
the second system into a given direction-say the direction of the third axis
and impart it a velocity in this direction, which will bring it to rest. After 
this, the two coordinate systems can differ only in a rotation. This means that 
every homogeneous Lorentz transformation can be· decomposed in the following 
way17 

(21) A = RZS 

17 Cf. e.g. L. Silberstein, The Theory of Relativity, London 1924, p. 142. 
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where Rand S arc pme rotations, (i.e. Ri• = Rli = Sit = Se; = 0 for i ;I!!: 4 
and Ru = S44 = 1, also Il' = R-t, S' = S-I) and Z is an acceleration in the 
direction of the third axis, i.e. 

1 0 0 0 

0 1 
Z= 

0 0 

0 0 a b 

0 0 b a 

with a2 - b2 = 1, a > b > O. The decomposition (21) is clearly not unique. 
It will be shown, however, that Z is uniquely determined, i.e. the same in every 
decomposition of the form (21). 

In order to prove this mathematically, we chose R so that in R-I A = I the 
first two components in the fourth column 114 = 124 = 0 become zero: R-I 

shall bring the vector with the components A14 , Au, Au into the third axis. 
Then we take 134 = (A~4 + .\~4 + A~.)l and 144 = Au for b and a to form Zj 
they satisfy the equation 1:4 - I:, = 1. Hence, the first three components of the 
fourth column of J = Z-II = Z-IR-I A will become zero and Ju = 1, because of 
J:4 - J~. - Ji. - J:. = 1. Furthermore, the firl:it t.hree components of the 
fourth row of J will vanish also, on account of J:. - J: I - J:2 - J:3 = 1, i.e. 
J = S = Z-I R-I A is a pure rotation. This proves the possibility of the de
composition (21). 

The trace of AA' = RZ2R~ is equal to the trace of Z2, i.e. equal to 2a2 + 
2b2 + 2 = 4a2 = 4b2 + 4 which shows that the a and b of Z are uniquely deter
mined. In particular a = 1, b = 0 and Z the unit matrix if AA' = 1, i.e. A a 
pure rotation. 

It is easy to show now that the group space of the homogeneous Lorentz 
transformations is only doubly connected. If a continuous series A(t) of 
homogeneous Lorentz transformations is given, which is unity both for t = 0 
and for t = 1, we can decompose it according to (21) 

(21a) A(t) = R(t)Z(t)S(t). 

It is also clear from the foregoing, that R(t) can be assumed to be continuous 
in t, except for values of t, for which Au = Au = A34 = 0, i.e. for which A is a 
pure rotation. Similarly, Z(t) will be continuous in t and this will hold even 
where A(t) is a pure rotation. Finally, S = Z-IR-I A will be continuous also, 
except where A(t) is a pure rotation. 

Let us consider now the series of Lorentz transformations 

(21b) A,(t) = R(t)Z(t)" Set) 

where the b of Z(t)" is 8 times the b of Z(t). By decreasing 8 from 1 to 0 we 
continuously deform the set AI(t) = A(t) of Lorentz transformations into a set of 
rotations Ao(t) = R(t)S(t). Both the beginning Ao(O) = 1 and the end A,(I) = 1 
of the set remain the unit illatrix and the sets A,(t) remain continuous in t for 
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all values of 8. This last fact is evident for such t for which A(t) is not a rota
tion: for such t all factors of (21b) are continuous. But it is true also for to 
for which A(to) is a rotation, and for which, hence Z(to) = 1 and A,(to) = A1(to) = 
A(to). As Z(t) is· everywhere continuous, there will be a neighborhood of to 
in which Z(t) and hence also Z(t)' is arbitrarily close to the unit matrix. In 
this neighborhood A,(t) = A(t). S(t)-lZ(t)-IZ(t)' S(t) is arbitrarily close to 
A(t); and, if the neighborhood is small enough, this is arbitrarily close to 
A(to) = A,(to). 

Thus (21b) replaces the continuous set A(t) of Lorentz transformations by a 
continuous set of rotations. Since these form an only doubly connected mani
fold, the manifold of Lorentz transformations can not be more than doubly 
connected. The existence of a two valued representation18 shows that it is 
actually doubly and not simply connected. 

We can form a new groupl4 from the Lorentz group, the elements of which are 
the elements of the Lorentz group, together with a way A(t), connecting A(l) 
= A with the unity A(O) = E. However, two ways which can be continuously 
deformed into each other are not considered different. The product of -the 
element" A with the way A(t)" with the element "I with the way J(t)" is the 
element AI with the way which goes from E along A(t) to A and hence along 
AI(t) to AI. Clearly, the Lorentz group is isomorphic with this group and two 
elements (corresponding to the two essentially different ways to A) of this group 
correspond to one element of the Lorentz group. It is well known/8 that this 
group is holomorphic with the group of unimodular complex two dimensional 
transformations. 

Every continuous representation of the Lorentz group "up to the sign" is a 
singlevalued, continuous representation of this group. The transformation which 
corresponds to "A with the way A(t)" is that d(A) which is obtained by going 
over from d(E) = d(A(O» = 1 continuously along d(A(t» to d(A(I» = d(A). 

D. The homogeneous Lorentz group is simple 

It wiII be sho"'"I1, first, that an invariant subgroup of the homogeneous Lorentz 
group contains a rotation (i.e. a transformation which leaves X4 invariant).
We can write an arbitrary element of the invariant subgroup in the form RZS 
of (21). From its presence in the invariant subgroup follows that of S.RZS. S-1 
= SRZ = TZ. If Xr is the rotation by 11" about the first axis, XrZXr = Z-1 
and XrTZXr- 1 = X"TXrXrZX r = X"TXrZ-l is contained·in the invariant 
subgroup also and thus the transform of this with Z, i.e. Z-IX"TX r also. The 
product of this with 'l'Z is 'l'X"TX r which leaves x. invariant. If TX"TX r = 1 
we can take TY"TY.. If this is the unity also, TX"TX., = TY .,TY., and T 
commutes with X rY r , i.e. is a rotation about the third axis. In this case the 

18 Cf. H. WeyI, Gruppentheorie und Quanten11lechanik, 1st. ed. Leipzig 1928, pages 110-114, 
2nd ed. Leipzig 1931, pages 130-133. It may be interesting to remark that essentially the 
same isomorphism has been recognized already by L. Siiberstein, I.e. pages 148-157. 
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space like (complex) characteristic vectors of TZ lie in the plane of the first two 
coordinate axes. Transforming TZ by an acceleration in the direction of the 
first coordinate axis we obtain a new element of the invariant subgroup for 
which the space like characteristic vector will have a not vanishing fourth 
component. Taking this for RZS we can transform it with S again to obtain a 
new SRZ = 7'Z. However, since S leaves x. invariant, the fourth component 
of the space like characteristic vectors of this T Z will not vanish and we can 
obtain from it by the procedure just described a rotation which must be con
tained in the invariant subgroup. 

It remains to be shown that an invariant subgroup which contains a rotation, 
contains the whole homogeneous Lorentz group. Since the three-dimensional 
rotation group is simple, all rotations must be contained in the invariant sub
group. Thus the rotation by "If' around the first axis X r and also its transform 
with Z and also 

ZXrZ-1.Xr = Z.XrZ-1Xr = Z2 

is contained in the invariant subgroup. However, the general acceleration in 
the direction of the third axis can be written in this form. As all rotations are 
contained in the invariant subgroup also, (21) shows that this holds for all 
elements of the homogeneous Lorentz group. 

It follows from this that the homogeneous Lorentz group has apart from the 
representation with unit matrices only true representations. It follows then 
from the remark at the end of part B, that these have all infinite dimensions. 
This holds even for the two-valued representations to which we shall be led in 
Section 5 equ. (52D), as the group elements to which the positive or negat.ive 
unit matrix corresponds must form an invariant subgroup also, and because the 
argument at the end of part B holds for two-valued representations also. One 
easily sees furthermore from the equations (52B), (52C) that it holds for the 
inhomogeneous Lorentz group equally well. 

5. REDUCTION OF REPRESENTATIONS Up TO A FACTOR TO TwO-VALUED 

REPRESENTATIONS 

The reduction will be effected by giving each unitary transformation, which is 
defined by the physical content of the theory and the consideration of reference 
only up to a factor of modulus unity, a "phase," which will leave only the sign 
of the representation operators undetermined. The unitary operator cor
responding to the translation a will be denoted by T(a), that to the homogeneous 
Lorentz transformation A by d(A). To the general inhomogeneous Lorentz 
transformation then D(a, A) = T(a)d(A) will correspond. Instead of the 
relations (12), we shall use the following ones. 

(22B) 

(22C) 

(22D) 

T(a)T(b) = w(a, b)T(a + b) 

d(A)T(a) = w(A, a)T(Aa)d(A) 

d(A)d(I) = w(A, J)d(Al). 
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The ware numbers of modulus 1. They enter because the multiplication 
rules (12) hold for the representatives only up to a factor. Otherwise, the 
relations (22) are consequences of (12) and can in their return replace (12). 
We shall replace the T(a), d(A) by O(a)T(a) and O(A)d(A) respectively, for 
which equations similar to (22) hold, however with 

(22') w(a, b) = 1; w(A, a) = 1; w(A, I) = ±1. 

A. 
It is necessary, first, to show that the undetermined factors in the representa

tion D(L) can be assumed in such a way that thew(a, b), w(A, a), w(A, I) become 
-apart from regions of lower dimensionality-continuous functions of their 
arguments. This is a consequence of the continuous character of the representa
tion and shall be discussed first. 

(a) From the point of view of the physicist, the natural definition of the 
continuity of a representation up to a factor is as follows. The neighborhood & 
of a Lorentz transformation Lo = (b, I) shall contain all the transformations 
L = (a, A) for which I a. - b.1 < & and I A,k - I,k I < &. The representation 
up to a factor D(L) is continuous if there is to every positive number E, every 
normalized wave function rp and every Lorentz transformation Lo such a neigh
borhood & of Lo that for every L of this neighborhood one can find an 0 of 
modulus 1 (the 0 depending on Land rp) such that (u", u,,) < E where 

(23) u" = (D(Lo) - OD(L»rp. 

Let us now take a point Lo in the group space and find a normalized wave 
function rp for which I (rp, D(Lo)rp) I > ·1/6. There always exists a rp with this 
property, if I(rp, D(Lo)rp) I < 1/6 then'" = arp + fJD(Lo)rp with suitably chosen 
a and fJ will be normalized and 1("" D(Lo)"') I > 1/6. We consider then such 
a neighborhood 91 of Lo for all L of which I (rp, D(L)rp) I > 1/12. It is well 
known19 that the whole group space can be covered with such neighborhoods. 
We want to show now that the D(L)rp can be multiplied with such phase factors 
(depending on L) of modulus unity that it becomes strongly continuous in the 
region 91. 

We shall chose that phase factor so that (rp, D(L)rp) becomes real and positive. 
Denoting then 

(23') (D(Ll) - D(L»rp = U", 

the (U", U,,) can be made arbitrarily small by letting L approach sufficiently 
near to L1 , if Ll is in 91. Indeed, on account of the continuity, as defined 
above, there is an n = ei' such that (u, u) < E if L is sufficiently near to Ll 
where 

11 This condition is the "separability" of the group. Cf. e.g. A. Haar, Ann. of Math., 
34, 147, 1933. 
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Taking the absolute value of the scalar product of u with", one obtains 

I ("', D(Ll)",) - cos K("" D(L)",) - i sin K("" D(L)",) I = I ("', u) I ~ V;, 
because of Schwartz's inequality. If only ...;; < 1/12, the K must be smaller 
than 'If' /2 because the absolute value is certainly greater than the real part, and 
both ("', D(Ll )",) and ("', D(L)",) are real and greater than 1/12. 

As the absolute value is also greater than the imaginary part, we 

sin K < 12"';;. 

On the other hand, 

and thus 

U" = u + (eil - I)D(L)"" 

(U", U,,)i ~ (u, u)i + I eil - 11 ~V; + 2 sin K/2 

(U." U.,) ~ 625 E. 

(b) It shall be shown next that if D(L)", is strongly continuous in a region 
and D(L) is continuous in the sense defined at the beginning of this section, 
then D(L)", with an arbitrary'" is (strongly) continuous in that region also. 
We shall see, hence, that the D(L), with any normalization which makes a 
D(L)", strongly continuous, is continuous in the ordinary sense: There is to 
every L l , E and every '" a a so that (U'/I, U"') < Ewhere 

U'" = (D(L l ) - D(L»", 

if L is in the neighborhood a of Ll . 
It is sufficient to show the continuity of D(L)", where", is orthogonal to ",. 

Indeed, every"" can be decomposed into two terms, "" = a", + {N the one of 
which is parallel, the other perpendicular to ",. Since D(L)", is continuous, 
according to supposition, D(L)",' = aD(L)", + {W(L)", will be continuous also if 
D(L)", is continuous. 

The continuity of the representation up to a factor requires that it is possible 
to achieve that (u"" u"') < E and (UH." UH.,) < E where 

(23a) 

(23b) 

U'" = (D(Ll ) - n",D(L»"" 

UH., = (D(L l ) - nH.,D(L»(", + ",), 
with suitably chosen n's. According to the foregoing, it also is possible to 
chooseL and Ll so close that (U", U.,) < E. 

Subtracting (23') and (23a) from (23b) and applying D(L)-l on both sides gives 

(0.", - n",+<p)'" + (1 - nH .,)", = D(L)-I(UH" - U'" - U.,) 

The scalar product of the right side with itself is less than 9E. Hence both 
In", - nH" I < 3Et and 11 - nH., I < 3i or 11 - 0.", I < 6Et. Because of 
U~ = U"II - (1 - n",)D(L)"" the (U"II, U",)i < (u"" uti + 11 - 0.", I and thus 
(U"', U"II) < 49E. 
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This completes the proof of the theorem stated under (b). It also shows that 
not only the continuity of D(L)tp has been achieved in the neighborhood of Lo 
by the normalization used in (a) but also that of D(L)", with every"', i.e., the 
continuity of D(L). 

It is clear also that every finite part of the group space can be covered by a 
finite number of neighborhoods in which D(L) can be made continuous. It is 
easy to see that the w of (22) will be also continuous in these neighborhoods so 
that is is possible to make them continuous, apart from regions of lower dimen
sionality than their variables have. In the following only the fact will be used 
that they can be made continuous in the neighborhood of any a, band A. 

B. 
(a) We want to show next that all T(a) commute. From (22B) we have 

(24) 

where 

(24a) 

T(a)T(b)T(a)-l = c(a, b)T(b) 

c(a, b) = w(a, b)/w(b, a) 

c(a, b) = c(b, a)-i. 

Transforming (24) with T(a') one obtains 

T(a')'l'(a)T(b)T(a)-lT(a,)-l = c(a, b)'l'(a')T(b)'l'(a,)-l 

ana hence 

or w(a', a)T(a' + a)T(b)w(a', a)-lT(a' + a)-l = c(a, b)c(a', b)T(b) 

or 

(25) c(a, b)c(a', b) = c(a + a', b). 

It follows20 from (25) and the partial continuity of c(a, b) that 

(26) c(a, b) = exp (21ri t a.f.(b») 
.-1 

and, since this is equal to c(b, a)-l = exp(-21ri 1: b.f.(a» 
4 

(27) 1: (a.f.(b) + b.f.(a» = n(a, b) .-1 
where n(a, b) is an integer. Setting in (27) for b the vector e(A) the>. component 
of which is I, all the others zero and for f.(e(A» = -fiA 

fA(a) = n(a, e(A» + L alf.A, 
• 

and putting this back into (27) we obtain 
4 4 

(28) L f.A(aAb. + bAa.) + L a.n(b, e(I» + b.n(a, e(·» = n(a, b) . 
•• '1.-1 .-1 

20 G. Hamel, Math. Ann. 60, 460, 1905, quoted from H. Hahn, Theorie der reellen P'unk
tionen. Berlin 1921, pages 581-583. 
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Assuming for the components of a and b such values which are transcendental 
both with respect to each other and the leA (which are fixed numbers), one sees 
that (28) cannot hold except if the coefficient of everyone vanishes 

(29) 

so that (26) becomes 

(30) 

It is necessary now to consider the existence of an operator d( A) satisfying (22C). 
Transforming this equation with the similar equation containing b instead of a 

d(A)T(b)d(A)-ld(A) T(a)d(A)-ld(A) T(b)-ld(A)-1 

= w(A, b)T(Ab)w(A, a)T(Aa)w(A, b)-IT(Ab)-1 = w(A, a)c(Ab, Aa)T(Aa), 

while tee first line is clearly d(A)c(b, a)T(a)d(A)-1 = w(A, a)c(b, a)T(Aa) 
whence 

(31) c(b, a) = c(Ab, Aa) 

holds for every Lorentz transformation A. Combined with (30) this gives 

L (/aAaabA - LI.,.A.aA,.>.aabA) = n'(a, b), 
aA '1' 

where n'(a, b) is again an integer. As this equation holds for every a, b 

laA = LI.,.A.aA,.>.; 1= A'IA .,. 
must hold also, for every Lorentz transformation. However, the only form 
invariant under all Lorentz transformations are multiples of the F of (10). 
Actually, because of (29), I must vanish and c(a, b) = 1, all the operators 
corresponding to translations commute 

(32) T(a)7'(b) = T(b)T(a). 

It is well to remember that it was necessary for obtaining this result to use the 
existence of d(A) satisfying (22C). 

(b) Equation (32) is clearly independent of the normalization of the T(a). 
If we could fix the translation operators in four linearly independent directions 
e(1), e(2), e(3), e(4) so that for each of these directions 

(33) 

be valid for every pair of numbers a, b, then the normalization 

(33&) T(ale(l) + ~e(2) + aae(3) + a4e(4» = T.(ale(I)7'(atB(2»T(aae(3»T(a4e(4» 

and (32) would ensure the general validity of 

(34) T(a)T(b) = T(a + b). 
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As the four linearly independent directions e(l), ... ,e(4) we shall take four 
null vectors. If e is a null vector, there is, according to section 3, a homogeneous 
J~orentz transformation21 A. such that A.e = 2e. 

We normalize T(e) so that 

(35) d(A.)T(e)d(A.)-l = 7'(e)2. 

This is clearly independent of the normalization of d(A.). We further normalize 
for all (positive and negative) integers n 

(35a) d(A.)"T(e)d(A.)-" = T(2"e). 

It follows from this equation also that 

(36) T(2"e)2 = d(A.)"T(e)2d(A.)-n = d(AYd(A.)T(e)d(A.)-ld(A.)-n = T(2nHe). 

This allows us to normalize for every positive integer k 

(35b) 7'(k.2- ne) = T(2- ne)k 

in such a way that the normalization remains the same if we replace k by 2mk 
and n by n + m. This ensures, together with (36), the validity of 

T(IIe)T(l'e) = T«II + p.)e) 
(36a) 

d(A.)T(IIe)d(A.)-l = T(211e) 

for all dyadic fractions II and p.. 
It must be shown that if 111, 112, 113, ••• is a sequence of dyadic fractions, 

converging to 0, lim T(II1e) = 1. From T(a). 7'(0) = w(a, 0)7'(a) it follows that 
7'(0) is a constant. According to the theorem of part (A) (b), the T(IIe) , if 
mUltiplied by proper constants O. will conh.rge to 1, i.e., by choosing an arbi
trary 1/', it is possible to make both (1 - O.T(IIe»1/' =- u and (1 - O.T(IIe». 
d(A.)-llp = u' arbitrarily small, by making II small. Applying d(A.) to the 
second expression, one obtains, for (36a) , that (1 - 0.T(211e»1p = d(A.)u' is 
also small. On the other hand, applying T(IIe) to the first expression one sees 
that (T(IIe) - 0.T(211e»1p = T(IIe)u approaches zero also. Hence, the difference 
of these two quantities (1 - 7'(IIe»1p goes to zero, i.e. 7'(II,-e)1p converges to 'I' 
if III , III , IIa, ••• is a sequence of dyadic fractions approaching O. 

Now III , 112 , 113, ••• be a sequence of dyadic fractions converging to an arbi
trary number a. It will be shown then that T(II1e) converges to a multiple of 
T(ae) and this multiple of T(ae) will be the normalized T(ae). Again, it follows 
from the continuity that there are such 0 1 that 0,T(II1e)1/' converges to T(ae)lp. 
The Oj1T(II,-e)-1 017'(II1e)1p will converge to '1', therefore, as both i and j tend to 
infinity. However, according to the previous paragraph, T«II, - IIi)e)1p tends 
to I/' and thus Ui10, tends to 1. It follows that 0,1 converges to a definite 
number o. Hence Oil. OIT(II,-e)1p converges to OT(ae)1p which will be denoted, 
henceforth, by T(ae). For the T(ae), normalized in this way, (33) will hold, 

11 The index e denotes here the vector c for which A. e = 26; this A. has no elementary 
divisor. 
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since if III , 112 , Ila, ... are dyadic fractions converging to b, we obtain, with the 
help (36a) 

7'(ae)T(be)f/J = lim T«JI, + pj}e}f/J = T«a + b}e}f/J. 
i,j-oo 

This argument not only shows that it is possible to normalize the T(ae(k» and 
hence by (33a) the T(a) so that (34) holds for them but, in addition to this, 
that these T(a) will be continuous in the ordinary sense. 

C. 

It is clear that (34) will remain valid if one replaces T(a) by exp (2ri{a, c})T(a) 
where c is an arbitrary vector. This remaining freedom in the normalization of 
7'(a} will be used to eliminate the ",(A, a) from (22C). 

Transforming (22C) d(A)T(a)d(A)-1 = ",(A, a)T(Aa) with d(M) one obtains 
on the left side ",(M, A}d(M A}T(a)",(M, A)-l d(M A}-l = ",(MA, a)T(M Aa) 
while the right side becomes ",(A, a)",(M, Aa}T(M Aa}. Hence 

(37) ",(M Ai a) = ",(M, Aa}"'(A, a}. 

On the other hand, the product of two equat~ons (22C) with the same A but 
with a and b respectively, instead of a yields with the help of (34) 

",(A, a}",(A, b} = ",(A(a + b». 

Hence 

",(A, a} = exp (2ri{a, I(A) I), 

where I(A) is a vector which can depend on A. Inserting this back into (37) 
one obtains 

(a,J(MA)} = (Aa,J(M)} + (a,J(A)} + H, 

{a,/(MA} - A-1/(M) - I(A}} = n, 

where n is an integer which must vanish since it is a linear function of a. Hence 

(38) I(M A} = r1J(M) + I(A}. 

If we can show that the most general solution of the equation i.e; 

(39) I{A) = (r1 - l)Vo, 

where Vo is a vector independent of A, the ",(A, a) will become ",(A, a) = exp 
(2ri{ (A "7 l)a, Vol). Then ",(A, a) in (22C) will disappearif we replace T(a) by 
exp (2ri{a, VoI)T(a). 
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The proof that (39) is a consequence of (38) is somewhat laborious. One can 
first consider the following homogeneous Lorentz transformations 

C1 0 0 SI Ct 0 -82 0 

X(al, 'Yl) = 
0 Cl 81 0 

0 -81 Cl 0 

SI 0 
(40) 

0 Cl 

Ca 

Z(aa, 'Ya) = 
-8a 

0 

0 

y(at, 'Y2} = 

8a 0 0 

Ca 0 0 

0 Ca Sa 

0 S3 Ca 

0 C2 

82 0 

0 S2 

0 

Ct 

0 

S2 

o 
C2 

where c, = cos a,; 8, = sin a, ; C, = Ch'Y,; S, = Sh'Y" All the X(a, 'Y) com
mute. Let us choose, therefore, two angles ai, 'Yl for which 1 - X(al, 'Yl)-1 
has a reciprocal. It follows then from (38) 

X(a, 'Y)-I!(X(al , 'Yl» + !(X(a, 'Y» = X(al , 'Yl)-l!(X(a, 'Y» + !(X(al , 'YI» 

(41) or !(X(a, 'Y» = [1 - X(al ,'YI)-lrlll - X(a, 'Y)-I]!(X(al , 'YI» 

!(X(a, 'Y» = (1 - X(a, 'Y)-I)vx , 

where Vx is independent of a, 'Y. Similar equations hold for the !(Y(a, 'Y» and 
!(Z(a, 'Y». Let us denote now X(r, 0) = X; Y(r, 0) = Y; Z(r, 0) = Z. These 
anticommute in the following sense with the transformations (40): 

(42) YX(a, 'Y)Y = ZX(a, 'Y)Z = X(a, 'Y)-l. 

From (38) one easily calculates 

!(YX(a, 'Y)Y) = (YX(a, 'Y)-I + 1)!(Y) + Y!(X(a, 'Y», 

or, because of (41) and (42), after some trivial transformations 

(43) (1 - X(a, 'Y»(1 - Y)(vx - Vy) = O. 

As a, 'Y can be taken arbitrarily, the first factor can be dropped. This leaves 
(1 - Y)(vx - Vy) = 0, or that the first and third components of Vx and Vy are 
equal. One similarly concludes, however, that (1 - X)(Vy - vx) = 0 and thus 
that the first three components of Vg , Vy and also of VI: are equal. 

For 'Yl = 'Yt = 'Y3 = 0 the transformations (40) are the generators of all 
rotations, i.e. all Lorentz transformations R not affecting the fourth coordinate. 
As the 4-4 matrix element of these transformations is 1, the expression (1 - R-1)v 
is independent of the fourth component of V and (1 - R-1)vg = (1 - R-I)vy = 
(1 - R-1)vl:. It follows from (38) that if !(R) = (1 - R-1)vg and !(S) = 
(1 - g-l)VX, then !(SR) = (1 - R-1 g-I)VX. Thus !(R) = (1 - R-1)vx is 
valid with the same Vx for all rotations. 

Now 

f(X(a, 'Y)R) = R-1(1 - X(a, 'Y)-l)Vg + (1 - R-1)vx = (1 - (X(a, 'Y)R)-I)vx . 



On Unitary Representations of the Inhomogeneous Lorentz Group 361 

176 E. WIGNER 

One easily concludes from (38) that the f(E) corresponding to the unit operation 
vanishes andf(A-1) = -Af(A). Hencef(R-1X(a,'Y)-I) = (1 - X(a, 'Y)R)vx; 
and one concludes further that for all Lorentz transformations A = RX(a, 1')8, 
(39) holds with Vo = -Vx if Rand S are rotations. However, every homogene
ous Lorentz transformation can be brought into this form (Section 4C). This 
completes the proof of (39) and thus of w(A, a) = l. 

D. 
The quantities w(a., b) and w(A, a) for which it has just been shown that they 

can be assumed to be 1, are independent from the normalization of d(A). We 
can affix therefore an arbitrary factor of modulus 1 to all the d(A), without 
interfering with the normalizations so far accomplished. In consequence 
hereof, the ensuing discussion will be simply a discussion of the normalization 

FIG. 2 

of the operators for the homogeneous Lorentz group and the result to be obtained 
will be valid for that group also. 

Partly because the representations up to a factor of the three dimensional 
rotation group may be interesting in themselves, but more particularly because 
the procedure to be followed for the Lorentz group can be especially simply 
demonstrated for this group, the three dimensional rotation group shall be taken 
up first. 

It is well known that the normalization cannot be carried so far thatw(A, J) = 1 
in (22D) and there are well known representations for which w(A, J) = ±l. 
We shall allow this ambiguity therefore from the outset. 

One can observe, first, that the operator corresponding to the unity of the 
group is a constant. This follows simply from d(A)d(E) = w(A, E)d(A). 
The square of an operator corresponding to an involution is a constant, therefore. 
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The operator corresponding to the rotation about the axis e by the angle'll", 
normalized so that its square be actually 1, will be denoted by ej e2 = 1. The 
e are-apart from the sign-uniquely defined. 

A rotation R about v by the angle a is the product of two rotations by 71" 

about el and ez where el and e2 are perpendicular to v and ez arises from el by 
rotation about v with a/2. Choosing for every v an arbitrary el perpendicular to 
v, we can normalize, therefore 

(44) d(R) = ±ele2. 

Now d(R) commutes with every deS) if S is also a rotation about v. This is 
proved in equations (24)-(30). The III iIi (30) must vanish on account of (29). 

FIG. 3 

(Also, both Rand S can be arbitrarily accurately represented as powers of a 
very small rotation about v). Hence, transforming (44) by deS) one obtains 

(44a) d(R) = ±d(S)e1d(S)-1.d(S)lzd(S)-1. 

Now d(S)e1d(S)-1 corresponds to a rotation by 71" about an axis, perpendicular 
to v and enclosing an angle fJ with el , where fJ is the angle of rotation of S. 
Since the square of d(S)e1d(S)-1 is also 1, (44a) is simply another way of writing 
d(R) = eae4 as a product of two e and we see that the normalization (44) is 
independent of the choice of the axis el (Cf. Fig. 2). 

For computing d(R)d(T) we can draw the planes perpendicular to the axes of 
rotation of Rand T and use for d(R) = eRee such a development that the axis ee 
of the second involution coincide with the intersection line of the above-men
tioned planes, while for d(T) = eeer we choose the first involution to be a rota
tion about this intersection line (Fig. 3). Then, the product 

(45) d(R)d(T) = ±eReeeeer = ±eRer 
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will automatically have the normalization corresponding to (44). This shows 
that the operators normalized in (44) give a representation up to the sign. 

For the Lorentz group, the proof can be performed along the same line, only 
the underlying geometrical facts are less obvious. Let A be a Lorentz trans
formation without elementary divisors with the characteristic values e2i." e-2i." 

e2)(, e-2)( and the characteristic vectors VI, V2 = V~ , V3, V4, as described in section 
4B. 

We want to make A = MN with M2 = N 2 = 1. For AN = M, we have 
AN AN = 1 and thus AN A = N. Setting NVi = L aikVk, we obtain ANAvl = 

k 

L XkaikXiVi = :E aikVk. Because of the linear independence of the Vk this 
amounts to XiX"aik = ail,: all aik are zero, except those for which XiX" = 1. As 
in none of the cases (a), (b), (c), (d) of section 4B is Xl or X2 reciprocal to one of 
the last two X, the vectors VI and V2 will be transformed by N into a linear com
bination of VI and V2 again, and the same holds for Va and v,. This means that N 
can be considered as the product of two transformations N = N,Nt , the first 
in the VIV2 plane, the second in the V3V, plane. (Instead of VIV2 plane one really 
should say VI + V2 , iVI - iV2 plane, as VI and V2 are complex themselves. This 
will be meant always by VIV2 plane, etc.). The same holds for M also. 

Both N, and N, must satisfy the first and third condition for Lorentz trans
formations (cf. 4A) and both determinants must be either 1, or -1. Further
more, the square of both of them must be unity. 

If both determinants were + 1, the N, had to be unity itself, while N, could 
be the unity or a rotation by "II" in the VIV2 plane. Thus VI , V2 , V3 , v, would be 
characteristic vectors of N itself. 

If both determinants are -1 (this will turn out to be the case), N, is a re
flection on a line in the VIV2 plane and N, a reflection in the VaV, plane, inter
changing Va and v,. In this case VI , V2, V3 , V, would not all be characteristic 
vectors of N. 

If VI , V2 , V3, v. are characteristic vectors of N, they are characteristic vectors 
of M = AN also. Then both M and N would be either unity, or a rotation by "II" 

in the VIIi! plane. If both of them were rotations in the VIV2 plane, their product A 
would be the unity which we want to exclude for the present. We can exclude 
the remaining cases in which the determinants of N. and N, are +1 by further 
stipulating that neither M nor N shall be the unity in the decomposition A = 
MN. 

Hence N is the product of a reflection in the VIV2 plane 

(46a) 
I I 

Ns, = s, ; Ns, = -s, 

where s, and s; are two perpendicular real vectors in the1ltv2 plane 

(46b) .( i, -i. ) s, = t e VI - e V2, 

and of a reflection in the VaV, plane 

(46c) 
I , 

Nt" = t,,; Nt" = -t", 
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where again tIl , t; are real vectors in the V3V4 plane, perpendicular to each other, 
tIl being space-like, t; time-like: 

(46d) t; = f!va + e-"v4 ; tIl = f!V3 - e-"v4. 

Thus N becomes a rotation by 'If in the purely space like s.t,. plane. The M 
can be calculated from M = AN 

(46e) 

M ' AN ' A' i,+2iy + -i.-2oy S. = s, = s. = e VI e V2 

= ie2iy(s; - is,) + ie-2iY(8; + is.) = cos 21'.s; + sin 2".s. 
Ms. = sin 2".s; - cos 2".s. 
Mt' - ANt' - At' - ..P+2x + -,.-2X ,. - ,. - ,. - t: Va e V4 

= !lx(t; + t,.) + !e-2X(t; - tl') = Ch 2x·t; + Sh 2x·t,. 
Mt,. = -Sh 2x·t; - Ch 2x·t,.. 

Thus M also becomes a product of two reflections, one in the VIV2 = S;8. the 
other in the VaV4 = t;tl' plane. This completes the decomposition of A into two 
involutions. One of the involutions can be taken to be a rotation by 'If in an 
arbitrary space like plane, intersecting both thevlv2 and the VaV4 planes, as the 
freedom in choosing II and p. allows us to fix the lines s, and tIl arbitrarily in 
those planes. The involution characterized by (46) will be called N,,. hence
forth. The other involution M is then a similar rotation, in a plane, however, 
which is completely determined once the s.t,. plane is fixed. It will be denoted 
by M.,. (it is, in fact M.,. = N'+r ,.+x)' One sees the complete analogy to the 
three dimensional case if one remembers that " and X are the half angles of 
rotation. 

The d(M) and deN) so normalized that their squares be 1 shall be denoted by 
dl(M.,.) and dl(N.I')' We must show that the normalization for 

(47) d(A) = ±dl(M.,.)dl(N,,.) 

is independent of II and p.. For this purpose, we transform 

(47a) d(A) = ±dl(Moo)dl(Noo) 

with deAl) where Al has the same characteristic vectors as A but different 
characteristic values, namely ei ., e-i ., f! and e-". Since AlMooA1I = M.,. and 
A1NooA1I = N,,. we have d(A1)dl(Moo)d(AI)-1 = wdl(M,,,) where w = ±1, as 
the squares of both sides are 1. Hence, (47a) becomes if transformed with 
d(A1) just 

(47b) d(A1)d(A)d(Al)-1 = ±d1(M,,,)dl(N.,.). 

The normalization (47) would be clearly independent of II and p. if deAl) com
muted with d(A). 

Again, the argument contained in equations (24)-(30) can be applied and 
shows that 

(48) 
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holds for every'Y, X, v, p.. However, the exponential in (48) must be 1 if'Y = 0; 
v = 21r/n; X = !np. since in this case A = A:. Thus exp (-41rVp.) = 1 for 
every p. and! = 0 and the left side of (47b) can be replaced by d(A) j the normali
zation in (47) is independent of v and p.. 

In order to have the analogue of (45), we must show that, having two Lorentz 
transformations A = M."N." and I = PafJQafJ we can chose v, p. and ex, fJ so 
that N." = P afJ i.e. t.hat the plane of rotation 8.t" of N." coincide with the plane 
of rotation of P afJ, As the latter plane can be made to an arbitrary space
like plane intersecting both the 1011»2 and the WaW. planes (where WI, 1»2, Wa, W4 

are the characteristic vectors of I), we must show the existence of a space like 
plane, intersecting all four planes VIV2, V3V4, WIW2, WaW(. Both the first and 
the second pair of planes are orthogonal. 

One can show22 that if A and I have no common null vector as characteristic 

22 We first suppose the existence of a real plane p intersecting all four planes V.V. , v.v, , 

tC.WI , WaW.. If p intersects V.V2 the plane q perpendicular to p will intersect the plane V.V. 

perpendicular to V.V2' Indeed, the line which is perpendicular to both p and V.V. (there is 
such aline as p and V.VI intersect) is contained in both q and VaV,. This shows that if there 
is a plane intersecting all four plllnes, the plane perpendicuhir to this will have this property 
also. 

Fig. 4 gives a projection of all lines into the X.X: plane. One sees that there are, in 
general, two intersecting planes, only in exceptional cases is there only one. 

H the plane p-·the existence of which we suppose for the time being-contains a time-like 
vector, q will be space-like (Section 4B, (1)). Both in this case. and if p contains only 
space-like vectors, the theorem in the text is valid. There is a last possibility, that pis 
tangent to the light cone, i.e. contains only space like vectors and Il null vector v. The 
space-like vectors of p are all orthogonal to v, otherwise p would contain time-like vectors 
also. In this case the plane q, perpendicular to p will contain v also. The line in which 
V.V2 intersects p is space-like and ?rthogonal to the vector in which VaV. intersects p. The 
latter intersection must coincide with v, therefore, as no other vector of p is orthogonal to 
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vector, there are always two planes, perpendicular to each other ·which intersect 
four such planes. One of these is always space like. It is possible to assume, 
therefore, that both N." and P "p are the rotation by 11" in this plane. Thus 

(49) 
d(A)d(I) ±d1(JlI.,,)d1(N.,.)d1(P "p)d1(Q.,p) 

±d1(M.")d1(Q,,p) , 

and d(A)d(I) has the norm~~lization corresponding to the product of two involu
tions, neither of which is unity. This is, however, also the normalization 
adopted for d(AI). Hence 

(49a) d(A)d(I) = ±d(AI) 
I 

holds if A, I and AI are Lorentz transformations corresponding to one of the 
cases (a), (b), (c) or (d) of section 4B and if A and I have no common character
istic null vector. In addition to this (49a) holds also, assuming deE) = ±1, 
if any of the transformations A, I, AI is unity, or if both characteristic null 
vectors of A and I are equal, as in this case the planes VaV4 and WaW4 and also 
VIV2 and WIW2 coincide and there are many space like planes intersecting all. 

If AandI have one· common characteristic null vector, Va = tva, the others, v4and 
w. respectively, being different, one can use an aritifice to prove (49a) which will 
be used in later parts of this section extensively. One can find a Lorentz 
transformation J so that none of the pairs I - J; A - I J; AI J - J-1 has a 
common characteristic null vector. This will be true, e.g. if the characteristic 
null vectors of J are v. and another null vector, different from Va, W4 and the 
characteristic vectors of AI. Then (49a) will hold for all the above pairs and 

d(A)d(I) ±d(A)d(I)d(J)d(r1) = ±d(A)d(I J)d(rl) 

= ±d(AIJ)d(rl ) = ±d(AI). 

any space-like vector in it. Hence, v is the intersection of p and VIII, and is either VI or v, • 
One can conclude in the same way that v coincides with either w. or w, also and we see that 
if p is tangent to the light cone the two transformations A and I have a common null vector 
as characteristic vector. Thus the theorem in the text is correct if we can show the exist
ence of an arbitrary real plane p intersecting all four planes 111112 , II,V" WIW, , WIW •• 

Let us draw a coordinate system in our four dimensional space, the XIX, plane of which is 
the V,V2 plane, the x, and x, axes having the directions of the vectors III - II, and III + II, , 

respectively. The tlll'ee dimensional manifold 111 characterized by x, ... 1 intersects all 
planes in a line, the 111112 plane in the line at infinity of the XIX2 plane, the lilli, plane in the X3 

axis. The intersection of 111 with the WIW, and w,w. planes will be lines in M with directions 
perpendicular to each other. They will have a common normal through the origin of M, 
intersecting it at reciprocal distances. This follows from their orthogonality in the four 
dimensional space. 

A plane intersecting 11,11, and II.V, will be a line parallel to XIX, through the Xa axis. If we 
draw such lines through all points of the line corresponding to WIW, , the direction of this 
line will turn by ... if we go from one end of this line to the other. Similarly, the lines going 
through the line corresponding to WaW, will turn by or in the oppo8ite direction. Thus the 
first set of lines will have at least one line in common with the second set and this line will 
correspond to a real plane intersecting all four planes VIV. , II.V, , WIW, , WIW,. This com
pletes the proof of the theorem referred to in the text. 
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This completes the proof of (49a) for all cases in which A, I and AI have no 
elementary divisors. It is evident also that ,ve can replace in the normalization 
(47) the dl by d. One also concludes easily that d(M)2 is in the same representa
tion either + 1 for aU involutions M, or -1 for every involution. The former 
ones will give real representations, the latter ones representations up to the 
sign. 

If A has an elementary divisor, it can be expressed in the v. , w. , z. , !h scheme 
as the matrix (Cf. equ. (20)) 

1 1 1. 0 2 

0 1 1 0 
A.= 

0 0 1 0 

0 0 0 1 

and can be written, in the same scheme, as the product of two Lorentz trans
formations with the square 1 

1 -1 t 0 1 0 0 0 

o -1 1 0 0 -1 0 0 
A. = ,lloNo = 

00100010 

o 0 0 -1 0 0 0 -1 

We can normalize therefore d(A.) = ±d(Mo)d(No). If A can be written as the 
product of two other involutions also A. = MINt the corresponding normaliza
tion will be identical with the original one. In order to prove this, let us con
sider a Lorentz transformation J such that neither of the Lorentz transforma
tion(J, NoJ, NIJ, A.J = MoNoJ = MINIJ have an elementary divisor. Since 
the number of free parameters is only 4 in case (e), while 6 for case (a), this if' 
always possible. Then, for (45a) 

d(Mo)d(No)d(J) = ±d(Mo)d(NoJ) = ±d(MoNoJ) 

= ±d(MINIJ) = ±d(Ml)d(NIJ) = ±d(Ml)d(NI)d(J) 

and thus d(Mo)d(No) = ±d(MI)d(NI). This shows also that even if AI is in 
case (e), w(A, I) = ±1, since (49) leads to the correct normalization. 

If A = MN has an elementary divisor, I not, d(A)d(I) still will have the 
normalization corresponding to the product of two involutions. One can find 
again a J such that neither of the transformations J, J-\ IJ, NIJ, MNIJ, 
have an elementary divisor. Then 

d(M)d(N)d(I) = ±d(M)d(N)d(I)d(J)d(J)-1 

= ±d(M)d(N)d(IJ)d(J)-1 = ±d(M)d(NIJ)d(J)-1 

= d(AIJ)d(r1). 

The last product has, however, the normalization corresponding to two involu
tions, as was shown in (49a), since neither AIJ, nor J-I is in case (e). 
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Lastly, we must consider the case when both A and I may have an elementary 
divisor. In this case, we need a J such that neither of J, J-t, I J have one. 
Then, because of the generalization of (49a) just proved, in which the first 
factor is in case (c) 

d(A)d(I) = ±d(A)d(I)d(J)d(rl) = ±d( A)d(I J)d(rl) 

= ±d(AI J)d(.r l ) 

which has the right normalization. 
This completes the proof of 

(50) w(A, I) = ±l 

for all possible cases, and the normalization of all D(L) of a representation of the 
inhomogeneous Lorentz group up to a factor,is carried out in SUCh a way that the 
normalized operators give a representation up to the sign. It is even carried 
so far that in the first two of equations (22) w = 1 can be set. We shall consider 
henceforth systems of operators satisfying (7), or, more specifically, (22B) and 
(22C) withw(a, b) = w(A, a) = 1 and (22D) withw(A, I) = ±1. 

E. 
Lastly, it shall be shown that the renormalization not only did not spoil the 

partly continuous character of the representation, attained at the first normali
zation in part (A) of this section, but that the same holds now everywhere, 
in the ordinary sense for T(a) and, apart from the ambiguity of sign, also for 
d(A). For T(a) this was proved in part (B)(b) of this section, for d(A) it means 
that to every Al , E and f{I there is such a a that one of the two quantities 

(51) «d(AI) =F d(A»f{I, (d(AI) =F d(A»f{I) < E 

if A is in the neighborhood a of AI. The inequality (51) is equivalent to 

(51a) 

where Ao = All A now can be assumed to be in the neighborhood of the unity. 
Thus, the continuity of d(A) at A = E entails the continuity everywhere.23 

In fact, it would be sufficient to show that the d(X), dey) and a(Z) correspond
ing to the transformations (40) converge to ±1, as a, 'Y approach 0, since one 
can write every transformation in the neighborhood of the unit element as a 
product A = Z(O, 'Y3)Y(0, 'Y2)X(0, 'YI)X(al, 0)Y(a2' O)Z(aa, 0) and the param
eters ai, ... , 'Y3 will converge to 0 as A converges to 1. However, we shall 
carry out the proof for an Arbitrary A without an elementary divisor. 

For d(A), equations (46) show that as A approaches E (i.e., as 'Y and X approach 
zero) both Moo and Noo approach the same involution, which we shall call K. 
Let us now consider a wave function 1/1 = f{I + dl(K)f{I or, if this vanishes 1/1 = 
f{I - d1(K)f{I. We have d1(K)I/I = ±I/I. If A is sufficiently near to unity, 

13 J. von Neumann, Sitz. d. kon. Preuss. Akad. p. 76,1927. 
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dl(Noo),p will be sufficiently near to (k1t(K),p = ±O,p and all we have to show 
is that 0 approaches ±1. The same thing will hold for dl(Moo). Indeed from 
dl(Noo),p - O,p = u it follows by applying dl(Noo) on both sides ,p - 02,p = 
(dl(Noo) + O)u. As (u, u) goes to zero, 0 must go to ±1, and consequently, 
also dl(Noo),p goes to ,p or to -,p. Applying dl(Moo) to this, one sees that 
dl(Moo)dl(Noo),p = d(A),p goes to ±,p as A goes to unity. The argument given in 
(A) (b) shows that this holds not only for ,p but for every other function also, 
i.e. d(A) converges to ±1 = d(E) as A approaches E. Thus d(A) is continuous 
in the neighborhood of E and hence everywhere. 

According to the last remark in part 4, the operators ±d(A) form a single 
valued representation of the group of complex unimodular two dimensional 
matrices C. Let us denote the homogeneous Lorentz transformation which 
corresponds in the isomorphism to C by C. Our task of solving the equs. 
(22) has been reduced to finding all single valued unitary representation of the 
group with the elements [a, C) = [a, 1] [0, C], the multiplication rule of which is 
[a, CI ] [b, C2] = [a + Clb, CIC!]. For the representations of this group D[a, C] = 
T(a)d[C] we had 

T(a)T(b) = T(a + b) 

(52a) d[C]T(a) = T(Ca) d[C] 

d[CI]d[C2] = d[CIC2]. 

It would be more natural, perhaps, from the mathematical point of view, to use 
henceforth this new notation for the representations and let the d depend on the 
C rather than on the C or A. However, in order to be reminded on the geometri
cal significance of the group elements, it appeared to me to be better to keep the 
old notation. Instead of the equations (22B), (22C), (22D) we have, then 

(52B) 

(52C) 

(52D) 

T(a)T(b) = T(a + b) 

d(A)T(a) = T(Aa) d(A) 

d(A) d{l) = ±d(Al). 

6. REDUCTION OF THE REPRESENTATIONS OF THE INHOMOGENEOUS LORENTZ 

GROUP TO REPRESENTATIONS OF A "Ln.'TLE GROUP" 

This section, unlike the other ones, will often make use of methods, which 
though commonly accepted in physics, must be further justified from a rigorous 
mathematical point of view. This has been done, in the meanwhile, by J. 
von Neumann in an as yet unpublished article and I am much indebted to him 
for his cooperation in this respect and for his readiness in communicating his 
results to me. A reference to his paper24 will be made whenever his work is 
necessary for making inexact considerations of this section rigorous. 

2' J. von Neumann, Ann. of Math. to appear shortly. 
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A. 
Since the translation operators all commute, it is possible24 to introduce such a 

coordinate system in Hilbert space that the wave functions lP(p, r) contain 
momentum variables PI , P2 , pa , p. and a discrete variable r so that 

(53) 

P will stand for the four variables PI , P2, P3, p •. 
Of course, the fact that the Lorentzian scalar product enters in the exponent, 

rather than the ordinary, is entirely arbitrary and could be changed by changing 
the signs of PI , P2 , P3 • 

The unitary scalar product of two wave functions is not yet completely defined 
by the requirements so far made on the coordinate system. It can be a sum
mation over r and an arbitrary Stieltjes integral over the components of p: 

(54) ("', IP) = ~ f ",(p, r)*IP(p, r) df(p, r). 

The imp01:tance of introducing a weight factor, depending on p, for the scalar 
product lies not so much in the possibility of giving finite but different weights to 
different regions in p space. Such a weight distribution g(p, r) always could be 
absorbed into the wave functions, replacing alllP(p, r) by v'g(p, r) 'lP(p, r). The 
necessity of introducing the !(p, r) lies rather in the possibility of some regions 
of p having zero weight while, on the other hand, at other places points may have 
finite weights. On account of the definite metric in Hilbert space, the integral 
J clf(p, r) over any region r, for any r, is either positive, or zero, since it is the 
scalar product of that function with itself, which is 1 in the region r of p and the 
value r of the discrete variable, zero otherwise. 

J.. .. et us now define the operators 

(55) 

This equation defines the function P(A)IP, which is, at the point p, r, as great as 
the function IP at the point A -lp, r. The operator peA) is not necessarily uni
tary, on account of the weight factor in (54). We can easily calculate 

P(A)T(a)lP(p, r) = T(a)lP(r1p, r) = eiIA-lp.tI)lP(rlp, r), 

'i'(Aa)P(A)IP(p, r) = eilp.AtI) P(A)IP(p, r) = ei1p,AtI)IP(A -lp, r), 

so that, for {A-1p, a} = {p, Aa}, we have 

(56) P(A)T(a) = T(Aa)P(A). 

This, together with (52C), shows that d(A)P(A)-1 = Q(A) commutes with all 
'i'(a) and, therefore, with the multiplication with every function of p, since the 
exponentials form a complete set of functions of PI, P2 , P3 , p.. Thus 

(57) d(A) = Q(A)P(A), 
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where Q(A) is an operator in the space of the r alone24 which can depend, how
ever, on the particular value of p in the underlying space: 

(57a) Q(A)!p(p, r) = 1: Q(p, A)r,!p(P, 1/). , 
Here, Q(p, Ah. are the components of an ordinary (finite or infinite) matrix, 
depending on p and A. From (57), we obtain 

d(A)!p(p, r) = L: Q(p, A)r,P(A)!p(p, 1/) , 
(57 b) 

= 1: Q(p, A)r,!p(A-1p, 1/) • 
• 

As the exponentials form a complete set of fUllctions, we can approximate the 
operation of multiplication with any function of PI, P2, pa, P4 by a linear 
combination 

(58) f(P)!p = 1: e" T(a,,)!p. 
" 

If we choosef(p) to be such a function that 

(58a) f(p) = f(Ap) 

the operation of multiplication with f(p) will commute with all operations of 
the group. It commutes evidently with the T(a) and the Q(p, A), and on 
account of (56) and (58), (58a) also with P(A). Thus the operation of (58) 
belongs to the centrum of the algebra of our representation. Since, however, 
we assume that the representation is factorial (cf. 2), the centrum contains only 
multiples of the unity and 

(58b) f(p)!p(p, r) = C!p(p, r). 

This can be true only if tp is different from zero only for such momenta p which 
can be obtained from each other by homogeneous Lorentz transformations, 
because f(p) needs to be equal to f(p') only if there is a A which brings them 
into each other. 

It will be sufficient, henceforth, to consider only such representations, the 
wave functions of which vanish except for such momenta which can be obtained 
from one by homogeneous Lorentz transformations. One can restrict, then, 
the definition domain of the !p to these momenta. 

These representations can now naturally be divided into the four classes 
enumerated in section 3, and two classes contain two subclasses. There Will be 
representations, the wave functions of which are defined for such p that 

(1) {p, p} = P > 0 (3) P = 0 

(2) {p, p} = P = 0; p ~ 0 (4) {p, p} = p < o. 
The classes 1 and 2 contain two sub-classes each. In the positive subclasses 

P + and 0+ the time components of all momenta are P4 > 0, in the negative 
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subclasses P _and 0_ the fourth components of the momenta are negative. 
Class 3 will be denoted by 00 • If P is negative, it has no index. 

From the condition that d(A) shall be a unitary operator, it is possible to 
infer24 that one can introduce a coordinate system in Hilbert space in such a 
way that 

(59) f df(p, s) = 1r df(p, ,,) 

if Q(p, A)r, ~ 0 for the p of the domain T. Otherwise, T is an arbitrary domain 
in the space of PI , P2 , pa , p, and AT is the domain which contains Ap if T con
tains p. Equation (59) holds for all S, ", except for such pairs for which 
Q(p, A)r. =0. It is possible, hence, to decompose the original rf1presentation 
in such a way that (59) holds within every reduced part. Neither 7'(a) nor 
d( A) can have matrix elements between such 1'/ and r for which (59) does not hol<;1. 

In the third class of representations, the variable p can be dropped entirely, 
and T(a)lP(!) = IP(!), i.e., all wave functions are invariant under the operations 
of the invariant subgroup, formed by the translations. The equation 7'(a)lP(s) 
= IP(!) is an invariant characterization of the representations of the third class, 
i.e., a characterization which is not affected by a similarity transformation. 
Hence, the reduced parts of a representation of class 3 also belong to this class. 

Since no wave function of the other classes can remain invariant under all 
translations, no representation of the third class can be contained in any repre
sentation of one of the other classes. In the other classes, the variability 
domain of p remains three dimensional. It is possible, therefore, to introduce 
instead of PI , Pt , P3 , p, three independent variables. In the cases 1 and 2 with 
which we shall be concerned most, PI , P2 , pa can be kept for these three variables. 
On account of (59), the Stieltjes integral can be replaced by an ordinary integrae' 
over these variables, the weight factor being \ p,\-l = (P + P: + p~ + p:r-l 

(59a) {.y, IP} = ~ f f f~ .y(p, r)*IP(p, s) \ p. rl dp I dp2 dpa. 

In fact, with the weight factor \ p,\-l the weight of the domain T i.e., Wr = 

f f I. I p, r 1 dpi dPt dpa is equal to the weight of the domain WAr as required25 

by (59). Having the scalar product fixed in this way, peA) becomes a unitary 
operator and, hence, Q(A) will be unitary also. 

We want to give next a characterization of the representations with a given P, 
which is independent of the coordinate system in Hilbert space. It follows from 

II The invariance of integrals of the character of (590.) is frequently made use of in 
relativity theory. One can prove it by calculating the Jacobian of the transformation 

(i = 1,2,3) 

which comes out to be (P + p~ + p~ + pDI(P + p~' + p;' + p;2)-I. Equ. (590.) will not be 
used in later parts of this paper. 
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(53), that in a representation with a given P the wave functions "'1, Vt2, ... 
which are different from zero only in a finite domain of p, form an everywhere 
dense set, to all elements of which the infinitesimal operators of translation can 
be applied arbitrarily often 

limh-n(T(he) - 1)nVt = limh-n(eihl1>"l - 1)"Vt 
(60) N-O A-O 

= i"{p, e\"Vt, 

where e will be a unit vector in the direction of a coordinate axis or oppositely 
directed to it. Hence for all members Vt of this everywhere dense set 

(61) lim L ± h-2(T(2hek) - 2T(he,,) + I)Vt = (p~ + p; + p! - P:)Vt = -PVt, 
1&-0 k 

where e" is a unit vector in (or opposite) the klh coordinate axis and the ± is + 
for k = 4, and - for k = 1, 2, 3. 

On the other hand, there is no tp for which 

(61a) 

if it exists, would be different from - Ptp. Suppose the limit in (61a) exists and 
is -Ptp + tp'. Let us choose then a normalized Vt, from the above set, such that 
(Vt, tp') = ~ with ~ > 0 and an h so that the expression after the lim sign in 
(61a) assumes the value - Ptp + tp' + u with (u, u) < ~/3 and also the expression 
after the lim sign in (61), with oppositely directed e" becomes - PVt + u' with 
Cu', u') < ~/3. Then, on account of the unitary character of T(a) and because 
of T( -a) = T(a)-l 

(Vt, ~ ± h-2(T(2hek) - 2T(hek) + l)tp} 

= (~ ± h-2(T( -2he,,) - 27'( -he,,) + 1)1/1, 'P)' 

or 

- P(Vt, tp) + (Vt, 'P') + (Vt, u) = -P(Vt, tp) + (u/, 'P), 

which is clearly impossible. 
Thus if the lim in (61a) exists, it is - Ptp and this constitutes a characterization 

of the representation which is independent of similarity transformations. 
Since, according to the foregoing, it is always possible to find wave functions 
for a representation, to which (61a) can be applied, every reduced part of a 
representation with a given P must have this same P and no representation 
With one P can be contained in a representation with an other P. Th~ same 
argument can be applied evidently to the positive and negative sub-classes of 
class 1 and 2. 
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B. 
Every automorphism L -+ LO of the group allows us to construct from one 

representation D(L) another representation 

(62) 

This principle will allow us to restrict ourselves, for representations with finite, 
positive or negative P, to one value of P which can be taken respectively, to be 
+ 1+ and -1. It will also allow in cases 1 and 2 to construct the representations 
of the negative sub-classes out of representations of the positive sub-classes. 

The first automorphism is aO = aa,.A ° = A. Evidently Equs. (12) are invari
ant under this transformation. If we set, however, 

then the occurring p 

TO(a)'P = T(aa)'P = eiIJ).aal'P = ei(ap.a1'P, 

will be the p occurring for the unprimed representation, multiplied by a. This 
allows, with a real positive a, to construct all representations with all possible 
numerical values of P, from all representation with one numerical value of P. 
If we take a negative, the representations of the negative sub-classes are obtained 
from the representations of the positive sub-class. 

In case P = 00 evidently all representations go over into themselves by the 
transformation (62). In case P = 0+ and P = 0_ it will turn out that for 
positive a, (62) carries every representation into an equivalent one. 

C. 

On account of (53) and (56), (57), the equs. (52B) and (52C) are automatically 
satisfied and the Q(p, A)r, must be determined by (52D). This gives 

(63) LQ(p, A)r.Q(r1p, I)."'P(I-1A-1p,iJ) = ± LQ(p, AI)N'P(r1A-1p, iJ) • . " , 
Since this must hold for every 'P, one would conclude 

(63a) 

Actually, this conclusion is not justified, since two wave functions must be 
considered to be equal even if they are different on a set .of measure zero. Thus 
one cannot conclude, without further consideration, that the two sides of (63a) 
are equal at every point p. On the other hand,24 the value of Q(p, A)r. can be 
changed on a set of measure zero and one can make it continuous in the neighbor
hood of every point, if the representation is continuous. This allows then, to 
justify (63a). It follows from (63a) that Q(p, l)r. = 6r •. 



On Unitary Representations of the Inhomogeneous Lorentz Group 375 

190 E. WIGNER 

Let us choosel5 now a basic po arbitrarily. We can consider then the subgroup 
of all homogeneous Lorentz transformations which leave this po unchanged. 
For all elements A, L of this "little group," we have 

L Q(po, X)r~Q(po, ')." = ± Q(po, X')rtJ 
(64) • 

where g(X) is the matrix q(X)r. = Q(po, X)r.. Because of the unitary character of 
Q(A), the Q(po, A)r. is unitary matrix and q(X) is unitary also. 

If we consider, according to the last paragraph of Section 5, the group formed 
out of the translations and unimodular two-dimensional matrices, rather than 
Lorentz transformations, the ± sign in (64) can be replaced by a + sign. In 
this case, ). and, are unimodular two-dimensional matrices and the little group 
is formed by those matrices, the corresponding Lorentz transformations ~, , to 
which leave po unchanged ~Po = ,po = po. 

Adopting this interpretation of (64), one can also see, conversely, that the 
representation q(X) of the little group, together with the class and P of the 
representation of the whole group, determines the latter representation, apart 
from a similarity transformation. In order to prove this, let us define for every 
p a two-dimensional unimodular matrix a(p) in such a way that the correspond
ing Lorentz transformation 

(65) ii(p)po = P 

brings po into p. The a(p) can be quite arbitrary except of being an almost 
everywhere continuous function of p, especially continuous for p = po and 
a(po) = 1. Then, we can set 

(66) 
d(a(p)-I)<p(PO, n = <p(p, r), 

d(a(p»<p(p, r) = <p(Po, n. 
This is equivalent to setting in (58) 

(66a) Q(p, a(p)) = 1 

and can be achieved by a similarity transformation which replaces <p(p, r) by 
1:. Q(po, a(p)-I)r.<p(P, 71)· As the matrix Q(po, a(p)-l) is unitary, this is a 
unitary transformation. It does not affect, furthermore, (53) since it containsp 
only as a parameter. 

Assuming this transformation to be carried out, (66) will be valid and will 
define, together with the d(X), all the remaining Q(p, A) uniquely. In fact, 
calculating d(A)<p(p, r), we can decompose A into three factors 

(67) 
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The second factor f3 = a(p)-l Aa(A-1p) belongs into the little group: a(p)-l 
A&(A-1p)po = &(p)-l A.A-1p = &(p)-Ip = po. We can write, therefore 
(X-I 1) = p') 

d( A)cp(p, n = d(a(p))d(f3)d(a(p'))-lcp(p, ~) 

(67a) = d(f3)d(a(p'))-lcp(po , r) 

= L q(f3)t~d(a(p')-I)cp(po , '1) = L q(f3)r*(p', '1). 
~ ~ 

This shows that alI representations of the whole inhomogeneous Lorentz group 
are equivalent which have the same P and the same representation of the little 
group. Further than this, the same holds even if the representations of the 
little group are not the same for the two representations but only equivalent 
to each other. Let us assume ql(A) = sq2(A)s-l. Then by replacing 'P(p, n by 
L~ set, '1)cp(p, '1) we obtain a new form of the representation for which (53) still 
holds but q2(f3) for the little group is replaced by ql(f3). Then, by the trans
formation just described (Eq. (66)), we can bring d(A) for both into the form 
(67a). The equivalence of two representations of the little group must be 
defined as the existence of a unitary transformation which transforms them into 
each other. (Only unitary transformations are used for the whole group, also). 

On the other hand, if the representations of the whole group are equivalent, 
the representations of the little group are equivalent also: the representation 
of the whole group determines the representation of the little group up to a 
similarity transformation uniquely. 

The representation of the little group was defined as the set of matrices 
Q(po, >'h~ if the representation is so transformed that (53) and (66a) hold. 
Having two equivalent representations D and SDS-1 = DO for both of which (53) 
and (66a) holds, the unitary transformation S bringing the first into the second 
must leave alI displacement operators invariant. Hence, it must have the form 
(57a), i.e., operate on the ~ only and depend on p only as on a parameter. 

(68) Scp(p, ~) = L S(ph~cp(p, '1). 
~ 

Denoting the matrix Q for the two representations by Q and QO, the condition 
SD(A) = DO(A)S gives that 

(68a) L S(P)r.Q(p, A)." = L QO(p, Ah~S(A -lp)." 
~ 

holds, for every A, for almost every p. Setting A = a(PI) we can let p approach 
PI in such a way that (688,) remains valid. Since Q is a continuous function of p 
both Q(p, A) and QO(p, A) wiII approach their limiting value 1. It follows that 
there is no domain in which 

(69) 

would not hold, i.e., that (69) holds for almost every PI. Since all our equations 
must. hold only for almost every p, the S(P)h can be assumed to be independent 
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of p and (68a) then to hold for every p also. It then follows that the representa
tions of the little group in D and DO are transformed into each other by Sr •. 

The definition of the little group involved an arbitrarily chosen momentum 
vector po. It is clear, however, that the little groups corresponding to two 
different momentum vectors po and pare holomorphic. In fact they can be 
transformed into each other by a(p): If A is an element of the little group 
leaving p invariant then a(p)-I Aa(p) = fJ is an efement of the little group which 
leaves po invariant. We can see furthermore from (67a) that if A is in the little 
group corresponding to p, i.e. Ap = P then the representation matrix q(fJ) of 
the little group of po, corresponding to fJ, is identical with the representation 
matrix of the little group of p, corresponding to A =' a(p)fJa(p)-I. Thus when 
characterizing a representation of the whole inhomogeneous Lorentz group by P 
and the representation of the little group, it is not necessary to say which po is 
left invariant by the little group. 

D. 

Lastly we shall determine the constitution of the little group in the different 
cases. 

1+. In case 1+ we can take for po the vector with the componentx3 0, 0, 0, 1. 
The little group which leaves this invariant obviously contains all rotations 
in the space of the first three coordinates. This holds for the little group of all 
representations of the first class. 

00• In case 00 ,the little group is the whole homogeneous Lorentz group. 
-1. In case P = -1 the po can be assumed to have the components 1, 0, 0, 0. 

The little group then contains all transformations which leave the form -x: -x: 
+ x! invariant, i.e., is the 2 + 1 dimensional homogeneous Lorentz group. The 
same holds for all representations with P < 0. 

0+. The determination of the little group for P = 0+ is somewhat more 
complicated. It can be done, however, rather simply, for the group of uni
modular two dimensional matrices. The Lorentz transformation corresponding 

to the matrix II ; ~ II with ad - be = 1 brings the vector with the components 

. I 'th I ' , , , h 18 Xl , X2 , X3 , X4 , mto t le vector WI t Ie components Xl , X2 , X3 , X4 ,were 

(70) 
II 

a b 1111 X4 + X3 

e d Xl - iX2 

The condition that a null-vector po, say with the components 0,0, 1, 1 be invari
ant is easily found to be \ a \2 = 1, e = 0. Hence the most general element of the 
little group can be written 

(71) II 
e -Oi~/2 (x + iy )ei~/211 

ei~/2 I 
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with real x, y, {3 and 0 ~(3< 4'11". The general element (71) can 'be written as 
t(x, y) 8{(3) where 

(71 a) 11
1 x + iyll 

t(x, y) = 0 1 ; 

The multiplication rules for these are 

(71b) t(x, y)t(x', V') = t(x + x', y + V'), 

(71 c) 8({3)t(x, y) = t(x cos {3 + y sin {3, - x sin (3 + y cos (3)8«(3), 

(71d) 8{(3)8({3') = 8({3 + (3'). 

One could restrict the variability domain of (3 in 8({3) from 0 to 211". As 8(211") 
commutes with all elements of the little group, it will be a constant and from 
8(211")' = 8(4'11") = 1 it can be 8(2'11") = ±1. Hence 8({3 + 2'11") = ±8({3) and 
inserting a ± into equation (71d) one could restrict {3 to 0 ~ (3 < 211". 

These equations are analogous to the equations (52)-(52D) and show that the 
little group is, in this case, isomorphic with the inhomogeneous rotation group of 
two dimensions, i.e. the two dimensional Euclidean group. 

It may be mentioned that the Lorentz transformations corresponding to 
t(x, y) have elementary divisors, and constitute all transformations of class e) 
in 4B, for which v. = Po. The transformations 8({3) can be considered to be 
rotations in the ordinary three dimensional space, about the direction of the 
space part of the vector po . It is possible, then,to prove equations (71) also directly. 

7. THE REPRESENTATIONS OF THE Ll'ITLE GROUPS 

A. Representations of the three dimensional rotation group by unitary 
transformations. 

The representations of the three dimensional rotation group in a space with a 
finite member of dimensions are well known. There is one irreducible representa
tion with the dimensions 1, 2, 3, 4, ... each, the representations with an odd 
number of dimensions are single valued, those with an even number of dimen
sions are two-valued. These representations will be denoted by D{J1 (R) where 
the dimension is 2j + 1. Thus for single valued representations j is an integer, 
for double valued representations a half integer. Every finite dimensional 
representation can be decomposed into these irreducible representations. 
Consequently those representations of the Lorentz group with positive P in 
which the representation of the little group-as defined by (64)-has a finite 
number of dimensions, can be decomposed into such representations in which 
the representation of the little group is one of the well known irreducible repre
sentations of the rotation group. This result will hold for all representations 
of the inhomogeneous Lorentz group with positive P, since we shall show that 
even the infinite dimensional representations of the rotation group can be 
decomposed into the same, finite, irreducible representations. 



On Unitary Representations ofthe Inhomogeneous Lorentz Group 379 

194 E. WIGNER 

In the following, it is more appropriate to consider the subgroup of the two 
dimensional unimodular group which corresponds to rotations, than the rotation 
group itself, as we can restrict ourselves to single valued representations in this 
case (cf. equations (52)). From (70), one easily sees18 that the condition for 

II; : II to leave the vector with the components 0, 0, 0, 1 invariant is that it 

shall be unitary. It is, therefore, the two dimensional unimodular unitary 
group the representations of which we shall consider, instead of the representa..
tions of the rotation group. 

Let us introduce a discrete coordinate system in the representation space 
and denote the coefficients of the unitary representation by q(R).,. where R is a 
two dimensional unitary transformation. The condition fQr the unitary 
character of the representation q(R) gives 

(72) L q(R):~q(R)." = chIli L q(R):~q(R).~ = a •• , . ,. 
(72a) L 1 q(R).~ 12 = 1; 

• 
This show also that 1 q(R).~ 1 ~ 1 and the q(R).~ are therefore, as functions of R, 
square integrable: 

f 1 q(R).,. 12 dR 

exists if f ... dR is the well known invariant integral in group space. Since 
this is finite for the rotation group (or the unimodular unitary group), it can be 
normalized to 1. We then have 

(73) L f Iq(R).,.12 dR = L f Iq(R).~12dR = 1. . ~ 

The (2j + l)iDhi (R)kl form/G a complete set of normalized orthogonal functions 
for R. We set 

(74) 

We shall calculate now the integral over group space of the product of D(j)(R):, 
and 

(75) q(RS)." = L q(R).,.q(Sh". ,. 
The sum on the right converges uniformly, as for (72a) 

~ 1 q(R).,.q(Sh" 1 ~ (~I q(R).,.12 ~ 1 q(Sh" 12y ~ (~I q(Sh" 12y 
can be made arbitrarily small by choosing an N, independent of R, making the 
last expression small. Hence, (75) can be integrated term by term and gives 

(76) f DW(R):,q(RS)."dR = 2: f D(j)(R):,q(R).,.q(Sh"dR. ,. 
21 H. Weyl and F. Peter, Math. Annal. 97, 737,1927. 
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Substituting L D(il(RShmDul(S-I)ml for D(il(Rh, one obtains 
m 

(77) L D(il(S-I)!, f D<il(RS):mq(RS)ll'dR = L q(Shl' f D(i)(R):,q(R)I>.dR. 
m >. 

In the invariant integral on the left of (77), R can be substituted for RS and 
we obtain, for (74) and the unitary character 

(78) L D(Jl(S)'mCib.. = L q(ShI'CiZ,. 
m x 

Multiplying (78) by D(hl(S)~", the integration on the right side can be carried 
out term by term again, since the sum over X converges uniformly 

This can be made arbitrarily small, as even L L (2j + 1)-1 1 Ci~, 12 converges, 
x jlel 

for (74) and (72a). The integration of (78) yields thus 

(79) L Ci~,C~~" = oihaliCi~,,· 
x 

From q(R)q(E) = q(R) follows q(E) = 1 and then q(R-I) = q(R)-1 = q(R)t. 
This, with the similar equation for D(il(R) gives 

(80) 

or 

(81) 

L Ci~,D(il(R-lhl = q(R-I).x = q(R):. 
ilel 

- ~ C~I*D(Jl(R)* - ~ C~'*D(il(R-l) - L..J /Ik Ik - L..J /Ik lei, 
jlel ilel 

C"A CXI* ikl = file. 

On the other hand q(E)lx = alx yields 

(82) L Ci~k = alx. 
ile 

These formulas suffice for the reductj· of q(R). Let us choose for every 
finite irreducible representation D(il an iI,' k, say k = O. We define then, ih 
the original space of the representation q\1t:) vectors v<liIl with the components 

Cd Cd C" 3 
jlel, ilel, ikl,'" • 

The vectors v(lill for different j or l are orthogonal, the scalar product of those 
with the samej and l is independent of l. This follows from (79) and (81) 

(83) ( (l'i'I') (Iill) ~ Cl'x* C">' ~ C"X CXI' ~ ~ C"I' 
V ,v = L..J i'kl' ikl = L..J fkl i'I'k = uij'UII' jU' 

X x 

The v(lil) for all K, j, l, form a complete set of vectors. In order to show this, 
it is sufficient to form, for every", a linear combination from them, the" com
ponent of which is I, all other components O. This linear combination 'is 

(84) ~ C.I (IiI) 
L..J ilk V • 
Iii 
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In fact., the X component of (84) is, on account of (79) and (82) 

(85) '" c'« C«A '" C·A L...i jlk jkl = L...i jll = O,A • 
• il jl 

However, two v with the same j and l but different first indices " are not 
orthogonal. We can choose for every jan 1, say l = 0 and go through the vectors 
V(ljO), V(2jO) , ••• and, following Schmidt's method, orthogonalize and normalize 
them. The vectors obtained in this way shall be denoted by 

(86) W (ftjO) _ '" i V(AjO) 
- L...i anA • 

A 

Then, since according to (83) the scalar products (v(,jI), V(AjI) do not depend on 1, 
the vectors 

(86a) W (njl) _ '" i V(AjI) 
- L...i anA 

A 

will be mutually orthogonal and normalized also and the vectors w(njl) for all 
fl, j, 1 will form a complete set of orthonormal vectors. The same holds for the 
set of the conjugate complex vectors w(njl)*. Using these vectors as coor
dinate axes for the original representation q(R), we shall find that q(R) is com
pletely reduced. The II component of the vector q(R)v(<<jl)* obtained by applying 
q(R) on v(·;o* is 

(87) L q(R),,,(V('jl)*),, = L q(R)."C7~k. 
" " 

The right side is uniformly convergent. Hence, its product with (2h + 1) 
D(h)(R)~n can be integrated term by term giving 

(88) L f (2h + l)D(h)(R)~nq(R)."C7~A.dR = L C~~nCnk = OhiOlnCiik. 
" ,. 

Thus we have for almost all R 

(88a) :E q(R)."(v(,jI)*),, = :E Ci~kD(j)(R)il = :E D(jJ(R)il(V(·jiJ*)., 

or 

(88b) 

IJ i i 

q(R)v(,j/)* = L D(j)(R)i/v(<<j;)* . , 
Since both sides are supposed to be strongly continuous functions of R, (88b) 

holds for every R. In (86a), for every n, the summation must be carried out 
only over a finite number of X. We can write therefore immediately 

(89) q(R)w(nm* = L D(j) (R)i/w(njO * . , 
This proves that the original representation decomposes in the coordinate system 
of the w into well known finite irreducible representations D(j)(R). Since the w 
form a complete orthonormal set of vectors, the transition corresponds to a 
unitary transformation. 
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This completes the proof of the complete reducibility of all (finite and infinite 
dimensional) representations of the rotation group or unimodular unitary 
group. It is clear also that the same consideration applies for all closed groups, 
i.e., whenever the invariant integral f dR converges. 

The result for the inhomogeneOus Lorentz group is: For every positive numeri
cal value of P, the representations of the little group can be, in an irreducible 
representation, only the D(O), D(ll, D(Il, ... , both for P + and for P _. All these 
representations have been found already by Majorana and by Dirac and for 
positive P there are none in addition to these. 

B. Representations of the two dimensional Euclidean group 

This group, as pointed out in Section 6, has a great similarity with the inhomo
geneous Lorentz group. It is possible, again2\ to introduce "momenta", i.e. 
variables t, ." and II instead of the t in such a way that 

(90) 

Similarly, one can define again operators R(f3) 

(91) 

where 

(91a) 

R(f3)rp(pO , ~, .", II) = rp(po, f, .,,', II), 

f = ~ cos f3 - ." sin f3, 

.,,' = ~ sin f3 + ." cos f3. 

Then· ~(f3)R(f3)-l S(f3) will commute, on account of (71c), with t(x, y) and 
again contain t, ." as parameter only. The equation corresponding to (57a) is 

(92) ~(f3)I(J(Po, t, .", II) = L: S(fJ)""I(J(Po, ~', .,,', w). 
w 

One can infer from (90) and (92) again that the variability domain of ~, ." can be 
restricted in such a way that all pairs t, ." arise from one pair to , "'0 by a rotation. 
according (91a). We have, therefore two essentially different cases: 

a.) 

b.) 

r + .,,2 = :a: ¢ 0 

r + .,,2 = :a: = 0, i.e. ~ = ." = O. 

The positive definite metric in the ~, ." space excludes the other possibilities of 
section 6 which were made possible by the Lorentzian metric for the momenta, 
necessitated by (55). 

Case b) can be settled very easily. The "little group" is, in this case, the 
group of rotations in a plane and we are interested in one and two valued 
irreducible representations. These are all one dimensional (ei,p) 

(93) 

where 8 is integer 01' half integer. These representations were also all found by 
Majorana and by Dirac. For 8 = 0 we have simply the equation Orp = 0, 
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for s ±t Dirac's electron equation without mass, for s = ±1 Maxwell's 
electromagnetic equations, etc 

In case a) the little group consists only of the unit matrix and the matrix 

II ~ 1 ~ 111 of the two dimensional unimodular group. This group has two 

irreducible representations, as (1) and (-1) can correspond to the above two 
dimensional matrix of the little group. This gives two new representations of 
the whole inhomogeneous Lorentz group, corresponding to every numerical 
value of g. Both these sets belong to class 0+ and two similar new sets belong 
to class 0_. 

The final result is thus as follows: The representations P +i of the first subclass 
P + can be characterized by the two numbers P and j. From these P is positive, 
otherwise arbitrary, while j is an integer or a half integer, positive, or zero. 
The same holds for the subclass P _. There are three kinds of representations 
of the subclass 0+. Those of the first kind 0+. can be characterized by a number 
s, which can be either an integer or a half integer, positive, negative or zero. 
Those of the second kind O+(E:) are single valued and can be characterized by an 
arbitrary positive number E:, those of the third kind O:(E:) are double-valued 
and also can be characterized by a positive :e. The same holds for the subclass 
0_. The representations of the other classes (00 and P with P < 0) have not 
been determined. 

8. REPRESENTATIONS OF THE EXTENDED LORENTZ GROUP 

A. 
As most wave equations are invariant under a wider group than the one 

investigated in the previous sections, and as it is very probable that the laws of 
physics are all invariant under this wider group, it seems appropriate to investi
gate noW how the results of the previous sections will be modified if we go over 
from the "restricted Lorentz group" defined in section 4A, to the extended 
Lorentz group. This extended Lorentz group contains in addition to the 
translations all the homogeneous transformations X satisfying (10) 

(10') XFX' = F 

while the homogeneous transformations of section 4A were restricted by two 
more conditions. From (10') it follows that the determinant of X can be + 1 or 
-1 only. If its -1, the determinant of Xl = XF is +1. If the four-four 
element of Xl is negative, that of X" = -Xl is positive. It is clear, therefore, 
that if X is a matrix of the extended Lorentz group, one of the matrices X, 
XF, -X, -XF is in the.restricted Lorentz group. For ~ = I, conversely, all 
homogeneous transformations of the extended Lorentz group can be obtained 
from the homogeneous transformations of the restricted group by multiplication 
with one of the matrices 

(94) 1, F, -1, -F. 
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The group clements corresponding to these transformations will be denoted by 
E, F, I, IF. The restricted group contains those elements of the extended 
gl'OUp which can be reached continuously from the unity. It follows that the 
transformation of an element L of the restricted group by F, I, or IF gives again 
an element of the restricted group. This is, therefore, an invariant subgroup 
of the extended Lorentz group. In order to find the representations of the 
extended Lorentz group, we shall use again Frobenius' method.Is 

We shall denote the operators corresponding in a representation to the 
homogeneous transformations (94) by deE) = 1, d(F), del), d(IF). For deriving 
the equations (52) it was necessary only to assume the existence of the trans
formations of the restricted group, it was not necessary to assume that these are 
the only transformations. These equations will hold, therefore, for elements 
of the restricted group, in representations of the extended group also. We 
normalize the indeterminate factors in d(F) and del) so that their squares 
become unity. Then we have d(F)d(l) = wd(l)d(F) or del) = wd(F)d(I)d(F). 
Squaring this, one obtains (i = ±l. We can set, therefore 

(95) 
d(lF) = d(l)d(F) = ±d(F)d(l) 

d(F)2 = d(I)2 = 1 j d(IF)2 = ±l. 

Finally, from 

(96) 

we obtain, multiplying this with the similar equation for L2 

W(LI)W(L2) = w(LIL2) 

which, gives w{L) = 1 as the inhomogeneous Lorentz group (or the group used 
in (52B)-(52D» has the only one dimensional representation by the unity (1). 
In this way, we obt.ain 

(96a) 

(96b) 

(96c) 

d{F)D(L)d(F) = D(FLF), 

d(l)D(L)d(I) = D (ILl) , 

d(IF)D(L)d(HT I = D(IFLFI). 

B. 
Given a representation of the extended Lorentz group, one can perform the 

transformations described in section 6A, by considering the elements of the 
restricted group only. We shall consider here only such representations of the 
extended group, for which, after having introduced the momenta, all representa
tions of the restricted group are either in class 1 or 2, i.e. P iE:; 0 but not 00. 
Following then the procedure of section 6, one can find a set of wave functions 
for which the operators D(L) of the restricted group have one of the forms, given 
in section 6 as irreducible representations. We shall proceed, next to find the 
operator d(F). For the wave functions belonging to an irreducible D(L) of the 
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restricted group, we can introduce a complete set of orthonormal functions 
Y,1(P, r), y,,(p, r), .... We then have 

(97) D(L)y,.(p, n = L: D(L),..y,,.(p, r). ,. 
The infinite matrices D(L),.. defined in (97) are unitary and form a representation 
which is equivalent to the representation by the operators D(L). The D(L), 
d(F) are, of course, operators, but the D(L),.. are components of a matrix, 
i.e. numbers. We can now form the wave functions d(F)Y,1 ,d(F)Y,2 ,d(F)Y,3, ... 
and apply D(L) to these. For (96a) and (97) we have 

D(L)d(F)y,. = d(F)D(FLF)y,. 

(97a) = d(F) L: D(FLF),..y,,. ,. , 

= L: D(FLF),..d(F)y,,. . ,. 
The matrices DO(L),.. = D(FLF),.. give a representation of the restricted group 
(FLF is an element of the restricted group, we have a new representation by an 
automorphism, as discussed in section 6B). We shall find out whether DO(L) is 
equivalent D(L) or not. The translation operation in DO is 

(98) TO(a) = d(F)T(a)d(F) = 'l'(pa) 

which, together with (53) shows that DO has the same P as D(L) itself. In 
fact, writing 

(99) 

one has U11 = U1 and one easily calculates U1'l'O(a)U1 = T(a). Similarly for 
U1dO(A)U1 one has 

U1dO(A)Ull{)(P, n = U1d(F AF)U1 1{)(p, r) 

(99a) 
= d(FAF)U1tp(Fp, n = L: Q(Fp, FAFh.U11{)(FA-1p, '1/) 

• 
= L: Q(Fp, F AF)r.l{)(r1p, '1/) • 

• 
This means that the similarity transformation with U1 brings TO(a) into T(a) 
and dO(A) into Q(Fp, F AF)P(A). Thus the representation of the "little group" 
in U1dO(A)U1 is 

qO(X) = Q(Fpo, FXF). 

For this latter matrix, one obtains from (67a) 

(100) 
qO(X) = Q(Fpo, FXF) = q(OI(FpO)-IFXFOI(Fpo» 

= q(XO) 
where XO is obtained from X by transforming it with FOI(Fpo). 

The representations DO(L) and D(L) are equivalent if the representation 
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q(X) is equivalent to the representation which coordinates q(X 0) to X. The 
a(Fpo) is a transformation of the restricted group which brings po into a(Fpo)po = 
Fpo. (Of. (65).) This transformation is, of course, not uniquely determined 
but if a(Fpo) is one, the most general can be written as a(Fpo)', where ,po = po 
is in the little group. For q(,-l a(Fpo)-l A a(Fpo)') = q(,)-l q(a(Fpo)-1 A a(Fpo» 
q(,), the freedom in the choice of a(Fpo) only amounts to a similarity trans
formation of qO(X) and naturally does not change the equivalence or non equiva
lence of qO(X) with q(X). 

For the case P + , we can choose po in the direction of the fourth axis, with 
components 0, 0, 0, 1. Then Fpo = po and a(Fpo) = 1. The little group is the 
group of rotations in ordinary space and FXF = X. Hence qO(X) = q(X) and 
DO(A) is equivalent to D(A) in this case. The same holds for the representa
tions of class P _ . 

For 0+ we can assume that po has the components 0, 0, I, 1. Then the 
components of Fpo are 0, 0, -I, 1. For a(Fpo) we can take a rotation by 11" 

about the second axis and Fa(Fpo) will be a diagonal matrix with diagonal 
elements I, -I, I, I, i.e., a reflection of the second axis. Thus if}" is the trans
formation in (70), }..o = a(Fpo)-IFXFa(Fpo) is the transformation for which 

(101) ( + . ) ( , +' , .. ') ° x. X3 Xl - ~Xs Of X4 X3 Xl - ~X, 
X X=, ",. 

Xl + ix, X. - Xa Xl + ix, X4 - X3 

This is, however, clearly }..O = }..*. Thus the operators of leX) are obtained 
from the operators q(X5 by (cf. (71a» 

(lOla) 
to(x, y) = t(x, -y) 

0°«(1) = 0(-(1). 

For the representations 0+0 with discrete 8, the qO(X) and q(X) are clearly inequiva
lent as 0°«(1) = (e-i •lI) and 8(fj) = (e'·II), except for 8 = 0, when they are equiva
lent. For the representations O+(Z), O~(Z), the qO(X) and q(X) are equivalent, 
both in the single valued and the double valued case, as the substitution 1/ --+ - 1/ 

transforms them into each other. The same holds for representations of the 
class 0_. If DO(L) and D(L) are equivalent 

(102) U-1Do(L)U = D(L), 

the square of U commutes with all D(L). As a consequence of this, U2 must 
be a constant matrix. Otherwise, one could form, in well known manner,27 
an idempotent which is a function of U2 and thus commutes with D(L) also. 
Such an idempotent would lead to a reduction of the representation D(L) of the 
restricted group. As a constant is free in U, we can set 

(102a) 

!7 J. von Neumann, Ann. of Math. 51.191. 1931: ref. 2. D. 89. 
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C. 
Returning now to equation (97a), if DO(L) = D(FLF) and D(L) are equivalent 

(P > 0 or 0+ , 0_ with continuous s: or 8 = 0) there is a unitary matrix U", , 
corresponding to U, such that 

:E D(FLF).". U", = :E U."D(L)"p 
(102b) " " 

Let us now consider the functions 

(103) IP' = ..", + :E U"pd(F)I/I" . 
" 

Applying D(L) to these 

D(L)",p = D(L)I/I, + :E V".D(L)d(F)I/I" 
" 

= D(L)"", + :E U".d(F)D(FLF)I/I" 
(l03a) " 

= :E D(L)" • .."" + :E U",d(F)D(FLF)."..". 
" ". 

Similarly 

d(F)IP. = d(F)I/I. + :E V"p.."" 
(103b) " 

Thus the wave functions", transform according to the representation in which 
D(L)". corresponds to Land U", to d(F). The same holds for the wave functions 

(104) IP: = 1/1. - :E U",d(F)I/I", 
" 

except that in this case (- U".) corresponds to d(F). The..", and d(F)"", can be 
expressed by the IP and IP'. If the 1/1 and d(F)I/I were linearly independent, the 
'" and IP' will be linearly independent also. If the d(F).." were linear combinations 
of the 1/1, either the IP or the ",' will vanish. 

If we imagine a unitary representation of the group formed by the Land FL 
in the form in which it is completely reduced out as a representation of the group 
of restricted transformations L, the above procedure will lead to a reduction 
of that part of the representation of the group of the Land FL, for which D(L) 
and D(FLF) are equivalent. 

If D(L)". and DO(L)"p are inequivalent, the ..". and d(F)..". = ..,,: are or
thogonal. This is again a generalization of the similar rule for finite unitary 
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representations.28 One can see this in the following way: Denoting M •• 
("'., "':) one has 

Hence 

(105) 

M .. = ("'., "';) = (D(L)",., D(L)"':) 

= L D(L):.DO(Lh,M,.>. i 
,.>. 

D(L)M = MDO(L) i 

203 

From these, one easily infers that MMt commutes with D(L), and MtM com
mutes with DO(L). Hence both are constant matrices, and if neither of them is 
zero, M and Mt are, apart from a constant, unitary. Thus D(L) would be 
equivalent DO(L) which is contrary to supposition. Hence MMt = 0, M = 0 
and the'" are orthogonal to the d(F)'" = ",'. Together, they give a representa
tion of the group formed by the restricted Lorentz group and F. If they do not 
form a complete set, the reduction can be continued as before. 

One sees, thus, that introducing the operation F "doubles" the number of 
dimensions of the irreducible representations in which the little group was the two 
dimensional rotation group, while it does not increase the underlying linear 
manifold in the other cases. This is analogous to what happens, if one adjoins 
the reflection operation to the rotation groups themselves.29 

D. 
The operations del) can be determined in the same manner as the d(F) were 

found. A complete set of orthonormal functions corresponding to an irreducible 
representation of the group formed by the Land FL shall be denoted by Y,1 , 
"'2, . ". For this, we shall assume (97) again, although the D(L) contained 
therein is now not necessarily irreducible for the restricted group alone but 
contains, in case of 0+. or 0_. and finite 8, both 8 and - 8. We shall set, furthermore 

(106) d(F)",. = 2: d(F),..y,,. . ,. 
We can form then the functions d(I)"'l , d(l)Y,2' .. '. The consideration, con
tained in (97a) shows that these transform according to D(lLl),.. for the trans
formation L of the restricted group: 

(106a) D(L)d(l)"'. = L D(IL1),..d(I)",,. . ,. 
Choosing for L a pure translation, a consideration analogous to that performed 
in (98) shows that the set of momenta in the representation L ~ D (ILl) has the 
opposite sign to the set of momenta in the representation D(L). If the latter 

28 CI. e.g. E. Wigner, ref. 4, Chapter XII. 
29 I. Schur, Sitz. d. kon. Preuss. Akad. pages 189, 297, 1924. 
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belongs to a positive subclass, the former belongs to the corresponding negative 
subclass and conversely_ Thus the adjunction of the transformation I always 
leads to a "doubling" of the number of states, the states of "negative energy II are 
attached to the system of possible states. One can describe all states 1/11, 
1/12, ... , d(I)1/Il , d(I)1/I2 , ... by introducing momenta P1, P2, pa, p, and 
restricting the variability domain of p by the condition Ip, p} = Palone 
without stipulating a definite sign for p, . 

As we saw before, the d(I)1/I1 , d(1)1/Iz, are orthogonal to the original set of 
wave functions 1/11, 1/12, .... The result of the application of the operations 
D(L) and d(F) to the 1/11,1/12, .. - (i.e., the representation of the group formed by 
the L, FL) was given in part C. The D(L)d(I)1/I. are given in (106a). On 
account of the normalization of del) we can set 

(l06b) d(l)d(I)1/I. = 1/1 •• 

For d(F)d(I)1/I. we have two possibilities, according to the two possibilities in 
(95). We can either set 

(107) d(F)d(I)1/I. = cl(l)d(F)1/I. = L d(F)".d(I)1/I" , 

" 
or 

(107a) d(F) .d(I)1/I. = -d(l)d(F)1/I. = - L d(F)".d(I)1/I" . 
" 

Strictly speaking, we thus obtain two different representations. The system of 
states satisfying (107) could be distinguished from the system of states for which 
(107a) is valid, however, only if we could really perform the transition to a new 
coordinate system by the transformation I. As this is, in reality, impossible, 
the representations distinguished by (107) and (107a) are not different in the 
same sense as the previously described representations are different. 

I am much indebted to the Wisconsin Alumni Research Foundation for their 
aid enabling me to complete this research. 

MADISON, WIi!. 
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1. Given a group § it is of some interest to decide which elements of § can 
be "told apart" by almost periodic functions of § or, which is the same thing 
(cf. below) by finite dimensional bounded linear representations of §. That is: 
For two a, b E § we define a rv b by either of these two properties: 
(I) For every almost periodicfunctionf(x) in §f(a) = f(b). 
(II) For every finite dimensional linear unitary representation D(x) of § D(a) = 

D(b). 
The general theory of almost periodic functions in groupsl deals with these 
questions. The equivalence of (I) and (II) is shown in Ap, p. 480, Theorem 33. 
It is also known there, Ap, p. 481, Theorem 34, that the above notion determines 
an invariant subgroup §o of §, such that a rv b holds if and only if a and b belong 
to the same coset of §o in §. 

The smaller §o , the more almost-periodic functions-and finite-dimensional 
bounded linear representations-§ possesses. Hence we termed § maximaUy 
almost periodic if §o = (1) (i.e., a rv b for a = b only), and minimaUy almost 
periodicif §o = § (i.e. always a rv b), cf. Ap, p. 482, Def. 17. 

Maximally almost-periodic groups § are easily constructed; obviously every 
finite dimensional, linear, unitary group is such. For more general examples cf. 
Ap, pp. 482-483, Theorem 36, A and B. 

Minimally almost-periodic groups § are somewhat pathological; they are 
characterized by the fact that their only almost-periodic fUllctions are the con
stants: or equivalently, their only finite dimensional, linear, unitary representa
tion is D(x) == 1. The existence of such groups was shown in Ap, p. 483, using 
an interesting theorem of B. L. van der Waerden, combined with earlier results 
of J. v. Neumann and the representation theory of the affine group. (Cf.loc. cit.) 

Thus these examples are really obtained in a rather complicated way. 
In this note we will construct examples of various kinds of groups, including 

minimally almost-periodic ones, by simpler direct methods. All these examples 
will be enumerably infinite (discrete) groups, whereas those of Ap (cf. above) 
are continuous (Lie) groups. We will also gain some general viewpoints con
cerning the nature of maximal and minimal almost periodicity. 

2. If §' is an invariant subgroup of § with finite index, then its factor group 
§/lJ' is finite. Hence the regular representation of §/§' is finite dimensional, 

1 J. v. Neumann, Almost periodic functions in a group, Amer. Math. Soc. TraDs. 36 
(1934), pp. 445-492. To be quoted as "Ap". 

746 
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linear, unitary. It is the same for §. It represents any two different elements of 
§j§'-hence any two elements of which belong to different cosets of §' in §
differently. Hence §o S;; §'. 

We see therefore: If §l is the inte1'section of aU invariant subgroups §' of § 
with finite index, then 

§o S;; §l' 

We do not have in general, however, §o = §l. Let § be the group of all 
proper rotations in 3 dimensions. Since § is itself a finite dimensional, linear, 
unitary group, so it is maximally almost periodic. Hence §o = (1). On the 
other hand one verifies easily that the only invariant subgroup §' of f!} with finite 
index is §' = §, therefore §l = §. 

3. Abelian groups-if they are separable and locally compact, which is the 
case for the enumerably infinite (discrete) ones-are maximally almost periodic, 
cf. Ap, pp. 482-483, Theorem 36, B. Hence one might be led to expect that the 
minimally almost-periodic groups-especially the enumerably infinite ones
will be found at the other extreme: among the free groups. This is not so, 
however. The free group of h( = 2, 3, ... ) generators, § = ~(h), is maximally 
almost periodic. Indeed, the reader who is familiar with the general theory of 
the 5"(h) will find no difficulty in constructing for any a E T h), a ¢ 1, an invariant 
aubgroup §' of Thl with finite index, such that a ~ §'. Hence we have §l = (1) 
and a fortiori §o = (1) for § = ~(h), cf. §2 above. (For another example of a 
maximally almost-periodic group which is closely related to free groups, cf. 
§ = §(~) in §5 below.) 

Thus both extremes-Abelian groups as well as free groups-are maximally 
almost periodic. The minimally almost periodic groups must be somewhere in 
between. 

4. Our examples are based on the following lemma: 
LEMMA 1. Let U be a finite dimensional unitary matrix. Assume that there 

exists for every s (= 1,2, .. . )a t = t(s) (= 1,2, ... ) which is an integral multiple 
of s such that for a suitable pair of reciprocal matrices V I, v;-i there is U' = V, 
Uv;-i. Then U = 1. 

PROOF: Let n (= 1,2, ... ) be the dimensionality (order) of the matrices 
under consideration. Let ai, ... ,an be the characteristic values of U,-in 
an arbitrary order, but with the tight multiplicities. 

Consider at = t(s). U' has the characteristic values a~, ... , a~ while V,UV;-' 
has again the characteristic values ai, ... , an. Therefore the al, ... , an 
must be a permutation of the a~ , .. . , a~ . 

Since there are infinitely many different t = t(s) (as t(s) ~ s so S --t ex> implies 
t(s) --t ex», and only a finite number of ai, ... , an , so for every i = 1, ... ,n 

diff ,,,. h I' I"· S 1'-1" h' two erent ti , ti WIt ai' = ai' eXlSt. 0 ai' , = 1, t at IS: All ai are roots 
of unity., Now choose s, and a fortiori t = t(s), as a common multiple of the 
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root of unity exponents of al, "', a". Then a~ = .,. = a~ = 1, and as 
al, .. . , an are a permutation of a~ , ... ,a~ , therefore al = ... = an = 1. 

So all characteristic values of U are equal to I, and consequently U = 1. 
From this we conclude immediately: 
LEMMA 2. Let § be a group, and §o as described in §1 above. Consider a fixed 

a E §. Assume that there exists for every s (= i, 2, ... ) a t = t(s) (= i, 2, ... ) 
which is an integral multiple of s, such that for a suitable b, E § there is a' = b,ab,l. 
Then a E §o. 

PROOF: Apply Lemma 1 to U = D(a) and V, = D(b,), where D(x) is a finite 
dimensional, linear, unitary representation of §. Then D(a) = 1, hence a E §o 
by (II) in §1. 

6. We will now discuss the following groups as to their types of almost peri
odicity: 
(a) § = §(a), the group of all linear transformations 

a'(u, v): x -+ x' == ux + v, 
where u ~ 0, u, v rational. 

(ft) § = §(/l), the group of all rational transformations 

a" (u, v): x -+ x" == ux + V 
w, z wx+ z 

where Det (u, v) = uz - vw = I, 
w, z 

u, v, w, z rational integers. 
('Y) § = §(Y), same as above, but u, v, w, z must be rational. 
Discussion of (a): Since 

a'(s, O)a'(I, v)a'(s, 0)-1 = a'(I, sv) = (a'(I, v»' 

(s = I, 2, ... ), so Lemma 2 applies to a'(I, v) (with t = t(s) = 8). Hence 
a'(I, v) E §o . 

On the other hand D,.(a'(u, v» = (exp (2n'A In I u I» is a finite (one!) dimen
sional, linear, unitary representation of §(a) for every real >.. If u ~ I, then 
D,.(a'(u, v» ~ 1 for some suitable rean, hence a'(u, v) • §o in this case. 

Thus §o is the set of all a'(I, v), and consequently § is neither maximally nor 
minimally almost periodic. 
Discussion of ({j): This is the modular grouPi we observe (without giving the
well known-proofs, since these facts are not essential in our deductions): 
§(Il) is generated by the two elements 

al = a" (0, -1). x -+ x" == _~, 
I, ° . x 

llI=a"(~: ~1): x-+x"==-X!I' 

We have a~ = a: = I, and these are the only relations which hold for ai, at. 
So §(~ is the free group of 2 generators of order 2 and 3. 
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The almost periodic character of ~(/I) is determined as follows: 

(u v) . (U v) (1 0) For any p = 2, 3, ... the a" ,;, z wlth ,;, z == 0: 1 ... mod p form 

an invariant subgroup ~~ of~. Two a" (~ :) and a" (!, :) belong to the 

same coset of ~~ in ~ if and only if (u, v) == (~' ~) ... mod p. Hence the 
w, z w, z 

number of these cosets is finite, i.e.: the index of ~~ in ~ is finite. 

Therefore if a = a" (u, v) E ~I (cf. §2 above), then a" (u, v) E ~~ for all 
~ z ~ z 

p = 2,3, "', i.e.: (~, :) == (~: ~) ... modp for allp = 2,3, .... Conse-

qUentlY(~, :) = (~: ~), a = 1. Hence~1 = (I), and so aJortiori ~o = (1) 

(cf. §2 above). Thus ~(/I) is maximally almost periodic. 
Discussion oj ('Y): Since 

/I (S' 0) II (I, v) II (S, 0)-1 = ,,(1, S2V).= ( ,,(1, v))h2) a l a Ol a 1 a Ol a OI ' ° - ' 0, - ' , , S S 

(S = i, 2, ... ), so Lemma 2 applies to a" (~: ~) (with t = t(s) = S2). Hence 

allG: ~) E~O. 
Since ~o is an invariant subgroup of ~, we can now infer successively that the 

following further elements belong to ~o: 

a" (0, 
I, 

-1) /I (I, -v) II (0, ° a ° 1 a 1 , , 
_1)-1 = a" (I, 0) ° v, 1 

a" (1, .vI) a" (1, 0) a" (1, V3) = a,,(l + VIV2, VI + Va + VIV2 va). 
0,1 v2,1 0,1 V2 l+V2Va 

The general a"(u, v) with uz - vw = 1; u, v, w, z rational, has the above form 
w, z 

if w ~ 0: For this purpose we must determine VI, V2, Va with 

The three first equations can be satified directly by choosing V2 , VI , Va respec

tively. The last one then holds automatically, since uz - vw = 1. So a" (u, v) 
w, z 

E ~o when w ~ 0. In particular a" (~: ~ 1) E ~o. Since 

a" (-V, 
-z, 

w ) a" (0, 
-w I, 

-1) = all(U' V) o w, z ' 
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the same can be asserted when z ~ O. And as uz - vw = 1 excludes w = z = 0, 

we have thus a" (u, v) E §o unrestrictedly. 
w, z 

Hence §o = §, and consequently §(-y) is minimally almost-periodic. 
It seems to be worth emphasizing that the fundamental difference between the 

groups §(/!) and §('Y) is brought about by requiring u, v, w, z to be rational only, 
instead of requiring them to be rational integers. 

As §(/!) is a subgroup of §(-y), the interesting situation arises that there are 
representations of §(/!) which are not contained in any representation of §(oy). 

It is well known that this could not occur for finite or compact groups. 
We mention finally that the minimal almost-periodicity of the common 

Lorentz group can be readily inferred from earlier work.2 

INSTITUTE FOR ADVANCED STUDY AND 

PRINCETON UNIVERSITY 

2 E. P. Wigncr, On unitary representations of the inhomogeneous Lorentz group, Annals 
of Math., 40 (939), pp. 149-204. Cf. in particular pp. 164-168. 



On Representations of Certain Finite Groups* 

E.P.Wigner 

American Journal of Mathematics 63, 57-63 (1941) 

1. The purpose of this paper is the derivation of a classification of the 
representations of finite groups with special reference to groups which satisfy 
the following two conditions: 

a. Every element is equivalent to its reciprocal, i. e., all classes are 
ambivalent. 

b. The Kronecker (or" direct ';) product of any two irreducible repre
sentations of the group contains no l'epresentation more than once. 

Groups of this character will be called S. R. groups (simply reducible). 
The symmetric permutation groups of the third and fourth degree, the quater
nion group, the three dimensional Totation group, the two dimensional lllli
modular unitary group are S. It groups .. The significance of condition (L is 
that every representation is equivalent to the conjugate imaginary representa
tion. One sees this most easily by assuming the representation to be unitary. 
Then, the traces of reciprocal elements are conjugate complex. '1'hey are, on 
the other hand, equal, since they belong to the same class. Thus all traces 
are real and conjugate complex representations are equivalent. 

The groups of most eigen-value problems occurring in quantum theOl'Y 
are S. R. 'rhis is important for the following reason. 

Let us assume that we have two eigen-yalue problems Il1"'1 = Al"'l and 
[[2"'2 = A2"'2 which allow the same group; "'1 and "'~ shall he defined in diff
erent spaces. One often considers then 1 the Ie united system" the wllve func
tions + of which are defined in the product space of the spaces of "'1 and "'2' The 
"unperturbed" eigen-value equation is (1I1 +II2 )+=A+. '1'he multi
plicity of the eigen-value A = Ai + A2 is the product of the multiplicities of Al 

and A2' The cigell-value A splits up if one introduces a small pcrturbation 
tcrm into the last equation. If this perturbation allows the Sllme group as 
the original two problems and if this group satisfies the above condition b) 
the characteristic functions of the eigen-\'alues into which A splits can be 
determined in "first approximation" by the invariance of the eigen-value 
problem under the group. '1'he properties of S. R. groups to be derived here 

• Received :May 1, 1940. 
1 For u more complete discussion cf. e. g. E. "Tigner: Gruppentheorie, etc., Braun

schweig, 1 !l3]. 
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give a basis for a suitable normali7.ation of (and numerous relations between) 

these eigen-functions which will be dealt with elsewhere. 

We shall denote the different irreducible representations of a group by 

letters j, k, l, etc. The identical representation (in which the matrix (1) 
corresponds to every element) by O. '1'he elements of the group will be P, 
Q, R, S, T, etc. '1'he rows and columns of the representations will be desig

nated by small Greek letters K, A, p., v, etc. 'fhe KA element of the matrix which 

corresponds in the j-th representation to the element R' will be denoted by 

[j!J so that Olle bas 

(1) ~ [jRJ [jS]=[j RS] 
x KA AP. K P. 

The character will be abbreviated to 

(la) L [jRJ = Li; R]. 
I< KK 

'1'he summation over the indices K; A etc. referring to the rows or columns of 

the representations will always run over all values. The unit element of the 

group will be B, the degree of the representations j is 

(lb) [j; B] = [j]. 

A star will denote the conjugate complex. The Kronecker product of the 

representations.i 1111<1 l~ coordinates to the group element Il the matrix Mit,.; >.v 

the rows and ('olul11ns of which are denoted hy double indices Kft and AV 

respectively. We set 

(2) '{ [jRJ [kRJ . .iI. Itll; >.v = KA p.v· 

'1'he character corresponding to the element R is 

(2a) L M/C~;/C,. = L [jR] [kR] = [j; R][k; III 
I<JI. I<JI. KK 1lP. 

The significance of condition b for the groups under considerntion becomes 

evident if one reduces the KrOlH'cker product of two representations, i. e. 

brings it into the form in which it appears as the sum of irreducible repre

sentations. 'fhe matrix by which this trallsformation can be carried out is

apart from some phase factors-uniquely determined. 

It may be useful to write down the well known orthogonality and com
pleteness relations for irreducible representations. These are 

(3) 
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(3a) ~ [j;R]*[k; R] == ~ ne[i; 0] [k; 0] = h3j k. 
R C 

The summation is to be extended in this and all similar formulas over all 
group elements; 

(4) 

is the order of the group. The summation over 0 in the second part of (3a) 
is to be extended over all different classes, 110 is the number of elements of the 
class O. The completeness relations yield 

(5) 

(5a) 

The summation over i is to he extended over all different irreducible repre

sentations, 8n,s is 1 for II == S, zero otherwise, ll.n,8 is 1 if Rand S are in the 
same class, 7.1:)1'0 otherwise, 'Iln is the number of the elements of the class of R, 
All representations are assumed to be in the unitary form, i. e. 

(6) ~ [iR] * [iR] = 8tell ; ~ [ill] * [iR] == 8>.v. 
>. KA p). Ii KA KV 

The irreducible representations can he clnssified,2 in general, into three groups: 

those which can be transformed into a real form, those which cannot but al'e 
equivalent to the conjugate complex representation, and those which are not 

equivalent to the conjugate complex representation. In analogy to the notation 
customarily used for the two dimensional unimodular unitary group, we shull 
call the representations of the first kind integel' representations. Corl't'
spomlillgly Cj == 1 will hold for representations j which can he tl'ansformell 
into n l'eal form, Cj = - 1 will hold for half inlegel' representations j which 
cannot he transformed into a real form hut arc equi,-alent to the conjugate COlll

plex representation. :Finally Cj == 0 if the repre:;entation j is not equivalent to 
the conjugate complex of j. Aecowlillg to G. Fl'Ohenius Ilna T. Schur 2 

(7) 

(8) 

2. The number of square roots of an element R ",ill 1)e denoted by ,(R) 

,(11) == ~ 81t.,s". 
S 

We have 

2 G. Frobcnius and I. Schur, Berl. Bcl'. 1906, p. 186. 
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One can replace S by TR in the last summation and obtain 

L '(R)2 = 2: 8TRTR,T' = L 8R,TR-1T-1 

It R,T R,T 

as TRTR = T2 if and only if R = TR-lT-l, For a given R, there will be a 
T such that R = TR-lT-l only if Rand R-I are in the same class, i, e, if R 
is in an ambivalent class, In this case, the number of T satisfying R = 
'PR-IT-I is equal to h/nR, since each of the nR members of the class of R is 

obtained h/nR times when T runs over all h elements of the group, Hence 

(9) L '(R)2 = L' h/nR = h, (number of ambivalent classes). 
R R 

The second summation is to be extended only over the elements of the ambi
valent classes. The result thus obtained 3 holds for every finite group: 

THEORE:M: 1. The sum of the sqUa1'es Of the numbers of square roots of 
all elements of a finite group is equal to the order of the g1'OUp, multiplied by 
the numbe1' of ambivalent classes. 

All classes are ambivalent in the S. R. groups, Hence 

(9a) 2: '(R)2 = hn 
R 

holds for these, where n is the number of all classes. 
The number of times the representation i is contained in the Kronecker 

product of the representations j and k is given by the equation 

(10) ( i, j, k) = L [i; 0] * [j; 0] [7c; 0] llc/h 
C 

lrhere the summation has to be extended, as in (3a) over all classes. Multi
plying (7) by [j; S] and summing over j gives, for (5a) 

(11) L cjh[j; S] = 2: [j; R2] [j; S] 
i R,j 

= L t::..R2,S h/ns = h,(S). 
R 

'fhe R2 = B equation is satisfied for ,(S) group elements R hut R2 is in the 

class of B for ns'(S) group elements. 

LEMMA 1. The K1'onecker product of two integer 1'cprcsentaiions 01' of 
two half integer representations 0/ a S, R, group contains only integel' 1'epre
sentations; the K1'onecker product of an 1~nteger and (£ half intege1' represen-

3 This must havc been known to the authors of Refercnce 2 since it follows imme
diatcly from It comparison of the last scntencc of § 4 with the scntcnce in italics OIl 

page 201. 
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tation contains only half intege,. rep,.eseniaiiolls. The unitary matrix whi<.:h 
transforms an integer representation into the conjugate complex form is 
symmetric, that which transforms a half integer representation into the COll

jugate complex form is skew symmetric.2 Hence the unitary matrix 8 which 
transforms the Kronecker product M of two integer or two half integer 
representations into the conjugate complex form is symmetric: 

(12) 8M = M*8; 8=8'. 

If the unitary U brings M into the reduced form UMU-l = Mr 

(12a) 8,. = U*8U-l 

and 8 r is again symmetric. Since the corresponding parts of Mr and M*r are 
equivalent and since M,. does not contain any irreducible representation more 
than once, 8 r is a step matrix just as M,. is and every submatrix of S,. 
is symmetric on account of the symmetry of 8r• Hence, every submatrix of 
Jfr , i. e. all irreducible parts of M, can be transformed into the conjugate 
complex form by a symmetric matrix and are integer representations. 

If ]I is the product of an integer and a half integer representation, 8 
will be skew symmetric and the same will hold for 8r and its submatrices. 
Consequently, all the irreducible parts of M will be half integer representations. 

(13) 

For a S. R. group CiCjCk = 1 if (ijk) is different from zero. 
Since the (ijk) are positive integers or zero, 

The equality sign can hold only if either (ijk) = 0, or (ijk) = 1 and 

C,CjCk = 1. Hence 
(13a) ~ (ijk) 2 > ~ C'CjCI.;(ijk) 

HI.; ijk 

and the equality sign cun hoM only if for all i, j, k ei ther ( ijk) = 0 or 
(ijk) = 1 and CiCjCk = 1. This is the case, according to the definition of 
S. R.. groups and Lemma 1, for S. R. groups and conversely, if the equality 
sign holds in (13a), the group must be a S. R. group. 

Because of (11), we have 

~ CiCjCk( i, j, k) = ~ CiCjCk[i; 0] *[j; 0] [k; O]nc/h 
Hk Hk 

= ~ CiCjCk[i;R]*[j; R][k; R]/h = ~ C(R)8/h 
m R 

For the left side of (13a) we have, because of (5a) 
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~ (i, j, lc)2 
Hk 

= ~ ~ [i; O]*[j; 0] [lc; O][i; 0'] [j; 0'] * [lc; 0'] *ncndh2 
Hk CC' 

(14a) =~ ~[i;0)2[k;O]2nc/h=~hjnc 
ik C C 

= L hjnll = ~ VR2/h 
R R 

where VR = hjnR is the number of elements which commute with R. Hence 
(13a) is equivalent to 

THEORE1£ 2. The inequality 

(15) 

holds for every finite group. The equality sign in (15) holds for a,ll finite 
S. R. groups and only these. 

3. The Kronecker product of a representation with itself can be decom
posed into a symmetric part 

(16) B . =1:.[jRJ [jRJ+ ![jRJ [jRJ ~.~ 2 \ 2 -, 
KII. P,V . KV 1"" 

and an antisYl1lmetric part 

(16a) A",,; Xv = 1:. [jRJ [jRJ_1:.[jRJ [jRJ 
2 KA P,V 2 leV p). 

It is easy to see that both B and A form a representation of the group. '1'he 
irreducible parts of both B and A are integer representations in case of S. R. 
groups. The irreducible parts of the B for integer j and the irreducible parts 
of the A for half integer j will be called even representations. Conversely, the 

i1Teducible parts of the B for integer j will be called odd representations. This 
notation is taken again from the theory of representations of the two di
mensional unitary group. 

(1 i) 

THEORE~I 3. In S. R. groups no 1·epresenta.tion can be both even and odd. 

The trace of the symmetric part of the square of the representation j is 

alia the trace of the antisymmetric part is 

'rhe condition that two representations have no common part is that the sum 
of the products of their characters vanish. Theorem 3 is equivalent there
for6 with the validity of 
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for all j and le. Since the left side of (18) by its nature cannot be negative 
(it is lnj1ll, where n. and tn, are the numbers of times the representation i is 
contained in the first and second representation of (18», the validity of (18) 
for all j and k is equivalent with the vanishing of 

(18a) 

where (5a) and (11) have been utilized. N ow evidently 

~ '(8)3 = ~ '(8)!l88,R~ = ~ '(R:)2 
8 8J~ R 

so that (18a) vanishes on account of 'l'heorem 2. Hence 'l'heOl'em 3 is valid. 
Of course, the Kronecker product of fin eyen and an odd l'epresentation 

e, g., contains, in general, both even and odd representations. It has not been 
shown, either, that every integer representation is either even, or odd. In fact, 
one can easily find a group which has an integer repl'esentatioll which does 
not occur in the square of any representation. A group of this character is 
formed by the elements 1, -1, x, - X, y, - '!J, z, - z, with the multiplication 
ru~~=~=~~=-~q=-p=~u=-n=~~=-p=~ 

PRINCETON UNIVERSI'l'Y. 



Localized States for Elementary Systems 

T. D. Newton and E. P. Wigner 

Reviews of Modern Physics 21, 400-406 (1949) 

It is attempted to formulate the properties of localized states on the basis of natural invariance require
ments. Chief of these is that a state, localized at a certain point, becomes, after a translation, orthogonal 
to all the undisplaced states localized at that point. It i.s found that the required properties uniquely define 
the set of localized states for elementary systems of non-zero mass and arbitrary spin. The localized func
tions belong to a continuous spectrum of an operator which it is natural to call the position operator. This 
operator has automatically the property of preserving the positive energy character of the wave function 
to which it is applied (and it should be applied only to such wave functions). It is believed that the develop
ment here presented may have applications in the theory of elementary particles and of the collision matrix. 

INTRODUCTION 

IT is well known that invariance arguments suffice to 
obtain an enumeration of the relativistic equations 

for elementary systems.' The concept of an "elementary 
system" is, however, not quite identical with the 
intuitive concept of an elementary particle. Intuitively, 
we consider a particle "elementary" if it does not appear 
to be useful to attribute a structure to it. The definition 
under which the aforementioned enumeration can be 
made is a more explicit one: it requires that all states 
of the system be obtainable from the relativistic 
transforms of any state by superpositions. In other 
words, there must be no relativistically invariant 
distinction between the various states of the system 
which would allow for the principle of superposition. 
This condition is often referred to as irreducibility 
condition. Relativistic transform is meant to include 
in the above connection not only the customary 
Lorentz transformations but also rotations and dis
placements in space and time. 

The role of elementary systems as initial and final 
states of collision phenomena, and hence their connec
tion with the theory of the collision matrix, will be 
discussed at the end of this article. We wish to turn 
now to the· connection of elementary systems with 
elemen tary particles. 

Two conditions seem to play the most important 
role in the concept of an elementary particle. The first 
one is that its states shall form an elementary system in 
the sense given above. This condition is quite unam
biguous. The second condition is less clear cut: it is 
that it should not be useful to consider the particle as 
a union of other particles. In the case of an electron or 
a proton both conditions are fulfilled and there is no 
question as to the elementary nature of these particles. 
Only the first condition is fulfilled for a hydrogen atom 
in its normal state and we do not consider it to be an 
elementary particle. 

The situation is more ambiguous, for instance, in the 

1 E. P. Wigner, Ann. of Math. 40, 149 (1939). The concept of 
an elementary system, which will be explained below, is a de
scription of a set of states which forms, in mathematical language, 
an irreducible representation space for the inhomogeneous 
LorenlJ: group. 

case of a r-meson. Qualitatively, a 'II"-meson differs in 
no way from a very sharp resonance state, formed by 
the collision of a p-meson and a neutrino. Strictly 
speaking, the states of a 1/"-meson do not form an 
elementary system because, after a sufficiently long 
time, it can be either in the dissociated or in the 
undissociated state and the distinction between these 
is surely invariant relativistically. Nevertheless, the 
life time of the 1/"-meson is very long as compared with 
any relevant unit of time (such as h/mc2) and within 
this time interval its states do form an elementary 
system. On the other hand, the properties of a r-meson 
are very different from what one would expect from a 
compound consisting of a II-meson and a neutrino. 
Thus the second condition for an elementary particle is 
fulfilled. It is this condition which has no counterpart 
in the definition of an elementary system. As a result 
of this circumstance the concept of an elementary 
system is much broader than that of an elementary 
particle; as was mentioned above, a hydrogen atom in 
its normal state forms an elementary system. 

Every system, even one consisting of an arbitrary 
number of particles, can be decomposed into elementary 
systems. These elementary systems can be specified in 
a relativistically invariant manner, as containing only 
certain states. Thus, the restriction to the normal state 
of the hydrogen atom selected an elementary system 
from all the states of the hydrogen atom, which, 
together, do not form an elementary system. The 
usefulness of the decomposition into elementary sys
tems depends on how often one has to deal with linear 
combinations containing several elementary systems. 

The great drawback of using the elementary systems 
as a basis of the theory is that their existence follows by 
a rather abstract argument from the principles of 
quantum mechanics. As a result, the expressions for 
some of the most important operators "get lost" in the 
process. The only physical quantities for which the 
theory directly provides expressions are the basic 
quantities of the components of the momentum-energy 
vector and the six components of the relativistic angular 
momentum tensor. The subject of the present article is 
an attempt to find general, invariant theoretic principles 
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on the basis of which operators for the position coordi
nates can be found. 

H we restrict ourselves. to an elementary system, the 
physical interpretation of the operators to be found is 
unique: they will correspond to the position of the 
particle if we deal with an elementary particle. Other
wise they may correspond to the center of mass of the 
system. If the system is not elementary, the interpreta
tion will not be unique and neither will our postulates 
lead us to a uniquely determined set of operators. 

Before proceeding with our argument, we wish to 
refer to other investigations with somewhat similar 
objectives. The problem of the center of mass in 
relativity theory has been treated particularly by 
Eddington' and by Fokker on the basis of non-quantum 
mechanics. Their work was evaluated and a quantum 
mechanical generalization thereto given by pryce.4 We 
shall have frequent occasion to refer to his results. 
Ideas related to Pryce's work have been first put 
forward by Schrildinger' and, more recently, by 
Finkelstein' and also by M;ller.7 

The present paper arose from a reinvestigation of the 
irreducible representations' of de Sitter space which 
was undertaken by one of us.' These representations 
are in a one to one correspondence with relativistically 
invariant wave equations for elementary systems in de 
Sitter space. At the conclusion of the investigation it 
appeared that the physical content of the equations 
which were obtained could be understood much more 
readily if position operators could be defined on an 
invariant theoretic basis. As an introduction to this, 
a similar investigation was undertaken in lIat space 
with the results given in the following sections. 

POSTULATES FOR LOCALIZED STATES AND 
POSITION OPERATORS 

The position operator could easily be written down 
if the wave function of the state (or the states) were 
known for which the three space coordinates are zero 
at 1=0. If '" is such a function and T(a) the operator 
of displacement by a., a", a., a" the wave function 
T(a)-I,fI represents a state for which the space coordi
nates are a., a~, a. at time a,. Thus the knowledge of 
the wave functions corresponding to the state x=y=s 
=0 at 1=0 (and the knowledge of the displacement 
operators) entails the knowledge of all localized states, 
i.e., of all characteristic functions of the position 
operators. From these, the position operators are easily 
obtained. For this reason we concentrated on obtaining 

• A. S. Eddington, FundlJ",cnI6l TJoeqry (Cambridge University 
Press, London, 1946). 

I A. D. Fokker, Rclalillilalsl~ (Groningen, Noordboff, 1929). 
• M. H. L Pryce, Proc. Roy. Soc. 19SA, 62 (1948). 
"E. Schrlldinger, Berl. Ber. 418 (1930); 63 (1931). 
• R. ]. Finkelstem, Phys. Rev. 74, lS63A (1948). 
'Chr. MlIlller, Comm. Dublin Inst. for Adv. Studies A, No.5 

(1949)i.~so A. Papapetrou, Acad. Atheni 14, S40 (1939). 
• L H. Thomas, Ann. of Math. 42, 113 (1941). 
• T. D. Newton, Princeton Dissertation (1949). 

the wave functions of those states which are, at time 
t=O, localized at the origin of the coordinate system. 

We postulate that the states which represent a 
system localized at time t=O at x=y=s=O: (a) form 
a linear set So, i.e., that the superposition of two such 
localized states be again localized in the same manner; 
(b) that the set So be invariant under rotations about 
the origin and reflections both of the spatial and of the 
time coordinate; (c) that if a state", is localized as 
above, a spatial displacement of'" shall make it orthog
onal to all states of So; (d) certain regularity conditions, 
amolinting essentially to the requirement that all the 
infinitesimal operators of the Lorentz group be appli
cable to the localized states, will be introduced later. 

It is to be expected that the states localized at a 
certain point have the same properties as characteristic 
functions of a continuous spectrum, i.e., they will not 
be square integrable but the limits of square integrable 
functions. It seems to us that the above postulates are 
a reasonable expression for the localization of the system 
to the extent that one would naturally call a system 
unlocalizable if it should prove to be impossible to 
satisfy these requirements. 

We shall carry out our calculations in the realization 
of the elementary systems which was described by 
Bargmann and WignerlO and will proceed with the 
calculation. 

Particle with no spin (Klein-Gordon particle) 

The determination of the localized state is particu
larly simple in this case. It will be carried out in some 
detail in spite of this, because the same steps occur in 
the consideration of systems with spin. 

The wave functions are defined, in this case, on the 
positive shell of a hyperboloid p02= pI2+P22+PI+p.2 
and we shall use pI, f, f as independent variables. In 
any formula, po is an abbreviation for (PI'+P2'+PI 
+p.I)I. The invariant scalar product is 

The wave function <1' in coordinate space becomes 

<1'(xl , r, r, Xl) = (2 ... )-1 f ",(pI, Pt, P,) 

Xexp( -i(x, pl)dpldp?dPa/Po, (2) 
where 

(x, pI = XlpD-xlpl-rf-xlpi 
=XOPO-XIPI-X2p2-Xapa, (3) 

is the Lorentz invariant scalar product. Throughout 
this paper, the covariant and contravariant components 
are equal for the time (0) coordinate, oppositely equal 
for the· space (1, 2, 3) coordinates. This governs the 

I·V. Bargmann and E. P. Wigner, Proc. Nat. Acad. Sci. 3~. 
211 (1948). 
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raising and lowering of all indices. Occasionally, we 
shall use for the scalar product of two space-like vectors 
the notation (x, p) so that, e.g., Ix, p}=xDpo-(x·p). 

The linear manifolds which are invariant with respect 
to rotations about PI=P2=PI=0 are, for any integer j, 
the 2j+ 1 functions 

P .. /(~, 4»f(P) (m= -j, .-H1, .. oj-1,)), (4) 

where P, ~ and 4> are polar coordinates for PI, P" P, and 
f is an arbitrary function. The P.i are the well-known 
spherical harmonics. The sets (4) are also invariant 
with respect to inversion, i.e., replacement of PI, P" PI 
by -PI, -P" -PI. Naturally, not only a single set 
(4) has these properties of invariance but the sum of 
an arbitrary number of such sets as long as one includes 
with one function (4) all 2j+1 functions and their 
linear combinations. The f(p) could be different for 
different j. . 

Under time reversal "'(PIP2PI) goes over intoll 

fN(PI, P2, Pa)="'(-PI, -P" -PI)·' (5) 

We understand by time reversal the operation which 
makes out of a wave function", the wave function 60/1 
on which every experiment, if carried out at -I, yields 
same results as the same experiment carried out on ,; 
at time I. Because of (5) and our postulate (6), if 
the P./(O,4»f(P) are localized at the origin, the set 
P ....... /(0, 4»f(p)·, i.e., the P+,i(O,4»f(P)· are also local
ized. The same is then true for the sum and difference 
of the corresponding pairs of functions which shows 
that the f(P) can be assumed to be real without loss 
of generality. 

The displacement operator in momentum space is 
simply multiplication with exp(-ila, pI) j 

T(a),y=exp(-i{a, p}),y. (6) 

We shall have to consider purely space-like displace
ments, i.e., assume that aO=O. It then follows from 
our postulate (c) that, in particular, exp(i(a, p»", is 
orthogonal to '" if '" is localized, or that 

f f f' ",(pIP,P.) '2 expi(aipi +a,PI 

+aap.)dpldp.dp';po=O, (6a) 

for any non-vanishing vector a. This shows that only 
the zero wave number part occurs in the expansion of 
''''''/PO into a Fourier integral. Hence ''''I'/PO is a 
constant, ''''I proportional to pot. Comparing this with 
(4), we see that only the set j=O can be chosen. 
Since, furthermore, we saw that f(P) can be assumed 
to be real, we have 

As far as postulates (a), (6), (c) are concerned, '" could 
be a discontinuous function, being +Pot= (P'+p')' for 
some P, and -(p'+pl)1 for the remaining p. However, 
no matter how'; is chosen, consistently with (7), there 
is, in this case, only one state localized at the origin 
because if there were two, say "'I, and "", the ';1 would 
have to be orthogonal not only to "'I exp( -i(a, p» but 
also to "', exp( -i(a, p» from which not only ,,,,,I,,,po 
but also ';l*ift,"'PO and hence the proportionality of "'I 
to ';1 follows. 

In order to eliminate the discontinuous 1/i as localized 
state, we introduce the further regularity condition that 

(r1{t., r1{t.)/(",., ,;.) (8) 

shall remain finite as the normalizable wave functions 
"'. approach';. The MOl: is the infinitesimal operator of 
a proper Lorentz transformation in the xD:i' plane, its 
operator islO 

(Sa) 

This further postulate eliminates all discontinuous ,; 
and we obtain for the wave function of the only state 
which is localized at the origin 

(9) 

The regularity requirement (d) actually asks for the 
finiteness of (8) for aJ) Mkl. However, if one substitutes 
MD, MIl or MIl for MOl: in (8), the resulting expression 
is automatically bounded-in fact their sum is j(j+ 1). 
Hence requiring the applicability of the MI', Mil, Mil 
to '" does not introduce a new condition. 

The localized wave function in coordinate space is 
obtained by (2). It is, apart from a constantll 

iter) = (p/r)'/4H "4(1)(ipr). (9a) 

It goes to zero at r= 00 as e-~r, at ,=0 it becomes 
infinite as "...1/1. It is, of course, not square integrable 
since it is part of a continuous spectrum. 

Applying the operator of displacement to (9) we 
obtain for the wave function of the state whim is 
localized at Xl, i'-,:t!- at time 1=0 

T( -x)ift= (2 ... )tpot exp-i(Plxl+P'i'-+P':t!-) 
= (2 ... ) ..... 'Pote-"( .... ). 

This must be a cl1aracteristic function of the operator 
rf for the k-coordinate with the cl1aracteristic value :i'. 
The operator rf is therefore defined by 

rf<l!(p) = (2 ... ) ..... • f Pote-/(p··):i'(Po')t 

X e"(P' ··)4>(P')dxdP' / po' j (10) 

(7) ax and dp' stand for d:r,ldi'-d:t!- and dPt'dPI'dp.'. One 
As was anticipated, ("', "') is infinite, the localized 
function is part of a continuous spectrum. 

II E. P. Wigner, Gottinger Nathrichten S46 (1932). 

"G. A. Campbell and R. M. Foster, "Fourier Jntegra\l for 
P=tic:a1 Applications," Ameritall TelephQnc ~d Telegraph 
Company (1931). 
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can transform (10) in a well-known fashion 

a ir 
tfrf>(p) = (i----) (211")-' ar 2 po2 . 

X f pg'e,(p'-p)"(po')-Iq,(p')dxdp' 

= -i(~+~)rf>(P)' ap" 2p02 • 

(11) 

These expressions are valid for finite as well as for 
vanishing rest mass. It is remarkable that the operator 
tf can be transformed into coordinate space and retains 
a relatively simple form 

1 jexP(-l'lx-yi)a4>(y) 
tf<l>(x)=:xk4>(x}+- ~y. (12) 

8.,.. Ix-yl oy" 

x and y stand for the spatial part of the four vectors x~ 
and y' and dy indicates integration over yi, 'I, yI. The 
customary tf operator contains only the first term of 
(11). 

It may be well to remember at this point that the 
position operators to which our postulates lead neces
sarily commute with each Qther so that only Pryce's 
case (e) can be used for comparison. In fact, our tf is 
identical with his 1/'. It may be pointed out, second, 
that a state which is localized at the origin in one 
coordinate system, is not localized in a moving coordi
nate system, even if the origins coincide at t=O. 
Hence our operators tf have no simple covariant mean
ing under relativistic transfermations. This is not the 
case for the customary operators tf either. Further
more, even though it appears that oI>(x) = 8(x) is in
variant under relativistic transformations which leave 
the origin unchanged, this is not much more than a 
mathematical quirk. One sees this best by transforming 
the 8-function to momentum space through the inver
sion of (2). The result, po, seems to have a simple 
covariant meaning. However, it does not represent a 
square integrable function and if one approximates it 
by one, say by "'a = Po exp( -a.2pot), the Lorentz trans
form of "'a will not approach "'a with decreasing a. In 
fact, as soon as al'«l, the scalar product of "'a and its 
transform will be independent of a and smaller than 
the norm of "'a. 

Particles with spin and finite mass 

We again use the description given in reference 10, 
i.e., define wave functions on the positive hyperboloid 
po'= Plt+P22+P/+I" and use in addition to Pl, Pt, PI 
the 2$ spin variables ~l, ~" ..• ~20 all of them four
valued. The wave functions which describe the possible 
states of the system will be symmetric functions of the 
~ and satisfy the 2$ equations 

E, 'Ya'p,,,,=I'''' a= 1,2, ., ·2$. (13) 

The consistency of these was shown before.lo The 'Ya 
apply to ~a, two 'Y with different first indices commute, 
with the same first index they satisfy the well-known 
relations 

(l3a) 

The great difference between the present case and that 
of zero spin consists in the limitation (13) of the 
permissible wave functions, in addition to the limitation 
to the positive hyperboloid. This latter limitation can 
be taken care of by using only the Pl, P2, PI as inde
pendent variables, the former limitation cannot be 
taken care of in an equally simple fashion. We shall 
make extensive use, however, of a device, most success
fully employed by Schrodinger' and define operators 

Ea=!(PO)-l(E. 'Y.'p,+l'h.o. (14) 

This is a projection operator: E,.'=Ea and Ea'" auto
matically satisfies the corresponding Eq. (13). Denoting 
the product of all the Ea by E 

E=E1Bt·· ·Bt. (14a) 

any E", is a permissible wave function, satisfying all 
Eqs. (13). 

For the scalar product, we shall use the expression 

It follows from this at once, because of our postulate 
(c), and since (6)' is valid in this case also, that every 
wave function which is localized at the origin satisfies 
the analogon of (7): 

EMI'= (211")--3po20+l. (16) 

The operator for time reversal is 

0t/t(pl, P2, p,) = C"'(-Pl, -P2, -P3)*, (17) 

where C is a matrix which operates on the ~ coordinates 
and satisfies the equations 

C'Yao*='YaOCj (a= 1, 2, ",,2$) 
C'Ya"*= -'Ya"C. (a= 1,2, "', 2$j k= 1,2,3). 

(l7a) 

If yO, r, r are real, 'Yl imaginary 

2. 

C=II'Y.s'Ya'j 0=(-)2'. (l7b) 
_1 

Since C, as defined above, is a real matrix we also have 
8 2= (_)20 which is true independently of the choice of 
the 'Y-matrices. The operator for the inversion of the 
space coordinates is 

It/I(Pl, P2, P3)='Yh,o .. ''YIN(-Pl, -P2, -p.)j (18) 

it commutes with the Ea of (14). 
In order to determine the sets of wave functions 

which are invariant under rotations, we first define the 
analogue of the pure spin function for the relativistic 
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Eqs. (13). For this purpose we define auxiliary functions 
v.. which are independent of PI, Pt, 1'3 and functions of 
the ~ only. They satisfy the equations 

'Y .. Ov..=v.. (a=I,2,"',2s) (19) 
and 

liL .. 'Y .. l'Y .. 'v..=mv.. 
(m= -s, -s+ 1, •. " s-l, s). (19a) 

Since the 'Yo and the i'Ylr commute, it is possible to 
assume temporarily that they are all diagonal. Equation 
(19) then demands that they all belong to the character
istic value + 1 of each -yO; there are 221 such functions. 
However, we are interested only in symmetric functions 
of the ~ and there are only 2s+ 1 of these. They are 
distinguished by the index' m: the IJ.,. has non-zero 
components only for those ~ for which s+m of the 
i'Yl-yt are +1, the remaining s-m are -1. For these ~ 
the value of v.. is «s+m) !(s-m) !/(2s) 1)12-' so that 
IJ.,. is normalized in the sense 

(19b) 

Physically, m corresponds to the spin angular momen
tum about the xl axis, the parity of IJ.,. is even because 
of (19) and (18). 

The v.. are not permissible wave functions because 
they do not satisfy the wave Eqs. (13). We therefore 
define as spin functions 

V,,(Pl,p2,pl'~I' · .. ,~2.)=EI1 .. (m=-s, "·,s). (20) 

They are permissible wave functions of even parity 
and V .. represents a state of angular momentum mh 
about the third coordinate axis. Their normalization 
is, instead of (19b) 

Lr /V .. /2=«Po+I')/2po)2.. (20a) 

The most general solution of (13) is a linear combi
nation of the V .. multiplied with arbitrary functions of 
the PI, 1'" pa. A set of wave functions which is invariant 
under rotations and reflections contains wave functions 
of the form 

"';..= L S(l, sh_· ... ·pl ...... (", q,)f,(P) V"" (21) 
~ .. ' 

The 1', ", q, are again polar coordinates for 1'1, pt, pt; 
the fl are arbitrary unknown functions of the length of 
p. However, if one function of the form (21) occurs in 
the set, all others with different m but the same f, also 
occur. The summation over 1 is to be extended over all 
even values between Ij-sl and j+s if the parity of 
the "'I is to be even, over all odd values of I if the parity 
of "'I is odd. The S(l, $) are the customary coefficientsIJ 

II See e.g., E. P. Wigner, GruPPmlheorie, de. (y. Vieweg" Sohni 
Braunschwei" 1931). The composition of the V and the spherica 
harmonics P to the o{I1 is the same operation as the composition of 
the spin functions with a definite S and the space coordInate func
tions with a definite L, to functions of both, with definite I. This 
composition is explained in Chapter XXII. The coefficients of 
the composition, i.e., our S(I, $) are calculated p. 202 II (they are 
denoted by ,s<£8). 

giving a totalj from wave functions with given "orbital 
momentum" I and "spin momentum" s. 

Since the polar angles", q, are indeterminate for 1'= 0, 
the fl(P) must vanish for 1'=0 unless 1=0. Otherwise, 
the "';.. would become singular at 1'=0 and the MOl 
could not be applied to them in the sense of the bound
edness of (8). (Actually it is necessary to postulate this 
equation for the square of MO' instead only for MOl.) 
It follows that 1/1;.. vanishes at 1'=0 unless the series 
(21) contains a term with 1=0. However, (16) shows 
that 1/1 cannot vanish at this point if the rest mass is 
finite imd that, hence, every localizable wave function 
must have an 1=0 term in its expansion. This happens 
only if j=s and the wave function has even parity. 
If the parity of "';.. is odd, only /I, f., etc., enter (21) 
and these stiJl vanish at 1'=0. It follows that the wave 
functions which are localized at the origin all have 
angular momentumj=s and the form 

2. 

"' .. =:E:E S(I,s) ............. PI ........ ·(",q,)fIV .... (21a) 
1-0.' 

We now skip the part of the calculation which deals 
with the determination of the fl and give only the 
result: The wave functions localized at the origin are 
the 2$+ 1 functions 

"' .. ..; (2r)-l/t2'P02l+1(po+ 1')-' 
X V .. (PIP,P,; ~l'" "&.) (21b) 

(i.e., the 1=0 term alone remains from (21a». Actually, 
this result is far from being surprising.14 

The operator for the position coordinate can be 
calculated in exactly ~he same way as this was done in 
the case of zero spin, and gives 

21 1'020+1 ( a) po-I 
q'=EII (1+'Y .. O)-- -i-- --E. (22) 

-~ (P0+1')· aI', (Po+I')' 

For s=1 this again agrees with Pryce's result4 for his 
case (e), i.e., for his operator q. 

The significance of the projection operators E in 
(22) is only to annihilate any negative energy part of 
the wave function to which it is applied and to produce 
a purely positive energy wave function. Since q' is the 
position operator only for wave functions which are 

14 The proof runs as follows. One first shows, by considering 
o{I.::I::~-.. that the'. of (21a) can all be assumed to be resl. ODe 
then subdivides o{I .. into two parts: the 1-0 part of the sum (21a) 
will be denoted by o{!O, the rest ",'. As we have seeD, o{!O is finite at 
p-O, while.". vaDishes at that point. The proof then consists in 
showing that there can be no region in which "'. is finite but very 
much smaller than o{!O. It then follows from the continuity of both 
o{!O and "'. that the latter vanishes everywhere. IDserting o{!O+"" 
for'" in (16), ODe can neglect in the aforementioned region the 
square of "'. as compared with the other terms. The right side as 
well as the term from the square of o{!O, are independent of "and ". 
This must be true, therefore, also for the term arising from the 
cross product of "" and ",'. This term is, however, a sum of expres
sions P.'(",,,)J,f. which canDOt be independent of ",,, except if 
all,. with 1>0 vanish (J. is finite by assumption). It then follows 
that the ,. vanish everywhere and (2Ia) reduces to a single term. 
This can be obtained from (16) by taking the square root on both 
sides. 
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defined on the positive hyperboloid alone, the E on 
the right could logically be omitted. Both E can be 
omitted' if one calculates a matrix element between 
two purely positive energy wave functions. The factors 
involving po are necessary in order to make iajapi 
hermitian: because of the factor PO-b - I in the volume 
element (15), an operator is hermitian if it looks 
hermitian after multiplication with Pooi-I on the right 
and division with the same factor on the left. The 

2. 
operator II i(1+y.O) is a projection operator, i.e., it is .-1 
identical with its square and could therefore be inserted 
into (22) once more before the second E, thus making 
(22) somewhat more symmetric. The position operator 
(11) for the Klein-Gordon particle is a special case of 
(22) and can be obtained from (22) by setting $=0. 

If one displaces.a state by a and measures its Xi 

coordinate afterwards, the result will be greater by ak 

than the xi coordinate measured on the undisplaced 
state. This leads to the relation 

(23) 

for aO=O. Inserting the expression (6) for T(a) and 
going to the limit of very small ak, one obtains 

(23a) 

where '" is any permissible wave function. Actually 
one obtains by direct calculation, using in particular 
the identity 

E..(1+y.O)E.= po-I(po+p.)E. (24) 

the commutation relation 

qipl_plqk= -i8kIE. (25) 

The commutation relations of the qi with Po are natu
rally also the usual ones as po is a function of the pi 
alone. Since the qi are the components of a vector 
operator in three-dimensional space, their commutation 
relations with the spatial components of Mkl are also 
the usual ones. 

We wish to remark, finally, that a consideration, 
similar to the above, has been carried out also for the 
equations with zero mass. In the case of spin 0 and i, 
we were led back to the expressions for localized systems 
which were given in (9) and (21b). However, for higher 
but finite $, beginning with $= 1. (i.e., Maxwell's 
equations), we found that no localized states in the 
above sense exist. This is an unsatisfactory, if not 
unexpected, feature of our work. The situation is not 
entirely satisfactory for infinite spin either. 

DISCUSSION 

One might wonder, first, what the reaS!!n is that our 
localized states are not the 8-functions in coordinate 
space which are usually considered to represent localized 
states. The reason is, naturally, that all our wave 
functions represent pure positive energy states. This 
is not true of the 8-function. Similarly, our operator 

(22) transforms positive energy functions into positive 
energy functions. 

It is often stated that a measurement of the position 
of a particle, such as an electron, if carried out with a 
greater precision than the Compton wave-length, would 
lead to pair production and that it is, therefore, natural 
that the position operators do not preserve the positive 
energy nature of a wave function. Since a position 
measurement on a particle should result in a particle 
at a definite position, and not in a particle and some 
pairs, this consideration really denies the possibility of 
the measurement of the position of the particle. If this is 
accepted it still remains strange that pair creation ren
ders the position measurement impossible to the same 
degree in such widely different systems as an electron, a 
neutron and even a neutriono. The calculations given 
above prove, at any rate, that there is nothing absurd in 
assuming the measurability of the position, and the 
existence of localized states, of elementary systems of 
non-zero mass. Moreover, the postulates (a), (b), (c) and 
(11), which are based on considerations of invariance, de
fine the localized states and position operators uniquely 
for all non-zero mass elementary systems. 

No similarly unique definition of localized states is 
possible for composite systems. Although it remains 
easy to show that definite total angular momenta j can 
be attributed to localized states, one soon runs into 
difficulties with the rest of the argument. In particular, 
the summation in (16) must be extended not only over 
the spin coordinates ~ but also over all states with 
different total rest mass and different intrinsic spin. 
As a result, one can, e.g., find states which can coexist 
as localized states in the sense of our axioms even 
though their j values are different. This is also what 
one would expect on ordinary reasoning since, if the 
system contains several particles, the states in which 
anyone of them is localized at the origin satisfy our 
postulates. This holds also for the states in which 
another one of the particles is so localized or for states 
in which an arbitrary linear combination of the coordi
nates is zero. As a result, not only is the number of 
localized states greatly augmented but; further, one 
must expect to find many such large sets for which our 
postulates hold, although no two sets can be considered 
to be localized simultaneously. In other words, each 
set of localized states is not only much larger for 
composite systems but one also has to make a choice 
between many sets all of which satisfy our postulates 
by themselves. It does not appear that one can proceed 
much further in the definition of localized states for 
composite systems without making much more specific 
assumptions. Naturally, one can define as localized 
states those, which, in any of the elementary parts of 
the composite system, appear localizable. It appears 
reasonable to assume that this definition corresponds 
to the center of mass of the whole system. 

One may wonder, even in the case of elementary 
particles, whether the determination of the localized 
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states and position operators has much significance. 
Such doubts might arise particularly strongly if one is 
inclined to consider the collision matrix as the future 
form of the theory. One must not forget, however, 
that the customary exposition of this theory refers 
only to questions about cross sections. There is another 
interesting set of questions referring to the position of 
the scattered particles: how much further back (i.e., 
closer to the scattering center) are they than if they 

had gone straight to the scattering center and then 
continued in the new direction without any delay}' In 
order to answer such questions in the relativistic region, 
one will need some definition of localized states for 
elementary systems. From this point of view it is 
satisfactory that the localized states could be defined 
without ambiguity just for these systems. 

ilL. Eisenbud, Princeton Dissertation (1948). 
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I. Origin of the Problem 

The present investigation has its origin in the quantum theory of collisions. 
It appears appropriate, therefore, to give here a very short review of the subject 
even though some of the material to be covered in this section may be found in 
standard publications, such as the Theory of Atomic Collisions by N. F. Mott 
and H. S. W. Massey (Oxford University Press 1933). 

Although the underlying problem can be formulated much more generally, 
it will be sufficient for the purpose of the present paper to consider a single 
particle in the field of some scattering center. The wave function of the particle 
will be denoted by I{J and it will be sufficient to restrict ourselves to spherically 
symmetric wave functions, i.e., to the case that I{J depends only on the distance 
r of the particle from the scattering center. Hence, the Schrodinger equation 
for I{J can be written in the form 

(1) LI{JB == - d;~E + V(r)I{JE = EI{JE. 

E is the energy of the particle, VCr) the potential due to the scattering center; 
I{J must vanish for r = O. 

It will be assumed that the variability domain of r can be divided into two 
parts. The region r. > a, where a is a fixed distance, will be called the region of 
the long range interaction. VCr) is supposed to be known in this region, and to 
go, for r = 00, sufficiently fast to zero so that the two independent solutions 
F(r) and G(r) of (1) have, at very large r, the asymptotic forms k-l sin kr and 
k-i cos kr with k2 = E. The purpose of the factors k-i is to make the F and G 
obey the equation 

(2) F'G - G'F = 1. 

The region r < a will be called, on the other hand, the region of short range 
interaction. Very little is known about VCr) in this region and 'even less about 
the permissible solution of (1), i.e., the solution which vanishes at r = O. On 
the other hand, one is usually not much interested in the behavior of the wave 
function at r < a. It is reasonable, therefore, to express the effect of the short 
range interaction by giving the ratio of I{JE to its derivative I{J~ = dl{JE/dr for 
r = a: 

(3) R(E) = I{JE(a)/I{J~(a). . 
If R(E), the "derivative function", as well as the solutions F(r) and G(r) for 
r > a are known, the wave function is, apart from a constant factor, uniquely 

36 
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determined for r > a by the requirement of the continuity of I{JE and that of 
I 

I{JB at r = a: 

(4) 

wherein 

(4a) 

I{JE(r) = F(r) + SG(r) 

F'R - F 
SeE) = -G'R + G. 

(r ~ a) 

The F, G, F', G' are the values and radial derivatives of the functions F(r), 
G(r) at r = a. 

By multiplication with a constant (i.e., r independent) factor I{JE(r) goes over 
into 

(5) I{JE(r) = F(r) + i ~ S (F(r) + iG(r». 

The interpretation of this e~uation is as follows: The asymptotic behavior of 
the first term is the same (k- sin kr) as would obtain if VCr) vanished through
out. Hence the second term represents the addition to the wave function which 
is caused by the presence of the potential VCr). It has, at large r, the behavior 
of an outgoing wave k-teikr and is what an observer at large r would interpret 
as the scattered wave. Hence the absolute square of its coeffi~ient is proportional 
to the scattering cross section (1. A somewhat more detailed consideration shows 
that 

(6) 

This equation, together with (4a), gives the scattering cross section in terms of 
the "short range interaction", characterized by R, and the "long range inter
action" which finds expression in the quantities F, G, F', G'. The former depends 
only on the properties of V(r) for r < a, the latter only on the properties of 
V(r) for r > a. 

It would first appear that nothing has been gained by the preceding develop
ment because the R(E) of (3) remains as unknown as the VCr) was for r < a. 
It can be shown, however, that R permits a convergent expansion into an, in 
general, infinite series 

2 

(7) R(E) = ~ E,. ~ E· 

It follows that R is an analytic, in fact a meromorphic function, all the poles 
of which are on the real axis and all have negative residua. The proof of (7) 
can be obtained,! in the simplest case which was outlined. above, by a modifica
tion of the expansion of the Green's function of (1), similar to that given in L. 
Bieberbach's Theone der Differentialgleichungen (Julius Springer, Berlin 1923). 

1 For further details cf. e.g. E. P. Wigner and L. Eisenbq,d, Phys. Rev. 72,29, (1947). 
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However, the generality of (7) is actually much greater than would appear 
herefrom. The L in (1) need not be a differential operator but can be an arbi
trary self adjoint operator with the property that it acts, on any function which 
vanishes for r < a, as a differential operator of the form (1). Even this condi
tion can be weakened to the requirement that the probability of the particle 
being inside a can be expressed as a hermitian form of I/'(r) and that a current 
at a, which is also a hermitian form of I/'(r), can be defined so that these quanti
ties satisfy the usual continuity equation.2 Furthermore, the concept of R can 
be extendedl to functions with several variables I/'B(Xl , X2 , ..• , x ... ) in which 
case R(E) becomes an infinite matrix function of E. 13ecause of the appearance 
of functions with the same essential properties under such a variety of condi
tions, it appears desirable to characterize these functions3 in a more abstract 
fashion and to determine some of their common properties. This will be done 
for scalar (non matrix) R functions in Section II. 

The direct incentive to the present investigation was furnished by the fol
lowing problem. In many cases of considerable physical interest the variation 
of the F, G, F', G' with energy is so much smaller than that of R that it is reason
able to consider them to be independent of E. We shall see in the next section 
that if one does this, i.e., considers the F, G and their derivatives at a as con
stants, the S{E) of (4a) permits an expansion similar to (7) 

2 

(7a) S = const + ~ H"r:.... E' 

Inserting this into (6) one finds that a/{41r/E), i.e., the cross section measured 
in terms of the maximum possible cross section hiE, has maxima where Sis 
infinite and the ~idth of each maximum is equal to the negative residue of the 
corresponding pole, i.e., equal to r!. It is reasonable now that the width of 
these levels depend on the long range interaction and indeed the r" of (7a) con
tain what is known as the penetration factor. It seems reasonable to assume, 
'on the other hand, that the density of the resonances HI" the distribution 
function for the distances HI'+! - HI' of successive resonances, as well as the 
distribution function of the widths r! apart from the absolute scale, depend only 
on the short range interaction R. Expressed matihematically, one could expect 
that the density of the HI' and the above distribution functions be invariant 
under a linear fractional transformation: that the number of the HI'+! - HI' 

I Cf. G. Goertzel, Phys. Rev. 73, 1463 (1948) and E. P. Wigner, ibid. 70,15 (1946) espe
cially page 18. 

I They were first considered, probably, in connection with problems of radio signal 
transmission, by the group of workel'!! at Bell Telephone Laboratories. Cf. G. A. Campbell, 
Bell System Tech. Journ. 1, No. 2,.p. 1 (1922), O. J. Zobel ibid. 2,1, (1923), R. M. Foster, 
ibid. 3, 259, (1924). The great generality of the occurrence of expressions of the form (3) 
in problems of collision theory finds particularly striking expression in G. Goertzel's treat
ment of the collision of particles obeying Dirac's equation (Phys. Rev. 73, 1463, (1948». 
Cf. also the author's review article Nuclear Reactions and Level Widths, Am. Journ. of 
Physics, 17,99, (1949). 
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which exceed a certain number I be the same as the number of E,,+! - E" which 
exceed the same number I, and that the frequency of the deviation of 'Y! from 
the average by a certain factor be the same as the frequency of the deviation of 
r! from the average r! by the same factor. This we will indeed find corroborated 
under rather general conditions. This will be the subject of Sections III and IV. 

II. Properties of R·Functions 

The R function will be defined as a meromorphic function, the imaginary 
part of which is non negative on the upper half plane and non positive on the 
lower half plane. However, a real constant will not be considered an R function. 

The variable E of R will be denoted by z henceforth and a number of auxiliary 
theorems for R established. It is clear, first of all, that: 

ILL A linear combination of R functions with positive (positive shall mean, 
throughout this article, real positive) coefficients is again an R function. 

II.2. An R function is real on the real axis and asdumes real values only on the 
real axis. This follows from the fact that the imaginary part of an analytic 
function, unless it is a constant, cannot assume its minimum or its maximum 
inside a closed domain. It follows that the terms "non negative" and "non posi. 
tive" in the definition of an R function can be replaced by "positive" and "nega
tive", respectively. 

It also follows that all the derivatives of R are real at any regular point of 
the real axis and that all the coefficients of the power series development of R 
at such points are real. Hence, in the neighborhood of such points, R assumes 
conjugate complex values for conjugate complex values of its argument 

(8) R(z*) = (R(z»* 

and this equation will hold throughout the complex plane. This permits one to 
restrict many of the considerations to the upper half plane. 

11.3. The derivative of an R function is positive at every regular point of the real 
axis. In fact, let us denote the first two terms of the power series expansion of 
R around the real point Zo by Ro + Rn(z - zo)n + ... where Ro is real and 
Rn ¢ O. Since there is a neighborhood of Zo in which these two terms dominate, 
Ro + Rn(z - zo)" must have a positive imaginary part in the upper, negative 
imaginary part in the lower half plane ii Z - Zo is sufficiently small. This can be 
the case only if n = 1 and Rn = Rl ~ O. Since, according to assumption, Rn ~ 0, 
we have Rl >. O. 

II.4. All poles of an R function must be on the real axis. In the neighborhood 
of a pole a(z-zo)-n the R function's imaginary part assumes both positive 
and negative values. This can be the case only if Zo is real. 

II.5. All poles of an R function are simple and their residues negative. In a 
sufficiently small neighborhood of a pole Zo the value of R is dominated by the 
highest singularity a(z - zo)-n or ar-ne-in., if we introduce polar coordinates 
for z - Zo = rei". This must be real for 1(1 = 0 whence a is real. Since its deriva
tive with respect to r must be positive for rp = 0, the a must be negative. Unless 
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n = 1, the imaginary part of r-ne-inI{J will change sign in the upper half plane. 
The diagram of a typical R function is given in Fig. 1. 

R 

z 

FIG. 1. Behavior of a typical R function for real values of its argument 

II.G. The functions 

(9) 

and 

(9a) 

az + b 
a'z + b' 

with ab' - a'b > 0 

a tg(b(z - zo» with ab > 0 

(all a, b, a', b' real) are R functions. 
II.7. The only entire R functions are the linear functions R = az + b with 

positive a and realb. 
It follows from II.2 that R can assume real values only on the real axis. If R 

has no singularities on this axis it is, because of II.3, a monotonously increas
ing function on this axis. It has been observed by Mr. D. W. Blackett, to whom 
the first proof of this theorem is due, that, as a consequence of the above, R 
will not assume outside of a circle about z = 0 any of the real values which it 
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assumes inside the circle so that, by Picard's theorem, it can have no essential 
singularity anywhere. However, one can prove the theorem also without 
reference to Picard's theorem, e.g., by considering the complex phase of 
(R(z) - R(O»/z. This phase is clearly always between -1r and 1r so that the 
above expression is a constant. Hence R(E) must be a linear function of z. 

II.S. Every R function can be expanded into an absolutely convergent Mittag
Leffler series: 

(10) R = aZ + .B + L: (---1L _ 'Y!) 
" Z" - z Z" 

with a positive, .B and 'Y real. The proof of this theorem, which the writer had 
used for the considerations given in Sections III and IV, has been given by Drs. 

y 

x 

FlO. 2. Path along which the imaginary part of R - 'Yi(ZI - Z)-I is everywhere larger 
than -!p. 

M. Schiffer and V. Bargmann and the writer is much indebted to them for per
mission to reproduce their proof. It starts from the following Lemma. 

II.Sa. If Zl is a pole of R with the meromorphic part 'YU(ZI - z) then 

(11) RI(Z) = R(z) - 'Y~/(Zl - z) 

is also an R function. Clearly RI is a meromorphic function, it needs to be shown 
only that the sign of its imaginary part is the same as the sign of the imaginary 
part of z. Suppose this is not the case and -iRI has a negative real part for 
some point z' of the upper half plane which will be denoted by - p where p > O. 
Let us now consider -iRI along a closed path as indicated in Fig. 2. This runs 
along the real axis, where -iRI is imaginary, but avoids the poles, except Zl, 
which is a regular point of R1 • It then follows a semicircle ~bout Zl back to 
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the real axis. The radius of this semicircle is larger than 2'Yi! p and large enough 
to include z'. Along this semicircle, the real part of -iRl is larger than -p/2. 
The poles along the real axis can be avoided so closely that the real part of 
-iRI be positive. As a result, the real part of -iRI is nowhere smaller than - p/2, 
it cannot assume the value - p inside the path. This proves Sa. 

Let us now subtract the singularities of R(z) one after the other, i.e. consider 
the function. 

.. 2 

(12) R,,(z) = R(z) - :E Z 'Y" • ,,-1 ,,- Z 

This is, according to Sa, still an R function. If Zo is a real regular point, the deriva
tive of R .. must be positive by II.3. Hence 

.. 2 

(12a) :E (Z 'Y" )2 < R'(zo) 
p-l ,,- Zo 

and this hoids for every n. Hence the infinite series :E'Y;/(Zp - ZO)2 converges 
abs"lutely and this holds also for the series 

(13) :E (Zp 'Y~ Zo -1:) = :E (Z" ~z;o)Z" ~ (I Zo 1 + zV 1 Z, D :E (Zp ~ ZO)2 

where Z. is the pole with the smallest absolute value. It is easy to see that the 
series (13) converges also for non real Zo and one can consider, therefore, the 
function 

R(z) - :E (~ _ 'Y!). 
Z" - z Zp 

This is a limit of R functions and is, therefore, according to II.2, itself an R 
function or a constant. It has no poles anywhere on the complex plane and is, 
by 11.7, a linear function of z with coefficients as described under II.S. This 
completes the proof of II.S. 

II.9. A linear fractional function of an R function with positive determinant and 
real coejficients is an R function 

(14) 

S is clearly meromorphic: its poles are where R = -b2/~. Furthermore, if 
one considers S as a function of R, it follows from II.6 that the imaginary part 
of (14) has the same sign as the imaginary part of R. This, however, has the 
same sign as the imaginary part of z. 

The simplest function of the form (14) is -b/R with b > O. It follows now 
that Rl - b/R2 is an R function. Substituting for R2 a similar expression, one 
finds that if the b are all positive, the continued fraction 

(15) R = Rl - b2/(R2 - ba/(Ra - ... - b,.jR,,) ... » 
is also an R function if Rl , R2 , Ra , ••• are all R functions. 
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It follows from (14) and II.S that, if the F, G, F', G' are considered as constants, 
the S of (4a) can be written in the form (7a). The absence of the linear term of 
(10) follows from the particular property of the R of (3) that they go to a 
finite complex number (in fact to a purely imaginary number) if the imaginary 
part of z becomes infinite and that this number is independent of the real part 
of z. This then follows also for S which entails the absence of the az term of 
(10). The details of this last argument will be worked out below. 

II.lO. The S of (14) is, because of II.6, an R function of an R function. The 
sign of the imaginary part of such a function always follows the sign of the 
imaginary part of the argument. Analytic functions with this property will be 
called "following" functions. If such a "following" function is many valued, 
the imaginary part of every value must have the same sign as the imaginary 
part of the argument. Every R function is a following function but a following 
function is an R function only if it is meromorphic. The "following" functions 
form a group, except for the ambiguities which may occur in the definition of 
an analytic function of an analytic function, because the inverse of a following 
function, and a following function of a following function, are also following 
functions. This is, of course, not true for R functions, except if the second one 
has only a finite number of poles and it can have only one pole if its inverse is 
also to be an R function. 

Next, a new normal form will be given to R functions in which they will be 
represented as the tg of a following function: 

(16) R = tgf; 

(This f' will later be called also the invariant derivative of R.) The f' has singu
larities (except at 00) only where R = ±i. These points z,. = X,. ± iK,.(K,. > 0, 
cf. (8)) can have no condensation point except at infinity: a condensation point 
would be an essential singularity of (R - i)-l and hence also of R. If one expands 
R at the points z,. into a power series R(z) = i + an(z - z,.t + ... one finds 
for f' 

(16a) f' = nan(z - z,.t-1 + ... '" n 
2ian(z - Z,.)n + ... 2i(z - Z,.)· 

II.ll. The poles of f' lie symmetrically to the real axis, the residues have the 
form n/2i where n is a positive integer for the poles above the real axis; the residues 
of the poles which lie symmetrically with respect to the real axis are oppositely equal. 
Hence the meromorphic part of a pair of such poles has the form 

(17) 

where X,. is real, K,. positive. 
It is suggestive, therefore, to consider for f' a sum of expressions (17) 

(*) 
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The mUltiplicity n of the roots z,.. , which occur in (17), is taken care of in (*) 
by including, for n > 1, the same term several times: Hence 

(**) "'( z-x x) f = L.J arctg -- + arctg ~ . 
K,.. K,.. 

Since the f of (**) is a following function and since the tg of it has no essential 
singularities in the finite plane, the tg of the f of (**) is an R function. If the 
sum in (*) is finite, it is in fact a rational R function. One can, furthermore, add 
a linear R function to the f of (**) without changing its character and thus ob
tain the expression 

(18) R = tgf = tg {'1Z + ,,+ E (arctg z ~ x,.. + arctg :;)} 

with positive '1 and K,.. and real " and x,.. which is clearly an R function if the 
series in it converges. Conversely, we have the theorem 

II.12. Every R function can be given the for1n (18) with a convergent series as 
the argument of the tg. The proof of this theorem, which the writer had used for 
the considerations to be given in Section IV without having a rigorous proof 
for it, has been given by Dr. v. Neumann and the writer is much indebted to 
him for permission to reproduce his proof. It is patterned on the Schiffer-Barg
mann proof given under II.8. 

It follows from 11.11 thatf' hasno other singularity in the finite plane but those 
at the x,.. ± iK,.. with meromorphic parts given in (17). Hence e.g. 

(19) it = f - n arctg (z - xl)/KI 

has no singularity at Xl ± iKI • One then has the Lemma which is the analogue 
of 8a: 

II.12a. The fl of (19) is a following function. In order to prove this, let us 
consider the imaginary part of fl. In the neighborhood of a singularity 
z,.. = x,.. + iK,.. of the upper half plane, (16a) shows that f has the form - lni In 
(z - z,,) and hence one can draw a small circle around z" such that the imaginary 
part of fl be positive on that circle. Furthermore, f and also fl are regular and real 
on the real axis, so that the imaginary part of fl vanishes there. At a large dis
tance from ZI, the imaginary part could become negative in the upper half 
plane but, by taking the distance large enough, it can be accomplished that it 
do not sink below - e. This is true because the imaginary part of f is positive 
in the upper half plane, and because the imaginary part of the second term of 
(19) goes to zero for large I z - Xl I as nil z - Xl I. Hence, the imaginary part 
of f1 is nowhere smaller than - e on the boundary of the domain which is bordered 
by the real axis and a sufficiently large semicircle, and from which small circles 
around the z,.. are excluded. Since, furthermore, the imaginary part of f1 is a 
single valued function of z, it cannot sink below - e anywhere in the inside of 
this domain. As this holds for every e, Lemma 12a follows. 
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Let us now consider the functions 
N 

(20) IN = I - L: (arctg (z - XI')/"I' + arctg (XI'/"I'». ,.-1 
They are still following functions and, hence, the imaginary part of the sum 
is smaller than the imaginary part of I. It follows, as under II.8, that the imag
inary part of the sum in (20), even if extended over all p., converges at every 
regular point Zo of I. 

For Zo = is this means that 

1. "1 1 + 2"l's/(x! + Ie! + l) 
"2.l.J n 2 2 2 

1 - 2",. 8/(XI' + Ie,. + 8 ) 

converges. Since "1'8/(X! + Ie! + i) < 1 and since for ~ < 1 the! In (1 + ~)/ 
(1 - ~) > ~, the infinite sum 

" "I' 
.l.J X2+2+2 I' "I' S 

must also converge for 8 > O. Let us assume, for the sake of definiteness, that 
the terms in this sum are so arranged that the x! + Ie! form an increasing, or 
at least a non decreasing, series. Since the Zl' = x,. + i,,1' have no condensation 
point, the numbers x; + Ie! must tend to infinity. It then follows that 

(21) 

converges since from a definite J.I on, its terms are surely less than twice the 
terms of the preceding slim. Since the denominator of (*) is larger than 
1 z 12 - 2 1 zl 1 Zl' 1 + 1 Zl' 12 it follows in a similar way that (*) also converges 
wherever all terms of it are regular, and, indeed, that it is bounded for real z 
in every finite interval. As a result, the integral (**) of (*) converges also so 
that one can consider the function I", obtained from (20) by letting N go to 
infinity. This is now a following function which has no singularity in the finite 
plane. It is, therefore, an R function and thus by II.7 a linear function as de
scribed there. This completes the demonstration of II.l2 and of the possibility 
of representing every R function in the form (18). We also have verified (*) 
with the surmised non negative additional term 71 

(18a) '() R' ,,",. 
I z = 1 + R2 = 71 + L;: Ie! + (z _ X,,)2' 

This series converges for all values of z except if a term in (18a) becomes infinite 
by itself. 

Actually, one has obtained in this wayan infinite number of representations 
for R. One of these is given by (18), the others are obtained by representing 
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a-1R - b in that form (a positive, b real). Having done that, one can obtain 
for R an expression 

(22) R = b + a tg {."z + t1 + L: (arctg z - x" + arctg x,,)} 
" ~ ~ 

with every real b and positive a. In the expansion of the same R, the '1, t1, x~ 
and K" will depend on the choice of a and b. 

III. Uniform R Functions 

In the present and particularly the following Section, we finally come to the 
question which prompted the present investigation. We shall define, first, 
"uniform" R functions, in which the "density" of poles, suitably defined, and 
the "average" residue of poles, is constant, i.e. independent of the position of 
the interval on the real axis. This concept will then be refined in the following 
section by the stipulation that not only the average of the distances between 
poles, but also the statistical distribution of these distances, be independent 
of the position of the interval on the real axis. The same will be postulated also 
for the residues: not only their average but also their distribution over all pos
sible values shall be constant. Naturally, it will be necessary to define these 
concepts more accurately. 

An R function will be said to have a pole density if for every c, there is an 
L(e) such that the number of poles in any interval of length L > L(c) on the 
real axis is between (1 - c)pL and (1 + e)pL. The p in these expressions will 
be called the density of poles. 

An R function will be said to have a definite strength if for every c there is 
an L(c) such that the sum of the residues of all the poles within any interval 
of length L > L(c) on the real axis is between - (1 - c)sL and - (1 + c)sL 
with s > O. The s of these expressions is then the strength of the R function. 

An R function will be called uniform if it has both a pole density and a definite 
strength, and if there is no linear term az in its expansion by (10). In some cases, 
it will be necessary to strengthen the above conditions by the subsidiary stipula
tion that there be positive numbers A and " such that L(c) < A/c' if c < 1. 
This will be referred to as the subsidiary condition for the rapidity of the con
vergence of the average of the 'Y! (cf. (10)) to its asymptotic value. 

A trivial example of a uniform R function is (s/r) tg (rpz). Less trivial ex
amples will be given below. It should be noted that the above requirements are 
very strong in the statistical sense inasmuch as a common L(c) must exist for 
the whole infinite real axis and that the above definition does not allow even 
rare exceptional regions in which the number of poles, or the sum of their resi
dues, could be outside the above limits. We shall next establish a number of 
simple theorems for the density of poles, and for the strength, of R functions. 

IILL The pole density of an R function is invariant under fractional linear 
transformations. The S of (14) has poles where R = -b2/~, i.e. has one pole 
between each pair of successive poles of R (cf. II.3 and Fig. 1). Hence, the num-
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ber of poles of S, in any interval in which R has N poles, is between N - 1 
and N + 1. Hence the L(2e) for S can be chosen in an arbitrary fashion provided 
that it is greater than the L(e) for R and also greater than I/(pe). If this is the 
case, the number of poles of S in any interval of length L > L(2e) is greater 
than 

(1 - e)pL - 1 > (1 - 2e)pL. 

Similarly, the number of poles within any similar interval4 L will be smaller 
than (1 + e)pL + 1 < (1 + 2e)pL. It is clear from the above that 

III.1/. If R satisfies the s1lbsidiary condition concerning the limitation 
L(e) < AI e', its transform will satisfy a similar condition. 

III.2. If an R function has a definite strength s, and if there is no linear term 
aZ in its expansion (10), the imaginary part of R will converge uniformly (in x) 
to 71'S as the imaginary part y of z = x + iy goes to infinity. 

In order to show this convergence we note that since {3, 'Y" , Z" are real, the 
imaginalY part of the R of (10) is 

(23) 21. (R(x + iy) - R(x - iy) = 1: ( 1~ .' 
'£ "x-,.-+y-

In order to find the Yt (which is independent of x) such that for y > Yt (23) 
differ by less than 311'SE: from 71'S, we first find an L such that the sum of all 'Y! 
in any interval of length L be between 8L(1 - e) and 8L(1 + c). Then we find 
the interval v which permits one to approximate the infinite integral 

J dUCt + 1) = 11' 

better than by the factor (1 + e) 

(24a) 

(24b) 
.. fI 

2 ?; (n + 1)2f12 + 1 > 11'(1 - c). 

Actually, the first sum is clearly larger than 11' because it gives the area of the 
circumscribed rectangles of. Fig. 3, the second sum is smaller than 11' because it 
gives the area of the inscribed rectangles. Since the two expressions differ by 
2v, (24a) and (24b) will be both satisfied if 2v < 11' e. We then take y. = L I fI = 
2L11I'c. 

We now can replace the sum (23) by partial sums, the nth of which (n going from 
- 00 to 00) contains those terms of (23) for which nL ~ Z,. - x < (n + I)L. 
If we replace in each of these sums the Z,. - x in the denominator by nL for 

4 We shall use here and subsequently capital letters to denote intervals on the real axis. 
The symbol of an interval, if it occurs in a formula, always denotes the length of the inter
val. 
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n > 0 and by (n - 1)L for n < 0, we have increased the total sum. Hence the 
sum (23) is greater than Ln(Sn + S-n-l)y (n2L2 + y2)-1 where S" is the sum of 
the 'Y! which correspond to the Z" of the interval between ilL and (II + 1)L. By 
assumption, all S. are smaller than Ls(1 + e) and hence, the total sum 

1 . ." 2Ls(1 + e)y " 2L/y 
(25) 2i (R(x + 'ty) - R(x - 'ty» < L: n2 D + y2 = L.J s(1 + e) n2 D/y! + I' 

Now for Ljy < v, the last sum is, by (24a), smaller than '/1"(1 +. e) so that the 
whole expression (23) is smaller than '/I"s(1 + d. A similar argument leads to 
the result that the same sum is larger than '/I"s(1 - e)2 which then proves the 
proposition. 

£ 
FIG. 3. Relation of the sums (24a), (24b) to the integral L: d~/(l + EI) 

One can again follow the above argument with the estimate for L(e) given in 
the subsidiary condition. One finds that the imaginary part is between '/I"s(1 ± e) 
if y > A/('/I"2"c'+1). Hence 

IlI.2'. If the subsidiary condition for the strength of R holds, there are two number8 
A I and p' so that it is sufficient to choose 'Ii > A' / e" in order to bring the imaginary 
part of R between the limits '/I"s(1 ± e). The calculation which haS been sketched 
above shows, in fact, that p' = p + 1 whence it follows that the imaginary part 
of R(x + iy) approaches its asymptotic value at least as fast as Const y-ll<r+l) 

IlL3. Conversely, if the imaginary part of RCx + iy) converges with increasing 
y, uniformly in x, and for all x, to the same 'fI,umber '/I"S, then R has a definite strength 
8 and has no linear term in ,its expansion (10). The following proof owes an im
portant simplificationS to Dr. M. Schiffer to whom I am indebted on this score 
also. We first have to show the following Lemmas. 

5 The original proof compared the sum of the residua of an interval on the real axis with 
the integral, extended over an interval of similar length and on a line parallel to the real 
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III.3a. If the imaginary part of R(x + iy) is 'IrS, the sum of the 'Y! with Z,. be
tween x - yand x + y is smaller than 2'1rSY. This follows directly from (23) by 
omitting on the light side all terms the Z" of which is not in the interval x - y, 
x + y and replacing in the remaining terms (x - Z,,)2 by the larger y2. 

The derivative of the R of (10) is 

R' = a + :E'Y!/(Z" - zt 
Hence the absolute value of R' - a is, at z = x + iy, 

2 

I R'(x + iy) - a I < :E (Z,. _ ~2 + y2' 

Because of (12a), the expression on the right side converges absolutely, and 
uniformly in y (except if x is equal to one of the Z,.). Since all terms of the sum 
converge to zero with increasing y, the sum also converges to zero. Hence 

III.3b. R'(x + iy) converges to a with increasing y. If the imaginary 
part of R(x + iy) is to converge, with increasing y, to a definite value 'irS, the 
real part of R'(x + iy) cannot converge to a finite number a. Hence it follows 
from the premise of III.3, that the a of the expansion (10) vanishes. 

Let us now proceed with the proof. The sum of the 'Y! in an interval M can be 
expressed as the integral 

(26) Z~<Z+.M 1 f 1 (1 f) :E 'Y! = 2-' R dz = 2-' R dz + R dz 
z p>Z' 'Ir~ 0 'Ir~ 2.4 1.3 

where Q is a quadrangle, as indicated in Fig. 4. Its two horizontal sides 2 and 4 
are obtained by shifting the interval M by iy and -iy, the vertical sides 1 and 
3 go through x and through x + M, (neither of which is a pole), their length is 
2y. We shall find that the contribution of the horizontal sides of Q to the integral 
is closely enough M s, and that the contribution of the vertical sides can be 
neglected if M is sufficiently larger than y. Lemma 3a will be needed for this 
estimate. 

The values of R are conjugate to each other on opposite points of the hori
zontal sides. Hence only the imaginary part of R contributes to this part of the 
integral. If y is so large that the imaginary part is between the limits 'lrMs(l ± a), 
the contribution of these sides will be between the limits 

(27) Ms(l - a) < 2~.1 R dz < Ms(l + a). 
'Ir~ 2.4 

In order to estimate the contribution of the vertical sides, we make use of the 

nxis, but removed from it to lnrge imaginary values. As a result, the estimate of the integrals 
over the sections 1 and 3 of Q (cf. Fig. 4) was not necessary but the contribution of the 
residua near the ends of the interval on the real axis had to be estimated. This made the 
pl'oof more lengthy than the present proof. 
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expansion (10). The contribution from az + p naturally vanishes, (since a = 0), 
the contribution from the II- th term is 

(28) 1 1 ('Y! 'Y!) d 1 2( ) -. -- - - Z = ''Y,,'Pa - 'Pl. 
2'11"t 1.. Z" - z Z" 'II" 

In this ZIP. and 2'Pl are the angles under which the sides 3 and 1 appear from Z" • 
These angles are positive if Z" is to the left of the corresponding side, negative 
if Z" is to the right therefrom. 

Y 

.~ ,. , T __ ' ,-, ..- .... ~- .. ......3 

;, " 
,,"1- Y--' .-----

I~ 1-,,","-'--
" ....... "---- .~ . ~., 

ZJ£ 4!x x+M X 
I 

I 
~ 

FIG. 4. Path of integration Q, marked 1-2-3-4, for the proof of III.3 and significance of 
the angles <P3 and <PI • 

In order to estimate (28) we shall subdivide the real axis, beginning from z. 
into sections of length 2y. For sake of simplicity, we shall assume that M is an 
integral multiple of this, say M = 2my. 

For a Z" which is to the left of both sides, one can easily see that 'Pa - 'Pl < 
y/(x - Z,,) - y/(z + M - Z,,) and also smaller than'll". We use the latter esti
mate for the interval between z - 2y and z, the former for the other intervals. 
The sum of the 'Y! will be estimated by Lemma 3a. This way, we obtain as an 
upper bound for the contribution of the Z" to the left of x 

2s(l + 8)y ('II" + 1: (2~ - 2n ~ 2m)) < 2sy(1 + 8)(~ + ~ itO ~(~2~ ~m») 
= sy(1 + 8)[2'11" + In (1 + 2m)]. 
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The last part is obtained by setting t = 2n and noting that the integrand is 
convex from below. The contribution of the Z" between x and x + M is negative, 
that of the Z" > x + M can be estimated as above. Hence the contribution of 
the vertical sides is surely smaller than 

(29) 21 .1 R dz < 2sy(1 + 5)(211" + In (2m + 1». 
n 1.3 

A lower limit for the contribution of the vertical sides to (26) can be obtained in 
the same way, except that in this case, the Z" between x and x + M have to 
be considered. For these Z" , the contributions of both !Pa and !PI are negative. 
They can be easily estimated to be each smaller in absolute value than 

2s(1 + 5)y (11" + ~ + ~ + 2(m 1_ 1») < sy(1 + 5)(211" + In(2m - 1». 

Hence (29) holds not only for the contribution of the vertical sides of Q but also 
for the absolute value of this contribution. 

From (26), (27) and (29) one infers that the sum of the 'Y; over the interval 
M differs from M s by a factor less than 1 ± e if 

(30) (1 + 5)(1 + m-1(211" + In(2m + 1») < 1 + c. 

This, however, can be ahvays accomplished by first choosing y so large that 
5 < te and then choosing an m so large that the second bracket of the left side 
also be smaller than 1 + te. The interval M thus becomes 2my. Conversely, for 
any interval M of this or larger size, an upper limit M 11"8(1 + c) for the sum 'Y; 
can be obtained by means of the above argument, using a path of integration 
Q, the vertical sides of which are equal to the 2y defined above. 

If, in the sense ofIlI.2', the above y can be assumed to have the form A'/5", 
m can be assumed to be proportional to e -2 and we see that the converse of 2' 
also holds: 

IIL3'. If there are positive numbers A' and v' such that for y > A' / e" the imag
inary part of R(x + iy) differs from a constant 1I"S by less than a factor (1 ± c) 
then not only does R have a definite strength but the subsidiary condition also holds 
for the convergence of the average of the 'Y; . One can easily calculate that if JI is the 
lowest exponent in the subsidiary condition, the imaginary part of R(x + iy) 
cannot approach its asymptotic value uniformly faster than y-l/(r-ll. 

"''hile the subsidiary condition concerning the rapidity with which the average 
of the 'Y; approaches its asymptotic value has played only a subordinate role in 
the theorems 1, 2, 3, the following theorem cannot be established on the basis 
of mere uniform convergence of the sums of 'Y; . It states that 

lIlA. If an R function has a definite strength and if the convergence of the average 
of 'Y; to its asymptotic value is as rapid as described in the subsidiary condition, and 
provided further that the expansion of R into the form (10) has no linear term az, 
the real part of R approaches the same value r for all x if the imaginary part y of 
z = x + iy grows beyond all limits. Furthermore, this approach is so rapid. that 
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there are p08itive con8tant8 A" and ,," 8uch that the ab80lute value of the difference 
between r and the real part R i8 8maller than e if y > A" / e"" where A" and ,," are 
independent of x. 

Once IlI.4 is established, it will also follow from IlL3' and IlI.4 that the con
vergence of the imaginary part of R, in the sense that 

I ii (R(x + iy) - R(x - iy» - 7T8\ < e if y > A'/e", 

entails the convergence of the real part HR(x + iy) + R(x - iy)) in a similar 
sense though possibly with different constants instead of the A' and ,,'. 

The proof of III.4 will be carried out in two steps: the first step will demonstrate 
the convergence of the real part of R(x + iy) with increasing y to a constant, 
only the second step will be concerned with the rapidity of that convergence. 

The first part of the proof will be based on the expansion (10) with a = 0 
and on the subsidiary assumption that the sum of the 'Y! for the Z,. of any interval 
of length L is between the limits "/1"8(1 ± e) if e < 1 and L > A/e'. Under this 
assumption, it will be shown that the sum of each of the two terms under the 
summation sign of (10) converges separately in a certain sense and that the 
real part of the first sum, which is the only one which depends on z = x + iy, 
approaches zero as y goes to infinity. 

The sum appearing in (10) converges absolutely and can be, therefore, alTanged 
in an arbitrary fashion. Let us denote with Ln the sum over those I-' the ZI' of 
which is either between In and 1n+1 , or between -In+1 and -In where 

(31) 

The 5 in (31) is quite arbitrary and the following calculations are valid, there
fore, for every 5 ~ 1. In fact, the final result could be obtained also by setting 
5 = 1 in (31). Because of (31), L" contains terms from two intervals of length 
(A/5')(n + !) > A/(n-1/'5Y and the sum of the 'Y! in each of these intervals is, 
therefore, between the limits 8(ln+1 - In)(1 ± n-1/"Ii). 

We can rewrite (10) with this notation for a = 0 as 

(32) R = (j + L Ln ~ _ 'Y; . DO (2 ") 
,,-0 z,. - z Z,. 

Let us now consider the series 

(33) Ro(z) = t (Ln Z 'Y~ ). ,,-0 ,. Z 

If it should tum out that the series in (33) converges for all z (excepting z = ZI')' 
it would be possible to write 

(33a) R.(z) = Ro(z) + (j - Ro(O). 

The reason for the convergence of (33) is, of course, that the Ln will contain 
about equally many positive and negative terms. 
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The imaginary part of (33) is the whole imaginary part of R and hence the 
series of the imaginary parts of (33) converges absolutely. Thus, we can restrict 
ourselves to the consideration of the real part of (33) and show that it converges. 
We shall see, at the same time, that it approaches zero as y becomes very large. 
The real part of (33) is 

(34) !(Ro(x + iy) + Ro(x - iy)) = L (in + tn ,) 
10 

where 

(34a) "" 'Y! ZI' 
in = L..Jn (Z r + ? j "I' - X - y' 

The series Lin' surely converges because it is simply -xlv times the series for 
the imaginary part of R. In particular, for large y, the Ltn, becomes -X7rs/y 
and hence goes to zero as l/y. We can restrict ourselves, therefore, to the con
sideration of the series Ltn . 

When estimating in from the point of view of the convergence of the series 
Lin, we can further restrict ourselves to such n that In ~ \ x \ . The contribution 
of the smaller n to this series consists of a finite number of terms and cannot 
influence its convergence. Furthermore, each of these terms goes to zero as y-2 
as y approaches 00. 

If 1n ~ \ x \, the terms 171 ~ ZI' < 171+1 give a positive contribution to in, the 
terms -In+! ~ ZI' < -In a negative contribution. Hence we shall obtain an 
upper limit for tn by replacing in its denominator ZI' by 110 in the former and by 
-In+l in the latter terms. Similarly, we can replace ZI' in the numerator by 
1n+! and -In in the two types of terms. We obtain this .way the upper limit 

(35) i < 110+1 Ln+'Y! 110 Ln-'Y! 
10 (In _ X)2 + y2 (In+! _ X)2 + y2' 

The Ln+ contains the 'Y! for which 170 < ZI' < In+!, the Ln- those for which 
-In+! < ZI' < -In. We will further increase (35) by inserting for the Ln+'Y! 
its maximum and for Ln- 'Y! its minimum value. Thus tn is smaller than 

[ 171+1(1 + n -11. 0) In(1 - n -11. 0) ] 
in < 8(ln+1 - In) (In _ X)2 + y2 - (In+l _ X)2 + y2 

(35a) = ([70+1 - In)2 + (In+1 - In)2ln+l (ln+1 + In - 2x) 
(In+! - X)2 + y2 [(In+! - X)2 + y2][(ln - X)2 + y2] 

+ ([10+1 -In)O [ In+1 + In ] 
nl/· (In - X)2 + y2 (In+! - X)2 + y2 . 

One can clearly obtain an entirely similar estimate for the lower limit of in and 
hence also for its absolute value. One notices, furthermore, that the first two 
terms of the right side of (35a) go to zero as n-2, the last one as n-1- 1/ •• Hence 
the infinite series of the in converges absolutely. 

The series (33) was decomposed above into four parts. The first of these was 
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its imaginary part which converges absolutely and which approached, for very 
large y, the value irs. The second part consisted of the sum of the t .. ,-its value 
is -x/y times the imaginary part of R. The third part was a finite number of 
terms t .. , each of which approaches zero as y increases. The fourth part was the 
sum of the t,. for which l .. ~ I x I, the absolute value of these terms is estimated 
in (35a). These t .. hence form an absolutely convergent series which is majorized 
by the series of terms given by the right side of (35a). However, all terms of this 
latter series monotonously decrease to zero as y increases. Consequently, the 
limit of this majorizing series goes to zero as y increases. The same then holds 
of the fourth part of the sum (33). It follows that the sum (33) converges abso
lutely and that the function defined by its approaches irs as y approaches infin
ity. It also follows that R approaches, for very large y, the value irs + (:J -Ro(O) 
- i.e. a value which is independent of x. 

We now wish to show that this approach is as given in III.4. In order to do 
this, we first show that for x = 0, the R(x + iy) is closer than e to its limiting 
value if y > A' /e" where an upper limit for A' and II' can be given solely in 
terms of A and II. We note, for this purpose, that for x = 0, the Ro(z) has only 
two parts in the above sense because the second and third parts vanish in this 
case and (35a) holds for all n. Furthermore, the approach of the first part, i.e. 
of the imaginary part of R, has been shown already in III.2' to be sufficiently 
rapid, the corresponding A' and II' depending only on A and II (as noted there, 
A' = A/r2', II' = II + 1). The fourth and only real part is majorized by the 
series formed of the right side of (35a) which is for x = 0 

t .. < 4(n + !)2 (1 + (n + 1)2(2n2 + 2n + 1») 
(n + 1)' + ,.,.2 n' + ,.,.2 

(35b) 
+ (2n + 1)& (n + 1)2 + ' n2 ) 

nl/· n' + ,.,.2 (n + 1)4 + ,.,.2 

wherein J.I. = 2&'y/ A. The sum of these expressions can, however, be easily 
estimated: the first line's sum can be shown for,.,. > 1 to be smaller than B,.,.-t 
where B is a numerical constant, the sum of the second line can be similarly 
estimated to be smaller than eC,,.,.-v where C. is again a number depending 
only on II, Hence the sum of the t .. , i.e. the real part of Ro(iy) can be shown to be 
smaller than 

(36) 

This sum will be smaller than e if both terms are smaller than lEo In order to 
obtain a low estimate for II', we may write for &, which was left free at the be
ginning of the development & := e1-1/,. It then follows from (36) that the real 
part of Ro(iy) is smaller than e ify is larger than either of the expressions 

2B2 A 22.-1 C:· A 
(36a) y > e ...... 1 y > £ ...... 1 

Alternately, we can say that the real part of.R(y) is closer than e to its limiting 
value, for y which satisfy (36a). 
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The important thing about this last statement is that the limit of y, given in 
(36a), depends, apart from E:, only on A and II: the Band C. are completely de
termined by these quantities. We can apply, therefore, the above result to the 
R function R(xo + z) which is also a uniform R function and is characterized, 
in terms of our subsidiary condition, by the same A and II. Hence the real part 
of R(xo + iy) also is closer than E: to its limit for y = ex> if (36a) holds. We know 
already that this limiting value is the same as the limiting value of R(iy) so that 
lIlA is now proved in all detail. In fact, we can set II' = II + 1 therein, while A' 
is a more complicated expression in A and II. 

IIL5. If R(z) is a uniform R function with a rapidity of convergence as given 
in the subsidiary condition, the same un:U hold true (though possibly with different 
constants A and II) for any fractional linear expression S of R, as given in (14). 

It follows from IIU that S has the same pole density as R and from HU' 
that the density also satisfies the subsidiary condition. It follows from III.2 
and 4 that R(x + iy) converges to r + i'lf"s if y > ex> where s is the strength of 
Rand r a real constant. It also follows from 2' and 4 that y increases only with 
a power of y (in fact with the power E:-.-1). This then is true also for S which 
converges in the same way to 

al(r + i'lf"s) + b1 (aIr +'bl)(azr + bz) + 'If"2alazs2 + i(a1b2 - b1a2)1rS (37) - .!....O...--'-......:::....!--=----'--=--'--~--=--..,,__';:___,:__'_~_.-::....;:'--

az(r + i'lf"s) + b2 - (a2r + b2)2 + 'If"2a~ l 
Hence, by IIL3, S also has a definite strength, this being given by the imaginary 
part of (37), divided by 'If", and because of IIL3', the rapidity of the convergence 
of the average of 'Y; is in accordance with the subsidiary condition. 

This completes the set of theorems on uniform R functions. It may be worth 
while to add only the remark that: 

III.6. For every uniform R function, the distance of two closest poles never can 
exceed a definite limit and that there is an upper limit for the residue of any pole. 
The former limit is, of course, equal to the L(I) of the definition of the density 
of R functions; the latter is 2sL(I) where, however, L(I) is the L occurring in 
the definition of the strength. 

Let us now return briefly to the questions of Section L It is reasonable to 
assume that in many cases the R, as defined by (2), satisfies some condition very 
similar to the uniformity condition given at the beginning of this Section, to
gether with the subsidiary condition, perhaps with II = 2. Furthermore, although 
the reason herefore is not entirely clear theoretically, the R may have the form 
(3) or, more accurately (33), i.e. that it converges to a purely imaginary value 
for very large values of the imaginary part of the argument. It then follows from 
the development of the present Section, that the S of (4a) are also uniform R 
functions which all have the same density. On the other hand, the strength S8 
of S is, because of (33), (4a) and (5), given in terms of the strength s of R by 

s 
(38) S8 = G2 + 'If"2 S2 G,2 . 

We can conclude from the above that the density of resonances is independent 
of the long range interaction, their average width depends by (38). 
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IV. Statistical R Functions 

It would be natmal, next, to investigate the distribution of the posit.ions of 
the poles z" = X" + iK" of f' as function of the distribution of the poles Z" of R 
and of the corresponding residues 'Y! . It turns out, however, that this is not an 
entirely simple problem. The difficulty is, fundamentally, that the distribution 
of the poles of f' does not in itself determine the distribution of the pole distances 
and residues of R. Rather, the latter distributions depend also on the relation 
of the poles of f' to each other, whether these are placed at random in the upper 
half plane, or occur frequently in closely spaced pairs, etc. The same holds also 
conversely, for the determination of the distribution of the poles of f' by the 
frequency of the 'Y! and Z,,+1 - Z" . Hence it seems unlikely that one can obtain 
far reaching relations as long as one considers only probability functions which 
depend only on the location and character of single poles. As a consequence, the 
results of the present Section will be quite limited and will refer mainly to the 
influence of fractional linear transformations on the distribution of 'Y! and of 
distances of poles of R. 

One can consider the linear fractional transformation (14), as applied to a 
uniform R function which satisfies the subsidiary condition, as the succession of 
three transformations. The first of these 

(39) Ro = R/r$ - r 

reduces the R function to a function of the type of Ro of (33): it converges for 
very large imaginary part of the argument to a purely imaginary number. 
Furthermore, since the strength of the Ro of (39) is l/r, this imaginary number 
is, by 111.2, just i. An R function of this nature, i.e. one for which R(i 00) = i 
will be called normalized. The transformation (39) does not change the position 
of the poles and multiplies all residues by the same number. Hence (39) does 
not affect the distribution of the distances of successive poles nor the statistics 
of the ratios of the residues. 

The second transformation is an "orthogonal" linear fractional transformation 

(40) So = aRo + b 
-bRo + a 

which, as we know from 111.1, 111.5, and in particular (37), does not affect the 
density of the poles, and transforms normalized R functions into normalized 
R functions. It may influence, however, the frequency with which a certain 
distance of poles occurs and also influence the statistics of the residues, without 
affecting, however, the average value of either quantity. The quantities a, b 
in (40) are real, since the sign of both of them can be changed without changing 
the transformation, it would be possible to assume that b ;?; O. 

The last transformation is again an ordinary linear transformation 

(41) S=cSo+c' 
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to which the same remarks apply as were made to (39). The succession of (39), 
(40), (41) gives indeed (14) if 

b~ I 

(40a) b= 
-a2 

a= 
(a~1 + b~l)l (a~1 + b~2)t 

I I I I I I I I 

(41a) al b2 - a2bl I ala2 + bl b2 c= 
'I + b" 

c = 
It + b'l a2 2 a2 2 

where 
I , 

al = 1l"Sal, bl = bl + 7rsral 
(40b) , 

b~ = b2 + 7rsr~ . a2 = 1l"S~, 

Since the transformations (39) and (41) affect the statistics of pole distances 
and of residues only in a trivial fashion, most of the rest of the present Section 
will be devoted to orthogonal fractional transformations (40). The subscript 0 will 
be omitted henceforth from the Ro and its transform 80 • The effect of orthogonal 
fractional transformations on an R function can be surveyed relatively easily 
by tile /" defined in (16). 

With tg", = b/a, the transformation (40) can also be written as 

(42) 8 = R cos", + sin", = R + tg '" 
- R sin '" + cos", 1 - R tg I{) 

where the '" is determined, by the transformation, only up to an integer multiple 
of 1l". If one writes, in the sense of (16), R = tgf, (42) yields 8 = tg (f + 'P). 
Hence 

IV.I. The transformation (42) replaces f by f + '" and leaves /' invariant. Hence 
/' = R'/(1 + R2) will be called the invariant derivative of the normalized uni
form R function. The R functions (42), which have a common invariant deriva
tive, will be called a family of normalized R functions. 

IV.2. There is one, and only one, transform of R which has a pole at a given real 
point x. The corresponding I{J is given by the equation ctg'P = R(x). AP, 'P increases 
the poles of R move continuously to the left; at 'P = 1l" every pole has arrived at 
the original position of the next smaller pole. As a result of the present remark, 
in order to prove a theorem for all members of a family of R functions, i.e. for 
all 8 of (42) with 0 ~ 'P < 1l", one can prove it for all positions of a single pole 
situated between two adjoining poles of one member of the family. 

IV.3. If an orthogonal fraclional transform 8 of R has a pole at x, the residue of 
this pole is -1/f'(x). This follows from the fact that f' = R'/(1 + R2) is also 
equal to 8'/(1 + 8 2). Inserting into this expression, for 8, its expansion (10) gives 
the desired result. 

The above remarks enable one to survey the family (42) of normalized R in 
the following way. One first plots/,(z) for real z. This is common for all 8 of (42) 
with any <po The poles of the S, which has a pole at x, can be obtained by marking 
off, from x, such intervals on the real axis that the areas bordered by these in-
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tervals, by f', and by lines perpendicular to the real axis, be integer multiples 
of ?I". The length of the side of such an area which joins the real axis with the f' 
curve is the reciprocal of the negative residue of the pole which is at its foot. 
The procedure is illustrated in Fig. 5. 

IVA. If the Tf of (18) is positive (not zero) it is a lower bound of f'(z) for real z 
and its reciprocal an upper bound for the absolute values of the residues of II and S. 
If f' (z) has also an upper bound f~ax for real z the reciprocal of this is a lower bound 
for the K" > l/f~ax and also the absolute values of the residues of Rand S. Further
more, the absolute value of f" is also bounded on the real axis in this case, the upper 
limit being given by (43). 

f' 
7 

6 

5 

4 

3 

z 

FIG. 5. Construction to obtain the position of the poles Zl ,Zz ,Za, ... and the recipro
cals of the corresponding residua 'Y~ , 'Y~ , 1': , ... of an R function from its invariant de
ri vative I' = R'/ (1 + RZ). The area of the shaded regions is 11', the ordinates which border 
them give the positions of the poles and their length is equal to the reciprocal of the cor~ 
responding residues (with opposite sign). The I' curve is common to all R functions of a 
family (40). If the construction is started from a different Zo , the poles and residues of 
another member of the family will be obtained. 

Only the last part of this theorem needs to be verified, the others immediately 
follow from (18a) and IV.3. We have for real z 

I " 2K,,(Z - XI') I" K" I 2K,,(Z - x,,) I' 
II"(z) 1 = "7 (K; + (z - XI')2)2 ~"7 K! + (z - X,,)2 K! + (z _ X,,)2 fmax. 

Every term has been multiplied by f~ax K" which is larger than 1. The sum on 
the right side will be further augmented if we replace the second factor by 1. 
Hence we obtain for real X 

(43) 

We next prove the following theorem. 
IV.5. Let II be an R function in the expansion (18) of which ." > 0 and the in

variant derivative of which is also bounded from above f'(x) < f:""x on the real axis. 



432 The Mathematical Papers 

A CLASS OF ANALYTIC FUNCTIO~S 59 

Consider then the R function R. with E: < 1/I~ax in the expansion (18) of which 
71,11, KI' arc the same as in the expansion of R, the x,. are, however, replaced by 
x,. + ~,. with -E: < ~,. < E:. The poles of R shall be denoted by Z,., those of 
R. by ZI' + r,. , the residues of R be denoted by -'Y! , those of Rt by - ('Y! + 81')' 
Then (45a) gives an upper limit lor rl" (45b) lor 8,. . 

The value of I at the pole Z,. must be equal to 71'(JL + t) 

(44a) 71Z,. + tJ + L (arctg Z,. - x. + arctg x.) = 71'~ + t). 
• K. K. 

The argument of the tg in the expansion of R. by (18) shall be denoted by I. , 
hence the invariant derivative of R. by I: . The value of I. at z = Z,. + r,. is also 
71'(JL + i). We shall substitute for this the value of I. at Z,. plus the integral of 
I; between Z,. and Z,. + r,. 

(44b) 

71Z,. + 11 + L (arctg Z,. - x, - ~. + arctg x, + ~,) 
, ~ ~ 

Comparing the two equations we obtain 

"" { ~. K, ~, K. } 
£..J arctg 2 + arctg 2 

• K7 + (Z,. - x,) (Z,. - x. - ~.) K, + x,(x, + ~.) 
(44) 

The value of all arctg is between -71'/2 and 71'/2 since they vanish for ~ = 0 and 
their argument cannot become infinite since I ~.I < E: < 1/1~&x < K •• Hence 
the absolute value of the left side will be increased by substituting for the arctg 
the absolute value of its argument and by replacing the~, in the numerator by E:. 
The absolute value of the right side is surely larger than 711 r,.l. It follows that 

L: {E:K. EK, } 
(45) 711 r,.1 < , K~ + (Z,. - x,)(ZI' - x, - ~.) + K! + X,.(x, + ~.) . 
Again, because of I ~, I < IC" omitting the ~. from the denominator of the right 
side does not increase any of the terms by more than a factor 2. The resulting 
expression is then E:(j'(Z,.) + 1'(0) - 271). Thus we have 

(45a) I r,.1 < ~ U'(Z,.) + 1'(0) - 271) < 4E: U~&X - 71). 
71 71 

Our construction further shows that 

1 1, )') 
2 + ~ - --; = I.(ZI' + tIl - I (Z,. • 

'Y" u,. 'Y" 
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Now j;(z) - I'(z) can be easily estimated for real z 

L K" 2(z - x" - ~")~,, + ~! 
" K! + (z - X,,)2 K! + (z - x" _ ~,,)2 

~ K" (L§J ~!) (f/( ) ) I < £..J 2 + (_)2 + 2" < 2t: z - 71 jmnx 
"K" Z x" K" K" 

since 1 ~" 1 < t: and 1/ K" < j~ax . Making use of the fact that both 'Y! and 'Y! + a" 
are larger than 1/71 we obtain 

.,,21 a" 1 < 2t:(f~ax - .,,)j~ax + j'(Z,. + tIl) - j'(Z,,). 

The last difference is, by the mean value theorem and (43), smaller than 
t,,{f~ax - .,,)j~ax and we have therefore, by (45a) and IVA 

(45b) 

We now come to the definition of statistical R functions. An R function will 
be called statistical with distributions for spacing D(Z) and strength 8(r) if R 

is uniform with density p = D(O) = 8(0) and str~ngth 8 = f 8 (r) dr and if, for 

any positive t: < 1 there is an L(t:) such that for any interval4 L > L(t:) on the 
real axis 

(46) f' 1 D(Z) - DL(Z)/L 1 dZ < t: 

(46a) f' 18(r) - 8L(r)/L 1 dr < t: 

where D L(Z) is the number of distances between closest poles, contained in L, 
which are larger than Z. Similarly 8L(r) is the number of residues which are 
smaller than -r and which belong to the poles of the interval L. Obviously 
DL(Z) and 8L(r) are monotonously decreasing functions of their argument and 
this holds for D and 8 also. Because of III.6, both vanish beyond a maximum 
value of their argument. 

The above definition considers, at best, statistical properties of pairs of poles. 
As was mentioned before, it would be reasonable to consider also more intricate 
relations between properties of poles, such as for instance the number of ad
Joining triplets of poles with distances exceeding Z and Z' between them, or the 
frequency of adjoining pairs with a distance in excess of Z and residues exceeding 
rand r'o This would necessitate introducing a series of distribution functions 
with an increasing number of variables (similar to the Fock space of quantum 
theory) which will not be undertaken. 

Let us now consider the functions 
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in which the sum over k is a finite one; all greek symbols excepting -n are positive. 
These will be proved to be statistical R functions the distributions of which are 
invariant under orthogonal fractional transformations. 

The R of (47) is a following function of following functions and has no essential 
singularity in the finite complex plane. It is, therefore, an R function. For z -+ i co 

it assumes the value i and is, hence, a normalized uniform R function. It can, 
of course, also be written as a rational function of tg functions but that would 
offer no obvious advantage. The invariant derivative of (47) is 

l' = + L Xl: Th (Xl:Kk)(1 + tg2 Xl:(z - x,,» 
7] ,,1 + Th! (X" Kk) tg! (Xt(z - x,,» 

(47a) 
= + L X" Th (X" Kl:) 

7] Ie cos2 (Xl:(z - x,,» + Th! (Xl: Kk) sin! (Xt(z - Xk» • 

By integrating this equation term by term on the right side, one can bring (47) 
into the form (18). The poles of l' are located where any of the denominators of 
the right side of (47a) vanish: 

(48) 

with every integer n. This means that the poles of l' form equidistant points on 
lines which are parallel to the real axis and at distances Kk from it. 

It follows from (47a) easily that l' is bounded for real Z 

(48a) f~a" = 7] + L Xk Cth (X"K,,). 

" 
Hence the R of (47) fulfills the conditions of theorems IV.4 and IT.5. 

The last preparatory theorem which we need is 
IV.6. Given any set XI/7], Xd7], ... , XK /7] of real numbers, there is an integer 

N(c) so large that among any N consecutive integers n + 1, n + 2, ... , n + N 
there is at least one, say n', fot which the fractional part of every n'Xk/7] (with k = 1, 
2, ... , K) is smaller than c. The fractional part of a number is its excess over 
the nearest integer. This theorem follows almost immediately from Kronecker's 
theorem.6 

We now prove the theorem 
IV.7. If R is of the form (47) then there is, for every c a length L(c) such that,Jor 

any two intervals L, L' of length L(c) on the real axis we have 

(49a) 

(49b) 

[' \ D£(Z) - D£,(Z) \ dZ < cL(c) 

1'" \s£(r) - s£,(r) \ dr < cL(c) 

6 Cf. Theorem 5 of Chapter VII in Diophantische Approximationen by J. F. Koksma 
(Julius Springer, Berlin 1936) p. 8.'3. A more direct proof, based only on Theorem 1 of Chap
ter I of Koksma's book (which follows immediately from Dirichlet's principle) is given in 
the Appendix to this paper. 
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where DL(Z) is the number of those distances between adjoining poles contained 
in L which are greater than Z and sL(r) is the number of those poles of L the resi
dues of which are smaller than -r. The DL,(Z) and sL,(r) are the same numbers 
for the interval L'. It is clearly sufficient to prove this theorem for the case that 
the lower boundary of L is at o. 

The function sL(r) - sL,(r) is a step function to which every pole in L con
tributes a rectangle of height 1 extending from zero to the absolute value of its 
residue, every pole of L' a rectangle of height - 1 with a similar extension. When 
calculating the integral (49b) we will pair off most of the poles of L with a pole 
in L'. If the residues of these poles are rand r', their joint contribution to sL(r) -
sL,(r) will be a rectangle of height ±1 and width 1 r - r' I. This way we can 
consider sL(r) - sL,(r) as a sum of contributions of the various paired-off poles 
and of the several not paired-off poles. Since the integral of the absolute value 
is not larger than the sum of the integrals of the absolute values of the parts, the 
left side (49b) will be smaller than the sum of the absolute values of the residues 
of the not paired-off poles, plus the sum of the absolute values of the differences 
of the residues of the pairs of poles. 

We are now ready to choose L(e) = 7rrrtN /TJ. The integer N herein is, first 
of all, large enough so that the sum of the negative residues in any interval of 
length 7r N / TJ be smaller than 27rsN / TJ and the total number of poles less than 
27rN p/ TJ (these are very mild requirements) and second, N shall be so large that 
there shall be, among any set of numbers n + 1, ... ,n + N, at least one which, 
if multiplied by any of the >"1c/TJ, shall have a fractional part smaller than 
Ame/(47rAp) where A is the factor of e in (45b) and >"m the smallest of the >... 
Finally the integer m is chosen so large that 4s/m < teo (The strength S of the 
R of (47) is 1/7r. However, it seems easier to follow the ensuing argument if this 
fact is not made use of.) 

The proof will be carried by finding, close to the lower boundary of L', a quasi
period of R. The behavior of R in L' beyond that quasiperiod ,vill be very similar 
to the behavior of R in L. The two intervals were chosen so long that the part 
of L' which is below the quasiperiod become negligible and the same hold for 
the part of L to which no part of L' corresponds. 

Let us assume that the lower boundary of L' is at b while that of L is at O. 
Let us then find the smallest 1m' / TJ > b with integer n' such that the fractional 
parts of n'>"k/TJ be all smaller than >"me/47rAp. By assumption then 0 < 1m' /TJ -
b < 7r N / TJ. The poles of L' which are between b and 1m' / TJ will not be paired off 
with poles in L. However, the total sum of their negative residues is, by assump
tion, less than 27rsN / TJ since they are all in an interval which is shorter than 
7rN /TJ. Hlmce they will contribute to (49b), if this is calculated as outlined above, 
less than 27rsN /TJ. Similarly, we will consider the poles of L which are between 
7rmN / TJ - 1m' / TJ and 7rrrtN / TJ as not paired off, their contribution to (49b) is also 
less than 27rsN /TJ. The rest of the poles will be paired off. The total contribution 
of the not paired-off poles is, therefore, less than 47rsN /TJ = 4sL(e)/m < eL(e)/2. 

In order to pair off the rest of the poles, let us consider the R func
tion R(z - 1m'/TJ). The poles of this R function, in the interval between 0 and 
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(7r/.,,)(mN - n'), will have the same residues as the poles of R which we wish 
to pair off. The poles in L with which we wish to pair them off, are also in the 
intenral 0 to (7r/.,,)(mN - n'). Let us consider, therefore, the XI' which occur in 
the expansion of R(z - m'/.,,) into the form (18): they will be, by (48), of the 
form 

(50) XI!; + 7r(n + l)/>,,, + iK/c + m'/TJ 

= X/c + 1I'(n + ! + n'>, .. /TJ)/>'I!; + iK/c 

for all k and n. Since, however, the fractional parts of the n'>"k/TJ are smaller than 
>'me/47rAp, the poles (50) of the invariant derivative of R(z - m'/TJ) differ from 
the poles (48) of the invariant derivative of R by real numbers which are smaller 
than e/4Ap. Hence by IV.5, and in particular (45b), the corresponding residues 
of R(z) and of R(z - m' /.,,) will differ by less than e/4p. Hence, if we pair off 
corresponding residues of R(z) and R(z - m'/TJ), each pair will contribute to 
(49b) less than e/4p. The total number of poles in the interval 0 to 
(7r/TJ)(mN - n') is, however, surely smaller than 21f'TnNp/TJ so that the total con
tribution of the pairs of poles to (49b) is less than 7rEmN /2TJ = eL(e)/2. Hence 
L(e) = r.mN /." satisfies (49b) if m and N are as given above. An entirely similar 
argument, which makes use of (45a) instead of (45b), shows that the same L(e) 
also satisfies (49a)(the coefficient of e in (45a) is smaller than in (45b». This 
then proves IV.7. 

The DL(Z) is, if the interval L is the sum of other intervals L', L", the sum 
of the D for these intervals: DL(Z) = DL.(Z) + DL"(Z), The same holds of 
8L(Z). Let us take, hence, two intervals J and K, both larger than m'L(!e) 
where L(e) is the function defined in the preceding proof and m' an integer 
m' > 81l:. Let us consider J as the sum of j intervals of length L(te) and one 
interval J' which is shorter than L(te). Thenj ~ m' and the length of J is J = 
jL(!e) + J'. Let us decompose K in a similar way into k intervals of length 
L(!e) and one interval K' shorter than L(ll:) so that the length of K is K = 
kL(!E) + L'. We can then majorize the integral 

(51) 

1"'\ KD/(Z) - JD1I:(Z) \ dZ 

= 1'" \ (kL(}e) + K')D/(Z) - (iL(te) + J')D1I:(Z) I dZ 

by 1.) jk integrals over L(te) \ DL(Z) - DL'(Z) I, where both Land L' are 
intervals of length L(te), plus 2.) j integrals over I K'DL(Z) I, plus 3.) k integrals 
over I J'DL(Z) I and 4.) two integrals over I KD/.(Z) I and over I JD1I:'(Z) I, 
respectively. The first jk integrals are smaller than iEL(te)2 each, so that their 
total contribution to (51) is less than !jkEL(!e)2. The second integral is K'L(le) 
since the integral 



On a Class of Analytic Functions from the Quantum Theory of Collisions 437 

64 EUGENE P. WIGNER 

is the sum of all pole distances in L, i.e. is L itself. As a result, the total contribu
tion of the second type of integrals is jK'L(!c). Similarly, the contribution of 
the third type of integrals is kJ'L(!c). The sum of the last two integrals is KJ' + 
JK'. We have hence, by dividing (51) with JK and because of JK > jkL(!C)2 
and J', K' < L(!c) 

1'" 11 1 I 1 1 1 1 1 (52) 0 J DJ(Z) - ]( Dx(Z) dZ < 2C + k + ] + k + ] < c 

since k, j ~ m' > Sic. This proves that there is a length M(c) = m'L(!c) such 
that if both J and K are intervals longer thanM(c),. (52) is valid. One can con
clude, hence, in a well known manner thatDM(Z)/M converges, with increasing 
length of the interval M, strongly to a limiting function D(Z) and that (46) is 
valid for this D(Z) and a DL(Z) with a sufficiently long interval L. The same 
thing applies to (46a) whence it follows that 

IV.S. The R functions of the form (47) with '1/ > 0 are statistical R functions. 
Since the orthogonal fractional transforms (42) of R have, by IV.l, the same 
form, this applies also to the orthogonal fractional transforms of R. We can, 
finally, easily prove now 

IV.9. The distributions for spacing and strength of R functions of the form (47) 
are invariant under orthogonal fractional transformation if the Ak are incommensu
rable with '1/. 

The proof will make use of the preceding theorem, i.e. that both R and its 
orthogonal fractional transform 

(53) S = tg ['l/Z + ~ + If' + t arctg (Th (AkKk( tg Ak(Z - Xk»] 
k-l 

are statistical R functions. If the distribution functions of the two were differ
ent it would not be possible to find, for every c, two intervals Land M of arbi
tt·arily long but equal extension such that 

(53 a) 

(53b) 11'" L 0 ISL(r) - tM(r) 1 dr < e 

where DL and SL have the same significance as in (49a), (49b) and E and t de
note the same quantities but refer to S rather than to R. Contrariwise, if we 
find for every e arbitrarily long intervals Land .M such that these equations 
are satisfied, we will have proved the identity of the distribution functions of 
Rand S. 

The proof now proceeds along the principle used for IV. 7 but utilizing 
Kronecker's theorem directly, rather than in the modified form IV.6. According 
to that theorem, if the AI/7], Ad7], ... , AX/7] are all irrational and incommen
surable, then there is, for every 6, an integer N such that the fractional parts 
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of the )."N /1] differ by less than ~ from given fractions which we shall choose as 
the fractional parts of ).w/7r1]. In other words, for this N 

(54) I )." N - ).klP - n" I < ~ (k = 1,2, ... , K) 
1] 7r1] 

holds with integer n" . The above assumes not only that the ).1e/1] are irrational 
but also that they are not commensurable. Actually, this assumption is un
necessary: if ).1 and ).2 are integer multiples of a common measure ).1 = ml)., 
).2 = ~). we can stipulate (54) for )., instead of ).1 and ).2 , but replace ~ by the 
smaller of 8/ml and ~/~. Hence we can assume the existence of the integer 
N with the property (54). We now choose the interval M as the displacement, 
by (rN + 1,')/1], of the interval L. The poles and residues of S in this interval 
are the same as the poles and residues of S(z - 7rN /1] - 1,'/1]) in the interval 
L. Hence we can compare the functions Rand S(z - 7rN /1] - 1,'/1]) in the in
terval L. 

Both of these are R functions with the same 1] and {} in the normal form 
(18). The poles of the invariant derivative of R are given by (48), those of 
S(z - 7rN /1] - 1,'/1]) are 

XIc + 7rN /1] + 1,'/1] + 7r(n + !)/)./o + iKk 

(55) 
= Xlc + 7r(n + ! + AkN/1] + ).W/7r1])/Ak + iKk 

for all k = 1, 2, ... , K and all integers n. Again, the poles (55) differ from 
the poles (48) by real numbers which are, because of (54), all smaller than 
7r~/Am where Am is the smallest of the A. Hence, by IV.5, the poles and residues 
of R and of S(z - 7rN /71 - 1,'/71) can be brought arbitrarily close to each other 
by choosing a very small ~ for (54). Hence, the distribution functions for the 
residues and pole spacings must be very nearly the same for these functions 
in every reasonably long interval L. The same then holds for R(z) and S(z) if 
the intervals Land M, which one compares, differ by a displacement 
(7rN + 1,')/1]. This then proves (53a), (53b) and hence IV.8. 

The above theorem shows the existence of a wide class of normalized statis
tical R functions the distribution functions of which are invariant under orthog
onal fractional transformations. Nevertheless, this is a very partial result. 
From the construction illustrated in Figure 5 one would expect that the dis
tribution functions of almost all normalized statistical R functions are invariant 
under orthogonal fractional transformations, i.e. that such invariance obtains 
for all normalized statistical R functions except for a set of measure 0 if such 
a measure could reasonably be defined in the space of these functions. However, 
this must remain a conjecture as far as the present paper is concerned. The 
fact that one has to exclude exceptional R functions when stating the conjec
ture is evident both from the construction illustrated in Figure 5 and from 
examples which one can give explicitly. The simplest one known to the writer 
has the form (47) but with a single A which is commensurable with 11 (for 



On a Class of Analytic Functions from the Quantum Theory of Collisions 439 

66 EUGENE P. WIGNER 

IV.8, it would be sufficient to assume that one of the A is not commensurable 
with 'I): 

(56) R = tg (z + arctg (iJ tg nz» = 1 tg Z iJ+ iJ tg nz 
- tg z tg nz 

with arbitrary positive iJ ¢ 1 but integer n. This R, as well as its invariant 
derivative, have a period 11" and the construction of Fig. 5 shows that (56) is 
not invariant under the transformation (42). 

From the point of view of the remarks made at the beginning ofthis Section, 
as well as after the definition of statistical R functions, it is interesting to note 
that the statistical nature of the R functions (47), as well as their invariance, 
was proved by showing that these, and their invariant derivatives, have quasi
periods. As a result, what we have shown above is actually more than implied 
in the definition of the statistical nature of R functions: it applies not only to 
the distribution of single residues and to the spacings between pairs of poles, 
but also to statistical connections between several residues and spacings of 
several successive poles. 

Returning to the original set of questions, the above calculations prove that 
the density of resonances is independent of the long range interaction and that 
the dependence of the average value of their widths depends on the long range 
interaction in the manner given by (37). They make it very probable that the 
distribution of the spacings of the resonances and that the distribution of their 
widths, in terms of the average width, are also independent of. the long range 
interaction. 

The writer wishes to reiterate his expression of gratitude to all who have 
helped him while he was working on the present paper, but most particularly 
to Professors Schiffer, Bargmann, von Neumann, Tukey, and Bochner. They 
have helped him not only with the proofs where their names are mentioned 
in the text, but also in other ways, in particular with references to the existing 
literature. 

Appendix 

It has been suggested that a more direct proof would be desirable for Theo
rem IV.6. Instead, the following, somewhat more general theorem will be proved. 

Let us consider the unit cube in K dimensional space, i.e. the points A, all 
the coordinates Ak of which are between 0 and 1 

(57) (k = 1, ... , K) 

Two points A and Jl. will be said to be in the neighborhood c of each other if 
all the K numbers Ak - Jl.k are closer than c either to 0 or to 1. Geometrically, 
the points of the neighborhood c of a point A form a cube of edge length 2c at 
the center of which A is located. In order to use this language one must con
sider the underlying space periodic, with a period 1 in the direction of every 
coordinate axis, so that a "cube" may consist of unconnected regions in. the 



440 The Mathematical Papers 

A CLASS OF ANALYTIC FUNCTIONS 67 

unit cube: one part of the "cube" may adjoin one of the boundaries of the 
unit cube, the other the opposite boundary. 

The product of a point X with a number is defined in a similar fashion: the 
k coordinate of nX is nXlc if nXk < 1. Otherwise, one has to subtract from nXt 

an integer so that the result be smaller than 1 (i.e. the k coordinate of nX is 
the fractional part of nXk). We shall consider the infinite set of points 0, X, 2X, 
3X, ... , which we shall call the set nX, and prove for these the follow
ing theorem. 

Given any point X and any positive number £, there is an integer N(X, £) such 
that no point of the infinite set nX is further than £ from any N consecutive points 
(no + l)X, (no + 2)X, ... , (no + N)X whatever the value of the integer no is. 

It is easy to see, first of all, that all points of the set are condensation points 
(Kronecker). In order to prove then the above theorem, let us cover the above 
unit cube with a finite number of such domains that a) all points of a domain 
are in the neighborhood £/3 of each other and b) that every point of the unit 
cube be inner point of at least one domain. This can be done, e. g. by choosing 
an integer l > 3/£ and considering, as the above domains, the points which are 
in the neighborhood £/6, of a point the coordinates of which are integer multi
ples of rl. This way the unit cube is covered with lK neighborhoods. Next, we 
select those domains which contain in their interior at least one point of the 
set nX and call these domains selected domains. 

We now choose an NI so large that there be, among the 0, X, 2X, ... , NIX at 
least one point in each selected domain. This is possible since there is only a 
finite number of selected domains and since each of these has a condensation 
point of the nX set. Consider then a number N2 > Nl for which N2X is in the 
neighborhood £/6 of O. This is again possible since 0 is either a point II>" of the 
setn>", in which case II>", 211X, ... are all 0, or if no n>.. is 0, there is a finite neigh
borhood of 0 so that none of the first NI points nX falls into that neighborhood. 
Since, however, there are points n>.. in every neighborhood of 0, there must be 
a point N2X with N2 > NI which is closer to 0 than any of the first Nl of the 
n>... One of these, however, is in the neighborhood £/6 of 0 so that N 2X is in an 
even closer neighborhood of it. 

We can now choose N = Nl + N 2 • In fact, there surely is among the points 
noX, (no + l)X, ... , (no + N 2)X one which is in the neighborhood £/2 of 0, 
no matter what no is: since noX is in a selected domain, there is an nl with nl ;;;;; 
NI which is in the neighborhood £/3 of it. Then, since N 2X is in the neighbor
hood £/6 of 0, the point (N2 - nl)X + noX = (noX - niX) + NIX will be in the 
neighborhood £/2 of O. Furthermore, since for every point of the set nX, there 
is one, say n3>" with n3 ;;;;; Nl which is in the neighborhood £/3 of it, n3 further 
steps will bring one from the £/2 neighborhood of 0 to the 5 £/6 neighborhood 
of that point. This then proves the theorem. 
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I. Introduction 

The present paper is the continuation of an earlier article. 1 It was proposed, 
in that article, to denote as R functions such meromorphic functions the imagi
nary part of which has the same sign as the imaginary part of the variable z. 
It has been shown then (II.8) that these functions permit an expansion (the first 
normal form of R) 

(1) R(z) = az + ~ + 1:,. (Z,. ~ z - ~:) 
which converges absolutely (except if z coincides with one of the poles Z,.). The 
constants a,~, "(,. , Z,. , are all real in (1), a ;;; O. For a special class of R functions, 
the uniform R functions, the linear term az vanishes and the rest of the series 
can be written as (equations (33), (33a» 

(la) R(z) = ~' + 1:,. (Z 1_ ); 
gIl ,. Z 

-2 
gIl == "(,. . 

The {3' of (la) is not necessarily equal to the (3 of (1); the gIl are real and positive. 
The series (la) is to be arranged according to increasing values of the absolute 
value I Z,. I and will converge then. Furthermore, it is equal to the series which 
one obtains by arranging the terms according to increasing values of I Z,. - a I 
where a is any real number. 

Every R function can also be written as the tangent of a real analytic function 
j(z) (real for real z) 

(2a) R(z) = tgf(z) 

where the derivative of f 

(2b) f' == df(z) = R' 
dz I+R2 

also permits an expansion into partial fractions 

(2) f' (z) == 7] + 1:,. (z _ xj2 + 4 

with real 7], K,. , XII and 'T/ ;;; O. The formulae (2), (2a) , (2b) constitute the second 
normal form (II 12) of R; the function f' is called its invariant derivative. One 

IE. P. WIGNER, On a class of analytic functions from the quantum theory of colli8ions. 
Ann. of Math. 63 (1951), pp. 36-67. 
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sees that the poles of R are all on the real axis and have negative residues. The 
poles X,. ± iK,. of f' are complex: those in the upper half plane have residues 
-i/2 (or - in/2 with integer n) those in the lower half plane i/2. 

Finally, the aforementioned paper defines "statistical" R functions, i.e., such 
R functions for which the distance of subsequent poles Z,. and the magnitude 
of the residues - g-;:l shows a statistical distribution. (The pole subsequent to 
Z,. is the one which is nearest to the right of it on the real axis.) The statement 
about the distribution of the residues reads, in detail, as follows. The number of 
g-;:l which exceed a positive number r and which belong to poles of an interval 
L of length L was denoted by 8L(r). This quantity depends, of course, on the 
position of the interval on the real axis. The existence of a distribution for the 
residues is then equivalent with the existence of a function 8(r) such that 

(3) fa 18(r) - 8L(r)/L 1 dr 

approach zero with increasing L and that this approach be uniform with respect 
to the position of the interval L. A similar statement applies also to the distance 
Z of subsequent poles from each other which leads to the definition of a similar 
function D(Z) for statistical R functions. 

Statistical R functions (for the complete definition cf reference 1) are also 
uniform and permit the expansion (Ia); they were called "normalized" if the 
average sum of the (negative) residues of the poles in a unit interval on the real 
axis was 1/'11" and if ~' = 0 in (Ia). They approach i as the imaginary part of z 
goes to infinity. This and the ensuing uniformity will hold also for the R func
tions which form the subject of the present investigation. However, it will turn 
out that the definition of the statistical nature would have to be somewhat 
weakened to apply to them. 

One can easily verify by direct calculation that the orthogonal fractional 
transform 

(4) R = sin q, + R cos q, 
~ cos cp - R sin cp (q, real) 

of a uniform normalized R function is again an R function of this nature and 
convince oneself by direct calculation that the invariant derivative (2b) of R~ is 
identical with the invariant derivative of R. It was not proved but made plausible 
in the earlier article that, "apart from rare exceptions", the statistical distribu
tions, for level spacing and for the magnitude of residues, are the same for a 
normalized statistical R function and all its orthogonal transforms, i.e., that the 
functions 8(r) and D(Z) are the same for R and its orthogonal fractional trans
forms. It is plausible, finally, that if these distributions are given, and suitable 
correlation functions for the statistics of two and more subsequent pole distances 
and residues defined, these determine, in their turn, the statistical distribution 
of the K,. , the distances of subsequent X,. , and the statistical correlations of these 
quantities. Similarly, it is plausible that, conversely, the distribution functions 
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for K" and for the x" differences, together with the statistical correlations between 
these quantities, determine the distribution functions for the gIl and the Z" 
differences and their statistical correlations. 

The present article will deal with an example for the latter problem: it will 
give, explicitly, the distribution of the gIl and of the differences of subsequent Z" 
for the case that the K" have an arbitrary distribution, the corresponding x" are 
distributed entirely at random anp 1/ > O. The probability for the occurrence 
of an x" , K" pair with x < x" < x + ox, K < "" < K + OK will be denoted by 
K(K) ox OK. It will be assumed that this probability is independent of the presence 
or absence of further poles in the neighborhood of x + iK, i.e., that there are no 
statistical correlations between the positions of the poles of /'. The average 
number of poles of /' in the upper half plane and within a strip of unit width 
parallel to the imaginary aXIS 

(5) 

will be denoted by 0'. 

As was mentioned before, it will be explicitly assumed that the distribution 
function s(r) for the residues of the poles of R is invariant under orthogonal 
fractional transformations. Actually, we shall use, instead of s(r) the quantity 
G(g). This is so defined that G(g) og is the average number of the gIl which belong 
to the poles Z" within unit interval on the real axis and which are in the interval 
g < gIl < g + og. 

Clearly 

(6) {O G(g) dg = p 

where p is the density of the poles of R. The connection between the functions s 
and, G is given by 

8(r) = [-1 G(g) dg. 

The reason for using the parameters g = 'Y -2 in (Ia) is that most of the subse
quent formulae are simpler when expressed in terms of the g than in terms of 
the 'Y. The strength 8, which is in our case 1/'11', is 

(8) [' G(g) dgj g = s. 

The corresponding equation in terms of s(r) read J s(r) dr = s. 

The number of distances, between the successiye poles of a very long interval, 
which exceed Z, divided by the length of that-interYal, will again he denoted hy 
D (Z). Clearly D (00) = 0, 

(9) D(O) = p 
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and the probability that the distance of an arbitrary pole from its right 
hand neighbor (or from its left hand neighbor) be between Z and Z + 6Z is -
D' (Z)6Z / p. The function D is monotonically decreasing. 

Before we go over to the actual calculations, we wish to add three remarks to 
the considerations of the earlier paper. 

1.1. The invariant derivative l' of a not normalized (s ~ 'II' -I) uniform R function 
goes (uniformly in x) to zero if the imaginary part of its argument z = x + iy ap
proaches infinity. It follows from Ill.2 and IlI.4 that the denominator 1 + R2 
of l' converges uniformly to 1 - 'II'V which is different from zero. On the other 
hand, the absolute value of its numerator R' 

(10) 

This last expression, however, is just y-I times the imaginary part of R. Since 
the latter converges uniformly to i71'S, the R', and hence also 1', converges uni
formly to zero. It follows that a uniform R function is surely normalized if its 
invariant derivative 1'(x + iy) remains finite as y ~ 00. 

Ali "immediate consequence of 1.1 is 1.2a. If R is un~form but not normalized, 
the "" in the expansion (2) of its invariant derivatit'e hat'e a finite upper bound. This 
follows from the fact that l' has a pole at x" + i "" . It further follows from this 
lemma that the x" have no finite condensation point since, f' being meromorphic, 
its poles have none. 

Let us consider now the sum in (2) for a uniform not normalized R. The gen
eral term of this has, for z = iy, the form 

(11) 
4 + 2 2( 2 2) + ( 2 + 2)2 • 

"" "" x" - y x" Y 
If we choose y so large that y > 3"" for every p., the last term of the denominator 
will be more than nine times greater than K!l. Hence adding 4,,;y2 to the de
nominator will not decrease (11) by more than a factor of 2. The absolute value 
of the real part of the resulting expression is, therefore, less than 

(l1a) ""("; + x; + y~ = "" 
,,! + 2,,;(x; + y~ + (x; + y~2 ,,; + x; + y2' 

Since, however, the sum over p. of the expressions (l1a) converges for y = 0 
(it is the sum in (2) for z = 0), it goes to zero as y tends to infinity. The same is 
then true of the real part of (11) and a similar argument shows that it is true 
also of the inmginary part of (11). The same proof applies if z has the form 
x + iy, except that x" - x occurs wherever x" stood in the preceding expres
sions. One thus has 

1.2. The infinite sum in the expansion of (2) of the invariant derivative of a uni
form but not normalized R function tends to zero (uniformly in x) as the imaginary 
part y of its argument z = x + iy tends to infinity. 

It now follows from 1.1 that 
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1.3. The constant 1/ in the expansion (2) of the invariant derivative of a uniform 
but not normalized R function vanishes; if 1/ > 0, the corresponding R function is 
normalized. 

It appears from the above that the "invariant derivative" of a not normalized 
R function has simpler properties than the invariant derivative of a normalized 
R function. Even though this may be correct, one must remember that only if 
R is normalized can its essential properties be invariant under orthogonal frac
tional transformations (4): otherwise, not even the strength of R is invariant. 

It is a little surprising that the equation R(x + i ex» = i follows from the 
inequality 1/ > 0 while the inequality R(x + i ex» =F i entails the equality 1/ = O. 
The "explanation" of this unusual behavior is that the poles of I' spread further 
and further away from the real axis as R becomes more nearly normalized. The 
1/ in (2) is, then, a limiting case of 1//11' poles with infinite imaginary parts per 
unit abscissa. It may be worth while to remark also that 1/ > 0 is only a sufficient 
but not a necessary condition for the normalized nature of R. It is not difficult 
to give examples of uniform normalized R, the invariant derivative of which 
has no constant term 1/. 

II. Calculation of the Distribution Function G for the gIl 

The theorem which we wish to show in this section follows intuitively from 
the construction illustrated in Figure 5 of the previous paper. 1 The probability 
that a pole Z. of R shall fall into an interval between Z and Z + .1 is proportional 
to the ordinate f'(z) at z. If it falls there, there will be a pole in that interval the 
g of which isf'(z') with Z < z' < Z + .1. Hence the probability G(g) ag that gIl be 
between g and g + ag is proportional to the total length of the domains in which 
f'(z) is between g and g + ag, multiplied by the ordinateI' = g in these domains. 

Hence, if we denote with LP(g) au the total measure of the domains which are 
within a very long interval L and in which g < f'(z) < g + ag we can expect 
this distribution function to be related to the distribution function G(g) for the 
g,. of the corresponding R function by 

(12) G(g) = (g/r)P(g). 

The proportionality constant in (12) follows from (8) with s = l/r and the 
obvious equation 

(12a) 

An exact formulation of this theorem is as follows: 
ILL If all the fractional orthogonal transforms Rt/> of R by (4) have the same dis

tribution function G(g) for the gIl = "(;2 in their expansion by (1) or (180) and if all 
the poles of their invariant derivative f' by (2) are further than "min from the real axis. 
i:e. if all ",. > "min, then (12) holds between the distribution functions G and P. 

In order to prove this theorem, we first note that for real Z 
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(13) " '" I 2K"(X,, - Z) I '" 1 I'(z) If (z) I < LJ « _ )2 + 2)2 < LJ (_ )2 + 2 < -. " z X" K" Z X" KjJ Kmm 
and 

(13a)! 11'''(z) I < L: i 6K,,(Z - XjJr - ;:! I < L: 6K~ 22 < 6f~(z) . 
jJ «Z - x,,) + KjJ) «Z - XjJ) + KjJ) Kmin 

From these inequalities we can obtain an estimate for the minimum length of 
the intervals which constitute the domain D of Z in which Yl < I'(z) < Y2. We 

fl 

g2~----4---~------~----~~--++~-----

91 ~--~~--~----~~~--~h----+-+-------

a C 

FIG. 1 

z 

note that f'(z) can pass through the (Yl, Y2) interval in the four different ways 
which are illustrated in Figure 1. If l' enters and leaves the (Yl, Y2) interval at 
different sides (cases a and b) its sojourn in the interval has the length 

(14) l = g2 - Yl > (g2 - Yl)Kmin 
!"(z') Y2 

where z' is a point in D. If l' enters and leaves the (Yl, Y2) interval at the same 
side (cases c and d of Figure 1), the length of sojourn of f' depends on how deeply 
it dips into the interval. If l' dips from above into the interval and leaves it on 
the same side, the maximum of Y2 - .f' shall be denoted by A, otherwise A shall 
be the maximum of.f' - Yl. In both cases, the length of sojourn l is clearly 
greater than (SAlf"')! where 1''' is the highest value the second derivative of l' 
assumes in D. Hence, by (13a), we have 

(14a) l > (SA/!",)l > (A/Y2)lKmin. 
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Let us now denote the primitive function of P by Pl. Then, if L is a sufficiently 
long interval the measure of the domain D X L (which is the part of L where 
where gl < 1'(z) < g2) will be between the two members L(P1(g2) - P1(gl)) 
(1 ± c). Let us find, further, all < C(g2 - gl)/2 such that the measure of the domain 
in a sufficiently long L, in which either gl - 11 < l' < gl + 11 or g2 - 11 < J' < 
g2 + 11, is smaller than cL(P1(g2) - Pl(gl)).Let us then calculate the right side 
of (14a) with this 11 and calll henceforth the smaller of the two quantities (14), 
(14a). Let us finally choose an integer n such that 7r/n < (gl - ll)l(1 - c)c. 
Starting with an arbitrary point Zl , we now find, successively, the points Z2 , Z3 , 

such that the area under the l' curve which is between Zi and Zi+l be always 7r/n. 
We denote by D2 the domain which contains those intervals of z for which 

gl - A < 1'(z) < g2 + A, except if J' does not dip at least 11 into the (gl - A, 
g2 + 11) interval. Each interval of D2 contains at least one point of the domain 

FIG. 2 

D in which gl < j'(Z) < g2, and each interval of D2 has at least the length 
l(1 - c). Hence, the area under f' and over each of these intervals is at least 
l(l - f)(gl - A) and contains, therefore, more l(l - r)(gl - A)/(7r/n) - 1 > 
(l/f) - 1 successive points Zi. In Figure 2, the intervals of D are heavily marked 
on the z axis, those of D2 (and of D l ) are indicated below it. 

This second domain, Dl , contains all the intervals of the domain D except 
those in which .f'(z) does not reach into the (gl + A, g2 - A) interval. Again, 
each interval of Dl is longer than l(l - f) and contains, therefore, more than 
(l/f) - 1 successh"e points Zi. 

The domain D2 is contained in the domain of all the Z for which gl - 11 < 
J' (z) < g2 + 11. Hence the measure of its part D2 X L contained in L is smaller 
than L(Pl(g2) - P1(gl) (1 + c + c). On the other hand, D2 contains D. On the 
contrary, Dl is contained in D but contains the domain of Z for which gl + A < 
f'(z) < g2 - A. The measure of the intersection Dl X L of Dl and L is, therefore, 
larger than L(Pl(g2) - Pl(gl)(1 - c - c). 

The areas under f' between any pair of points Zi and Zi+ n will be just 7r. As 
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a result, .f'(ZI), J'(Zn+l), J'(Z2n+l), ... , will be successive gil values for the RIP 
which has a pole at Zl . Similarly, f'(Zi), .f'(Zi+n), .f'(Zi+2n), ... , are the successive 
gil values of the RIP which has a pole at Zi(Cf. IV.2). The RIP which have poles 
at Zl , Z2 , Z3 , ... , Zn , respectively, shall be called, for brevity, Rl , R2 , ... , Rn . 

We now find an interval A which is, firstly, longer than L so that the preceding 
considerations apply to it. Second, the interval A shall be long enough so that 
the number of gil of the poles of this interval, which are between gl and g2 , shall 
approximate by a factor between 1 ± c, the expression A(G1(g2) - G1(g2)) where 
G1 is the primitive function of G. It will be possible to accomplish this simul
taneously for all the n functions Rl , R2 , ... , Rn . This completes the prepara
tions for the proof. 

Let us denote the number of Zi which are in a domain with the starred symbol 
of that domain. Then (D X A)* will be the number of those poles of the functions 
R1 , R2, ... , Rn which are in A and the gil values of which are between gl and 
g2 . Hence, according to the preceding paragraph, 

(15) nA(G1(g2) - G1(gl»(1 - c) < (D X A)* < nA(G1(g2) - G1(gl)(1 + c). 

We shall now estimate the area under f' which is over the domain D2 X A. 
Since, as has been pointed out before, the measure of the domain D2 is smaller 
than A(P1(g2) - P1(gl))(1 + 2c), the area in question is smaller than 

A(P1(g2) - P1(gl»(1 + 2C)(g2 + .1) < A(P1(g2) - P1(gl))g2(1 + C)3. 

On the other hand, since D2 consists of intervals each with at least (1/ c) - 1 
successive points Zi and since the area associated with each such point is 1r/n, 
the area in question is surely larger than (D2 X A)*(1r/n)«I/t) - 2)/«I/c) -1) 
and, since D2 contains D, it is also larger than (D X A)*(1r/n)(1 + C)-I. Hence, 

(I6a) (D X A)* < A(P1(g2) - P1(gl))g2(n/1r)(1 + d. 
A similar consideration involving Dl instead of D2 yields 

(16b) (D X A)* > A(P1(g2) - P1(gl»gl(n/1r)(1 - c/. 

The combination of (16a), (16b) with (15) gives 

P1(g2) - P1(gl) (1 - C)4 < G () G ( ) 
1r gl 1 + c I g2 - 1 gl 

(17) 

Since this inequality is valid for any c it follows that: 

(18) (gl/1r) 192 peg) dg ~ 192 G(g) dg ~ (g2/1r) 192 peg) dg 
91 91 91 

(the PI and G1 are the primitive functions of P and G) and since (18) is valid 
for any gl, g2 we finally have obtained (12). It may be worth while to remark 
that the proof did not presuppose the uniformity of the convergence of an in-
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tegral of the type (3) with respect to the location of the interval L. It did pre
suppose, however, the existence of an invariant distribution function G for the 
g" . It appears natural to assume this for the R functions to be considered in the 
next section while the condition about the uniformity of the convergence of (3) 
cannot be expected to apply to them. 

Before going over to the calculation of peg) in the case of a random distribu
tion of the poles!' we note that the average of f' can be calculated from the series 
(2) if one assumes that the number of poles with very large K is not too large. 
One obtains for 

(19) f = 1«> gP(g) dg = 1/ + 'lrU 

where u is the average number of the pairs of poles of!, per unit interval on the 
real axis. It then follows from (12) and (6) that 

(19a) p = U + 1//'Ir. 

This equation again shows that, in a sense, the term 1/ in (2) corresponds to 
1//'Ir pairs of poles of!, per unit interval on the real axis. 

m. Calculation of the Distribution Function G in Case of Random Distribution 
of the Poles f' 

As outlined in the Introduction, we mean by random distribution of the poles 
that the probabilities for the positions of the poles in the upper half plane be 
statistically independent and that their real parts be entirely at random. (If 
!' has a pole at x + iK it also has a pole at x - iK). The probability that there 
be a pole x" + iK" with x < x" < x + a; 0 < K < K" < K + a was denoted by 
K(K) ax aK and these probabilities are independent. As a result, (A4) of the 
Appendix can be applied directly to calculate the probability distribution of 
the sum in (2). If this sum is between g - 1/ and g - 1/ + a, the quantity f' will 
be between g and g + a. Hence we have: 

(20) peg) = (2'1r)-1 L: dll exp {ill(g - 1/) + 1«> dK L: dxK(K)(e- i './(.o+:r2
) - l)}. 

The point T of the manifold M of the Appendix is characterized by the variables 
K, x; the function F(T) is K/(K2 + x2). The last integral in (20) can be evaluated 
to give (20) the form 

peg) = (2'1r)-1 

(20a) . l: dll exp {ill(g - 1/) - i'lrll 1«> K(K)e-M2• (Jo (;K) + iJ1 (;K)) dK}. 

Hence (12) gives for the fraction of the g" which are in unit interval at g 

G(g) = JL 
2'1r2 

(21) 
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One verifies easily that (21) vanishes for g < 1/ and that the integral of G(g)/g, 
which is 11"-1 times the integrand for" = 0, is equal to 1/11". This confirms (8) 
with s = 1/11". In order to verify (6), one can calculate the integral of G(g) from 
- 00 to 00. Since negative g do not contribute to this integral it is equal to the 
integral (6) from 0 to 00. Carrying out the calculation one finds, on the right 
side by means of (5), the right side of (19a) instead of p. 

IV. Calculation of the Distribution Function D 

An argument, entirely analogous to that given in Section II, leads to IV.I. 
Denote with dz the domain of x for which 

(22a) l
~z 

'" f'(x) dx < r. 

Then, under the conditions of Il.1 for f' and R, the integral 

(22) (rL)-1 r f'(x) dx -+ D(Z) JdzXL 

extended over the intersection of dz and an interval of length L, converges to D(Z) as 
the length L of L grows beyond all limits. The formulation ILl which corresponds 
to the above formulation of IV.1 would replace (12) by the equation 

G1(g) == 1" G(g) dg = (rL)-11 f'(x) dx 
, DQXL 

(23) 

in which D, is the domain of x in which 

(23a) f'(x) > g. 

The proof of IV.I will not be given because of its great similarity with that of 
ILl and because of its lengthiness. 

It is again possible to calculate D(Z) explicitly in case of random distribution 
of the poles of f', as defined in the preceding section. For this purpose, we first 
consider the simultaneous probability P(g, I) dg dI that 

g < f'(x) < g + dg 

(24a) l
~z 

I < '" f'(x) dx < I + dI. 

This last expression is, in terms of 1/, the x,. and K,. 

(25) l~z j'(x) dx = 1/Z + L arctg (Z - X,.)/K,. + arctg X,./",. 
'" I' 

Z is to be considered, for the time being, as a fixed parameter. According to 
(AS), P(g, I) is 
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(24) 

P(g, I) = (2~)2 11: dv dX exp {iv(g - 71) + 'tA(I -71Z ) 

Naturally, (24) gives peg) if we integrate it over all values of I. 
We can express the integral in (22) as an integral over f'ex) = g. The domain 

of x in whichf'(x) is between 9 and 9 + ~g and which contributes to (22) is the 
fraction of L in which (22a) is less than 7r and 9 < f'(x) < 9 + ~g. This fraction 
is just the integral of (24), extended from 0 to 7r over I, and extended from 9 
to 9 + ~g over g. Hence 

1100 1" D(Z) = - 9 dg P(g, 1) dI. 
7r 0 0 

(26) 

The integration of (24) ,,;th respect to I can be carried out directly. The result 
is 9 times a function of 9 which has the form of a Fourier integral. The integral 
of this product is, therefore, 2ri times the derivative with respect to v, of the 
Fourier transform of that function, at v = O. Hence we have 

1 Loo 
irA 1 { Loo 100 

D(Z) = 27r2 00 d'A e i; 71 + _00 dx 0 dKK(K) r ~ x2 

(27) 
·exp (iX arctg x ~ Z - iX arctg ~)} X exp {-X71Z 

+ L: dx i oo dKK(K)[eiAarctg (z-z)/.-v. arctg (zl.) - 1l}, 
In this case, the writer has not succeeded in carrying out the integrations 

with respect to x. 
As a check on (27), one can verify (9). When doing this, one must realize that 

the right side of (27) is discontinuous at Z = 0 and that D(O) is the value of 
D(Z) for very small Z. Carrying out the calculation, one obtains again the right 
side of (19a), instead of p, for D(O). 

Appendix 

Let us consider a one or more dimensional manifold M (in the text, this mani
fold is the upper half of the complex plane; i.e., two dimensional) in which a 
volume is defined. The points of the manifold shall be denoted by T, the volume 
element by dT. There are points distributed in the manifold according to a sta
tisticallaw: the probability of a point being at T within dT is denoted by T(T) dT 
and these probabilities shall be independent of each other. Let us consider then 
the sum 

(Al) 

where F is a continuous function of T and Tl , T2, ••• are a possible arrangement 
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of the points in the manifold, their number finite or infinite. The question which 
we wish to answer is: if T (Tl) T (T2) T (Ta) ... dTl , dT2 , dT3 , ... is the probability 
that the configuration Tl, T2, Ta, ... be realized within the accuracy dT, for 
Ti, what is the probability P(F) dF that the sum (AI) assumes a value between 
F and F + dF? 

We can rearrange the sum (AI) by considering the contributions of the differ
ent volume elements dT rather than the different points 1,2,3, .... The volume 
element dT at T gives with the probability 1 - T( T) dT no contribution, with 
the probability T(T) dT the contribution F(T). The distribution function P(F) 
for the whole F is the convolution of all these distribution functions, one for 
each volume element. Its Fourier transform is the infinite product of the Fourier 
transforms of the distribution functions for all the infinitesimal domains into 
which the whole manifold can be decomposed. Introducing the variable v for 
the domain dT at T, the Fourier transform g~(v) in question is: 

(A2) g~(v) = 1 + T(T) dT(e-i'F(~) - 1). 

The product of all these g( v) is 

(A3~ g(v) = exp {L T(T)(e-iPF(~) - 1) dT} 

where the integral in the exponent has to be extended over the whole manifold 
M. The distribution function P(F) is, therefore: 

P(F) = (1/211") L: dve"F exp {L T(T)(e-i'F(~) - 1) dT} 

(A4) 

= (1/211") L: dv exp {iJlF + L T(T)(e-"'(~) - 1) dT}. 

It is clear that one can calculate, in similar fashion, also the simultaneous prob
ability P(F, G) dF dG for two sums of the nature (AI) to assume specified values. 
One obtains 

P(F, G) = (211")-2 L: L: dv d'A 
(A5) 

·exp {ivF + ~hG + L T(T)(e-i'F(~)-i).G(~) - 1) dT} 

and that this can be extended also to more than two variables. 
The above is a somewhat simplified version of the arguments which are, per

haps, best known from the derivation2 of the "Holtsmark distribution". It is 
not essentially new. It is for this reason that no attempt was made to make the 
derivation rigorous. 

2 J. HOLTSMARK, Ann. d. Physik 58,577 (1919), S. Chandrasekhar, Rev. Mod. Phys.16, 
1 (1943), p. 70 ff. 
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I. Introduction 

R. Kronig [1] was the first to point out, on the basis of his and Kramers' [2] work, 
that the principle of causality must entail some properties of the collision and 
scattering matrices. Starting from Kronig's suggestion, Schutzer and Tiomno 
[3] gave, for non relativistic particles, a derivation of the well known theorem [4] 
that the poles of the scattering function S( k) lie either in the lower half plane 
or on the imaginary axis of k. Schutzer and Tiomno's work has been extended, 
since, by Toll and by Van Kampen [5] to the case of relativistic particles with 
zero rest mass which formed also the subject of Kronig's and Kramers' early 
considerations [2]. Results similar to these were obtained in the course of the 
last years also in communication engineering, following the pioneering work of 
Campbell, Zobel and Foster [6], and of Cauer [7], by Brune [8], by Friinz [9] 
and, particularly, by Richards [10]. It was possible to derive from the principle 
of causality also that S( k) satisfies the further well known equations [4] 

S(k)S(-k) = 1 S(k)(S(k*))* = 1 (1) 

and that if p is larger than the range amin of the scattering forces 

S(k)e2ikp <oo (forp>amin, Imk>O) (2) 

is uniformly bounded in the upper half plane of k. 
The above theorems about the function S( k) have been derived by Schutzer 

and Tiomno also from the properties of the R( E) function. In the case of simple 
scattering with definite angular momentum, which is the only one with which 
Schutzer and Tiomno's paper as well as the present one deal, R(E) is the ratio 
of the wave function to its radial derivative, at a point r = a > amin outside the 
range of the scattering forces. Hence R( E) depends not only on E but also on 
a. However, this quantity will be considered to be a constant in all that follows. 
If the wave function outside a has the form A sin kr + B cos kr, the connection 
between R and the scattering function becomes 

S(k) = -2ika 1 + ik R(k2 ) 
e l-ikR(k2 ). 

(3) 
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R( E) as function of E = k2 is a single valued real function [11] of E 

R(E*) = (R(E»* (4) 

which has, for finite E, no other singularities but poles [12] and its imaginary 
part is positive in the upper, negative in the lower half plane. It follows from 
this property that the poles of R are all at real E and have negative residues. 
A function R( E) which has these properties will be called a permissible R. One 
can then formulate Schutzer and Tiomno's secondary result also by stating that 
an S( k), derived by (3) from a permissible R, has all the properties given in 
the first paragraph. 

The present note will first inquire whether, conversely, the properties of 
S( k) enumerated above suffice to establish the properties of R. This can easily 
be seen as far as the single valued and real nature (4) of R are concerned but 
will be answered in the negative concerning the theorems about the poles and 
residues of R. Hence we shall inquire for necessary conditions which S(k) must 
fulfill in order to be derivable, by (3), from a permissible R. This will lead to 
an alternation theorem for the poles of S which are on the imaginary axis. 

II. S (k) Which Do Not Lead to Permissible R( E) 

A rather simple general expression which always satisfies the requirements (1) 
and (2) for scattering functions is 

in which 

S(k) = f(ik) e-2ibk 

f( -ik) 

f(x*) = f(x)* 

is a real function, b < amin and 

f( -kl + ik2 ) 

f(k1 - ik2 ) < 00 
for kl > 0 

(5) 

(5a) 

(5b) 

is bounded if kl + ik2 is in the right half plane. These conditions are clearly all 
satisfied if f(x) is a real polynomial of x, i. e., f(ik) a real polynomial of ik. 
Furthermore, the poles of S will have the proper location if the roots of f( x) 
are all either real or lie in the left half plane. Scattering functions of this form 
play an important role in communication engineering [6], [7]. Our procedure 
will be to calculate the R from (5) by means of the inversion of (3) 

i 1 - Se2iak 

R = k 1 + S e2iak 

and ascertain whether the R obtained in this way 

R = k-1 tgak + F(k) ; 
1- F(k)ktgak 

(6) 

(7) 
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where 

a=a-b>O 
f(ik) - f(-ik) 

F(k) = ik[f(ik) + f(-ik)] 

(7a) 

(7b) 

give a permissible R function in the sense of the second paragraph of the 
introduction. 

Clearly, k- l tgak, k tgak as well as F(k) are real given functions of k. 
It follows that the R of (7) is a single valued real function of k2 = E which 
can have, furthermore, no essential singularities for finite E. This point was 
noted already by Schutzer and Tiomno [3]. The only further conditions which 
remain to be verified concern, therefore, the position of the poles of R and their 
residues. It easily follows from the general theorems on R functions [11] that 
these conditions would also be satisfied if F as well as EF were themselves 
permissible R functions. This, however, is not the case in general. 

In order to find a simple case in which (7) is not permissible we note that 
this is a continuous function of a at a = 0 in every finite region of k except 
possible where F( k) has a singularity. However, if F( k) should have a negative 
imaginary part for a k for which k2 has a positive imaginary part, this will be 
true also for a sufficiently small finite a and (7) will represent, for such an a, a 
not permissible R. Hence (7) can represent a permissible R for all permissible S 
only if this is true also for the expression which one obtains by setting a = 0 in 
(7), i. e. if it is true for the F of (7b). One sees that the permissible nature of F 
is a necessary condition for the permissible nature of R at all admissible a and 
b while the permissible nature of F and EF would be a sufficient condition. 

The two simplest f which give an S satisfying all conditions but may give 
a not permissible F and, hence, a not permissible R, are 

f( -ik) = _k2 - 2ibk + c 

with either b > 0 or b2 > c and 

(8a) 

(8b) 

in which either bl > 0 or b~ > Cl, and either b2 > 0 or b~ > C2. IT the b is 
positive, the sum of the roots of f(x) = x2 + 2bx + C is negative and they 
must lie in the left half plane if they are complex. If b2 > c, both roots are 
real. The same considerations apply to (8b). It follows that the S obtain from 
(8a) or (8b) by means of (5) will satisfy all conditions of the first paragraph. 
Nevertheless, the 

F(k)=~=~ 
c-p c-E 

(9a) 

will have a negative residue at its pole E = c only if b is positive. In the other 
case, in fact, F is "antipermissible", i. e. it has a negative imaginary part in the 
upper, a positive one in the lower half plane. Similarly, the F obtained from 
(8b) by means of (7b) 
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F = -2(b1 + b2 )E + 2b1C2 + 2~Cl 
E2 - (Cl + C2 + 4bl~)E + CIC2 

(9b) 

will have complex poles if 4Cl C2 > (Cl + C2 + 4b1 ~)2 which is not incompatible 
with the conditions enumerated above. One can put, for instance Cl = C2 = -2, 
b1 = ~ = 1. In this case, the imaginary part of F will assume arbitrarily large 
positive values at some points of the lower half plane and arbitrarily large 
negative values at the opposite points of the upper half plane. We can conclude 
from these examples that (1) and (2), together with the conditions for the 
location of the poles of S, do not guarantee the permissible nature of the R 
obtained from the S. 

III. Alternation Theorem 

Since the conditions on S which were enumerated in the first paragraph of 
the introduction do not necessarily lead to a permissible R, it is natural to 
ask whether the condition to- yield a permissible R leads to simple additional 
properties of S. This will be found to be the case. 

All the poles ZII of R are real and the zeros XII also lie on the real axis; 
there is one zero between any two successive poles [13]. Let Zo, Z-l, Z-2, ... 
be the negative poles in decreasing order, Zb Z2, Z3, ... the positive poles in 
increasing order, the zero between ZII and ZII+l shall be denoted by XII 

ZII < XII < ZII+l 

Zo ::; 0 < Zl . 

(10) 

(lOa) 

Xo can be positive or negative. Then, every permissible R allows a product 
expansion [14] 

R(E) = C E - Xo II 1- E/xlI II 1- E/x_1I 

E-Zo l-E/ZII l-E/Z_II 
(11) 

with positive real C. The two products TI can be finite or infinite. 
It follows from (3) that the poles of S satisfy the equation 

1- ikR(k2) = 1 + KR(-K,2) = 0 (12) 

where K = -ik. With (11), this gives 

(K,2 + Zo) II(1 + K,2 /ZII) II (1 + K2/Z_ II ) = 

= -CK(K2 + xo) II(1 + K2 /x lI ) II(1 + K2 /x_ II ). (13) 

The left side of this equation is shown as function of the real K" schematically, 
in the upper part of Figure 1; the right side of (13) in the two lower diagrams. 
The first product n is positive in both cases for all real K. The zeros of the left 
side lie at K + ±v'( -Z_II) = ±(II with v = 0,1,2, ... and the whole left side 
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changes at every (v and -(vj it is negative at K. = O. The zeros of the right 
side lie at K. = 0 and K. = ±v'(-x-v) = ±€v with v = 0,1,2 if Xo < 0 and 
v = 1,2,3, ... if Xo > O. In the former case the right side is positive between 0 
and €oj in the latter case it is negative between 0 and 6. 

Let us take up the second case (xo > 0) first. It follows from (10) that 

(14) 

Hence (13) will have a solution K.o between 0 and (0 because the left side of (13) 
increases in this interval from a negative value to zerOj the right side drops from 
zero to a negative value. On the other hand, (13) can have no root between (0 
and 6 because the two sides of (13) have opposite signs in this interval. Again, 
there will be a root 6 < K.1 < (I and in general in every interval (€v, (v). For 
negative K., the situation will be opposite: the roots -K.~ will be so situated that 
(v-1 < K.~ < ~v' One can summarize this by stating that the absolute values 
of the positive imaginary poles k = iK.o, iK.l, iK.2,'" alternate with those of the 
negative imaginary poles k = -iK.~, -iK.~, -iK.~, ... 

(15) 

The situation is very similar if Xo is negative, except that, in this case, either 
(15) holds or there can be two negative imaginary poles k = -iK.~ and k = -iK.~ 
the absolute values of which are both smaller than that of the smallest positive 
imaginary pole K.o. 

The situation as described above certainly seems the most natural one and 
can be expected to be the usual one. It is conceivable, however, that instead 
of the a single pole between 0 and (0, for instance, one has three poles or, 
in fact, any odd number of poles. This can happen if the curves of Figure 1 
are not as smooth as drawn but show appreciable curvature. In such a case, 
every heavily drawn interval in Figure 1 can contain an arbitrary odd number 

• 
left side 
of (13) 

right side 
of (13) 
Xo<O 
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of poles while the (-(0,0) interval, i. e. the first negative interval, will contain 
an even number of poles. The final rule which emerges is therefore as follows. 
If one orders the purely imaginary poles of S according to their absolute value, 
one first finds an even number (or zero) of negative imaginary poles, then an 
odd number of negative imaginary poles, and odd numbers of positive and of 
negative imaginary poles then continue to alternate. 

The above alternating rule is by no means a sufficient condition for S to 
yield, by (6), a permissible Rj it is only a necessary condition. If the properties of 
S, enumerated in the first paragraph, suffice to ensure the principle of causality 
[3], this principle cannot suffice to derive the properties of R, given in the second 
paragraph. Since these properties of R follow from the possibility to defiIJ,e a 
local probability and flux density, it would be interesting to ascertain whether 
they remain valid for particles, such as the light quantum, for which no such 
local densities can be defined. 
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Summary. - While the transition to a. moving coordinate system 
(z -+ z + vt, t -+ t) commutes in classical mechanics with displacements 
(z -+ z + a, t -+ t), the corresponding operations in Schrodinger's non
relativistic wave mechanics do not commute. In fact, the two opera.tions, 
taken in different orders, differ by a factor exp [imv·a/h). The present 
article considers the p088ibility of a nonrelativistic wave mechanics in 
which the transformations of the wave functions obey the same com
mutation relations as the transformations themselves. It shows that 
in such a mechanics position and momentum operators ca.n exist only 
if it is reducible, i.e. only if the set of all states can be decomposed into 
subsets which are themselves invariant with respect to a.ll permissible 
transformations of claBBical mechanics (rotations, displacements, proper 
Galilei transformations). 

Introduction. 

It is well known that every relativistically invariant wave equation defines 
a unitary representation of the inhomogeneous Lorentz group (1) (also called 
Poincare group). It is not true, however, that, conversely, a physically 
meaningful theory corresponds to every unitary representation of this group. 
It seems, in fact, that the existence of particles with space-like mome.ntum 
vectors (case 4 of reference 1, p. 186) would contradict the principle of causality 
and a system of wave functions which are all individually invariant with 
respect to displacements (case 3 of reference· 1) cannot represent particles. 

The purpose of the present article is to investigate the representations of 
the symmetry group of nonrelativistic mechanics (the Galilei group) and to 

(1) E. P. WIGNER: A'/l1~. 01 Math., 40, 149 (1939). Actually, as was discussed in 
this article, the representation need not be a true representation, only a representation 
up to a factor. This frec factor corresponds to the indeterminate phase factor in the 
wave functions. 
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ascertain which of these representations may correspond to physically meaning
ful theories. The answer to this question is obvious for the representations 
which correspond to Schrodinger's nonrelativistic equation. These rellresen
tations are again representations up to a 'factor: although the symmetry trans
formations which correspond to transition to a moving coordinate system 
commute with those which correspond to a displacement, the operators 
exp [imv·x/h] and x -+ x + a which correspond to these symmetry trans
formations do not commute. Their product, taken in the two different orders, 
differs by the factor exp [imv ·a/h]. Furthermore, V. BARGMANN has shown (2) 
that these representations are essentially the only (( up to a factor» repre
sentations. For this reason, the present work will be restricted to the investi
gation of the true representations of the Galilei group. The next section will 

be devoted to the description of this group and the determination of its repre
sentations. The ensuing section will deal with an attempt to find a physical 
interpretation to these equations. It will conclude that these representations 
do not correspond to equations describing particles. The investigation will 
include a search for states localized at one point, states with definite velocity 
components in all direetions and states with definite velocity in only one 
direction. 

1. - The Galilei group. 

A. Definition and Elementary Properties. 

The propel' Galilei group eontains the translations in space and time, the 
rotations a,nd the transitions to a uniformly moving coordinate system (proper 
Galilei transformations or acceleI'H,tions). The general element will be denoted 
by G = (a, b, v, R) where a represents the space translations x' = x + a, 
b represents the time translation t' = t + h, v represents the a.cceleration 
x' = x + vt and R represents the rotation x' = Rx. The order of the trans
formations is from right to left. The relations between the elementary tl'ans
formations are: 

(1) 

(2) 

(3) 

(4) 

(5) 

(a l )(a2 ) = (a2}(a l ) = (al + a2 ) 

(b l )(b2 ) =:-: (b2 )(b l ) cc-:: (b l + b2 ) 

(VI )(V2) = (V2}(VI) = (VI + v2) 

(R1)(Il2 ) = (R IR 2 ) 

(a)(b) = (b)(a) 

(2) Private communication. 
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(6) 

(7) 

{8) 

(9) 

(10) 

(a)(v) = (v)(a) 

(R)(a) = (a')(R) 

(v)(b) = (b)(a)(v) 

(b)(R) = (R)(b) 

(R)(v) = (v')(R) 

We note the following points: 

where a'= Ra 

where a = bv 

where v' = Rv . 

a) Space and time translations commute among themselves and with 
.each other. The same is true for space translations and accelerations. 

b) Accelerations do not commute with time translations. With respect 
to rotations they behave like space translations. 

Using the relations (1)-(10) one easily calculates that the product of two 
inhomogeneous Galilei transformations 

(11) 

where 

The inverse is 

(12) (a, b, v, R)-l = (R-l(bv -. a), - b, - R-1v, R-l) , 

the unit element is (0,0,0, E) 

B. Determination of the Irreducible Representations. 

lJet T(a), O(b), G(v), O(R) be respectively the operators corresponding to 
the elementary transformations; then U(G) = T(a)O(b)G(v)O(R) corresponds 
to the general Galilei transformation. If a state is described by a wave 
function 'lpg in the g frame, operating on 'lpg with any operator, say T(a), 

results in a function 'lpgl which describes the same state in the frame g' = (a)g. 

In other words, an experiment performed on 'lpg' at the l)oint x', t' will give 
the same result as one performed on 'lpg at the point x, t, where x' = x + a 
and t' = t. We remark here that we shall be using throughout time inde
pendent wave functions (Heisenberg representation); these may be considered 
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to be the values for t = 0 of the time-dependent wave functions. The change 
of the state with time will be described by means of the operator O(b). Thus 
the value of the time-dependent wave function at t = to will be given by 

(where tp is the time-independent function) as O(~- to) takes one into a frame 
with t' = t - to and t' = 0 corresponds to t = to. 

To form a true representation the operators U(G) must satisfy the relation 

(13) 

where GIGS is given in (11); or since the relations (1)-(10) are equivalent to (11), 
the elementary operators T(a), O(b), G(v) and O(R) must satisfy the relations 
(1)-(10) with the operators substituted for the corresponding transformations. 
We shall determine the representations by Frobenius' method which builds 
up the representations of the whole group out of the representations of an 
invariant subgroup by means of a « little grOUP». This method was applied 
previously to the determination of the representations of the inhomogeneous 
IJorentz group (1). 

For the invariant subgroup we can take either the group of the space and 
time translations or of the space translations and accelerations. It appears 
more convenient to use the second. As T(a) and G(v) commute with each 
other as well as among themselves, it is possible to introduce such a coordi
nate system in Hilbert space that the wave functions tp(p, q, C) depend on 
two vectors p, q and a discrete variable C and for which 

(14) 

(15) 

T(a)tp(p, q, C) = exp [ip·a)tp(p, q, C), 

G(v)tp(p, q, C) = exp [iq'v]tp(p, q, C). 

On defines an operator P(b) by 

(16) P(b)tp(p, q, C) = tp(p, q - bp, C) . 

Thus the function ffJ = P(b)tp has at the point (p, q, C) the same value as tp 

at the point (p, q - bp, C). We have then 

G(v)P(b)tp(p, q, C) = exp [iq·v ]P(b)1p(p, q, C) = exp [iq 'v]tp(p, q, - bp, C) • 

One can calculate P(b)T(bv)G(v)1p(p, q, C) in a similar way and finds 

(17) G(v)P(b) = P(b)T(bv)G(v) . 
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Together with 

(18) P(b)-l = P(- b) , P(b)T(a) = T(a)P(b) , 

this shows that P(b) satisfies the same equations which (5), (8) require O(b} 

to satisfy. Hence O(b)P(b)-l commutes with all G(v) and T(a) and therefore. 
with any function of q and p. One can set therefore 

(19) (J(b) = V(b)P(b) , 

where V(b) operates on C only, though it may depend on p and qj or 

(20) (J(b)tp(p, q, C) = ~ V(p, q, b),,,1p(p, q - bp, 1J) • 

" 
Next we define an operat,or Y(R) by 

Y(R)tp(p, q, C) = 1p(R-lp, R-lq, C) • 

.A. similar argument, using the relations (7) and (10) shows that O(R)y(.R)-I 

does not operate on p or q, so that 

(21) O(R)1p(p, q, C) = ~ Z(p, q, R),,,1p(R-lp, R--lq , 1J) • 

" 
The operators T(a), O(b), G(v), O(R) as determined in (14), (15), (20), (21} 

satisfy all the commutation relations (1)-(10) except (2), (4) and (9). Before. 
determining V and Z on the basis of these relations we determine the varia
bility domain of the vectors p, q. This will be difierent for the different 
irreducible represensations of the Galilei group. 

If the T(a), G(v) constituted the whole group, it would be possible to 
restrict the variability domain of the pair p, q to a single point p = POt 

q= qo and the irreducible representations would all become one dimensional. 
Because of the group elements (R) and (b) this is not possible: (20) and (21} 
show, that in the representation in which PO! qo are permissible values of the 
variables, the pairs Rpo, Rqo and Po, qo - bpo are likewise permissible values. 
This is true for all rotations R and all values of b. 

On the other hand, in an irreducible representation, the variability domain 
of the pair p, q will be restricted to those pairs which can be obtained from 
a single pair PO! qo by a succession of the above transformations. Their ge
neral form is 

(22) p=Rpo, q= Rqo-' bRpo, 

with R an arbitrary rotation, b an arbitrary real number. The definition 
domain (22) corresponds to the definition domain of the four-dimensiona.l 
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vectors p in the case of the inhomogeneous Lorentz group, which contained 
all the vect.ors Apo where A was a homogeueous Lorentz transformation. 

Depending on the original pair of vectors po, qo, there are four types of 
manifolds (22) which will give rise to four classes of representations. In class I, 
Po and qo are both finite and have different directions. In this case the mani
fold (22) can be defined by the equations 

(22.1) p'p = pO'po = p2 ; 

and characterized by the positive P and S. This is the general and most 
important case. 

In the second case, p and q are collinear. These manifolds can be cha
racterized by a positive P 

(22.IJ) pop = ps. 

In the third case 

(22.III) p=o, q'q = Q!, 

the manifold can be characterized by a positive Q. In the last case 

(22.IV) p=o, 

The result of the operations OCR) and O(b) can be now determined in the 
'Same way as the result of deAl was determined in reference 1. Only the 
result of this calculation will be given; it is different for the four different 
classes. 

I. In class I the discrete variable C of (14), (15) can assume only one 
value and can be suppressed, therefore. One has 

{23.1) 

(24.1) 

O(B)"P(p, q) = "P(R-Ip , R-Iq ) , 

f}(b) "P(p, q) = "P(p, q - bp) . 

One can convince oneself directly that the OCR), O(b) defined by these equations, 
together with the T(a) and G(v) given by (14), (15), form a representation of 
the Galilei group, i.e. that these operators satisfy the relations (1)-(10). ]'or 
class I, the « little group ') consists only of the identity and its representation 
is one dimensional. This causes C to assume only one value. 

The representations of class I can be characterized by the two positive 
constants P, S and each such pair P, S defines a representation. 
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II. In this case the variables q can be l'eplaced by the single variable 8 

by q = 8p and (15) can be replaced by 

(15.11) G(V)",,(p,8) = exp [isp'V]",,(p, 8) . 

C can again assume only one value and has been suppressed. For O(b)"" one has 

(24.11) O(b)",,(p, 8) = ",,(p, 8 - b) , 

which expresses the same relation as (2.1.1). In order to define O(R) one has 
-to select a permissible but otherwise arbitrary po and coordinate to every p 
a rotation r(p) so that 

(25) "(p)Po = p. 

Then 

,(25a) Prp = r(p)-lR-r(R-lp) , 

leaves po = P"po invariant, i.e. is a rotation about po, its angle of rotation 
is denoted by rp. This is a function of Rand p. For O(R)"" one has 

{23.1I) 0(R)",,(p,8) = exp [imrp(R, p)]",,(R-lp, 8) , 

where m is an arbitrary integer. The little group of this case is the group of 
rotations about po, its representations are one dimensional (as ~t result of 
which C can assume only one value); they m1n be characterized by the integer tn. 
The representations of class n are characterized by the positive number P, 
and the integer m. 

III. In the remaining two cases a.ll states are invariant with respect to 
translations and this makes it evident that representations of the classes III 
and IV cannot correspond to equations which describe particles. These re
presentations are actually only representations of smaller groups, viz. the 
factor group of the invariant, subgroups formed by the T(a) and the T(a)G(v) 
respectively. 

Since the variables p ar(l restricted to the va.lue 0, they can be 8UPlll'eSScn 
:and one has, instead of (14) 

,(14.111) T(a)"" = "". 

·(15) remains valid in case III while (2a.H) is replaced by 

{23.III) O(R)tp(q) = exp [imrp]tp(R-lq) , 
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r:p is again defined by (25), (25a), except that a qo and q replace po and p. 
Instead of (24.II), one has 

(24.III) O(b)1p(q) = exp [- ieb]1p(q) • 

e being an arbitrary real number. The representations of class III are cha
racterized by the real e, positive Q and integer m. The little group consists 
in this case of the rotations about qo and displacements in time; its repre
sentations are one dimensional which explains the absence of the variable C. 

IV. In this case both p and q can be suppressed and all wave functions 
are invariant with respect to both T(a) and G(1'), The little group consists 
of all operations (R) and (b) and one has 

(28.IV) 

(24.IV) O(b) 1p(C) = exp [- ieb ]1p(C) . 

The representations are characterized by the real variable e and the integer lr 
the total number of linearly independent wave function is 2l + 1. The D(')(R} 
are the representations of the ordinary three dimensional rotation group. 

C. The Improper Galilei Group. 

The operator I corresponding to inversion (x' = - x, y' = - y, z' = - z) 
can be found on the basis of the commutation relations 

(26) T(-- a)1 = IT(a) , G(- v)1 = IG(v) ; 

its square will be 1 and it will commute with O(R) and O(b). These relations:· 
can be satisfied, in case of class I representations by 

(27.1) I1p(p, q) = ± 1p(- p, - q) . 

The ± defines a parity for these representations. For I'epresentations of' 
class II, unless 'm = 0, t,he extension of the proper Galilei group to include
the inversion unites the representations P, m and P, - m. If we denote the 
wave functions which belong to the former representation of the proper Ga
lilei group by 1p+ , those which belong to the latter representation of the proper 
Galiley group by 1jJ_, the most natural definition of the inversion operator is 

(27.11) { 
I1p+(p,8) = 1p_(- p, 8) 

I1p_(p,8) = 1p+(- p, 8) . 
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In the case of 'm = 0, the indices +, -- can be omitted; the representations 
P, 0 can be extended to representations of the Galilei group which includes 
the operation of inversion. In this case bp(p, 8) can be either 1p(-p, 8) or 
-1p(- p, 8) which again defines a parity for the P, 0 rcprcsentations. Intro
ducing a - sign in (27.II) only gives another form to the same representation: 
the representations P, n. "* 0 have no parity. The reader will recognize the 
similarity with the extension of the two dimensional rotation group to the 
two dimensional rotation-reflection group. 

The same situation prevails also with the representations of class III 
.except that q plays the role which p played above. The rellresentations of 
class IV also can be extended to include the operation of inversion and the 
·extension again leads to 11. distinction of t.wo types of representations, of even 
.and odd parity. 

The operation of time inversion 0 will conullulje with T(a) 11ml O(Jl) 11nd 

(28) 0(- b)O = OO(b) , G(- v)O = OG(v) . 

We further postulate that 0 involve complex conjugation K. These requi
rements can be most naturally satisfied, for class J representations, by 

(29.1) 01p(p, q) = K1p(-p, q) = 1p(-p, q)*. 

For the representations of class II one can set 

(29.II) 01p±(p,8) = K!p±(- p, -8). 

The situation is again similar to that encountered when extending the repre
sentations of the two-dimensional rotation group to include time inversion 
and this applies also to class III. The representations of class IV are actually 
representations of the direct product of the three-dimensional rotation group 
with the group of time displacement. The effect af adjoining to this group 
the operation of time inversion has been discussed before in detail. 

It should be remarked that the above discussion of the extension of the 
representations to include time inversion is uot exhaustive. It deals only 
with the most simple and natural possibilit.y. The results of the following 
.sections are not. affected by this incompleteness. 

D. Definition of Scalar Product. 

The wave functions of the first class depend on two vect.ors p, q whose 
variability domain is restricted by the conditions pI = pa, Ip I\q I = S. Hence 
we define the scalar product (1p, rp) of two functions tp(p, q), rp(p, q) by the 
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integral, 

All our operators are unitary with respect to the scalar product (30). ThiS\ 
is evident as far as the T(a) aIid G(v) of (14), (IS) are concerned but remains· 
valid also for O(R) and O(b) defined in (23.1) and (24.1). One can show this by 
the substitutions p' = R-lp, q' = R-lq and p' = p, q' = q- bp which, because of' 

R(p I\q) = Rp I\Rq , 

leave the d functions of (30) unchanged. Similarly, for the representations: 
of class II the unitary scalar product becomes 

(30.11) ("1', tp) = I tp*(p, S)tp(p, S)d(pl - P) dp ds . 

2. - Physical Interpretation of the Representations of the Galilei Group. 

Of the four classes of representations only the first two can have a straight
forward physical intepretation because only in these the operation of displace
ment has an effect on the wave functions. As the first class is the more general 
of the two we shall discuss this one in detail limiting ourselves to brief remarks 
about the second. 

A. Search for localized states. 

If a representation is to describe in some sense the motion of a particle 
one will expect to find among its wave functions some describing states which 
represent, at a definite time, t = 0, a particle at a definite point of spacer 
say at x = y = z = O. Knowing these functions implies knowing all cha
racteristic functions of the position operator and consequently the position 
operator itself. Both the non-relativistic Schrodinger equation and the various 
relativistic equations for particles with finitE) mass and arbitrary spin or zero 
mass and zero or one-half spin have localized states (3). 

We shall require that the wave functions localized at x = y = z = 0 at 
t = 0 satisfy the following requirements: 

(a) They must form a linear set So; i.e. the superposition of two such 
st,M,es must again be localized in the same manner. 

(3) T. D. NEWTON and E. P. WIGNER: Re·v. Mod. Pl'YB., 21, 400 (1949). 
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(b) If tp is localized, then T(a)tp must be orthogonal to all states of So 
for a =F O. 

(c) The set So must be invariant under rotations around the origin and 
reflections in space and time. 

One can easily see that the postulate (c) is compatible with (b). Using the 
unitary nature of O(R), one finds 

(T(a)O(R)tp, O(R)rp) = (O(R)-lT(a)O(R)tp, rp) = (T(R-1a)tp, rp) = 0 , 

so that O(R)So satisfies postulate (b) if So does. The same applies for space 
and time inversions. We shall see, howevCl', that postulate (b) already leads 
to a contradiction. 

For this purpose, let us write down (b) by means of (30.1) for a function 'If' 
which belongs to So 

(31) f exp [ip 'a] I tp(p, q) 12 lJ(p2 - P2) lJ(lp I\q 1- S) dp dq = 0 , 

for a *" O. We can ~1verage this equation with respect to a over any domain 
which does not include a = O. In particular, averaging over a sphere of 
radius a gives 

fSin aipi sinaP 
(31a) a~pl !tp(p, q)12{)(p2-PZ){)(lpl\q---S)dpdq =--;;:p- = o. 

Because of the O(p2 - P2) fa.ctor, the Ip I in the integrand of (31a) can 
be replaced by P and the corresponding factor brought outside the integral. 
The latter then becomes the normalization integral for tp. Hence (31a) shows. 
that the condition (31) cannot, be satisfied. The same argument applies also
to representations of class II. 

Clearly, the {)(p2 - P2) factor in the definitions (30) of the scalar product 
is responsible for this result. A linear manifold of functions in which Ip I can 
assume all values (loes contain localized states. However, such a linear mani
fold is not irreducible. 

Our equation (31a) shows that not even approximate localization is pos
sible for an irreducible manifold. In fact the integral (31a) immediately gives
the transition probability between a.u'H,t'bitrary wave function 'IjJ l1nd the linear
combinat.ion of wave functions 

rp = ~ r T(aQ)tp dS1 . 
4n. 

Q is a unit vector, dQ indicates integration over all directions. 
If tp is approximately localized at. the origin, rp is a linear combination of 

wave functions which are approximately localized somewhere on a sphere of ra-
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dius a. Furthermore, it is easy to see that the norm (cp, cp) -< 1. Hence (3Ia) 
shows that the transition probability of 11' into a function cp which should 
be ·localized at a distance a from 11' is 

It decreases for large a at best as a-I. This is the best that one can accomplish 
in approximate localization and if one chooses 11' accordingly the transition 
probability of 11' into all states of T(a)So will be proportional to a-I for large a. 
Since the volume of a thin spherical shell is 4nal da, it appears that a particle 
localized at 0 as well as possible is, with equal probabilities, in any spherical 
shell of unit thickness about O. 

B. Search for States loith. Definite Velocity. 

Again, we shall try to find a linear manifold Vo of wave functions which 
represent states with zero velocity. We shall stipulate that if cp is such a 
state G(v)cp be orthogonal to all states of Vo if v =1= 0 and further that Vo 
shall be invariant under translations T(a). It would be natural to postulate 
further that Vo be invariant also under rotations, reflections, etc., but it will 
be impossible to meet even the requirements with respect to G(v) and T(a). 

According to the above postulates7.'(a)cp has zero velocity if cp has this 
property. Hence 

(32) (G(v)T(a)cp, 9') = 0 , 

for aU a and v 7'= O. Writing out (32) again by means of (30.1) 

f exp [ip·a] exp [iq'v]I9'(p, q)IIt5(pL-P2) ~(Ip Aql- S)dpdq = 0, 

for ·V =1= O. Since the exp [ip'a] form a complete set of funetions of p 

(32a) f exp [iq'v] Icp(p, q) 12 ~OP !\q!' - S) dq = 0, 

must hold for almost all Ip I = P. Let po be such a p and let us decompose 
both q = r + (XPo/P and v = s + (JpolP perpendicular and parallel to po· 
The last equation then becomes 

J exp [ir·s + i(X{J] Icp(po, q) !1«5(Plrl- S) dq = O. 
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This equation can be integrated over a,ny domain which does not include 
11 = O. Hence we multiply it "ith an arbitrary function f({J) and integrate 
it over the cylinder I s 1= 'Vo• The integration over the angle which gives 
the direction of s on the cylinder can be carried out and replaces the first 
fa.ctor of the integrand by 211:J o( I r l'Vo) which can be replaced, on account of 
the d function, by 21CJo(S'Vo/P). As this does not vanish in general, we have 

.f I(P) exp [icx{J] Icp(po, q) II d(P I r 1- S) dq d{J = 0, 

which, because of the arbitrariness of I, shows that; 

{32b) 

vanishes for almost a,ll q. This, however, entails the vanishing of the norma
lization integral (30.1) for cpo It follows that no states with zero velocity can 
be fOWld among t he states of t,he representations of class I. This result can 
be extended also to the representations of class II. 

It may be of some interest to remark that states with definite velocity can 
be found if one does not require that the velocity be invariant with respect 
to displacements in space. 

C. Other Attempts at Interpretation. 

We have tried to define s~ates for which at least one component of the 
velocity vanishes and found that this is the case for a cp which vanishes unless p 
has the direction in which v is to have zero component. From this, states for 
which the velocity has a prescribed component in a given direction can be 
~asily found by (15). However, one finds tha.t the totality of the states 
-obtained in this way does not form a complete set of functions and no operator 
-can be defined for the component of the velocity in a prescribed direction. 

'Conclusion. 

We have not succedeed in giving a physical content to any of the irredu
eible representations of the inhomogeneous Galilei group. In particular, we 
were unable to describe states localized at one space point or states with a. 
definite velocity. There exist some states with a definite velocity in only one 
,direction, but since they do not form a complete set their field of application 
is very limited. The ,identification of the infinitesimal translation operator 
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of the Galilei group with the momentum operator leads to absurd results. 
Unless one should find a physical interpretation radically different from the 
one here attempted, one is forced to conclude that these representations are 
similar to those representations of the Lorentz group, the momentum vectors 
of which either vanish or are space-like. It appears surprising that merely 
by going over from. the representations up to a factor to true representations 
one encounters such 11 radical change in interpretability. 

RTASSUNTO 

Mentre Ill. transfzione a un sistema di coordinate in movimento (::c -+ x + vt, t -+ t} 
in meccanica classica eommuta con gli spostamenti (x -+ x + a, t -+ t), Ie operazioni 
corrispondenti non commutano nella meccanica ondulatoria non relativistica di Schri)
dinger. Precisamente, Ie due opera.zioni prese in ordine differente differiscono di un 
fattore exp [imv·a/h]. II presente articol0 considera 130 possibilita di una meccanica. 
ondulatoria non relativistica in cui Ie trasformazioni delle funzioni d'onda obbediscano 
aIle stesse relazioni di commutazione delle trasformazioni stesse. Si mostra che gli ope
ratori di posizione e di quantita di moto possono esistere in tale meceanica solo se essa 
e riducibiIe, cioe solo se l'insieme di tutti gli stati puo essere decomposto in sottogruppi 
·che sono essi stessi invarianti rispetto a tutte Ie trasformazioni permesse della mecca
nica classica (rotazioni, spostamenti, trasformazioni propria di Galileo). 
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The purpose of the present paper is to give a derivation of the properties of 
the elementary transcendentals from a more unified point of view than is cus
tomary. It will be assumed that the general properties of analytic functions are 
established. In particular we shall use the theorem that the real (or imaginary) 
part of an analytic function cannot assume its maximum value in the inside of 
a closed domain in which it is regular. Similarly, use will be made of Weier
strass's theorem about a set of uniformly converging analytic functions, of 
Liouville's and Rolle's theorems.§ All of these theorems can be established 
without the use of the properties of the transcendental functions, using only 
elementary calculations and the concept of convergence. The present paper 
shows how the properties of the elementary transcendentals can then be de
rived from the aforementioned theorems by means of the method's of the theory 
of complex functions. From the point of view of this theory, this appears to be 
more appropriate than taking over the results concerning the properties of these 
functions, at least for real arguments, from other parts of analysis. An outline 
of our procedure follows. 

As a first step, a special class of meromorphic functions, the so-called R func
tions, will be introduced and a number of properties of these functions, includ
ing two expansion theorems, established (Section 1). Some of these properties 
will not be used for the derivation of the properties of elementary transcenden
tals; the numbers of the corresponding theorems have a star attached to them. 

The tangent then will be defined in Section 2 as the simplest periodic R func
tion. The partial fraction and infinite product expansion of the tangent is a spe
cial case of the expansion theorems mentioned before while the addition theorem 
for this function will follow from its periodic nature. It is easy to obtain then the 
similar expansions for the other trigonometric and the exponential functions. 

The writer wishes to admit at the outset that his definition of the exponential 
function is less direct than that of Caratheodory, t for instance. On the other 
hand, the derivation of the various expansion theorems which will be given be
low is less artificial and more general than the customary derivations. 

§ Cf. e.g. A. Hurwitz and R. Courant, Allgemeine Funktionentheorie etc. Verlag Julius Springer, 
Berlin 1922, III 2, page 296j I 3, p. 63 and I 3, p. 56. 

t C. Caratheodory, Funktionentheorie, Verlag Birkhauser, Basel 1950, Sec. 234, p. 233. 

669 
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1. Properties of the R functions. R functions are defined t as meromorphic 
functions of a complex variable s, the imaginary part of which is non-negative 
in the upper and non-positive in the lower half-plane. For the sake of the 
reader's convenience, some rather obvious properties of such functions are re
peated here from an earlier article of the writer.t A few of these properties had 
been given previously by Frli.nz.t 

THEOREM 1.1. If a set of Rfunctions converges to a meromorphicfunction, this 
function itself is an R function. 

THEOREM 1.2. An R function is real on the real axis and assumes real values 
only on the real axis. 

THEOREM 1.3. The derivative of an R function is positive at every regular point 
on the real axis unless R is a constant. 

THEOREM 1.4. All poles of an R function are on the real axis, they are simple 
and their residues negative. The poles will be denoted henceforth by Zp, the cor
responding residues by -'Y!; both the Z and 'Yare then real. A typical R func
tion for real values of its argument is given in Figure 1. 

t As far as the writer could determine, R functions appear in the mathematical literature 
first (though not under this name) in K. Loewner's article Ueber monotone Matrixfunktionen, 
Math. Zeits. 38, 177 (1933). In this article Loewner considers functions R(m) of real symmetric or 
hermitean matrices m which satisfy the condition that R(ml) -R(m2) be positive definite if ml-m2 
is positive definite and if the characteristic values of ml and m2 are in an interval (X, X'). He shows 
that the R(m) are R functions which are regular in the (X, X') interval. The writer is much indebted 
for this quotation to S. Sherman. Certain generalizations of R functions also play an important 
role in the theory of moments. Cf. e.g. J. A. Shohat and J. D. Tamarkin, The Problem of Moments, 
Publication of the American Mathematical Society, New York 1943, particularly Chapters I and 
II. The R functions have also played a substantial if not always obvious role in electrical engineer
ing, in particular in the theory of the reactance of circuits, ever since the pioneering investigations 
of O. J. Zobel, G. A. Campbell and R. M. Foster (Bell System Technical Journal, Volumes 1,2 
and 3, 1922-24). Cf. also W. Cauer, Preuss. Akad. Ber. 1931, p. 30. A more modern review of the 
theory has been given recently by H. W. Bode, Network Analysis and Feedback Amplifier Design 
(Van Nostrand, 1945). However, most of this work deals with rational R functions for which most 
of the contents of the presen t article are obvious. An exception is the article of K. Franz, Elektrische 
Nachrichten Technik, 21, 8 (1944) who already considers transcendental R functions. The writer 
is much indebted for this quotation to Dr. T. Teichmann. For odd R functions, the expansion 
theorems 1.10 and 1.12 also follow from the work of P. I. Richards, Duke Math. Journ., 14, 777, 
1947, which is based on W. Cauer's article in Bull. Amer. Math. Soc., 38, 713, 1932. This article 
anticipates, for odd R functions, many of the results of our Section 1. The connection between his 
iPRF function Z(s) and the R functions is Z(s) = -iR(is). Cf. also Richards' summary article, 
Quarterly Journ. of Math., 6, 21, 1948. The writer's interest in these functions was raised by 
his work on the quantum mechanical theory of reaction and scattering processes. Cf. in this 
connection E. P. Wigner and L. Eisenbud, Physical Rev. 72, 29 (1947) and the summary article 
Amer. Journ. of Physics, 17, 99 (1949). The first general investigation of the mathematical 
properties of these functions is given in Ann. of Math. 53, 36 (1951). It was not entirely possible 
to eliminate all repetition between this last article and the present one. 
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THEOREM 1.5. A linear combination of R functions with positive coefficients 
is an R function. 

THEOREM 1.6. The linear function az+f3 is an R function if a is positive and 
f3 real. 

z 

FIG.! 

THEOREM 1.7. A linear fractional transform of an Rfunction 

aiR + bl s=---
a2R + b2 

(1) 

with real coefficients and positive determinant al b2 - bl a2 is again an R function. 

THEOREM 1.8. A real rational function is an R function if 
a) the degree of its numerator does not exceed that of the denominator by more than 

one, 
b) its value remains below a finite number as Z--' - 00 , 

c) its poles are real and their residues negative. 
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The rational function in question can be written in the form 

(2) R(z) = az + ~ + L (~- "(!) 
Zp - z Zp 

the number of terms in the sum being the degree of the denominator. Because 
of the second condition, a~O, because of the last condition Zp and 1'1' are real; 
{j is real also. Hence, by Theorem 1.6 and Theorem 1. 7, all terms of (2) are R 
functions and it is an R function by Theorem 1.5. 

THEOREM 1.9. The series (2), finite or infinite, with positive or vanishing a, 
real {j, I' and Z is an R function if the Zp have no finite condensation point and if 
the series on the right converges at least for one value of :~O. In this case, it con
verges absolutely and uniformly in every closed domain of : which excludes the 
poles Z. 

In fact, the general term of the series in (2) has the form 

"(2 "(2 ( "()2 ( z) ----= - z 1+--
Z-z Z Z Z-z 

which shows: if the series converges for a z~O, the series with the positive 
general term ('Y/Z)2 converges too, and so the series in (2) converges absolutely 
and uniformly in every closed domain excluding the poles Z, and represents, by 
Weierstrass' theorem, an analytic function. This function is clearly merom orphic 
and an R function by Theorems 1.8 and 1.1. 

We now come to the expansion theorems for R functions. 

THEOREM 1.10. Every Rfunction can be expanded in the form (2). 

In order to prove this without the use of the properties of the elementary 
tran3cendentals, we first establish the following Lemma due to M. Schiffer and 
V. Bargmann.§ 

LEMMA 1.10a. Let R(z) be an R function, Zl one of its poles and '}{/(Zl-Z) 
its meromorphic part at Zl. Then 

(3) 

is also an R function. 

The proof of this theorem, due to Schiffer and Bargmann, first observes 
that Rl is clearly merom orphic. If its imaginary part assumed a negative value 
-p at a point:' of the upper half-plane, one could draw a circle about Zl with a 
radius larger than 2'}{/p and large enough to contain :'. The imaginary part of 
Rl is larger than -!p along the part of this circle which lies in the upper half-

§ Cf. E. P. Wigner, Ann. of Math. 53, 36 (1951). Only the last part of the present proof, be
ginning with lemma 1.10b, is new. 
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plane because the imaginary part of R is positive and the absolute value of 
'Y~/(Zl-.s) is smaller than ip along this semicircle. Furthermore, R1 is real at 
every point of regularity of the real axis, including Z1. Finally, if ZII is a pole of 
R within the circle, one can draw a sufficiently small semicircle about ZII into 
the upper half-plane so that the imaginary part of R1 becomes positive thereon. 
In order to demonstrate this, one observes that, by Theorem 1.4, ZII is a simple 
pole of Rl . Hence there is a neighborhood lsi <E of ZII with S=S1+iS2=ZIl-Z 
where R111 = Rl -'Y!/S is regular. Furthermore R111 remains real on the real axis 
so that, by Rolle's theorem, the imaginary part of R111 for lsi <E, S2>O is larger 
than MS2 where M is the minimum of the derivative of Rill in the direction of 
the imaginary axis. Hence the imaginary part of Rl is, in the same region, larger 
than (M +'Y!/I SI2)S2. The bracket of this expression can however be made 
positive by choosing I rl2 small enough. Thus z' can be surrounded by a continu
ous path (cf. Figure 2) containing no singularities of R1, on which the imaginary 
part of R1 is everywhere larger than - !p. Hence the imaginary part of R1 can
not be negative in the upper half-plane and a similar argument shows that if 
cannot be positive in the lower half-plane. Thus R1 is an R function . 

... 
x 

FIG. 2 

We can subtract in a similar way any finite number of singularities from R, 
and the resulting function 

(4) 

will remain an R function. Hence, its derivative at a real point of regularity 
Zo will be positive by Theorem 1.3: 

(5) 
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It follows that the whole series 'Y!/(Z,,-ZO)2 converges if Zo is real. However, 
since 1'Y!/(Z,,-x-iy)21 <'Y!/(Z,,-X)2, the series (5) converges absolutely also 
for complex ZOo The same is true of the series 

(6) \~ _ 'Y:\ = IzolLI 'Y; I. 
z" - Zo Z" (Z" - zo)Z" 

Except for a finite number of terms, its terms are smaller than 21 zol times the 
corresponding terms of (5). Hence, the conditions of Theorem 1.9 are fulfilled 
and R .. converges, as we subtract all the poles, by the second part of Theorem 
1.9, to an analytic function I(z). This I(z) can have no finite singularity. As a 
limiting case of R functions, I(z) is itself an R function. In order to prove 
Theorem 1.10, it remains to be shown only that such a function must be linear. 
This follows from Lemma 1.10b: 

LEMMA LI0b: An entire R function I(z) is a linear function az+fl, with 
real fl, a ~ o. 

Because of Theorem 1.3, unless I(z) is a constant, it is for real z a monoton
ically increasing function. Let us denote its value at z = 0 with fl and consider 
the function 

(7) J(z) = l/(fj - I(z)). 

This is, by Theorem 1.7, an R function, negative for positive z, positive for nega
tive z. It has only one singularity, at z=O. Let us subtract this singularity by 
Theorem 1.10a. The result 

(8) 

is again an entire R function. It must be a constant unless it is monotonically 
increasing. Since J(z) is negative for positive z, and conversely, J 1( ClO) ~O and 
J 1(- ClO)~O. Hence J1(z) =0 and I(z)=fl+zh2 which proves Theorem 1.10b 
and hence, Theorem 1.10. 

THEOREM 1.11. Given a set of real numbers XI" Z" without finite condensation 
points for which 

(9) ... < Z_2 < X-2 < Z-l < X-I < Zo < Xo < Zl < Xl < Z2 < X2 < ... 
and ZO~O<Zh c>O, the products (finite or infinite) in 

(9a) 
Xo - z II 1 - zlx, II 1 - zlx_. 

R(z) = c--
Zo - z • 1 - zl Z, , 1 - zl Z_, 

converge absolutely and uniformly in e'I1ery finite domain to an R function. 

The JI in both products of (9a), as in all formulae below, runs over all posi
tive integers. If the set (9) breaks off at a finite Z" the last factor in the first II 
is (l-zjZ,)-l; if the set starts with a finite x. the last factor in the second 
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II is z-x •. The last two rules can be replaced by the convention of adding an 
x, = 00 to the set of X in the former and a Z. = - 00 to the set of Z in the latter 
case. Hence (9) always begins with a Z and ends with an x if it has a finite be
ginning or end. 

To show Theorem 1.11 it will be necessary to estabiish the well-known theo
rem about the convergence of infinite products without the use of the ex
ponential function. 

LEMMA 1.11a. The absolute convergence of II(l+a.) follows from the con
vergence of E I a.l· 

Indeed, it can be shown that any partial product II'(l+a.) is closer to 1 
than the corresponding sum LJ 12a.1 as long as this sum does not exceed 1. 
We shall prove 

(10) III'(l + a,) - 11 < 2E' la.1 

by induction. It is correct if the partial product contains only one factor. Let 
us assume that (10) is correct if the partial product contains only n -1 factors. 
I t then follows that 

III'(l + a,)(l + an) - 11 ~ III'(l + a,) - 11 + lan IIII'(l + a,) I 

(11) < 2E'la.1 + lan l(l + 2E'la,l) 

~ 2(lan l + E'la.I)· 

The last part holds because E'I a.1 ~! by assumption. This proves the inequal
ity (10) for n factors and hence in general. The lemma 1.11a is an immediate 
consequence of (10). 

Given now any closed domain, there is only a finite number of Z,. the absolute 
value of which is smaller than the maximum value of 21 zl in the domain. Apart 
from the corresponding factors in the products in (9a), 11-z/zlI l >! holds for 
all Z of the domain. The product of these factors will converge absolutely and 
uniformly by Lemma 1.11a if the series 

-1 -1 

(12) Ela,.1 = E1 1 - Z/X"_ll = IzIEIZ" -X"I~2IzIEI1/z,.-1/X"1 
1 - z/Z,. 1 - z/Z,. 

converges. The last series is, however, because of (9), smaller than 21z/z11 for 
the first product and smaller than 21 z/x_11 for the second product in (9a). Thus, 
the product of the factors considered represents, by Weierstrass' theorem, an 
analytic function in the domain considered and the right side of (9a) is a mero
morphic function. 

In order to prove that (9a) is an R function, it is, because of Theorem 1.1, 
necessary only to prove that every finite partial product of (9a) is an R function. 
These partial products are real rational functions and the degree of their numer
ators is equal to that of the denominator, unless the series (9) has a beginning 
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or end, in which case the degrees differ by ± 1. Second, all factors of (9a) tend 
to 1 as z goes to ± 00 save the exceptional factors (l-Z/Z,)-l and z-x" if 
such are present. At any (ate R(z) is bounded from above as Z~ - 00. Finally for 
}L¢O, every factor is positive at z=ZI" except 

(l-z/xl')/(l-z/ZI') =ZI'(l-z/xl')/(ZI'-z) 

and the numerator of this expression is also positive at z = ZI' both for 
}L<O and for }L>O. Hence the residues of all poles ZI' with }L¢O are negative and 
one can easily see that this holds also for the pole Zoo It thus f~llows from 
Theorem 1.8 that the finite partial products of (9a) are R functions and from 
Theorems 1.11a and 1.1 that (9a) is also an R function. 

THEOREM 1.12. Every R function R(z) can be expanded§ into a product of the 
form (9a). 

Because of Theorem 1.3, the poles ZI' and zeros XI' satisfy the conditions (9) 
whence (9a) represents an R function with the same poles and zeros as R(z). 
Hence Theorem 1.12 will be proved if it can be shown that the ratio r(z) of 
two R functions with the same poles and zeros is a constant. Since both zeros 
and poles of an R function must be, by ~heorems 1.3 and 1.4, simple, r(z) is an 
entire function. It cannot assume a negative real value on the real axis since 
both R functions are negative in the same (ZI" XI') intervals, positive elsewhere. 
It cannot assume a negative real value on the upper half-plane either since the 
imaginary parts of both R functions are positive there. For the same reason 
r cannot be negative on the lower half-plane. However, an entire function r(z) 
which does not assume any value of a finite interval (r1, r2) is necessarily a constant. 
One sees this most easily by considering p= «r-rl)/(r-r2»1/2. Since the radi
cand of this expression assumes negative real values only if r is in the interval 
(rl' r2), and since r(z) does not assume values in this interval, p is a single-valued 
function which does not assume any purely imaginary value. Its real part is 
either positive for every z, or negative for every z. Application of Liouville's 
theorem to l/(P+i) in the former and l/(P-i) in the latter case shows that it 
is a constant. This then proves Theorem 1.12. 

This result about the relation of two R functions which have the same poles 
and zeros can be generalized to the case when two other real values, a and 
b>a, are assumed by both R functions at the same two sets of values of z. By 
applying the above result to (R-a)/(b-R) one finds: 

THEOREM 1.13.* If two Rfunctions assume the real value a at the same values 
of s, and if this is true for another real number b, the two R functions can be ob
tained from each other by a fractional linear transformation which leaves a and b 
invariant. 

§ Under certain more restrictive assumptions, this theorem has been shown already by K. 
Franz, I.e. footnote p. 670. 



Simplified Derivation of the Properties of Elementary Transcendentals 481 

1952] DERIVATION OF PROPERTIES OF ELEMENTARY TRANSCENDENTALS 677 

We now come to a couple of further theorems which are not necessary for the 
development of Section 2. They give the connection between differential equa
tions and R functions. Let us consider the function 4>(~, z) of the complex variable 
z and real variable ~ which obeys the differential equation 

(13) 

in which U, V are real continuous functions of ~ in the interval (0, ~o). Given 
z-independent initial conditions at ~=O, it is well known thatt 4> and d4>/d~, 
as functions of z, are entire functions. 

THEOREM 1.14.* The solution R(~, z) of Riccati's equation 

(14) 
dR(~, z) 
---= R2+ UR- V+z 

d~ 

with the initial condition R(O, z) =Ro and real Ro is, for every value ~ of the interval 
(0, ~o), an Rfunction of z. 

One obtains (14) from (13) by the substitution R= - (d4>/d~)/q,. As quotient 
of two entire functions, R is meromorphic. Let us separate R-Rr+iR. into real 
and imaginary parts. The equation for R. is 

(14a) dR,/d~ = 2RrR. + UR, + y 

where y is the imaginary part of z=x+iy. It is necessary to show now that 
R.(~) has the same sign as y. 

Because of R.(O, z) = 0, this is evident for sufficiently small values of ~. 
Furthermore, if y is positive, R. has a positive slope at a point where R. = O. 
Hence, as ~ increases, R. cannot become negative as long as R obeys the dif
ferential equation (14). Under the same condition, R. cannot become positive 
if y is negative. 

Naturally, R can have singularities and will not obey (14) at these. In order 
to prove that R. remains positive for positive y as ~ passes through a singularity 
~o, we note that Q= -1/R vanishes at, and is regular in the neighborhood of, 
~o. Hence, in the neighborhood of ~o, the imaginary part Q. of Q = Qr+iQ. 
vanishes more strongly than its derivative. It follows that we can set Q. = 0 when 
calculating dQ./d~ in the neighborhood of ~o. The differential equation for Q. 
then shows that dQ./d~ has, in the neighborhood of ~o, the same sign as yQr2, 
i.e. as y. According to the preceding paragraph, this is true also for Q.=R.I QI2 
as long as ~ <~o so that Q" and hence also R., retain their sign as ~ passes 

t Cj. e.g. E. L. Ince, Ordinary Differential Equations. Dover Publications, New York, 1944. 
Section 3.31, p. 72. . 
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through ~o. This then provesl Theorem 1.14. 

Theorem 1.14 permits the definition of a wide variety of R functions and, 
of course, the R functions derive their significance from Theorems 1.14 and 1.15. 
However, the latter will not be proved here.§ 

In order to formulate Theorem 1.15, we consider an n dimensional real 
euclidean space E" with rectangular coordinates ~h ~, ••• , ~". There are two 
regular closed surfaces Sl and Sin E", the former being entirely inside S. Given 
further a self-adjoint real operator§§ H defined for functions within S and for 
which 

(15) 

holds if f vanishes within Sl and belongs to the definition domain of the Laplace 
operator fl. This operator is defined to be self-adjoint also and applicable to all 
twice continuously differentiable functions in S which have zero normal deriva
tives thereon. Let us consider then a solution of the equation 

(16) Hq,(~, s) = sq,(~, s) 
such that q, is, on the surface S, real and independent of s 

(16a) cp(~, s) = tPW on S. 

THEOREM 1.15.* Under the conditions of the preceding paragraph the surface 
integral 

(17) -f tPW grad .. cp(~, s)dS = R(s) 

extended over the surface S is an R function of Zj the grad" denotes the component 
of grad q, that is normal to the surface S. 

For the sake of completeness, three further and rather obvious criteria will 
be given here which suffice, in conjunction with Theorem 1.14, to prove that the 
logarithmic derivative of the Bessel functions and of a few other functions, includ
ing the r function, are R functions and hence permit partial fraction and 
product representations of the form (2) and (9a). 

THEOREM 1.16.* aR(bz+c) is an Rfunction of s if a, b, c are real and ab posi
tive, and if R(s) is an R function. 

t This theorem, although in a different form, has been known for a long time. C/. e.g. L. Bieber
bach, Theorie der Differentialgleichungen, Julius Springer, Berlin 1923, Section 2, Chapter III, p. 
161. 

§ For a plausibility argument cf. E. P. Wigner and L. Eisenbud, reference 1. 
§§ For the definition of self-adjoint operators cf. e.g. B.v.Sz. Nagy, SpektraldarsteUung 

Linearer Transformationen des Hilbertschen Raumes. Vol. 5 of Ergebnisse der Mathematik und Grenz
gebiete. Springer Verlag, Berlin 1942 Section V4, p. 34. 
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THEOREM 1.17.* Let R+(z) be an Rfunction aU the poles of which are positive, 
then 

(18) 
1 

Ro(z) = - [~(Z2) - ~(O)] 
z 

is an odd R function. If R+(z) > 0 for all negative z 

(18a) Ro(z) = Z ~(Z2) 

is also an odd R function. 

The first part follows from the expansion (2) for R+ in which Zp can be re
placed by ~! = Zp with positive ~ p. The identity 

1 (1 1) 1 (1 1) 
-;- r! - Z2 - r! = 2r! rp - z + - rp - Z 

together with Theorem 1.9 then directly gives (18). In the second case, 
-1/R+(z) satisfies the conditions of the first case for R+. Hence - (l/z) (l/R+(z2) 
-l/R+(O» is an R function and remains one if -R+(O)/z is added to it. Hence 
(l8a) is also an R function. 

THEOREM 1.18.* Conversely, if Ro(z) is an odd Rfunction which is regular at 
z = 0, then .yzRo( vz) is also an R function of z. 

2. The elementary transcendentals. Let us consider the class t of R func
tions which (a) are periodic with period 1, (b) have only one singularity for 
-l <z ~a, (c) converge to i as z goes to i 00. The existence of R functions satis
fying these conditions will be apparent when the expansion (2) will be found 
for them. We now proceed to find this expansion. 

Let us denote the position of the singularity in the - i <z;;:a interval by 
i-xu, its residue by -c<O. Because of the periodicity condition, there will be 
similar singularities at all points n-i-xo, the n being any integer, and only at 
these points. Hence, if R functions of the class t exist, their expansion by (2) 
must be of the f~rm 

(19) t(z) = az + {3 + c ~ ( n _ ! ~ xo _ z - n - : - Xo ), 

where n assumes every integral value from - 00 to 00. 

It is worth while to remark that because of the absolute convergence of the 
series (19) one can unite the terms v=n and v=1-n; v then will run over all 
positive integers. Then 
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I(z) = aZ+,3+:E( c ___ C __ ) 

v-i-xo-z v-i+xo+z 

(19a) :E( c C) 
v - ! - Xo v - ! + Xo 

= az + ,3' + L..J - , ~(C C) 
v-! -Xo-Z v-'i+xo+z 

since the sums of both brackets of the first equation converge absolutely and 
the second of these is independent of z, 

In order to impose the boundary condition I(i 00 ) = i, we calculate the sum 
in (19a) for z=x+iy 

:E C _ C 

v+l-xo-z v+!+xo+z 

(19b) 
= :E 2c(xo + x + iy) 

(v + !)2 - (xo + x + iy)2 

= 2ic :E 1 - i(xo + x)/y , 

y «v + 1)/y)2 + (1 - i(xo + X)/y)2 

The factor by which the vth term of (19b) differs'from [1+ «v+i)/y)2]-l con
verges to 1 as y goes to infinity, Hence the sum (19b) converges to the sum of 
these expressions and, by the definition of the integral, (19b) converges to 

(19c) ~ 1 f~ ~ - E --+ 2ic -- =~i1rc 
y 1 + (v + !)2/y2 0 1 + ~2 •. 

if we denote the last integral by !1r. 
Since t converges to a fixed value i as z--+i 00 and since this is true also of the 

last term in (19a), az+,3' must also converge to a fixed number. This is possible 
only if a = 0 and since ,3' is real, it also must vanish. It then follows that 1rC = 1. 

THEOREM 2.1. The Rfunclions of the class t have the form I(xo+z) with real Xo 
where 

(20) t(z) = ~ :E ( 1 _ 1 ) = ~ :E ( 1 __ 1 ) 
1r v-!-z v-!+z 1r n-i-z n-! 

where v runs over all positive integers, n over all integers. 

It is easy to convince oneself that the t given by (20) fulfills the three condi
tions of the definition of the class. This is evident for (b) and the above calcula
tion verifies (c). To verify (a) let N be so large that the first N terms of the 
series (20) represent both t(z) and t(z+ 1) with a smaller error than E, then (20) 
shows that t(z) - t(z+ 1) is within 2E equal to 
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1 1 
----+-----
N - t - z N + 3/2 + zl 

and this goes to 0 as N increases. 
The function t(z) has singularities at ±! and assumes in the interval (-l,!) 

every real value. Let us consider therefore the R functions 

ext(z) + fJ 
(21) 

- fJt(z) + ex 

with real a, {3 (ej. Theorem 1. 7). The function (21) is clearly periodic, has only 
one singularity for -! <z ~a, namely at the point where t(z) =a/{3, and one 
can verify directly that its value is i for 21 = i ~. It therefore is in the class t and 
is equal to t(xo+z) with a definite Xo. In order to determine this xo, one may 
insert z=O in (21), because of teO) =0, its value then is (3/a=t(xo). Introducing 
this into (21) gives the addition theorem 

(21a) t(Xo + 21) = t(z) + t(xo) • 
1 - t(xo)t(z) 

The above derivation proves (21a) only for -! <xo;;;; t. However, since both 
sides of (21a) are analytic functions of Xo, it must hold also in general. 

The function t(z) is odd, so vanishes at z = O. In order to calculate the value 
of its derivative t' at 21 = 0, we note from (21a) with Xo = 1/2 that 

(22) t(! + z) = - 1/t(z). 

The residue of the left side of (22) at 21 = 0 is -l/,rr, hence the derivative of t(z) 
at :;;=0 is 

(22a) t'(O) = 7f'. 

From the odd and real nature of t it follows that it is imaginary on the imaginary 
axis and, because of (22), it is also imaginary if 21 has the form t+iy. 

The poles of -l/t(:;;) are all the integers. From this and its odd nature follows 
the expansion 

(23) 

Let us calculate, finally, the addition formula for an arbitrary fractional 
linear transform of t 

G1t(z) + hI 
e(z) = • 

G2t(z) + ht 

For e(xo+z) one obtains a fractional linear function of e(z) with the matrix 
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II a1 b1 II 111 t(xo) II II a1 b1 11-1 • 

ll2 b2 - t( xo) 1 ll2 b2 

This will be a diagonal matrix if a1= -a2=i; b1=b2=1. Hence the addition 
theorem for 

(24) 
it(z) + 1· 

e(z)=--
- it(z) + 1 

has the form e(xo+z) =f(xo)e(z). Writing z=O herein one finds f(xo) =e(xo) and 

(24a) e(z + z') = e(z)e(z'). 

Evidently, e(z) is periodic with period 1. From (24) one finds e(O) = 1, 
e(i 00 ) = 0, e( -i 00 ) = 00, that I e(z) I = 1 for real z and from the remark after 
(22a) that it is real for imaginary z: it assumes every positive value as z drops 
from i 00 to -i 00. 

The value of the derivative e' of e at z = 0 can be obtained from (24) and 
(22a): e'(O) = 2it'(0) = 211'i. The differential equation 

(25) e'(z) = 211'ie(z) 

then easily follows from (24a). It shows that e(z) can have no poles and is an 
entire function. The various formulae for the trigonometric and hyperbolic 
functions follow either from (21a) or (24a) by means of 

6) 
t(z) = tan lI'Z, 

The infinite product representation for the tangent is a direct consequence of 
Theorem 1.12: 

(27) 

7r Z II 1 - z/" II 1 + z/" I{z) = ---
2 z + ! 1 - z/{" - !) 1 + Z/{II + !) 

... (1 - z/2)(1 - z)z(l + z)(l + z/2) ..• 
=-----------------------------------------

... (1 - 2z/3)(1 - 2z)(1 + 2z)(1 + 2z/3)(1 + 2z/5) ... 

Calculating t'(z)/t(z), one obtains the partial fraction representation of s(2z) 
and, hence, of s(z) and e(z). The most obvious way to obtain the infinite product 
representation for e(z) = cos lI'Z is to show that it satisfies the differential equa
tion e'(z)/e(z) = -lI't(z). The infinite product for the sine can be deduced either 
in the same fashion or by multiplying th~ infinite products for e(l) and t(z). 

It is worth while yet to point out that every complex number x+iy can be 
expressed in the form re(ef» with real rand ef>. Set r= (X2+y2)1/2 and t(ef» 
= (r-x)fy = y/(r+x) ; there is one and only one ef> between -! and! which 
satisfies this last equation. This then shows that 1I'ef> is the angle in the Gauss 
plane. The remark after (24a) shows, furthermore, that there is an imaginary 
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number ip such that r = e(ip) if r is positive. Hence, unless x+iy = 0, there is a 
complex 4>+ip such that e(4)+ip) =x+iy. This defines the logarithm; its prop
erties, including its derivative, follow from the properties of the exponential 
function. 

One can also easily see that the 7r defined in (19c) is the ratio of the circum
ference of a circle to its diameter. For this purpose one extends the integral 
from - co to co and deforms the path of integration to a small circle about i; 
the integrand dz/(z-i)(z+i) is easily seen to approach ds/r as the radius of 
the circle contracts. 
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Introduction.-Classical mechanics is a limiting case of relativistic 
mechanics. Hence the group of the former, the Galilei group, must be 
in some sense a limiting case of the relativistic mechanics' group, the 
representations of the former must be limiting cases of the latter's repre
sentations. There are other examples for similar relations between 
groups. Thus, the inhomogeneous Lorentz group must be, in the same 
sense, a limiting case of the de Sitter groups. The purpose of the present 
note is to investigate, in some generality, in which sense groups can be 
limiting cases of other groups (Section I), and how their representations 
can be obtained from the representations of the groups of which they 
appear as limits (Section II). Section III deals briefly with the transition 
from inhomogeneous Lorentz group to Galilei group. It shows in which 
way the representation up to a factor of the Galilei group, embodied in 
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the Schr6dinger equation, appears as a limit of a representation of the 
inhomogeneous Lorentz group and also gives the reason why no physical 
interpretation is possible for the real representations of that group. 

I. CONTRACTION OF GROUPS 

Let us consider an arbitrary Lie group with n parameters at and 111-

finitesimal operators l;. These shall be given, as usual by 

Ii = lim g(het) - g(O) 
Ii -+0 h 

(1) 

where 0 are the parameters of the unit element and ei differs from 0 by a 
unit increase of at. The I} are skew hennitean matrices if the group 
consists of unitary matrices; instead of them one often uses the hermitean 
quantities iI}. However, all our equations remain somewhat simpler if 
expressed in terms of the I}. The structure constants C are defined by 

(2) 

If we subject the It to a linear homogeneous non-singular transformation, 
the C will be replaced by other constants. These are obtained from the 
C by contragradient transformations of its upper and lower indices. How
ever, such a transformation has, naturally, no effect on the structure of 
the group. Let us denote the transformation in question by 

(3) 

It corresponds to the transformation 

at = L Ut.b" (3a) 

according to which the J are obtained by the same equation (1) as the 
I, except that the et have to be replaced in it by a similar quantity, defined 
with respect to the b. 

The above transformation may lead to a new group only if the matrix 
U of (3) is singular. We shall call the operation of obtaining a new group 
by a singular transfonnation of the infinitesimal elements of the old group 
a contraction of the latter. The reason for this term will become clear 
below. The singular matrix will be a limiting caSe of a non-singular matrix. 
The latter will depend linearly on a parameter (; which will tend to zero: 

(4) 

For 0 < E < EO the determinant of (4) is different from zero, it vanishes for 
E = O. 

We shall transform (4) into a normal form by a non-singular and E 
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independent transformation of both the J. and It. If the matrices of the 
corresponding transformations are denoted by ex and (3, respectively, u 
and W will be replaced by (3uex- 1 and (3wex- l • It is possible, by such a 
transformation, to give u and w the form 

1 0 v 0 
u w (5) 

o 0 o 1 

The number of rows and columns in the unit matrix in u, and in v, is equal 
to the rank r of u. It is advantageous to label the transformed J and I 
with a pair of indices, the first referring to the subdivision of u given in 
(5), the second specifying tbe various J and I within that subdivision. 
Hence, (3) assumes the form 

r 

J IP = Ib + E I: vl'ill' (v = 1, 2, ... , r) 
I' = I (6) 

(v = 1, 2, ... , n - r) 

The corresponding transformation of the group parameters is 

r 

bb + E I: v'l'b l l' (v = 1,2, ... ,r) 
I' = I (6a) 

(v = 1, 2, ... , n - r) 

It is well to remember that the parameters a lead to the infinitesimal 
elements I, the parameters b to the J. The last equation shows that a 
given set of parameters b correspond, with decreasing E, to smaller and 
smaller values of the parameters a2. In the limit E = 0 (if such a limit 
exists), one will have contracted the whole group to an infinitesimally 
small neighborhood of the group defined by the alP alone. This justifies 
the name given to the process considered. 

The transformation of the infinitesimal elements which we carried out 
also changes the structure constants and we shall write for (2) 

r n - T 

[Ia .. 1,61'1 = I: Ca •. fJl'lKIlK + I: Ca •. ,61'2KI2K (7) 
"=1 K=I 

wherein ex and (3 can assume the values 1 and 2. This gives for 

[Ib' lip] + EI:(Vvv'~I'I" + ~"'VI'I" + EVvv 'VI'I") [II." III"] 

I: CI •. 1/" 11K + ~ I: Cb. 1/" 12K + 0(1). 
K E K 

Hence, if the commutator of J b and J 11' is to converge, as E -- 0, to a linear 
combination of the J, the structure constants 
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(8) 

i.e., the II. must span a subgroup. On the other hand, if this happens 
to be the case, the structure constants will converge to definite values 
Ca •. PI'''· as E- 0 

1. 
Cb.11' 

1. 
Cb.21' 

C 1< 
b,ll' 

o 
C2 •• 21'1< 

2. 
Cb,ll' 

2. 
Cb,21' 

2. 
C2., 21' 

o 
(9) 

These structure constants satisfy Jacobi's identities since the structure 
constants for the J do this for non-vanishing E. We shall say that the 
above operation is a contraction of the group with respect to the infinitesi
mal elements Ib or that the infinitesimal elements 121' are contracted. We 
then have, from (9). 

THEOREM 1. Every Lie group can be contracted with respect to any of its 
continuous subgroups and only with respect to these. The subgroup with 
respect to which the contraction is undertaken will be called S. The con
tracted infinitesimal elements form an abelian invariant subgroup of the con
tracted group. The subgroup S with respect to which the contraction was under
taken is isomorphic with the factor group of this invariant subgroup. Con
versely, the existence of an abelian invariant subgroup and the possibility to 
choose from each of its cosets an element so that these form a subgroup S, is a 
necessary condition for the possibility to obtain the group from another group 
by contraction. 

It is easy to visualize now the effect of the contraction on the whole 
group. The subgroup S with respect to which the contraction is under
taken remains unchanged and it is advantageous to choose the group 
parameters in such a way that a2. = 0 throughout S, Th~t1 (6a) can be 
replaced by 

(6b) 

and this can be assumed to be valid throughout the whole group, not only 
in the neighborhood of the unit element. As E decreases, a fixed range of 
the parameter b will describe an increasingly small surrounding of S. As 
E tends to 0, the range of the b2• will become infinite and describe only 
those group elements which differ infinitesimally from the elements of S. 
The elements which are in the neighborhood of the unit element of the 
original group but have finite parameters b2• will commute and form the 
aforementioned commutative invariant subgroup. Naturally, the ele
ments of this invariant subgroup will not commute, in general, with the 
elements of the subgroup S: the change of the parameters a2. = Eb2• will 
be, upon transformation by finite elements of S, of the same order of 
magnitUde as these parameters themselves. Naturally, the convergence 
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of the original group toward the contracted group is a typically non
uniform convergence. 

Every Lie group can be contracted with respect to any of its one para
metric subgroups. If the three dimensional rotation group is contracted 
in this way, one obtains the Euclidean group for two dimensions. Con
traction of the homogeneous Lorentz group with respect to the subgroup 
which leaves the time coordinate invariant yields the homogeneous Galilei 
group, contraction of the inhomogeneous Lorentz group with respect to 
the group generated by spatial rotations and time displacements yields the 
full Galilei group. Contraction of the de Sitter groups yields the inhomo
geneous Lorentz group. It should be remarked, finally, that if a group, 
obtained by contraction of another group with respect to the subgroup S, 
is contracted again with respect to S, the second contraction remains with
out effect. 

The above considerations show a certain similarity with those of I. E. 
Segal. 1 However, Segal's considerations are more general than ours as 
he considers a sequence of Lie groups the structure constants of which 
converge toward the structure constants of a non-isomorphic group. In 
the above, we have considered only one Lie group but have introduced 
a sequence of coordinate systems therein and investigated the limiting 
case of these coordinate systems becoming singular. As a result of our 
problem being more restricted, we could arrive at more specific results. 

II. CONTRACTION OF REPRESENTATIONS 

If one applies the transformation (6) to the infinitesimal elements of 
a representation of the group to be contracted, and lets E tend to zero, the 
J 2p will also tend to zero. The representation will become isomorphic to 
the representation of the subgroup S, i.e., will be a representation of the 
factor group of the invariant subgroup. In order to obtain a faithful 
representation, one must either subject the J2p to an E dependent transforma.
lion, or consider the J 2P which correspond 10 different representations, e.g., 
go to higher and higher dimensional representations as E decreases. We 
shall give examples for both procedures. 

(a) Representations of the Contracted Group by Means of E Dependent 
Transformations.-The first procedure is applicable only if the infinitesimal 
elements are not bounded operators, i.e., as far as irreducible representa
tions are concerned, only if the group is not compact. The simplest non
(.'ompact non-commutative group is that of the linear transformations 
x' = eax + (j. The general group element is 0 a.fj = T«(j)Ra with the group 
relations T«(j) T({j') = T({j + (j'); RaRa' = Ra+u' and RaT({j) = T(ea(j)Ra. 
The only faithful irreducible unitary representation of this group can be 
given in the Hilbert space of square integrable functions of 0 < x < to· 
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(10) 

The infinitesimal operators are 

(lOa) 

with the structure relation 

(lOb) 

Contraction with respect to the group of transformations x' = ea" leaves 
the group unchanged: the only non-vanishing structure constant is Cl22 

and (9) shows that this does not change, We can try, therefore, to trans
form II and EI2 with an E dependent unitary matrix so that II remain 
unchanged, the transformed tI2 converge to 12 

(11) 

This is indeed possible: one has to choose S. = RID., This commutes 
with It. It follows from the group relation that S.-lT({3)S. = R_Io .T({3) 
RID. = T({3/ E) and one has, hence, as h - 0 

ES.-1I2S. = ES.-1 lim h-1(T(h) - l)S. 
= lim Eh-1(T(h/ E) - 1) = 12 (l1a) 

Hence ES. -lI2S. not only converges to J2 = 12 but remains equal to it for 
all E. 

It is more surprising, perhaps, to see that the same device is possible 
also if one contracts the group with respect to the subgroup of the T(m. 
The contracted group is, in this case, the two parametric abelian group. 
We demand, in this case, that S. commute with IfJ and hence, by (lOa), 
that it be multiplication with a function of x. Because of S' unitary na
ture, we can give it the form exp (if(x, E». Transformation of the EIa of 
(lOa) with this gives 

ES.-1IaS. = Ee-if(s, ')(1/2 + xd/dx)eif(s,.) 
= E(1/2 + X d/dx) + fix d/dx f(x, E). (12) 

The first part of this con verges to 0 as it should since (12) should converge 
to an operator which commutes with ix. The second part converges to 
J2 = ixf'(x) = ig(x) if one sets 

f(x, E) = f-lf(X). (12a) 

Hence, the transformations of the contracted group corresponding to the 
parameters a, {3 is multiplication with 

(13) 
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which is again a faithful (reducible) representation of the contracted 
group. 

The operators corresponding to finite group elements could have been 
obtained directly by transforming 0". 0{J = T( E(3)R" with RID 0 in the case 
of contraction with respect to R". Similarly, (13) could have been ob
tained directly by transforming 0 0". (J = T({3)Ro" with exp (t-1if(x)). 

It is not clear how generally one can obtain a faithful representation 
of the contracted group as a limit of an E dependent transform of a faithful 
representation of the original group and the substitution (6b) of its param
eters. Certainly, the procedure is not applicable to irreducible repre
sentations of compact groups or, more generally, if the infinitesimal oper
ators are bounded. 

(b) Representations of the Contracted Group from a Sequence of Repre
sentations.-We shall now give a few examples for the second procedure, 
i.e., obtaining a representation of the contracted group by choosing a 
sequence of unitary representations DO), D(2), ... , DO), ... so that each 
of the opera tors 

(JI = I, 2, .. , r; p. = 1, 2, ... , n - r) (15) 

converge to a finite operator as E -+ 0 and 1 -+ CD. Alternately, we can 
ask that the transfonnation corresponding to finite group elements 

(15a) 

converge to a unitary representation of the contracted group as E - 0, 
1 -+ CD. The b are the parameters of the contracted group; the operator 
(15) corresponds, in the representation 1, to the group element of the 
original group the parameters a of which are given by (6b). The fonnula
tion making use of the finite group elements (15a) is unambiguous because 
it deals with the convergence of unitary operators; the first one is usually 
easier to attack directly. 

The convergence of the sequences of (15) and (15a) will depend not 
only on the values which E assumes and on the corresponding representa
tions D(I), it will also depend in which form that representation is assumed. 
Hence, method (a) can be considered as a special case of the present method 
in which all D(I) are unitary equivalent. 

The contracted group is always an open group because the variability 
domain of the b is infinite. Hence its representations are, as a rule, 
infinite dimensional. If the D(I) are finite dimensional, they should be 
considered to affect only a finite number of the coordinates of Hilbert 
space. 

The simplest non-commutative compact group is the three-dimensional 
rotation group. All its subgroups are one parametric, we shall contract 
it with respect to the rotations about the z axis of a rectangular coordinate 
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system of ordinary space. The contracted group is the Euclidean group 
of the plane, i.e., the inhomogeneous two-dimensional rotation group. 
We shall choose for D(I) the representation which is usually denoted2 by 
D(I): it is 2I + 1 dimensional (l being any integer) and is usually described 
in a space the coordinate axes of which are labeled with m = -I. -I + 1, 
... , I-I, I. Hence, we label the coordinate axes of Hilbert space with 
all integers m from - 00 to 00. In keeping with our previous notation, 
we call the infinitesimal element which corresponds to rotations about the 
z axis Mz = h One can then vvrite for I m I S I, I m'l S 1 

(16) 

(I2}1)mm' = (M. (I))mm' = - ~ V(l - m)(t + m~) c5 m'm+l + 

~ V(l - m')(l + m)c5m'm-l 

(I2u(l»mm' = (M/1»mm' = ; V (l - m)(l + m') c5 m'm+l + 

; V(l - m')(l + m) 15""",-1. 

All matrix elements vanish if either I m I or I m'l is larger than l. As 
1 - 00, the II converge to a definite operator 

( - 00 < m, m' < (0) (17a) 

In fact, the convergence is strong in the sense that I 1'P converges strongly 
to J 1'P if 'P is in the definition domain of J 1• If E and I converge to zero 
and infinity, respectively, in such a way that IE - E, the other two in
finitesimal elements will also converge to J2x, J2//I respectively, where 

(J2x)mm' = ~ E(om'm-l - Om'm+l) (17b) 

It follows from the fact that there are only a finite number (two) non
vanishing matrix elements in both 12x and 12y that the operators satisfy 
the commutation relations of the contracted group 

[J2X, J2u ] = 0 

It further follows from 

(Il(1»2 + (I2x(l»2 + (l2v(l»2 = -l(l + 1) 

by mUltiplication with E2 and going to the limit in the above way that 

(lSa) 
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It was important, for obtaining convergent sequences of 11(1) and EN'), 
to have assumed the D(I) in the form given by (16). This form was 
reduced out with respect to the subgroup S and this caused, in this case, 
the convergence of the sequence 11 (I). The convergence of the d 2 (I) does 
not actually follow from the convergence of the 11(1), and hence from the 
reduced out form of the representations D(I), but was made at least possible 
by this circumstance. 

Before going over to the investigation of the Lorentz groups, it may 
be worth while to make a final remark about the above contraction, even 
though it has little to do with our' subject. We shall determine, first, 
the matrices which correspond to finite group elements. For this purpose, 
it is useful to consider that form of the above representation in which the 
Hilbert space consists of functions of x and y and the infinitesimal operators 
have the natural form for infinitesimal operatot's of the Euclidean group 
(a and r are polar coordinates x = r cos a, y = r sin a) 

J: = -O/Oa = y%x - x%y (19) 

(19a) 

One should keep in mind that J~s arose from 12s which is the infinitesimal 
rotation about the x axis and corresponds to a displacement in the - y 
direction. Similarly J~y corresponds to a displacement in the x direction. 

The function lP(a, r) corresponds in the new Hilbert space to the vector 
which has the components IPm in the Hilbert space of (17a), (17b). It 
further follows from (18a) that 

(20) 

whence one can write 

lP(x, y) f e-i:<;;(x cos a' + y sin a') g(a')da' (20a) 
f e - i:<;;r cos (a - a') g( a')da' 

= fp-i:<;;rcosa' g(a - a')da'. 

All integrations are from 0 to 211". Expanding g(a - a') into a Fourier 
series of a - a', one finds 

lP(x, y) = f e-i:<;;r cos a' L: gm e-im(a - a') da' (20b) 

m runs from - CD to CD. The last form makes it easy to calculate J: by 
(19), the first form permits one to calculate J~s and J~,1 easily. Comparison 
of the expressions obtained in this way with (17a) and (17b) shows that 
gm = IPm. In order to remain in keeping with the usual notation, we 
define3 
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J m is then the ordinary Bessel function of order m. This permits one to 
write for (20b) 

(21) 

Because of (19a), one can write down at once the finite group operations. 
In particular, for the displacement T(~, .,,) by ~ and." in the x and y direc
tions one has 

(22) 

Hence, denoting the matrix for the same operation in the original Hilbert 
space by T(~, "')mm" one has 

tp(x - ~,y - .,,) = 2'11' ~ ~ T(~, "')mm'tpm,i-,ne-ima Jm(Zr). (22a) 
m m 

This permits an explicit determination of the T(~, "')mm'. We shall not 
carry this out completely but set only r = 0 in (22a). Since all Jm(O) = 0 
except Jo(O) = 1, the summation over m disappears on the right side. 
The left side becomes, at the same time by (21) 

tp( -~, -.,,) = 2'11' ~ tpmi-m e-im(P + .. ) Jm(Zp) (22b) 

where (j, p are the polar coordinates for ~,.". Comparing (22a) and (22b) 
one finds, with ~ = 0·, (j = 1/2'11',." = P 

J m(Zp) = T(O, P)Om. (23) 

The group relations and the form of the infinitesimal operators (19a) gives 
at once the most important relations for Bessel functions, such as the addi
tion theorem, differential equation (cf. (20), etc. Up to this point the 
argument is not new but merely a repetition, for the two dimensional 
Euclidean group, of a similar reasoning given before4 for the rotation 
group. This led to the equation4 

( 1 ~ m) !)1/2 
D(I)(O, (jO)Om = pm(cos (j) = (1 + m)! P7 (cos (j) (24) 

in which P,/, is Legendre's associated function of the first kind, Po; is normal
ized to the same value as p,o = P,. Furthermore, 0, (j, ° is the rotation 
about the x axis so that, by the definition of T(O, p) 

T(O, P)m'm = (-)m, lim D(I) (0, Zp/l, O)m'm' (25) 

This, together with (23), gives the asymptotic expression for the associated 
Legendre functions5 

(25a) 
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III. CONTRACTION OF LORENTZ GROUPS 

Let us consider, first, the inhomogeneous Lorentz group with one space
like, one time-like dimension. It is given by the transformations 

X' = x cosh A + t sinh A + a", 
t' = x sinh A + t cosh A + a /. 

(26) 

We wish to contract it with respect to the subgroup of time displacements 
t i = t + a,. The infinitesimal elements of (26) are: time displacement 
It. space displacement 12", and "rotation" in space-time 12),. Their com
mutation relations read 

Hence, by (9), the commutation relations of the contracted group are 

The '''rotations'' in space-time, together with the displacements in space, 
form a commutative invariant subgroup. 

The matrices 

cosh A 

sinh A 

o 

sinh A 

cosh X 

o 
a, (26a) 

1 

form a natural, though not unitary, representation of the group of trans
formations (26). We can carry out the contraction by setting a, = b" 
A = tV, a", = Eb", or A = v/c, a", = b",/c and letting E converge to 0, 
or c converge to infinity. If we do this directly in (26a), the representation 
will not remain faithful for the contracted group. We shall transform 
therefore (26a) with a suitable E (or c) dependent matrix: multiply the 
first row with c, the first column with 1/ c. If c goes to infinity in the 
matrix obtained in this way, one obtains the transformations of the con
tracted group 

X' 

t' 
x + vt + b", 

t + b,. 
(27a) 

It is the inhomogeneous Galilei group with one spatial dimension. The 
transformations x' = x + vt + b;, t' = t form the commutative invariant 
subgroup. 

The same contraction can be carried out for an inhomogeneous Lorentz 
group with an arbitrary number of spatial dimensions. The only difference 
is that the subgroup S, with respect to which the contraction is carried 
out, contains not only the displacements in time as in the above example, 
but also all purely spatial rotationsj i.e., all homogeneous transformations 
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which leave t invariant. The invariant subgroup of the contracted group 
consists of all spatial displacements and Galilei transformations: x; = 

, b I 
Xi + vjt + j, t = t. 

Contraction of the Unitary Representations of the Lorentz Groups.-We 
shall be principally concerned here with the group of the special theory 
of relativity, i.e., the inhomogeneous Lorentz group with three space-like 
and one time-like dimension. The subgroup S with respect to which we 
shall contract it contains the displacements in time, the spatial rotations, 
and the products of these operations. The contracted group is the ordinary 
Galilei group, i.e., the group of classical mechanics. 

We shall denote the displacement operators in the direction of the three 
space-like axes by It (k = 1,2,3), the displacement in the direction of the 
time axis by 10• The rotations in the kl plane will be denoted by Ith the 
acceleration in the direction of the k axis by ho. 10 and Ik! span the sub
group S. 

The quantity 

Ii + Ii + n - n = P (28) 

is a constant in every irreducible representation and the irreducible repre
sentations can be divided into three classes according to the value of this 
constant.6 In the first class, P < 0 and the momenta (which are -i times 
the infinitesimal operators) are space-like. In the second class P = 0 and 
the momenta form a null vector, P > 0 in the third class. 

It is generally admitted that the representations of the first class have 
no physical significance because the momenta of all observed particles are 
time-like or null vectors. Hence we shall investigate only the simplest 
one of these representations. Its operators are most easily given in the 
Hilbert space of functions of three variables Ph P2, Pa which are restricted 
to the outside of a sphere of radius V - P. The expressions for the in
finitesimal operators are 

(28a) 

This last equation also shows the reason for the variables Pk to be restricted 
by p~ + p~ + pi > -P: if this inequality is not fulfilled, 10 ceases to be 
skew hermitean and, hence, the representation is not unita.y. Further 

(28b) 

and 

Ito = - (Pi + p~ + pi + p)I/2 a/aPt. (2&) 

It is useful to introduce new variables instead of the PI both in order to 
simplify the definition domain of the variables and also to bring the opera
tions of the subgroup S into a form which is independent of P. This can 
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be done, most simply, by introducing as new variables 

Po = (P~ + p~ + P: + p)1/2 Ok = Pt/(p~ - p)l/2. (29) 

The Ot are restricted to a unit sphere, po changes from 0 to IX). In these 
variables, the scalar product between !p and 1/1 reduces to 

(!p, 1/1) = f dof dpo(p~ - P)1/2;PI/I (29a) 

dO being the surface element of the unit sphere over which the integration 
with respect to the 0 is to be extended. In terms of the new variables, the 
infinitesimal operators assume the form 

(30) 

and 

Ik = iO",(p~ - P)1/2 (30a) 

- (p~ - P)1/20" ()/()po - ( 2 POp)1/2 ~O,(O, ()/()O" - Ot ()/()O,), 
Po - I 

If we now set J", = Elk> the J", will converge to zero unless - P becomes 
inversely proportional to E2, i.e., unless - f2p converges to a definite limit 
P. If this is assumed, the second term of ElkO will converge to zero and 
the infinitesimal elements of the representation of the contracted group 
become 

Jkl = 0 , ()/()O" - Ok ()/()O, Jo = -ipo (31) 

J"o = - POk ()/()Po J k = i PO",. (3Ia) 

These operators indeed span a unitary representation of the Galilei group: 
they correspond to case II with m = 0 of a recent determination of these 
representations.7 The Pic of this article correspond to our PO", the variable 
s is given by i P ()/()Po. One also understands now why it was impossible 
to find a physical interpretation to this representation: it is the limiting 
case of a representation of the relativistic group with imaginary maSs pl/2. 

The same is probably true of the other true representations7 of the Galilei 
group. 

We go over now to the investigation of the simplest representation with 
positive P, i.e., the representation of the Klein-Gordon equation. The 
infiriitesimal operators are again given by (28a) , (28b) , (28c). However, 
since P is positive, the variability domain of the P extends over the whole 
three dimensional space. The scalar product of two functions !p and 1/1 is 
now given by 

(1P. 1/t) = f f f dPl dpz dP3 Po-1 ipo./t 

in which po is still given by (29). 

(32) 
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If we set, in the sense of (6), 

J" = ti" = Eip" 

the operation of time displacement becomes 

iJo = i10 = (-I~ - I~ - I~ + p)I/2 = 
-1 (J2 J2 J2 + 2p)1/2 E - 1- 2- 3 E 

523 

(33) 

(33a) 

Since the J" are skew hermitean, their squares are positive definite 
hermitean operators. Since E2P is also positive the expectation value 
(1/', ifol/') of iJo is, for any state 1/', greater than E-I times the expectation 
value of ift, It follows that if Jil/' converges to a vector in Hilbert space 
as E - 0, the vector fol/' must grow beyond all limits. The same is true, 
of course, for the other f". It follows that the representations considered 
cannot be contracted in the sense discussed in the previous sections and 
the same is true of all representations of the classes P ~ O. 

It is possible, however, to contract these representations to representa
tions up to a factor of the Galilei group. The commutation relations of 
the infinitesimal elements of representations up to a factor difIer from the 
commutation relations of real representations by the appearance of a 
constant in the structural relations. Hence 

(34) 

where c~ are the structure constants of the group to be represented (in 
our case, the inhomogeneous Galilei group) and the bafJl are multiples of 
the unit operator. One will, therefore, obtain infinitesimal elements of 
representations up to a factor if one sets, instead of (6) 

(34a) 

in which all a may depend on E. Since the additional terms in (34a) 
commute with all other operators, these additional terms will not affect 
the left side of (34). Hence, they must be compensated also on the right 
side and this is done by the additional terms bafJ1. The point of introduc
ing the terms a1 in (34a), which then necessitates the introduction of the 
bin (34), is that the right sides of (34a) may converge to finite non-vanish
ing operators even if the 110, El2• cannot be made to converge. 

The above generalization of the concept of contraction indeed allows 
a contraction of the representations given by (28a) , (28b) , (28c) als? for 
P > O. As we let P go to infinity, 10 will also tend to infinity «101/', 101/') 
converges to infinity for all 1/'). However, subtracting _ipl/21 from 10• 
it will converge to 

Jo = lim -i( -I~ - Ii - ra + p)I/2 + ip1/2 

= (i/2Pl/2)(1~ + ~ +.fa) = (i/2Pl/2E2)(J~ + Ji + J~). (35) 
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This shows that Jo will converge to a finite operator if the J t = Ellt. do and 
if p 1/oE 2 converges to a finite constant m as P - <Xl, E - O. Both can be 
accomplished by assuming the representation in such a form that, instead 
of (28) 

(36) 

This is indeed possible because the variability domain of the Pit. is un
restricted and the above form of the infinitesimal elements can be obtained 
by unitary transformation of the operators given in (28a). Such a trans
formation leaves the lie I of (28b) unchanged but transforms the lie~ of 
(28c) into 

Hence we shall have 

Jo = lim -i(P + (P~ + p~ + P:)/E2)1/2 + ip1/ 2 = 

J1d = plJ/bPk - Pkb/bpi 

JIe = lim E(iPk/ E) = ipk 

- (i/2m)(p~ + p~ + P:) 

JIcO = lim -E(P + (P~ + p~ + P~)/E2)1/2Eb/bPIe 
= lim - (PE4 + l(p~ + p~ + p~»1/2b/bP" = -mb/bplt.. 

(37.1) 

(37.2) 

The reader familiar with the transition from the Klein-Gordon to the 
Schrodinger equation will recognize the increase of the rest mass with 
increasing c and the elimination of this rest mass by the subtraction of 
_ip1/ 21 from the infinitesimal operator of the time-displacement operator. 
The infinitesimal operators (37.1), (37.2) for the contracted group are in 
fact those of SchrOdinger's theory. It is likely that a similar contraction 
is possible also for the other representations with positive rest mass (Le., 
P > 0) but this and the behavior of the representations with P =·0 will 
not be further discussed here. 

1 Segal. I. E .• Duke Math. J .• 18, 221 (1951). 
2 Cf. e.g. Wigner. E .• Gruppentheorie und. ihre Auwendiengen etc .• Friedr. Vieweg. 

Braunschweig (1931) and Edwards Brothers. Ann Arbor (1944). Chapter XV. 
3 Cf. Jahnke. E .• and Emde. F .• Tables of Functions. Dover Publications. 1943. p. 149; 

or Watson. G. N .• Treatise on.Bessel Functions. Cambridge Univ. Press. 1922. p. 19ft'. 
4 Reference 2. Chapter XIX. particularly p. 230. 232. Cf. also Wigner, E. P .• J. 

Franklin Inst .• 250, 477 (1950), and Godement. R.. Trans. Amer. Math. Soc. 73, 496 
(1952). 

Ii For m = 0 this is given on p. 65. of Watson's Bessel Functions (ref. 3). 
G Cf. e.g. Bargmann. V .• and Wigner. E. P .• these PROCEEDINGS. 34, 211 (1948) and 

further literature quoted there. 
7 Inonu. E .• and Wigner. E. P .• Nuovo ciment~ .. 9, 705 (1952). 
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It was attempted, in an earlier investigation,l to consider limiting cases of con
tinuous groups G which are themselves groups. For this purpose, linear com
binations of the infinitesimal elements I of G were formed 

(1) 

in which u was singular but the determinant lu + Ewl did not vanish identically 
in E. It was attempted then to find the conditions for the J to remain infinitesimal 
operators of a group even in the limiting case E - O. The group generated by the J 
in the limiting case was called a contraction of G. 

It was stated, in the course of the derivation of the conditions for the contrac
tion, that it is always possible to find two non-singular matrices {J and ex such that 

(2) 

In (2), the 1, 0, v are submatrices: the rank of the 1 in {Juex- 1 is equal to that of u. 

This statement is, in general, incorrect2 as can be seen already on the example of the 
two dimensional matrices 

u = II~ ~II w = II~ ~II· 
When checking the calculation which led to the form (2), it was found that it 

contained a continuity assumption which appears reasonable but which was not 
stated explicitly. Since the continuity assumption in question may be of interest 
also apart from the problem of the contraction of groups, we shall formulate it be
low. 
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Let us consider two n dimensional vector spaces I and J and mappings U(E) of I 
on J. For 0 < E < EO, the mapping shall be one-to-one; U(O) shall map Ion a sub
space J" of J. We shall call the mapping U(E) reversibly continuous at E = 0 if 
U(O)U(E)-l, applied to the vectors of Jv , converges to the identical mapping of J" 
on itself as E - O. An equivalent formulation hereto is that the mapping U(O) 
U(E)-IU(O) of I unto J shall converge, as E - 0, to U(O). In fact, let i be a vector 
in I and write j = U(O)i. The convergence of U(O) U(E)-Ij - j is synonymous 
with the convergence of U(O) U(E)-IU(O)i to U(O)i. 

If the convergence of u + EW to u is reversibly continuous, the existence of the 
normal forms (2) does indeed follow. Thus the addition of this assumption will 
guarantee the validity of the aforementioned considerations. I One can see this perhaps 
most simply as follows. Let us denote by 10 the subspace of I for which ulo = O. 
Similarly, let us denote the subspaces uI and wlo by J" and J OUJ• We can first prove 
then that J" and J OUJ together span the whole space J. In fact, if the vector io is in 
10, wio = 0 would entail (u + Ew)io = 0 for all E which is contrary to assumption. 
Furthermore, wi) cannot be contained in Jv because if it were 

u(u + Ew)-lwiJ = (l/E)u(u + EW)-I(U + Ew)io = (l/E)uio = 0 

would not converge to wio, contrary to the postulate of reversibly continuous con
vergence. Hence, wlo contains as many linearly independent vectors as 10 and 
these are also linearly independent of the vectors in uI. It follows that ul = J" 
together with wlu span the whole space J. If we choose, therefore, a coordinate 
system in I so that some of its axes i Ok span 10, the others ilk the rest of I, we shall 
have 

uiOk = 0 wiOk = jO/: (3) 

The last two of these are the definitions of jOk and jUk which, together, span J. We 
can set, therefore 

(3a) 

Hence if we write 

(3b) 

the i../c and iok will span I and we have, in addition to (3) which remain valid 

(3c) 

Hence u and w will in fact have the form (2) if we choose in I the coordinate axes i"k, 
io" and in J the axes j"", jOt. 

In matrix language, one can formulate our theorem as follows. Be u and w 
n-dimensional square matrices and the rank r of u be smaller than n while u + EW be 
non-singular except for isolated E. Then the necessary and sufficient condition for 

(4) 

is that the coefficient of En- r in the determinant lu + Ewl shall not vanish. In 
order to prove this, we first note that (4) remains invariant if one substitutes {jua- J 

for u and {jwa- 1 for w where a and {j are non-singular and independent of E. Ac-
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cording to our Theorem, if (4) is fulfilled, {3 and a can be so chosen that (2) be ful
filled. This fonn shows, however, that the lowest term in the detenninant l{3ua-1 

+ I1wa-1\, if considered as a polynomial in E, is En-T. Hence, the lowest tenn in the 
detenninant lu + Ewl is 1111-1Ia!En - T, i.e., the coefficient of En - T in the determinant 
lu + Ewl does not vanish. 

Conversely, let us assume that u and ware of dimension n, u of rank r, and the 
coefficient of En- T in lu + Ewl does not vanish. The same holds then for u' = {:Jua- 1 

and w' = {3wa- 1 and we can choose 11 and a so that u' = (3ua- 1 have the form given 
in (2). Furthermore, the algebraic complement of any element in the first r rows 
of lu' + Ew'l goes to zero at least as Eft - T• Hence, the ratio of such a complement to 
the determinant lu' + Ew'l, i.e., any element in the first r rows of (u' + EW')-t, 
converges to a finite number (or to 0) as E - O. It follows that the elements in the 
first r rows of (u' + EW')-lU' converge to the same numbers to which the corre
sponding elements of (u' + EW')-I(U' + EW') converge. Hence, as far as the first 
r rows are concerned 

u'(u' + EW')-IU' - u'(u' + EW')-l(U' + EW') = u'. (4a) 

However (4a) is clearly correct also as far as the last n - r rows are cOflcerned be
cause these vanish on both sides because of the fonn (2) of u' = {3ua- 1• Hence, 
(4a) follows from the premises and since a and 11 are independent of E, this holds 
also for (4). 

I Inonu, E., and Wigner, E. P., these PROCEEDINGS, 39, 510 (1953). 
I We are much indebted to Dr. V. Bargmann for his friendly comments concerning this point. 
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The motion of a single electron in the electrostatic field of a nucleus is treated by the Rayleigh-SchrlSdinger 
perturbation method, the whole electrostatic potential being considered as the "perturbation." The con
tribution of the first approximation to the energy vanishes. The second approximation gives a finite 
ionization energy which is, however, incorrect numerically. The first approximation also vanishes for poten
tials "",-" with 0<n<3 but the second approximation is finite only for n=l: it vanishes for n>I, and is 
infinite for n<l. 

T HERE are several instances in which simple 
approximation methods yield correct results even 

though the conditions for the applicability of those 
methods are not fulfilled. The best known example is 
the calculation of the Rutherford scattering by Born's 
approximation} The calculation of the interaction of a 
large number of particles2 by the Rayleigh-Schrodinger 
method is another example. In all these cases, the wave 
function given by the approximation method is quite 
mea.D.ingless. Thus, in the case of the interaction of many 
particles, the wave function obtained by the Rayleigh
Schr6dinger perturbation calculation's second approxi
mation represents a state in which, at most, two par
ticles are in excited states while, actually, the average 
number of particles in excited states is, if the number of 
particles is large, a constant fraction of the number of 
particles. Nevertheless, the energy given by the second 
approximation of the Rayleigh-Schriidinger theory 
appears to be meaningful. One may gain the impression, 
from these examples, that the second approximation is 
always correct if it gives a finite result and that this 
applies particularly to the electrostatic interaction. 

It may be of some interest to note, in thi! connection, 
that the aforementioned perturbation method yields, 
in second approximation, a finite result if applied to the 
problem of an electron moving in the attractive field 
of a nucleus. In fact, among all the potentials c"-", this 
applies only in the case of n= 1. The starting point, in 
every case, is a free electron moving in a very large 
''box.'' Nevertheless, the numerical result of the per
turbation calculation gives a grossly inaccurate result 
for the Coulomb potential. The wave function is not 
only inaccurate but virtually meaningless, but this fact 
does not entail an inaccurate energy value in the cases 
discussed in the first paragraph. 

As the starting point we choose a spherical "box" 
with a radius R. The unperturbed spherically symmetric 
wave functions are, then, 

1/1.= (sina.r)/C.r, (1) 

with the normalization constant C. being equal to 

C.2= (2r/a.) (a.R-sina.R cosa.R). (la) 
-,-:,...-,,---

I See G. Wentzel, Geiger-Scheel's Handbuch der Physik (Springer, 
Berlin, 1933), Vol. 24, Part 1,1" 703. 

• S. Watanabe, Z. Physik 112, 159 (1939); 113, 482 (1939); 
W. Macke, Z. Naturforsch. AS, 192 (1950). 
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The a. are determined by the boundary condition to 
be used at the surface of the box. The first approxima
tion to the energy, because of an e2/r potential, goes to 
zero with increasing R because the average distance of 
the particle from the origin is of the order R in the 
state 1/11, The second approximation becomes 

.. (f 1/11 (e2/r)I/I.4rr2dr r 
-E=E W 

(li.2/2m) (a.!-al!) 

The denominator contains the energy difference be
tween the states 1/1. and 1/11, Inserting (1) into (2), 

= f: Bre'm (f.R [cos(a.-al)r 
2 CI2C2!(a.2-aI2)h2 0 

2 

-cos(a.+al)r]d,./r). (2a) 

The integrals can be transformed by substituting 
X= (a.-a,),. and X= (a.+a,),., respectively. 

In order to define the unperturbed system com
pletely, one has to give the value of the logarithmic 
derivative of the unperturbed wave functions (1) for 
r=R. We set pI/t'(R) =1/1 (R), which gives 

1 1 
cota.R=-+-. 

a.p a.R 
(3) 

This equation determines the values of an. We have 
two cases to distinguish: p is either infinite or finite. In 
the latter case, we assume that p remains the same as 
we increase the size of the "box," i.e., increase R to 



Application of the Rayleigh-Schrodinger Perturbation Theory 507 

78 EUGENE P. WIGNER 

infinity. If this is the case, a,.R-mll' as R-+rLJ, no 
matter what the value of p is. In other words, the value 
of the expression (2b) converges to the same value as 
R-+rLJ, no matter what the value of p is as long as p 

remains finite as R-+«>. In this case, then, 0= 2l1'R, and 

.. 2e'm 
= r; (Ci(n+ l)lI'-Ci(n-l)lI')', (4) 

I r4'(nl-l) 

where Ci is the cosine integral 

f "COSX-l 
Cix= -th. 

o x 
(4a) 

As we anticipated, the second approximation (2) 
gives a finite value in this case. The sum (4) was 
evaluated numerically and gave 

-E=0.1093e'm/4', (5) 

as contrasted with the correct value of 0.5 e'm/4'. As 
a matter of fact, it is not surprising that the value (5) 
is so far from being correct. Although the first approxi
mation correction to the nth characteristic value of the 
problem, 

R e2 -f ",.2(e2/r)41N"dr=- Ci(2n'll'), (6) 
o R 

vanishes for very large R, it vanishes only as 1/ R. 
Furthermore, it increases with n roughly like 'Y+ln2l1'll. 
The unperturbed energy differences, on the other hand, 
go to zero as R,-'. Hence, in first approximati~n, ~e 
energy of "', is actually lower than that of "'I if R IS 

large enough, and the same holds for a large number of 
other "' •. This reversal of the order of the first-order 
energy values shows again that the perturbation calcu
lation cannot be given a direct physical interpretation 
in this case. 

It remains to be seen whether the other boundary 
condition, ",'(R)=O, gives more satisfactory results. In 
this case "'I is a constant, 

!/II = (3/4lI'R2)I, (7) 

while the other !/I are still given by (1). The equation 
defining a. becomes 

a.R=tana,.Ri al=O. (8) 

Denoting the solutions of this equation with q.=a,.R 
... tanq., the integral 

R e2 (1+q.')I+ (-). f. "'M/r)"'.4rr'dr=61- (9) 
o R q.' 

can be expressed in closed form. For the ionization 
energy - E one obtains 

12e'm .. [(1+q.')I+(-)-J' .elm 
-E=-r; -0.0;)-, (10) 

/i' 2 q_6 4' 

i.e., a substantially smaller value than (5). 
The reason it was at all possible to expect that the 

Ravleigh-Schrodinger perturbation method yield a 
co;rect expression for the energy is that this approxi
mation method gives a power series expansion for the 
energy in terms of the pf'.rturbation parameter. A 
power series expansion in terms of the perturbation 
parameter>.. = e2 in fact does exist for the energy values 
of a particle in a Coulomb field: the coefficients of all 
powers of >.. are zero, excepting that of the second power 
which is m/24' for the normal state. The reason that 
the perturbation method nevertheless gives an incorrect 
value in second approximation is that the energy is a 
function of the size R of the "box" which underlies the 
perturbation calculation. This function could well be of 
a form similar to 

(e'm/2h')[1-c exp( -me2R/h')J. 

This expression gives the correct energy value for R= oc 
and has a convergent power series expansion in terms 
of e2. However, this power series expansion does not 
converge term by term to the power series expansion 
of the energy for R= rLJ and, in particular, the coefficient 
of the eI term is too small by a factor 1-c. 

The fact that the Rayleigh-SchrOdinger second ap
proximation gives a definite value for the potential >"/r, 
but for no other potential of the form >""'-, can be seen 
already by means of a dimensional argument. The 
dimension of >.. is [energy J[IengthJ-. Since the dimen
sion of the matrix elements of the perturbation energy 
have the dimension of energy, they are proportional to 
R,-•. The square of the matrix element, divided by a 
typical difference of the unperturbed energy /i'/2mR', 
is therefore proportional to R.'-2n. This gives a definite 
value only for n= 1 but tends to infinity as R increases 
for II < 1. It tends to zero if n> 1. 

The square integral of the first approximation to the 
wave function tends to infinity with increasing R for 
all 11<2. In order to calculate it we have to divide the 
square of the matrix element with the square of a 
quantity of the order 4'/2mR'. Hence, the square 
integral will be proportional to RHn and increase 
beyond all bounds also in the case of the Coulomb 
potential n = 1. In fact, the first order wave function in 
our case is closely approximated by"" multiplied with 
a very large factor and is almost as poor an approxima
tion to the real wave function as the unperturbed wave 
function "'1. The second approximation to the energy 
can be finite because it is not the expectation value of 
the first order wave function. 
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I. Introduction 

It can be shown' that under rather general conditions one can define "com
ponents" of the quantum meehanieal wave function of a collision system between 
which relations of the form 

(1) 

obtain. In (1), the v and d are "components" of the wave function, i.e. scalar 
products of the state function tp with suitably defined other functions v, and d, 

(2) v.=(v.,tp) d. = (d" tp). 

R is often called the derivative matrix because in the most common applica
tion2 of the above formalism the v, contain a delta function and the d, a 0' func
tion. Hence the v. are integrals over values of tp and the d, integrals over the 
derivatives of tp, and R expresses the former in terms of the latter. R.,. = R,,.(E) 
depends on the energy of the system and the same is true, of course, of any 
bilinear form of R with a constant, i.e. energy independent real vector~: 

(3) R(E) = L.,. R,,.(E)~. ~,. . 
One can show/ furthermore, that if it is possible to define a probability density 
and a probability current in the region in which the particles are not interacting. 
the matrices 

R'(E1) 
R(E1) - R(E2) R(E1) - R(EII) 

El - E2 El - En 

R(E2) - R(E1) 
R'(E2) 

R(E2) - R(E .. ) 
(4) E2 - El E2 - En 

R(EfI ) - R(E1) R(E.,) - R(E2) 
R'(En) 

En - El En - E2 

are positive definite, no matter what the direction of the vector ~ in (3) is as 
long as this converges and no matter what the value of n and of the 

1 To be published elsewhere. Cf. also Notes on Lectures on Collision Theory. E. P. 
Wigncr, notcs by E. Vogt. 

I K P. Wigncl' nnd L. Eh!tmbml, Physical Rcv. 72, 2!) (1947). 
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are as long as they are real and positive. The R' in (4) are the derivatives of Rj 
it follows from the aforementioned considerations that these exist except, per
haps, at isolated points where R may become singular. 

It was reasonable to expect that the above conditions on the function R en
tail its "R function" nature, i.e. that R can be extended over the whole complex 
plane and becomes a meromorphic function of the variable E, the imaginary 
part of which is positive in the upper, negative in the lower half plane. This in
deed would be the case if one could assume that the Ek in (4) can assume negative 
as well as positive values. Since there is no apparent reason to extend the pos
tulate embodied in (4) to negative It, it will be possible to conclude only that R 
can be defined over the whole complex plane excepting the negative real axis, 
that its imaginary parts are positive and negative in the upper and the lower half 
planes, respectively (which excludes singularities from anywhere but the real 
axis), and that its singularities on the positive real axis are only poles. It then 
follows easily that these poles are of first order and their residues are negative.3 

However, our postulates do not suffice to exclude essential singularities on the 
negative real axis. 

The objective of the aforementioned l and of the present paper is very similar 
to a recent article by Van Kampen.4 Van Kampen investigates the analytic na
ture of the collision matrix and of the derivative matrix in a one dimensional 
problem of great importance. The physical assumptions which led to the pos
tulate of the positive definite nature of (4) are very closely akin to those used by 
Van Kampen and lIsed even before by Sehutzer and TioInno.i' Our result, how
ever, differs from that of Van Kampen inasmuch as he seems to arrive, in his 
particular ease, at an everywhere meromorphic R. 

Mathematieally, our formulation is very similar to K. Loewner's works 
on monotonie matrix functions. Loewnel' investigates functions f of real sym
metric matrices with characteristic values in an interval I such that if ml and 
rn2 are two such matrices and ml - m2 is positive definite, !(ml) - !(m2) be 
also positive definite. Loewner shows that an.f which satisfies these conditions 
for ma.trices of any dimensionality can be extended to become an analytic func
tion in the whole complex plane with imaginary parts positive and negative in 
the upper and lowcr half planes, l'cspeetively. Loewllcr's f is regular in the 
interval T. 

Loewner's problem might appear to have very little to do with OUl'S. However, 
one of Loewner's intermediate formulae is identical with our postulate and our 
use of continued fractions was also stimulated by his procedure. It is true that 
our condition (4) is different from Loewner's intermediate result inasmuch as 

3 Cf. a. discussion of n. class of functions which include these of J. A. Shohat and J. D. 
Tamarkin. Thc Pl'Oblem of Moments. Publication of the American Mathematical Society, 
New York 1943. 

4 N. G. Van Kampen, Physical Rev. 89, 1072 (1953),91,1267 (1953). 
5 W. Schutzer and J. Tiomno, Physical Rev. 83, 249 (1951). 
6 K. Loewner, Ueber monotone Matrix funktionen. Math. Zeits. 38, 177 (1933). 



510 The Mathematical Papers 

420 E. P. WIGNER AND J. V. NEUMANN 

our (4) must remain positive definite even if the Ek are not in the same domain 
of regularity, while Loewner's intermediate formula contains only values of the 
variable which are all in the same domain of regularity. It is this difference which 
necessitates the eonsidcmtions of Section II. Apart from this point, however, 
Loewner's VCl'y deep eonsiderations constitute a full proof of our premise. It is 
only the desire for a simpler and more concise proof of these results, starting 
directly from (4), which prompted the present investigation. 

II. The singularities of R 

In keeping with mathematical custom, we shall denote the independent 
variable by z rather than E. The postulates on the functions R follow. 

(1) R is defined for all real positive z excepting isolated points Zl , Z2, Z3 , ... 
which will be called its singularities. It is a real valued differentiable function 
in its domain of definition. 

It will be noted that nothing is rcquired of R at the singulat'ities Z • . Hence, 
given an R(z), any number of isolated points at which R is entirely regular, can 
be excluded from its definition domain and it still will continue to satisfy our 
postulates. Naturally, such points will be restored to R's definition domain in 
the course of the development. 

(2) For positive real Zl, .•. ,Z", neither of whieh is coincident with any of 
the singularities Z. , the matrices II Kik II are positive semidefinite if 

(5) 

(5a) 
Z; - Zk 

(i ~ k) 

This shall hold for any n. The R' is the derivative of R. 
In order to prove the first two theorems, it is necessary to use postulate (2) 

only for n = 1 and n = 2. All Z in this section shall be in the definition domain of 
R, excepting Zo which will occasionally coincide with a singularity Z. From (2) 
we have for n = 1 

(6) H'(z) ~ 0 

n = 2 adds to (6) 

(6a) 

It follows from (6a) at once that the> sign holds in (6) everywhere unless R 
is a constant. Excluding this case, we infer that R is monotonically increasing in 
every interval which belongs to its domain of definition. 

We shall first show that the singularities Z. fall into two groups, the first of 
which will be eliminated in the course of this section. 

THEOREM 1. R is either continuous and non decreasing at a singularity Z or 
tends to + 00 and - 00 as z approaches Z from the left and the right. 
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R(z) increases as Z tends toward Z from below. Hence it either has a limiting 
value R(Z - ) as Z --+ Z or goes to 00. Similarly, R has a limiting value R(Z +) as 
Z approaches Z from above or tends to - 00. In either case, it is possible to find 
two intervals (Zl, Z), (Z, Z4) contained in R's definition domain such that 
R(Z2) ~ R(za) if Z2 ~ Z is in the first, Za ~ Z in the second interval. If R(Z -) ~ 
R(Z+), the only eondition is that there be no further singularity between Zl 

and Z4 . If R(Z -) > R(Z +) (including the case when one of these is infinite) 
it is necessary, in addition, to choose a number between R(Z - ) and R(Z + ) and 
choose R(Zl) larger, R(Z4) smaller than this number. 

We can then integrate (6a) in the form 

R'(z)R'(z') 1 
~,......--~~>~-= 
(R(z) - R(Z'»2 = (z - Z')2 

with respect to z' from Z;\ to Z4 if Z is ill the interval (Zl , Z) and Z;\ in the interval 
(Z, Z4) 

(7) R'(z) ( 1 _ 1 ) > _1 ___ 1_ 
R(z) - R(Z4) R(z) - R(za) z - Z4 Z - Za' 

This can be integrated with respect to Z from Zl to Z2 if Z2 is in the interval (Zl, Z): 

(7a) In I R(Z2) - R(Z4) R(ZI) - R(za) I > In \ Z2 - Z4 Zl - za\ 
R(zl) - R(Z4) R(Z2) - R(za) Zl - z. Z2 - Za • 

If Z2 and Za both tend to Z (from opposite directions) the right side tends to 00. 

The left side can tend to infinity if R(Z2)-R(za) --+ O-in this case R is continuous 
and at least non decreasing at Z-or if both I R(Z2) I and I R(za) I tend to 00. 

This proves our theorem. 
We shall call t,he first type of singularities apparent, the second type real. 

Clearly, R'(z) --+ 00 as Z approaches a real singularity from either side. We shall 
denote with R(Z) the value to which R(z) converges when z approaches an ap
parent singularity. 

THEOREM 2. R'(z) is a continuous function of z in R's domain of definition, awl 
if one sets R(Z) equal to its limiting value obtained above at an apparent singularity 
Z, it is continuously differentiable also at the apparent singularitJl. 

As a result of this theorem, it will be possible to define R(Z) for an apparent 
singularity and to show that R'(Z) also exists at these points. In order to prove 
Theorem 2 we shall have to establish a number of lemmas. 

LEMMA 211. If the interval (z - a, z + a) is in the defi.nition domain of II 

HR'(z + a) + R'(z - a» ~ VR'(z - a)R'(z + a) 
(8) 

~ (l/2a)(R(z + a) - R(z - a» ~ (1/2a')(R(z + a') - R(z - a'» ~ R'(z) 

where 0 < a' < a. 
The first inequality is obvious, the second a direct consequence of (6a). In 

order to establish the last two, we form the derivative 
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(8a) 

d R(z + a) - R(z - a) 
da 2a 

R'(z + a) + R'(z - a) 
2a 

R(z + a) - R(z - a) 
2a2 

This is positive because the first term on the right side is positive by (6) and 
larger than the geometric average of R'(z + a) and R'(z - a) divided by a. 
This, on its turn, by virtue of the second inequality, is larger than the second 
term on the right side of (8a). Hence, under the conditions stated, 

R(z + a) - R(z - a) 
(8b) 

2a 

is a monotonically increasing function of a. Since its limit at a = 0 is the last 
expression in (8), Lemma 2a is established. The function R'(z) is, because of (8), 
a convex function of z in the sense of Jensen7 in any interval which belon.gs to 
the definition domain of R. It therefore follows from Jensen's work that R'(z) is 
continuous in every such interval. This establishes Theorem 2 except as far as 
the existence and behavior of R'(z) at apparent singularities is concerned. How
ever, Theorem 2 will be used particularly at apparent singularities and it does 
not seem possible to prove it at such singularities without proving it also at 
regular points. For this reason, we shall not make explicit use of Jensen's classic 
article even though the rest of this section is very similar to his work. 

We note that except for the last part of (8), which becomes meaningless in 
this case, (8) remains true if z = Z is a singularity of R. This is important for 

LEMMA 2b. If Zo is an appare:nt singularity or a regular point of R, the derivative 
R' (z) remains bounded as z approaches Zo • 

The third and fourth expressions of (8) are, by Theorem 1, positive if z == Zo 

is an apparent singularity. Because of the remark preceding this Lemma 

R(zo + a') - R(zo - a') 
2a' 

is bounded in a' if Zo is an apparent singularity and there is no other singularity 
between Zo - a and Zo + a. Since R(Zo - a') < R(zo) < R(Zo + a') in this case, 

R(zo + a') - R(zo) 
(8c) 

a' 

is also bounded. Since the interval (zo, Zo + a) contains no singularity, the last 
part of (8) shows that (8c) is larger than R'(zo + ta') and this is also bounded. 
The same is true of R' (zo - ta') Itnd this establishes Lemma 2b if Zo is an ap
parent singularity. The argument is even simpler if Zo is a regular point. 

1 J. L. W. V. Jensen, Sur les fonctions convexes et les in~galites entre les valeurs moyen
nes. Acta Mathematica, 30, 175 (1906). This article shows also that a convex function, in 
addition to being continuous, has a right derivative, and a left derivative, at every point 
of convexity. The present article will use the positive definite nature of (4) to demonstrate 
the existence of the higher derivatives of R. 
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It follows that R'(z) tends to infinity only in the neighborhood of real singu
larities. 

LEMMA 2c. If z approaches a regular point or an apparent singUlarity Zo from 
above, R'(z) converges to a definite value. The same is true if the approach is from 
below. 

Let us assume that d is the smallest condensation point of any sequence 
R'(z.) in which z. converges to Zo from above. Because of (6), d ~ O. We have to. 
show then that d is the only condensation point of such sequences. 

If R'(z.) ~ d + t and if Xl and X2 > Xl are both in the interval (Zo, z.) 

(9) R(X2) - R(XI) ~ d + t. 
X2 - Xl 

In order to see this, we choose a z" such that the interval (z", z.) include both 
Xl and X2 and R'(z,,) - d ~ t. Then, by (8), this will be true also at the midpoint 
(1) (z" + z.) of z" and z •. For the same reason, it will be true at the midpoint 
of this point and both z. and z" . This procedure can be continued and one con
cludes that there is an everywhere dense set of points in the interval z", z, 
such that R' (Za) ~ d + t for any Za of this set. If Za converges toward Xl from 
below, ZII to X2 from above, 

(9a) R(zll) - R(za) > R(X2) - R(XI) 
ZIl-Z.. ZIl-Za 

because of the monotonic nature of R. However, the left side of (9a) is, by (6a) 
smaller than the average of R'(zll) and R'(za) and hence smaller than or equal 
to d + t. This then holds also for the right side of (9a). As ZII approaches X2 
and z .. approaches Xl , the right side of (9a) approaches the left side of (9) and 
this establishes the inequality (9). It follows that all differential quotients to 
the left of z, are smaller than or equal to d + t. Since d is the smallest condensa
tion point of any set R'(z.) in which z. converges to Zo from above, it follows that 
R'(z) converges to d no matter how z approaches to Zo from above. Similarly, 
R'(z) converges to a definite value d' as z approaches Zo from below. 

We shall show next, that the right derivative of R at a regular point or an 
apparent singularity Zo is equal to the limiting value d of R'(z) as z approaches. 
Zo from above. Indeed, if h > 0, then by Rolle's theorem 

(10) R(zo + hi - R(Zo) = R'(~ + t1h) 

for some t1 with 0 < t'J < 1. As h -+ 0 also t'Jh -+ 0, hence the right hand side of 
(10) converges to d. This shows that the right derivative exists also at an ap
parent singularity and is at any rate continuous from the right. The same holds 
if left is substituted for right. 

If differentiability in postulate (1) means the equality of right and left deriva
tive, as was tacitly assumed so far, the above already shows the continuity of 
R'(z) in the original definition domain of R. However, it is easy to see that (6a) 
excludes the possibility that right and left derivative, d and d', be different at 
an apparent singularity. One can write (6a) in the form 
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(lOa) 
(R(Zo + a) - R(Zo» ta (R(Zo) - R(Zo - a»Y 

~ R'(Zo + a)R'(zo - a). 

Now let a - O. Then the left hand side of (lOa) converges to j(d + d,)2, while 
the right hand side converges to dd'. Hence 

( d + d')2 S dd' 
2 - , 

which implies d = d'. Thus right and left derivative are equal at every point of 
the original definition domain and at every apparent singularity and Theorem 
2 is established. 

Theorem 2 shows that the inclusion of the apparent singularities into the 
definition domain of R preserves the validity of postulate (1). It preserves, 
however, also postulate (2). The quadratic form of a matrix of (5), with a z" 
equal to an apparent singularity, is the limiting value (because of Theorems 1 
and 2), of quadratic forms with all Zk in the original definition domain of R. 
As a limiting value of non negative numbers it is itself non negative. It follows 
that the definition domain of R can be extended without impairing the defining 
postulate (1) and (2) .90 as to include all singularities at which R does not increase 
beyond all limit.9 when the singularity is approached from either side. 

III. The Schiffer-Bargmann lenuna 

Some of the elementary properties of R functions are equally valid for those 
treated in the present paper. Thus Theorems 1.2, 1.3, 1.5, 1.6 given in a recent 
articleS are immediate consequences of our postulates (1) and (2). We shall 
need here only the equivalent of Theorem 1.7. 

LEMMA 3a. If R is a function of the class described by (1) and (2) with zeros at 
the values x. of the positive real variable Z and real singularities at Z. , and with 
no apparent singularities, the function S = -l/R also belongs to this class and 
has real singularities at x. and apparent ones at Z •. 

It is clear from S' = R' /R2 that S satisfies postulate (1) and that its singular
ities are as given in the lemma. In particular S is continuous at the points Z. 
and will assume the value 0 at these points when its definition domain will be 
extended to include these points. Furthermore, the matrix II Ai,. II with 

(11) Aii = S'(z.) = R'(z.)/(R(z.»2 

(l1a) A'k = S(z.) - S(z,,) = _1_ R(z.) - R(z,,) _I_ 
I Zi - z" R(Zi) Z; - z" R(z,,) 

(i ~ k) 

is obtained from the matrix II "ik II of (5), (5a) by multiplying it from left and 
right with the diagonal matrix 

D iI, = fJik/R(Zi). 

Hence, II Aik II is positive definite if this holds for II "ik II. This proves Lemma 3a. 

• E. P. Wigner, Amer. Math. Monthly, 69, 669 (1952). 
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Let us now extend the definition domain of S to include the points Z, . Be
(!ause of the continuity of S' at these points, and since S vanishes at them, there 
is a neighborhood of every Z, in which with 0 < fJ < 1 

(12) S(Z. + a) = as'(Z. + fJa) 

and S' is a continuous function of its argumcnt. It follows from this that R is, 
in the neighborhood of its real singularity Z, 

(12a) R(Z. + a) = -1/ S(Z, + a) = -1/ S'(Z. + fJa)a. 

Since, by the remark after (6a), S'(Z.) (~Ilnot be zcro unlcSl:i Sand hcncc R be 
a constant, nor can it become infinite on account of Theorem 2, we have 

LEMMA 3b. In Ow 1wiyhlJOrhood oj a real.~in(/ula1'1:ty Zp, tlw cxpre.~.~ion a R(Z. + a) 
tends to a negative number (L.'t a approaches O. 

We shall now prove the analogue of the 8chifTer-Bargmann lemma for R 
functions (Lemma 1, lOa, reference 8). 

THEOREM 3. IJ R satisfies the postulates (1), (2) and Z. is a real singularity in 
the sense oj Theorem 1, S = -1/R then 

(13) R.(z) = R(z) - I/S'(Z.)(Z. - z) 

also satisfies these postulates arul Z. is only an apparent singularity oj R •. 
Clearly, R, satisfies the differentiability requirements of (1). In order to prove 

(2), we shall show that the positive semidefinite nature of the matrices of the 
form (5), (5a) for R, with n dimensions follows from the positive semidefinite 
nature of the similar matriees for R with n + 1 dimensions. The corresponding 
n + 1 values of the variable z are z] , Z2, • . • , Zn , Z, + a. The corresponding 
quadratic form F will consist of the quadratic form of the n dimensional " "ik II, 
given by (5), (5a) proper, plus terms which also involve R or R' at the point 
Z. + a 

We choose a small enough so that (1211.) shall hold, write for 

(14a) 

and obtain 

n n [1 ] 
F = ..•. 2: "ik~i~k - 2.2: S'(Z + fJ) + R(z,,) 

, •• lc-l •• lc-l, a a 
(14b) 

~k~.a + t S'(Z, + a) ~i~"a2 ~ O. 
(Z, + a - Zk)(Z, - Zi) '.lc-l a2(S'(Z, + fJa»2 (Z. - Zi)(Z, - Zk) -

In the last term, R' = s' / S2 was substituted and (12a) used for S. As a ap
proaches 0, all the S'in (14b) will approach S'(Z,) and one obtains 

(14e) .. [ 1 1 ] 
F = '~1 "ile - S'(Z.) (Z. _ Zk)(Z. _ z.) ~itk ~ 0 
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assuming that all Zk are regular points of R. This is, however, just the quadratic 
form of the matrix, the positive definite nature of which guarantees (2) for the 
function R.(z) since 

R.(Zi) - R.(Zk) = _1_ [R(Zi) _ R(Zk) _ ~ (r. 1 _ -r. _1_)] 
Zi - Zk Zi - Zk S (Z.) Z. - Zi Z. - Zk 

1 1 
= Kik - S'(Z.) (Z. - Zk)(Z. - Zi) 

for i ~ k and a similar equation holds for R.'(Zk). Hence (2) is also fulfilled for 
R. and this also belongs to the class of functions defined by (1) and (2). 

In order to see the last part of Theorem 3 we have to show that Z. is not a real 
singularity of R • . We have, in fact 

[ 1 1 ] 1 
R.(Z. + a) = - S'(Z. + t'Ja) + S'(Z.) a' 

Since S' is continuous aR.(Z. + a) tends to 0 as a approaches 0 and Z. must 
be, by Lemma 3b, an apparent singularity of R • . This proves Theorem 3. 

IV. Continued fraction expansion of R 

The Schiffer-Bargmann lemma suggests the following construction. Take an 
arbitrary but fixed point r from R's definition domain and denote R(r) = band 
form the function Ro(z) = R(z) - b. This satisfies the postulates (1) and (2) 
and vanishes at z = r. Let us denote its derivative at this point by ro . It now 
follows from Lemma 3a that -l/Ro also satisfies postulates (1) and (2) and 
that it has a singularity at.\. From the Schiffer-Bargmann lemma it now follows 
that -l/Ro can be written in the form 

(15) 
1 1 

- Ro = rOe! _ z) + bo + Rl 

where Rl again satisfies our postulates and bo is so chosen that Rl(r) = O. One 
can proceed with Rl in the same way and arrive at a sequence of functions satis
fying our postulates 

(15a) 
1 

- R = qn+l + R,,+l 
" 

(n = 0 1 2 ... ). , , , 

where Rn+l(r) = 0 and qn+1 has the form 

(15b) (n = 0 1 2 ... ) , , , 

with Tn > O. The sequence can break off only if an Rn vanishes-in this case 
the original R was a rational function of z. 

The above equations give R in terms of continued fraction 
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(16) 

1 
R = b - --:1:-" 

ql- -
q2-

1 
qn+l + Rn+1 

and define, unless R is rational, an infinite continued fraction representation 
therefor. The successive approximants9 S,. = AnlBn can be obtained by the 
well known recursive fOl'mul:te 

(17) 

Ao = qo = b, Bo = 1, Al = qoql - 1, BI = ql. Because of (I5b), An and Bn 
are polynomials of 1/(r - z) of degree n. Their leading terms are 

b 
(18) A .. ~ ( 

ToTI ••• Tn-I r - z)~' 
1 

B .. ~ (. 
ToTI ••• Tn-l r - z)" 

It follows from the relation1o 

(19) 

that An and Bn cannot vanish at the same z so that the approximants never 
become indeterminate expressions. R can be expressed in terms of the A, B by 
substituting qn+1 + Rn+1 for qn+1 when calculating the (n + l)th approximant 

(20) R = (qn+1 + Rn+l)A .. - An-I. 
(qn+1 + Rn+I)B" - B,,-I 

This corresponds to the expression (16). By means of (19), this can be given also 
the form 

(20a.) R _ A .. = 1 . 
B.. B .. [B .. (q .. +1 + Rn+I) - B .. _1} 

Let us assume that all apparent poles of R have been eliminated. If the con
tinued fraction expansion (16) breaks off at any R"+1 = 0, the R is a rational 
R function as one easily sees by induction: All q .. are R functions by (I5b) and 
so is, by (15a), R ... However, if R:m is an R function, so is qm + Rm and hence 
also -1/(qm + Rm) = Rm-I. Finally, R is an R function. In this case, surely, 
the definition domain of R can be extended over the whole complex plane with 
the exclusion of isolated points on the real axis and the imaginary part of R(z) 

• Cf. e.g. H. S. Wall, Analytic Theory of Continued Fractions (Van Nostrand 1948), 
p. 15. The notation of this book will be used as far as possible. 

11 Page 16, reference 9. 
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has the same sign as the imaginary part of z. We can restrict ourselves, therefore, 
to the case in which no R" becomes identically zero and prove 

THEOREM 4. There is a circle in the complex plane about every regular point 
r of R in which the infinite continued fraction indicated in (16) converges uniformly_ 
It represents within that circle, by Weierstrass' theorem, an analytic function. 

Let us first choose a positive number a < r in such a way that R, and hence 
Ro , have no singularity between r - a and r + a. Then Ro will be negative in 
the (r - a, r), positive in the (r, r + a) interval. Hence the only singularity of 
-l/Ro between r - a and r + a will be at r and, by (15), Rl will have again 
no singularity in this interval. One can conclude, on the basis of (15a), by in
duction in the same way. 

LEMMA 4a. All Rn are regular and increase monotonically in the (r - a, r + a) 
interval, assuming the value 0 at r. 

Lemma 4a will be used to obtain a lower limit for the I qn+l(Z) I and I q"+1(z) + 
Rn+1(z) I. With (15a), Lemma 4a gives 

(21) 
q .. +l(r - a) + Rn+1(r - a) > 0 

qn+1(r,+ a) + Rn+1(r + a) < o. 

Since the sign of Rn+1 alone would be just opposite, the same inequalities hold 
for qn+1 fortiori. This gives on account of (15b) 

(21a) 
1 Ib,,1 <-. 

rna 

Hence, in a circle with radius a' = a/Cot + 1), about r 

(21b) I 1 I ot+l I I ot I q"+1(z) I = (r ) + b.. ~ -- - b.. > -. 
r" - z r"a r"a 

We note here another inequality which is not necessary for proving Theorem 4 
but will be used later. Rn+1(z) < R"+1(r + a) for any z between rand r + a .. 
Furthermore, by (21), R,,+l(r + a) is smaller than I Q,,+l(r + a) I. Hence, for 
O<~<l 

I q,,+l(r + ~a) + R,,+l(r + ~a) I > I q,,+l(r + ~a) - qn+l(r +a) I 
(21c) 1-~ 

= ~rAa -

Naturally, the estimate (21c) for q + R applies only on the real axis while 
(21b) is valid within the circle of radius a/Cot + 1). 

We shall obtain, finally, an estimate for r" from (21). The difference of the 
two inequalities gives, with (I5h), directly 

(22) R"+l(r + a) - R"+1(r - a) < _1_ 
2a r"a2 • 
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Because of Lemma 2110, the fraction in (22) is larger than Rn+1'(r) = Tn+1 . Hence 

(22110) 

Thus, (21b) becomes 
2 

(22b) I q"+1(z)q,,(z)1 > a 2 > 012 

r"r,,_la 

valid for all z within the circle of radius a' = a/(a + 1) about r. Similarly, 
(21c) yields for 0 < " < 1 

(22c) 
I q"+1(r + "a) + R,,+l(r + "a) II q,,(r + "a) + R .. (r + "a) I 

We shall conclude from (22b) 
LEMMA 4c. Given any a > 2, there is a circle about r in the complex plane such 

that 

(23) 

This will again be shown by induction. One sees from (18) that there is a circle 
in which the lemma holds for n = 2 and we choose our circle to lie entirely 
inside this circle and have a smaller radius than a/(a + 1). The product of two 
successive equations (17) B,,+1 + B,,_1 = qn+1B" and B" + B,,-2 = q"Bn-l 
gives 

(23110) 

Hence, by supposition I B"_2/B,, I < 2/(012 - 2) and 

I Bn+l I ;;:: I q .. Q,,+1 I _ 1 ;;:: I Q .. qn+l I (01 2 - 2) - 1 
B,,_1 - 1 + I B"_2/B,, I - 0/2 

and because of (22b) 

(23b) 

since a > 2. It now follows that, within the circle of Lemma 4c, the I B" I in
crease at least as fast as the geometrical series with the quotient !a2 - 1. Since 
the difference of successive approximants is, by (19) 

(24) A" An+l 1 
Bn - B,,+1 = B" Bn+l 

the continued fraction expansion converges, within the circle of Lemma 4c, at 
least as well as a geometrical series with a quotient 2/(012 - 2). 
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THEOREM 5. The infinite continued fraction indicated in (16) converges uniformly· 
in every closed domain which excludes the real axis. 

Actually, this theorem immediately follows from Theorem 4 and Hambur
ger's theorem.ll The proof which can be patterned on Jensen's proof of Van 
Vleck's theorem,12 is particularly simple in our case. 

Let us denote 

(25) 

and multiply the second equation (17) by the conjugate complex of B" 

Bn+1 Bn = Q,,+1 1 B,. 12 - 13,. B,,_1 . 

The imaginary part hereof becomes with (I5b) 

(26) 

where 11 is the imaginary part of 1/(r - z). This will be positive if our domain 
is above the real axis which we shall assume for the sake of simplicity. Let us 
denote the minimum of 11 in our closed domain by 110 , then 0 < 110 ~ 11. Since 
0"0 = l1/ro is already positive, the O"'s form an increasing series of positive num
bers. 

Let us multiply two successive equations (26) 
2 

(26a) (0",. - 0",._1)(0",,+1 - 0",.) = _11 - 1 B,.Bn+l \2 > 11~ a2 1 B"+lB" 12. 
r,. rn+l 

The last part follows from (22a). Because of the increasing nature of the (1", the 
left side is smaller than «(1",,+1 - (1",&_1)2, the right side is, because of (25), larger 
than (1";. Hence 

(26b) 

One now easily concludes by induction that 0" increases at least as fast as a geo
metrical series 

(27) > *(1 + )1" O"n = 0" a1/o. 

Assuming (27) for O"n and (1",,_1 (26b) gives 

0",.+1 > 0"*[(1 + a1/o)l"a1/o + (1 + a1/o)i<n-llj 
(27a) 

> 0"*(1 + a1/o)Hn-ll (a1/0 + 1) = 0"*(1 + a1/o)H,.+ll. 

Theorem 5 now follows from (24) just as Theorem 4 did. The same argument 
applies if the closed domain is below the real axis. 

It follows from Weierstrass' theorem and Theorems 4 and 5 that the infinite 
continued fraction of (16) represents an analytic function over the whole com-

11 Theorem Zl.2, page 114, reference 9. 
12 Cf. O. Perron, Die Lehre von den Kettenbruchen, 1'euhne.· 1!H3, page 264 fT. 
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plex plane, excluding the parts of the real axis to the left of r - a/3 and to the 
right of r + a/3 where a is the distance from r of the closest real singularity of 
R, or r itself, whichever is smaller. 

We have to prove finally, 
TI!I~OR1~M 6. 'I'he -inJinite continued fraction indicated in (16) is equal to R on 

the real points of the circle of Theorem 4. 
This follows from (20a), the fact that the I Bn I increase at least as fast as a 

geometrical series (cf. (23b» and the fact that among two successive. 

(28) 

at least one is larger than 1 if n is large enough. In fact, from 

(28a) 
I qn+1 + Rn+11 < I B .. -tlBn I + 1/1 Bn I 

I qn + Rn I < I B,.-2/Bn-11 + 1/1 Bn-11 

it would follow by multiplication 

(28b) I q,.+1 + R,.+1 I I q,. + R,. I < ( I B;:2j + I ~"I)( 1 + I B~-l I) . 
For n -t co, the superior limit of the right hand side is equal to that of 

I Bn- 2/B n I. which is, by (23), ~ 2/«(/ - 2) ~ 1. The left side is, by (22c) and 
since in the circle in question" is smaller than t, larger than 4. Hence, from a 
certain non. 

(29) or I R - A,.+l! < _1_ 
Bn+1 I B,.+l I . 

Actually, because of (24), the fact that one of the expressions (29) tends to zero, 
shows that both tend to zero. This establishes Theorem 6. 

We finally come to 
THEOREM 7. A function R which satisfies the postulates (1) and (2) can be ex

tended over the complex plane, excepting the negative real axis, as an analytic 
function. Its singularities are all on the real a.Tis and, unless it is a constant, its 
ima{f£nary part is positive -in the upper, negative in the lower half plane. 

In order to prove the first part of the theorem, we have to show that the ana
lytic continuation of a function which represents R in the (r - a/3, r + a/3) 
interval, will represent R over the whole real axis. This can be seen, most simply 
perhaps, by covering the real axis with overlapping intervals in each of which 
either R or -1/ R is analytic. This is indeed possible because r was an arbitrary 
regular point. The fact that R has no singularity at complex z follows most 
simply from Theorem 6 and Weierstrass' theorem. Finally, all approximants of 
the continued fraction expansion of R have the property of mapping the upper 
and lower half planes on themselves. Hence, the imaginary part of the function 
to which they converge must be non negative in the upper, non positive in the 
lower half plane. Since the imaginary part of an analytic function, which is not 
n constant, cannot assume its minimum (or maximum) in the interior of a closed 
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domain, the imaginary part of R cannot vanish except on the real axis. This 
completes the proof of Theorem 7. 

The above development gives R as a limit of merom orphic functions which 
map the upper and lower half planes on themselves (called R-functions by the 
writer)8. It is worthwhile to point out therefore 
THEORl~M 8. All R junctions salisfy the postu.lates (1) and (2). The same applies 

to limits of su.ch functions which have only isolated singularities on the positive 
real axis. 

It is clear that the functions so defined meet the differentiability criteria (1). 
If R is itself an R function, it permits an expansion of the forms 

(30) R = az + /3 + :E (~ - ;!) 
ZI' - z ZI' 

with non negative a, "t" and real /3, Z" . In order to show that (30) satisfies postu
late (2) also, one can show that all its terms do so, i.e., give positive semi-definite 
matrices II Kik II when substituted for R in (5), (5a). This is evident: az + {3 
gives a matrix, all elements of which are a ~ 0, and a typical term under the 
summation sign gives the matrix II Kik II 

(30a) 

(30b) 2 ( ) "t" 1 1 
KiA: = -- -r-- - -r-- = 

Zj - Zk Z" - Zj Z" - Zk (ZI' - Zi) (Z" - Zk) 

which is also positive semidefinite. It is also clear that the limits of such functions 
also satisfy postulate (2). Hence, e.g., 

(31) 1-1 dZ 1 z + 2 
-2 Z - Z = n Z + 1 

although clearly not an R function, satisfies postulates (1) and (2). 
The above considerations can be calTied out also if R is defined not on the 

positive real axis, but any connected part of the real axis. The partial fraction 
expansion of R functions, and of functions which are limits of R functions (i.e., 
the functions of reference\ has been given already by Markoff.I3 The above con
siderations, as well as Loewner's, use the partial fraetion expalHlion, conversely, 
to show thnt the funetiolls Hatisfying our postulates are fUlletions of this nature. 

It may be well to reiterate that the preceding considerations are less far
reaching, and that they solve a different problem, than l..oewner's original work. 
As to assumptions: we explicitly assume differentiability for all positive z, except 
isolated points. Although, in order to carry out the above considerations, it is 
necessary only to assume differentiability in an arbitrarily small interval, this 
is nevertheless more than Loewner has assumed. As to results: we consider only 
the case that the II Kik II of (5) is a definite matrix for all dimensions, while l..oew-

u Reference 12, page 385. We are much indebted to Dr. H. S. Wall for this quotation. 
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ner also considers, and solves, the problem of the matrices II "ik II being definite 
up to a certain n only. Similarly, our problem is different from Loewner's. He 
is interested in monotonic matrix functions which lead to our postulate (2). 
The purpose of the above considerations is to obtain the criteria for functions 
satisfying postulate (2) which was obtained in a different way, and the validity 
of which extends across the singularities of R. This last condition is responsible 
for the necessity of much of Section II and of the last part of the present Section. 
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Introduction 

The statistical properties of the characteristic values of a matrix the ele
ments of which show a normal (Gaussian) distribution are well known (cf. 
[6] Chapter XI) and have been derived, rather recently, in a particularly elegant 
fashion.1 The present problem arose from the consideration of the properties 
of the wave functions of quantum mechanical systems which are assumed to 
be so complicated that statistical considerations can be applied to them. Since 
the physical problem has been given rather recently in some detail in another 
journal [3], it will not be reviewed here. Actually, the model which underlies 
the present calculations shows only a limited similarity to the model which is 
believed to be correct. Nevertheless, the calculation which follows may have 
some independent interest; it certainly provided the encouragement for a de
tailed investigation of the model which may reproduce some features of the 
actual behavior of atomic nuclei. 

All the remaining work will deal with real symmetric matrices of very high 
dimensionality. The first and last problems concern infinite bordered matrices; 
the second one a finite matrix the consideration of which served as an inter
mediate step toward the solution of the last one. We mean by a bordered matrix 
the Bum of a diagonal matrix k and a border matrix v. The diagonal elements 
of k are all the integers··· , -2, -1, 0, 1, 2, .... The border matrix v has 
non vanishing elements only up to a distance N from the diagonal, the absolute 
value of all the non vanishing elements is the same 

(1) 
I vm .. 1 = v 

=0 

for I m - n I ~ N, (- 00 < m, n < 00) 

for I m - n I > N. 

Since the matrix H = k + v is symmetric, v ..... = V"m • Subject to this condition, 
however, the signs of the Vii are random, i.e. we consider ensembles of matrices 
with all possible signs of v ... " subject to the conditions of symmetry. In the 
first of the problems considered N = 1, in the third one both N and v are very 
large in such a way, however, that v2/N = q remains limited. The first problem 
will be solved completely, i.e. the characteristic values and vectors given ex
plicitly. 

In order to formulate the third problem, we denote the characteristic values 
and vectors of an H by A and 1/1(').) 

(2) H1/t(A) = X1/t(A) or En H "",1/t~A) = A1/t~A). 

1 Personal communication of Profcssor V. Bargmann. 

548 
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We shall inquire then for the expectation value of those 

(3) (",~~»2 

the A of which is in unit interval at x which will be considered to be a continuous 
variable. One can imagine this to be calculated by solving the characteristic 
value problem (2) for each of the permissible sign combinations of the V lnn , 

choosing those which have a characteristic value A between x and x + 0, calcu
lating (3) for these H and A, adding the expressions obtained in this way and 
dividing the result by 0 times the number of all H considered. The expectation 
value obtained in this way will be denoted by u(x), it is the quantity which we 
inquired for. An integral equation will be obtained for u and some of its prop
erties, but not u itself, will be obtained explicitly. However, the mathematical 
analysis which leads to the integral equation for CT will lack rigor; in particular 
the convergence of the procedure which defines u will not be proved. Many 
important statistical properties of the characteristic functions and characteristic 
values of H can easily be obtained from u. The fact that the density of the 
characteristic values of u is 1 follows easily from the invariance properties of 
the set of permissible H. 

The second problem concerns a finite symmetric matrix Ho albeit of very 
large dimension. Its diagonal elements are zero, the off-diagonal elements I Vmn I 
= v are real but have random signs as before, m and n assume only the values 
-N, -N + 1, ... ,N - 1, N so that this H is 2N + 1 dimensional. The prob
lem is again to calculate u(x) as defined above for the third problem. The aver
ages have to be taken in this case only over 2N (2N+l) matrices and the fact that 
u(X/(N)1/2 v), properly normalized, converges to a limiting function can be proved 
in this case. This limiting function will be explicitly determined. It also gives 
the density of the characteristic values of H 0 • 

Singly bordered symmetric matrix 

We shall calculate first the characteristic vectors of 

-2 V-1-2 0 0 0 

V-1-2 -1 V-lO 0 0 

(4) HI = 0 V-10 0 VOl 0 

0 0 VOl 1 1112 

0 0 0 V12 2 
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in which the absolute values of all v are the same. Neither the characteristic 
values nor the squares of the components of the characteristic vectors will be 
changed if Hl is transformed by a diagonal matrix 8 all the diagonal elements 
of which are 8k = ± 1. Such a transformation will leave the diagonal elements 
of (4) unchanged but will replace VkkH by 8k8k+lVkk+1' By choosing So = 1, 
81c to have the sign of -Vk-1,k for k > 0 and the sign of -Vk,k+l for k < 0, all 
non diagonal elements will become negative, their value will be denoted by -v. 

The resulting matrix fil can be transformed into fil + 1 by renumbering 
the rows and columns. Hence, the set of characteristic values Ak will be unchanged 
if one replaces each Ak by AI; + 1. Furthermore, fi1 can be transformed into 
-fil by interchanging the kth and -kt" rows and columns and transforming 
it by an 8 with 8k = 1 for even Ie and Sk = -1 for odd le. Hence the set of char
acteristic values contains, with every Ak , also - Ak • Since the Ak will change 
continuously as v is increased and since for v = 0 the set of Ale consists of all 
integers, this will be true for all v. Without loss of generality, one can set 

(4a) A/c = k. 

The characteristic vector of Ie shall be denoted by y;(k). It then follows from the 
remarks about transforming fil into fi1 + 1 that y;~k) = y;~~1l) i.e. the lth com
ponent of y;(k) depends only on the difference l - Ie 

(4b) y;~k) = y;~~k = Y;I-lc 

where, for simplicity y;(0) has been replaced by y;. It finally follows from the 
remark about the transformation of HI into - Hl that 

y;~l = c( - )1",1°). 

Clearly c = ± 1 and again by continuity from the v = 0 case, C = 1. This gives 

(4c) "'_I = (_ )IY;I . 

The equation fi1y; = 0 reads explicitly 

(5) 

This reminds one of the recursive formula for Bessel functions, ([5], 17.21, p. 
359) 

(5a) -Jl-l(Z) + (2l/z)J1(z) - J/+1(z) = O. 

Hence it follows that one can set 

(5b) Y;z = J I (2v) = y;l~k . 
This satisfies all conditions since for large l 

(5c) 

"'k goes to zero fast enough for L "'~ < co. We note that the orthogonality of 
y;(0) and y;(k} gives 

(6) Ie ~ o. 
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The summation runs over all integers from - 00 to 00. The essential result of 
the calculation is (5c) which shows how "'I decreases as l-+ 00. Because of (4c), 
the decrease is essentially the same as l -+ - 00 • 

It should be noted that one can obtain a formal solution of the equation 
HlII' = XI{) for any X. It is necessary for this purpose only to set 

I{) = ZI-~(2v) 

where the Z I = aJ I + (3N 1 are all the same linear combinations of regular and 
irregular Bessel functions. However, the I{) obtained in this way cannot be nor
malized. 

Preliminary remarks on the strength function 

We shall consider, below, very large sets of real symmetric matrices. Each 
of these will have certain characteristic values Xj the corresponding real nor
malized characteristic vector will be denoted by ",(>'), its components by ",1>'). 

The orthogonality relations of the ",f') are 

(7) " ./,('A)./,(>') _ ~ • 
L.J~ Y'le '1'1 - Ukl , 

" ./'<>')./,(1') _ ~ 
L.Jk Y'k Y'le - Ulop • 

We next define a function S(x) as follows. Let us consider all the characteristic 
values X of all the matrices of the set which are below x. Their number shall 
be denoted by mA(x) where m is the number of matrices in the set. Let us con
sider then the sum of the squares of a particular component k = 0 of all the 
characteristic vectors ",(>.) for which A < x. Then 

(8) mS(x) = Laot L>.< .. (",~>'»)2, 

the summation is extended over all matrices of the set and all the characteristic 
vectors of these which satisfy the condition X < x. The right side is clearly in
dependent of the sign and other arbitrarinesses in the definition of the charac
teristic vectors should multiple characteristic values occur. Because of the nor
malization relations (7), if x -+ 00, the sum over X gives 1 for each matrix 
separately and one finds 

(8a) S( (0) = 1. 

We shall calculate now the moments 

(9) 

the summation is to be extended over all characteristic vectors of all matrices 
of the set. If a typical matrix of the set is denoted by H = (H m .. ) one can write 

" H ./,(>') - ,./,(>') 
£..in mnY'n - l\'I'm 

and repeated application of H to both sides gives 

L .. (H·)m .. "'~>') = X''''~>'). 
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Multiplication with ",~'I.) and summation over A yields by means of (7) the well 
known equation 

(9a) 

Setting m 

(9b) 

(H') = '"' ",/.('1.)./,('1.) 
mk L.J). 1\ 'I'm 'I'k ~ 

k = 0 herein and summing over all matrices of the set gives 

M, = 91-1 L.ot (H')oo = Av(J-r)oo . 

A v will denote the average of the succeeding expression over all matrices of 
the set. 

The M. will be calculated in the following section for a certain set of matrices 
in the limiting case that the dimension 2N + 1 of these matrices becomes in
finite. It will be shown, then, that Sex), which is a step function for every finite 
N, becomes a differentiable function and its derivative S'(x) = q(x) will 
be called the strength function. In the last section, infinite sets of infinite 
matrices will be considered. However, all powers of these matrices will be defined 
and (H')oo involves, for every II, only a finite part of the matrix. It will be seen 
that the definition of the average of this quantity for the infinite set of H does 
not involve any difficulty. However, a similar transition to a limiting case N ~ 
00 will be carried out with this set as with the aforementioned set and this tran
sition will not be carried through in a rigorous manner in either case. 

The expression "strength function" originates from the fact that the absorp
tion of an energy level depends, under certain eonditions, only on the square of a 
definite component of the corresponding characteristic vector. This component 
was taken, in (8), to be the 0 component. Hence S(Xl) -' S(X2) is the average 
strength of absorption by all energy levels in the (Xl , X2) interval. 

Random sign symmetric matrix 

The matrices to be considered are 2N + 1 dimensional real symmetric matrices; 
N is a very large number. The diagonal elements of these matrices are zero, 
the non diagonal elements Vik = Vk. = ±v have all the same absolute value but 
random signs. There are 91 = 2N (2NH) such matrices. We shall calculate, after 
an introductory remark, the averages of (H")oo and hence the strength function 
S'(x) = q(x). This has, in the present case, a second interpretation: it also 
gives the density of the characteristic values of these matrices. This will be 
shown first. 

Let us consider one of the above matrices and choose a characteristic value 
A with characteristic vector ",('I.). Clearly, A will be a characteristic value also of 
all those matrices which are obtained from the chosen one by renumbering 
rows and columns. However, the components ",~'I.) of the corresponding charac
teristic vectors will be all possible permutations of the components of the original 
matrix' characteristic vector. It follows that if we average (",~A)/ over the afore
mentioned matrices, the result will be independent of k. Because of the nor
malization condition (7), it will be equal to 1/(2N + 1). 

Let us denote now the average number of characteristic values of the matrices 
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of our set which are smaller than x by A(x). More accurately, this is the number 
of all characteristic values of all matrices of our set which are smaller than x, 
divided by the number of matrices in our set. Clearly A( - co) = 0, A( co) = 
2N + 1. Since every characteristic value A which is common to nx of the matrices 
contributes nx/m to A(x) if A < x and since it contributes m-lnx/(2N + 1) to 
Sex), we have 

(10) A(x) = (2N + l)S(x). 

This is true for any value of N, as N ~ co, the step functions A(x) and Sex) 
become differentiable and the density of characteristic values per unit interval 
becomes 

(lOa) A'(x) = (2N + l)O"(x). 

Calculation of the moments 

We now proceed with the calculation of the average of (H")kk or (H')oo since 
the former quantity is independent of k. We first note that the diagonal ele
ments of H2 are 

(11) 

Hence the average of this quantity is also 

(lla) M2 = 2Nv2• 

Let us consider now the expression for the pth moment 

(12) 

Since the diagonal elements of our matrix vanish, the summation in (12) can be 
restricted to those sequences 0, i l , i 2 , ... , i._l , 0 in which no two succeeding 
members are equal. A pair of unequal numbers jl, each of which characterizes 
a row or column of our matrices (Le. for which - N ~ j, 1 ~ N) will be called 
a "step"; the step lj will be called the reverse of jl. The sequence 0, i l , i2 , ... , 
i._l , 0 contains p steps: Oil, i li2 , i2ia , ... , i,_IO. Each matrix of our set at
tributes a sign to every step but the signs of a step and of its reverse are always 
the same. 

Set summation and the summation over the i can be interchanged in (12). 
The set summation will give 0 for each sequence 0, i l , i2 , ... , i.-l , 0 unless 
it contains every step jl and its reverse an even number of times. If it does and 
if its first and last members are the same, it will be called a valid sequence. 
Thus, 0, i, j, i, l, m, n, m, n, m, l, i, 0 is a valid sequence for p = 12 if the i, 
j, l, m, n, are all different. For a valid sequence, the set summation of (12) gives 
mv·. Hence M. is equal to v' times the number of valid sequences of length 
p + 1. 

Clearly, there is no valid sequence if p is odd. Hence, M2.+l = 0 and we can 
restrict ourselves to the calculation of the M 2• , i.e. the number of valid sequences 
of length 2p + 1. A typical valid sequence of length 2p + 1 is 0, i l , i2 , 
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i.-I, i. , i.-I, ... , i2 , il , 0, no matter what the i are as long as no two suc
cessive members of the sequence are equal. There are (2N)' valid sequences of 
this type and it will be shown that the leading term in the expression for the 
total number of all valid sequences of length 21' + 1 is a numerical multiple of 
this, which will be denoted by t.(2N),. The accurate expression for the number 
of valid se~uences contains terms with lower powers of N but we shall assume 
that N is so large that we can restrict ourselves to the leading term. Hence 

(13) 

Because of (lla), tl 1 and we proceed to calculate the general t •. 
Excluding the first member, there cannot be 11Wre than v different members in a 

valid sequence of length 21' + 1. Let us call the steps "free" which end in a mem
ber which did not occur in the sequence before and let us call the steps "repeti
tive" which end in a member which did occur before. The sequence can be valid 
only if the number of repetitive steps is at least equal to the number of free 
steps. Since the number of free steps is equal to the number of different members 
of the sequence, the latter number cannot be more than one half of the number 
21' of all steps. This proves the assertion. 

The number of valid sequences which contain less than v d~(Jerent members is 
proportional to N·-1 and their number is, therefore, negligible. The total number 
of sequences with only v - 1 different members is less than (21')! (2N + 1).-1 
and the number of valid sequences is smaller than this. 

It follows from the preceding observation that it will be sufficient to count 
those valid sequences which have v different members, i.e. contain v free steps. 
It is permissible, therefore, to call only those sequences valid which contain 
/I different members. Since the number of repetitive steps in these sequences is 
also /I and since every free step must be repeated (in the same or the opposite 
direction) if the sequence is to be valid, every repetitive step will in fact be 
equal to a free step or to the reverse thereof. This justifies the name "repetitive" 
for the not free steps of a valid sequence. 

A valid sequence in the above restricted sense defines a type sequence. The 
type sequence has 21' members, its JLth member is the number of the free steps 
minus the number of the repetitive steps among the first JL steps of the sequence 
to which it is coordinated. Thus, for instance, the sequence 0, 5, 3, 5, ° and 
0,3,0, -2, ° are both valid sequences for 21' = 4 (if N ~ 5). The type sequence 
of the former is 1, 2, 1, 0, that of the latter is 1, 0, 1, 0. All type sequences start 
with 1 and end with 0, successive members of it differ by ±1. 

There are exactly 2N (2N - 1) .. . (2N - v + 1) = (2N)!/ (2N - v)! '" (2N)' 
valid sequences for every type sequence. If the JLth member of the type sequence is 
larger than the preceding one, the corresponding step in the valid sequence is 
free and may lead to any number j( - N ~ j ~ N) which has not been used 
before. If, on the other hand, the /-Ith member of the type sequence is smaller 
than the preceding member, the /-Ith step of the valid sequence is a repetitive 
one and must be the reverse of the step which originally led to the element 
from which this step starts. Hence, in the latter case, the JLth step of the valid 
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sequence is completely determined. (It follows that in a valid sequence in the 
restricted sense the steps are not actually repeated but balanced by the reverse 
step. This fact is not material for the remainder of the calculation.) It foUows 
that t. in (13) is the number of type sequences of length 2v. 

Before obtaining a recursive formula for t. , we note that the only two type 
sequences for 2v = 4 are the ones given above: 1, 2, 1,0 and 1,0, 1,0 the cor
responding valid sequences have the form 0, i, j, i, 0 and 0, i, 0, j, 0 with i ."r: j. 
Hence t2 = 2. For 2v = 6 the type sequences are 1,2,3,2, 1, OJ 1,2, 1,2, 1, OJ 
1, 2, 1,0, 1, OJ 1,0, 1, 2, 1, OJ 1,0, 1,0, 1, O. Hence, ta = 5. The valid sequences 
of the second type are 0, i, j, i, l, i, 0 with i, j, l all different. 

The number of type sequences which contain no 0 before the last member 
will be denoted by to'. From these sequences, one can obtain a type sequence of 
length 2v - 2 by omitting the first and last member and subtracting 1 from 
each remaining member. Hence 

(14) (t~ = to = 1). 

If the first 0 member of the type sequence is at the position 2K (it must be at 
an even position) the first 2K members of it form a 0 free type of length 2K, the 
remainder an arbitrary type sequence of length 2v - 2K. Hence 

(14a) (v = 1, 2, 3, ... ). 

These recursive equations permit the successive calculation of the t, . One can 
obtain a closed formula for them by writing 

(15) t(x) = E:.o t,x'. 

The recursive formula (14a) then gives 

(15a) t(x) = 1 + xt(X)2. 

The 1 on the right side is necessary because (14a) is not valid for v = o. It fol
lows that 

(15b) 

Actually, the lower sign has to be taken. It gives 

t, = ! ( ~ ) (_4)'+1 = ,(2v)! ,. 
2 v + 1 v.(v + 1). 

(15c) 

This can also be proved by induction by means of (14a). Finally, by (13) 

(16) M (2v) ! (2N)' 2. 

20 = v!(v + I)! v . 

Calculation of the strength function 

It follows from (9) and (15) that 

100) 100 2' 
(17) _.., x2

• dS(x) = ~ x2'u(x)dx= v!(v ~ 1)! (2N)'v2,. 
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The fact that SeX) is differentiable and that, therefore, the first integral can be 
replaced by the second one (u(x) = S'(x)) will be a consequence of (17). From 
the vanishing of the odd moments M 2.+1 it follows that u(x) is an even function 
of x. The form of the even moments suggests the introduction of new variahles 

(18) p(~) = Nu(N~) 

in terms of which (17) reads 

(18a) J ~2. p(~) d~ = (211)! 2' v2
• = (211) !(2q)" 

II !(II + 1) 1 N' IIl(1I + 1) 1 

where q = v2/N. 
Professor W. Feller kindly pointed out to the writer that the analysis of the 

original manuscript leading to (20) can be simplified by calculat.ing directly 
(cf. also [2], Chapters 14 and 16), 

(19) 
J eilcEp(~) d~ =:E" J (ik~)2. p(~) d~ 

-0 (2J1) 1 

= :E (- )'(2qk2)' = 2J1(q'k) 
, II!(" + I)! q'k 

where q' = (8qt The second member of (19) follows from the vanishing of the 
odd moments, the third member is the well known series (see [5], 17.1, p. 355) 
for the Bessel function of order 1. In order to obtain p itself, the Bessel function 
must be represented as a Fourier integral. Such a representation is provided by 
the expression (see [5], Example 1, p. 366), 

(19a) 
.l)(z) = r(3/2~~(1/2) l r 

e'"·'·,/, sin2 
qJ dtp 

_ Z 11 '.10(1 2)1 d - - e - w w. 
11" 1 

The last part was obtained by substituting w for cos qJ. Substitution of q'k for 
z and ~ for q'w then gives (remembering that q,2 = 8q) 

(19b) 2J1(q'k) = _1 Lq
, eilcE(8 - f)l d~. 

q'k 411"q q' q 

Comparison of (19b) with (19) yields 

(20) p(~) = (411"q)-1(8q _ ~2)l for ~2 < 8q 

=0 elsewhere. 

The original analysis did not make use of the properties of Bessel functions. 
It showed, on the basis of (18a), that the moments of (8q/~) d8/d~ a.nd of ~ d8/d~ 
- 38 are equal where d8/ d~ = ~p. This led to the differential equation 

(19c) (8q/~) d8/d~ = ~ d8/d~ - 38 
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and hence to (20). The integration constant was determined from the normaliza
tion of p, i.e. from (ISa) with II = O. It was necessary then to refer to Corollary 
1.1 in Shohat and Tamarkill's book [4], p. 11, or to Carleman's general theorem 
[1], p. 115, or [4], p. 19, to infer from the asymptotic form of the right side of 
(lSa) that (20) is the only solution of (ISa). This also justified (17). In any case, 
it is easy to verify a posteriori that the p of (20) satisfies (17). 

For u(x), (IS) gives 
(SN 2 2)! 

(20a) u(x) = :7J';;V2X (for -(SN)~v < x < (8N)iv). 

This gives both the distribution of the characteristic values of the random sign 
symmetrical real matrices defined at the beginning of this section and also 
their strength function. Since, on the average, all the components of the charac
teristic vectors have the same absolute value, the two distributions are naturally 
identical. The reader will notice that even though some of the matrices of the 
set considered have characteristic values as high as 2Nv, the characteristic 
values in excess of (8N)lv become increasingly rare as N -+ 00 and their total 
number constitutes, in the limit, a negligible fraction of all characteristic values 
of the matrices of the set. 

Infinite symmetric matrices with wide random borders 

The set of matrices H = k + v underlying the following calculation has been 
described in some detail in the introduction. Of the two, k is unbounded but 
its characteristic vectors are clearly the unit vectors parallel to the coordinate 
axes; v is bounded for all N, its bounds being ±2Nv. Hence the characteristic 
value problem of H is defined. 

Some of the remarks which apply for the singly bordered matrix also apply 
to the present set of matrices. In particular, k can be transformed into -k by 
renumbering rows and columns and the set of matrices v is also invariant under 
this transformation. It follows that the average number of characteristic values 
X per unit interval at x is an even function of x. It also follows that if Vtk~) is 
the characteristic vector of one matrix of the set, the set contains another matrix 
with chal'actel'istic vector Vt~~). Hence, if 9l is the number of matrices of the set 
which we consider and if this set of matrices includes either both or neither 
of the aforementioned matrices 

(21) mS(x) = Lsct L>.<" (Vt~~»2 = Lset L~>-x (Vt~~»2. 
Because of (7), the sum of the expression in (21), extended over all X, is just 
9l. Hence, the last sum is also equal to 

(21a) 91S(x) = 9l - L""t L>.<-x (Vt~~)l = m - 9lS( -:1:) 

so that 

(2Ib) Sex) + S( -x) = 1 

and the strength function u(x) = S'(x) is again even. 
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Second, it is again possible to transform k into k + 1 by renumbering the 
rows and columns and the set of matrices y is also invariant under this trans
formation. Hence, the average number of characteristic values A per unit in
terval at x is a periodic function of x with period 1. 

It may be well to repeat here that we shall be interested, eventually, in a 
very wide border, i.e. in the case that N in (1) is very large. At the same time 
v shall be very large also, in such a way, however, that v2 I N = q remains con
stant. The problem originates from the consideration of an "unperturbed prob
lem" in which the spacing of the characteristic values is liN, the matrix of the 
unperturbed problem being /Vlk. The "perturbation" /V1y has matrix elements 
connecting characteristic values of the unperturbed problem which differ up 
to 1 (this quantity being chosen as the unit of energy). The diagonal elements 
of the square of the perturbation /VV are 2N/vV arrd this quantity is denoted 
by2q. 

Calculation of the nwments 

Because of the even nature of the strength function, it will suffice to calculate 
the even moments thereof. Their calculation will be based again on (9b), i.e. 
on the calculation of the set average of (Ii'b)oo . Before carrying out the calcula
tion, it should be noted that 

(22) (Ii2,)oo = En (Ii')on(Ii')..o = E .. (Ii'): ... 
It will be shown that (H')o .. is different from zero only for - JlN ~ n ~ JlN 
and that only those v", .. influence it for which -JIN ~ m, n ~ JlN. These state
ments are evident for JI = 1. Since 

(22a) 

and since v ..... = 0 for I m - n I > N, the statements follow by induction. They 
show that, when calculating the set average of (H2,)oo , the average has to be 
taken only over a finite set of matrices, namely those in which the v ..... 
for -2J1N ~ m, n ~ 2"N have all possible signs consistent with the condition 
of symmetry. 

The calculation of M'b = Av(H2,)oo will closely resemble the calculation of 
the preceding section. It will turn out again that the term in M 2• which is pro
portional to the highest power of N has a factor (vIN)' ~ N I • and only the terms 
proportional to ~. will be calculated. The proportionality constant of N2• 

will depend on q and we shall write 

(23) M 2• = Av(H2')oo = T.(q)N2,. 

We use again an expression similar to (12) for 

(24) 

and define the steps Oil , il~ , i2ia , ••• , i2HO as before. However, there are, 
in this case, three kinds of steps: (1) the free steps which lead to an i which has 
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not occurred before in the sequence Oi]i2i 3 ••• i 2.-10, (2) the repetitive steps 
which occurred before in the same or in the reverse direction, and (3) the waiting 
steps which correspond to diagonal elements of the matrix. It is possible again 
to define type sequences each member of which differs from the preceding one 
by ± 1 or O. If the Jolt" member of the type sequence is larger than the preceding 
one, the corresponding step is a free step: if it is smaller, it is a repetitive step. 
Finally, if JoI - 1 til and Jolt" members are equal, the corresponding step is a waiting 
step. It is true again that every free step must be repeated in the same or in 
the opposite direction. Furthermore, since the diagonal element in the 0 row 
vanishes, neither the first, nor the last step, can be a waiting step; the first one 
must be a free step, the last one a repetitive step. 

We shall single out again that part of the sum (24) which belongs to types 
which have no 0 members, excepting the last. In the corresponding terms of 
(24), none of the i is O. The sum of these terms will be denoted by T~(q)N2'. 
The first and last factors in a typical Bum of this type are VOll and VilO , their 
product v2• The rest of the terms give all the terms of 

(25) 

However, the set of matrices (Hi1+m,i1+n) is identical with the set of matrices 
(H mn + ill) so that the average of (25) is equal to the average of [(H + i]I)2,-2)OO . 
This gives for the contribution of the zero-free types to (24) 

T:(q)N2• = Lk v2Av[(H + kl)2V-~00 
(25a) 

= Lk v2Av L~ ell ;: 2) k2>-2-)'(H'A)00. 

The summation over k can be replaced by integration from -N to N. It gives 
o for odd A, for even A it gives 2N2P-l-'A/(211 - I - A). It simplifies the notation 
to write 2A for A and let A run over the integers. At the same time, /C will be 
written for II and the expression (23) substituted for the Av 

(25b) 

(for /C > 0). 

This is the analogue of the very much simpler equation (14) of the preceding 
section. The highest T~ which occurs on the right side is T.-I • 

The various terms which enter the sum (24) can be distinguished according 
to the position 2/C at which the first 0 occurs in their type sequence. In the terms 
in which 0 occurs at the position 2/C, the index ~. = 0 so that they contribute 
altogether to the Bum (24) 

(26) T~(q)N2'AvHoil'+IHi2'+li2'+2' .. H i2o_ 10 = T~(q)N2<Av(H2'-2')oo . 
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The whole sum (24) will contain terms which correspond to any K from 1 to 
V; it will be a sum of expressions (26) with all these K. Hence 

T.(q)N'bI = L:-l T~(q)N2I<Av(If'-2I<)oo 

= L:-l T;(q)T J-«q)}f' 
(26a) 

(for V > 0) 

whet'e (23) was used to express the Av. This last expression is the analogue of 
the second member of (14a). Substitution of (25b) into (26a) gives a recursive 
formula for the T. alone 

(26b) 

T = 2 ~. ~.-1 (2K - 2) T>.T._. + ~ 
, q .L,.,.-l .L,.,>-O 2>' 2K _ 2>. _ 1 '0 

= 2 ~'-1~. (2K + 1) 7'>. 7" ___ 1 + ~ 
q .L,.,.-o .L,.,>'-O 2>' 2" + 1 '0 • 

The last term was added to make (26b) valid also for v = O. The highest 7' 
that occurs on the right side has index v-I and the equations (26b) determine 
successively all T • . One obtains, either by direct calculation or from (26b) 

(26c) To = 1 TI = 2q T2 :;:: 8q2 + 2q/3. 

The equations of the preceding section for the M. are contained in (26b) 
as a limiting case for q = o(). Hence the coefficient of q' in T. is 
2'(2v) !J(V!(II + 1) I). The coefficient of q,-1 is 

23.-411/3 - 2,-2(211 - 1) !«II - 1) !)-2/3. 

The coefficients of q and l are 2/(211 - 1) and 4(211 - 2)/(211 - 3), respectively. 
However, no closed expression could be obtained for T •. 

The following estimate of T. , although very crude, will show by Carleman's 
theorem [1], p. 115 or [4] p. 19, that the moments (26b) uniquely determine 
the distribution function. The explicit expressions (26c) show that 

(27) T. < 2(q + 1)'112> 

is valid for v = 0, 1. It will be proved, in general, by induction. If (27) is valid 
for X = 0,1,2, ... , II - 1, we have, for" ~ v-I 

(27a) LA-G (2" 2t 1) T>. < 2 LA-O (2/C 2t 1) (q + Il>.2>' < 2 Lo (21C 2t 1) 

. (q + l)"i). < (q + 1)"[(1 + 1C)2«+1 + (1 - 1C)21+IJ. 

The last term on the right side can be omitted for IC ~ 1. For K = 0, omission 
of the last term makes (27a) an eqaality. Hence, we have, by (26b) and (27) 

T, ~ 2q L::~ (q + 1)"(1 + K)21+12(q + 1),-·-1(11 - " - 1?(·-I-ll/(21C + 1) 

. {I (v - 1)2.-2 23(11 - 2)b.-( (II - 1)2.-312 l,-I} 
< 4(q + 1) 1 + 3 + ... + 211 - 3 + 211 - 1 . 
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There are 1/ terms in the bracket and the last one is largest among them. Hence 

(27b) 

for 1/ = 2, 3, .... This proves (27). 
It follows that 

(27c) 

so that the series with the general term (27c) diverges and the Perron-Carlemall 
criterion for the uniqueness of the moment problem (28b) is satisfied. 

Equations for the strength function 

We shall write the basic equation for the strength function at once in terms 
of (1 

(28) 

By introducing a proper scale for the variable of the strength function 

(28a) p(~) = N (1(N~) 

(28) transforms into 

(28b) 

All odd moments of (1 and p vanish. The existence of all moments implies that 
p goes to zero at ~ - ± 00 faster than any power of ~. Substitution of (28b) into 
(26b) gives for 1/ ~ 0 

J (2 + 1) J J f Ar2v-2.-2 (29) d~f'p(~) = 2q L::~ L~-o /( 2>' d~ drp(~)p(r) 2K + 1 

All integrals in which no limit is given are to be extended from - 00 to 00. To
gether with J p(~) d~ = 1, (29) completely determines the even function p. 
The summation over>. can be carried out in (29) by the binomial theorem and 
gIves 

(29a) J dtt2'p(~) = q 2:::~ J dt J drp(~)p(r)eV-2'-2 (1 + ~)2';: ~ ~ - ~)2.+1 

Integration of the identity 

gives 

(29b) 

2. 1 
,",.-1 2. _ X -
L.".-o x -. 1 x- -
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Hence (29a) can be written also as 

(29c) J d~r' p(~) = !q J d~ J drp(~)p(r)r2H (1: dx + 1: dx ) ::' ~ 11 

where a = (1 + ~)/r and {j = (1 - ~)/r. Introducing z = rx as new variable 
instead of x gives 

The purpose of the following transformations is to bring the right side into a 
form in which v appears only as the exponent of r. This cannot be done by 
simply interchanging the variables z and r in the term which contains i' be
cause the singularity which would then result at z = r. In addition, it appears 
worthwhile to simplify the last equation somewhat. One can replace the two 
integrals with respect to z by two similar integrals extending from ~ - 1 to 
~ + 1 and from - ~ - 1 to - ~ + 1. Since the remainder of the integrand is 
an even function of ~, the two integrals are equal and can be replaced by twice 
one of them. Finally, one can interchange the integrations with respect to z and 
~ to obtain, still only for v ~ 0, 

J J J 1,+1 2. 2P 

drr2, per) = q dz dr 0-1 d~pWp(r) ZZ2 =: ~2 
(30) 

in which 

(30a) 

is again an even function which drops to zero at z = ± <Xl faster than any power 
of z. Since the integrand on the right side of (30) has no singularity, it is per
missible to exclude two narrow strips I z ± r I < e from the integration. Then, the 
integration variables z and r can be interchanged in the term with z2P to give, 
ase-+O 

(30b) J drr2• per) = rr q dz drfR1(r)p(z) + p(r)R1(z)] ,.2 r 2
• 2' 

JJ1.;I;tI>t ) - Z 

Even though both integrands are even functions of r, the application of the 
theorem of moments to equate the integrands is not permissible because (30b) 
is not valid for v = O. 

In order to render (30b) valid also for v = 0, we calculate first 

f dz 1 In 2r + e for 0 < r < e 
Iz±rl>t Z2 - ~ = r -e-

(31) 

for e < r. 
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These expressions are proportional to 1/ c as long as r is of the order c. They 
drop very fast as r increases: the integral is 1 for r '" c1 and of the order of 
ct for r '" ct. Hence, if f(r) is an even function with two continuous deriva
tives which is small enough at r = ± 00 , 

(31a) . LY. f(r) hmc_o dz dr -2--2 = cf(O); 
Iz±fl>c z - r 

c is the integral of (31) from r = - 00 to 00 or twice the integral from 0 to 00. 

The reader will recognize that the double integral of (e - i)-lover the whole 
rz plane excluding the I r ± z I < c strips is not absolutely convergent: it gives 
a negative value if first integrated over z then r, the opposite value if the in
tegration is carried out in the reverse order. It is clear from (31a) that the sub
traction of a term f(r) in the square bracket of (30b) will not render this equa
tion invalid for JI ~ 1 as long as the even function f(r) drops faster at± 00 

than any power of r because r2'f(r) vanishes at r = O. On the other hand, the 
value of the integral for JI = 0, which is zero as the integral now stands, will 
become 1 if 

(32) 

Hence 

(32a) J dn2"p(r) = limt_o J dn2'j q dz R1(r)p(z) it(r)~l(z) - f(r) 
Iz-~I<t - z 

is valid now for all JI. It can be written in a somewhat more transparent form 

= l' . J d,..,..2, f d 2R1(r)p(r) - f(r) Imt_o ) ) q Z ,..2 2 • 
Iz±fl>t ) - Z 

In the square bracket, the strips I z ± r I < c need not be excluded from the 
integration since the integrand is regular everywhere, Because of (31a), the 
right side can be replaced by 

(32c) o.ocq[j(O) - 2Rl(0)p(0)] = !1I'2q5.o[2/1I'2q - 2Rl(0)p(0)]. 

Hence, the left side of (32b) contains the moments of an even function of and 
the form (32c) of the right side shows that these all vanish except the zeroth 
moment. It follows that the function vanishes and so does its zeroth moment 

(33) 

(33a) 

p(r) = qR1(r) J p(z) - p(r) dz + qp(r) J R1(z) - R)(r) dz 
r2 _z2 r2 _z2 

R1(0)p(O) = 1/1I'2q. 

The last equation means, in terms of the strength function u (cf. (28a)) 

(33b) NO'(O) L: u(x) dx = l/iq. 
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Discussion of the equations (33) for the strength function 

As was mentioned before, the problem of the preceding section represents 
the limiting case q = 00 of the present problem. Hence, (20) is a solution of 
(33), (330.) for very large q. In the opposite limiting case of small q, the total 
width of p will be much smaller than 1 and Rl can be replaced by lover the 
significant region. Hence, in this case 

(34) 

This equation is solved by 

(340.) 
q 

the constant being determined by (330.). However (340.) is valid only as long as 
r « 1 since only in this region is Rl '" 1. 

Neither (20) nor (340.) give the asymptotic behavior of p(r) correctly. In 
particular already the second moment of (340.) is divergent. The asymptotic 
behavior can be calculated on the basis of the observation that p and Rl surely 
decrease to 0 at r -+ 00 faster than any power of r and that, hence, the largest 
contribution to the integrals in (33) comes from the region at very small z. 
Hence, the f - l in the denominators can be replaced by r2. Since the integrals 
of p and Rl are 1 and 2, respectively, we have asymptotically 

(35) 

The last term on the right side is much smaller than the left side and can be 
omitted. The resulting equation has the asymptotic solution 

(350.) per) ~ const. (2qr2 ln r/l)-r. 

The calculations reported in the present paper were carried out during the 
summer of 1954. The writer is much indebted to the Wisconsin Alumni Re
search Foundation for supporting this work. 
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The matrices which form the subject of an earlier study [1] consist of a diag
onal matrix k 

(1) ( - «> < m, n < «» 

and of the "border". This is a real symmetric matrix v, all the elements of which 
vanish beyond a certain distance from the diagonal 

(Ia) v,,'" = 0 for I m - n I > N ( - «> < m, n < «» 

while those closer to the diagonal have all the same absolute value 

(Ib) I V"m I = v for I m - n I ~ N. 

Since v is symmetric v ..... = V .. m • SUbject to this condition, however, the signs 
of the v" ... are random; i.e., ensembles of matrices are considered with all pos
sible signs of the Vm .. subject to the conditions of symmetry. 

The problem is connected with the real normed characteristic vectors ",<A) of 
H = k + v: 
(2) 2:. .. H ..... ",~A) = >.",~A). 

The average value of (",~A»2 over all matrices of the ensemble was denoted by 
u(>.), the characteristic value>. being considered as a continuous variable. A 
more nearly exact definition of u(>.) is given in the aforementioned article. A 
complete solution could be given for N = I; the more interesting case of a very 
large N led, in general, to an integral equation. In order to formulate this in
tegral equation, a more proper scale for the variable>. was introduced 

(3) p(>./N) = Nu(>.). 

It was further assumed that, together with N, also v tends to infinity in such 
a way, however, that 

(3a) 

remains finite. Then, the following integral equation (33) was obtained for p, 
partly by heuristic arguments 

(4) per) = qRt(r) J P(~2 = ~~t) dz + qp(r) J RI(~ = ~I(r) dz. 

All integrations on which no limits are given are to be extended from - «> to 
«>j 

(4a) I t+l 
RI(r) = p(z)dz. 

t-l 

203 
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It is easily seen that per) is an even function, it tends to zero for large r so rap
idly that all its moments exist. Its zeroth moment (integral) is 1, its second 
moment 2q. 

The integral equation (4) could not be solved in closed form and no such 
solution will be presented here. However, it will be transformed into a much 
simpler equation from which the approximate expressions for p (for large and 
small values of q) which were obtained before can be obtained much more 
easily. For this purpose we consider the function r(z) which is analytic in the 
upper half plane, tends to zero in that plane as I z I -+ a), and the real part of 
which is p(z) for real z. This function is well known to be given in the upper 
half planc by the integral 

(5) r(z) = .!- J per) dr 
~'Ir r - z 

(for 1m z > 0). 

It is easy to verify that the real part of r(z) tends to per) as z approaches the 
real r from above 

(5a) Re r(z) = p(z) (for real z). 

The imaginary part of r(z) on the real axis is obtained in the same way as the 
principal value integral 

(5b) 1m r(z) = ! P J per) dr 
'Ir z-r (for real z). 

Naturally, the integral representation (5) is not valid in the lower half plane; 
in fact, the real part of the integral in (5) approaches -per) as z approaches 
the real r from below. In the lower half plane r(z) must be obtained by analytic 
extension from the upper half plane, not by (5). As a matter of fact, it will not 
be necessary to make such an extension, the complex variable z can be restricted 
for the purposes of the present article to the upper half plane including the real 
axis. 

Let us consider now the analytic function which is in the same relation to 
Rl as r is to p. The function 

(5c) 

satisfies all the conditions which this function must satisfy and is therefore this 
function. It is also even in z. 

At very large I z I , because of the rapid drop of per) at r -+ ± a), and since 

J per) dr = 1, one obtains from (5) 

(6) r(z) -+ i/'lrz (for 1m z > 0). 

Let us now calculate the imaginary parts of r(z) and Tl(Z) on the real axis. 
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Since p is an even function 

(7) 

1m r(z) = ~ P J per) dr = ~ P J (p(r) + p( -r») dr 
7r z - r 27r z - r z + r 

An easy calculation gives, furthermore, 

p LOO 2z dr = 2P 1"" (_1 ___ 1_) dr 
00 Z2 - r2 0 r + z r - z 

= 2 lim lim (1'-- dr + iN dr) (_+1 __ 1_) 
N->oo.-.O 0 z+' r z r - z 

= 2 lim lim {[In ~Jz-- + [In ~JN } 
N->rJ:J <->0 Z - r 0 r - z z+. 

= 2 hm hm In -- + In -- - In -- = O. . . { 2z - € N + z 2z + €} 
N->rJ:J .-.0 € N - Z E 

It now follows by means of (7) that for real z 

(7a) 

since the last equation shows that the term added on the right side vanishes. 
The principal value integral can now be replaced by the proper integral since 
the integrand has no singularity any more. 

As (4a) shows, the even character of p entails the even character of R1 • 

Hence, the same calculation gives 

(7b) 1m rl(z) = .: J RIG;) - RI(z) dr 
7r Z2 - r2 

and (4), multiplied Ly z/7r, can be given the form 

(8) (for real z). 

It follows that the real part of the analytic function w = zr/7r + iqrrl vanishes 
on the real axis. Since l' and 1'1 are both regular in the upper half plane, includ
ing the real axis, this holds also of w. Finally, since both l' and 1'1 tend to zero 
as I z I ~ 00, and because of (6), w ~ i/7r2 for very large z. It follows that w -
i/7r2 is regular in the upper half plane, tends to zero for I z I ~ 00 and its real 
part vanishes on the real axis. Hence w - i/-rr2 = 0 

(9) 

This is the simplified form of (4) to which we were referring. It can be written 
in an even slightly simpler form if one introduces p(z) = 7rr(z) and Pl(Z) = 



544 The Mathematical Papers 

206 EUGENE P. WIGNER 

1r1'l(Z) 

(9a) ZP + iqPPI = i 

while the relation between P and PI remains 

(9b) 10+1 

Pl(i) = 0-1 per) dt. 

The consequences of (4), obtained before, will now be derived from (9) or 
the equivalent (9a). It will be noted, first, that 1m r(z) is an odd function of 
the real variable z. This follows most easily from (7a). Similarly, (7b) shows 
that 1m rl is also odd. Hence, both rand rl are real functions of iz 

(10) r(iz) = r(iZ); 

In particular, rand rl are real for z = 0 and equal to p(O) and R1(0), respec
tively. Hence, insertion of z = 0 into (9) gives 

(11) 

This is equation (33a) of Reference 1. It follows from the development given 
there that (11) should be a consequence of (4). The preceding argument veri
fies this directly. 

Since 2q is the second moment of p, this will change very little in a unit in
terval if q is large. Hence, by (5c), rl ~ 2r for large q. Thus (9) becomes in this 
case 

or 

In this case for real z 

2iqr2 + (z/rr)r - i/7f2 = 0 

iz [1 i Jl 
r(z) = + 47fq + 27f2q - 167f2q2 . 

p(z) = Re r(z) = (47fq)-1(8q - i)l 

=0 

This is equation (20) of Reference 1. 

for i < 8q 

for i > 8q. 

If q is very small, the width of p will be very small and the integral of (5c) 
will be closely approximated by the similar integral from - 00 to 00 as long 
as z < 1. For real z, the value of this integral is 1 because this is the contribu
tion of the real part of r and because the imaginary part of r, being odd, does 
not contribute at all. Hence (9) becomes in this case 

«z/7f) + iq)r = i/-trl • 
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The real part of r then is for real z 

p{z) = Re r{z) = q/{Z2 + 7r2q2) 

which is (34a) of Reference 1. 
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On a Theorem of Magnus 
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1. In a recent paper [2],2 W. Magnus has shown that analogues 
of the Fourier inversion and Plancherel theorems hold for matrix
valued functions on the real line R. We propose to show that these 
theorems actually hold for an arbitrary locally compact Abelian 
group, and that Magnus's inversion integral (1. c. (1.4» can be 
simplified. For all group- and integral-theoretic notation, terms, and 
facts used here without explanation, see [1]. 

2. Let G be a locally compact Abelian group, written additively, 
with character group X. Elements of G will be denoted" s", "t", and 
elements of X by "x", with or without subscripts. The differential of 
Haar measure on G [X] will be denoted dt [dx] and these measures 
are to be so chosen that equality obtains in the Fourier inversion 
theorem [I, p. 143] and Plancherel's theorem [1, p. 145]. 

2.1. Let U be a continuous n-dimensional unitary representation 
of G, so that: U(s+t) = U(s) U(t) for all s, tEG; U(O) =1; and all 
coefficients U;1c of U are continuous functions on G. Then the reduc
tion theorem states that there exist a unitary matrix V and char
acters Xl, ... , x .. EX such that 

Received by the editors February 16, 1956 and, in revised form, October 1, 1956. 
1 The first-named author is a fellow of the John Simon Guggenheim Memorial 

Foundation. 
I Numbers in brackets refer to the bibliography. 
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2.1.1 

for all tEG. 

ON A THEOREM OF MAGNUS 

U(t) = V-I 

o 
o 

o o· .. x .. (t) 

741 

V 

The set {:X:I, ••• , X .. } of characters is completely determined by 
U, although obviously their order is not. 

2.2. We now select a symmetric compact neighborhood A of the 
identity in X having (finite) positive measure. Let E=E(Xl, ... , x .. ) 
be the function on X" that is equal to 1 if XiXk"lEA for allj, k and is 
equal to 0 otherwise. It is obvious that 

2.2.1 

for all xEX. 

3. Let fELl(G). We say that Fourier inversion holds for f if 
lELl(X) and Jxj(X)X(s)dx=f(s) for all sEG. (Recall that lex) 
= J of(t)x(t)dt.) It is known [1, p. 143] that Fourier inversion holds 
if f is in Ll(G) and is also a linear combination of continuous positive 
definite functions. We can now establish our generalization of Mag
nus's theorem. 

3.1. THEOREM. Let F = F(t) be an n X n complex matrix function on 
G such that FikELl(G) and Fourier inversion holds for File, for all 
coefficients File of F. For every representation as in 2.1, let 

3.1.1 F--(U) = ft(t)U(t)dt. 

Then for all sEG, the equality 

3.1.2 K·F(s) = f Jr(U)U( -S)E(Xl, ... , X .. )dXl •.. dx .. 
.rIO 

holds, where " depends only on n and A and 0 <" < 00. The integral in 
3.1.2 is an n-fold group integral OfIer X .. , in which the integrand van
ishes unless XiXk"lEA for all j and k. The matrix r( U) U( -s) de
pends symmetrically on the characters Xl, •.. , X .. associated with U by 
2.1.1, and hence the integrand in 3.1.2 is well defined. 

PROOF. Let j and k be arbitrary integers, 1 ~j~n and 1 ~k~n. 
Using 3.1.1 and 2.1.1, we can write the (j, k)th entry of the integral 
in 3.1.2 as 
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(Here and also below we make free use of Fubini's theorem.) For each 
a and {j, the integral in 3.1.3 can be written as 

V~a'V~k f F ia(x~)XA -S)E(Xl, ... , X,,)dXl ..• dx,,· 
x" 

3.1.4 

To evaluate 3.1.4, suppose for simplicity that {j=1. The integral in 
3.1.4, taken over X2, ... J x,,, will be independent of the value of Xl. 
To see this, we substitute 2.2.1 in 3.1.4 and obtain 

3.1.5 

r E(XI, X2, ... J X,,)dX2 ..• dx" 
Jx" 

The last step follows because the Haar integral over X is invariant. 
Since X is arbitrary in X, our assertion about 3.1.4 follows. By 
hypothesis, Fourier inversion holds for F ja • Therefore, denoting the 
value of 3.1.5 by" (it is easy to see that 0 <K< 00), we can write 3.1.4 
as 

3.1.6 

Hence 3.1.3 is equal to L:.~=l fJ~aVllkKF;a(s) = I::-I OakKF;aCS) 
=KFik(S), This proves the theorem. 

3.2. REMARK. The foregoing proof shows that the matrices V and 
V-I in 2.1.1 playa quite inessential role for Fourier inversion. They 
do not affect the value of the integral 3.1.2, although F ...... (U) u"( -s) 
does depend upon the choice of V. This fact makes it unnecessary to 
integrate over the unitary group in order to invert the mapping 
F~F""". Notl;! that Magnus's inversion formula involves integrating 
over the unitary group. 

4. The Plancherel theorem is very easy to establish in the present 
context. For a matrix M, let M* be the conjugate transpose of M 
and let Tr M be the trace of M. 

4.1. THEOREM. Let F = F(t) be an n X n complex matrix-valued func
tion on G such that F;kELI (G)0.L2(G) for all coefficients F;k of F. Let 
F--- (U) be d,ifined as in 3.1.1. Then 
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/C Tr J/(t)F*(t)dt 

4.1.1 
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= Tr f F"( U)F"*( U)E(XI, ... , X .. )dXl ... dX ... 
Jx" 

PROOF. Let D(XI, ... ,X .. ) denote the diagonal matrix with entries 
Xl, ... , X .. · For a fixed representation U, write U = V-ID(XI, .•. , 
X .. ) V. Let pet) = VF(t) V-I, and let Q(XI, ... , X .. ) be the matrix 
{PjA:(XA,) }i,t-l' Then we have 

F--(U) = J/(t)U(t)dt = v-to JoP(t) ·D(Xl(t), ..• , x .. (t»dt· V 
4.1.2 

It is plain from 4.1.2 that 

Tr (QQ*) = Tr (F"F--*). 

Hence we find 

Tr = f F--F"*(U)E(Xl, ... ,X .. )dXl ... dx .. 
Jx" 

By the usual Plancherel theorem and the argument used in 3.1, we 
can rewrite the last term in 4.1.3 as 

4.1.4 

Now using again elementary facts about the trace, we can rewrite 
4.1.4 as 

/C fo Tr [p(t)P*(t) ]dt = /C fo Tr [VF(t)F*(t)V-I]dt 

4.1.5 

= /C fo Tr [F(t)F*(t) ]dt = /C Tr fo F(t)F*(t)dt. 

Combining 4.1.2-4.1.5, we have the present theorem. 
4.2. REMARK. If some coefficient FIA: of F is in L2(G) but not in 
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L 1(G), then the integral 3.1.1 does not exist as an absolutely con
vergent integral. Nevertheless, a theorem analogous to 4.1 follows 
with equal ease. 

5. We note finally the obvious fact that an "isomorphic" theory 
can be constructed using the integral 

--F(U) = fa U(t)F(t)dt 

and the inversion integral 
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Normal Form of Antiunitary Operators 

E.P.Wigner 

Journal of Mathematical Physics 1, 409-413 (1960) 

(Received April 25, 1960) 

Antiunitary operators are characterized in a manner similar to the characterization of unitary operators 
by their characteristic vectors and characteristic values. It is shown that a complete orthonormal set of 
vectors can be defined, some of which are invariant under the antiunilary operator. The rest of the vectors, 
which are always even in number, form pairs in such a way that the antiunitary operator transforms each 
member of a pair into a multiple of the other member of the same pair [Eq. (11)]. The extent to which the 
vectors of the orthononnal set are determined by the antiunitary operator i. ascertained and the number 
of free parameters in the various cases of degeneracy found. 

1. 

A NTIUNITARY operatorsl playa significant role 
in the theory of the invariance of quantum 

mechanical equations. The symmetry operators which 
involve the operation of time-inversion are antiunitary. 
The antiunitary operators are antilinear, i.e., if '" and 
'" are two vectors of the complex Hilbert space in 
which the antiunitary operator A is defined and if 
a and b are two complex numbers, 

A (a",+b>{I)=a*A",+b*A",. (1) 

The asterisk denotes the conjugate complex. Further
more, A changes the scalar product into its conjugate 
complex 

(2) 

Actually, (1) follows from (2) so that the latter equation 
can serve as the definition of the antiunitary nature 
of A. However, unless the Hilbert space has only a 
finite number of dimensions, it is also necessary to 
specify that A has an inverse. This is also antiunitary. 

If A is antiunitary, A' defined by 

A¥=A(M) (3) 

is unitary. This follows directly from the defining 
Eqs. (1) and (2), and it is also clear that AI has an 
inverse if A does. 

If All. is given for all the members of a complete 
orthonormal set of vectors VI, V" ••• , its an tilinear 
property defines it for all vectors v = 2:a.v. : 

Av=A(E a.v.)=E a.*Av.. (4) 

Hence, the normal form of A will be obtained by 
specifying a complete set of orthonormal vectors v. for 
which A V. has a particularly simple form. These vectors 
are the analogs of the characteristic vectors for unitary 

1 Some of the results of the present article can be obtained on the 
basis of theorems derived by E. Cartan in his 1&/IfU sur la 
Glomllrie ProieelilJe Compkxe (Gauthier-Villars, Paris, 1931). I 
am much indebted to Professor S. Bochner for drawing my 
attention to the very profound investigations contained in this 
treatise, which deals with general linear and antilinear trans
formations. However, the direct derivations, given in the text 
of the present paper, are hardly longer than the reinterpretation 
and amplification of Cartan's results (see particularly pp. 124-137) 
would have been. 

operators and wiII be, indeed, characteristic vecLors of 
A'. However, this property does not define them 
completely. 

If VI, v" • •• form a complete orthonormal set, 
A vI,A V" • •• also form such a set. The orthonormal 
nature of the latter set follows directly from (2), the 
completeness from the existence of the inverse of A. 
If w were orthogonal to all Av., then A-IW would be 
orthogonal to all Vl. 

We mention further for the sake of completeness, 
that if K is the operation of complex conjugation so 
that, in a particular coordinate system, 

(5) 

AK is unitary and it follows that every antiunitary 
operator can be written in the form 

A=UK, (6) 

where U is unitary. It follows from (6) that 

A'=UKUK=UU*K2=UU*, (7) 

where U· is the conjugate complex of U in the co
ordinate system in which (5) is valid. Since U U* is 
equivalent to its conjugate complex 

UU*= UU·UU-I= U(UU*)*U-I, (8) 

its characteristic values are either real or pairwise 
conjugate complex. It follows that the square of an 
antiunitary operator is equivalent to a rotation. The 
last four equations will not be used explicitly. 

2. 

It will be assumed that the spectrum of A2=A is 
discrete. The complications which arise if A has-a 
continuous spectrum are not serious, but their elimina
tion is cumbersome. Let us consider then a characteristic 
vector of A: 

Av=A2v=wv. (9) 

Since A is unitary, I w I = 1. It then follows that Av is 
also a characteristic vector of A, 

AA~=A2Av=AA'~=AWII=W·Av, (10) 

409 
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and belongs to the characteristic value w*. Unless 
w= 1 or w= -1, w~w* and Av is orthogonal to v. 
Hence, if we choose an arbitrary orthonormal base, 
Vwl,Vw2,' •• among the characteristic vectors of w, we 
can define, if w is complex, 

vw'.k=wiAvw.k or AVw.k= (wl)*vw'. (11) 

and the VW'.k will form a full base of orthonormal 
characteristic vectors to w*. The sign of the square 
root in (11) is best fixed in such a way that the 
imaginary part of wi shall have the same sign as the 
imaginary part of w. Then (w*)I= (wl)*. The purpose 
of the wi factor will become evident at once. 

Application of A to both sides of (11) gives 

(12) 

so that the choice of the characteristic vectors to w* 
made in (11) renders this equation valid also if w is 
replaced by w*. The Vw •• may be called characteristic 
vectors of A also.2 However, in contrast to the unitary 
case, the characteristic vectors of A to w also define 
the characteristic vectors of A to w* if we want (11) 
to hold. If one recalls that A is equivalent to a 
rotation it is not surprising that a certain amount of 
simplification results if a relation exists between the 
characteristic vectors of wand of w*. In the case of 
a rotation one would set vwo •• =vw •• *. 

Let us consider now a characteristic vector v to the 
characteristic value 1 : 

(13) 

It then follows from (10) that Av is also a characteristic 
vector to the characteristic value 1 and so is, unless it 
vanishes, Vn=c(v+Av); C is a real normalization 
constant. It follows from (13) that 

Avn=Ac(v+Av) =c(Av+v) =Vll, (14) 

so that Vn is invariant under A. If v= - Av we choose 
vn=iv and have again 

AVn=Aiv=-iAv=iv=vn. (1S) 

Next we consider another characteristic vector v' = Av' 
which is orthogonal to Vn: 

(Vll,V') =0. (16) 

Because of (2) and (14), 

(vl1,A v') = (A2V',Avl1) = (AV',Vl1) = (V',Vl1) =0, (17) 

Av' will also be orthogonal to Vn. We can write there
fore vI2=c(v'+Av') or, if this vanishes, VI2=iv', and 
this will still be orthogonal to Vn and also invariant 
under A. Proceeding in the same way, a full ortho
normal base VII,VI2,'" of characteristic vectors of A 

• The two vectors ' •• and '.0. form a plane in our Hilbert 
space. The line which corresponds to thIS plane in Cartan's 
projective space is the invariant line of the passage dted in foot· 
note reference 1. 

to the characteristic value 1 can be found which are 
invariant under A, 

(18) 

The vectors which satisfy (18) can be called the 
invariant vectors of A. The procedure just used to 
ensure (18) is similar to the separation of real and 
imaginary parts of a number. 

Let us finally consider a characteristic vector of A 
to -1: 

(19) 

In this case again, because of (10), AV_ll is also a 
characteristic value to -1. Furthermore, AV_n is 
orthogonal to V_n because of (2) and (19) : 

(V-n,AV-n) = (A 2v_n,A v_n)= - (Ln,At'-n). (20) 

Hence we can write 

v_IoI=iAv_n V-l1= i*A LlOl= -iAv_IOl. (21) 

If A has further linearly independent characteristic 
vectors to -1, a normalized V-12 can be found which 
is orthogonal to both V_n and V_lOl. Furthermore, the 
same will be true of V_I02=iAv_12. Thus, for instance, 

(V_I02,V_n) = (iAv-12,V_n) = -:i(Av_l1,A2V_12) 
= -i( -iV_IOI,-V_12) =0. (22) 

Hence, proceeding in the same way, one can find a full 
orthonormal base of characteristic vectors of A to -I, 

(23) 
for which 

v_lo.=iAv_lk V_lk= -iAv_l •• =i*A_IOk (24) 

holds. These equations are formally identical with the 
Eqs. (11) for complex characteristic values if one 
considers -1 to be two conjugate complex characteristic 
values -1 and -1* of A, which happen to coincide. 
The V_I. belong to the characteristic value -I, the 
V_I'. to the characteristic value -1*. Equation (24) 
becomes a special case of (11) if one sets (-I)'=i; 
(-I*)I=i*=-i. 

3. 

On summarlzmg the preceding results, we can 
characterize an antiunitary operator by two sets of 
vectors, which jointly form a complete orthonormal 
set, together with the characteristic values Wt,Wl*,W2, 
W2*" .. belonging to the second set. These characteristic 
values are pairwise conjugate complex, of modulus I, 
but are not equal to 1. The first set of vectors are 
invariant under the antiunitary operator, i.e., (18) 
applies to them; (11) is valid for the members of the 
second set. The w may also be equal to -I, but this 
characteristic value always occurs in pairs and one 
member of the pair is denoted by -1, the other by -1*. 

It will be shown now that any two sets of vectors 
VI. and Vw< which jointly form a complete orthonormal 
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set, together with the corresponding Col, give an anti
unitary operator by means of (4), (11), and (18). In 
other words, the sets Vlk and VoM are not subject to any 
further conditions except that there are just as many 
vectors bearing the index '" as there are with the 
index ",*. The number of vectors in the first set is arbi
trary and so are the values of ",except that "';O<! 1, 1",1 = 1 
and they occur in conjugate complex pairs. 

In order to prove the preceding assertion we consider 
two vectors rp and 1ft and expand them in terms of the 
orthonormal set 

rp= L akVa+ L bwkv"" 
• otk 

1ft = L c.va+ L d""Vwk. 
(25) 

k ... 

A rp and A1ft are then given by 

A rp= L a. *Vlk+ L b"" * (",I)*v .... 
• oM 

Aif/=E C.*va+ E d ... *(",I)*v .. tk. 
(26) 

• ..k 

Both conditions (1) and (2) of the antiunitary nature 
of A can be verified to be consequences of (26) and the 
orthonormality of the Vlk, V .. k, provided that 

(",*)1=(",1)* 1",1 ==1. (27) 

For "'= -1, this last condition is spelled out explicitly 
in (23). As was mentioned before, (27) can most simply 
be assured for complex '" by using that sign for ",I for 
which the signs of the imaginary parts of '" and of ",I 
are the same. 

4. 

Evidently, the two sets Vlk, v"" and the corresponding 
'" completely determine A. Conversely, A determines 
the number of vectors contained in the set vlk-this is 
the multiplicity of the characteristic value 1 of A"-and 
the value of the", and their multiplicities. However, 
the vectors II are not completely determined by A and 
the present section will be devoted to the determination 
of the freedom that remains in the choice of these 
vectors. 

Let us denote two other orthonormal sets which 
characterize the same antilinear operator by Wlk and 
w.. Since the Wlk form a base for the characteristic 
functions to the characteristic value 1 of A == A 2, 

they are connected with the Vlk by a nonsingular 
transformation 

(28) 

In fact, it follows from the orthonormality of the IIlk 

and of the WI> that, is unitary. This is, however, not 
the only condition on ,: If the vectors Wlk are to be 
invariant under A, i.e., if they satisfy (18), 

AWlk== E rki"AvlI== L 'k,*VIl==Wlk, (29) 

the '.1 must be real. Hence, two different invariant 
sets of vectors of the same antiunitary operator are 
related to each other by a rotation 

(30) 

The prime denotes the transpose, the dagger the 
Hermitian adjoint. 

For complex Col, the sets w. and Vwk span the same 
linear manifold. Hence, we have 

(31) 

and it again follows from the orthonormality of the 
w .. and v .. that u( .. ) is unitary. By calculating Aw. 
again, we find 

Aw.== E uk,( .. )tAvw'= E uk,( .. )·(",*)lv ... " (32) 

so that if we want Aw",,== (",*)Iw .. tk to remain valid, 
we must have 

(33) 

i.e., the unitary transformations which belong to 
conjugate complex characteristic value are conjugate 
complex. 

The preceding argument does not apply if ",=-1. 
It is indeed clear that in this case the W_lk may be 
linear combinations of the V_a and of the V_I •• because 
all these belong to the characteristic value -1 of A. 
Hence we set 

W_a= L S.,V_II+ L Ik,V_I.'. (34) 

The condition (24) that W_I •• ==iAW_lk now reads 

W_ltk== iA (L $k,V_II+ L lkJV_I.') 
= E sk,*iA V-II+ L IkliA V_It' 
== L - Ik,*V_II+ L Sk,*V_I." (35) 

Hence, the sets of vectors W_I and W_I. are obtained 
from the sets V-It V_I. by the transformation 

(36) 

This will guarantee that (24) is valid for the W_I, W_I. 
if it is valid for the 11-1, V_I. because the second set of 
Eqs. (24) can be obtained from the first set by applying 
A to these. However, in order to make the W_l, W_l. an 
orthonormal set, the S of (36) must be unitary. The 
conditions for this are obtained by setting sst == 1 or, 
in terms of the submatrices s and I, 

sst+ut== 1 st'=ts'. (37) 

It is easy to see that if the conditions (37) are satisfied, 
S becomes a simplectic matrix, i.e., it leaves the form 

F=ll_~ ~II (38) 



554 The Mathematical Papers 

412 EUGENE P. WIGNER 

invariant in the sense that 

SFS'=F. (39) 

It follows that the sets W_Ik, W_IOk are obtained 
from the sets V_lk, V-10k by a unitary simplectic 
I ransformation. 

The calculation of the last paragraph shows that the 
role of vectors Vwk, VW*k for w= -1 is quite different from 
the role of the vectors Vwk, VW*k for complex w. The fact 
that the same Eq. (24) holds for w= -1 and for complex 
w is somewhat accidental. 

It may be well to note at this point that the equation 

Aw=/I'W (40) 

with complex v does not imply that v is one of the w. 
In fact, (40) holds with tu= (VI)*Vlk and an arbitrary p. 

5. 

Lastly, we shall determine the number of free 
parameters in an antiunitary transformation which 
can be characterized by I invariant vectors; 2m vectors 
with the characteristic value -1; 2p different complex 
characteristic values with positive imaginary parts 
and their complex conjugates with multiplicities 
CI,C!,' •• ,Cpo These are then also the mUltiplicities of 
the corresponding conjugate complex characteristic 
values. Hence, 

where tI is the number of dimensions of the underlying 
Hilbert space which will be assumed to be finite 
dimensional in the present section. 

The number of free parameters will be calculated by 
adding the free parameters necessary to characterize 
the complete orthonormal set Vlk, V .. k and the w, and 
subtracting the number of parameters contained in the 
transformations which alter the v but leave A un
changed. These were determined in the preceding 
section. 

A complete orthonormal set in n dimensions can be 
characterized by 2n-l+(2n-3)+ .. ·+3+1=n2 pa
rameters. The number of free parameters in the w is 
just p. Hence, n2+p parameters are necessary to 
characterize the v and the w. 

A rotation in the l-dimensional space of the Vlk does 
not change A. The number of parameters of such 
a rotation is !/(l-I). Similarly, a 2m-dimensional 
unitary simplectic transformation remains free for the 
vectors V_II, ••• , V_1m, V_lol, ••• , V_I .... The number of 
parameters of such a transformation is m(2m+ 1). 
Finally an arbitrary unitary transformation of the 
vectors' V .. l, V .. 2, ••• leaves A also unchanged if the 
conjugate complex transformation is applied to the 
vectors Vw*l, Vw"2, •••• The number of parameters in 
such a transformation is just the square of the cor
responding C. Hence, the total number of free parame-

ters in the anti unitary transformation is 

p 

p=n2+p-!I(I-I)-m(2m+ 1)-L Crl 
I 

p 

=n!-!I(I-1)-m(2m+l)-L(cr2-1). (42) 
I 

For even 1J, the number of parameters is just nl if 
all the characteristic values are complex and simple. 
Two invariant vectors decrease the number of parame
ters by 1, two characteristic values -1 by 3, if a 
complex characteristic value is doubly degenerate 
(the same then holds for the conjugate complex 
characteristic value) the number of parameters is also 
decreased by three. 

The number of free parameters is also n2 if n is odd 
and there are n-l simple complex characteristic 
values and one invariant vector. Multiplicities among 
the complex characteristic values and the presence of 
a characteristic value -1 (which is always at least 
double) reduce the number of free parameters as in 
the case of even n. 

The fact that the number of parameters is n2 in the 
general case could have been inferred from the possi
bility of representing an antiunitary transformation 
in the form (6), i.e., as the product of a unitary trans
formation and complex conjugation. The number of 
free parameters in an n-dimensional unitary trans
formation is just n2• The decrease in the number of 
free parameters (by 3) caused by the presence of a 
single pair of characteristic values -1 is remarkable. 

6. 

The preceding results will now be formulated in the 
language of projection operators and thus extended to 
the case in which there is a continuous spectrum. 
However, the proofs, which are rather obvious, will 
be omitted. 

Consider again the unitary operator A=A2. If 1 and 
-1 belong to the point spectrum of A, denote the 
corresponding projection operators by El a~d L I • 

The projection operator which belongs t? an mterval 
J of the unit circle in the complex plane Will be denoted 
by EJ. All these projection operators are self-adjoint, 
commute with A and with each other; the product of 
two of them is equal to the projection operator which 
corresponds to the intersection of the domains to 
which the two factors correspond. Furthermore, 

AEl=El ALl=-LI limAEJ= wEJ, (43) 

where the lim in the last equation indicates that J is 
an infinitely narrow interval around W. We define the 
antiunitary operators 

Al=AEl A_l=ALl AJ=AEJ, (44) 
then 

(45) 
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The lim again indicates that the intervals J are 
infinitely narrow j they cover all the unit circle with 
the exceptions of the points 1 and -1. The intervals J 
will be assumed to lie either entirely in the upper 
half-plane, or entirely in the lower half-plane. The 
interval J* will be the conjugate complex of the 
interval 1. 

It is good to recall, for the rest of this discussion, 
that A-I is also an antiunitary operator and is, in fact, 
given by 

(46) 

A transforms every projection operator into the 
projection operator which corresponds to the conju
gate complex domain 

AE1A-l=E1 AE....1A-I= E....l AEJA-I=EJo. (47) 

These equations can be given a variety of forms by 
combining them with (43) and (44). The most interest
ing of these forms gives the projection operators in 

terms of the AJ. Thus 

A12=AE~El=E1A2El=E1AE1=E12=El. (48) 

Similarly, 
A_12=-E....1 limAJoAJ=wEJ. (49) 

Whereas, if I and L do not overlap, 

(SO) 

These equations form a substitute for the equations 
involving the characteristic vectors ~ of A. As an 
example, we show that ~-li -and A "-li are orthogonal 
or, in the present language, that E....1tp and AE....1tp are 
orthogonal for any tp 

(E....1tp,AE....1'P) = (A2E....1tp,AE....1'P) 
= (-E....l'P,AE....1'P) =0. (51) 

The second form follows from the antiunitary nature 
of A, the third from (43). 
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It is well known that one always can find as many orthogonal states (i.e., states between which the 
transition probability is zero) as the Hilbert space has dimensions which are invariant under a given unitary 
(ransformation. The corresponding vectors are cbaracteristic vectors of the unitary operator. In contrast, 
most antiunitary operators leave not more than one state invariant. However, if there are two orthogonal 
invariant states, a consideration of the states for which the transition probability is i into both invariant 
states surely provides a distinction. In the antiunitary case, one of these states is also invariant, another 
one is transCormed into an orthogonal state, the rest are in between. In the unitary case, the transition 
probability between original state and transformed state is the same for all states for which the transition 
probability is t into two orthogonal states. This provides a "directly observable" distinction between 
unitary and antiunitary transformations. 

1. 

T HE invariance transformations of quantum 
mechanics are transformations in a complex 

Hilbert space which leave the absolute value of the 
scalar product of any two vectors 1(>, '" invariant: 

(1) 

The reason for the invariance of (1) is that this absolute 
value (or, rather, its square) is, according to the usual 
physical interpretation of quantum mechanics, opera
tionally meaningful: It is the transition probability 
between the two states characterized by the two 
vectors rp and "'. It is well known that the transforma
tions T which satisfy (1) fall into one of two categories: 
They can be unitary or antiunitary. 

The last statement should be formulated more 
precisely. The physical state does not determine the 
state vector I(> completely, all mUltiples of I(> (the 
whole "ray of 1(>") describe the same state. It is 
customary and useful to normalize the state vectors, 
i.e., to choose a vector from the ray of I(> which is 
normalized, 

("",1(»= 1. (2) 

Even then, a phase factor (i.e., a factor of modulus 1) 
remains free in 1(>. The same applies to the transformed 
state, the ray of TI(>. Note that (1) remains valid if 
rp, "', T rp, and T", are multiplied by arbitrary phase 
factors. The precise formulation of the statement at 
the end of .the preceding paragraph stipulates the 
possibility of a certain choice of the state vector from 
the ray of the transformed state, which corresponds 
to any choice of a state vector I(> from the ray of the 
original state. The choice referred to therefore replaces 
the physically given ray correspondence by a vector 
correspondence. The theorem states that the choic!! 
can be made either in such a way that for any two 
state vectors 1(>, '" and any two numbers a and b, 

(unitary case), or in such a way that 

T(arpH",)=a*TI(>+b*T", and (rp,"') = (T""TI{J). (3b) 

In the latter case T (and also the ray correspondence 
from which it derives) is called antiunitary. 

It is easy to show, by abstract reasoning, that no 
transformation can fall into both classes, i.e., that if 
the choice of Trp from its ray can be made in such a 
way that (3a) becomes valid, it cannot be made in such 
a way that (3b) becomes valid, and conversely. 

It follows that it must be possible to ascertain the 
unitary or antiunitary nature of a transformation by 
considering only transition probabilities, i.e., absolute 
values of scalar products. However, it may be of some 
interest to spell this out in detail, and it is the aim of 
the present article to do this. Use will be made, for 
this purpose, of the normal form of antiunitary 
operators obtained in the preceding article.' Similarly, 
the unitary operators will be described by their 
characteristic values and the corresponding character
istic vectors. 

We note for further reference that if rp and", are 
normalized state vectors, they represent the same 
state if rp=WI/t with an arbitrary w of modulus 1. In 
this case I (rp,,,,) I = 1. On the other hand, if 

(4) 

I(> and", represent states which have, at least in some 
respect, opposite properties. If (4) holds for two states, 
we call them orthogonal: The transition probability 
between them is zero. Orthogonality is, therefore, an 
operationally verifiable relation between two states. The 
number of the mutually orthogonal states is equal to 
the dimension of the underlying Hilbert space. We shall 
assume henceforth that this is larger than 1. 

'Jl(arpH"') = uTI(>HT", and ('1',"') = (TI(>,TI/I) (3a) 
414 

1 E. P. Wigner, ). Math. Phys. 1,409 (1960), preceding article. 
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2. 

Let us consider, first, the states which are left 
unchanged by the transformation. For these, 

T'P=w'P, (5) 

and we shall call them invariant states. If T is unitary, 
'P is one of its characteristic vectors. It follows that 
there is at least one set of mutually orthogonal states 
which contains as many members as any set of mutually 
orthogonal states contains. In particular, unless there 
are at least two orthogonal invariant states, the 
symmetry operator cannot he unitary and must be, 
therefore, antiunitary. 

If the spectrum of the unitary operator is simple, 
the invariant states are isolated, but if it has a char
acteristic value of multiplicity l, the corresponding 
invariant states form a continuous manifold with 2l-2 
parameters. The characteristic functions have l com
plex or 2l real parameters but the normalization 
condition subjects these to one real equation and one 
real parameter, characterizing the phase factor, is 
physically meaningless. 

Let us consider now an antiunitary transformation. 
We decompose the state vector into the invariant and 
characteristic vectors of the operator T 

'P= L /JiVlI:+ L b,""v"",. (6) 
k .. k 

If T'P=w''P (i.e., 'P is an invariant state), we can 
consider 'P' =w'l'P and have 

T <p' = (w'I)·T 'P= (W'I)*W'P= (W'I).'P= 'P'. (7) 

It follows that the structure of the set of invariant 
sta~es .is, in general, very different for unitary and 
antIumtary operators. An anti unitary operator may 
have no invariant state, or it may have only one. 
However, no matter how many invariant states it has, 
they form a continuous manifold each member of 
which can be changed continuously into any other. 
If the antiunitary operator has n orthogonal invariant 
vectors, the manifold of. invariant states is an n-1 
dimensional continuous manifold. Its state vector can 
be described by n real coefficients the sum of the 
squares of which is 1. There is no arbitrary phase 
factor in this case because (8) already determines the 
phase factor. 

J. 

The number and topological properties of the 
invariant states actually permit a phenomenological 
distinction between llnitary and antiunitary trans
f~rmations. The following distinction is, however, more 
direct. 

Consider two orthogonal invariant states, 'PI and 'P2. 
If there are no such, the transformation is surely 
antiunitary. Next, consider the states for which the 
transition probability is ! into both 'PI and 'P2. The 
state vectors of these states are 

(14) 

Consider finally the transition probability of these 
states into the states Ty,a, 

(15) 

Since 'P and W'I'P represent the same state, it suffices, If T is unitary, 
in the antiunitary case, to find those state vectors for 
which Ty,a=2-I{wl'Pl+e"'W2'(2), (16) 

Since, for the 'P of (6) 
(8) 

and the transition probability becomes 

T'P=L: a,*vlk+ L: b ... *(wl)·v .... P(a)=l! (tpl+e"'tp2, wl'Pl+eigw.tp2) !'=t!WI+W.!2 
(9) =!(HRewlw2·). (17) 

'P will satisfy (8) if It is independent of a, i.e., the same for all the states 
(1O) Y,a with transition probabilities! into 'PI and 'P •• 

and 
(11) 

Since (11) must hold for all wand all k, w can be replaced 
therein by w* to give 

Let us assume next that Tis antiunitary. In this case 

(18) 

and the transition probability becomes 

(w·)lb...,,*=b.... or b .... *= w1b .... (12) P{a)=ll ('PI+e"''P'' 'P1+e-"''P.) 12=11 He-2",!. 
Insertion of the latter expression into (11) gives 

wb...,,=b... or b ... =O (13) 

since w~ 1. It follows that if the symmetry operator 
is antiunitary, the invariant states can be described 
by invariant vectors, i.e., by real linear conbinations 
of the Va. 

=!CHcos2a). (19) 

It varies, for the states in question, between 0 and 1. 
The preceding argument can yet be greatly 

generalized. In the unitary case, if the transition 
probabilities into n orthogonal invariant states 
'PI, 'P., ... , 'P. are prescribed to be '12, '.', ••• , ,.2 so 
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that In the antiunitary case, on the other hand, 
I: ,.1=1, (20) T1/I.I ...•• = I: ,tr .... ¥'., (23) 

and the transition probability becomes the general form of the state vector is 

1/1.1· ..•• = I: ,., .... 11'., (21) I (1/I.I··· •• ,T1/I.I··· •• )I!= II: 'lolre"·II. (24) 

with arbitrary al, ... , aft. Nevertheless, the transition 
probability from any of these 1/1.1·· .•• into the cor
responding T1/I.I·· .•• is the same, namely, 

I (1/1.1· . .•• ,T1/I.I· ..•• ) II 
= I (I: ,,,t .... 'P1:,I: ,., .... CIIl:¥'l:) 12 
= II: ,.ICIIl:ll. (22) 

Unless one of the '101 is larger than I, this still will 
assume every value between 0 and 1 for suitably 
chosen a. 

The striking difference in the relation of the original 
and transformed states to each other shows particularly 
clearly how definite the relations in question are in 
either case. 



On Weakly Positive Matrices 

E.P.Wigner 

Canadian Journal of Mathematics 15, 313-317 (1963) 

A matrix is said to be positive definite if it is hermitian and if all of its 
characteristic values are positive. It is well known,l and easy to prove, that 
the necessary and sufficient condition for a matrix P to be positive definite 
is that its hermitian quadratic form 

(1) (v, Pv) > 0 

with any vector v ¢ 0 be positive. (This will imply, in the present article, 
that it is real.) It is easy to see from (1) that if PI and P 2 are positive definite, 
the same holds of a1P1 + a~2 if al and a2 are positive numbers. Similarly, if 
P is positive definite, so is xtpx for any non-singular X, where xt is the 
hermitian adjoint of X. Indeed, the hermitian quadratic form of xtpx with 
the vector v, 
(Ia) (v, xtPXv) = (Xv, PXv) , 

is equal to the hermitian quadratic form of P with the vector Xv and IS, 

therefore, positive. 
We shall call a matrix W weakly positive if all of its characteristic values 

are positive and the characteristic vectors form a complete set; An equivalent 
definition is that W have a diagonal form with (real) positive diagonal ele
ments 
(2) W = XDX-l, 

where X is a non-singular matrix and D a diagonal matrix with positive 
diagonal elements. 

Clearly, a matrix is positive definite if it is weakly positive and hermitian. 
In this case, the X of (2) can be assumed to be unitary. Conversely, a matrix 
which is positive definite is also weakly positive. It is also clear that a weakly 
positive matrix is necessarily non-singular and that its reciprocal is also 
weakly positive. Similarly, the reciprocal of a positive definite matrix is also 
positive definite. 

Let us note, finally, that any XPX-l is weakly positive if X is non-singular 
and P positive definite because a positive definite P can be written as UD U-l 
with a unitary U so that XPX-l becomes (X U)D(XU)-l. 

THEOREM 1. A matrix is weakly positive if and only if it can be written as 
the product of two positive definite matrices 

(3) W = P 1P 2• 

Received April 16, 1962. 
lSee, for instance, P. R. Halmos, Finite dimensional vector spaces (Princeton University 

Press, 1942), § 64). 
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To prove this, one notes that the Wof (2) is equal to P IP 2, where 

(4) PI = XXt , P 2 = (xt)-IDX-I 

or 
(5) 

where the dagger denotes the hermitian adjoint. All Ph P 2 in (4) and (5) 
are positive definite because they have the form (la) with P = 1 or P = D 
and various non-singular X. 

The converse, that P IP 2 is weakly positive if PI and P 2 are positive definite 
can be demonstrated in two steps. First, if A is a characteristic value of P IP 2, 

(6) 

one can form the scalar product of (6) with P 2v: 

(6a) 

The left side is the hermitian quadratic form of PI with the non-vanishing 
vector P 2v, and hence positive. Since P 2 is positive definite, (v, P 2v) is also 
positive and A becomes the ratio of two positive numbers. 

If P IP 2 had a deficiency of characteristic vectors, there would be a charac
teristic value A for which 

(7) and 

would hold 2 with a suitable w. The scalar product of the first equation with 
P 2w is 
(7a) or 

Similarly, the scalar product of the second equation (7) with P 2v is 

(7b) 

Since PI is hermitian, the left sides of (7b) and of (7a) are equal. It then 
follows that (v, P 2v) = O-a contradiction since P 2 is positive definite. Hence, 
(7) cannot hold and the characteristic vectors of P IP 2 form a complete set. 

The second part of Theorem 1 also follows from the fact that, if P 2 is positive 
definite, there is a square root q of P 2 = q2 which is also positive definite. 3 

However, 
(8) 

so that, if v' is a characteristic vector of the positive matrix qPIq, 

(8a) qPIqv' = AV'. 

q-1v' = v is a characteristic vector of PIP2: 

2See any description of the so-called Jordan canonical form, for instance, Halmos, Appendix 
I, or N. Dunford and J. T. Schwartz, Linear operators, Part I (Interscience Publishers, New 
York, 1958), p. 563, example 17. 

'See, for instance, Halmos, § 66, or Dunford and Schwartz, p. 569, Theorem 11. 
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(8b) 

Hence, the characteristic values of P lP 2 and of qPlq are the same. Further, 
since every vector can be expressed linearly in terms of the v', the expression 
for the vector q-lX in terms of the v' gives the expression for x in terms of 
the v so that these indeed form a complete set. 

THEOREM 2. If the product of a positive definite and of a weakly positive 
matrix is hermitian, it is also positive definite. The same holds of the product 
PlP~a of three positive definite matrices Plo P 2, P a if it is hermitian. 

Since a weakly positive matrix is the product of two positive definite 
matrices, it suffices to prove the second part of the theorem. This is a generali
zation, to three factors, of the well-known theorem' that, if the product of 
two positive definite matrices is hermitian, it is also positive definite. 

In order to prove Theorem 2, consider the matrices 

(9) H(X) = [(1 - X)Pa + XPl]P~3 
with positive real X < 1. As a linear combination of two hermitian matrices 
P3P~a and P lP 2P a with positive coefficients, H(X) is itself hermitian, its 
characteristic values real. For X = 0 they are all positive since P 2 and hence 
also PaP~a is positive definite (see (la)). As X increases, the characteristic 
values change continuously and they will remain positive for all X < 1 unless 
there is a 0 characteristic value for some intermediate X. This is not possible, 
however, because, if v is non-zero, the same holds for Pav, and hence for 
P~av, and finally for H(X)v. The last conclusion follows from the positive 
definite nature of (1 - X)Pa + XPl which is (for 0 < X < 1) a linear com
bination of positive definite matrices with positive coefficients. 

Remarks. It may be worth noting that alWl + a2W 2 need not be weakly 
positive for weakly positive Wlo W 2 and positive at. a2. Thus, if al = a2 = 1, 

(10) 

the determinant of W l + W 2 is negative and hence Wl + W2 is not weakly 
positive. It is also easy to find two weakly positive matrices, or four positive 
definite matrices, the product of which is not positive even though it is her
mitian. Two such W, with their product, are 

with a sufficiently small but positive E. 

Theorem 3 will extend Theorems 1 and 2 to bounded linear operators in 
Hilbert space. For this purpose, the notions of positive definiteness and weak 

'See, for instance, Halmos, §§ 56, 72. 
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positivity have to be formulated for such operators. A bounded linear operator 
will be called positive definite if it is self-adjoint and if it has a positive lower 
bound so that 
(11) (v, PV) > b(v, v), b > O. 

Such an operator has a reciprocal which is positive definite and also a square 
root which is also positive definite. 6 

A bounded linear operator will be called weakly positive if it can be expressed 
in the form 
(12) W = XDX-l, 

where D is positive definite and both X and its reciprocal X-l are bounded. 
Since X can be written6 as X = HU with a self-adjoint, in fact positive definite, 
H, and a unitary U, and since UDU-l is also a positive definite operator, it 
can be assumed that all three factors in (12) are positive definite. 

Let E~ be the self-adjoint projection operators in the spectral decomposi
tion of D, 
(13) 

W will also have a spectral decomposition 

(14) 

where, however, the projection operators 

(14a) 

are not, in general, self-adjoint. They have the multiplication properties of 
the E~ 
(14b) FA F,. = F,. FA = FA for}. <:; IJ.. 

Note that the integrals in (13) and (14) have to be extended only between 
the positive lower and upper bounds of D, i.e., over a finite positive interval. 

THEOREM 3. Theorems 1 and 2 hold also for bounded linear operators in Hilbert 
space. 

The first part of the extension of Theorem 1 follows from the fact that 
the P l and P 2 given by (4) or (5) satisfy (3) identically. As was mentioned 
before, it can be assumed that X is self-adjoint so that 

'See, for instance, F. Riesz and B. Sz-Nagy, Le~ons d'analysefonctionelle (Akademiai Kiad6, 
Budapest, 1953), Section 120, or F. J. Murray, Introduction to linear transformations in Hilbert 
space (Princeton University Press, 1941), Chap. VIII, § 3. 

'See Riesz and Nagy, Section 110. Since X has a bounded reciprocal, the same holds for 
H = (xtX)t and Hv covers the whole Hilbert space. Hence, according to Riesz and Nagy, 
U is isometric rather than merely quasi-isometric. Further, if there were a vector Wortho
gonal to all Uv, then H-1w would be orthogonal to all HU" = Xv. This is not possible if X 
has a reciprocal. Hence U is unitary in the case considered here. 
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(15) 

is a possible decomposition of W into the product of two positive definite 
operators. Indeed, both X2 and X-IDX-I, as well as the reciprocals of these 
operators, are bounded. Thus, if band B are the lower and upper bounds of D, 

(15a) b(X-IV, X-IV) < (X-lV, DX-Iv) = (v, X-IDX-Iv) < B(X-Iv, X-IV) 

and if ~ and g are lower and upper bounds of X, 

(I5b) 
so that 
(I5c) 

g-2(V, v) < (X-lV, X-IV) < ~-2(V, v) 

bg-2(v, v) < (v, X-IDX-Iv) < ~2B(v, v), 

i.e., X-IDX-I has positive upper and lower bounds. The same can be demon
strated for the other P which occur in (4) or (5). 

The second part of the extension of Theorem 1 follows by the argument 
contained in equations (8). The existence of a positive definite square root 
of a positive definite operator was mentioned before and bounds for D = qPlq 
can be established in the same way as they were established for X-IDX-l. 

As to the extension of Theorem 2, one can note that a lower bound of 
H(X)2 is b2b22ba2, where b2 and ba are the lower bounds for P 2 and P a and b 
is the lower bound of PI or Pa, whichever is smaller. Hence, b is also a lower 
bound for P" = (1 - X)Pa + XP I for every X between 0 and 1. It then follows 
that b2 is a lower bound for p).2, so that 

(v, H(X)2V) = (H(X)v, H(X)v) = (P."p,paV, p"p,paV) 
= (p,paV, p).2 p,paV) > b2(P,paV, P,paV) 

= b2(PaV, P 22 Pav) > b2b22 (PaV, Pav) > b2 b22 ha2(v, v). 

It then follows that the spectrum of H()') does not extend over the interval 
(-bb2ba, bb2ba) as long as 0 '" X '" 1. However, the lower bound of H(X) is 
a continuous function of X and since it is larger than hb2ba for X = 0 and 
cannot enter the (-hb2ha, hb2ha) interval, it always stays above this interval. 
Hence, H(X) and, in particular, H(I) = plp,pa are positive definite. 

Princeton University 



Unitary Representations of the Inhomogeneous 
Lorentz Group Including Reflections 

E.P.Wigner 

In: Group Theoretical Concepts in Elementary Particle Physics (Feza Gursey, ed.). 
Gordan and Breach, New York 1964, pp.37-80 

I. Introduction 

The present notes do not relate to a subject which is now at the 
center of interest. To be sure, symmetry considerations playa great 
and perhaps still increasing role in theoretical physics. However, we 
shall be concerned only with what may be called kinematical sym
metry properties, i.e., symmetry properties of the space-time 
continuum in which the physical events occur. In contrast to the 
dynamical laws of symmetry, which relate to symmetries of interac
tion and of properties of particles, the kinematical laws of symmetry 
are supposed to be well known. The purpose of the lectures which 
are recorded in these notes was to make this statement more nearly 
true. 

Let me introduce the discussion by admitting that the existence 
of symmetries and invariances, and their significance even many 
years ago, but particularly their increasing significance in the past 
years, appears to me to border on the mysterious. If we look at the 
body of our knowledge in physics, we must note that it divides the 
phenomena into two groups, in fact into two sharply distinguished 
groups. Into the first group falls our knowledge of what may be called 
initial conditions, that we are on the Earth, that there is a Sun around, 
and so on. We maintain that these initial conditions are accidental, 
that there is no precise theory which would explain them, that there 
can be no such theory. Into the second category falls our knowledge of 
the "laws of motion" which tell us how to foresee the future state of 
the World, assuming that we know the present state. These laws, we 
are convinced, are exact, of almost unbelievable precision, and of a 

37 
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beauty and simplicity which is much greater and deeper than any 
that we could have invented. 

This sharp division of our knowledge and even of the knowable is 
strange enough. It is stranger yet to assume that the laws of motion 
have a structure themselves, that they conform with some general 
principles which, though they do not determine the laws of motion, 
do impose certain restrictions on them. Further, these superprinciples 
are so much easier to divine than the laws of motion themselves that 
we in fact know sufficiently many of them to reject the vast majority 
of possible laws of motion as unsatisfactory even if we can quote no 
single phenomenon which would directly contradict them. The super
principles I am speaking about are, of course, the laws of invariance. 

As was mentioned before, we shall be concerned only with the geo
metrical or kinematical principles of invariance. These are supposed 
to be firmly established as consequences of the invariance of the laws 
of motion under the inhomogeneous Lorentz group. They do not 
have the timely and almost fashionable significance of the other 
invariances which refer more directly and more exclusively to the laws 
of motion; these will and should dominate our conference. However, 
I firmly believe that the geometrical laws of invariance continue to 
be of fundamental importance. Neither is it true that they form a 
closed book. First, it is not certain that it is the inhomogeneous 
Lorentz group which plays the fundamental role, and I am very much 
looking forward to the remarks which Professor Cursey will make on 
the de Sitter groups. Mr. T. Philips and I have also devoted lately 
a good deal of attention to the possibility that one of these groups is 
the fundamental one and have come to some rather surprising con
clusions. Second, the interpretation of the reflection operators, to 
which most of this discussion will be devoted, has raised a number of 
difficult questions on the role of measurability. Lastly, I should like 
to mention the possibility of using a number system for the Hilbert 
space which is different from the ordinary complex numbers. Dr. 
Michel's lectures will implicitly deal with this problem also. This is, 
as far as I know, virgin territory. 

Much of the material which follows was taken from a rather old 
but unpublished manuscript by V. Bargmann, A. S. Wightman and 
myself. A short outline of the subsequent sectiol1s follows. 

(2) The restricted Poincare group. This is also called inhomo
geneous proper Lorentz group; it contains no reflections. 
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(3) The quantum mechanical restricted Poincare group. The 
quantum mechanical operators which correspond to the symmetry 
operations of the group of section 2 form a group which is homo
morphic but not necessarily isomorphic to that group. The group of 
the operators is called the quantum mechanical restricted Poincare 
group. This will be described and analyzed. 

(4) The relevant representations of the quantum mechanical 
restricted Poincare group. The representations which describe 
systems with non-zero rest-mass and positive energy are determined. 
Only unitary representations are considered. 

(5) The irreducible representations of the restricted quantum 
mechanical Poincare group. The irreducible ones of the representa
tions of the preceding section are specified and some remarks made on 
the reduction of representations of non-compact groups. 

(6) The extended Poincare group. The Poincare group which 
contains space, time, and space-time reflections, is described and 
the physical meaning of these reflections discussed. 

(7) The full quantum mechanical Poincare groups. The quantum 
mechanical operators which correspond to the operations of the 
preceding section always form a group which is, similar to the case 
of the restricted group, always homomorphic but not necessarily iso
morphic to the extended Poincare group. Depending on the nature of 
the system considered, the operators form one of four groups. These 
are determined and analyzed. 

(8) Inclusion of space reflection symmetry. This section deter
mines the representations of the group of quantum mechanical 
operators which correspond to proper Poincare transformations and 
to transformations involving space reflections. Again, only unitary 
representations are considered and those which describe systems 
with finite rest-mass and positive energy. 

(9) Adjoining the time reflection operators. The considerations of 
the preceding section are extended to the full Poincare group. The 
antiunitary operators which correspond to time inversions and to 
space-time inversions are determined. 

(10) Attempt at physical interpretation. The representations which 
correspond to light quanta and to particles which are different from 
their anti-particles are determined. It is assumed in this section that 
all states form a Hilbert space and hence that any two state vectors, 
which are not constant multiples of each other, are distinguishable. 
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(11) Critique of the interpretation. The effect of the probable 
existence of superselection rules is traced on the results of the 
preceding section. 

Sections 2 to 5 review material that is "well known" and are 
somewhat sketchy. 

2. The Restricted Poincare Group 

The restricted Poincare group's operations can be obtained as 
products of the operations of the displacement group in four dimen
sions and of the proper Lorentz transformatives A. The latter are 
defined as the real four dimensional matrices which leave the form G 

1 0 0 0 

0 -1 0 0 
G= 

0 0 -1 0 (2.1) 

0 0 0 -1 

invariant. i.e. for which 

AGAT = G. (2.2) 

It is further postulated that the determinant of A is 1, and the 
element in the upper left corner. Att > O. It is then. in fact, Att ~ 1. 
The product of the displacement by the four vector a and the 
Lorentz transformation A will be denoted by (a, A); the group 
equation then reads 

(al. A1)(a2. A2) = (al + AIa2. A1A2) (2.3) 

The unit element is (0.1). 
The four dimensional vector a can be uniquely characterized also 

by the hermitean matrix h(a) 

h(a) = II ax + iay 

at + at, II (2.4) 

The determinant of h is then just the Lorentz length of the vector a. 
Let us consider next the transformation 

Bh(a)Bt = h(a'). (2.5) 

The dagger denotes hermitean adjoint. By (2.5), B transforms the 
vector a linearly into a vector a' and if the determinant of B is 1, the 
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transformation will leave the Lorentz length of a unchanged. It can 
easily be seen that the transformation a ~ a' defined by (5) is a 
Lorentz transformation. It can also be shown rather easily that every 
proper Lorentz transformation can be represented under the form (5) 
and that conversely, the Lorentz transformation defines B except 
for its sign: evidently Band - B transform a into the same a'. The 
group equation (3) reads in terms of hand B 

(hI, B1)(h2, B2) = (hI + Blh2Blt, BtB2). (2.6) 

It is useful to replace (2.6) by a simpler set of equations, even 
though less general ones. One writes 

hence 

(h, B) = [h](B) 

[hl][h2] = [hI + h2] 

(BI)(B2) = (BIB2) 

(B)[h] = [BhBt](B). 

There is one further equation which will be needed 

B(AT) = B(A)t 

which will not be proved here. 

(2.7) 

(2.7a) 

(2.7b) 

(2.7c) 

(2.8) 

3. The Quantum Mechanical Restricted 
Poincare Group 

It can be shown, and I understand Dr. Emch has a simplified 
proof for this, that every symmetry transformation can be replaced 
by a unitary or antiunitary transformation. This means that given an 
active symmetry transformation, such as (a, A), there is a unitary or 
antiunitary operator O(a, A) which transforms the quantum mechani
cal description of any state «/; into the description «/;' = O(a, A)«/; of 
the state into which the active symmetry transformation (a, A) 
transforms «/;. This can be deduced from the fact that the transition 
probability I( «/;,4» 12 between any pair of «/1, 4> states, and the transformed 
states «/;', 4>', is the same. As a matter of fact, the unitary (or anti
unitary) operator is determined only up to a factor: if w is a number 
of absolute value 1, the operators O(a, A) and wO(a, A) cannot be 
distinguished. On the other hand, such a "phase factor" is the only 
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freedom left in O. Throughout these notes, w will denote a number 
of modulus 1. 

Consider the succession of two symmetry operations Sl and S2, 
to which the quantum mechanical operators O(Sl) and 0(S2) (or 
W10(Sl) and W20(S2)) correspond. The operator which corresponds 
to the succession of Sl and S2 (S2 being carried out first) can differ 
from 0(Sl)0(S2) only in a numerical factor of modulus 1. Hence 

O(Sl)0(S2) = west, S2)0(SlS2) (3.1) 

the quantum mechanical oper~tors form, except for a factor of 
modulus I, a representation of the symmetry group. This representa
tion is unitary if all the O(s) are unitary; it is called a corepresentation 
if some of the 0 are antiunitary. We shall see presently that as far 
as the restricted Poincare group is concerned (or any connected 
group), the representation must be unitary. This follows simply 
from the fact that every element S which is close enough to the unit 
element of the group can be written as the square S = S12 of an 
element. It then follows from (1) that O(s) is unitary, no matter 
whether O(Sl) is unitary or antiunitary. Once it is established that to 
all elements in the neighborhood of unity a unitary operator cor
responds, the same will be true of all elements of the group which 
can be obtained as products of these elements. These are in our 
case all the elements of the group which we have called "restricted" 
or "proper". 

There is a second theorem which is based on the fact that O(s) 
can be replaced by w(s)O(s). It can be shown that these w{s) can be 
chosen in the case of the restricted Poincare group in such a way that 
the W(Sl. S2) in (1) can be replaced by the ± sign 

0(a1. A1)0(a2. A2) = ± O(a1 + A1a2, A1A2). (3.2) 

Actually, this theorem cannot be proved in the same way as if the 
underlying group were compact. In this case one can decompose 
O(s) into a direct sum of finite dimensional matrices and one then can 
operate with the determinants of these matrices. In our case, unless 
the 0 are trivial, (i.e. all O(s) = 1), they are infinite dimensional and 
the determinant is not a meaningful concept. Nevertheless, the 
choice of the w(s) = wea, A) can be made so that (2) holds. 

Because of (2), it is reasonable to define a group which has 
"twice more" elements than the restricted Poincare group and to 
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consider the operators O(a, A) as a representation of this larger 
group. It can be shown that this larger group is isomorphic with the 
group (h, B) which we encountered in the preceding section. Hence, 
the group of these quantities, with the multiplication law (2.6), will 
be called the quantum mechanical restricted Poincare group and we 
arrived at the theorem that the quantum mechanical symmetry 
operators which correspond to the elements of the restricted Poincare 
group form a true unitary representation of the group of the (h, B) = 

[h](B), i.e. of the quantum mechanical restricted Poincare group. 
It simplifies the notation to introduce particular symbols for the 
operators which correspond to h and to B: they will be TA and 
LB (the T stands for translation, L for Lorentz transformation). 
The fact that these generate a true representation of the group of the 
(h, B) entails the transcription of the equations (2.7): 

TAlTAz = T/u +Az• 

LBlLB2 = LBlB2 

LBTA = TBABtLB 

(3.3a) 

(3.3b) 

(3.3c) 

4. The Relevant Representations of the 
Quantum Mechanical Restricted 
Poincare Group 

This section continues the review of results which are, actually, 
quite old, but uses a different and simpler language. The reason that 
the standard (Frobenius-Burnside-Schur) theory of group repre
sentations cannot be applied in the present case is that this theory 
applies only to compact groups whereas the Lorentz or Poincare 
groups are not compact but "infinite". In view of the thoughts 
provoked by the theory of Regge poles, it may be useful to point out 
that every unitary representation of a compact group, whether finite 
or infinite dimensional, can be transformed into a direct sum of finite 
dimensional unitary irreducible representations. This applies in par
ticular also to the rotation group. Hence the infinite dimensional 
irreducible representations of such a group cannot be unitary and the 
investigations of M. Froissart show that they are, at least in the case 
of the rotation group, highly pathological. On the other hand, a 
locally compact group which has infinite volume (is not globally 
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compact), such as the Lorentz group, has no unitary faithful repre
sentation in finite dimensions. Hence the Lorentz or Poincare 
groups, all the factor groups of which are non-compact, have only 
infinite dimensional unitary representations. The only exception is 
the trivial representation by the unit matrix: this belongs to the 
trivial factor group consisting of a single element which is generated 
by the whole group as its own invariant subgroup. 

In order to make full use of the simplification which the charac
terization (h, B) of the elements of the quantum mechanical re
stricted Poincare group by means of a hermitean and a unimodular 
matrix, hand B, affords, it is useful to replace the variables 
Pt, px, Py, pz which were used in earlier work, by a matrix 

p= II Pt + pz 
-px + ipy 

-px - ipy 

Pt - pz II (4.1) 

Similar to h, this is a hermitean matrix but the sign conventions are 
different from (2.4). In effect, p is the h which corresponds to the 
contragradient vector Gp (cf. (2.1»: 

p = h (Gp), (4.2) 

Hence, the wave functions, or state vectors, will depend on p plus a 
discrete variable, rather than on the four vector p and a discrete 
variable. 

The mathematical meaning of p or p is connected with the opera
tors Th which correspond to pure displacements. These form an 
abelian invariant subgroup and can be assumed, therefore, to be 
"diagonal". Physically, the four vector p is the energy-momentum 
vector. The rigorous establishment of the formula 

Th(a)if;(p) = exp[i(atpt - axpx - ayPlI - azpz)]if;(P) (4.3) 

requires some careful attention but this will not be given here. 
Omitting these details one can say that one considers such Hilbert 
vectors which transform, under the operations of the abelian group 
of displacements [h], according to an irreducible, and hence one 
dimensional, representation. We denote the state vectors which 
transform according to such an irreducible representation by Ip, ') 
and will have, instead of (3) 

Th(a)/p, , ) = exp[i(atpt - axpx - aypy - axpz)]/p, , ). (4.4) 
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We shall have to remember, however, that the actual states may be 
not only linear combinations of a discrete set of Ip, {) but also 
integrals over a continuous manifold of P values. Actually, only the 
latter situation will prevail and the Ip, {) themselves will be 
idealized "members ofthe continuous spectrum", or "distributions". 
As a result, the operation with the Ip, { ) is not rigorous and should 
be further justified. This is indeed possible, on the basis of the work 
of Mautner and von Neumann, but will not be carried out. Clearly, 
the minus signs in the exponents of (4.3) or (4.4) are arbitrary and are 
chosen for future convenience; they are permissible, however, and 
mean only that the particular state which transforms according to 
the representation exp[i(atpt - axpx - aypy - azpz)] is denoted by 
Ip) and not the one which transforms according to exp[i(atpt 
+ axpx + aypy + azpz)]' At any rate, because of the unitary 
character of the representation, the exponents must be imaginary so 
that the p are real. The variable { is necessary because there may be 
several (in fact there may be an infinite number of) state vectors with 
the same transformation property (4) with respect to displacements. 
In the most important case in which the system considered is a 
single elementary particle, the index { will assume 28 + 1 values 
if the spin is 8. 

In order to transcribe (4) into our notation, we introduce the 
symbol 

(hp) = ! Trace hp (4.5) 

For h = h(a) this is just the Lorentz product of the vectors a and p 

(h(a)p) = t Trace [h(a)p] = ptat - pxax - pyay - ptat (4.5a) 

so that (4) becomes 

Thlp,{) = exp(i(hp»!p,{). (4.6) 

Let us consider now the vectors LBlp, {). This is the Lorentz 
transform of Ip, {) so that it is reasonable to expect that it is 
some Ip/, 1] ) or a linear combination of such vectors with different 
1]. We therefore apply Th to LBlp,{ ) to see how it transforms 

Th(LBjp, {» = ThLBlp, {) = LBTB -lhBt-1Ip, {) 

= LB exp(i(B-lh Bt -lp »Ip, { ) = exp(i(B-lh Bt-1p »LBlp, {). 

(4.7) 
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The last step is correct because the exponential is a coefficient and 
LB is linear. Since the ( ... ) symbol indicates a trace, the first 
factor can be shifted to the end. Hence 

TA(LBlp, ~ » = exp(i(hBt-1pB-1»LBlp, ~). (4.8) 

LBlp, {) transforms, under translations TA, as the vectors 
IBt-1p B-1, { > and is therefore a linear combination of these 
vectors: 

LB/p, {) = 2: A1/IBt-1pB-1, 7]) (4.9) 
1/ 

The A" may depend on B, or p, and on {. 
As a result of (6) and (9), two of the three group equations, 

namely (3.3a) and (3.3c) are automatically satisfied. Hence, only 
(3.3b) remains to determine the A and, of course, similarity trans
formations are still possible to make the determination unique. We 
first carry out such a transformation, in the space of the sets Ip, ~ ) 
with the same p but different ~. Such a transformation will leave (6) 
unchanged but will be used to simplify (9) at least for some p and B. 
We consider in particular the p = ml vectors, where m is a positive 
real number, which are parallel to positive time axis and the true 
Lorentz transformations, i.e. symmetric A = AT. For these, because 
of (2 .8), B = Bt is hermitean. For such a p and B, (9) reads 

(4.10) 

We now denote the sum on the right side by the single term 
ImB-2, '». In other words, we set 

Ip, { » = LBlml, { > 
where m and B are defined by the equation 

p = mB-2 

(4.11) 

(4. 11 a) 

and m must be a positive number, B a unimodular hermitean matrix. 
This definition of Ip, ~» will be permissible if there is one and only 
one solution of (1Ia) with a positive m and a unique unimodular 
hermitean B. We shall assume that p is positive definite so that the 
four vector p is time-like and its time component is positive. It then 
follows from (1Ia) that the determinant of p is m2 so that m is the 
positive square root of this determinant. Hence, m-1p is a unimodular 
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positive definite hermitean matrix and B-1 is its square root. Now 
every positive definite hermitean matrix has one and only one positive 
definite square root, and this will be unimodular if the square is 
unimodular. Hence, there will always be one and only one B-1 which 
satisfied (11a) if we add the further requirement that B-1, and hence 
B, shall be positive definite. 

We now note that the ImB-2, ,> > for the same mB-2 but different " 
are orthogonal and have the same norm as the Iml, ,>. This is true 
because LB is unitary and because the Iml, ,> should be mutually 
orthogonal. Hence, replacing the ImB-2" > > by ImB-2" > is a 
unitary transformation in the space of the vectors Ip/" > with 
p' = mB-2 and we can write, finally, for positive definite hermitean 
B 

LBlml, , ) = ImB-2, , ). (4.12) 

Writing B-1 for B and applying LB to both sides, this gives also 

LBlmB2, , > = Iml, ,> (4.12a) 

This also holds for unimodular positive definite hermitean B. 
Let us next consider such B which leave ml unchanged, i.e. for 

which 

Bt- l ml.B-l = ml (4.13) 

so that the first arguments on the left and right sides of (9) are the 
same. It follows from (13) that 1 = BtB, i.e. that B is unitary. This 
is natural since the unitary B correspond to spatial rotations and 
these indeed leave the vector of ml, which is parallel to the time axis, 
invariant. For unitary B, (9) reads with p = ml 

LBlml, ,> = L: ~m(B)71c1ml, 7J). (4.14) 

We have replaced the A of (13) by a more elaborate symbol which 
exhibits all the quantities on which the A depends. 

Writing now B2 for B in (14), and applying LBI' to both sides, we 
find in the usual way 

~m(Bl)~m(B2) = ~m(BIB2). (4.15) 

The matrices ~m in (14) are a representation of the group of the B 
for which (14) is valid, that is the unimodular unitary matrices in 
two dimensions, the SU2 group. The dimension of ~m is equal to the 
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number of values ~ can assume in Iml, ~), i.e. the number of 
linearly independent quantities which transform under displace
ments according to the same representation (4) with Pt = m; Px = 
py = pz = O. However, we know from (11) and (12) that this number 
is equal to the number of values ~ can assume in any Ip, {) as 
long as p can be written as mB2, i.e. as long as the determinant of p 
is m2 and it is positive definite. This also shows that the number of 
linearly independent states, which transform under displacements 
according to (4) or (6) with any positive definite p, with the deter
minant m2, is the same. 

If we wish, we can now carry out a unitary transformation of the 
Ip, , ), with the same p, which depends only on the determinant of 
p. Such a transformation will leave all the preceding equations un
changed but will induce a similarity transformation of each !l.m. 
One can bring !l.m by means of such a similarity transformation into 
the reduced form so that it becomes the direct sum of the well-known 
irreducible transformations of 8U2• This last step is not essential but 
completes, at any rate, the calculation. It remains to be shown that the 
equations (12), and (14), together with (3.3b), permit expressing the 
A of (9) in terms of the!l.m and we shall carry out this last step now. 

LBlp, ~ ) will be calculated by decomposing B into three factors 
B = BIB~a so that the corresponding LB is also decomposed in a 
similar way by (3.3b) 

LBlp, ~) = LB1LB2LBalp, ~) (4.16) 

and each expression LBalp, {), LB2LB3 Ip, ~), LB1LB2LB3 Ip, ~) 
can be calculated successively by one of the equations (12), (14). 
As to the first step, it is clear that only (12) can be used and this only 
if P is time-like and has a positive time component, i.e. if p is J20sitive 
definite. In this case we can divide p by the square root of its deter
minant 

m = (det )pl/2 (4.17) 

so that p/m is unimodular positive definite and take Ba as the positive 
definite hermitean square root of it 

Ba = (p/m)1/2 (4.18) 

so that p = mBa2 and by (12a) 

LB3Ip, ~) = Iml, ~). (4.19) 
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Note that in general a positive definite hermitean matrix in two 
dimensions has four square roots but two of these are indefinite 
and have negative determinants, one is negative definite and is 
oppositely equal to the last one which is the one meant in (18). 

The next factor B2 will be unitary so that LB2LB3Ip, {) can be 
calculated by (14). It will be a linear combination of vectors Im1, TJ ). 
Because of (9) we know that LBt will transform this into a linear com
bination of IBt-lpB-l, TJ ) so that we shall need (12) to calculate the 
effect of LBt . We see in fact from (12) that Bl must satisfy the equation 

mBl -2 = Bt-IpB-I 

so that 
Bl = (Bmp-lBt)1I2. (4.20) 

Since BIB2B3 = B, we obtain for B2 

B2 = BclB B3-1 = (Bt-1pB-I)1I2Bp-1I2. (4.21) 

We must verify that this is unitary so that (14) can be used to 
calculate L B.(LB3 Ip, {» = L B.lm1, {). 

We have in fact, since the first anq last factors of (21) are hermitean 

B2 tB2 = p-1I2Bt(Bt -lpB-l)1I2(Bt -lpB-l)1I2Bp-1I2 
(4.22) 

= p-1/2BtBt-1pB-IBp-1I2 = p-1I2pp-1I2. 

The last expression can easily be seen to be 1 so that B2 is indeed 
unitary; (21) shows that it is also unimodular. Hence we can write, 
by means of (14) 

L B2LB3Ip, {) = 2: flm[(Bt-1pB-l)1I2Bp-1I2]'1,lm1, TJ) (4.23) 

and finally, by (12) and (20) 

LBlp, ') = LB,LB.LB3 Ip, ') 

= 2: flm[(Bt-1pB-I)1I2Bp-1I2]'1,IBt -lpB-I, TJ)· 

(4.24) 

This is then the :host general unitary representation of the proper 
quantum mechanical Poincare group as long as we can restrict our
selves to states with positive time-like momenta, i.e. to states which 
transform under displacements according to (4) with a time-like p 
with positive Pt. The LB defined by (24) automatically satisfies 
(3.3b)-as was to be expected. It follows that (6), (12), (14), or (6) 
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and (24) fully determine the representation as long as the Am in (14) 
are unitary representations of 8U2• 

It was mentioned before that the Ip, , ) are not bona fide vectors 
in Hilbert space but members of a continuous spectrum. Their 
normalization corresponds to 

(4.25) 

The general normalizable Hilbert vectors are integrals over the four 
components of p and sums over , 

t f d4pt/J(p, ')Ip, ') (4.26) 

the norm of (26) being 

L: f d4pl.p(p, ~)12. , (4.26a) 

It is easy to verify that the representation obtained is continuous as 
long as the Am is continuous. This is the case for all well-known 
irreducible representations of 8U2 and, hence, for the sums of these 
representations. 

It should be noted in the second place that the square roots which 
occur in the final formula (24) can be expressed very simply in terms 
of a formula discovered in Klein's papers by Giirsey 

ml + p 
pl/2 = ~~=~::;::; 

V2(m + (p» 
(4.27) 

This is valid for every hermitean two dimensional matrix, in par
ticular also for Bt-lpB-l. Similarly, 

ml+2(p)1-p 
p-ln = . 

mV2(m + (p» 
(4.27a) 

It should be noted, finally, that all the Am must contain either only 
integer, or only half-integer, representations of the 8U2 group. 
Otherwise it is, for instance, not true that the L-l is simply multi
plication by a constant ( + 1 or - 1) as it must be since in this case 
the transformed states may differ only by the same constant from the 
not transformed states. 



578 The Mathematical Papers 

INHOMOGENEOUS LORENTZ GROUP 51 

The preceding calculation is an adaptation of Frobenius' method 
to determine representations of a group from the representations of 
an invariant subgroup, in our case the subgroup of displacements. 

5. The Irreducible Representations of the 
Restricted Quantum Mechanical 
Poincare Group 

Clearly, the representation obtained can be irreducible only if the 
11m is one of the irreducible representations D(O), D(1I2), D(l), •.. of 
8U2• Otherwise, we can assume that 11m is in a reduced form and 
the vectors which belong to anyone of the irreducible parts thereof 
form an invariant manifold. Hence, in an irreducible representation, 
11m must be one of the irreducible D(8). 

It is clear, similarly, that if there are Ip, , ) with more than one 
value of det p = m2, the representation will be reducible because the 
Ip, , ) with a single value of det p form an invariant linear manifold. 
Hence the invariant representations are given by (6), (14), (24) in 
which, however, 11m is replaced by one of the D(8) and m is not an 
abbreviation for (det p )112 but a parameter, characteristic of the 
representation. This is the situation, at least as long as the p vector 
in (4.4) is time-like for anyone of the Ip, ~ ). According to the 
preceding discussion, it is then time-like for all such quantities and 
the length of p, i.e. the determinant of p, has the same value for all. 
It is the square of the mass of the particle the transformation property 
of which is given by the irreducible representation, whereas 8 is the 
spin of the particle. Similarly, the sign of Pt, that is of < p), is 
the same for all P for which Ip, ~ ) exists. 

If one adopts the more rigorous point of view sketched at the end 
of the preceding section, i.e. considers state vectors of the form 
(4.26), one will have to introduce a singular if; function, containing a 
factor S( det p - m2) = S(pt2 - Px2 - pi - Pl.2 - m2). This will 
indeed restrict det p to a single value. As a result, if; will be effectively 
a function of only three independent variables and one usually 
chooses Px, Py, pz for these. 

The expression .p(p, 0 = .p(px, Py, Pl.' ,)S(Pt2 - pi - py2 - Pl.2 

-m2) for,p renders the normalization integral in (4.26a) infinite. 
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This has to be redefined, therefore, for irreducible representations by 
omitting one of the 8 functions. It then becomes 

L f d4pl«fo(p, {)12S(Pt2 - px2 - py2 - pz2 - m 2) , 
= L f d3pl«fo(p, {)12jZPt (5.1) , 

if the integration over Pt is carried out. The Pt on the right side of 
(1) is not an independent variable but an abbreviation for the value 
given by the S-function, namely 

Pt = (Px2 + pi + pz2 + m2)1I2. (5.1a) 

It follows from the preceding consideration that a reducible 
representation of the quantum mechanical Poincare group cannot in 
general be decomposed into irreducible representations, not even 
into an infinite number of such representations. It is in general an 
integral over such representations. These connections have been 
uncovered by Mautner and von Neumann and further exploited 
particularly by G. Mackey. It also follows that, rigorously speaking, 
the integral over d4p in (4.Z6a) is not an ordinary integral but a 
Stieltjes integral the differential of which may have finite jumps at 
certain values of det p, corresponding to finite weights of some values 
of this quantity. The irreducible representations are then those in 
which only one value of det p has a finite weight, all other values and 
intervals of values zero weight. 

These remarks conclude our discussion of the representations of the 
quantum mechanical Poincare group. The last remarks are not 
specific for this group but their essentials apply to all representations 
of non-compact (infinite) groups. Thus, even the representations of 
the displacement group in one dimension have the form 

Ta«fo(p, {) = exp(ipa)«fo(p, {) 

with the norm of «fo defined as 

L f 1«fo(P, {)1 2d/L(P) , 

(5.Z) 

(s.Za) 

where the /L(p) in the integral is a nondecreasing function of P which 
can, however, have finite jumps. The values of P where /L(p) has a 



580 The Mathematical Papers 

INHOMOGENEOUS LORENTZ GROUP 53 

finite jump have finite weights; in the regions in which f.L(P) is 
differentiable and has a finite derivative, only intervals of p have 
finite weights. For an irreducible representation f.L(P) is constant 
everywhere except for a single jump at a definite value of p. 

6. The Extended Poincare Group 

The extended or "full" Poincare group consists of combinations 
of displacements and Lorentz transformations (a, L), just like the 
restricted Poincare group, with the difference, however, that L can 
be any real transformation which satisfies the equation 

LGLT = G. (6.1) 

Since the determinant of LT is equal to that of L, both determinants 
must be ± 1. Because of the it component of (6.1) 

(6.2) 

L tt is either larger than 1, or smaller than -1. If Ltt ~ -1, the 
transformation L can be multiplied by - G = 0 and this element 
will be larger or equal to + 1. It will still satisfy (6.1). If the deter
minant of the transformation obtained in this way is - 1, it can be 
multiplied by G = ~ and an element of the restricted Lorentz group 
will result. Assuming that the transformations of the restricted 
Lorentz group form a connected manifold, it follows conversely, that 
each transformation of the extended Lorentz group can be written in 
one of the four forms 

A,A ~,A0,AI (6.3) 

where A is an element of the restricted group, ~ = G corresponds 
to space inversion, 0 = - G to time inversion and I = ~0 = - 1 to 
space and time inversion. The restricted group, i.e. the transforma
tions A form an invariant subgroup of the extended group and the 
other symbols in (6.3) stand for the three cosets thereof. These form 
the factor group of the restricted Lorentz group; this factor group is 
isomorphic to the four group. 

We shall assume that the laws of physics are invariant under the 
extended Poincare group: Hence, we shall look for sets of unitary 
and antiunitary operators which satisfy 

O(ai LslO(a. Lal = w(ah LI, a2, L2)Oai+Lias' LiL. (6.4) 
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because the group equations (2.3) remain valid even if the A are 
replaced by transformations of the extended Lorentz group. We 
shall assume that O(a,L) is unitary if L is a member of the restricted 
group, or of the coset A~. If it is a member of one of the cosets A0 
or AI, it will be assumed to be antiunitary. However, this requirement 
will not be motivated in detail. 

The physical interpretation of the operators ~, 0, I has undergone 
considerable revision in the last five years. The old interpretation of 
~ as a simple space inversion operator which replaces the position 
x, y, z of a particle by - x, - y, - z, and affects its velocity in a 
similar way, cannot be maintained if ~ is to represent an accurate 
symmetry operation. Nevertheless, ~ interpreted in this way is an 
approximate symmetry operation and the old interpretation, there
fore, remains useful. This is a point which is particularly emphasized 
by Wightman. However, if one wishes ~ to represent, as far as we 
know, a rigorously valid symmetry operation, the geometrical trans
formation of the old interpretation must be coupled by a replacement 
of particle by antiparticle. In other words, L must mean what ~C 
used to mean. This is the interpretation which is usually in my own 
mind if I speak about ~. If this is adopted, ~ represents an accurate 
symmetry operation but it may be useful, for many applications, to 
introduce another symmetry operation which corresponds to the 
old interpretation and which has only approximate validity. The 
original interpretation of the time inversion operation, aptly charac
terized by Liiders as inversion of the direction of motion, will be 
maintained; all present experiments confirm this as a valid symmetry 
operation. The operation I is a succession of the two operations 
Land 0; their order as physical operations is immaterial. 

With the new interpretation of ~, which incidentally has been 
proposed independently by scores of people, the symmetry laws 
which are believed to be valid rigorously are in a one-to-one cor
respondence with the extended Poincare group. This may be 
significant. 

In order to determine the operators which satisfy the equations 
(6.4), we shall proceed in the same way as we proceeded when deter
mining the operators satisfying the similar equations with L re
placed by members of the restricted Lorentz group. The first step is 
to normalize the operators O(a,L) so that the phase factors are 
eliminated. 



582 The Mathematical Papers 

INHOMOGENEOUS LORENTZ GROUP 55 

7. The Full Quantum Mechanical Poincare 
Groups 

We will now carry out the normalization of the operators Oat L, 

considered in the preceding section. We will continue to assume that 
all these operators are, apart from a phase factor, completely defined, 
i.e. we assume that no superselection rules are operative in the Hilbert 
space in which these operators act. 

Let us consider first those operators Oat L = Oat A in which L is 
a member of the restricted Lorentz group. The phases of these 
operators can be adjusted in the same way as if they were the only 
operators present. They will be then in a one-to-one correspondence 
with the elements (h,B) of the restricted quantum mechanical 
Poincare group and will form representations of this group. Let us 
denote them by UII. B; this will be a reducible or irreducible repre
sentation of the group of the (h,B). 

The unitary operator which corresponds to l: will be denoted by 
U I and its phase so normalized that 

(7.1) 

This is possible because the square of U I corresponds to the physical 
operation which leaves all states unchanged so that the corresponding 
operator must be a multiple of the unit operator. The constant factor 
of the unit operator can be eliminated by a proper choice of the phase 
factor of U I' Thus (1) is the result of an arbitrary choice which 
appears useful. 

For the same reason, the squares of the operators Ae and AI, which 
correspond to time and to space-time inversions, must also be multi
ples of the unit operator. However, the introduction of a phase 
factor w does not change the square of these operators because they 
are antiunitary; (wA)2 = wAwA = ww*A2 = A2. On the other 
hand, just because of the anti-unitary nature of Ae and AI, their 
squares are necessarily either + 1 or - 1. There is no choice involved 
in this case. In fact, it follows from the associative law that Ae2Ae = 
AeAe2 and since we have seen that Ae2 = Eel, we have 

EelAe = EeAe = AeEel = Ee*Ae. (7.2) 

Hence Ee is real and since it is of absolute value 1, we have 

Ae = Eel Ee = ± 1 (7.3) 
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and similarly 

EI = ± 1. (7.4) 

The values of Ee and EI cannot be changed by changing phases and 
their values are characteristic of particular solutions of the equations 
(6.4). In other words, for some solutions of these equations Ae2 = 1, 
AI2 = -1, for others the signs are different. There are four types 
of solutions of these equations, corresponding to the four possible 
choices of signs in (3) and (4). However, both Ae and Al can yet be 
multiplied with a phase factor. Since it follows from (6.4) that 
Al = w U IAe we choose the phase of Al in such a way that 

Al = U IAe. (7.5) 

This is again a convention. It then follows from (5) that 

AI2 = UIAeUIAe = Ell. 

Multiplication of this equation by U Ion the left and Ae on the right 
gives because of (1) and (3) 

AeUIEe = EIUIAe 

or 

(7.6) 

This completes the normalization of the operators U I, Ae and AI. 
The phase factor of Ae , in particular, has not been specified but this 
will not prove to be necessary. The preceding results are sum
marized in Table 1. 

TABLE 1 

Multiplication Table of the Reflection Operators 

Ur. Ae AI 
Ur. 1 AI Ae 

Ae £e£IAI £e1 £IUr. 

AI £e£IAe £eUr. £11 

Evidently, the operators U I, Ae, Al generate a group in every case. 
The nature of this group depends, however, on the values of Ee and 
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E[; It IS completely determined by the preceding multiplication 
table. The next table gives a description of these groups. 

TABLE 2 

The Groups Formed by the Reft.ection Operators 

Case Elements of Elements of Name of 
fa fl order 2 order 4 group 

1 1 Ur., As, Al None Four group 
1 -1 -1,Ur., -Ur., As, -As AI, -AI Dihedral group 

-1 1 -1,Ur., -Ur., AI, -AI Aa, -As Dihedral group 
-1 -1 -1,Ur., -Ur. As, -As, AI, -AI C. ® C4 

Naturally, each group has a unit element of order 1. 
We shall specify, next, the phases of the remaining operators 

Oa, L. We know from (6.3) that L has one of the forms A, A~, AI. 
We have already replaced Oa, L by the two operators Uk, Band 
Uk, -B if L = A is a member of the restricted group. These latter 
operators are completely determined and hand B are given in terms 
of a and A by (2.4) and (2.5) with a' = Aa. Similarly, we replace 
Oa, AX by Uk,BUx and Uk, -BUx' Since Uk,B is either equal to 
Ub,-B or is oppositely equal thereto, Ub,BU x and Ub,-BU x are in 
a similar relation to each other. The same holds of the replacements of 
Oa, AEl by Uk,BAa and Uk, -BAa and of the replacement of Oa, AI by 
Ub,BAr and Ub,-BAr. In other words, the operators Oa, L are 
specified only up to a factor ± 1 if we deal with a representation in 
which UO,-1 = L-1 = -1, they are completely specified if we deal 
with a representation in which Uo, -1 = L-1 = 1. As was pointed 
out after (4. 27a), one of these alternatives must hold after our 
normalization in every meaningful representation of the restricted 
Poincare group. It will be shown that the operators obtained in this 
way satisfy a simplified form of the equations (6.4) which imply 

(7.7) 

Even the ambiguity of sign can be eliminated if we coordinate the 
operators not to the elements (a, L) of the full Poincare group but to 
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elements of one of the full quantum mechanical Poincare groups. The 
fundamentally new element here is that the symmetry operators do 
not necessarily form a representation or corepresentation of a 
definite group but may form a corepresentation on one of four 
distinct groups. Each of these groups is the semidirect product of 
the restricted quantum mechanical Poincare group, with elements 
(h, B), and of one of the groups of Table 2, with the multiplication 
laws given in Table 1. Hence, the transformation operators can be 
written in a normal form Uh,BOr where Uh,B = ThLB form one 
of the representations of the restricted group which were determined 
before and the Or are the elements of one of the groups of Table 2. 
The multiplication laws of the Uh,B are given by (3.3) and can be 
united into 

(7.8) 

The multiplication laws of the Or (their number is four or eight de
pending on the group which is being represented) are given by 
Table 1. To these come 

UEUh,BUE-l = UE-IUh,BUE = Uh,B 

AeUh,BAe-l = Ae-lUh,BAe = U-h,B 

ArUh,BArl = Ar-lUh,BAr = U-h,B 

(7.9a) 

(7.9b) 

(7.9c) 

where h is the matrix obtained from h by using the contragradient 
rather than the cogradient components, as indicated in (4.2). One 
can also write 

(7.10) 

where the star denotes transition to the conjugate complex and 

~ II (7.10a) 

Similarly 

B = aB*a. (7.10b) 

The relations (7.9) will be proved below. Actually, because of 
Ur.-l = Dr., Ar-l = ErAr and Ae = Ur.Ar, it will suffice to prove 
only (7.9a) and (7.9c). 
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The operators Oa, L which correspond to the full Poincare group 
are 

Oa,A = V", ±B 

Oa,A 1: = V", ±BV 1: 

Oa, M) = V", ±BAe and V", ±B £eAe 

Oa,AI = V", ±BAI and V", ±B £IAI 

(7.11) 

(7.11a) 

(7.11b) 

(7.11c) 

h = h(a) is given by (2.4), B by (2.5) with a' = Aa. The coordination 
of operators to the elements (a, L) of the Poincare group is unique 
only if Vo, -1 = L-1 = 1 and if the £e = £1 = 1 group is chosen. 
In all other cases, two operators correspond at least to some physical 
operations; if Vo, -1 = L - 1 = -1, two operators correspond to 
each. 

The relations (8), (9), together with the multiplication laws of 
Table 1 suffice to put every product of transformation operators into 
the normal form V",BOr. Thus, for instance, if we deal with the 
£9 = 1, £1 = - 1 group, the product 

V"lB1( - AI) . V"IB • . Ae = V"lB1 Ar1V".B.AI( -AI)Ae 

= V"lB1 V-"aBI( - AlAe) = V"CB1h.B1 t, B1B.( - V 1:). 

The minus sign could also be pulled to the front-it could have been 
pulled to the front right at the start. 

Equations (9) remain to be established. This will be done in two 
steps: It will be proved first that they are valid within a phase factor 
and second this phase factor will be shown to have the value 1. We 
proceed with the first step which essentially amounts to a calculation 
of the h and of the B which correspond to ~a and ~A~, respectively, 
and to the other transforms of a and A. 

It follows from the group equations that 

(7.12) 

~a is the vector the spatial components of which are oppositely equal 
to those of a whereas its time component is at. It then follows from 
(4.2) and (10) (since ~ = G) that 

h( :E a) = h(a) = ah(a)*a. (7.13) 
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This completes the calculation of the h which corresponds to the 
space-inv~rted a. Let us now calculate the two dimensional uni
modular B which corresponds by (2.5) to ~A~, in terms of the B 
which corresponds to A. The former is defined by 

Bh(a)Bt = h( ~ A ~ a) (7.14) 

which is valid for every a, whereas B is defined by 

B h(b)Bt = h(Ab) (7.14a) 

valid for all b. Replace ~a by b in (14) and use (13) to obtain 

Bh( L b )Bt = h( L Ab) = ah(Ab)*a. (7.14b) 

Substitution of h(Ab) from (14a) and the use of (13) for h(Lb) gives 
finally 

Bah(b)*aBt = aB*h(b)*B*ta (7. 14c) 

or 

Bah(b)*(Ba)t = aB*h(b)*(aB*)t. (7.15) 

Since this holds for every b, the h(b)* in (15) is an arbitrary hermitean 
matrix and Ba can differ from aB* only by a factor of modulus 1. 
Since, however, the determinants are all 1, the factor can be only 
± 1. It follows that 

A 

B = ± aB*a. (7.16) 
Actually, both (13) and (16) could have been obtained by direct 
computation. 

If we replace Oa, A in (12) by the corresponding Uh, B, this 
equation becomes by (13) and (16) 

UXUh, BUx-l = w(h, B)U"h*, "B*u. (7.17) 

The ± sign of (16) is not necessary for (17) because U"h,,*, -"B*" 
can differ from U"h*", "B*" only in sign and this can be absorbed into 
the w(h, B). Since the operators on both sides of (17) are completely 
specified, i.e. their phase factors are determined, w(h, B) is an entirely 
definite function of hand B. 

The second equation which we shall need 

AIUh, BArl = w'(h, B)U-h, B (7.18) 
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is even easier to establish on the basis of 

(7.19) 

if we recall that I is the matrix -1. Hence Ia = - a, IAI = A and 
h( -a) = -h(a). This, together with As = UIAl, proves also 
(9b) up to a factor. 

We now come to the second step of the demonstration of (9) which 
shows that the w in (17) and (18) must be equal to 1. Since (17) is 
valid for every h, B, let us write down this equation for two other 
matrices j, C 

UI Uj,CUI -1 = w(j, C)Uuj*u,uc*u. (7. 17a) 

The product of (17) and (17a) is 

UI Uh,BUj,CUI -1 = w(h, B)w(j, C)Uuh*u, B*uUul*u,uC*u. (7.20) 

The product of the last two U can be replaced by a single U by means 
of the group equation (8). The left side then becomes 

U IUh+BjBt ,BCU I -1 = w(h + BjBt, BC)Uq{h+BjBt)*u, q{BC)*u. 

The right side follows from (17) which is valid no matter what the 
two indices of U are. The operator on the right side is now equal to 
the product of the two operators on the right side of (20) so that these 
cancel. Hence 

w(h + BjBt, BC) = w(h, B)w(j, C) (7.21) 

and comparison with (8) shows that the w form a one dimensional 
representation of the restricted quantum mechanical Poincare group. 
Since, however, this group has no invariant subgroup with an abelian 
factor group (except the whole group), the w must be equal to 1. 
The w' of (19) can be shown to be 1 in the same fashion. This then 
establishes all equations (9) since, as was mentioned before, all of 
these follow from any two of them by means of the multiplication 
laws of the reflection operators. 

The multiplication laws of the invariance operators, (8), (9) with 
one of the alternatives of Table 1, define the four possible full 
quantum mechanical Poincare groups. However, again, not all 
representations of these groups are physically admissible. In addition 
to Uo, -1 = L-1 being either 1 or -1, it is necessary that the 
representative of the element - 1 of the reflection group be the 
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operator - 1. It is clear from this circumstance, and the appearance 
of four distinct possibilities, that to a certain extent, the invariance 
operators had to be forced into groups. This was true, though to a 
lesser extent, also for the case of the restricted group. It seems 
nevertheless, that it is useful to normalize the invariance operators in 
some way, and that it is simplest to normalize them in such a way 
that they form a group. It is difficult to carry out calculations with 
"ray operators", i.e. as operators with entirely indeterminate phase 
factors, even though, in principle, this is surely possible since an 
arbitrary normalization of the phase factors surely cannot add any
thing to the physical content of the theory. 

We now proceed to the determination of the representations, or 
rather corepresentations, of the four groups. The next section adjoins 
U E to the restricted group; in this case no distinction between the 
four groups is yet necessary. 

8. Inclusion of Space Reflection Symmetry 

The present section will determine the representations of the 
restricted quantum mechanical Poincare group, when augmented by 
space reflection symmetry. The group equations are (7.S), (7.1) and 
(7.9a). 

Let us consider, first, the operations of the restricted group and 
form the vectors Ip, ') for which (4.6) and (4.24) apply. It will be 
shown that the same equations apply also for UElop*O',,). This is 
what has to be expected since U I will invert the signs of the spatial 
components of p but will leave the angular momenta unchanged. In 
fact applying T", to UEIO'p*O', , ) one obtains, because of (7.9a) 

T",U Elap*a, ') = U ETul.*ulap*a, ') 

= UI exp(i(ah*aap*a»)lap*a, ,). 

Since 0'2 = 1 and since the first factor in the bracket can be shifted 
to the last position, the exponent can be replaced by i (h*p*a2 ) 

=i ( h*p*). Since, furthermore, (hp ) is a real quantity, the ex
ponent is also equal to i < hp ). Hence indeed 

T",(U,z:lap*a, '») = exp(i(hp»)(UElap*a, ,»). (S.1) 
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Let us now apply Ln to Uxlap*a, g). Again (7.9a) gives, together 
with (4.24) 

LnUxlap*O', {) = UxLuB*ulap*O', {) 

= U x L: ~m(u)1/d(O'B*O')t-lap*O'(O'B*a)-l, 7J) (8.2) 
1] 

where the unitary argument u of ~m is 

U = [(O'B*0')t-lap*0'(O'B*0')-1]1I20'B*0'(O'p*0')-1I2. (8.2a) 

Let us verify, first that the unitary matrix in the ket of (8.2) is indeed 
equal to a(Bt-lpB-l)* 0'. This follows from at = 0'-1 = 0'. For the 
same reason u of (2a) is equal to (T denotes the transpose) 

U = (O'BT-lp* B*-10'-1)1I20'B*0'( ap*0'-1)-1I2. (8.2b) 

Since 0' is unitary, both roots contain the unitary transform of a 
quantity. However, (aqa-l)n = aqna-1 for every nj hence 

U = 0'[(BT-lp*B*-1)1I2B*p*-1!2] 0'-1. (8.2c) 

As both u and 0' are unitary and unimodular, this holds also for 
a-lua, i.e. the expression in the bracket. One .can easily verify this 
also directly. Further, the transform of a unimodular unitary matrix 

with 0' is the conjugate complex of this matrix. This is one of the 
identities given also by Giirsey. Hence 

and (2) becomes 

Ln( U xl ap*O', {» 

u = (Bt-lpB-l)1I2Bp-1I2 (8.3) 

= ~ ~m[(Bt-lpB-l)1!2Bp-1/2]1]'(U xIO'(Bt-lpB-l)*O', 7J). (8.4) 

Comparison of this with (4.24), and of (1) with (4.6), show that 
UXlap*al{) transforms under the Uk, n just as Ip, {). If neither of 
the two quantities 

(8.Sa) 
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and 

(8.Sb) 

is zero, they still obey the equations (4.6) and (4.24). Further, because 
of U x2 = 1, they also satisfy the equations 

Uxlp'~)1 = Uxlp,~) + lap*a,~) = lap*a'~)1 (8.6a) 

and 

Hence, if the expression in (Sb) is zero, the two terms at the left of 
(Sa) are equal and (6b) reduces to 

Uxlp,~) = Ip,~) = lap*a, ~), (8.6) 

i.e. the equation which we wanted to prove. Similarly, if the expres
sion (Sa) is zero, the two terms at the left of (Sb) become equal and 
(6) holds for Ip, ~ )2 if U x is feplaced by - U x. This will not affect 
any of the normalizations which have been stipulated, such as 
Ux2 = l. 

Finally, if neither of the expressions (S) vanishes, one can use 
these as the basic states instead of the Ip, ~ ) and the U xlp, ~ ). 
The representation is then reducible because both Uk, Band U x 
transform the states Ip, ~ )1 into linear combinations of these same 
states. The same applies for Ip, ~ )2. In this case (6) is not valid but 
the manifold of states has both states of even parity (the Ip, ~ )1) 
and states of odd parity (the Ip, ~ )2). The question whether, in view 
of possible superselection rules, this statement is physically meaning
ful, will be discussed later. At any rate, even if all the operators are 
physically meaningful, replacement of U x by - U x-which is 
permissible-will change the states of even parity into states 
of odd parity, and vice versa: only a relative parity can be 
defined. 

The preceding discussion also shows that, as far as irreducible 
linear manifolds are concerned, the adjoining of U x to the transforma
tions of the restricted Poincare group does not change the dimension 
of these: these are still 28 + 1 states of a given momentum p. This 
will not be true always when the antiunitary operators Ae and AI are 
adjoined. The situation reminds one of that in atomic spectroscopy: 
the space reflection operator does not increase the degeneracy although 
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it does introduce a new quantum number, the parity. In some cases 
the time inversion operator increases the degeneracy, in others this 
is not the case. 

In the next section, where AI and hence As = U IAI will be 
adjoined to the group, we shall deal with irreducible linear manifolds. 
The preceding consideration then shows that one can select from 
any such manifold states for which (4.6), (4.24), and also (6) are 
satisfied. The manifold may contain also states for which (6) is 
satisfied with a minus sign but we shall, at any rate, start our calcula
tion with the states for which (6) is valid. In some cases, that is for 
some of the four full groups, all states of an irreducible manifold will 
satisfy (6). For the rest of the groups the manifold of the states will 
contain such Ip, ~ > for which (6) is valid, and also such Ip, ~ > 
for which (6) is valid with the negative sign. These two kinds of 
states will then be transformed into each .)ther by the operations 
AI or Ae. 

The amount of computation that was necessary to establish (4), 
i.e. the fact that the UIlap*a, {> = UIlpl ~ > transform under 
the operations of the restricted group just as the Ip, ~ > do, is sur
prising. I do not know how this calculation could be simplified. Its 
result was, however, foreseeable. 

9. Adjoining the Time Reflection Operators 

As was mentioned before, the discussion of the present section, 
which will be the last one of largely mathematical nature, will be 
principally concerned with irreducible linear manifolds which are 
invariant under all operations of the full Poincare group. The ques
tion whether any linear set of states which is invariant under the 
operations of the full Poincare group can be obtained by a composition 
of such irreducible sets will be discussed at the end of this section. 
It will turn out that certain, though rather simple, modifications of 
the equations will be necessary for such a composition. The term 
composition is to be understood here in the extended sense discussed 
at the end of Section 4 and in Section 5 so that it may consist of the 
formation of direct integrals, rather than of only direct sums, of 
Hilbert spaces. It should be recalled, finally, that the present discus
sion is wholly restricted to such cases in which the standard nor
malization of the displacement operators, yielding (4.6), yields only 
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states with positive time-like momentum vectors, I.e. to positive 
definite p. 

Under the conditions enumerated, it is possible to select a set of 
states \p, {> such that the normalized Oa, A and 0 I' that is the 
Vh, B = ThLB and VI' have the effect given by (4.6), (4.24) and (8.6). 
In fact, it can be assumed that the manifold \p, {> contains only 
states with a definite mass, det p = m2, and also that the ~m in (4.24) 
is one of the irreducible representations D(S) of V82• If the states 
A1\p, {> are adjoined to the states \p, {> the resulting linear 
manifold will be invariant under all transformations Oa, L of the 
full Poincare group. In order to show this, we shall call the linear 
combinations of the vectors \p, {> the first manifold, the linear 
combinations of the vectors A1\p, { > the second manifold. Further, 
we shall call unitary subgroup the group of operators obtained 
from those of the restricted group by adjoining the space 
reflection operator V1," That is, the unitary subgroup is the group 
the representations of which were determined in the preceding 
section. 

The invariance of the first manifold, that is of the \p, g > under 
the unitary group is exhibited explicitly in the equations quoted, i.e. 
(4.6), (4.24), (8.6). The invariance of the second manifold follows 
from (7.9c) 

(9.1) 

Because of (1), if one wants to apply Vh , B to A1\p, {> one may 
first apply V-h , B to this vector, and then Ar to the resulting vector. 
The first operation will give a vector in the first manifold, the Ar 
then transforms this into a vector of the second manifold. Hence, as 
was to be expected, both sets are invariant under the unitary sub
group. 

The invariance of the union of the two manifolds under the 
remaining operations of the full Poincare group then follows from 
(1) and the fact that all the remaining operations can be obtained 
from the unitary operations by multiplication with Or. Hence it 
suffices to show that the union of the two manifolds is invariant also 
under the operators Vh , BAr. Because of Ar2 = ± 1, it is clear that 
the vectors of the second manifold, i.e. the linear combinations of the 
Ar\p, {>, are transformed into similar linear combinations of the 
first manifold. 
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= U"'B( L: J .p(p, ~)*AI2Ip, ~)d4p) , 
= €IU",B( L: J .p(p, ~)*)p, ~)d4p) , 
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(9.2) 

and this is, because of the invariance of the first manifold, itself a 
member of that manifold. 

In order to demonstrate that U", BAJ, if applied to a member of the 
first manifold, becomes, conversely, a member of the second mani
fold, one has to make use again of (1): 

U"'BAI( L: J .p(p, ~)Ip, Od4P) , 
= AI( U-h, B L: J .p(p, Olp, Od4P) , 

(9.2a) 

The vector on the right side is obtained by applying AI to a vector 
of the first manifold, it is therefore itself a vector of the second 
manifold. The union of the two manifolds, i.e. the linear combina
tions of the Ip, {) and AIlp, ~), are invariant under all the 
operations of the full Poincare group. 

If the manifold of the A1lp, { ) is linearly independent of the 
manifold of the Ip, {), the introduction of the inversion operator 
Al leads to a doubling of states. This need not be the case, however, 
and is usually not assumed to be the case. Hence, the possibility of 
the existence of linear relations in the manifold composed of the 
Ip, { ) and AIlp, { ) needs to be investigated. 

Let us apply Th to AIlp, ~). The group equations then give 

T,,(A1)p, {» = A1T_h)p, 0 = AI exp( -i<hp »)p, {). 

Since AI is antiunitary 

T,,(AIlp, {) = exp(i <hp ) )(AIlp, {». (9.3) 

Under the displacement group, the AIlp, { ), transform in the same 
way as the Ip, 7] ) with the same p, but any 7]. Hence, if there is a 
linear relation in our manifold, there is such a relation already be
tween the Ip, 7] ) and AIlp, , ) with a single p. 
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Let us now apply LB to an AIlp, ~ ). The result is 

LR(AI/p, 0) = AILBjp,~) = AI 2: l)<SJ(u)7Jdp', 1]) 

7J 
= 2: D(SJ(u)7J~ * AI/p', 1] ) 

(9.4) 

7J 
where (cf. (4.24)) 

p' = Bt-1pB-l, U = (Bt-1pB-l)1I2Bp-1I2. (9.4a) 

It follows that AI/p, ~), which transforms as Ip, ~) under dis
placements, transforms also under the homogeneous operations B 
of the restricted group in a similar way to /p, ~ ), the only exception 
being that instead of D(S), its conjugate complex occurs in the trans
formation (4) of AIlp, ~). However, D(S)* is equivalent to D(S) 
and can be transformed into this by the well known matrix C 

l)<S)(u) = CD(S)(u)*C-l (9.5) 

where 

Cp-v(SJ = ( - )s+P-81l .-v' (- S ~ !1-, v ~ S). (9.5a) 

Its only finite elements are on the skew diagonal. It follows that the 
transformation formulae for 

(9.6) 
1) 

are exactly the same as for AIlp, ~). It then follows easily-most 
directly by the consideration of the B for which p' = p-that the 
only linear relations that can hold between the AIlp, ~) and the 
Ip,1] ) are 

the w being independent of ~. Further, application of the general L JJ 

on (7) shows that w is also independent of p. This is a special case 
of the general rule that if two sets of vectors belong to the same ir
reducible representation and one vector of the first set is obtained 
from the corresponding vector of the other set by multiplication with 
a constant factor, then each vector of the first set can be obtained by 
multiplication with the same constant from the corresponding vector 
of the second set. Since w in (7) is the same for all vectors AIlp, ~ ), 
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it can also be eliminated by replacing AI by w* AI. It follows that if 
there is any linear relation between the Ip, {) and the AIlp, { ), 
then all the relations 

(9.8) 
'1)'1) 

can be assumed to hold. 
Before concluding that the relation (8) is possible, the remaining 

relations VIAl = E0E[AI VI and AI2 = EI must be checked. As for 
the latter, we calculate 

AI2/p, ') = AIAI/p, ') = AI 2 C'I),(Sllp, 'Y) 

= 2 CA'I)(SlC'I),(Sllp, A). 
Al1 

The coefficient of Ip, A ) on the right is the A, element of the square 
of C(S). This is, however, (- )2S as can easily be calculated from 
(Sa). Hence, (8) can hold only if 

EI = (- )2S (9.9) 

For EI = - ( - )2S the relation (8) cannot be valid and since we have 
already concluded that this is the only possible relation, no linear 
equation between the Ip,,) and Allp,,) is possible and the 
manifold of these vectors, which is invariant under all the trans
formations of the full Poincare group, is irreducible. 

Let us now consider the last remaining relation, VIAl = E0EIAI Vr:.. 
We apply VI to both sides of (8) and obtain by means of (8.6) 

V IAllp, ') = E0EIAIV IIp, ') = E0EIAII crp*cr, ,). (9.10) 

On the other hand 

(9.10a) 
'I) 'I) 

This last expression is, if (8) is valid, equal to the right side of (10) 
if ErN = 1 but is oppositely equal thereto if E0EI = -1. In this case, 
V I if applied to the vectors of the linear manifold Allp, , ), trans
forms them according to (8.6b) or, expressed differently, AI changes 
the parity of the states ip, , ). It is worth recalling that, as long as we 
consider V I to be a valid symmetry operation, this fact of the 
opposite nature of the parties of the states of the two manifolds, 
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Ip, ,> and AIlp, ,> cannot be eliminated by attaching a phase 
factor to U I. At any rate, if £9£[ = - 1, equation (8) leads to a con
tradiction and cannot be a valid relation. Hence in this case, similar 
to the case £[ = - ( - )2S, we have a doubling of all states and the 
manifolds Ip" > and AIlp, ,> are linearly independent, in fact 
orthogonal. 

It now follows that only if (- )2S = £[ = £9 can (8) be valid. 
Hence the reflection operators will cause a doubling of the irreducible 
manifold Ip, '), which is invariant under the restricted group, 
unless £[ = £9 = (- )2S. Naturally, nothing that has been said so 
far proves that (8) is indeed valid, and that there is no doubling of 
the states, even in the case of £9 = £1 = (- )2S. However, we can 
enforce the validity of (8) by the same method which we used 
to show that (8.6) is valid, possibly after changing the sign of U I, 

in every irreducible representation. For this purpose, we again define 
vectors 

AIlp, ,> + L: C1/c{S)lp, 'YJ> = Ip, '>1 (9. 11 a) 
1/ 

and 

AI/p, ') - L: C1/c(S)lp, 'YJ) = Ip, ')2 (9.11b) 
1/ 

Under the operations Uhf B of the restricted group, the vectors 
Ip, ')1 transform as the AIlp, ') (i.e. according to (3) and (4». The 
same is true of the Ip, , )2. If Al is applied to Ip, , )1. it becomes 

AIlp, ')1 = £Ilp, ') + L: C1/c(S)A I\p, 'YJ). (9.12) 

Because of 

(12) is equal to 

11 

L: Cl1c,(S)Cn{S) = (- )2SSCl1 

" 
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if ( - )2S = E[. Hence the linear manifold Ip, , )1 is invariant under 
A[ if (- )2S = E[. The same applies to the manifold of the Ip, , )2. 

A similar consideration shows that both manifolds are invariant also 
under U I if E[Ee = 1. They are therefore also invariant under the 
operations of the full Poincare group and the linear set of the Ip, , ) 
and A[lp, , ) could be decomposed into two invariant sets. In an 
irreducible invariant set, (8) can be assumed to be valid, possibly 
after changing the sign of AI. In a reducible set, however, there may be 
states for which (8) is valid, and other states for which the two sides 
of (8) are oppositely equal. Hence, in a reducible system, there may 
be a relative I-parity just as there may be a relative ~-parity. One 
of these parities can be replaced by a 8-parity. Since As is not 
believed to cross superselection lines, the definition of the relative 
8 parity is less subject to the doubts which will be discussed in the 
last section. 

The discussion of the present section is an adaptation of the general 
discussion of corepresentations to the mathematically relatively 
simple case which faced us here. The general discussion itself shows 
much similarity to the oft-mentioned Frobenius method. There is a 
great difference between the result of the present discussion and the 
general mathematical discussion of the corepresentations of a definite 
group. The latter shows that every irreducible representation of the 
unitary subgroup can be extended only to one irreducible corepre
sentation of the whole group. The reason for the difference is not 
that the general theory is inapplicable but that the "whole group" is 
not uniquely defined. It remains true, also in our case, that every 
irreducible representation of the unitary subgroup (i.e. the restricted 
Poincare group augmented by space reflections) can be extended to 
only one corepresentation of everyone of the full groups. There are, 
however, four quantum mechanical full Poincare groups and every 
irreducible representation can be extended to a corepresentation of 
each of them. The customary assumption is that the full group is 
characterized by ES = E[ = (- )2S-the case which does not lead 
to a doubling of states. The other possibilities will be explored in the 
next section. 

The following table gives an abbreviated summary of the results 
of this section. The two rows of the matrices which occur in it refer 
to the first and second linear manifold discussed at the beginning of 
this section. As can be obtained as UIA[. 
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TABLE 3 

Summary of Results 

Characterization of u.l: times 
full Poincare group P -+ P = UP·11 AI 

E(J EI 

( _)2S ( _)2S 1 C 

1 0 0 C 
_( _)2S ( _)2S 

0 -1 C 0 

1 0 0 C 
( _)2S _( _)2S 

0 -1 -c 0 

1 0 0 C 
_( _)2S _( _)2S 

0 1 -c 0 

In all cases considered, the basic vectors have been chosen in 
such a way that the operators of the restricted group have the form 

II ~h.B ~h.B II (9.13) 

As far as the restricted group is concerned, the two linear manifolds 
do not differ. Hence, the vectors which correspond to the second rows 
of the matrices of Table 3 or of (13) are not the AIlp, ~ > themselves 
but the vectors 

Both manifolds are also invariant under U x but they differ from each 
other if E9EI = - 1, that is the second and third case. In these cases, 
AI (or As) transforms a positive ~-parity state into a negative one, and 
vice versa. AI is, of course, antiunitary even though this is not 
indicated in the table which gives only the transformation of the 
basic vectors. Finally, it should be noted that in all cases considered, 
two representations or corepresentations are considered to be 
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equivalent if their operators can be transformed into each other by 
a similarity transformation (S . .. S-1 where S is the same for all 
operators), followed by a phase renormalization, Le., multiplication 
with a numerical factor of modulus 1 which can be different from 
operator to operator. 

10. Attempt at Physical Interpretation 

The present notes do not consider the zero-mass representations 
of the Poincare group. However, the extension of the representations 
of the restricted group with zero mass to corepresentations of the full 
group can be carried out along the lines employed for the finite 
mass representations. The following table gives the number of in
dependent states for a definite momentum 'vector both for the zero 
mass and for the finite mass representations. 

TABLE 4 

Number of Independent States Cor Definite Momentum, 
in Corepresentations 

Group Representation of restricted group 
Finite mass Zero mass 

fie ([ 8 =0 8 integer half into 8 =0 8 integer half int 

1 1 1 28 + 1 48 + 2 1 2 4 
1 -1 2 48 + 2 48 + 2 2 2 4 

-1 1 2 48 + 2 48 + 2 2 4 2 
-1 -1 2 48 + 2 28 + 1 2 4 2 

The problem now is to determine the "type", i.e. the full quantum 
mechanical Poincare group according to which the various particles, 
such as photon, electron, etc., transform. The hope is that the 
coordination can be made uniquely, that it explains some of the 
a priori surprising facts such as the equality of the rest masses of 
electron and position. 

Let us try to determine, first, the "type" of the photon. This has 
no mass and the behavior of the classical description of the photon, 
that of the electromagnetic field, under restricted Lorentz trans
formations is such that S = 1 has to be attributed to it. If we apply a 
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time inversion to the electromagnetic field, the electric vector will not 
change its direction, the magnetic will. However, if this operation is 
carried out twice, no change remains so that £8 = 1. If the time re
versal is followed by a space inversion, the electric vector again 
remains unchanged, the magnetic changes sign. This follows from 
the new way of looking at reflections, discussed in section 6. We can 
decompose the operation of space inversion into a reflection in a 
plane parallel to the electric vector, and a rotation by 'IT about an 
axis perpendicular to this plane. Both operations change the direction 
of the electric vector. In the case of the magnetic vector, the first 
operation has no effect. Hence, 1 = L0 leaves the direction of the 
field vectors unchanged and this is then true also of 12. Hence, we 
also have £[ = 1. The preceding consideration uses classical concepts 
but the use of quantum concepts can be expected to give the same 
result. Hence the type of the light quantum is £8 = £[ = 1, or + +, 
and the same result could be expected always if the relation between 
classical and quantum descriptions is as close as in the case of the 
light quantum. Table 4 shows that a particle of type + + with zero 
mass and S = 1 has two independent states of directions of polariza
tion and this is in agreement with what we know about photons. 

Let us consider now the case of a charged particle or, more 
generally, a particle which is different from its antiparticle. We also 
assume that the particle has a finite mass. If particle and antiparticle 
are different, it must be possible to define an operator Q with two 
characteristic values, + 1 and - 1, so that the particle states belong 
to the characteristic value + 1, the antiparticle states to the character
istic value - 1. 

Since the manifold of the particle states is invariant under the 
operations of the restricted group, and since the same applies to the 
antiparticle states, these operations must commute with Q. The 
operations in question have the form (9.13) 

II ~hfB ~hfB II (10.1) 

in the scheme used in Table 3. An operator which commutes with the 
operators (1) for every hand B must have the form . 

Q121 

II (10.2) 
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The Qtk are members, the 1 indicates that Qu 1, for instance, which 
is to be applied to the members of the first manifold, merely multiplies 
these members by Qu. 

The manifold of particle states, and also the manifold of anti
particle states, must also be invariant under Aa = U EA[. This means 
that Q commutes with Aa. If we consider, for instance, the operators 
of the third row, €a = (- )2S, €[ = - (- )2S of Table 3, we obtain 
using Aa = Ur. A[ 

\I ~ 
= II QuI 

Q211 

c 
o 

" 
II Qu*l 

Q21*1 

II II ~ 
c 
o 

II 

II 
(10.3) 

The conjugate complex signs appear on the left because As is anti
unitary. Finally, Q must anticommute with U E because space reflec
tion transforms particles into antiparticles and vice versa. It is easy 
to see from Table 3 that this last condition cannot be fulfilled in the 
first and last case enumerated there, i.e. in the cases in which €a = €[; 
it will be fulfilled in the two other cases if Qu = Q22 = O. Hence, 
(3) now gives 

(10.4) 

or Q12 = Q21,*, a condition which is fulfilled anyway because of the 
hermitean nature of Q. Had we considered the case €a = - ( - )2S, 
€[ = (- )2S, the result would have been Q12 = - Q21* which is 
inconsistent with the self-adjoint nature of Q. Hence, a particle
antiparticle system transforms according to the group characterized 
bY€8 = (_)2S;€[ = _(_)2S. 

The operator Q remains to be more fully determined. Since its two 
. characteristic values are 1 and - 1, the determinant of the Qtk must 
be - 1 and this leads to 

Q = II ~1 
wI 

II (10.5) o 
where Iwl = 1. If we now transform all operators of the representa
tion by 

8=\\ ~ ~Wl II (10.6) 
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the operators of the unitary subgroup, (1), and the U E of Table 3, 
will remain unchanged. The same is true, however, also of Ar 
because of its antiunitary nature. This is true then for all symmetry 
operators which are products of proper Poincare transformations 
with 1, UI , o[ or 00 = UIOr. On the other hand Q will go over into 

Q = II ~ ~ II (10.7) 

which we may adopt as the normalized form of this operator. 
The particle states are then linear combinations of the kets 

Ip, ,> + (- )2S 2: C'1/Arlp, 7J > 
1/ 

whereas the antiparticle states are linear combinations of 

1/ 

C is the matrix defined in (9.5) or (9.5a). 

(10.8) 

(10.8a) 

The preceding consideration can be extended to other particles, 
perhaps even to unstable ones. There is some doubt in this regard 
because the unstable particles do not belong, strictly speaking, to 
any irreducible representation of the Poincare groups-a time dis
placement does not leave them in the manifold which can be con
sidered to be a state of the unstable particle. A good deal more can 
be said about this question. At any rate, the determination of the 
type leads, in all cases, to one of the types encountered so far, that is 
to £9 = £[ = (- )2S (normal type) or to £9 = (- )28 = - £[. The 
usual assumption, on the contrary, is that the transformation proper
ties of all particles corresponds to the £9 = £[ = ( - )28 type. This is 
different from the conclusion here arrived at. 

It might be noted that no example for the other types, correspond
ing to the second and fourth rows of Table 3, has been found. In 
fact, one can adduce empirical evidence to conclude that there are no 
particles in nature which transform according to one of these groups. 
If this is true, £8 = (- )2S is universally valid. 

It may be worth mentioning that the increased number of states 
in the case of all groups, except the £8 = £r = ( - )2S group permits a 
wider variety of properties of the larger manifold of states. Neverthe
less, the well-known argument of Lee and Yang concerning the 
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absence of an electric dipole moment, as a result of the time inversion 
symmetry, remains valid in all cases. 

II. Critique of the Interpretation 

The most serious doubts concerning the validity of the preceding 
considerations arises from the fact that, according to the interpreta
tion of the space inversion symmetry, given in section 6, this operation 
may well "cross" a superselection line. This means, in more simple 
words, that it may transform every realizable state into such a state 
which, although also realizable by itself, cannot be superposed over 
the original state. Let us consider, for instance, an arbitrary state 
,pe of the electron. UE transforms this into a definite state ,pp of the 
positron. This, in itself, is also a realizable state. However, states such 
as r:t.,pe + PtPP are probably not realizable and it is in fact difficult to 
imagine how this state could be distinguished from any state 
r:t.,pe + wP,pp, where Iwl = 1. This is what is meant by the statement 
that a supers election line divides the states of the positron from those 
of the electron. 

If the presence of a definite state such as r:t.I/Je + pI/Jp is not verifiable, 
it is not possible to prove that there is one, and except for a phase 
factor only one, unitary or antiunitary operator which transforms the 
vector of any state into the vector of the state obtained from it by the 
symmetry operation. In other words, the operator U E cannot be 
defined as an operator in one Hilbert space but must be regarded as 
an operator which transforms the vectors of one Hilbert space (that 
of the electron states) into vectors of another Hilbert space (that of 
the positron states). Both of these Hilbert spaces contain, in a sense, 
fewer states than their direct product which is the space we used. 

The preceding difficulty applies not only to U E itself but to all 
operators which transform particles into antiparticles. It does not 
apply to As but does apply for instance, to AI. It is possible, for in
stance, to redefine AI by changing only its effect when applied to 
positron states by multiplying it with a factor. If this factor is 
properly chosen, the square of AI will be 1-or, for another 
choice, any other member of modulus 1. This shows that if the super
selection rule is valid, the quantity AI2 = £1 is not uniquely defined. 
A change in the definition of AI is not possible if a state r:t.,pe + p,pp 
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is distinguishable from the state (I."'e + wfNp with w ::f: 1. Thus if 
AI"'e = ""p and AI",p = "" e, we have 

(11.1 ) 

and 

(11.1a) 

so that if this is to be, within a factor, (14e + f3"'p, we must have 

(11.1b) 

with the same factor e in both equations. If we now change AI",p to 
w"" e, AI""p to we"'e, leaving AI"'e = ""p and AI"" e = e"'p, we shall 
have 

AI2((I."'e + f3"'p) = AI«(I.*",'P + wf3*""e) 

= (l.AI""P + W*f3AIfe 

= w(l.e"'e + w*f3e"'p (11.2) 

which, if w ::f: w*, is distinguishable from (I."'e + {3"'p. Hence (as 
we know) the change in the phase factor in part of the range of AI is 
not possible if the two states, w(l.e"'e + w*{3e"'p and (I."'e + f3"'p are 
distinguishable. It is possible, however, if these two states are un
distinguishable, i.e. if a superselection rule divides the electron 
states from the positron states. 

If the point of view just sketched is adopted, only Aa (and its 
products with the transformations of the restricted group) remains as 
reflection symmetry to which a unitary or antiunitary (actually anti
unitary) operator corresponds. The same consideration which led us, 
in section 9, to four quantum mechanical Poincare groups, then 
leads to only two such groups. These can be characterized by the 
value of ea = Ae2, or by that of ee( - )2S. These quantities can assume 
the values + 1 or - 1. In actual fact, however, es( - )2S has the 
value + 1 for all known particles and it was mentioned in the pre
ceding section that there are (empirical) reasons for believing that 
no particles for which es( - )2S = - 1 exist, at least as far as particles 
with non-zero mass are concerned. 

If the operations which involve space inversions are eliminated 
from the group, no corepresentation leads to a doubling of states. The 
manifold of states which belongs to the corepresentation ea = ( - )2S 
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= - £[ decomposes, if only invariance under the subgroup is de
manded which does not contain space (or space-time) inversions, 
into two invariant manifolds, spanned by the vectors (10.8) and 
(IO.8a), respectively. One of the conditions which led to the deter
mination of these vectors was in fact time inversion invariance. This 
does not mean, however, that the existence of particles and anti
particles of equal restmass and spin remains unexplained by sym
metry operations. Space (or space-time) inversion still transforms 
particles into antiparticles but no unique unitary or anti unitary 
operator can be coordinated to these symmetry operations. They 
play a role similar to that played by all symmetry operations in 
elementary classical theory; rotational invariance shows that if there 
is an orbit with energy E, many other orbits with the same energy 
can be derived therefrom by rotations. In our case of space inversion, 
which is a single operation, only one new state can be obtained which 
mayor may not be identical with the original state. In the former 
case we say that the particle is identical with its antiparticle, in the 
second case particle and antiparticle are different. 

It is difficult to tell which of the two points of view will prevail: 
the one adopted in section 9, or the one sketched here. The present 
one is more secure as it does not assume as much distinguishability 
between states as was assumed in the preceding work. On the other 
hand, it is not sure that particle and antiparticle states are in every 
case separated by a superselection rule. It is not sure, either, that the 
assumption of an essentially unique operator U I leads to an incorrect 
result even if this assumption cannot be based on firmly established 
principles of measurability. Many concepts in physics, though not 
based on such principles, proved very fruitful. 

This concludes the criticism of the considerations of the preceding 
sections, as far as their conceptual basis is concerned. It remains to be 
mentioned that the paucity of the results is somewhat disappointing. 
I had hoped that the consideration of the reflection operators would 
introduce some more general additive quantity, or quantities, which 
then could be identified with electric charge or baryon number. 
This has not been the case, at least not in the framework of the 
present quantum mechanical theory which operates with a Hilbert 
space with the ordinary compiex members as vector components. 

It is not only customary, it is almost axiomatic in present theory, to 
associate the direct product of the Hilbert spaces of two systems (or at 
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least the symmetric or antisymmetric part of this product) with the 
union of the two systems. This then leads to rules, such as that the 
parity of a composite system is the product of the parities of the con
stituents. The cluster theorem should help to establish such rules 
even more firmly in present quantum field theories. The product rule 
may in turn provide a definite preference for the normalization of the 
operators of the constituent, elementary systems. In some cases the 
normalization of the operators which is preferable in order to main
tain the product rule may be different from the normalization which 
appears most natural from the point of view of the constituent system 
alone. Such indications have not been taken into account in the 
present discussion and all the normalizations were adopted solely on 
the basis of simplicity in the description of the elementary system 
considered. It is clear, however, that no arbitrary normalization can 
have any effect on the physical content of the theory-it can only 
make the description more simple or more cumbersome. We have 
considered only the simplicity of the description from the point of 
view of the systems considered, not from the point of view of the 
description of unions of such systems. 

It would be very difficult to give a full enumeration of all who have 
contributed to the problems discussed in the present series of lectures. 
In addition to my closest colleagues, Bargmann and Wightman, I 
have learned a great deal from a participant at this conference, 
Professor L. Michel, and derived much stimulation from a colleague 
in Leiden, Dr. R. M. F. Houtappel, and from R. Haag. Most of 
what has been reported in the preceding pages was known to all of 
us for several years. (See A. S. Wightman's article in the collection 
Les Problemes Mathematiques de la Theorie Quantique des Champs, 
Centre National de la Recherche Scientifique, Paris, 1959). There 
are, however, also some publications on the subject. Those which 
occur to me at once are due to J. C. Taylor (Nucl. Phys. 3, 606(1957)), 
to J. A. McLennan (Phys. Rev. 109, 986 (1958)) and to H. Ekstein 
(Phys. Rev. 120, 1917 (1960)). 
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The present article deals with simply reducible groups which are finite or 
compact and with their unitary representations (more precisely: with their 
representations which are in unitary form) in general. A simply reducible 
group satisfies two criteria. First, all classes are ambivalent, i.e., contain 
with an element X also its reciprocal, X -1. Since the charactera of all elements 
of a class are equal to each other in every representation, it follows that the 
characters of X and X-I are equal. If the representation is in unitary form, 
it is at once evident that the characters of reciprocals are conjugate complex. 
It therefore follows from the ambivalent nature of all classes that all char
acters are real in every representation of a simply reducible group. As a 

* Editors' note: The original version of Professor Wigner's paper differed in only minor 
ways from the later version given here. The changes are entirely of a clarifying nature, 
except that references to a few articles which have appeared since 1940 have been 
added, and the more modern tenninology (Racah coefficients, multiplicity free repre· 
sentations, etc.) occasiona.lly mentioned. Also, the left·handed coordinate system used 
in the original manuscript was changed into a right. handed one by interchanging X and 
Y. We feel that the usefulness of these changes outweighs that of historical accuracy. 
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result, every representation is equivalent to the conjugate complex re
presentation. 

The second condition for a group to be called simply reducible is that the 
irreducible representations of the group be, in the terminology of G. R. 
Mackey, multiplicity free. This means that the Kronecker (direct) product 
of two irreducible representations, il and i2' does not contain any irreducible 
representation more than once. If the direct product of il and i2 contains is, 
we set the symbol (jd2is) = 1; if it does not contain is, we set (jliJs) = o. 
Since all representations to be considered are equivalent to their conjugate 
complex, if the product of il and i2 contains is, the product of i2 and is 
containsil. Hence, the symbol (jd2i3) is symmetric in its arguments. The 
multiplicity free nature of the representations is the condition for the validity of 
what is often called the Eckart-Wigner theorem in quantum mechanics, and 
it was this circumstance which attracted this writer's attention to the subject. 

The present article, which is published here for the first time, is the con
tinuation of the article6 in which simply reducible groups were defined. 
A summary of the relevant results of this article is given in Reference 6, 
and its notation is followed in the present article. Group elements are denoted 
by capitals, R, S, T, .... Summation over these is always extended over all 
elements in case of finite groups; the invariant integral is meant in the case 
of continuous groups. In the former case, h is the order of the group; in the 
latter case, h is the volume thereof. Other symbols to be used are: 

[j] dimension of the irreducible representation i; in the ca.se of 
the three-dimensional rotation group [i] = 2i + 1. 
KA matrix element of the matrix which the unitary irreduc
ible representationi coordinates to the group element R. The 

customary notation is [~ ~] = DO>(R)rc).. 

coefficient of the vector addition model. An equivalent 
quantity was calculated for the three-dimensional rotation 
group in the writer's book.s The relation between the two 
notations is, explicitly, 

s})av = (-)'-1+1'+·(22' + 1)1/2 (l 1 Ii') 
p. v -p.-v· 

{jl i2 is} is called, in the case of the three-dimensional rotation 
II l2 ls group, the Racah coefficient7 W(jlll' i2l2' i3l3)· 

Much more extensive tables for both coefficients than are contained in the 
present article have been published by H. A. JahnS and L. C. Biedenharn.9 

and also others.· 
The star denotes the conjugate imaginary. 

* Editors' note: See Bibliography, Section E, p. 321. 
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I. SIMPLY REDUOIBLE GROUPS 

1. Definition of Simply Reducible Groups 

The chief purpose of the present paper is to derive some formulas 
for the irreducible representations of the three-dimensional rotation or the 
two-dimensional unimodular unita.ry group. Many of the formulas and re
lations to be derived were given already in the books quoted in References 3 
and 5. It seems appropriate, however, to give a more systematic and exhaust
ive treatment to this subject than has been done hitherto. The results of the 
first five sections will be valid not only for the above continuous groups, but 
for all finite S.R. (simply reducible) groups because the special properties 
of the above groups will not be utilized in the first five sections. 

Equations derived in earlier parts of the paper will be quoted in the custom
ary manner when used again. Some equations expressing symmetry proper
ties of certain symbols form an exception under this rule and will be used 
without being quoted. The numbers of these equations are set in bold face 
type where they are derived. 

The S.R. groups were defined6 as groups for which (a) the direct product 
of two irreducible representations contains no irreducible representation more 
than once, and (b) every element is equivalent with leontained in the class of) 
its reciprocal. The notation adopted in the first part of Reference 6 will be 
used here also. All equations of Sections 2-5 are valid for finite S.R. groups 
and also for the above continuous groups if the summation over the group 
elements is replaced by the invariant group integral and h is replaced by the 
volume of the group, i.e., the integral of lover the group. In order to avoid 
the necessity of distinguishing between the two kinds of groups, the necessary 
results in Reference 6 (Lemma 1, Theorem 3), will be established for the above 
continuous groups by direct enumeration in Section 7. 

2. Invariant Vectors in Representation Space (Three-j-Sym1Jo~~ or Olebsch 
Gordan OoeJficients); Oovariant and Oontravariant Oomponents 

Let us denote the matrix elements of the unitary matrix which brings 
the Kronecker product of the representationsj1 andj2 into the reduced form 
by 

U _[']1/2(i1 i2 i3) ;a"a: "1"2 - 33 /( /( /( . 
1 2 3 

(1) 

All representations are assumed to be in unitary form. In U, j3 and /(3 

specify the row, /(1 and /(2 the column into which the matrix element (1) 
belongs. The second factor on the right side of (1) will be called a "three-i
symbol." Because of (1), we have 
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[il B] [i2 B] = L[is] (il i2 is t[is Brc i2 is) 
1(1 Al 1(2 A2 ;3 1(1 1(2 I(s I(s As ~~ A2 As 

(2) 

or 

(il i2 is )[i' B][i2 B] [is Bret i2 is) (2a) 
I(t 1(2 I(s I(t At 1(2 A2 = I(s As At A2 As . 

The left side is the is I(s; At A2 matrix element of the product of U with the 
Kronecker product of the representations il and i2' the right side is the same 
matrix element of the product of the reduced form of the above Kronecker 
product with U. The summation convention is adopted in these and all following 
formulas for the greek letters, i.e., a summation must be carried out over all 
greek letters occurring twice in the same expression. In order to make it 
unnecessary to give the limits of summation, we shall set the three-i-symbols 
equal to zero if the last i does not occur in the Kronecker product of the 
first two. Then all summations can be extended over all possible values of 
the variables. This holds, naturally, for the greek letters also, the possible 
values of which serve to denote the rows and columns of the corresponding 
representation. 

Equation (2) can be given, in addition to (2a), further particular forms. 

Multiplying this equation by [~: ~] and summing over I(s, one obtains 

because of the unitary nature of the representation 

[il B][i2 B][is B](il i2 is) (il i2 is) (2b) 
1(1 Al 1(2 A2 I(s As 1(1 1(2 I(s = Al A2 As . 

This expression car. be said to express the fact that the three-i-symbols are 
invariant under the operations of the group. The conjugate imaginary of l2b) 
can be written, again on account of the unitary nature of the representations 

[il B][i2 B][is B](il i2 is)* (il i2 is)* (2c) 
Al 1(1 A2 1(2 As I(s 1(1 1(2 I(s = Al A2 As 

where B-1 has been replaced by B. This equation shows that the conjugate 
imaginaries of the three-i-symbols are also invariant under the group opera
tions though the role of rows and columns is interchanged. 

Another form of (2) expresses the fact that while U-l ... U transforms 
the reduced form of the Kronecker product into the Kronecker product 
U ... U-l transforms the Kronecker product into its reduced form. This 
equation reads 

(il i2 is)[il B][i2 B](il 
1(1 1(2 I(s I(t Al 1(2 A2 Al 

A last form of (2) is given by (5). 
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If we again adopt the notation that (-1 )Zi = 1 if j is an integer repre
sentation, (_I)Zi = -1 if j is a half integer representation, the above con
vention allows us to write 

(3) 

because the three-j-symbol in (3) vanishes on account of the lemma in Ref
erence 6 unless ( -1 )zit +2;2+2i3 = 1. We shall write, furthermore ( -1); = + 1, 
if j is an even representation; (-1); = -1 if j is an odd representation (cf. 
Theorem 3 of reference 6). If j is integer but neither even nor odd, the value 
of ( -1)i is immaterial for the following and can be taken to be + 1. If j is 
half integer, (-I)i can be assumed to be i or -i arbitrarily, provided that its 
value, once adopted, is maintained throughout. 

The unitary character of the matrix (1) is expressed by 

( . . .) (. . ')'" . 31 3z 33 31 3z 33 
~ Ua] KKK A A K = 8"1'\18"2'\2 
33 1 z. a 1 z 3 

(4) 

31 3z 3 31 3z 3 . -1' . . ( . . .) (. . ")* 
Al Az A Al Az A' = (J] (31 Jz 3 )8il·8M •• (40.) 

Here again (jl jz j) = 1, if the Kronecker product ofjl andjz contains j; 
it is zero otherwise. The normalization of the three-j-symbols adopted in (1) is 
such that 

(4b) 

The three-j-symbols are not completely determined by the condition that they 
satisfy (2). The reduced form of the Kronecker product commutes with all 
diagonal matrices in which the diagonal elements corresponding to one 
representation are the same (and only with these). Hence, the transforming 
matrix (1) can be multiplied by a diagonal matrix of this character. This 
corresponds to multiplying the three-j-symbol of (1) by a quantity depending 
only onja (andjljZ)' but independent of Kl' KZ' K3' If we require that (1) shall 
continue to be unitary, the modulus of the indeterminate factor, w(jl' jz, i3)' 
must be 1. 

One can bring, by means of the orthogonality relations, the representation 
coefficient from the right side of (2) to the left side. This gives 

2:[jl R][jz R][ja R] -h(jl jz j3)*(il jz ia) (5) 
R Kl Al KZ Az Ka Aa - Kl KZ Ka Al Az Aa' 

The purpose of the factor [j]I/Z in (1) was to make this expression symmetric 
in the representation coefficients. It follows from (5) at once that 
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Ie: ~: ~:)r = Ie: ~: ~:)r = I(~: ~: ~:)r etc. (5a) 

i.e., that the interchange of the columns does not affect the absolute value 
of the three-i-symbols. It will be shown now. that it is possible to normalize 
the latter in such a way that 

(il i2 is) = (_I)h+i2+i3 (i2 il is) = (_I)h+i2+ia (il is i2) (6) 
#(1 #(2 #(s #(2 #(1 #(s #(1 #(li #(2 

and hence 

(il 
i2 is) = (i2 is il) = (is i1 i2), (6a) 

#(1 #(2 #(s /(2 #(s #(1 #(s #(1 #(2 

Le., that the three-j-symbols remain unchanged under an even permutation of 
their columns and are multiplied by (-I)h +;2+;3 for an odd permutation. 
According ·to the lemma of Rcference 6 and our convention for the values of 
(-I); the (_I)h+;2+;3=±I, unless the three-i-symbols in (6) and (6a) 
vanish. 

In order to obtain (6) and (6a), let us first choose a triple /(10' #(20' #(so of #( 
for which the three-i-symbol does not vanish. Let us multiply then the three
i-symbols of idJs by a factor of modulus 1 which makes 

(*) 

real and positive. We can then multiply all the symbols 

(t) 

with a second factor of modulus 1 so that the first part of (6) shall be correct 
for the triple #(10' #(20' #(30. This is evidently possible if i2 and il are different, 
because in this case the factors by which (*) and (t) can be multiplied are 
entirely independent of each other. For il = i2 on the other hand, (6) only 
expresses the fact that the representation is is in the symmetric or antisym
metric part of the Kronecker product of il with itself, for even and odd values 
of is - 2il' respectively. In a similar way. all the equations (6) and (6a) can be 
made to hold for a single triple #(1 = #(10' #(2 = #(20' #(3 = #(30 for which (*) 
does not vanish. It follows then from (5)-its left side is clearly unaltered 
if one interchanges the indices 1 and 2-that (6) and (6a) hold for all #C1' #C2' #C3. 
In the following, we shall not necessarily retain the normalization which 
makes (*) real but may multiply all three-i-symbols with factors of modulus 
unity which depend symmetrically on i1' i2' is. This will leave equations (6) 
and (6a) valid. In the case of the three-dimensional rotation group, it will tum 
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out to be possible to choose all three-i-symbols real and this will be the 
normalization adopted. 

An important special case of (2) is obtained by taking for i2 the identical 
representation i2 = O. The Kronecker product of this with il is of course il 
itself so that i3 must be it also. Since i2 has only one row, no summation over 
1e2 is necessary. We shall denote the only row of i2 = 0 by 1e2 = O. It then 
follows from (2) that 

[i]t/2 (i 0 j) = ( i ) 
leO,." Ie,." 

(7) 

is the unitary matrix which transforms the representationj into the conjugate 
complex form 

(8) 

The unitary condition (4) and (4a) becomes 

(9) 

and instead of (6) we have 

(10) 

a result well known from the investigations of Frobenius and Schur.1 Since 
(_1)4i = 1 for all i, it is permissible to interchange the indices on both 
"one-j-symbols" in (8). 

The one-i-symbol defined in (7) can be made to play the role of a metric 
tensor by which to raise and lower indices. Thus we can write 

(lOa) 

and 

(il i2 i3) ( i )*( i )*( i )* _ (lei ~2 ~3). (lOb) 
Al A2 A3 Al leI A2 1e2 A3 1e3 - il 32 33 

If one wants to use the notation of (lOa) and (lOb), defining covariant 
(straight) and contravariant (time inverted) three-i-symbols, one has to -be 
careful when substituting numbers for thei and Ie. It is necessary then to use 
a different type of number for the designation of the representations i = 0, 
1, 2, ... and the rows and columns of the representations A = 0, 1, 2, .... 

Because of (9), one can lower an index by the conjugate complex of the 
metric 

(lOc) 
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If one wanted to adopt this notation consistently, it would be appropriate to 
write 

(lOd) 

whence the raising of the index in (lOa) and (lOb) would follow the natural 
rule. It should be remembered though that the metric tensor (7) is symmetric 
only for integer i; for half integer i it is skew symmetric. Hence the raising of 
an index must be done by using the left index of the metric tensor as 
summation index; in the lowering process the right index must be used as 
summation index. Since the three-i-symbols will be all real in the case of the 
three-dimensional rotation group, the same will hold also for the metric or 
one-i-symbol. Hence raising and lowering of indices is done by the same 
tensor in this case; nevertheless, the order of the indices remains to be observed. 
If the indices refer to a half-integer i, the scalar products a,P" and a"b" 
have opposite signs. 

The idea of using the contravariant and covariant notation for three-i
symbols is due to C. Herring. It will not be made full use of in the present 
article. 

It follows from (8) and (9) that 

and this equation gives with the aid of (5) when summed over all R 

( i1 )*( i2 )*( i3 )*(i1 i2 i3) (i1 i2 ia)* 
= K1 11-1 K2 11-2 Ka 11-3 l1-i 11-2 l1-a V1 V2 Va 

Dividing this by the first factor on the left side one sees that 

(11) 

where c does not depend on the v. One can bring by means of the orthogonality 
relations (9), the last three factors of (11) to the right side. The conjugate 
complex of the resulting equation is 
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Interchanging herein the A with the v, one obtains (11) back again and 

Icl2 = (_1)2h+2iz+2ia = 1. (12) 

One sees from (11) furthermore that c is a symmetric function ofthej. Hence 
one can make c = 1 by multiplying the three-j-symbols by factors of modulus 
unity which depend only on the j and are symmetric functions of these. The 
only equation which could be changed by this renormalization is (7). One 
convinces oneself easily, however, that c = 1 automatically holds if j2 = 0, 
provided that 

(13) 

i.e., if we choose the unit matrix for the matrix which transforms the unit 
matrix into its conjugate complex. One then has, instead of (11) 

( jl j2 ja)* _ (jl j2 ja)( jl )*( j2 )*( ja)* (11a) 
VI V2 Va - Al A2 Aa Al VI A2 V2 Aa Va • 

Because of (10) and (3), the order of the greek indices can be reversed in all 
one-j-symbols of (11a) simultaneously. It shows that the fully covariant and 
fully contravariant components of a three-j-symbol are conjugate complex. For 
the sake of future reference, we rewrite (2) by means of (8) and (11), (9), (10) 

[ jl R] [j2 R] 
1(1 Al 1(2 A2 

= L [jale1 j2 
;3 ILl IL2 

= L [isl( ~1 1(2 

i3 h i2 
js) [is 
/La /L3 

(14) 

which shows that the row-index of the representation should be a contra
variant (upper) index. 

The particular case of (4a) in which j' = 0, jl = i2 is' significant for many 
applications 

( jl j jl) ( jl )* = [j 11/28. 8 
Al A A2 Al A2 1)0 Ao' 

(15) 

Again, this can be written as 

( jl Al 
Al jl 

j) _ [ . 11/2~ ~ A - 31 °iooAo • (15a) 

It may be well to record here to what extent the indeterminate phases 
in our different symbols are fixed. Naturally, all the irreducible representa
tions can be transformed by any unitary matrix, and this will affect the three
j-symbols and also (7). Even if the form of the representations is supposed to 
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be fixed, all one-j-symbols [except (13)] can be multiplied by a factor de
pending onj. The three-j.symbols will then be multiplied by the -1 power 
of the product of the corresponding three factors. If, however, all one-j
symbols (7) are supposed to be fixed, only the signs of the three-j-symbols can 
be changed and these only simultaneously for all three-j-symbols containing 
the same three j's. 

3. The Six-j.Symbols (Racah Coefficients) 

It is clear that some connection must exist between the three.j-symbols 
which corresponds to the associative law of ordinary multiplication. One can 
expand by (14) the product of three representation coefficients in three differ
ent ways, one of which is 

= ~[j][j4](;~ ~: ~) (1: 1: ~) (~ ;: ;:)({ ~: ~:) 

'(A j ~rc/ Krc/1 KJ*(1L/2 K2)*(IL/a Kar(~/\J*[~: ~]. 
(15b) 

The left side of (15b) is symmetric in 1 and 3 and the right side must also 
remain unchanged if one interchanges these two indices. This gives an equa· 
tion which is valid for all R. Since the representation coefficients are ortho
gonal, their coefficients must be equal on the two sides of the equation. 
After some obvious simplifications, this assumes the form 

L[j] (31 j2 j)(3s j4 ~)Cj Kr j ILl IL2 K ILs 1L4 
KI' 

'Le1 j2 j)(is j4 ~)(A j ~r 
O)A A1 A2 ~ As A4 

= L[j] (3s j2 j)(31 j4 ~)Cj Kr 
jKI' ILs IL2 K ILl 1L4 

'Les 
j2 j)(31 j4 {)(A j ~r· 

1j.\ As A2 ~ A1 A4 
(16) 
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All summations occurring in (16) are so indicated. Equations (16) form a set 
of linear equations for the quantities appearing on the left side after the dot. 
One can solve them by multiplying (16) with 

(il i2 i:)*(ia i4 i:)*( ,i' ,) 
1-'1 1-'2 I( I-'a 1-'4 I-' I-' I( 

and summing over 1-'11-'21-'a1-'41('I-". The quantities after the dot on the left will 
appear then as linear combinations of the expressions after the dot on the 
right side of (16), with coefficients which depend on all i but are independent 
of the'\. We can, further, interchange the lower indices of the one-i-symbols 
by means of (10) and write, 

= L(-I)Zj4[j]{~1 ~z ~'}(ia iz i)(il i4 i)( i)* (17) 
j Ja J4·J '\a ,\z 1] '\1 '\4 ,\ 1] ,\ , 

where the summation convention is again used for the greek indices. The 
coefficients given by the curly brackets will be called six-i-symbols. 

It is best nQw to bring the three-i-symbols of the right sideof(17) over to the 
left side. This can be done by means of the orthogonality relations (4) and (9), 
multiplying (17) with 

( is i2 i")*(il i4 i")*( i" ) 
'\a '\2 1]" '\1'\4'\" 1]" ,\" • 

This gives, after a slight change in notation and by means of (Ua) 

(18) 

It follows from (18) and (6a) that 

{il i2 ia} = {iz ia il} = ea il iz} 
II lz La lz la II ls II lz 

(19) 

and with (6) also 

{il i2 ia} = (iz ji. ia} = (il ia {:} etc. II lz la l2 II la II la 
(19a) 
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so that the columns of a six-j-symbol can be interchanged arbitrarily. It 
follows in a similar way that 

{jl j2 js} = {~1 ~2 js} = {~1 j2 ~s} = {jl ~2 ~s}, (19b) 
II l2 ls 31 32 ls 31 l2 3s II 32 3s 

i.e., that it is possible to interchange in two columns simultaneously the upper 
representation with the lower. The symmetry ofthe six-j-symbols corresponds 
to that of a regular tetrahedron; the representations in one column correspond 
to opposite edges. Those which occur in the same three-j-symbol in (18) meet 
at one corner. The six-j-symbol vanishes unless the Kronecker product of any 
two edges meeting at one corner contains the representation corresponding 
to the third edge of that corner. 

By substituting (lla) into the conjugate complex of (18) one easily 
verifies that it is equal to (18) itself, i.e., the six-j-symbols are real. 

Interchanging now the indices 1 and 3 in (17), the expressions on the right 
side of (17) will appear as linear combinations ofthe expressions on the left side. 
Since these are, as functions of AI' A2, As' A4 evidently linearly independent, 
it is clear that the two systems of coefficients form reciprocal matrices: 

L [j] {~1 ~2 j:}. [j"] {~s ~2 ?,,} = 8i 'i"' 
i 3s 34 3 31 34 3 

(20) 

Since the first and last column in the second six-j-symbol can be turned upside 
down, (20) expresses the fact that 

(20a) 

is a real orthogonal matrix. The possible values of j' are those which are 
contained in both Kronecker products jl X j2 and js X j 4' The possible values 
ofj are the common parts ofjl X j4 andjs X j2' According to (20a), the num
ber ofthe common irreducible parts ofj1 Xj2 andjs Xj4 must be equal with 
the number of common irreducible parts of j1 X j4 and j2 X js-a fact which 
can be also directly verified. 

One can interchange the first two columns of the first three-j-symbol on 
the right side of (17). This introduces a factor (_I)i+i2H3. Mter this, one 
can apply (17) again to the right side of the resulting equation which becomes 
hereupon 

L (_I)i+is+is [j][j"] 
if' 

. {~1 j2 j:}{~2 ~s ?,,} (j1 js l) (j2 j4 ~") ('til,) *. 
3s j4 3 31 34 3 Al As 1] A2 A4 1\ ./ 1\ 

On the other hand, one can first interchange the first two columns in the first 
three-j-symbol on the left side of (17) and then use (17). This gives 
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fr(-1)2i4+h +i2+i'[f]g: ~: ;~}{~: ~~ ~)(~: ~: {)(,/" Ar· 
Comparing this with the preceding expression yields 

L (_I)i+j'+f'[j] {~1 ~2 j:}{~2 ~a !"} = {~2 ~1 ~~}. (21) 
j 3a J4 3 31 34 3 3s 34 3 

Bringing the right side over to the left by (20) gives a more symmetric form 
to this 

L (-I)i+l+I'[j][l][l'] {~1 ~2 j}{~1 ~4 ~}{~1 ~s ~:} = 8j j" (21a) 
U' 3s 34 l 32 3s l 34 32 3 

The arrangement of the j" in (21a) is as follows: jl is always in the upper left 
corner. It would be equally possible, however, to bring any other j" to that 
place. Otherwise, the arrangement of the j" in all three six-j-symbols is 
different from each other but such that both six-j-symbols, in which a sum
mation index (lor l') occurs, limit the values of this index to the same set. 
This is, for 1, e.g., the common parti1 Xi4 andi2 xjs. Similarly, i and j' are 
also limited to the same set. As special cases of the above formulas we may 
note the following ones. Writing 0 for 11 in (18), i.e., substituting the unit 
representation therefor, gives zero, unless 13 = i2' 12 = is. In this case the 
summation can be carried out by (4b), (7), (9), and (lla) and gives 

{30'1 ~2 ~3} = (-I)i1+i:&+i3([j2][jS])-1/2(i1iJa)' (18b) 
3a 32 

Writing now 0 for j" in (20) we obtain in case of jl = i2' i3 = i4 

L (_I)il+ja+j[j] {~1 ~1 i:} = 8j 'o([j1][jaW/2. (20b) 
j 2a 2a 2 

Writing 0 for i" in (21) gives in a similar way 

L [j]{~1 ~2 j:} = (-1 )2il +2jz. (21 b) 
j Jt 22 2 

We finally note a formula which immediately follows from (17) and which 
will be useful for the calculation of the three-i-symbols. One obtains it by 
bringing a three-j-symbol in (17) from the right to the left side by (lla) and 
(4a). Mter changing the notation somewhat, one has 

{it i2 i3} (it i2 is) 
11 12 1a '1 '2 'a 

= (il 12 ls) ( 11 j2 ls) ( 11 12 is) ( 11 ) * ( 12 ) * ( ls ) * 
'I A2 '1/3 '1/1 '2 A3 Al '1/2 's Al '1/1 A2 '1/2 As. '1/3 

= (~~ 1: ;:) G~ ~: 1:)(1~ ;: ~:). (22) 
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4. The Metric in Representation Space 

If one subjects the representation jl to a unitary transformation 

(23) 

all the preceding formulae remain valid if the three-j-symbols are replaced 
at the same time by 

(23a) 

The one-j-symbols have to be replaced by 

(23b) 

This shows that the index 1(1 of three-j-symbol (jl j2 j3) has indeed the 
1(1 1(2 1(3 

character of the index of a vector in the unitary representation space of the 
representation jl' The same holds, naturally, of the other greek indices in 
three-j-symbols. The one-j-symbol on the other hand, is a tensor, symmetric 
or antisymmetric, depending on the integer or half integer character of j. 
The possibility to use the one-j-symbol as a metric tensor is connected with 
the possibility of introducing, in the spaces of the irreducible representations, 
the operation of the time inversion. In fact, if rP" are the components of a 
vector in representation space then cfoA = (0/")* are the components of the vector 
obtained by time inversion where 

(24) 

Since the operation of time inversion is independent of the choice of coordin
ates in the representation space and invariant under the transformations of 
the underlying group, which are all spatial, the transition to the contravariant 
components must also have these properties. This can be verified also directly 
and, unless one is willing to accept the above arguments, such a verification 
is necessary to establish the fact that the calculus with co- and contravariant 
components is consistent. As far as the group transformations are concerned, 
this is a consequence of (8), but the verification will not be carried out in 
detail. If the components of the vector rP in the second coordinate system are 
,p., one has 
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This gives the transformation law for the contravariant components. One 
easily verifies now that the contraction of two vectors", and ~ 

(25) 

is independent of the coordinate system. This assures the consistency of the 
calculus. It should be noted, ho-wever, that for half integer j the antisym
metric nature of the one-j-symbol renders ,r~1C = -"'IC~IC. 

The question of invariants with respect to coordinate transformations in 
representation space naturally arises. One such invariant is clearly 

( j1 j2 ja) (~1 ~2 ~a) . 
K1 K2 Ka 31 32 3a 

However, the value of this is given by (4b) to be (jJJa). It is reasonable to 
try, next, combinations of the form 

(j1 K1 12) (K2 ja K3) 
K1 j]: K2 12 Ka j3' 

However, these vanish, on account of (1580), unless j2 = 0, i.e., unless the 
three-j-symbol is actually a one-j-symbol. In this case, the expression is 
again trivial. 

The simplest nontrivial invariants with respect to coordinate transforma
tions in the representation spaces are made up of four three-j-symbols; (18) 
shows that the six-j-symbol is such an invariant. In view of (480), one easily 
convinces oneself that it is the most general invariant consisting of only 
four three-j-symbols which cannot be fully contracted. This explains the 
significance of the six-j-symbols. 

5. Further Properties of the Six-j-Symbols 

One can derive a relation for the six-j-symbols which is similar both 
in its derivation and its applications to Eq. (I7), valid for the three-j-symbols. 
For this purpose, one has to consider such combinations of three-j-symbols 
which can be expressed in different ways by a series of three-j-symbols. In 
(I5b), we started from a combination of representation coefficients which we 
expressed in two ways as a series of representation coefficients. Comparison 
of coefficients of the two series gave us a relation for the three-j-symbols and 
will give us a relation for six-j-symbols in this section. 

In 

( II k2 ja) (j1 l2 ka) (k1 j2 la) ( l~ l~ l~) (k~ k~ k~) 
Al K2 'a '1 A2 Ka Kl '2 Aa Al A2 Aa K1 K2 Ka 

. (AI l\1)*(A2l\z)*(Aal\3)*(KlklKI)*(K2k2 KJ*(K3kaK;)* (26) 
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(17) can be applied to the product of the third and fourth and to the product 
of the second and fifth three-j-symbols (together with the corresponding 
one-j-symbols). One obtains in this way 

1:(11 k2 i3)(_1)2k1+2k2+2l2[1][k){k l j2 la}(I~ j2 I)(k~ I2 l)* 
lk 1\ /(2 '3 II I2 I Al '2 A /(1 A2 A 

where (Ha) also has been made use of. This expression can be contracted by 
means of the orthogonality relation (4a) after which only the summation over 
I remains. The resulting expression has two three-j-symbols in which the last 
upper index is I. The product of these can be transformed again by (17) which 
gives the expression 

This can be contracted again by (lla) and (4a) and the summation over j 
drops out hereupon. One obtains in this way for (26) the left side of (26a) 

The right side results from the remark that (26) is invariant under a cyclic 
permutation of the indices I, 2, 3. The last factor in (26a) can be dropped, 
of course. If one brings one of the six-j-symbols over the left side to the right 
side by means of the orthogonality relation (20) one obtains after some 
rewriting 

{jl j2 j3}{ jl j2 ja} 
II I2 Ia kl k2 ka 

= 2: (_1)2h +21[k][I]{jl I2 I3}{11 j2 II a} {kkl j2 k3}{kl k2 j3}. (26b) 
kl k k2 k3 k k2 l2 I II l2 I 

This equation is analogous to (22) and will be used for the calculation of the 
six-j-symbols. Note that the exponent of -1 could be replaced by 2ja + 2k 
since 2jl + 2l + 2ja + 2k is necessarily even, since this holds for 2jl + 2j2 + 
2ja, for 2I + 2j2 + 2k and, of course, for 4j2' 
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6, Expressions for Six-j-Symbols in Terms of Group Integrals 

It was mentioned before that if one subjects the representation j to a 
unitary transformation with the matrix u, the three-j-symbols will transform 
according to 

On the other hand, the one-j-symbols transform according to 

We saw that, as a result of these expressions, the six-j-symbols are invariant 
under a unitary transformation of the underlying representations, On the 
other hand, a change in the sign in one of the four three-j-symbols of (lSa) 
(cf, the last paragraph of Section 2) will change the sign of the six-j-symbol 
also, 

It appears reasonable, therefore, to consider such products of the six-j
symbols which remain unchanged if the sign ofthe three-j-symbols is changed, 
Such a combination is, first of all [cf, (IS) and (lla)] 

v~ j2 'r Ja 
J1 j2 j~ 

=(i1 j2 jar(i~ " "r( , )( " j2 ")(" " ')( " )* J2 Ja Jl Jl Ja Jt J2 Ja Jl 
Kl K2 K3 Kl 11-2 11-3 Kl K1 11-1 K2 l1-a 11-1 11-2 K a 11-1 11-1 

(il j2 ja)(i~ j2 '')( , r(" j2 jar(ii " 'r( " ) Ja Jt Jl h Ja Jt 
'1 '2 '3 '1 A2 A3 '1 '1 Al '2 Aa Al A2 '3 Al Ai 

[i2 T] [j~ T] [ii U] * [j2 U] [ia U] 
, '2 K2 A3 11-3 Al 11-1 A2 11-2 'a Ka 

= L h-4[jl; RS-l][j2; RT][j3; RU][ji; TU-l][j2;SU][j~;ST] 
RSTU 

where (5) and (S) have been used; [i; X] is the character of the element X 
in the representation i, Changing the notation somewhat, this gives 

{~~ ~; ~~}2 = h-3 L [j1; R1][j2; R2][ja; R3] 
J1 J2 J3 RIR2Ra 

'[ji; R2Ra1]U2; RaRl 1][j'; RIRi 1]. (27) 
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The equations 

~1 ~2 3. = J.2 L [j1; 8R][j2; 8-1 R][j; 8][j'; R], { 
. . "} ( 1)2; 

3! 32 3 f. RS 
(27a) 

{~1 ~2 j'.}{~1 ~2 ~:}{~1 ~2 ~} 
33 32 3 33 32 3 33 32 3 

= (_;/h L [jl; Ry][j2; RXYZR][j3; RXZ][j; X][j'; Y][j"; Z] 
RXYZ 

(27b) 

{:}{~~ ;: ;:}{;~ 
( _1)211 

= ~ L [jl; R][jl; 8][j2; UVWRW8] 
f& URVSW 

·[j3; R-lUVW8V][ll; U][l2; V][l3; W] (27c) 

follow in a similar way. The first of these formulas provides for finite groups a 
reasonably convenient way to determine the absolute value of the six-j
symbols. The remaining ones permit the determination of those signs of the 
six-j-symbols which cannot be chosen arbitrarily. In most cases, it will be 
easier to compare the six-j-symbols by the formulas of the preceding sections 
than by Eqs. (27), and use these for the evaluation of sums or integrals 
over the group. The left sides of (27b) and (27c) show a high degree of sym
metry which is not manifest on the right sides. This shows that the character 
sums satisfy certain identities which, however, have not been explored. 

II. THE THREE-DIMENSIONAL ROTATION GROUP 

7. The Representations of the Three-Dimensional Rotation Group 

The following sections will be devoted to an application of the formulas 
of the preceding sections to the representations of the two-dimensional uni
modular unitary group. For this purpose, we briefly summarize first the well 
known results concerning the representations of this group. We shall para
metrize the group in the customary fashion, by writing the elements as a 
product of a diagonal, a real and another diagonal matrix. The group elements 
can be characterized in this way by three angles, ex, f3, 'Y, the varia
bility domain of ex extends from -211 to 217, f3 varies from 0 to 11, and 'Y from 
-11 to 11. The group element corresponding to the angles ex, f3, 'Y is 

.. II e-;0/2 0 jill cos !f3 -sin ! f3 1111 e-iy/2 0 II 
ZoYpZy = 0 eio/2 ' sin!f3 cos!f3' 0 eiy/2 • 

(28) 

The matrices in (28) form naturally a representation of their own group; 
it is the representation j =!. In conformity herewith, we denote the two 
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rows and columns of (28) by-i and i. The representation j is the sym
metric part of the 2j power of (28), defined as2 

[ 31(' R] _ [(j + 1()I(j - 1()I(j + A)I(j - A)I]I/2 
A - (2j)1 

V1+"~V21=J~ :J [! ~] ... [v!; ~J. (29) 
1'1+"'+1'2/-'\ 

where I( and A can assume the values -j, -j + I, ... ,j -I, j, and 

(2j)1 
(j + 1()I(j - I()! 

is the number of ways the VI' ••• , V2j can be picked so as to have j + I( 
of the v to be +1 and j - I( to be -i, which makes their sum equal to 1(. 

One can easily convince oneself that (29) forms a unitary representation of 
the group, for all values ofj =O,i, I, i, 2, .... 

In particular, (29) gives for·the representatives of the diagonal matrices 

[ 31(' ZCJ] _ [(j + I()!(j - I()!(j + A)I(3 - A)I]I/2 
A - (2j)! 

(j + I()!(j - I()I 
- (2j)! L eUcCJ8"" = 8KAeUcCJ 

.1+···+'2j=K 
(30) 

again diagonal matrices and the representatives of real matrices are, evidently, 
real matrices. These can be calculated to be3 

[ 31(' Yp] = L (-I);H-., [(j + 1()I(j - I()!(j + A)!(j - A)!]1/2 
A., ('1 - I( - A)I'1I(j + I( - '1)!(j + A - '1)! 

'cos2,,-K-AIP sin2HKH-2"IP. (30a) 

The summation over '1 has to be extended over those integers for which none 
of the factorials in the denominator becomes negative. We shall note the 
special case of I( = ±j of (30a). Evidently, the sum over the v in (29) reduces 
in this case to the single term VI = V2 = ... = v2; = I and all terms of the 
summation are equal. Hence 

[3' R] ( (2j)1 )1/2.. '+' ',:, . =. . et)CJ cos) "IP sin)-"lPe"'Y. 
3 A (3 - A)I(3 + A)! 

(30b) 

We note here that those unitary matrices which have the same character
istic values eli"', e-li<l> form a class cfo. Every class is represented among the 
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diagonal matrices Z"" in fact Z", and Z _'" are in the same class. The character 
of the representation j can be easily obtained from (30) 

i . 
[j; 4>] = L e\l(4). (31) 

1<=-; 

It follows from (31) easily that the Kronecker product of the representations 
j and j' contains as irreducible parts the representations 

j xf = Ij -fl, Ij -f1 + I, Ij -fl +2, ... ,j +f - I,j + f. (3Ia) 

Evidently, the dimension of the representation j is 

[j] =2j + 1. (3Ib) 

The matrix which transforms the representation into the conjugate com
plex form must be, apart from an arbitrary factor which we shall choose 
to be I, equal to 

(32) 

This follows from the fact that this matrix must commute with all real 
matrices of the representation and that it must transform those of the form 
(30) into their reciprocals. Both conditions are evidently satisfied by the 
matrix corresponding to Y". One sees from (28) and (29) easily that 

( j ) = (-1)1-,\8 = (-1)1+1<8 . 
K A 1<,-'\ 1<,-'\ (32a) 

The possibility to assume the form (32a) for the one-j-symbols can be easily 
seen without reference to the preceding developments if one assumes that 
the representations with integer j can be brought into a real form, those with 
half integer j cannot (i.e., that a representation is integer or half integer 
according to the integer or half integer character ofitsj). For integer j, in fact, 
the representation can be first assumed to be real in which case the unit 
matrix transforms it into the conjugate complex form. If we now transform the 
representation by a unitary matrix u-l, it will be brought into the conjugate 
complex form by a further transformation with u'u. Denoting the matrix 
(32a) (which is symmetric for integer j) by J and the unit matrix by I, we 
can choose 

u=!(I-i)(i1 +J) (32b) 

and we have on account of J2 =1, 

u'u = HI - i)2( -I + 2iJ + I) =J. 

For half integer j (32a) already has-apart from the order of rows and col
umns-the usual form. 
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From the fact that (32a) commutes with the. matrices corresponding to 
Yp it follows that 

( i) [i Yp] _ [i Yp] ( i ) 
K A A -",. - K A A -",. (33) 

or 

(33a) 

The condition that Zff transforms Yp into its reciprocal gives, using the real 
orthogonal character of the matrix corresponding to Y, 

or 

[~ ~] = (-It-~[~ .~] (33b) 

and 

[~ ~] =[ i",. Y~l (33c) 

One has, furthermore, for Yp =Yff(Yff_p)-l 

or 

all these formulas are written down here only for the sake of easier references. 
They can be, of course, also deduced directly from (30a) and are further 
illustrated by the table at the end of Section 12, which gives some of the 
matrices corresponding to Yp for f1 = !1T. 

8. The Three-Dimensional Rotation Group is Simply Reducible 

We now wish to establish the validity of the results of the paper of Ref
erence 6, which are mentioned in this reference, for the unimodular unitary 
group. 

The validity of the Lemma follows from the fact that both the considera
tions of Frobenius and Schur which are used for the derivation of the Lemma. 
and also the derivation itself can be carried out without assuming that the 
underlying group is finite. It then follows from the half integer character of the 
representation j =! and the above-described structure of the Kronecker 
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products that (as is well known) the representations with half integer numeri. 
cal values ofj (even dimensions) are half integer and the representations with 
integer numerical values of j (odd dimensions) are integer. 

In order to determine the even and odd character of the representations, 
it is necessary to show, first, that the representationsj =2j', 2j' -2, 2j' -4, 
... are in the symmetric part j' X j' of the Kronecker product j' X j' of the 
representation j' with itself, while j = 2j' - 1, 2j - 3 ... are in the anti. 
symmetric part j' ~ j' of j' X j'. This statement is evidently correct for j' = O. 
It is also correct for j' = ! in which case j' X j' must be three.dimensional (and 
is j = 1) while j' ~ j' must be one· dimensional (and is j = 0). Assuming the 
above structure for all j < j', it will be shown now for j' + ! which will make it 
generally valid. 

Let us consider the symmetric part of the Kronecker product of (j x!) 
with itself. This is' 

(j' X !) X (j' X !) = [(j' + 1) + (j' -!)] X [(j' +!) + (j' -1)]. (34) 

The trace of the right side can be easily expressed in terms of the traces of 
the Kronecker products of the representations involved. It is, according to 
(17) of Reference 6, identical with the trace of 

(j' + i) X (j' + 1) + (j' + 1) X (j' -1) + (j' -1) X (j' - i)· 
and is, according to our surmise, equivalent to the sum of the representations 

(j' +!) X (f + i), 2j', 2j' -1, 2j' -2, 2j' -3, 2j' -4, 2j' -5, .. . 
2j' -1, 2j' - 3, 2j' - 5, ... . (340.) 

On the other hand, one easily verifies by the same equation that the trace of 
(j' X !) X (j' X !) is also equal to the trace of 

(j' xj') X (! x!) + (j' ~j') X (! ~!) 
which is equal, according to our surmise, to 

[(2j') + (2j' -2) + (2j' -4) ... ] X (I) + [{2j' -1) + (2j' - 3) + 
(2j' - 5) ... ] X (O) = [(2j' + 1) + (2j') + (2j' -1)] + [(2j' -1) + (2j' - 2) + (2j' -1) + (2j' - 3)] + [(2j' - 3) '" + (2j' -3) .... 

(34b) 

Comparing (340.) and (34b) one sees that (j' + 1) X (j' xl) contains the 
representationsj = (2j' + 1), (2j' - 1), (2j' - 3), ... which is the desired result. 

It follows that if j' is integer the repr~sentations 2j', 2j' - 2, 2j' - 4, 
are even while 2j' - 1 , 2j' - 3, ... are odd representations. If j' is half integer, 
the first series consists of odd and the second set of even representations; 
an integer representation j is even or odd according to the even or odd 
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character of i. Thus no representation is both even and odd, in accordance 
with Theorem 3 which had to be verified. The notation half integer, integer, 
odd and even for the representations of S.R. groups was chosen so that the 
numerical value ofi shall have the character which the representation denotes. 

For the definition of the (-1)1 (cf. Section 2) we shall adopt the con
vention 

(35) 

It may be remarked, however, that the convention (-1); = (-i)2i would lead 
to identical formulas, since the exponent of -1 is an integer in all equations. 

9. The Three-i-Symhols for the Three-Dimensional Rotation Group 

A few simple relations immediately follow from the above normaliza
tions and the definition (2) and (2a) of the three-j-symbols. Writing in (2a) 
Za for R, we have, for (30), (2a) 

( il i2 is)ei(Al+AS)a = e-i.l.aa(il i2 is) 
Al A2 As Al A2 As 

or 

(36) 

Setting, on the other hand, R = Y _" in (2a), we have 

( il i2 is) (_I)i1-Al+ia-As = (_I}ia+Ka (il i2 is) 
-Al -A2 I(s Al Az -I(s 

or 

( il i2 is) (il i2 is)(_I}i1+i2+ia (36a) 
-Al -A2 -As = Al A2 As 

since is + I(s being an integer (_I}ia+ K3 = (_I}-ia-Ka and since the three-i
symbols vanishes anyway unless Al + A2 + As = O. 

Finally, (Ua) and (32a) show that 

(il i2 is)* = (_I}i1+ia+ia+Al+Aa+Aa ( il i2 is) 
~ ~ ~ -~ -~ -~ 

so that the normalization adopted makes the three-i-symbols real. 
It follows from (30b) and the well known orthogonality relations for repre

sentation coefficients that 

II [~ R] 12 dR =. (2i)! Icos2i+2Al{J sin2j- 2Al{J dR = --!:-. (37) 
3 A (3 - A}I(J + A}I 23 + 1 

where II, = J dR is the volume of the group. Hence, we have, for (5), (30b), 
(33a), and (33c) 
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= (_I);zH3-A 

[(2jl)!(2jz)!(2js)!]1/Z f cos Zh +2At~ sinZJz+ZJ3-2At~ dB 

[(jl - A)!(jl + A)!(jz - js + A)!(jz + js - A)!(jS - jz + jl)! (js + jz - jl)!]l/Z 

(-I)izH3-A[(2jl)!(2jz}!(2js}!]1/2(jl + A}!(jz + js - A)!h 
-------~~~--~~~~~~~~~~~~--~-------

[(jl - A)!(jl + A)!(j2 - js + A}!(jz + js - A)! 
. (js - jz + jl}!(jS + j2 - jl)!]l/Z(jl + jz + js + 1)1. 

(37a) 
For A = jl' this gives 

( jl j2 js )(jl js j2) 
jl -j2 j2 -jl jl -js js - jl 

( -I )Zh(2jl)! [ (2jz)!(2js)! ] lIZ 
= (37b) 

(jl + jz + js + I)! (jl + jz - jS}!(jl - j2 + js)! ' 

This equation shows that if we give to the first factor the sign of (_I)ZJ3 
(which we are yet at liberty to do), the SIgn of the second factor Will be 
automatically (_I}z;Z since (_I}Zh = (_I}Z1z+213, On accountof(6) and (36a), 
the sign ( -I }213 will hold also for the three-j-symbolobtained by interchangi.ng 
jl and j2 in the first factor of (37b), The equations obtained from (37b) by 
cyclic permutations of the jl' jz, js then show that the above convention will 
hold true for all three-j-symbols obtained from those on the left side of (37b) 
by an arbitrary interchange of the j, This normalization of the sign of the 
three-j-symbols leaves, furthermore, (7) and (32a) valid and will be adopted 
henceforth, In order to obtain the value of the first factor of (37b) separately, 
one can make a cyclic permutation of the j and multiply the resulting equa
tion with (37b), Dividing this product by the equation obtained from (37b) 
by the other cyclic permutation of the j, one obtains an equation for the 
square of one three-j-symbol of (37b) alone, This gives 

31 3z 3s = (_I)Zis '31' '3z ' (370) ( ' , ') [ (2')'(2')' ]l/Z 
jl -jz j2 - jl (jl + j2 + js + l)!(jl + jz - js)! 

and now (37a) 

( jl jz js ) 
A js-A -js 

(-1}1z-J3-A[(2js)!(jl + jz - jS}!(jl + A)!(jZ + js - A)!]l/Z 

= [(il + jz + js + I)!( -jl + i2 + is)!(il - j2 + is)!(il - A)!(jz - is + A}!]1/2' 
(37d) 
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This equation gives immediately all three-j-symbols in which-one j is i. We 
have 

( j j + i i) (_I);-A(j + l_A)I/2 

A i-A -i = [(2j + 1)(2j + 2)]1/2 
(37e) 

and from this, all others can be .obtained by interchanging the first two 
columns, or using (360.), or both. 

10. Oalculation of the Racah Ooefficients 

We now go over to the calculation of the six-j-symbols. Since these 
do not depend on the particular form in which the representations are as
sumed, it should be possible to calculate them directly, i.e., without first 
computing the three-j-symbols. This is in fact the case and can be done, for 
instance, in the following way. 

One can remark, first, that the orthogonality relations (20) directly 
give those six-j-symbols for which the orthogonal matrix (200.) has only one 
dimension. This is the case, e.g., ifj2 + j4 = ±(jl - js) or ±(j2 - j4) = jl + js· 
Ifjs = i, the orthogonal matrix (200.) has, ifit is not actually one-dimensional, 
only two rows and two columns and its opposite elements are therefore equal, 
apart from the sign. This means, e.g., 

{ji ~: ~: = t} (2j2' 2j4)1/2 = ± Vi ~: ~:! l) ((2j2 + 2)(2j, + 2))1/2 

which, together with (190.) allows to reduce j2 and j, simultaneously by !
This reduction can be carried to the point at which j2 + j, =jl -}, after 
which the resulting six-j-symbol is given by the first remark. The other six-j
symbols withjs = i can be calculated in a similar way. This being carried out, 
the calculation of the remaining six-j-symbols can proceed much in the same 
way as will be described toward the end of this section. 

The reason that the above-outlined procedure will not be followed is that 
it yields only the absolute values of the six-j-symbols. The determination of 
the signs, on the other hand, becomes inelegant. Some of them can be chosen 
arbitrarily, as mentioned at the beginning of Section 6. This being done, the 
remaining signs can be obtained by the above orthogonality relations with an 
occasional reference to (210.). The whole discussion becomes, however, some
what tedious. We shall make use therefore in the following calculation of the 
results of the preceding section. 

If the six-j-symbnl 

{j1 j2 js} 
II l2 Ls 

is different from zero, the following numbers must be integer~: 

J =jl +j2+jS 
J 2 = II + j2 + Zs 

Jl=jl+~+ls 
Js =ll +l2+jS 

(38) 
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and since they will frequently occur in the ensuing formulas, we shall use the 
above abbreviations for them. 

A general formula for the six-j-symbols is contained in (22). By insertingjl 
for '11 -j2 for '2' andj2 - jl for 's, one obtains a reasonably simple expression 
for the six-j-symbols. In the case '1 + '2 = js one can set more advantageously 
's = js and '1 = -jl or '2 = -j2' Then, because of the last three-j-symbol on 
the right side, Al and TJ2 can assume only the values -ll and -l2' respectively, 
and the right side of (22) reduces to a single term. One obtains with (37c) 
and (37d) 

{jl j2 jS}=(_1)h+iZH3 
II l2 ls 

. [ (J + l)!(J -2jl}!(J -2j2}!(JI -2l2}!(J2 -2l1}!(2l1}!(2l2)! ]1/2 
(J1 + 1)!(J2+ l)!(J -2js)!(JI -2jl)! 

. (J 2 - 2j2)!(J 1 - 2ls)!(J 2 - 2l3)!(2js + I)! 
for II + l2 = js. (39) 

This equation immediately gives all six.j-symbols in which one representation 
isj = 0 or j = I. For II = 0, we must set '2 = js and's = j2; otherwise the six
j-symbol vanishes. 

{30'l ~2 ~s} = (-I)i1+iIl+i3[(2j2 + I)(2j3 + 1 )]-1/2. (39a) 
3s 32 

This is identical with (ISb) and thus independent of the normalizations of 
Section 9. 

For II = I, we have to distinguish between two cases: 

We may note finally 

{ jl j2 js} 
1J -jl 1J -j2 !J -js 

_ (_I)J [(J + l)!(J - 2jl)!(J - 2j2)!(J - 2js)!]1/2 (40) 
- (2jl + I)!(2j2 + 1)!(2js + I)! . 

One can obtain a recursive formula for the six-j-symbols by setting 
k2 = I, kl = js -I, ks = jl -1 in (26b). Both k and l will assume two values, 
l3 ± I and '1 ± I, respectively, and the six-j-symbol will appear as a sum of 
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four six-j-symbols in which bothjl andjs are smaller by 1 than in the original 
one: 

js -I} 
ls+l' 

(41) 

This formula is valid, of course', only if J - 2j2 = jl - j2 + j3 > O. It permits 
one to diminish the j occurring in a six-j-symbol until this assumes a form in 
which one of the equations (39a, b, or c) is applicable. The following tables 
were obtained in this way. The numerical ones illustrate, in particular, the 
orthogonality relations: every table, considered as a matrix, is orthogonal if 
the weight factor ((2j + 1)(2l + 1»1/2 is inserted. It may be mentioned that 
this fact also follows a successive calculation of allsix-j-symbols. 

2(j~ + jl - ji - j2 - j~ - j3) 
• [2j2(2j2 + 1)(2j2 + 2 )2j3(2j3 + 1)(2j3 + 2)]1/2' (42d) 
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Formulas (42) give the values of all six-j-symbols in which one of the j is 1, 
some of them by means of the symmetry relations (19). 

{3/2 Table for 3/2 3/2 i} 
3/2 I 

Table for {3~2 3/2 i} 
2 I 

'd 0 1 2 3 X 0 1 2 3 
1"'-

1 51/2 181/2 141/2 2112 
0 -1/4 1/4 -1/4 1/4 ---

2 10 20 20 10 

3 51/2 21/2 21/2 
1 1/4 -11/60 1/20 3/20 0 

2 10 10 10 

5 5112 21/2 141/2 18112 
2 -1/4 1/20 3/20 1/20 - -------

2 10 60 28 70 

7 51/2 21/2 14112 2112 
3 1/4 3/20 1/20 1/140 ---- --

2 10 10 70 140 

{3/2 2 i} Table for {; 
2 ;} Table for 3/2 2 l 2 

X 1/2 3/2 5/2 7/2 X 0 1 2 3 4 

1/2 1/20 -1/10 3/20 -1/5 0 1/5 -1/5 1/5 -1/5 1/5 

3/2 -1/10 3/20 -1/10 -1/10 1 -1/5 1/6 -1/10 0 2/15 

5/2 3/20 -1/10 -47/420 -1/35 2 1/5 -1/10 - 3/70 4/35 2/35 

7/2 -1/5 -1/10 -1/35 -1/280 3 -1/5 0 4/35 1/14 1/70 

4 1/5 2/15 2/35 1/70 1/630 

11. Oalculation of the Three-j-Symbols 

The three-j-symbols in which one of the i is equal to the sum of two 
others can be obtained rather simply from (2a). Writing therein -lCs =is = 
il + i2 only the term with ICI = iI' 1C2 = i2 remains on the left side. The repre
sentation coefficients are all of the form (30b) or can be brought to this form 
by (33a). One obtains with (37c) 
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jl +j2 ) = (_I)h-i2+.1.1+.1.2 
-AI -A2 

[ (2jl)!(2j2)!(jl + j2 + Al + A2)!(jl + j2 - Al - A2)! ] 1/2 

• (2jl + 2j2 + 1)I(jl +Al)!(jl - A1)!(j2 + A2)!(j2 - A2)! . 

(43) 



636 The Mathematical Papers 

S. R. GROUPS 

This yields, together with (39d), (32a), and (22), a general formula for the 
three-i-symbols. For this purpose, we write lJ - il for ll' lJ - i2 for l2 and 
lJ - i3 for la in (22) which gives to all three-i-symbols on the right side the 

. form (43). The six-j-symbol is given by (40) and one obtains 

( il i2 ia) = L (_1)1<1+1<21:.1<3-v[(J -2jl)I(J -2i2)!(J -2i3)1]1/2 

Al A2 Aa 1<11<21<3 [(J + 1)1]1/2(lJ - il - Kl)!(lJ - il + Kl)1 

• [(il - Al)!(jl + Al)!(j2 - Az)!(j2 + A2)!(j3 - Aa)!(i3 + Aa)!]1/2 
(lJ - i2 - K2)!(lJ - i2 + K2)I(lJ - i3 - Ka)I(l.l-ia + Ka)1 

Ka - K2 =Av Kl - Ka =A2' K2 - Kl =Aa· 

(44) 

The summation runs in reality only over one index because the last line 
determines all three K if one is given. The summation has to be extended over 
all values of Kl' K2' KS' compatible with the last line of (44), for which all 
factorials in the denominator become non-negative integers. Equation (44) 
is essentially identical with Eq. (27) in Chapter XVII of Reference 3. One can 
show that the connection between the 8 and our three-j-symbols is 

8<:> =(_1)I-Z+I'+P(2!l'+1)1/2(l l !l'). (4411.) 
,.. JL v -JL-v 

One can obtain a recursive formula for the three-i-symbols from (22), 
which is similar to (41) but much more easily manageable. Setting Zt = 1, 
l2 =i3 -!, la =i2 - 1 in (22) all symbols in which II occurs can be expressed 
directly by (37e) and (39c), the one-j-symbols by (3211.). Only two terms ofthe 
summation remain, corresponding to Al = ±i. One obtains in this way 

(31 j2 j3) = _ [(32 ~ '2}(ia + '3)f/2 (31 j2-i ia -i) 
'1 '2 '3 (J + l}(J - 2jl) '1 '2+i '3 -1 

(45) 

+ [(32 + '2}(ia - 'a)] 1/2 (31 j2-i ia-i) 
(J + l}(J - 2jl) '1 '2 -i 'a+i . 

The three-i-symbols given in the next table5 were calculated by this formula 
and (37e). Since the three-i-symbol vanishes unless the sum of the greek 
indices is zero, all symbols with the same value of the i can be given in one 
figure. The center of the figure corresponds to '1 = '2 = 'a = O-if all i are 
integers; '1 is constant in horizontal rows, '2 in rows of 60° to the right 
up, 'a in rows of 60° to the left up. The values of 'v '2' '3 corresponding to the 
different points of the diagrams in case of integer j is given in the first dia
gram, in case '1 and '2 are half integer ('3 therefore integer) in the second 
diagram. In this case, the center of the diagram is marked by ®. Each of the 
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remaining diagrams contains the values of the three.j.symbol given at the left 
of the diagram. The notation in the remaining cases is analogous. 

-220 -211 -202 

-12-1 -110 -101 -1-12 

01-1 000 0-11 

11-2 10-1 1-10 1-21 

20-2 2-1-1 2-20 

-I 1 1 -I -t 2 

-! i-I -! ! 0 -! -! 1 
® 

! ! -1 ! -1 0 1 -I 1 

i ! -2 I -! -1 1 -! 0 

(0 j j) 
(_1)2; (_1)2;-1 -1 1 

(2j + 1)1/2' (2j + 1)1/2' ... , (2j + 1 )1/2'(2j + 1)1/2 

(! ! 1) ® 

-1 
(t i 1) 

(! i 2) 

(! t 2) 

30-1/ 2 
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_3-1/ 2 6-1/ 2 

6-1/ 2 

® 

_10-1/ 2 

® 

(3/20)1/2 

(2/15)1/2 

_15- 1/ 2 

® 
10-1/ 2 

(3/20)-1/2 

20-1/ 2 

_30-1/ 2 

-(2/15)-1/2 6-1/2 
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42-1/2 _21-1/2 14 -1/2 _(2/21)-1/2 (f2/42)1/2 7-1/2 

a t ~ ® 
_7-1/2 (5/42)1/2 -(2/21)-1/2 14-1/2 _21-1/ 2 42-1/ 2 

(1 1 1) o 

30-1/2 _10-1/2 5-1/2 

(1 1 2) _10-1/2 (2/15)1/2 _10-1/2 

5-1/2 _10-1/2 30-1/2 

_15-1/2 10-1/2 _10-1/2 15-1/2 

(1 2 2) (2/15)1/2 _30-1/2 0 30-1/2 -(2/15)-1/2 

-15-1/2 10-1/2 _10-1/2 15-1/2 

105-1/2 _35-1/2 (2/35)1/2 -(2/21)1/2 7-1/2 

(1 2 3) _21-1/2 (8/105)1/2 -(3/35)1/2 (8/105)1/2 _21- 1/ 2 

7-1/2 _(2/21)1/2 (2/35)1/2 _35-1/2 105-1/2 

12. Oalculation of the Representation Ooejficient8 

We go over, finally, to formulas concerning the representation co
efficients themselves. On account of (30) these are essentially equivalent with 
formulas relating to the representatives of YII in R = Z .. YIiZy ' 

Using (20.) with ja =jl + j2' (43) gives a simple expression for the three-j
symbols occurring and we can set Al =jl in order to have by (30b) and (33b) 
a simple form for the jl representation coefficient. Writing K for Ka, v for Kl 
and -jl - A for A2 we obtain, using (330.), for A < j2 - jl 

[jl ~j2 rll] 
= L (2jl)! [(jl + j2 - K)!(jl + j2 + K)!{j2 - jl - A)!] ]/2 

• (jl + V)!(jl - v)! (j2 - v - K)!{j2 + V + K)I(j2 + jl - A)! 

(46) 

117 



Matrices Which Reduce the Kronecker Products of S. R. Groups 639 

EUGENE P. WIGNER 

The summation over v must be extended, as in all similar formulas, over all 
values for which in the denominators only factorials of non-negative integers 
occur. 

One can specialize this by assuming jl =! 

[j YfJ] = (j. + 1C)1/2[j -! YfJ ] sin!,8 
IC A J-A IC-! A+! 

(46a) 

(j _1C)1/2 [j _! Y] 
+ j _ A IC +! A +1 cos 1,8· 

This provides a useful formula for the calculation of the representation 
coefficients [except for A = +j which can be obtained from (30b), for example] 
while (46) allows one to take larger steps. For j = 1, (46a) gives easily 

I(I + cos,8) 

[~ Yt] = 2-1/ 2 sin,8 

1(1 - cos,8) 

_2-1/ 2 sin,8 1(1 - cos,8) 

cos,8 _2- 1/ 2 sin,8 

2-1/ 2 sin,8 1(1 + cos,8) 

(46b) 

(in all these matrices, the order of rows and columns is -j, - j + 1, ... , 
j -I,j). 

The disadvantage of Eqs. (46), (46a), and (30a) is that they express the 
representation coefficients by means of the powers of cos 1,8 and sin 1,8. The 
general behavior of these functions can be visualized much more readily if 
they are given in terms of cosines and sines of multiples of ,8. This is done, for 
the representatives of Zo' in (30). For the YfJ one can start out from the re
mark that YfJ is in the class of Zp and can be obtained from ZfJ 

Yp =XZfJX-l 

by transforming the latter with 

X=X,,/2 = 
i2-1/ 2 2-1/ 2 

Hence 

(47) 

(47a) 

[; [fJ] = [; X~2][; :!][ ~ x:2r = [; :,,/2][1 :"/2rei~ 
(47b) 

where, 
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Substituting this into (47b) 

(48) 

one sees that the knowledge of the representatives of Y = Y fC/2 suffices for 
obtaining the desired formula for the representatives of an arbitrary Yp' It 
is possible, by means of (33d), to reduce the summation over Jl to non
negative values of this quantity 

(48a) 

where the summation over JL extends over all positive values of this quantity 
and over the value JL = 0 with a factor I; 

cos JLfJ if IC - A = 0 (mod 4) 

sin JLfJ if IC-A=l (mod 4) 
tr JLfJ = (48b) 

-cos fLfJ if IC-A=2 (mod 4) 

-sin JLfJ if IC-A=3 (mod 4). 

The calculation of the [~ :] can be easily carried out by means of (46a) 

setting sin !fJ = cos!f3 = 2-1/2 and one is further aided in this calculation 
by the relations (33). The first few of them are 

1 1 

1 _31/2 31/ 2 -1 

2-3/ 2 
31/ 2 -1 -1 31/ 2 

31/ 2 1 -1 _31/ 2 

1 31/2 31/2 1 

1 -2 61/2 -2 1 
2 -2 0 2 -2 

2- 2 61/ 2 0 -2 0 61/ 2 

2 2 0 -2 -2 
1 2 61/ 2 2 1 

III. ApPLICATIONS TO QUANTUM MECHANICS 

13. The Hilbert Space as a Union of Representation Spaces; Irreducible Tensors 

The application of the notions developed in the previous sections 
as it occurs in quantum mechanics shall be summarized in this section. Since 
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it is not necessary for these applications to specify the group with which we 
are dealing (which is the symmetry group of the underlying problem), we 
shall not insert into our formulas the values of three-j-symbols etc., obtained 
in the previous sections for the rotation group. For the same reason, the real 
character of the three-j-symbols and one-j-symbols, although true in prac
tically all applications, will not be assumed here. 

In quantum mechanics, the different representation spaces are united into 
a single Hilbert space. In fact, the Hilbert space of quantum theory usually 
consists of the direct sum of an infinite number of each of the representation 
spaces. However, practically all the vectors in this Hilbert space which we 
shall have to deal with will be confined to one of the representation spaces, 
i.e., will have vanishing components in the direction of the axes of all but one 
representation space. 

We introduce in each representation space l a set of orthogonal vectors 
t/J.,. This is a slight change of notation from that used in Section 4: in that 
section "', was the v component of a vector. Henceforth, "'! will denote 
a unit vector, situated in the representation space l. The general vector of 
this representation space is 

q,' =a"t/J., 
while the general vector of the Hilbert space is 

q, = 'La"t/J.,. 
I 

(49) 

(49a) 

There are linear unitary operators P R in the Hilbert space which. permit 
one to express the invariance of this space with respect to the transformations 
R of the underlying group. The transformation of the unit vectors is given by 

P .1.1 _ [l R] .1) 
R "t', - ,.,. v "t',. (50) 

i.e., the P R leave the representation spaces within the Hilbert space invariant. 
Equation (50) conforms with the general covariant-contravariant formalism: 
it was noted after (14) that the first index of the representation coefficients 
is contravariant. 

Because ofits linearity, PR applied to q,l of (49) gives 

p q, =a"P ",' =a1.[R l] if}. • Rl R. ,.,. v ,. (51) 

This equation permits P R to be interpreted also as a transformation of the 
a'p to 

(51a) 
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This equation expresses the fact that the contravariant components alp of 
tP transform by the usual law of transformation for contravariant com
ponents. 

If 8 is another group element the calculation of P s(P RifJ.) can be carried out 
using the linear nature of the P and (50) 

PS(PR~!) =Ps([~- :]~) = [: :]Ps~ 

=[1 R][l S]~~=[l SR]~I=P ~'. p. v 'YJ P. 1'/ 'YJ v 1'/ SR. 

(52) 

A similar equation holds also for the general vector tP. It follows from this that 

PSPR=PSR (52a) 

The reader versed in quantum mechanics will recognize the Hilbert space 
as the space of all state vectors. The ~! usually represent the characteristic 
functions of a definite eigenvalue of the energy operator; the C/>' of (49) is the 
general characteristic function .of this eigenvalue. The energy operator H is 
assumed to be invariant under the transformations of the underlying group 
(P RH P R-l = H) and a representation 1 of this group is associated with every 
eigenvalue of H. Usually, there is an infinity of eigenvalues with which the 
same representation 1 is associated and this holds for all 1. This accounts for 
the remark made earlier in this section that the Hilbert space is, usually, a 
direct sum of infinitely many of each of the representation spaces. 

The next important notions are "irreducible tensor operators of rank 
t" tT where T runs from -t to t. They satisfy the equations 

P~TPR-l = [: !] to (53) 

which is again consistent with (52a) inasmuch as 

P sP RtTP R-I P S-1 = P SRtTP R-1S-l . 
It will be noted that, under this definition, the energy operator H is an 

irreducible tensor operator of rank 0, i.e., an invariant operator or a scalar, 
in the case which we have called above usual. 

The operators of integer rank can be Hermitian. In fact, assuming the 
representation t to be real it is directly clear from (53) that the components 
P ~TP R-l are hermitean if this holds for the original components tT. If one 
does not want to assume the representation in the real form, it is not useful 
to define the self adjoint character for the single operators tT , but only for 
their entity. This shall imply, at any rate, that the hermitean adjoints of the 
tT are linear combinations of the·t.,. themselves 

tt =a~o' (53a) 
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Transforming this equa.tion by P R' yields, because of P .nt!P R-1 = 
(PRtTP R-1 )t, the relation that aUT transforms the representation t into its 
conjugate imaginary form. Hence, apart from a constant, aUT must be the 
one-j-symbol corresponding to the representation t and we can assume the 
operators tT to be multiplied by a constant in such a way that 

tt = ( t ) * t = tf 

T U 'T a 
(54) 

holds exactly. In our covariant-contravariant formalism (54) states that the 
contravariant components of a self-adjoint tensor operator are the hermitean 
adjoints of the covariant components. 

It follows from (54) that tensor operators corresponding to a half integer 
rank cannot form a self-adjoint set, i.e., cannot satisfy (53a). This becomes 
evideut if one takes the Hermitian adjoint of (54) and expresses on the right 
side the t! by the tp themselves. Because the tp are necessarily linearly inde. 
pendent, this gives (10) for the one-j-symbol of t, however, without the 
(_1)2/ factor. It follows that 2t is even and t an integer. It should be remarked 
that the self-adjoint character of the set tT does not imply that all tT are 
Hermitian themselves. Thus, for instance, in the case of the rotation group 
only the to are hermitean, and these only for even values of t. The to for odd 
values of t are skew hermitean. 

The simplest" tensor operator" is of rank 0, i.e., a scalar and the number 1 
(or the energy operator of the above-mentioned example) is an example 
thereof. It is clear that linear combinations of the operators "multiplication 
with x, y, or z" will form the components of a tensor operator of rank 1, i.e., 
of a vector operator, and we shall proceed to determine these linear combina
tions explicitly. The following calculation will, at the same time, prove the 
vector operator character of (61). 

Let us set 
V_I =8x_ IX + 8,,_IY t- 8z_ IZ 

Vo = 8zaX + SuOY + SzoZ 
VI = 82:1X + SIllY + SdZ. 

Writing Xl = X, x2 = Y, Xs = Z one can abbreviate (55) as 

One easily convinces oneself that the definition 

or 
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PRf(x, y, z) =f('LRaiXa' LRauXa, LRazXa) 

PRf(x) =f(R-1x) 

(55) 

(55a) 

(56) 
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satisfies (52a). It follows for the operators xa (i.e., multiplication with xa) 

(57) 

and for 

(58) 

Combined with (53), this gives 

whence 
R8 =8[1; R] (59) 

[l; R] being the matrix which corresponds to R in the representation l. 
According to (59),8 is the matrix which transforms R into the representation 
l = 1. 

Naturally, (59) leaves a common multiplicative constant in all 8 free. This 
corresponds to the circumstances that a tensor operator does not lose its 
character if all its components are multiplied by the same constant. We shall 
choose this constant in such a way that v forms a self-adjoint set in the sense 
of (54); this will fix the argument of the indeterminate constant. The calcu
lation of the 8 which satisfies (59) is quite straightforward. Thus if R = Za is a 
rotation about Z, the representation is given by (30) while Za itself is 

cos oc sin oc 0 
Za = -sin'oc cos oc 0 (60) 

o 0 1 

Hence (59) gives 8z_l=8z1=8zo=8110=0; 8z_l =isll _ l ; 8zl =-islll. The 
form of [1; Y/I] is given in (46b) and the corresponding Y/I is obtained by 
a cyclic permutation of (60). Normalizing 8z0 = i, one obtains in this way 

V_l = 2- l / 2i(x -iy) 
Vo iz (61) 
vl =-2-l/2i(x+iy). 

It forms a self-adjoint set. Another, equally important set of vector operators 
is given by the infinitesimal rotations themselves. Let us define 

. 1 
Ma =bm - (Pa(B) -1) 

1-+0 e 
(62) 

where a may be any of the three axes x, y, z and a(e) is the rotation by e 
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about the axis a. Then 

i .M 
J -1 = - .J2(M~ -t II) 

Jo = -iMz 

J 1 = j2(M~+iMII) 

form a set of (not self-adjoint) vector operators. 

(62a) 

Since the effect of P R on the wave functions is directly given by (50), the 
effect of those operators on the ifIv can be calculated directly. Let us calcu
late first M aiflv. This is 

I • 1 . (1 [ l a( e)] 1 ) I Mal/l. = hm - (Pa(t) -1)ifIv = hm - - - 8,,, 1/1,.. 
e e/LV e 

(63) 

We need the [~ :(e)] up to first powers of e. For a = Z and Y, these are 

directly given by (30) and (30a) 

lim ~ (~ ~(e)] _ 8,..) = iv8,.. (64) 

and 

lim~ ([l Y(e)] _ 8 ) 
e /L v ,.. 

Both are, naturally, skew Hermitian. For Mil' one has from th~ analogue of 
(47) Yp = Z-IXIlZ 

lim~([l X(e)]_8) 
e /L v ,.. 

i i.J~~~--~ 
= 2 .J(l + v + l)(l- V) 8,.. +1 + 2 (l + v)(l- v + 1)8,.._1. (64b) 

Hence, by (63) 

M~ifIv = Ii .J(l + v + l)(l- V)ifIv+l + Ii .J(l + v)(l- v + l)ifIv_l 

MIII/I! = t.J (l + v + l)(l- v)I/I!+l -1.J(l + v)(l- v + 1)1/1._1 (65) 
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and 

J -It/J. = 2-1/ 2 J (l + v)(l- v + 1)t/J._l 

J Ot/J. = V.J;! (650.) 

J1t/J. = - 2.:-1/2.J (l + v + l)(l- v)t/J.+l' 

Another, at least partial derivation of these formulas will be .given at the 
end of this section. 

For t = 2, one obtains in a way similar to that which led to (61) that 

q-2 = - !(x - iy)2 
q-l = -z(x-iy) 

q2 = - !(x + iy)2 
q1 = z(x + iy) 

qo = 6-1/2(x2 + y2 - 2Z2) 

(66) 

form the components of a self-adjoint set of irreducible tensor operators of 
rank 2. A simpler derivation of (66) will be given below. 

Let us calculate now an expression of the form (.J;!, t'l'.J;!). Because of the 
unitary character of the P R and the invariance of the sets iff, iff, t as ex
pressed in (50) and (53), we have 

(ifJ,., t'l' #,) = (P RifJ,., P ~'I'P R-1P R#') 

= [K~ !]* [T~ ~] [~: ~}ifJ,.., t'l"#'.) 

= C, l K')[:' !](,/ Kr[T~ ~][~: ~] (.J;~.,t'l".pf.). 
Integration of both sides over all elements of the group yields because of (5) 

. (l t l') ( l ) * (ifJ,., t'l'.J;!J = flo T " flo K ta' 

( K t l') 
= l T " ta' 

(67) 

where 

(670.) 

is independent of K, T, ". Equation (67) gives a complete analytic expression 
for the consequences of the invariance of the quantum mechanical equations, 
as long as one deals only with one Hilbert space. It shows, in particular, that 
the matrix element (67) vanishes unless the direct product of the representa
tions land t contains l', i.e., unless l, t, l' can form a vector triangle. In this 
case, it permits us to compare the matrix elements of the various components 
T of t with each other and also gives the ratios of these matrix elements for the 
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various 1(, .\ of the representation spaces. In the all-important case of a scalar 
operator, it shows that (67) vanishes unless I = I' and, because of (7) and (32a), 
I( = A. In this case, the value of (67) is independent of 1(. 

A simple calculation shows that if the set t,. is self-adjoint 

t ( I),-t-"t * 11'= - 1'1 • (67b) 

Comparing (67) with (65a) one sees that the three-j-symbols the middle j 
of which is 1, are essentially equal to the matrix elements of the infinitesimal 
operators. This permits some simplification in the derivation of (65a). 

14. Transition to Oontravariant Oomponents as Time Inversion 

The form of (67) conforms with the covariant-contravariant formalism 
if we recollect that the covariant index I( on t/s~, the conjugate complex of 
which enters (67), is really a contravariant index. It may be worthwhile, 
however, to expound more fully at this point upon the connection between the 
covariant-contravariant formalism and the operation of time inversion than 
has been possible heretofore. 

Let us denote the operation of time inversion by 0, an antiunitary operator. 
If the set of wave function t/s;, Le., the representation space j, is invariant 
under time inversion, otU = t/s;. (the appropriateness of -this definition will 
become evident below) must be a linear combination of the tU. Since, further
more, all operations of the underlying group commute with 0, application of 0 
to (50) gives for 

P Rt/s;· = P ROtU = 0 [t :] 14 = [t :r ~P (68) 

(note that 0 in antiunitary, Le., Oa·t/s. = a·-Ot/s.). One sees that the tU 
transform by the conjugate complex representation. It follows then with the 
aid of (8) that 

transforms under the P R like t/s!. If it is not equal to t/s!, they can differ only 
by a factor of modulus 1 and a change of the base vectors t/st by the square 
root of this factor will render 

(69) 

or 

. . -( j )* rfsi" = Ot/s'. = rM" v' v . (69a) 
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A base which satisfies (69a) may be called real and the preceding considera
tion, based on the existence of the operator 8, shows that it is always possible 
to choose the base real. This operator is simply complex conjugation in the 
simple Schrodinger theory. However, j is necessarily an integer in this case. 
If one includes the spin dependence of the wave function, the operation 8 is 
somewhat more complicated but~permits the definition of the contravariant 
vectors .pi' and of a real base also if j is half integer. 

If the cfJi of (49) is invariant with respect to time inversion, the vector with 
the components ai• will be called real. Since 8 is an antiunitary operator, 
we have, for 8cfJ 

8cfJi = ai•• 8,p" = ai•• tfot· (v.i v r 
This will be equal to aiv,p" if 

( . )* •• • '. I a' = J, a" = a" 
• v v 

(70) 

(71) 

i.e., if the covariant and the contravariant components of ai are conjugate 
complex. It is easy to see that (71) can be satisfied only if j is integer, Le., 
there are no real vectors in the spaces of half integer representations. This 
corresponds to the well known fact that no state of a system with an odd 
number of spinor particles can be invariant with respect to time inversion. 
The above consideration and Eq. (68) to (71) give a more precise meaning to 
the connection between the operation of time inversion in quantum mechanics 
and the covariant-contravariant transformations. 

Whatever was said above about the reality of wave functions and their 
invariance with respect to time inversion applies mutatis mutandis also to 
operators t. It is more appropriate, however, to call an operator Q which 
satisfies the equation 

Q8=8Q (72) 

.. even" (with respect to time inversion) rather than" real" because the term 
"real" is used for operators synonymously with" self-adjoint." It remains 
true, of course, that the energy operator is even in the absence of magnetic 
fields. 

15. Union of Two Quantum Mechanical Systems; Nine-j-Symbols 

The states of the union of two quantum mechanical systems are best 
described in a Hilbert space which is the direct product of the Hilbert spaces of 
the two systems which are to be united. The axes of this Hilbert space can be 
characterized by a pair of the symbols which characterize the axes of the 
Hilbert spaces to be united. Thus if t/J' and x! are the axes of these latter 
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Hilbert spaces, tPit.. will be the axes of their direct product. We shall assume 
that the two Hilbert spaces undergo similar transformations when subjected to 
the operators P R and that the transformation of the product space is given 
by 

(73) 

Quite apart from the aforementioned problem, one may be interested in the 
problem of the transformation properties of products such as those that occur 
in (73). We wish to form, in particular, linear combinations of these products 
which transform by irreducible representations. On the basis of our covariant
contravariant formalism, it seems reasonable to consider 

(74) 

The last line follows by (lOb) and (lOc). Applying (73) to this equation, one 
obtains in fact 

P 'fi - [i R] 'P'i 
R ,- ,', ". 

The factor [i]1/2 was introduced in (74) in order to give 'P'1 unit length. 
Conversely, one can express the tPit.. in terms of the 'f 

(74a) 

(74b) 

The expression following the three-j-symbol is thc contravariant component 
'fl'. 

The above calculus describes the vector addition model. The #" and Xli: 
can be the wave functions of two particles: 'f is then the wave function of the 
system consisting of both. The possible j values of this range from Il- kl to 
l + k. In another application .p' =.pL is the positional wave function, and 
Xli: = XS the spin function; 'P'i = 'P'J is then the total wave function. J ranges 
from IL -81 to L+8. 

Concepts very similar to the above can be introduced also for operators. 
Let Tp be the components of an irreducible tensor operator of rank T which acts 
in the Hilbert space of the .p, and sa have a similar significance in the Hilbert 
space of the X. In other words, 

(75) 
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One can define then, in analogy to (74), the operators 

1/2 ( t ) (t , s)* tT = [t] " 'la' 7 7 7 P a 
(76) 

One easily convinces oneself that the t form a set of irreducible tensor opera
tors of rank t. In fact, the proof thereof does not assume that the , and s 
commute-as follows from (75)-the t are components of a tensor operator 
even if they do not, as long as the order of the, and s is the same in each term 
of (76). We shall return to this point later. 

The commutative nature of the, and 8 is necessary, however, to establish 
the fact tha~ if those form self-adjoint sets, the t will be self-adjoint also. 

tt = [t]1/2 ( t ,)*( ~ , 8) st,t 
T T 7 T P a ap 

= [t]1/2 (7 t 7,rC.~ ~, :')(p' p')*(a S a,r Sa'p (76a) 

= [t]1/2 (t , 8)* S = (/ )* t . 
7 P a ;p 7 7 T' 

The second line follows by (54), the last one by the remark after (l1a) and 
(76) together with the commutative nature of the, and s. 

We shall now calculate expressions similar to (67), however with the 'Yi 
instead of the y;, and assume the form (76) for t. We shall encounter in the 
calculation expressions of the form 

.1)" ./J' le' .1) ./,1' _Jc .Jc' 
('f'AXI<' rpsa'f',,,XI<') = ('f'.v rp'f'A')(XI<' 8aXI<') 

= U" ; ~,)(:" : ~:)(A"l Ar(K·k Kr 'll~lek" (77) 

The first line follows from (75) and the definition of the scalar product in the 
product of two Hilbert spaces; the second line is a consequence of (67). Using 
now (74) and (76), we can express the tjj• of 

(67a) 

in terms of 'u,s'lek' 

(
j t f) 

tji' = ([j][t][j'])1/2 l , l' rll~lek' . 
k S k' 

(78) 

The expression obtained for the left side of (67a) by the direct substitution 
of (74) and of (76) for 'Fj ', 'Fj , and t, respectively, contains five three-j
symbols, neither of which is, however, the one which appears at the right side. 
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In order to give the expression directly obtained the form which appears on 
the right side, one has to apply, first, (17) to two of the three-j-symbols (it does 
not matter which) in order to exchange some of their columns. After this, 
(22) can be applied twice to give the form (67a). One obtains in this way for 
the nine-j-symbol of (78) 

( { : {:) = " (_1)2m [m] {j k }{t r S}{f l' k'} (78a) 
k S k' ~ S k' m l m l' m j t . 

There are, of course, numerous symmetry and orthogonality relations for 
(78a) which can be obtained either from (78a) through the relations of 
Section 3 or even more easily from the alternate expression for the nine-j-
symbol 

r" i12 i") C j12 j13 )(j21 j22 j2S)(i31 j32 j33) . 3n 
321 322 ~23 = An A12 A13 A21 "22 "23 "31 "32 "33 jS1 jS2 333 

(78b) 

·en j21 jS1re12 j22 jS2)*e13 j23 .)* 333 
"n "21 "31 A12 "22 A32 A13 "23 A33 . 

The most direct derivation of (78b) starts from the equation, mentioned after 
(78), which expresses (~, tT'Yi.) directly in terms of (74) and (76) and which 
contains five six-j-symbols. One can calculate from this equation 

Comparison of this equation with (78) directly gives (78b). This equation 
shows that, in a sense, the nine-j-symbols are the most symmetric invariant 
expressions in the product space of the representation spaces. The fact that the 
invariant expression (78b) can be written in terms of the six-j-symbols, also 
follows from a theorem of Biedenharn. lO We shall not discuss the symmetry 
and othogonality relation of the nine-j-symbols in detail. 

There are a few special cases in which (78) assumes a much simpler form. 
In the most important of these t is a scalar operator, i.e., an invariant under 
the elements of the group. This is, of course, possible only if rand s have the 
same rank and the scalar is given in this case, on account of (76) and (7),(13) 

S=(_)2r[rr1/2( r )* rs. 
paP a 

(79) 

Inserting t = 0 into (78a) causes the last six-j-symbol to vanish unless j = f 
(which is natural, since t is a scalar) and unlessm = l'. Hence, only one 
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term of (7Sa) remains and the last two six-j-symbols are directly given by 
(ISb). One obtains with (7) 

(\T~'j ffiTrj ) '" []-l/2( 1)i+k'+l+r {j k l} 
I, ,D r, = 0,,' r - r l' k' rll,skk" (79a) 

The prime on the first '¥ should indicate that although this '¥' has the same 
j as the second, it need not be identical with it: it is linear combination of the 
t/lXk while '¥ is a linear combination of the ,p1'Xk'. 

Another case in which the nine-j-symbol reduces to a six-j-symbol is in 
which the operator s (or the operator r) is a scalar. In this case 

(SO) 

For s = 0, the first two six-j-symbols vanish unless k = k', t = r (which is 
natural), and unless m = l. Hencc the summation in (7Sa) again reduces to a 
single term and the first two six-j-symbols are agajn given by (ISb). We have 
for the nine-j-symbol 

( { ~ {) = (_I)i'+t+l'H {j t i'} 
k 0 k ([k][t])l/2 l' k l 

(SOa) 

and for 

t .. = (_I)i'+t+I+k (U'J[j])1/2{ j t i'} 
J)' [k] l' k l rll,s. (80b) 

With s =0,1, this formula gives the ratio tn/r/,! of the matrix elements of an 
operator r.,. = t.,. between the states '¥ of the compound system and the states 
,p of one of the components. A well known problem covered by (80b) is the 
contribution of the orbital (or of the spin) magnetic moment to the magnetic 
moment of the atom. In this case the two systems which are united to a com
mon system are the orbital motion and the spins of the particles. The former 
is described by a coordinate wave function ,p, its l is usually denoted by L; 
the latter is described by a spin wave function X' its k is usually denoted by 8. 
The operator of the orbital momentum is the vector operator J of (62a), its 
matrix elements with respect to the ,p can be obtained directly from (65a). 
The problem is to determine the matrix elements of this operator with respect 
to the wave functions '¥ of the united system, i.e., the total wave functions of 
the atom. This is given by (67) with the tji" given by (SOb). In fact for 
t = l,j =i' =J, k =8, and l = l' =L, the six-j-symbol in (SOb) is essentially 
Lande's g-factor. 

16. Oombinations of Irreducible Tensors 

It has been mentioned before that the law of combination for irre
ducible tensor operators which is given in (76) has much wider applications 
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than given in the preceding section. The expression given by (76) will be a 
tensor operator of rank t not only if rand 8 act in separate Hilbert spaces. It 
will be a tensor operator also if they are arbitrary irreducible tensor operators 
in the same Hilbert space; they do not even have to commute. This equation 
is therefore eminently suited to make tensor operators of a higher rank from 
lower rank tensor operators. Thus, for instance, the tensor operator of (66) 
can be obtained in a more simple way than the one used for its derivation by 
substituting in (76) the v of (61) for both rand 8. The number t has to be set 
t = 2, corresponding to the rank 2 of (66), both r = 8 = 1 because of the 
vector operator character of the v of (61). A similar tensor operator can be 
constructed from the JT of (62a). 

The tensor operator of rank 2 obtained from JT in this way, and the 
higher order tensor operators obtained by a repeated application of (76) to 
J T , permit a more natural and more symmetric formulation of several rather 
common questions. Thus, for instance, it is customary to define the quadru
pole moment as the expectation value of the operator - J6qo for the wave 
function Y4 (i.e., ifs! for v = j). This is then, by definition, the quadrupole 
moment of all ifs:. Instead of this, one may consider the scalar operator 
[cf. (79)] 

Q = 5 - 1/2 ( 2 ) * q J2 
Tp P r 

(SI) 

where J2 is the aforementioned tensor operator 

J 2 =51/2 ( 2 )(21 1)*J.J. 
T " , I p" a 

T T T P a, 
(Sla) 

or 

(2 1 1)* 
Q = "q"J"..la·· p p a 

(SIb) 

The expectation value of this operator is the same for all states ifs! and, for a 
givenj, its magnitude is proportional to the quadrupole moment as commonly 
defined. 
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We generalize the usual homomorphism between 2 x 2 unimodular matrices B(A) and restricted 
4 x 4 LoRBIITZ matrices A to the case of one timelike and n;:;: 2 spacelike dimensions. For every 
such n which is even (odd), this generalization associates homomorphically to each restricted (ortho· 
chronous) (n+ 1) ·dimensional loRENTZ matrix a set of N x N-dimensional unimodular matrices, where 
N =2n12 or 2(n-l)12, depending on whether n is even or odd. In the case n;;;: 2, we prove the 
tbeorem that, if B (A) and B (AT) are any two such unimodular matrices associated with A and 
ita adjoint AT, respectively, then B(AT) =01 B(A)t, where 01 is an NIJl root of unity and t means 
hermitean adjoint. We also prove that for n>3 one can select these two unimodular matrices so 
that this equation holds with 01= 1, but that no such selection is possible for n=2, 3. 

The purpose of the present paper is to establish 
a homomorphic correspondence between a subgroup 
of the unimodular matrices and the LORENTZ trans
formations in (n + 1) -dimensional space with one 
timelike and n ;;;:2 spacelike dimensions. This cor
respondence, whim generalizes the well-known cor
respondence for n = 3 between 2 x 2 unimodular 
matrices and 4 X 4 restricted LORENTZ transforma
tions, is established in Section 1. We have devoted 
Section 2 to two proofs, whim Wf\ believe to be 
simple, of a theorem on the unimodular matrix as
sociated with the transpose of an {n + I)-dimensional 
LORENTZ matrix for n;;;: 2. This theorem is essen-

I See, for example, p. 41, Eq. (2_8) of the article of E. P. WIG
NER on "Unitary Representations of the Inhomogeneous 
LORENTZ Group Including Reflections" in Group Theoretical 
Concepts and Methods in Elementary Particle Physics, Gor
don and Breach, New York 1964_ 

! I. M_ GEL'PANI>, R. A. MlNLos, and Z. YA. SHAPIRO, Represen
tations of the Rotation and LoRBIITZ Groups and Their Ap
plications, Pergamon Press, New York 1963, p. 170-171. 

tially known for the case of three spatial dimen
sions 1,1, the only accessible proof being, however, 
that in reference 2. 

1. Homomorphism Between Lorentz Trans
formations and Unimodular Matrices 

for n ~ 2 

Consider a fixed irreducible set 'Ck (k = 1, 2, ... , 
n) of n;;;: 2 hermitean matrices whim satisfy the 
equation 3 

'Ck'CZ+'CZ Tk=2okl i (k,l=I,2, ... ,n). (1) 

3 Even if not stated explicitly, the inequa1ity n ;:;; 2 is always 
supposed to hold in this paper. Lower case Greek and Latin 
indices run over 0, I, ..• ,n and 1, 2, .•• ,n, respecti
vely, and all equations involving free indices of these two 
types should be understood to hold for all values in these 
respective ranges. Summations over Greek and Latin indices 
also run over the full ranges of these indices. 
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It is well known' that the Tk and their products 
with positive and negative signs, are homomorphic 
to an abstract group of order 2n+1. Exploiting this 
fact, one infers, in the first place, that for even n 
there is exactly one irreducible set {rk} (k = 1, 2, 
... , n) within equivalence, the dimension of these 
matrices being 2nlll. Secondly, one concludes that 
there are precisely two such inequivalent irreducible 
sets for the case of odd n, the corresponding rk 
having dimension 2(n-1)/2. In the latter case, Tn = 

i .• 1'1 1'2 ••• r. -1 in one of these irreducible sets and 
1'.= -J."T1 r2 ... Tn _1 in the other one, where J..= 
1 (i) if n is of the form 41 + 1 ( 41 + 3), l being zero 
or a positive integer. If we chose the Tk to be 
unitary, which is always possible because they gener· 
ate a representation of a finite group, then the Tk 

are also hermitean, since their squares are unity. 
This hermiticity property will be supposed to hold 
in what follows. 

For each (n + 1) -vector (zO, xl, ... , x") we de
fine the NxN matrix X(x) as the linear combina
tion 

(2) 

of the matrices 1'0, 1'1"'" rn; 1'0 being the N x N 
unit matrix '. 

The symbol A=IIAI',II (p, v=O, I, ... ,n) will 
denote the matrix of a transformation leaving the 
form (zO) 2 - (xl)2 - ... - (x") 2 invariant, so that 

(3) 

where G = II g ,..11 is a diagonal matrix with goo = 1, 
gu = ... = g •• = - 1 and T means transpose. In 
particular, (AT)I'.=A· ... Moreover, A will always 
refer either to an orthochronous LORENTZ transfor
mation (AOo>O) or to a restricted one (Aoo>O 
and det A = 1) . 

The N X N matrix B (A) is defined as a unimodu
lar solution of the equation 

X(z') =X(Ax) =B(A) X(x) B(A)t, (4) 

for every A belonging to the groups of loRENTZ 

matrices, to be specified below, for which such solu
tions exist. Here t denotes hermitean adjoint and 

x'p = (A x) I' = L: AI',x' . . 
• P. JORDAN and E. P. WXGIIEB, Z. Phys. 47, 631 [1928], espe

cially pages 650 and 651. Although only the case of even n 
is explicitly considered in this reference, the methods of the 
cited two pages are easily applied to the case of odd n ;;;: 3. 

Eq. (4) is supposed to hold identically in the x". 
Hence the familiar argument using the linear in
dependence of the rk shows that (4) can be re
garded as a shorthand for the n + 1 equations 

L:AI'. 1' .. =B(A) r.B(A)t. (5) 
I' 

The matrices A for which (4) or (5) admits a 
unimodular solution are given by the two theorems, 
valid for n ~ 2, which we now state. 

Theorem 1. If n is even (odd), then B(A) exists 
for each real orthochronous (restricted) (n + 1) -di
mensional LORENTZ matrix A and is determined by 
(5) up to a multiplicative constant equal to an 
arbitrary Nth root of unity. 

That the matrices A in Theorem 1 are the only 
ones for which such unmodular solutions B(A) exist 
is implied by 

Theorem 2. If B is an arbitrary unimodular N
dimensional matrix having the property that all the 
B T. Bt are linear combinations 

Br.W= L: V.r,. (5') 
I' 

of the 1',., then the unique matrix Ilv. Ii correspond
ing to B in the sense of (5') is a real (n + I)-di. 
mensional orthochronous (restricted) LORENTZ matrix 
for even (odd) n. 

The set B. of all matrices associated in the sense 
of (5') [or (5)] with the group of orthochronous 
or restricted LORENTZ matrices in the respective cases 
of n even or n odd forms a group, as follows easily 
with the aid of (5'). Theorems 1 and 2 inform us 
that there is a 1-to-N onto mapping of the pertinent 
one of these two LORENTZ groups onto B •. Just as 
in the well known case n = 3, this onto mapping is 
homomorphic because, if the unimodular matrices 
Bl and B2 correspond to the LORENTZ matrices Al 
and A2 , respectively, then it is clear, for example 
from (4), that B1B2 corresponds to A1 A2 • 

The irreducibility of the set 1'1"'" r. entails 
that of B •• In fact, det Tk = - 1 for n = 2, 3, as is 
well known, and det rk = 1 for n > 3, as follows 
from Eq. (17) of the present paper and the evenness 
of N/2 for n>3. Since the rk are two-dimensional 
if n = 2, 3, we therefore see that the matrices i Tk 

are unimodular for these two values of n. Moreover, 
for n ~ 2 these matrices satisfy the equations 

(i rk) rv (i rk) t = rk T. rk = + T. 

because of the hermiticity of the rk and (1). Hence 
we conclude that the obviously irreducible set {i Tk} 
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(k=1, ... , n) is a subset of B. if n=2, 3, and 
hence that "82 and "83 are irreducible. Similarly, if 
n>3, one can show that the irreducible set {'lk} of 
n unimodular matrices Tk is in "8n , so that "8. is ir
reducible for sum n, Conversely, the irreducibility 
of B. entails that of {'lk} for n ~ 2. 

Let us now prove the stated theorems_ 

Proof of Theorem 1_ 

We begin by showing that B(A) exists for each 
restricted loRENTZ matrix A for n ~ 2. 

Every sum A of n + 1 dimensions can be writ
ten as a product 

(6) 

where Rl and R2 are proper spatial rotations and 
Ak is a pure loRENTZ transformation along one of 
the spatial axes :xl' (k = 1, 2, ... , n). It suffices to 
show that (5) has a unimodular solution for each 
loRENTZ matrix whim is of one of these two types 
to conclude that (5) also has sum a solution for 
any given restricted A, since because of (6) and a 
previous remark the unimodular matrix 

B(R2) B(Ak) B(Rt> 

corresponds to this A in the sense of (5) . 
We first prove that to the pure LORENTZ transfor

mation 
X'O = cosh II: xO + sinh X xk , 

X'k = sinh X XO + cosh 1. x" , (7) 
xii = xl (l =1= 0, k) , 

with an arbitrary X, there corresponds the unimodu
lar matrix 

Bk = cosh h 'lo + sinh t 1. 1k (8) 
in the sense of (5). 

To establish the unimodularity of Bk , we observe 
that Eqs. (1) state that each Tk has unit square and 
anticommutes with eam 1'/ with l =1= k. Therefore, if 
this inequality obtains, 11= -'lk1ITk= -1k11'lk-1, 
whence 

Trace'll = - Trace 1k 1'1 Tk -1 = - Trace 11 = O. 
Since 'lk2 = 1, the eigenvalues of 1k can only be ± 1. 
In view of the tracelessness of 1k, half of these 
eigenvalues, i. e., N /2 of them, are equal to + 1 and 
the remaining half are - 1. Consequently, because 
of the hermitean nature of 1k, there exists a unitary 
matrix Uk sum that 

Tk=Ukl·····6··J.···~I·lukt, (9) 

where 0 and 1 denote the t N-dimensional zero and 
unit matrices, respectively. From (8), (9), and TO = 1, 

{ I: 0 I Bk=Uk coshix ····o···········!"··· 

+sinh i 1. ····6--···:···~i··11 }U"t 
= Uk II~zl2:.'l..:.·····~·······11 ukt (10) o : e-z/2'l ' 

so that Bk is unitarily equivalent to a unimodular 
matrix and is therefore unimodular. 

We proceed to show that Bk corresponds to Ak • 

From (9), the hermiticity of Bk , and the fact that 
TO = Tk2 = I, we can obtain by direct calculation: 

Bk TO Bkt = Bk2 = (cosh t 1. TO + sinh t 1.'lk)2 
= cosh X TO + sinh II: 1k, (ll a) 

and similarly 

BkTkBkt=sinhX 10+coshX1k' (llb) 

Bk T1B,/=1'1 (l=l=k). (llc) 

From (ll a) to (ll c), Bk is seen to obey the n + 1 
Eqs. (5) for the pure LORENTZ transformation (7). 

Next we deal with a rotation by any angle ({i, 

whim takes place in the plane containing the spatial 
axes x" and xl (k =1= l) : 

X'k =x" cos ({i - xl sin ({i , 

xii =:xI' sin ({i +xI cos ({i , 

X'I4=Xfl Cu9= k,l)" 

We assert that the matrix 

(12) 

Bkl = cos t ({i 1'0+ i sin t <p i-11k 11 (13) 

is unimodular and corresponds to this rotation. 
That Bkl is unimodular can be shown by com

bining the facts that the matrix i-I Tk 1'1 (k =1= l) in 
(13) is hermitean and that it is also, because of 
(1), of unit square and traceless, with procedures 
parallel to those just employed in proving the uni
modularity of Bk • Computations analogous to those 
carried out in the case of Bk serve to verify that 
Bkl is indeed a solution of (5) pertaining to the 
spatial rotation (12). 

We now show that, for even n, (5) has a 
unimodular solution B(A) for every orthomronous 
A, and not merely for each restricted A. This is in 
sharp contrast with the situation obtaining for odd 
n ~ 3, in whim case (5) has sum a unimodular 
solution only if A is a restricted LORENTZ matrix, as 
will be proved laler on in this section. 
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It is well known that eam improper orthomro
nous A can be written. for example. as the product 

A=i,.Ao (14) 

of the spatial reflection in: 

x'n= -:J!', 

x'l'= xl' (,u=O,I, •••• n-l). (15) 

and a restricted LORENTZ matrix Ao. Since B(Ao) 
exists, as is shown by our previous discussions. we 
only need to prove the existence of a unimodular 
matrix B(n) whim corresponds to in for eam even 
n to deduce that for every n of this type (5) 
po~sesses the unimodular solution B(A) = B(n) B(Ao) 
for every orthomronous A. Sum a B(n) is given by 

B(2)=iT1 • 

(16) 

for every even n 5. 

To prove that the matrices B(n) in (16) are uni
modular. one notices that 

detTk=(-I)N12. (17) 

an equation whim holds because N/2 of the eigen
values OfTk are 1 and the remaining N/2 are -1. 
Cobining (16) and (17) with the fact that N/2 is 
odd for n = 2. 3 and even for n ~ 4. the asserted 
unimodularity property follows immediately. 

For even n, one easily sees from (1) that the B(n) 
in (16) satisfy the equations 

B(n) '1'". B(n)t = '1'". (ft = 0.1, ...• n -1). 
B(n) '1'" B(n)t = - Tn , (18) 

whim are necessary and sufficient conditions for 
these B(n) to correspond to in • 

For odd n, on the other hand, because of 

Tn =)'n Tl T2 ••• Tn_I. 

• The existence of a unimodular matrix B(n) corresponding 
to i" for even n for a given irreducible set {'I'k} (k=I, 2, 
...• n) can also be established as follows. For every n of 
this type, we adjoin to this set the matrix T,,+I=l,l+l '1', '1', 

••• Tn and hence obtain an irreducible set {Tk} (k=I, 2, 
... , n+I) of n+I matrices of dimension 2,,12 fulfilling (1). 
[Plainly. (1) would not be obeyed by all these n+ 1 matri
ces if n had been assumed to be odd.] Now, we know that 
there exista for eam even n a 2nl2 dimensional, unimodular 
matrix B(n) satisfying (5) for this last set of Tk in the case 
of the restricted LoRENTZ transformation (spatial rotation) 
in n+l spacelike dimensions given by '/1'=:&1' (.u=I, 2, 
... , n-l), z'''=-zII. "',,+I=_,,n+l. Sum B(n) are im· 
mediately seen to obey (18) and therefore to correspond to 
i" . 

there can be no B(n) to satisfy (18). The first equa
tion (18). for ,u=0, shows that B(n) would have to 
be unitary. This unitarity and the rest of the same 
equation shows that B(n) would have to commute 
with all TI ••.. , Tn_I' It cannot anticommute then 
with Tn=i.n TI '1'2'" '1',,_1' 

We complete the proof of Theorem 1 by showing 
that, if the unimodular matrices Bl and B2 corre
spond to the same LORENTZ matrix A, then Bl and 
B2 are equal to within a factor of an Nth root of 
unity. Our method of proving this assertion is 
parallel to the one applied in reference 2 to the spe
cial case n = 3. 

One easily finds from (5) and the nonsingularity 
of BI and B2 : 

BI-IB2T".=T~Blt B2t-1 (,u=0, 1, ... ,11). (19) 

Setting ,u = 0 in (19), we infer that 

B I-l B2 = BIt B2t-1 

and hence that 

BI-IB2Tk=TkBI-IB2 (k=I,2 •••• ,n). (19') 

However, as was proved in reference " the irredu
cible set {Tk} (k = I. 2, ... , n) generates an irredu
cible representation of a certain finite abstract 
group. Therefore, (19') entails that B1-1 B2 com· 
mutes with all the matrices of this representation 
and thus that it is a multiple ()) 1 of the N x N unit 
matrix, i. e., that 

(20) 

Taking the determinant of both sides of (20), the 
unimodularity of Bl and B2 yields that ())N = 1. so 
that Bl and B2 are related in the stated manner. 

Proof of Theorem 2. 

We first dispose of the easy matters of the uni
queness and reality of the matrix L == 1/ £1'.11 in 
(5'). The first property follows immediately from 
the linear independence of the matrices '1'".. The 
reality of L can be proved by taking the hermitean 
adjoint of both sides of (5') and using the equation 
r". t = T"., thus obtaining 

2Jj.TI'=2V'.r~, 
I' II 

where - means complex conjugation. Hence -b,o = 

LI',. because of the linear independence of the T".. 

Incidentally, for each n, the hermiticity of the T~ can 
also be shown to be necessary to insure the reality 
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of the matrix L corresponding to eam unimodular 
N-dimensional matrix B. 

Lemma 1. The matrix X (y) = I y" 1'" is posi· 
tive (negative) definite if and only if the (n + 1) -vec
tor y is timelike and yO> 0 (yO < 0). It is nonsingu· 
lar and indefinite if and only if y is spacelike. It is 
semidefinite if and only if y is a nuU vector. 

Proof. If y is timelike it can be written as 
y = A'· (a, 0, 0, ... ,0), where a =1= 0 has the same 
sign as yO and A' is a restricted LORENTZ matrix. 
Hence, by Theorem 1, there exists a unimodular 
B (A') sum that 

X(y) =B(A') X«a, 0, 0, ... ,0)) B(A')t 
=B(A') (a 1'0) B(A')t=aB(A') B(A')t, (21a) 

so that X(y) is positive (negative) definite if a, 
and therefore yO, is positive (negative). 

If y is spacelike, there is a restricted LORENTZ 
matrix A" sum that y = A" . (0, b, 0, ... , 0), and 
therefore a unimodular matrix B(A") in terms of 
whim 

X(y) =B(A") X «0, b, 0, ... ,0» B(A")t 
=bB(A")1'lB(A")t. (2Ib) 

Because the maracteristic values of 1'1 are 1 and - 1, 
(2lh) implies that X(y) is nonsingular and indefi· 
nite for sum spacelike y. 

If y is a null vector, a restricted LORENTZ matrix 
A'" and a unimodular B(A"') can be found sum 
that y = A'" . (c, c, 0, ... ,0). Therefore, 

X(y) =B(A"') X «c, c, 0, ... ,0» B(A"') t 
=cB(A"') (1'0+1'1) B(A"')t (21 c) 

in this case. Now, the maracteristic values of 1'0+1'1 
are 0 and 2, so that (21 c) informs us that X(y) 
is semidefinite for eam null vector y. One can prove 
this property of 1'0 + 1'1 by first observing that (1) 
implies that (1'0+1'1)2=2(1'0+1'1), whence 1'0+1'1 
has at least one of the numbers 0, 2 as maracteris
tic values. Not all of the maracteristic values 
of the matrix TO + T 1 are the same for, if they 
were, it would be a multiple of the unit matrix and 
would thus commute with all the 1'k, contrary to 
(1), so that both 0 and 2 are eigenvalues of 1'0 + 1'1 . 

Lemma 2. For each (n+ I)-vector y, 

det X(y) = (y2)NI2, (22) 

where y2=(yO)2_ (y1)2_ (y2)2_ ... _ (yft)2. (23) 

Proof. Suppose that y is spacelike. Then we infer 
from (2Ib), the unimodularity of B(A") in this 
equation, (17), and (23), that 

detX(y) = bN det 1'1 = bN( _I)NI2 = (_ b2)N12 
= (y2)lI'/2. 

A similar, simpler, proof yields (22) when y is 
timelike. 

Proceeding as in the previous two cases, one ob· 
tains for eam null vector y, employing (21 c) and 
the singular nature of 1'0 + 1'1: 

detX(y) =cNdet(1'o+1'l) =0, 

so that (22) also holds in this case. 
Returning to Theorem 2, let B denote an arbitrary 

unimodular matrix for whim there exists a matrix L 
sum that (5') is fulfilled, so that the equation 

BX(y) Bt=X(Ly) (24) 

holds identically for this Band L. Applying Lemma 
2 to (24), one concludes that 

that is, 

«L y) 2)NI2 = (y2) N/2 , 

(Ly)2=W(L,y) y2, (25) 

where w(L,y) is an t Nth root of unity [Actually, 
w(L,y) = ±1 since L is a real matrix]. 

Eq. (25) entails trivially that 

(Ly)2=y2 (26) 

for any null vector y. We wish to show that (26) 
also obtains for eam timelike and eam spacelike y. 
By virtue of (25), this is equivalent to proving that 
(L y) 2 is timelike or spacelike if y2 has one of these 
respective properties. 

Let us apply Lemma 1 to a timelike vector y 
having yO>O. Then X(y) is positive definite and 
50 is X(Ly)=BX(y)Bt, since B is nonsingular, 
whim implies that Ly is timelike and (Ly)o>O. 
Similarly, if y is timelike and yo<O, we conclude 
that then Ly is timelike and (Ly)o<O. The fact 
that L y is spacelike when y has this last property is 
proved analogously. 

Hence, we have shown that L is a real homo
geneous LORENTZ transformation. Moreover, LOo>O, 
i. e., L is orthodtronous, since (L y) ° has the same 
sign as yO for eam timelike y. 

It remains to be established that, for every odd 
n ~ 3, the matrix L corresponding in the sense of 
(5') to eam unimodular N x N matrix B is are· 
stricted LORENTZ matrix. This will certainly be the 
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case if there does not exist for anv sum n an N X N 
unimodular matrix whim sati~fies (5') when 
L is mosen to be the improper LORENTZ matrix in 
pertaining to the spatial reflection (15). This was, 
however, established after (18). 

2. Generalization to n ~ 2 of a Theorem on the 
Unimodular Matrices Associated with the 

Transpose of a Lorentz Matrix 

Whe shall present two proofs of the following 
theorem: 

Theorem 3. One has 

(27) 

for every orthochronous or restricted (n + 1)·dimen
sional LORENTZ matrix A in the respective cases a I 
even n or of odd n ~ 3, where w is an Nth root of 

unity. 
In these proofs and in all of the subsequent dis

cussions, symbols such as W o, WI' w2 , w', w" will 
serve to denote Nth roots of unity. 

First Proal 

Since, if the unimodular matrices B (AI) and 
B (A2 ) correspond to the respective LORENTZ matri
ces AI' A 2 , then B (AI A 2 ) corresponds to Al A2 , 
one finds from Theorem 1 

B(AI A 2) =wIB(AI ) B(A2)· 

Similarly, B(A-I) =w2 B(A)-I. 

(28 a) 

(28b) 

If theorem 3 holds for Al and A 2 , it also holds 
for Al A2 . Indeed, its validity for Al and A2 entails 

B«A! A2)T)=B(Al AIT) = w' B(Al) B(AIT) 
=(1)" B(A2)t B(AI)t 

= w" (B (AI) B (A2»t 
= w'" B (AI A2 ) t , 

where we have used (28 a) and elementary proper
ties of the roots of unity. Hence (27) holds for the 
product A = Al A2 , ... , Ar of any finite number T 

of factors if it holds for each of these factors. 
But eam restricted or improper orthochronous 

LORENTZ matrix A can be expressed as a product 
(6) of two proper spatial rotations and a pure Lo
RENTZ transformation Ak or as a product (14) of a 
spatial reflection matrix in and a restricted LORENTZ 
matrix, respectively. Hence it suffices to prove (27) 
for the case when A is equal to a proper spatial ro
tation R, or to Ak or in . 

Let A=R. Applying (4) to the vector X= (1,0, 
O .... , 0), or setting y = 0 in (5), we find that 
x' = R x =X and X(x) = X(x') = TO = 1. Therefore 

B(R) B(R)t = 1, 

i. e., B (R) is unitary. In view of this fact, the pro
perty RT =R-l, and (28b), 

B(RT) =B(R-I) =woB(R)-!=woB(R)t, 

so that (27) holds for sum rotations. 

If A = Ak or A = in, then AT = A. Moreover, 
the unimodular matrix Bk in (8) corresponding to 
Ak and the unimodular matrix B(n) in (16) per
taining to in for even n have the properties 

Bkt=Bk and B(n)t=±B(n), 

where the + ( -) sign obtains if n = 4 m + 2 (n = 2 
or n = 4 m), for m = 1 2, .... Consequently, if A = 

Ak or A = in, we infer by employing Theorem 1 
that 

B(AT) =B(A) =wo' B(A)t, 

so that (27) also obtains for these two types of A. 
Therefore (27) is valid for arbitrary orthomronous 
(restricted) A for even n (odd n ~ :3) . 

Second Proof 

This proof is based on the equation 

X(Gx) =x2 X(X)-I, (29) 

where G is the diagonal matrix in (3) with diagonal 
elements 1, -1, ... , -1 and x2 is defined in (23). 
Eq. (29) holds for any (n + 1) -vector x for whim 
r=f=O. 

In order to prove that sum x satisfy this equation, 
we employ (1), (2), and the equations goo = 1, 
gkk = - 1 to write 

X(x) X(Gx) = (LX,uT,.) CLYv,x'Tv) 
P , 

=t :LxI' x'(Yvv Tp T.+ gpp '1'. 'l'p) 
P.' 

=t:Lxkxl( -'l:kT/ -'l:/'I'k) 
k,/ 

+ t:Lxk XO(Tk '1'0 -TOTk) 
k 

+t:Lx°xl( -T/'l:O+'I'O'l'/) 
I 

+ t(XO) 2('1'02 + '1:02) 

= [- .:z:(xk)2+ (XO)2] 1 =rl. 
k 

Therefore, if x2 9= 0, X(X)-I exists and obeys (29). 
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To prove Theorem 3, we begin by using (3) and 
the property G2 = 1 to write 

AT=GA-1G. (3') 

We also observe that, since .11-1 and G are loRENTZ 
transformations, 

(30) 

so that, in particular, .11-1 G x and G x are not null 
vectors if x is not a null vector. 

Let A pertain to one of the LORENTZ groups spe
cified in Theorem 3 and let x2 =1= O. We then obtain, 
by combining (29) with (3'), (4), (28b), and 
(30) : 

X(ATx) =X(G(A-1Gx» 
= (A-1GX)2X(A-1GX)-1 
=x2[B(A-l) X(Gx) B(A-l)t]-1 
=x2[B(A) -1. X2 X(x) -1. B(A)t-l]-1 

=x2 B(A)t X(x) (B(A)t)t. (31) 

Now, as is clear geometrically and easy to estab
lish algebraically, eam null (n + 1) -vector can be 
written as the sum of two (n+l)-vectors whim are 
not null. Hence, because of the linearity of Xix) 
in x, (31) is also valid when x2 = 0, and thus holds 
for all (n+l)-vectors x 6• We therefore conclude 
that B (A) t corresponds to AT, and therefore that it 
differs at most by a factor of an Nth root of unity 
from B(AT). 

It may be of interest to point out that (27) al
lows one to prove very rapidly that B(A) is unitary 
of and only if A is a spatial rotation, and that a 
necessary and sufficient condition for B(A) to be 
hermitean or skew hermitean is that A be symmetric. 

In conclusion, we shall prove that for n = 2, 3 it 
is impossible to select a B (A) so that (27) obtains 
with the + sign for all relevant A, but that for 
n > 3 one can make sum a selection. 

If B is a unimodular matrix corresponding to A, 
then Bt corresponds to AT by Theorem 3. Hence the 
most general unimodular matrices B(A) and B(AT) 
corresponding to A and AT are 

B(A) =w' B, (32 a) 

(32b) 
and therefore 

B(AT) =w" Bt=w"(w' B(A»t=w'w" B(A)t. 

, The fact that (31) holds for null (0+ 1) -vectors :I: can also 
be proved by a continuity argument. 

1£ AT +.11, m' and ow" can be mosen independently, 
and therefore (27) can be made to hold with (j) = 1 
for eam n ~ 1 for sum A. 

Let us now investigate the case when A = AT. 
1£ B is an arbitrary unimodular matrix correspond
ing to a A of this type, then clearly 

Bt = m'" B • (33) 

1£ A is any LORENTZ transformation, symmetric or 
not, sum that (5) has unimodular solutions cor
responding to it then among these solutions there is 
one of the form 

(34) 

where the summation runs over a set of linearly 
independent matrices T A whim are products of the 
T" and whim therefore have the property T} = 

± T A, and all the coefficients C A are real and are 
evidently not all zero. One can prove (34) by com
bining the fact that a restricted or improper ortho
mronous A can be written in one of the respective 
forms (6) or (14) with (8) and with the simple 
result that to eam proper spatial rotation there cor· 
responds a unimodular matrix which is the product 
of matrices of the type (13). From Eqs. (33) and 
(34), 

2: ±CATA=W'''2:cATA, 
.A .A 

whence mill = 1, so that (33) becomes 

Bt= ±B (33') 

for a B of the form (34). Because of (32 a) and 
(33'), the most general matrix B(A) corresponding 
to a symmetric A obeys 

B(AT) =B(A) =()/ B= ±w' Bt (35) 
= ±w'(w' B(A»t= ± (m')2B(A)t. 

Let A be a spatial rotation (12) in the x" - xl 
plane with <p = <'to Then AT = A and the unimodular 
matrix B = Tk TZ = - Bt corresponds to this A. Hence 
(39) obtains with a - sign for this A. Suppose 
now that n=2, 3. Then N=2, so that (m')2=1, 
and therefore (35) yields B(AT) = -B(A)t for the 
rotation in question, no matter how B(A) is mosen. 

1£ N ~ 4, N is divisible by 4, and hence i is an 
Nth root of unity in this case. Therefore we can al
ways moose m' in (35) for any n of this type so 
that ± (w')2=1, i.e., so that (27) holds with 
m = 1 when AT = A. Consequently, (27) can be 
made to hold with this value of m for all A of 
interest when n ~ 4. 
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The considerations to be presented arose from an attempt to extend R 
matrix theory so as to account for peripheral reactions more generally. 

As is well known, R matrix theory deals principally with nuclear reactions. 
It divides the configuration space into an internal and an external region. It 
introduces on the boundary B separating these two regions a suitable ortho
gonal set of functions. The R matrix itself provides a relation 

(1) 

between the expansion coefficients Vs of the value of a wave function on Band 
the expansion coefficients dt of the normal derivative of that same wave 
function. The validity of Eq. (1) is the condition that the wave function can 
be continued into the internal region. 

The purpose of the theory is to obtain a relation 

(2) 

between the amplitudes of the outgoing waves es, and those of the incoming 
waves it, in those parts of the configuration space in which the distance between 
colliding or separating particles is large. In the standard form of the theory, * 

• There are several excellent reviews of this theory, including those by Lane and Thomas 
(J), by Vogt (2), and by Breit (3). For the standard theory of direct reactions, see, for instance, 
the article by Austern (4). 

119 
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we assume a one-to-one correspondence between "channels" (which charac
terize the type, state of excitation, and relative angular momentum of the 
colliding or separating particles) and the aforementioned orthogonal system 
on B in such a way that each pair of expansion coefficients vs' ds depends only 
on the corresponding es, is 

Vs= tfses + Jsis 

ds = tf;es + J;is. 
(3) 

iff s and iff; are the value and the derivative, at the boundary B, of the radial part 
of the outgoing wave carrying unit current in channel s. J sand J; have the 
same significance with respect to the incoming wave. Equation (3) implies that 
the interaction in the external region is very simple; according to the usual 
assumption it can be represented by a potential acting between the colliding 
or separlting particles as entities. It causes no change in the structure of the 
particles nor a transformation between them. 

If interactions do cause such changes at considerable separation of these 
particles, and if we do not wish to extend the internal region to a correspond
ingly large part of the configuration space, we can take into account the 
interaction at larger distances as peripheral reactions by generalizing Eq. (3). 
This will render the usual properties of the R of Eq. (1) more pronounced. 
Hence, we shall write, instead of Eq. (3), 

is = ~ IXs,d,+ /3s,'v" , 
es = ~ 'Ys,d, + 5s, v" , 

(4) 

expressing, this time, i and e in terms of v and d. Actually, because of time
inversion invariance, there are some relations between the matrices that enter 
(4) (a = y*, ~ = S*), but we shall disregard these. The problem that prompted 
the considerations to be presented is the determination of those relations 
between the matrices a, ~, y, S that follow from the unitary nature of the 
theory. This can be expressed by the postulate that the probability current 
entering the external region from the internal one be equal to the current 
flowing out from it at very large distances. 

The aforementioned unitarity condition gives the equation 

(5) 

f the e and i satisfy the relations (4), this must be valid for arbitrary v and d. 
'he v, d, e, i can be considered to be vectors with the scalar product 

(6) 
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so that (5) can be given the form 

i(d, v) - i(v, d) = (e, e) - (i, i). (7) 

This equation can be further simplified if we unite d and v into a vector D 
with twice the dimension ofv or d, and similarly, unite i and e into a vector I 
of the same dimension as D. Then, (7) becomes 

(8) 

where 

( 0 i1) 
Sy = -i1 0 ' (-1 0) 

Sz = 0 l' , (8a) 

the matrices 1 in (8a) having the same dimension as the vectors d, v, etc. 
Finally, we write 

D = TD', T = 2-1/2 (:1 ~1), (9) 

the unitary T having been so chosen that (the dagger denotes Hermitian 
adjoint) 

(9a) 

which then gives, instead of Eq. (8) 

(D', szD') = (I,szl). (9b) 

According to (4) i and e depend linearly on v and d. Hence, we can write 

I=AD=ATD', A=(ct ~) 
y &' 

(10) 

so that if we write AT = U, (9b) implies that U leaves the form Sz invariant: 
lft Sz U = Sz. It is also clear that in order to return from the relation 

1= UD'= UTtD (lOa) 

between I and D to a relation between i, e, v, and d, we will need U in the 
form decomposed into submatrices with half the dimension of U. 

The problem to be considered further is somewhat more general than the 
one, just outlined, to which the generalization of R matrix theory leads. 
Instead of giving a normal form of the submatrices of the U that satisfies the 
equation ut Sz U = Sz. we shall consider the matrices U 

UtFU = F, (11) 
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which leave the form 

(12) 

invariant where 1n and 1m are unit matrices that may have different dimensions 
nand m, and we assume n ;;:; m. The dagger denotes Hermitian adjoint, the 
tilde (-) will denote the transpose. Similarly, we shall consider real matrices 
R that leave F invariant 

RFR= F. (13) 

The matrices U and R that satisfies Eqs. (2) and (3) form, of course, well
known groups. The R here is, of course, not the R-matrix of (1). 

II. Summary of Results 

The representations of U and R that will be arrived at show a great 
similarity to Euler's representation of rotations in three-dimensional space 
and the corresponding representation of two-dimensional unitary matrices 

(14) 

where Uh U2, Vh V2 are numbers of modulus I, c and s are real c2 + S2 = 1. It 
will be shown that there is a corresponding representation for unitary matrices 
of arbitrary dimensions, that is, for matrices that satisfy Eq. (11) with an F 
that is an (n+ m)-dimensional unit matrix. The generalization ofEq. (14) reads 
in this case 

(IS) 

where U I and VI are n-dimensional unitary matrices, U2 and V2 are m-dimen
sional and unitary, c and c' are real diagonal matrices, the last n - m diagonal 
elements of c being 1, the first m identical with those of c'. The s of Eq. (15) 
is a real n x m matrix. We shall call such a matrix diagonal if, for n > m, the 
last n - m rows are 0, and if the matrix formed by the first m rows is diagonal. 
Similarly, an m x n matrix will be called diagonal if its transpose is diagonal; 
its last n - m columns are then O. In this sense, s is diagonal, as is also " and 
they satisfy the equation 

(I Sa) 
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and hence 

(lSb) 

However, we shall be more interested in the U that satisfy Eq. (II) with the 
F of Eq. (12). For these, the representation to be obtained is 

U = (UI 0) (C S) (VI 0). o U2 S C' 0 V2' 
(16) 

Ut. Vb U2, V2 are again unitary with dimensions nand m, the C, C' again real 
and diagonal, C' is m-dimensional, and the first m diagonal elements of Care 
identical with the corresponding elements of C', the rest I. The S is again 
n x m, again real and diagonal, and instead of (ISa) and (ISb) we now have 

(16a) 

(I6b) 

Evidently, the constituents of the right side of (I 6) are not uniquely determined 
by U. This remains unchanged if the first and last factors are changed as 

follows: 

U2 -+ U2 W' , 
(17) 

where wand Wi are unitary, w commutes with C (every diagonal matrix does), 
and Wi is equal to w in those rows and columns in which the diagonal element 
of C is not 1, arbitrary otherwise. If no diagonal element of S is zero, only 
the last n - m diagonal elements of C are I and w will split up into an m x m 
unitary matrix and an (n - m) x (n - m) unitary matrix, the remaining matrix 
elements being O. In this case, Wi is identical with the m x m submatrix of w. 

The representation to be obtained for the real matrices R is the same as 
(16) except that Ub U2, VI, V2 are real orthogonal matrices in this case. If the 
-1m in (12) is replaced by 1m and n = 2, m = 1, we recognize Euler's original 

formula 

0) (COs~ 0 -Sin~) ( cosy o 0 1 0 -siny 
1 sinp 0 cos~ 0 

siny 
cosy 
o 

~); (140) 

U2 and V2 are, in this case, 1; Ul and VI rotations by ex and y in the plane of 
12 ; the diagonal elements of C are cos ~ and 1, whereas the only diagonal 
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element of C' is cosfJ. The 5 is a 2 x 1 matrix, the second row of which is 0; 
S is its transpose., a 1 x 2 matrix. 

It may be worthwhile to state explicitly the similarities, as well as the 
differences, between Euler's formulas (14) and (14a) and their generalizations 
(15) and (16). The first factors are in both cases elements of a subgroup. 
However, this subgroup is commutative in Euler's formulas (14) and (14a), 
and noncommutative in the generalizations (15) and (16). The elements of 
the same subgroup appear also as the last factor in both cases. The middle 
factors are elements of another subgroup; this is commutative in both cases. * 
Naturally, the generalized formulas apply to a much greater variety of groups 
than the original formulas. 

III. Proof 

Let us subdivide U in the same fashion in which Fin (12) is subdivided 

(18) 

where U 11 is an n x n matrix, U 12 has n rows and m columns, etc. Equation 
(11) then reads 

(18a) 

(18b) 

(1Sc) 

(1Sd) 

Equation (ISc) isjust the adjoint to (ISb) and need not be considered separately. 
Since U!t U 21 is self-adjoint and positive semidefinite, it can be written as 

(19) 

where 5 is a diagonal matrix with real, nonnegative diagonal elements; VI is 
unitary. Further, it can be assumed that the diagonal elements of 5 form a 
nonincreasing sequence. Since the rank of U 21 is at most m, at least n - m of 

• One can recognize a certain similarity between the decompositions considered here and 
Iwasawa's decomposition of an arbitrary matrix into a product of two matrices, one ortho
gonal, the other triangular. Cf., e.g., Helgason (5). In Iwasawa's decomposition also the 
matrices which can appear as the first factor are elements of a subgroup; the same applies 
to the matrices which can appear as the second factor. 
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the characteristic values of U!t U21 vanish. As a result, at least the last n - m 
diagonal elements of 52 are zero, and as a rule only these diagonal.elements 
will vanish. At any rate, 5 can be replaced by an n x m matrix and 5S 
substituted for 52 in (19). It follows from (lSa) that 

(19a) 

where C is defined by (16a). Evidently, the diagonal elements of C also form a 
nondecreasing sequence, the last n - m of them are 1. 

Since CVl is nonsingular, we can write 

(20) 

and, inserting this into (l9a), we find that Ul is unitary. It now follows from 
(19) that the ranks of SVI and of U 21 are the same. In fact, if SVICP = 0, 
where cP is an n-dimensional vector, it follows from (19) that U!t U21 CP = 0, 
or 

so that U21CP = 0 also. Hence, the ranges of SVI and of U21 have equal 
dimensions and there is an m x m matrix U2 such that 

(20a) 

Insertion of this into (19) shows that U2 is length preserving on the range of 
SVI and since it is arbitrary on the perpendicular complement ofthis range, it 
can be assumed to be unitary. It will then map the perpendicular complement 
of the range OfSVl into the perpendicular complement of the range of U 21 . 

The same argument that was just applied to (lSa) can be applied to (ISd). 
It gives, instead of (20) and (20a), 

(21) 

and 

(21a) 

where up and V2 are unitary, C' real diagonal, all three m x m matrices. 5p is 
m x n, its last n - m columns being 0, and it is real and diagonal in its first m 
columns; u; is n x n and can be assumed to be unitary. Instead of (16b) we 
now have 

(21b) 
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We assume again that the diagonal elements of Sp and C form a non increasing 
sequence. The only difference from the preceding case is that, even if n > m, 
no diagonal element of C needs to be 1. 

We have so far reduced U to the form 

(22) 

In order to verify (16) completely, we have yet to show that Sp = S, up = U2, 
u; = U I, and that the first m diagonal elements of C are the same as the diagonal 
elements of C. This must follow from (18b), which becones 

(22a) 

or 

(22b) 

Let us denote utu;=WI> U~Up=W2; these are unitary. Similarly, we 'set 
Sp(C')-1 = Tb C-I S = T. These are n x m real diagonal matrices with non
negative diagonal elements. Furthermore, if sp is a diagonal element of Sp, the 
corresponding diagonal element of C is, because of (21b), (1 + S;)1/2 and 
hence the corresponding diagonal element to TI is sp(1 + S;)-1/2. Since the 
diagonal elements sp form a nonincreasing sequence, the same is true of the 
diagonal elements sp(1 + S;)-1/2 of T I' The same applies to T, because of (16a) 
which was established by (19a), and because the diagonal elements of S were 
also assumed to form a nonincreasing sequence. 

In terms of the wand T, (22b) becomes 

(23) 

and the adjoint of this is 

(23a) 

The product of the last two equations is 

(23b) 

The left side is an m x m real diagonal matrix; the right side is the transform, 
by the unitary matrix W2, of a similar diagonal matrix. It follows that the 
diagonal elements of Ti T 1 and Tt T are pairwise equal and, since both form 
a nonincreasing sequence, the two diagonal matrices are equal: 

(24) 
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Since, furthermore, the diagonal element of Tt T 1 that corresponds to the 
diagonal element sp of Sp is s;/(1 + s;), and the diagonal element of Tt T that 
corresponds to the diagonal element s of 5 is S2/( I + S2), these two are equal. 
Since both sp and s were assumed to be nonnegative, they are pairwise equal 
and we conclude 

(24a) 

It then follows from (I6a) and (2Ib) that the firstm diagonal elements ofC and 
C' (all of which are positive) are equal. The preceding is a somewhat round
about version of the argument that, because of the positive semidefinite nature 
of Sp, C', T l' and Tt T l' these are all single-valued functions of each other and 
the same applies to the quartet 5, C, T, and TtT. The argument was made in 
detail because Sp, T 10 5, and T are not square matrices. 

We have yet to prove that up = u2, u; = Ul or, rather, that up can be replaced 
by U2, u; by Ul without affecting the validity of(2I) and (2Ia). For this purpose, 
we rewrite (23b) by means of (24) 

(25) 

that is, W2 commutes with TtTl • It therefore also commutes with C' and 
Sp = S. Hence, (21) and (2Ia) will remain valid if we replace 

V2 ~ W2 V2, (25a) 

Since W2 = ulup, the new up will be up uZ U2 = U2 and we now have 

(25b) 

We next return to (22b). We note that since the last n - m rows of 5 are 0, 
the first m rows of C are equal to those of C', all of them diagonal. 

S(C')-I = C-I 5 = T. (26) 

Hence, (22b) reads, with (24a), (25b), and (26), 

(26a) 

We recall that WI = ul u;. Let us assume that the first k diagonal elements of 5, 
and hence ofT, are different from O. Then, (26a) means that the first kcolumns 
of Wl contain a I at the diagonal, the rest is O. Since WI is unitary, the same 
applies to the first k rows: 

(27) 
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The subdivision in (27) is k (k ~ m) and n - k. Since S is diagonal and only its 
first k diagonal elements are different from 0, we have 

Swt=S, (27a) 

and mUltiplying the last equation by Wi> we obtain 

(27b) 

Since the diagonal elements of Care 1 wherever those of S are 0, with the same 
subdivision as in (27) 

It follows that 

Hence, (20) and (20a) will remain valid if we replace 

as a result of which 

UI ~ UIWh 

VI ~ wtv}o 

(27c) 

(27d) 

(28) 

(28a) 

As a result of (24a), (25b), (2Sa), the form (22) is now identical with (16). 
The proofs of (15) and the modification of (16) in which U is real (and the 

U and V are also real) can be carried out in the same way. Actually, the proof 
carried out is very simple and the apparent complication arises only from the 
fact that the S is not a square matrix and we are less used to operating with 
general rectangular matrices than with square ones. For this reason also, the 
case m = n originally considered by this writer, appears to be simpler. 

IV. Corollary 
As was mentioned before, the original objective of the preceding considera

tions concerned the theory of peripheral nuclear reactions, which will not be 
dealt with here. There is, however, one immediate consequence of the form 
(16) for complex and real matrices that leave F invariant that is worth mention
ing. It relates to the characteristic values of Ut U (or of U Ut). We obtain 
from (16) 

ut U = (vi 0) (C S)2 (VI 0) . 
o v! S C' 0 V2 

(29) 
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Hence, U t U is the unitary transform of 

(c S)2 (C2 + S$ 
$ c' = $C+ C'$ 

CS+SC' ) 
$ S + (C')2 . 

129 

(29a) 

Since the first m diagonal elements of C and C' are identical, if we subdivide 
(29a) into sections m, n - m, and m, it assumes the form 

(~C')2 + S~ 

2Sm C' 

o 
1 
o 

(29b) 

where Sm is the upper m x m section of S. The secular equation of (29b) 
decomposes into m two-dimensional parts of the form 

(29c) 

where s is a diagonal element of S, c = (1 + S2)1/2, the corresponding diagonal 
element of C' (or of C). Hence, ut U has m pairs of characteristic values that 
are reciprocals of each other. It also has n - m characteristic values 1. For 
m = 0 this is, or course j a trivial result. 

In the case of real U, we can further infer from (29), since the v are real, 
that the characteristic vectors of ut U (or of U Ut ) can be assumed to be 
real. 

REFERENCES 

1. A. M. Lane and R. G. Thomas, Rev. Mod. Phys. 30, 257 (1958). 
2. E. Vogt, in "Nuclear Reactions," p. 215. North-Holland Publ., Amsterdam, 1959. 
3. G. Breit, in "Encyclopedia of Physics," Vol. 41/1, p. 274. Springer Verlag, Berlin, 1959. 
4. N. Austern, in "Fast Neutron Physics," Vol. IV, p.II13. Wiley (Interscience), New York, 

1963. 
5. S. Helgason, "Differential Geometry and Symmetric Spaces," p. 219 ff. Academic Press, 

New York, 1962. 



Condition That the Irreducible Representations 
of a Group, Considered as Representations 

of a Subgroup, Do Not Contain Any Representation 
of the Subgroup More Than Once 

E.P. Wigner 
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Origin of the problem 

The interest in the condition contained in the title stems from the desirability 
to specify a definite form for all irreducible representations of a group, i.e. 
to specify a particular coordinate system, with some simple properties, in 
representation space. In order to do this, let us first decompose each represen
tation space into orthogonal subspaces, each such subspace being the re
presentation space of an irreducible representation of a subgroup. If these 
irreducible representations are all inequivalent, their subspaces are uniquely 
given and can be characterized by the corresponding irreducible representa
tion of the subgroup. Once this is done, one can proceed in the same way with 
the subgroup and, if possible, continue until an abelian subgroup of the last 
group is reached. Hence, if there is a sequence of subgroups Gt> G 2 , ... of 
the original group Go such that G,+ 1 is a subgroup of G, of the nature 
specified in the title, a coordinate axis in the space of an irreducible represen
tation of Go can be specified by enumerating the irreducible representations 
of all the subgroups G 10 G 2, ... to the representation spaces of which the 
vector belongs. 

Let us consider, as an example, the symmetric group Ss of the permuta
tions of 5 letters. Since S,,-l is a subgroup of S" of the nature given in the 
title, the sequence of G h G2, ... can be chosen as S4' S3, S2; the last one 

131 
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being abelian. Let us consider the representation 3 + 1 + 1 of Ss. We then 
obtain the tree 

Ss 3+1+1 
/ ~ 

S4 2+1+1 3+1 
/ ~ / ~ 

S3 1+1+1 2+1 2+1 3 
~ / ~ / ~ ~ 

S2 1 + 1 1 + 1 2 1+1 2 2 
No two arrows issuing from the symbol of any representation end at iden
tical symbols. A vector in the six dimensional space of 3 + I + 1 can therefore 
be characterized uniquely by one of the branches of the tree, such as 2 + 1 + 1, 
2+1,1+1. 

Many of the classical groups have sequences of subgroups as given in the 
title so that coordinate systems can be introduced in the spaces of their 
representations in the manner given above; each axis of these coordinate 
systems will be labelled by irreducible representations of a sequence of sub
groups, each subgroup of the sequence being contained in the preceding sub
group of the sequence. 

Establishment of the condition 

Denote elements of the subgroup by p, q, r, ... , elements of the full group by 
P, Q, R, .... Let Lp be the summation over all the elements of the subgroup, 
Lp the summation over all the elements of the full group. 

Consider vectors a in group space with components aE, ... , aR' ... , such that 
the matrix LR aR D(R) commutes with all D(s) of the subgroup and that this 
condition be satisfied for all irreducible (and hence also for all) representa
tions D of the whole group. The vectors a form a linear manifold. It will be 
shown, furthermore, that if a matrix c(O) commutes with all D(O) (s) of a single 
irreducible representation, c(O) is contained among the matrices L a R D(O) (R): 
the aR being given by 

(1) 

ik 

10 is the dimension of D(O) and h the order of the full group. That the a of (I) 
is in the linear manifold means that 

L aRD(j)(R) = L 0 L d~) D(0)(R-1)kiD(j)(R) (2) 

R R ik 
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commutes with all D(J)(s) for every j. This is evident since (2) is zero if D(J)s 
is not equivalent to D(O); it is c(O) if D()=D(O). Hence, all matrices which 

commute with the D())(s), for every s but any single j, are contained in the 

set L aR D(R). 
Let us determine now the linear manifold of the a. By definition 

LaRD(R) D(s) = LaRD(s) D(R) (3) 
R R 

or 

or 

(4) 

Since this must hold for every irreducible representation, and since these (or 
their matrix elements) form a complete set in group space 

(5) 

and this holds for every element s of the subgroup. We shall call the complex 
of elements which can be transformed into each other by an element of the 
subgroup, a subclass. Hence, the components of a in the direction of the 
elements which are in the same subclass are equal. A full base for the vectors 
a has as many members as there are subclasses in the whole group; a vector 
which has finite components in the direction of the subclass which contains 
the element Q and zero components in every other direction is 

where 

a R = L t5 (sQs - 1 R - 1) 
s 

~ - 1 for P = E = e, the unit element, 
t5(P)?: 0 otherwise. 

(6) 

(6a) 

Evidently, the product of two subclasses consists of full subclasses and 
every class of the whole group consists of full subclasses. A subclass is either 
contained in the subgroup or has no element therein. 

Let us consider now the vectors b in group space which satisfy two con
ditions. First L bR D(R) commute with all D(s) for every representation 
(this is the same condition which the vectors a satisfy), second L bR D(R) 
commute with all L aR D(R). The vectors b also form a linear manifold and 
because ofthe first condition (5) is valid for the b also, 

(7) 
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Furthermore, if there is a matrix c(O) which commutes with all D(O)(s) of a 
single representation, and with all matrices in the space of this representa
tion which commute with all matrices commuting with all D(O) (s), it is 
contained among the I bR D(O)(R). The corresponding bR is given by the 
right side of (1) and the proof that the I bR D(R) have the necessary prop
erties for all DU) follow from eq. (2) as before. If the representation D(O), 
considered as representation of the subgroup, does not contain any irre
ducible representation more than once, the matrices which commute with all 
D(O)(s) also commute with all matrices which commute with all D(O)(s). If 
this is true for all irreducible representations, D(j), the vectors b are the same 
as the vectors a and conversely, if every vector a satisfies also the second 
condition for the b, no irreducible representation of the full group, if con
sidered as representation of the subgroup, contains any representation of 
the subgroup more $an once. Hence, the identity of the linear manifolds 
a and b is the necessary and sufficient condition for the circumstance given 
in the title of this note. 

The sum I bT D(T) will commute with every I aR D(R) if it commutes 
with every member of the base (6). Hence 

I bTD(T) I I b(SQS-l R- 1) D(R) = I I b(SQS-l R- 1) D (R) I bTD (T) 
T R s R s T 

is the second condition on the b. Because of (6a), it can be written also 

LL bTD(TsQS-l) = LL bT D(SQS-IT). (8) 
T s T s 

This second condition will be a consequence of the first, if (8) is satisfied for 
every vector (6) of the full base of vectors a. Hence we set 

(9) 
r 

Introducing this into (8), one obtains 

II D(rPr- 1 SQS-l) = I L D(SQS-l rPr- 1). (10) 
r s r s 

The left side contains the matrices which correspond to the elements of the 
complex ~.Q where ~ is the subclass which contains P and .Q is the subclass 
which contains Q, and it contains each equally often. The right side has the 
same relation with respect to the complex .Q~. Since, because of the com
pleteness of the D, eq. (10) can be valid only if the same group elements are 
present equally often on left and right side, we obtain 

(11) 
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The necessary and sufficient condition that no irreducible representation, con
sidered as representation of the subgroup, shall contain any representation of 
the subgroup more than once, is that the subclasses (with respect to the sub
group) commute. 

REMARKS 

If the subgroup is the whole group, (11) is the well-known relation of the 
commutative nature of the multiplication of classes. If, on the other hand, 
P and Q commute with all elements of the subgroup, ~=P and .Q=Q and 
(11) becomes the condition that the centralizer of the subgroup must be 
abelian. This is, therefore, a necessary condition for the validity of (11). It 
can be proved that this necessary condition is satisfied for all maximal sub
groups, i.e., each proper subgroup which is not a proper subgroup of a 
proper subgroup. For, let P and Q be two elements of the centralizer of the 
subgroup which do not commute, PQ::i: QP. This can be the case only if 
neither is an element of the subgroup since, by definition, both P and Q com
mute with all elements of the subgroup. If, however, P and Q are not ele
ments of the subgroup - which will be denoted now by S - one can form a 
new subgroup consisting of S, SP, SP 2, •••• This does not contain Q because 
all its elements commute with P whereas Q does not. Hence, the subgroup S 
was not maximal. Conversely, if S is maximal, (11) is satisfied for all the sub
classes consisting of an element of the centralizer of the subgroup. It may 
not be satisfied for other subclasses and, indeed, Mackey has constructed a 
groupl) which has no subgroup satisfying the condition contained in our 
title. 

Let us observe that, on the other hand, if all subclasses are ambivalent (i.e., 
if all subclasses contain the reciprocal of every element which they contain) 
then the subclasses also commute. The subgroup will then have the property 
given in the title of this article. 

To prove our assertion, let us observe, first, that if the subclasses are ambi
valent, one can map each subclass, in a one-to-one fashion, on itself by map
ping every element on its reciprocal. Furthermore, if the element Rl is in the 
class Cl> and R1, in the class of C1" the products of Rl and R1, and of their 
maps Rl1 and R2 1 taken in the opposite order, will be in the same subclass: 
R21Rl1=(RlR1,)-1 is in the subclass of R1R1,. Hence, the complexesC1C1, 
and C1,C1 will have equally many elements in every subclass. Since both 
complexes consist of complete subclasses, i.e., contain every element of each 
subclass equally many times, the two complexes are identical and our asser
tion is demonstrated. 
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The group of all permutations of the first n -1 elements is a subgroup 
Sn-l of the group Sn of the permutations of all n elements and the subclasses 
of Sn-l are ambivalent. One can see this most easily by decomposing every 
permutation P into a product of disjoint cycles 

(12) 

The cycle containing n was written as last factor and n was chosen as its last 
member. The element p of the subgroup Sn-l which transforms P into its 
reciprocal consists of the product of transpositions 

p = «(Xl (Xp) «(X2(XP -1)'" «(Xp+ 1 (Xcr) «(Xp + 2(Xcr-l)'" «(Xt+ 1 (Xn-l) (t+ 2(Xn - 2) .. ·. (12a) 

If the two elements of a transposition in p should be identical (e.g., (X2 = 
(Xp-l), the corresponding transposition can be omitted from (12a). It may be 
noted that it is not m;cessary to move the n in the last factor of (12) in order 
to transform it into it~ reciprocal. 

It follows that the subclasses of the subgroup Sn-l of permutations of 
1,2, ... , n-1 are ambivalent and hence that they commute. It then follows 
that, if an irreducible representation of the full group Sn is considered as a 
representation of Sn-l' it contains each irreducible representation of Sn-l 
once or not at all- a fact which also follows from the standard theory of the 
representations of the symmetric group Sn developed by Frobenius, Schur 
and Y oung2). 
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An essentially unique method of formin~ an orthonormal~~ set of Vee.tors fro~ an ind~pendent ~.t of 
n vectors is presented. The resulting set IS proven to maximize a certam quartIC form 10 the ongmal 
vectors. 

The best-known orthogonalization procedure, and 
the one most commonly used by mathematicians, is 
Schmidt's procedure.! It has the great advantage that 
it can be used, without further modifications, for 
a countably infinite set of vectors. On the other hand, 
the orthogonal set of vectors which it furnishes has no 
simple relation to the original set of vectors-the 
members of the set depend, in fact, on the order in 
which the vectors are arranged. 

Physicists often use another orthogonalization 
method.1 Let VI, VI"'" V" be the vectors to be 
orthogonalized; they will be assumed to span a 
finite··dimensional complex Hilbert space. One then 
forms the Hermitian matrix M (Gram's matrix!), 
where 

(I) 

If the vectors V are linearly independent, which is 
being assumed, M is positive definite. One forms its 
characteristic vectors U1' with components UtA, 

I Mtluu = P1UU , 
I 

(2) 

and the p are then positive. The u1 will be assumed to 
be normalized so that 

I u:.Uu = .5«1' 
k 

I U:.U ,• = .5,tI· 

(3) 

(3') 

The orthogonal vectors w in the space of the v are then 
defined by means of the 

One has 

(w!, w!) = I I u:.UU(vk, V,) = I u:.Mt1uu 
,t I tl 

= I U:.P1UkA = .5«1. PA· 
t 

Hence, if one sets 

(4) 

(5) 

(6) 

the w form an orthonormal set. Since the p. are posi
tive, p;;! can also be assumed to be positive. Con
versely, 

"" • i (6') vk = ~ Ut.P.wt · 

As matrix equations, (6) and (6') are w = vup-i and 
V = wplut , respectively, p being a diagonal matrix 
with diagonal elements P.' 

The set of w is, evidently, independent of the order in 
which the v are arranged, and one expects it to satisfy 
some extremal condition which distinguishes it among 
all the sets of orthonormal vectors 

(7) 

where S is an arbitrary unitary matrix. Of course, if S 
is a phase matrix exp (;.5) = diag (exp (i.5l) , exp (i.5.), 
... ,exp (i.5 .. », or a permutation matrix P, or a prod
uct exp (;.5)P of such, the resulting set Z will be 
identical with the set of w, except possibly for phase. 
One such extremal theorem is the subject of this 
paper. It states that the quantity 

m = ~ (t I(Z., Vt)IIJ (8) 

assumes its maximal value of Ip! for the w set of 
orthogonal vectors, i.e., if the S in (7) is a unit matrix 
or a generalized permutation matrix. In one sense, (8) 
is the simplest expression involving the original set of 
vectors V and the orthonormal set Z: If one does not 
square the sum over k in (8), the result is simply the 
sum of the squares of the lengths of the v and, hence, 
independent of the S in (7). Perhaps an even more 
natural extremal principle would be to set 

m' = I I(Z., vt)lt, (8') 
k« 

but this does not lead to a simple set of equations such 
as the preceding one. 

In order to express m in terms of Sand w, we first 

1693 
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calculate 

(w.,Vt)= (W.,~p!U:.w.) =p1u:., (9a) 

and hence 

(Z., Vk) =1 s:.piu:., (9b) .. 
and, because of (3), 

11(Z., vk)12 = 11 s •• piuk.s:.p!u:p 
k k .p 

= 1Is •• 12 PI., (9c) 
• so that 

(9d) 

The p. are given by the v, and we want to find the 
maximum of (9d) by varying the unitary matrix S. 
It is clear that the maximum exists, since (9d) is 
bounded and the domain of S is compact. We will 
assume for the present, further, that the P. are all 
different-the maximum of m is a continuous function 
of the p., and its value for a set in which some of the p. 
are equal can be obtained as a limit of the maxima of 
m for a set of p all the P. of which are different. 

The maximum is found, and the above statements 
about the generalized permutation matrix are verified, 
by observing that we can write m in the form 

m = 1 {(stpS) •• }2 

= i 1 (stpS) • .<Stps);.. -11' (stpS) .. (stpSh. 
K A K*l 

= 1 p~ -11' l(stpS) •• 12• (10) 
A. .... A. 

m is bounded above by 1p~, and it can attain this 
bound if stps is a diagonal matrix d. In this case, 
pS = Sd, or 

(II) 

so the set of p coincides with the set of d, and S •• 
vanishes unless P. = d •. Since we have assumed that 
the P. are all different, only one S •• is nonzero. The 
unitarity of S requires that the absolute value of this 
nonzero term be unity, and its phase is free. Thus S is a 
generalized permutation matrix . 

The preceding discussion assumed that all the 
characteristic roots p of M are different. One can 
conclude, if some of the p are equal, by continuity 
arguments that no m, for any choice of the orthogonal 
Z in (8), can be larger than the m obtained for Z. = 
w •. However, if some P. are equal, the corresponding 
w can be subjected to a unitary transform,!ltion with
out affecting the value of m. In such a case, the S 
which yields the maximum value of m can contain 
such a unitary transformation. This was foreseeable: 
If some p are equal, the corresponding ware deter
mined only up to a unitary transformation between 
them. 

• Research done in part at Oak Ridge National Laboratory and 
sponsored by the U.S. Atomic Energy Commission under contract 
with Union Carbide Corporation. 

1 R. Courant and D. Hilben, MetWen de, mathemtltisciten 
Physik (Springer, Berlin, 1931), 2nd ed .. Vol. I, p. 4; see also pp. 
29-32. 

I R. Landsholf, Z. Physik 102, 201 (1936). Actually, Landsholf's 
orthonormalized functions are, in our notation, 
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The number and oharaoter of the irreduoible representations of a subgroup, contained in an 
irreducible representation of the whole group (if this representation is restricted to the sub· 
group) play an important role in quantum mechanics. They give the number and type of the 
states, generated by a symmetry breaking perturbation, from a state which has the symmetry 
of the whole group. Three equations are derived here for the number and character of the 
representations of the subgroup, resulting from the restriction of the irreducible represen· 
tations of the whole group. These equations contain an earlier rule as a special case. 

1. INTRODUCTION A.ND NOTA.TION 

Some time ago, the present writer (Wigner 1968) derived a condition which a sub
group must satisfy if no irreducible representations of this subgroup is to be con
tained more than once in any irreducible representation of the full group (when 
this representation is restricted to the subgroup). This condition has some relevance 
for certain symmetry problems of physics. It appeared, however, that the condition 
derived must be a special case of more general relations and the purpose of the 
present article is to obtain those more general relations. These are given by equa
tions (II) and (III). 

We shall denote the elements of the full group by capital letters, P, Q,R,S, ... , 
those of the subgroup by small letters, p, g, .... The order of the full group will 
be G, that of the subgroup g. The irreducible representations of the full group will 
be denoted by D with suitable indices, those of the subgroup by d. The indices 
J,K, ... , will serve to distinguish the different irreducible representations of the 
full group, j, k, ... , those of the subgroup. Hence, for instance, DJ (R) is the matrix 
which corresponds to the group element R in the irreducible representation J of 
the full group. The symbols J,K, ... , as well as the symbolsj,k, ... , if not used as 
indices but as factors in formulae, denote the dimension (number of rows and 
columns) of the corresponding representation. We shall be concerned only with 
representations by means of non-singular matrices. 

Finally, we shall denote by (J,j) the number of times the irreducible representa
tion DJ of the full group contains the irreducible representation di of the subgroup, 
if the former is restricted to the subgroup. This last clause will often be omitted 
henceforth and we shall simply speak about the number of times di is contained 
in DJ. The aforementioned article gives a criterion for all (J,j) to be 0 or 1, i.e. for 
(J,j)2 = (J,j) for all J and allj. 

We shall begin with a very obvious relation between the quantities (J,j). This 
is done partly in order to assure a measure of completeness of the equations to be 

[ 181 ) I2-Z 
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derived, partly because the relation in question is often disregarded when surmises 
are put forward. 

The present article will be concerned solely with finite groups. 

2. RESTRICTION OF THE REGULAR REPRESENTATION 

TO THE SUBGROUP 

The elements of the regular representation D of the full group are given by 

D(P)Q,R = 8Q,PR' (1) 

where 8.A.,B = 0, unless the elements A and B are identical. The rows and columns 
of the regular representation are labelled in (1) by the group elements themselves. 

If restricted to the subgroup, this representation contains the regular representa
tion thereof GIg times. In order to see this, let us decompose the full group into right 
cosets. We give the elements of the full group, therefore, the form q1i where q is 
an element of the subgroup and 1i is the same element for the whole coset i, but 
different for different cosets. There are, naturally, GIg cosets. For an element p 
of the subgroup, the elements of the regular representation assume then the form 

D(P)qTi,TTj = 8qTi,PTTj" (2) 

This is zero unless qT£ and pr1j are in the same coset, i.e. unless i = j and unless 
q = pro Hence, we also have 

D(P)qTi,TTj = 8ij 8q,pr' (2a) 

which shows that indeed the regular representation of the full group, if restricted 
to the subgroup, decomposes into G/g regular representations thereof. 

Since the regular representation of the full group contains the irreducible repre
sentation DJ justJ times, and since the subgroup's regular representation contains 
di just j times, we have 

"):.J(J,j) = (Glg)j. (I) 
i 

As was mentioned before, this relation should be well known. It can be derived in 
several other ways. 

3. PROPERTIES OF THE SUBCLASSES 

The subclasses were defined in the earlier publication (Wigner 1968) as the sets 
of elements of the full group which can be transformed into each other by elements 
of the subgroup. The subclasses have a number of rather simple properties which will 
be given below. The first seven of these are evident and only the last one (k) will 
be explicitly demonstrated. 

(a) If two subclasses have one element in common, they are identical. 
(b) Every subclass is contained in one of the classes of the full group. In other 

words, all classes consist of complete subclasses. 
(e) A subclass which contains an element of the subgroup is contained therein 

entirely. It forms a class of the subgroup. 



Restriction of Irreducible Representations of Groups to a Subgroup 683 

Restriction of irreducible representations 183 

(d) The subclass, as a set, commutes with every element of the subgroup, i.e. 
if 8 is a subclass, the sets p8 and 8p are identical. 

(e) The elements of the subgroup which commute with an element of the full 
group (the subgroup's normalizer of that element) form a group. For different 
elements of a subclass, these normalizers are conjugate and have the same order. 

(f) The number of the elements in each subclass is a divisor of the order of the 
subgroup. It is the index of the normalizer groups of (e) within the subgroup. 

(g) The reciprocals of the elements of a subclass also form a subclass. 
(h) The product of two subclasses consists of entire subclasses. 
Let us denote the two subclasses by 8 and 8'; they should contain nand n' 

elements, respectively, so that the set 88' contains nn' elements. We have to demon
strate that any two elements of the same subclass, P and pPp-l are contained equally 
often in 88'. 

If P were contained in 88' more often than pPp-l, the sets 88 and P88'p-l would 
not be identical: the second one would contain pPp-l more often than the first. 
However, according to (d), the set P8p-l is identical with the set 8, and P8'p-l is 
identical with 8'. Hence, the product P8p-lP8'p-l = P88'p-l is identical with 88'. 

The statement (h) implies that the subclasses form an algebra. If the subgroup 
consists solely of elements of the centre, this algebra is the usual group algebra, 
commutative only if the full group is commutative. If the subgroup is the full 
group, the subclasses become the usual classes of the group and their algebra is 
commutative. 

4. RECAPITULATION OF THE FROBENIUS-SCHUR THEORY 

(SEE SCHUR 1905, 1908) 

Consider an arbitrary representation D in reduced form 

D(P)Jpa.:KvP = OJKOpvDJ(P)a.p. (3) 

The indices p and v take care of the fact that DJ can be contained in D several 
times. Consider now the set of matrices A which commute with all D(P) 

~D(P)Jpa.:KvpAKvP:LA'Y = ~AJpa.:KvpD(P)KvP:L)''Y· (4) 
Kv{l Kvp 

Substitution of (3) into (4) gives 

~DJ(p)a.pAJpp:LA'Y = ~AJPI%:LApDL(P)h. (5) 
p p 

It then follows from Schur's lemma that 

the a~. being arbitrary. 
(6) 

We shall call the number of linearly independent matrices of a linear set of 
matrices the dimension of the set. Hence, the dimension of the set of the matrices A 
commuting with D is ~ (D, J)2 = dimension of A, 

J 
(7) 
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where (D, J) denotes the number of times the irreducible representation DJ is 
contained in D. 

Let us consider, next, the set of all matrices B which commute with all matrices A 

(8) 

Substitution of (6) into (8) gives 

(9) 

and since this must hold for all a:. 
BJI':1.;K./J = oJKt.l'b~p. (10) 

This was to be expected, since the D(P) all commute with all the A and-as (10) 

show~ssentially only the D(P) and their linear combinations commute with all A. 
The dimension of the set of the B is 

~J2 = dimension of B, 
J 

(11) 

where the summation is to be extended over those representations DJ which are 
contained in D. Note that the bJ in (10) is independent of v and p. 

The basic observation of the Frobenius-Schur theory (see Schur 1905, 1908) 
is that the dimension of sets of matrices, such as that of the A or B, which commute 
with the matrices of a given set, remains the same if the matrices of that set, such 
as the D(P), are replaced by an equivalent set XD(P) X-I with a P independent 
but otherwise arbitrary X. Let us replace, therefore, the D(P) of (3) by the matrices 
(1) of the regular representation. 

or 

The set of A I which commute with the D(P) of (1) is determined by 

~oQ'PRA~,s = ~AQ'ROR'PS' 

A~-lQ,S = AQ,ps' 

(12) 

(13) 

Setting P = Q in this, replacing A~,s by as (E being the unit element), and sub
stituting QS by R, we obtain 

(14) 

Conversely, if (14) is satisfied with any a~, so is (13). It follows that, if D is the 
regular representation, the dimension of the set A is equal to the order of the group. 
This gives, together with (7), a well-known relation which did not have to be derived 
here. However, we will need the form ofthe A', given by (14). 

Let us determine, next, the corresponding form B' of the B. We must satisfy 
the equations 

(14a) 

Using (14) and the fact that (14a) must be valid for any choice of the G numbers 
aQ-IR' one finds (15) 



Restriction of Irreducible Representations of Groups to a Subgroup 685 

Restriction of irreducible representations 185 

with the G numbers bp being again arbitrary, so that the dimension of the sets of 
the B' (and hence also that of the B) is also G. Comparison of (15) with (11) again 
leads to a well-known relation which it was not necessary to re-derive. However, 
again, we will need the form (15) of the B'. 

5. SETS OF MATRICES WHICH COMMUTE ALSO WITH THE RESTRIC

TION OF A REPRESENTATION TO THE SUBGROUP 

We shall consider, next, subsets of the matrices B which commute not only with 
the matrices.A defined by (4) but also with the matrices D(P) obtained by restricting 
the representation D(P) to the subgroup. We shall denote these matrices by 0. The 
form of the representation D(P), which was assumed in (3) to be the reduced form, 
will be further specified: it will be assumed that each DJ(P) is reduced out as a 
representation of the subgroup. Hence, the indices rx,p, ... , will be replaced by 
triple indicesj, e, rx. The first of these refers to the representation dJ of the subgroup 
which appears in the restriction of DJ to the subgroup, e takes care of the fact that 
the restriction of DJ may contain di several times; it can assume, therefore, (J,j) 
values. The indices rx,p, -y, ... , will henceforth refer to rows or columns of dJ• Hence, 
the elements of D(P) of (3) will now be written in the form 

(16) 

For the subset of the matrices B which commute with the D(p), we shall use the 
symbol cJ instead of bJ , so that (10) assumes for these the form 

0Jpiea.;Kvkr,p = 8JK 8pvcfea.;kr,P· (17) 

The added condition for these is that 

~ ~ D(Phpiea.;KvkepOKvkr,P;L)J'/'r = ~ ~ OJPJea.;KvkepD(P)KVkr,P;L)J'IY' (18) 
Xv kCP Xv ktP 

Insertion of (16) and (17) into (18) gives again by Schur's theorem 

CJ - ~ cJ;~ iea.;kcp - U;k el: Ua.p. (19) 

The cJi can be arbitrary matrices. Since they have (J,j) rows and columns, the 
dimension of the set of the ° is 

~(J, j)2 = dimension of 0. 
J; 

(20) 

The summation over J is to be extended over all the irreducible representations 
which occur in D (all occur in the regular representation), each to be counted once. 
We recall that the b;/1 of (10) was independent of ",. 

Let us apply (20) to the regular representation. The dimension of the set ° will 
then be obtained by finding the matrices B', of the form (15), which commute with 
the D(P), of the form (1). Such a matrix will be denoted by 0'. 

The condition that 0' commutes with the D(P) of (1) now reads 

(21) 
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We replace OQ,R by CQR-l; as (15) shows, this will ensure that 0' commutes with 
all A'. Hence, (21) becomes 

(22) 

The necessary and sufficient condition for (22) is that c' be the same for all elements 
of every subclass, i.e. that it be a subclass function. The dimension of the set of the 
matrices 0' is, therefore, the number of subclasses and (20) thus gives 

I,(J,j)2 = number of subclasses. 
J,j 

(II) 

If the subgroup consists of the unit element alone, a representation DJ, if re
stricted to the unit element, contains J identical representations of this element. 
The number of subclasses is equal to the number of elements and the well known 
formula "'£J2 = G results. If the subgroup is the whole group, the DJ does not 
decompose at all and the sum over j alone of "'£(J,j)2 = 1. Hence, the sum on the 
left side of (II) becomes equal to the number of non-equivalent irreducible re
presentations. The subclasses are classes in this case and again (II) reduces to a 
well-known result. The case in which we are interested is, however, neither of 
these extreme ca-ses. 

6. THE CENTRE OF THE SET OF THE C 

The centre of the set of the matrices 0 consists of those matrices Z which com
mute with all matrices A, with all D(q), and also with all the matrices O. Since they 
form a subset of the matrices 0, because of (17) and (19), they must have the form 

ZJpjea.;Kpki,P = 8JK8,..8jkZf/8a.p. (23) 

This will commute with the 0 if zJj commutes with all the cJ:i, and if this is true 
for all J andj. This will be true only if all the matrices zJj are multiples of the unit 
matrix: zf! = zJj 8". (24) 

The zJ; are arbitrary, so that every Jj combination in D contributes one dimension 
to the set of Z: I,(J,j)< = dimension of Z, 

Jj 

(J,j)' being 1 if DJ is contained in D and di contained in DJ, zero otherwise. 

(25) 

Again, we consider the case that D is the regular representation; the centre of 
the set of the matrices 0' will consist of the matrices Z'. Since the Z' are members of 
the set B', we can write by (15) 

(26) 

and since they are also members of the subset 0', (22) also holds for them and the z' 
are equal for all elements of a subclass 

(27) 
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The added condition on the Z' is that they commute with any matrix 0', i.e. 

(28) 

must be valid for any c~ which is a subclass function. Writing p-l for QR-l on the 
left side of (28) and for RS-l on the right side, this assumes the form 

(29) 

These equations will be satisfied if they are satisfied for all c' which assume the 
value 1 in one subclass, 0 in all others and if this is true for all subclasses. Since 
(see (g) of §3) the p-l form a subclass if the p do, (29) can be written as 

(30) 

QS-l has been replaced by R, the summation over P is to be extended over one 
subclass but (30) must be valid no matter over which subclass it is extended; z' 
is itself a subclass function. 

Because of this circumstance, (30) is equivalent to 

(31) 

the summation over p to be extended over the subgroup. Next, the index pP Rp-l 
on the left of (31) can be written as pPp-lpRp-l and pPp-l can be replaced by Q. 
The summation over Q is then to be extended over p-1sp, but this is identical with 8. 

This gives for the left side of (31) 

(31a) 

A similar transformation can be carried out on the right side of (31). Finally, the 
summation over p lets pPp-l run over the subclass of R-as many times as the 
normalizer of R in the subgroup indicates. This is, however, the same number on 
the left and right sides so that (31) finally reduces to 

(32) 

In order to analyse further the implication of (32) for the z', we recall the observa
tion (h) of § 3, that the product of two subclasses consists of entire subclasses. We 
denote, by (8,8'; 8"), the number of times the subclass s" is contained in the product 
88'. Hence, (32) can be written in the form 

where 

"'( , ")' "'(' ")' .(..J 8,8;8 zs' = .(..J 8 ,8;8 zs', 
S" 8" 

(33) 

(33a) 

is zp multiplied with the number of elements in its subclass. Thus (33) is the con
dition the z' must satisfy for each pair of subclasses 8 and s', if the corresponding 
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Z' is to be in the centre of the set of the 0'. The question which has yet to be answered 
concerns the number of equations (33) that are independent. 

If the subclasses 8 and 8' commute, (33) becomes trivial. If they do not, it gives 
a relation between the z'. However, they also furnish then an element 

~[(8,8';8")-(8',8;8")]8" = 88' -8'8 (34) 
s" 

for the set of commutators of the algebra of the subclasses. If an equation of the 
form (33) can be obtained as a linear combination of similar equations, with other 
8,8', the corresponding commutator (34) also can be obtained as a linear combination 
of other commutators. The case that the only solution of the equations (33) is 
z; = 0 need not be considered since at least the z' of the unit element can surely be 
arbitrary. Hence, as one looks successively at the equations (33), at each step one 
either finds that a new condition for the z' has been added-in which case one also 
finds a commutator of two subclasses which is linearly independent from the com
mutators found before-or one finds that the equation in question is a linear com
bination of equations obtained before, in which case the commutator of the two 
subclasses is also a linear combination of commutators found before. It follows that 
the number of equations (33) which are independent is equal to the dimension of 
the set of commutators of the algebra of the subclasses. Hence, the dimension of 
the centre Z' of the matrices 0' is the difference between the number of subclasses 
and the number of linearly independent commutators of the algebra of subclasses 

Comparison with (25) therefore gives 

~(J,j)t = number of subclasses, minus the number of linearly 
J,j independent commutators of these. (ill) 

Combining this with (II), we find 

~(J,j)2 - (J,j)e = number of linearly independent commutators 
J.i of the algebra of subclasses. (III a) 

The summations over J in (III) and (IlIa) have to be extended over all irreducible 
representations DJ, each to be taken once. We recall that (J ,j)' = 1, if di is contained 
in the restriction of DJ to the subgroup; it is 0 otherwise. 

If all (J,j) are either 0 or 1, the left side of (IlIa) vanishes-and it vanishes only 
in this cas~so that the algebra of subclasses must be commutative. This is the 
theorem (Wigner 1968) which is generalized by (II) and (III). 

If the subgroup is the full group, the (J,j) are aliI or 0 and (IlIa) only gives the 
well known result that the classes commute. However, if the subgroup consists only 
of the unit element, one obtains the 

Oorollary. The order of the group, minus the number of classes (the left side of 
(IlIa)) is equal to the number of linearly independent commutators of the group. 

This can be seen also directly: the commutator algebra contains all the differences 
between any two elements of any class. The elements of the algebra which are not 
commutators are the sums of the elements of the classes. 
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Condition That All Irreducible Representations 
of a Compact Lie Group, If Restricted to a Subgroup, 

Contain No Representation More Than Once 

F. E. Goldrich and E. P. Wigner 
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1. One of the results of the theory of the irreducible representations of the 
unitary group in n dimensions Un is that these representations, if restricted 
to the subgroup Un-l leaving a vector (let us say the unit vector el along the 
first coordinate axis) invariant, do not contain any irreducible representation 
of this Un- 1 more than once (see [I, Chapter X and Equation (10.21)]; the 
irreducible representations of the unitary group were first determined by 
I. Schur in his doctoral dissertation (Berlin, 1901». Some time ago, a criterion 
for this situation was derived for finite groups [3] and the purpose of the 
present article is to prove the aforementioned result for compact Lie groups, 
and to apply it to the theory of the representations of Un. 

The physicist's interest in the question whether a group and a correspond
ing subgroup satisfy the criterion of the title of this article is motivated by the 
phenomenon of "symmetry breaking". Let us consider a quantum mechanical 
operator-usually the Hamiltonian-which is invariant under a group of 
operators. When the operators of the group are applied to the characteristic 
vectors of a characteristic value of the quantum mechanical operator, these 
vectors transform, except for the rare case of "accidental degeneracy", accord
ing to an irreducible representation of the invariance group. The physicist 
says that the characteristic vectors of each characteristic value "belong" to 
the different rows of the irreducible representation in question. If the original 
quantum mechanical operator is now modified by a small perturbation which 
is not invariant under the whole group but only under a subgroup, the original 
characteristic value splits up in as many characteristic values as are irreducible 
representations of the subgroup contained in the irreducible representation 
of the whole group to which this characteristic value belongs. If each irreducible 
representation of the subgroup is contained only once in the irreducible 
representation of the full group, only one new characteristic value belonging 
to any irreducible representation of the subgroup will arise from any character
istic value of the original quantum mechanical operator. The corresponding 
characteristic vectors belong to the irreducible representations of the subgroup 
and are completely determined by this criterion. This is not the case if several 
characteristic values of the new problem arise from a characteristic value of 
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the original problem, i.e., if the irreducible representation of the original, full 
group contains any irreducible representation of the subgroup more than once. 
The knowledge of the characteristic vectors of the new problem, containing 
the small perturbation, reduces the calculation of the characteristic values of 
the new problem to the calculation of a matrix element or scalar product. The 
calculation of the splitting of the atomic energy levels by a magnetic field 
(Zeeman effect) is an example herefor; the original group is Ra (or U2) in this 
case, the subgroup is R2 (or U1). There are, however, also other questions 
which can be answered with relative ease if the characteristic vectors of the 
new problem are known. 

In order to formulate the criterion for the situation given in the title of this 
article, one introduces the concept of subclasses. These consist of the elements 
of the group (in our case U,,) which can be transformed into each other by an 
element of the subgroup (in our case Un-I). In the case of finite groups, it was 
shown that the criterion for no irreducible representation of the whole group 
to contain any representation of the subgroup more than once is that the 
subclasses commute. In the case of continuous groups, the subclasses are, as 
a rule, manifolds of lower dimensionality than the whole group. As a result, 
the commuting nature of the subclasses is less easily defined than in the case 
of finite groups. In the case of the latter, the statement that two subclasses C1 

and C2 commute means that every element R of the group appears as often in 
the complex C1C2 as in the complex C2C1• Both these complexes are, naturally, 
finite if the whole group is finite. If the group is continuous, the sets C1C2 and 
C2C1 are, as a rule, continuous and infinite manifolds and the frequency of the 
occurrence of an element R in them is not defined. Hence, the criterion for 
finite groups must be reformulated and this is the principal subject of the 
present article, leading to Equation (11). The! in this equation is an arbirtary 
numerical function on the group. Naturally, this equation is also an expression 
for the identity of all complexes C1C2 and C2C1 in the case of finite groups, C1 

and C2 being subclasses, if the invariant integrations over the subgroup-indi
cated by the f du and f ds symbols-are replaced by summations over the 
elements of the subgroup. 

In the third part of the article, (11) will be shown to hold for all pairs of 
elements Rand T of U" if the integrations over u and s are the invariant 
integrations over the subgroup U,,-l which leaves a vector el invariant. Thus, 
a proof for the result of the theory of the representations of Un, mentioned 
in the first paragraph, will be produced. 

Lastly, a sufficient but not necessary property of subgroups is given which 
assures that the irreducible representations of the whole group, if restricted to 
the subgroup in question, do not contain any representation of the latter 
more than once. 

2. Let G be a compact Lie group, and let H be a subgroup of G. Consider 
now those functions a (R) defined and continuous on the group space, for which 
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Ja(R)D(R)dR commutes with D(s) for all s in H, and for all irreducible 
representations D of G. The dR denotes the invariant integration over the 
group. Now suppose that the matrix C(O) commutes with all D(O) (s) for a single 
D(O), all s in H. Then the matrix C(O) can be written as ff(R)D(O) (R)dR, 
where 

(1) 

where 1 is the dimension of D (0) and v = f dR is the group volume, since 

(2) 

= CjI(O). 

It is clear thatf(R) is continuous on the group, since it is a linear functional 
of the matrix elements of a group representation. 

Consider now the matrix c(m), defined by 

(3) C i / m) = f f(R)D i / m) (R)dR 

= f I L Cnk (0) Dkn (0) (R-1)D ij (m) (R)dR 
v n.k 

{ o, m .= ° = (0) Cij , m = o. 
The matrix c(m) is equal to either C(O) or zero, so ff(R)Di/m) (R)dR certainly 

commutes with D(m) (s), and so feR) is contained in the set of a (R) defined 
above. Hence, any matrix which commutes with the D(j) (s), for every s but 
any singlej, is contained in the set fa (R)D (R)dR. 

The requirement that fa (R)D (R)dR commute with D(s) for s in the sub
group H imposes certain conditions on the functions a(R). In particular, 

(4) f a(R)D(R)D(s)dR = f a(R)D(s)D(R)dR; 

multiplication of (4) by D(S-I) on the right yields 

(4a) fa(R)D(R)dR = fa(R) D(sRs-l)dR 

and replacing the variable R on the right by s-iRs then gives 

(5) f a(R)D(R)dR = f a (s-lRs)D(R)dR. 

Since this holds for all irreducible representations D, the completeness of the 
matrix elements of the irreducible representations requires that 

(5a) a(R) = a(s-IRs). 

We will call the set of elements of the group which can be written in the 
form s-lRs the subclass containing the element R. Evidently, the product of 
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two subclasses contains full subclasses. A subclass either is contained in the 
subgroup, in which case it consists of exactly one class of the subgroup, or 
contains no elements therein. 

According to (5a), then, the functions in our set a are simply the continuous, 
subclass-valued functions on G. Any such function can be written in the form 

(6) a(R) = fii(s-lRs)ds, 

where ii is any continuous function on the group. 
Consider now the fa(R)D(R)dR. These matrices commute with all the 

D(s). If the representation D(R) is considered as a representation of the 
subgroup H, then all the matrices which commute with the D(s) will commute 
with each other, if and only if D(s) contains no irreducible representation of 
H more than once. Thus, the condition that D (R) restricted to H contain no 
irreducible representation of H more than once is equivalent to the condition 
that the fa (R)D (R)dR commute with each other. 

Writing a(R) as in (6), we have, instead of 

(7) (fa(R)D(R)dR)(fa'(T)D(T)dT) = (fa'(T)D(T)dT)(fa(R)D(R)dR) 

the equation 

(8) 

or 

(9) 

ffJI ii (s-lRs )ii' (u-1 Tu)D (RT)dsdudRdT 

= JIJIii(S-lRs)ii'(u-1Tu)D(TR)dsdudRdT, 

JIJI ii (R)ii' (T)D (SRS-IUTu-1 )dsdudRdT 

= fJIfii(R)ii' (T)D(uTu-1sRs-l)dsdudRdT. 

Since ii and ii' are arbitrary functions, this requires that for any D 

(10) ffD(sRs-IUTu-1)dsdu = JID(uTu-1sRs-l)dsdu. 

But since the matrix elements of the irreducible representations form a 
complete set of functions on group space, (10) says that any function integrated 
over the set SRS-l uTu-1 is equal to the same function integrated over the 
set uTu-1 SRS-l: 

THEOREM 1. The necessary and sufficient condition for no irreducible represen
tations of a compact Lie group to contain any representation of a subgroup H 
more than once is the validity of 

(11) JIf(sRs-luTu-1 )dsdu = JIf (u Tu-1sRs-l )dsdu 

for all elements R, T of the full group and any continuous function f on this group. 

The ds and du in (11) denote the invariant integration over the subgroup H. 
Theorem 1 corresponds to the criterion for finite groups that the subclasses 

commute. 
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3. We want to show next that Equation (11) holds when the group G is Un, 
and the subgroup H is Un-I. 

In order to do this, it will be demonstrated, first, that if a subclass contains 
a transformation R, it also contains its transpose RT. In order to demonstrate 
this, we transform R to the principal axes 

(12) R = Vt", V, 

where", is a diagonal matrix with diagonal elements of modulus 1, V is unitary. 
The cross denotes hermitean adjoint. The transpose of (12) reads RT = VT", V, 
but we may write as well (the bar denotes complex conjugation) 

(13) 

where 1J is an arbitrary diagonal matrix the diagonal elements of which are 
also of modulus 1 so that ."ii = 1 and also "''''ii = Col. One can express", by 
means of both (12) and (13); equating the two expressions gives 

VRVt = iiVRTVT." 
so that 

(14) 

i.e., the unitary matrix VT." V transforms R into its transpose RT and this is 
true for any." as defined above. It may be observed, parenthetically, that these 
matrices are symmetrical. This observation represents a special case of a more 
general theorem due to O. Taussky and H. Zassenhaus [2]. Equation (14) 
now leads to Lemma 1. 

LEMMA 1. A ny subclass of Un with respect to Un- l which contains R also 
contains RT. 

In order to prove this, it is necessary only to prove that." in (14) can be so 
chosen that VT." V leaves el invariant. This will be the case if 

(15) (i = 1,2, ... , n), 

or 

(15a) 

and this will be satisfied if one chooses 

(16) "'1 = VU/Vil 

if V il F- 0 and arbitrarily, though of modulus 1, if V il = O. With these "'1 
one has 
(17) 

This then proves Lemma 1. 

A further lemma concerns the group integral. 
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LEMMA 2. If H is a compact Lie group, such that for all u in H there exists 
an element w of H such that u T = wuw-l, then, for any function f, 

(18) If(uT)du = If(u)du. 

In order to prove Lemma 2, consider 

(19) IIf(v-1uv)dudv = IrIf(v-1uv)du]dv 

= IUf(u)du]dv 

= VBIf(u)du 

where VB is the group volume. But we have also 

(19a) IIf(v-1uv)dudv = IU(v-1uv)dv]dv. 

Choose now a w such that uT = wuw-1• Then 

(20) IIf(v-1uv)dudv = IrIf(V-1W-1UTWV)dv]du 

= IrIf(V-1UTV)dv]du 

= IrIf(V-1UTV)du]dv = VB If(uT)du, 
which proves the lemma. 

We wish to show now that (11) holds for Un with respect to the subgroup 
Un- l which leaves a vector el invariant. Replacing u by sq one obtains 

(21) IIf(sRs-IUTu-1)dsdu = IIf(sRqTq-1S-l)dsdq. 

According to Lemma 1, every element of Un and its transpose are in the same 
subclass. In particular, there must be an element z of Un- l such that RqTq-1 = 
z(RqTQ-I)TZ-l. The z will be a function of q but not of s. Hence, s can be 
replaced by SZ-l so that 

(22) IffCsRs-IUTu-1 )dsdu = fffCszCRqTq-l) TZ-ls-1dsdq 

= IIfCs(RqTq-l)TS-l)dsdq 

= IIf(s(qT)-lTTqTRTs-l)dsdq. 

Because of Lemma 2, qT can be replaced herein by q. There is, furthermore, 
some x in Un- 1 such that TT = xT:r1 and some y such that RT = yRy-l. 
Hence (22) goes over into 

(23) Iff (SRS-IU Tu-1 )dsdu = Iff (Sq-lXTx-1qyRy-1s-l )dsdq. 

However, the integral over q remains invariant if one replaces q by xqs. After 
that, one can replace s by sy-l and, finally, q by u-1• Hence 

(24) Iff(sRs-IUTu-1)dsdu = IIf(q-lTqsyRy-1S-l)dsdq 

= Iff(q-lTqsRs-l)dsdq 

= IIf(uTu-1sRs-l)dsdu. 

This verifies (11) for our case leading to the result anticipated: 



696 The Mathematical Papers 

438 F. E. GOLDRICH AND E. P. WIGNER 

THEOREM 2. The irreducible representations of Un do not contain any represen
tation of Un- l more than ('nce. 

One easily Y~':"ifies that the same is true for the subgroup Ul X SUn-I. However, 
it is not true for SUn-l alone, no matter whether the original group were Un 
or SUn. This is particularly obvious for n = 2: in this case SUI contains only 
the identity element, whereas SU2 is not commutative and has many dimen
sional irreducible representations. 

4. The preceding demonstration of Theorem 2 may appear complicated. 
However, the only essential point is that an anti-isomorphism R ~ R' (result
ing in R'T' = (TR)') can be generated by the elements s of the subgroup 
(R' = SRS-l) on all elements R of the full group. In the case considered, the 
anti-isomorphism was R' = RT. This observation renders it possible to 
generalize Theorem 2. 

THEOREM 3. If an anti-isomorphism of the full group R ~ R' = SRS-l can be 
induced on all elements R of the full group by the elements s of the subgroup (s 
depending on R), then no irreducible representation of the full group contains 
any representation of the subgroup more than once. 

Theorem 3, in contrast to (11), gives a condition for its conclusion which 
is sufficien t bu t not necessary. 
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Reduction of Direct Products and Restriction 
of Representations to Subgroups: The Everydays Tasks 

of the Quantum Theorists· 
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Abstract. The direct product of two representations plaY$ a fundamental role if the same principles 
of symmetry apply to two particles. or more generally to two physical systems, and if the two particles, 
or the two physical systems. are united and considered to be a single system. If one disregards the 
interaction of the two systems. the representations of their union is the direct product of the repre
sentations of the individual systems but if the interaction is taken into account. this direct product 
splits up into its irreducible components. Physicists have determined, therefore. the reduction of the 
direct products of the representations of almost all the groups which play an important role in physical 
theories. such as the groups of rotation in two-, three- and four-dimensional spaces. the various in
homogeneous groups in these dimensions. includin& the basic invariance 'group, the Poincare group. 

If the symmetry of a system is perturbed by an external field or otherwise. and hence the symmetry 
giOUp reduced to a subgroup. the representations of the various states must be restricted to the sub
group. The resulting problem of the reduction of the restricted representation into its irreducible 
parts has also been considered, and largely solved, for all the groups mentioned before, the subgroups 
being almost all possible subgroups. 

Some general results for both problems are presented. 

The writer of this article wishes to apologize first, for the terminology he uses. 
It is the terminology used by his colleagues, physicists, and will appear antiquated 
and crude to the mathematician readers. Physicists are less addicted to an abstract 
language than are modern mathematicians and this applies particularly to the 
writer ofthe present article. 1 Second, he wishes to apologize for the incompleteness 
of the references to be furnished. 2 He is well aware that he has not kept up with the 
literature as well as did those for whom representation theory constitutes the 
primary interest. In fact, he has probably forgotten some of the articles he did 
read and the conclusions of which are reproduced below. 

The difference between the roles which symmetry plays in classical and quantum 
mechanics. It may be good to recall the reason for the different role and the 
greater effectiveness of symmetry considerations in quantum than in classical 
mechanics. The reason is, briefly, that the set of quantum mechanical states forms 
a linear manifold, i.e., if 1/11 and 1/12 represent two states there are states (Xt 1/11 + (X21/12 

for any two complex numbers (X t and (X2' In addition, it can be proved that the 

• Received by the editors November 27, 1972. Presented by invitation at the Drexel University
Society for Industrial and Applied Mathematics Conference on Lie Algebras: Applications and 
Computational Methods, sponsored in part by a grant from the United States Air Force Office of 
Scientific Research, held at Drexel University, Philadelphia, Pennsylvania, June 15 and 16, 1972. 

t Department of Physics, Princeton University, Princeton, New Jersey 08540. 

1 See, however, L. C. Biedenharn's article in Group Theoretical Concepts and Methods in Elementary 
Particle Physics, F. Giirsey, ed., Gordon and Breach, New York, 1964. 

2 For a general review of representation theory, see F. D. Murnaghan's book, The Theory of Group 
Representations, Dover, New York, 1963. Collections of articles dealing with our subject include 
(a) that mentioned in footnote I ; (b) Symmetry Groups in Nuclear and Particle Physics, F. J. Dyson, ed., 
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symmetry operations can be represented by unitary, or at worst antilinear, anti
unitary operators. This means that if '" I' '" 2, ... are the state vectors of certain 
states, the state vectors of the states obtained from these by a symmetry trans
formation can be either written as U"'I' U"'2"", where U is a unitary linear 
operator, or as u"'t, U"'!, where the star denotes transition to the conjugate 
complex. If a symmetry operation can be written as the square of another sym
metry operation, its representative will be the square of an operator which is 
either unitary or anti unitary and which is, hence, unitary. This applies to all 
rotations, displacements, proper Lorentz transformations and we shall restrict 
ourselves, hence, to the case of unitary symmetry operations. It can be shown 
then-and I will not repeat the proof-that a new basis "'t of the state vectors 
can be formed-linear combinations of any originally chosen set-which trans
form by irreducible representations of the symmetry operations R: 

(1) OR"'~ = 'i)(Rl;.,,"'{; 
i. 

OR is the (unitary) operator which corresponds to the symmetry operation R, 
the j(R) .. " is the AX element of the matrix of the unitary irreducible representation 
j which corresponds to the operation R. It is the possibility of the formation of 
states "'~, with transformation properties (1), which constitutes the greater 
effectiveness of symmetry considerations in quantum than in classical theory. 
It has no counterpart in the latter. Thus, if the symmetry operations consist of all 
rotations in ordinary space, one can superpose the states'" rotated in all possible 
directions, that is, the states 0 R'" with all R, and obtain a spherically symmetric 
state (unless the superposition gives the null vector). This corresponds to a state 
",g in (1), thej(R) of which is 1 for all R. No corresponding construction is possible 
in classical theory: the states can be subjected to symmetry transformations, 
and thus new states obtained, but they cannot be superposed to obtain states 
with particularly simple properties, such as the states "'~; each operation gives 
only a new state with properties similar to the original one. 

The question naturally comes up concerning which augmentations of the 
symmetry group lead to new properties of the members of the basis sets "'! and 
which will simply produce, from each such element, another element, i.e., have 
the role which all symmetry transformations have in classical theory. The sym
metry operations of the former set will be called property providing transforma
tions, those of the latter set relating transformations. Naturally, the character 
of an added transformation, whether property providing or relating, will in 
general depend on the set "'L "'~, ... and their irreducible representation j(R). 
If we start from the group of space and time displacement transformations, and 
augment this group by the rotations in space and the Lorentz transformations, 
i.e., enlarge it to the Poincare group, we have the group of property providing 
transformations which was called 3 "little group." Its elements had the property 
to transform the rfJ! with the same j among themselves. Actually, the irreducible 
representations of the group of space-time displacements are one-dimensional 

3 E. P. Wigner, Ann. of Math., 40 (1939), p. 149. Also reprinted in footnote 2(b). 
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and can be characterized by a four-dimensional momentum vector p such that 
the operation of the space-time displacement T" by a vector a has the effect 

(2) 

The members of the property providing transformations (i.e., the elements of the 
little group) were then those Lorentz transformations L which left p unchanged: 
Lp = p. For a vector parallel to the time axis they were the ordinary rotations. 
The cosets of the group of the little group had effects similar to the effects of all 
symmetry operations of classical theory: they transformed the states ",P into 
states ",p', with p' ::/: p, and thus established relations between different states 
but did not furnish information on the properties of the states ",p. The elements 
of the little group, of the property providing transformations, did that. 

I went into the question of property providing and relating transformations in 
some detail for three reasons. First, the question of the extension of the symmetry 
groups, to create greater though only approximate symmetry groups, forms and 
will continue to form an important endeavor in our theories. The question regard
ing which of the added transformations is in one or the other category gives 
clues concerning the significance of these transformations. Second, the augmenta
tion of the symmetry group is the operation opposite to that of our last subject; 
of the restriction of the group to a subgroup. It is not the exact opposite because 
the augmentations considered are all such that the original group remains an 
invariant subgroup of the augmented group. But third. I wanted to call attention 
to a rather interesting mathematical problem. Let us consider a group g and 
embed it, as an invariant subgroup, into a larger group. Let us then consider an 
irreducible representation j(R) of the original group g, and ask for the subgroup 
of the larger group into which that irreducible representationj(R) can be extended 
without increasing its dimension. This will be, then, the property providing trans
formation in that case. It is easy to show that the elements L of the property 
providing transformation will be such that the representation 

(3) MR) = j(LRL -I) 

is equivalent to the original j{R). The right side of (3) is defined because LRL -I 
is an element of the original, smaller, group. Naturally, the product of two L 
for which (3) is equivalent to the original j(R) has also this property and the 
elements ofthe form LR, where L has the property just given, Reg, form a group 
which is a subgroup of the whole augmented group. However, the determination 
ofthe properties of this group, i.e., the set ofthe L for which there is a matrix deL) 
depending on j and L but independent of R such that for all Reg, 

(3a) j{LRL -I) = d(L)j(R)d(L)-I, 

has not been carried out to my knowledge, not even in the case of finite groups. 
Only if the augmented group consists only of the elements UR, 0 ~ q ~ p, 
where Reg and U is also a member of g, can this be done easily. In this case the 
number of irreducible representations for which (3a) has a solution is equal to 
the number of classes C of g which are left invariant by L so that LCL - 1 = C. 
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One can see that C and LCL - I are either identical or have no element in common: 
if LXL -I = ZXZ- I with X, Z c g, then if also Y c g, one has also for YXy- I , 

(4) 
L(YXy-I)L -I = (LYL-1)(LXL -1)(LYL-1)-1 

= (LYL -I)ZXZ-I(LYL -I)-I, 

but LYL -I is in g since this is an invariant subgroup. The case that the subgroup 
is augmented by a single element and its powers is far from the most general case 
but it is an example and can be handled quite easily. 

Because of (3a) and the irreducible nature of the j(R) representation, the repre
sentative of L must be a constant times the d(L) of(3a), wd(L). Let p be the lowest 
power of L such that l' = s c g. Then the representative of s, that is,j(s) = wPd(L)P 
and we choose w in such a way that this equation becomes valid; in fact we assume 
that the indeterminate constant was so chosen in d(L) that d(L)P = j(s). The 
representative of Lkr then becomes d(L)kj(r) and we should verify that this is a 
representation. In fact, 

d(L)"j(r)d(L)mj(r') = d(Lrmd(L)-mj(r)d(L)mj(r') 

= d(L)k+mj(L -mrL my(r') = d(L)k+mj(L -mrL mr'). 
(4a) 

The third member is obtained by a repeated application of (3a). If k + m < p, 
the verification is complete; if k + m ~ p, one writes instead of the last member 

d(L)k+m-Pd(L)Pj(L -mrL mr') = d(L)k+m-Pj(sL -mrL mr'), 

and this completes the verification. 
The number of representations j(R) for which j'(r) = j(LrL -I) is equivalent to 

j(r) is given by 

(5) ~ ~ I xi(LrL -I)xi(r)*, 
J r 

where h is the order of g, and xi(r) is the character of the element r in the representa
tion j(r). In fact, the sum over r is h if the representations j(r) and fer) = j(LrL - I) 
are equivalent, 0 otherwise. However, because of the orthogonality relations of 
the characters of the irreducible representations, the sum over j, carried out first, 
gives (h/nr)A(LrL - I, r) where nr is the member of elements in the conjugacy class 
of r, and A(r', r) = I if r' and r are in the same conjugacy class, 0 otherwise. Hence 
(S), the number of irreducible representations which can be augmented by them
selves to representations of the large group L kg, 0 ;£ k < p, becomes 

(Sa) L A(LrL - I, rllnr. 

As we saw at (4), if r c C and LrL -I c C, this applies for all elements of C. 
These then contribute 1 to the sum (Sa), the r in classes which are not invariant 
under conjugation by L contribute 0 and the theorem follows. 

Direct products of irreducible representations. If the union of two physical 
systems, for example, of two atoms, is considered as a single physical system, the 
Hilbert space of the union is the direct product of the Hilbert spaces of the con
stituents. If the invariance group G of both is the same, and if the union is only 
conceptual, the invariance group of the union will consist of all the transformations 
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R x R', both Rand R' being members of G and R acting in the Hilbert space 
of the first, R' in that of the second system. However. if the two systems interact, 
the invariance group of the union will be reduced to the elements R x R, what 
Mackey calls the diagonal elements of the direct product: the in variance applies 
only if both systems of the union are subjected to the same transformation. If we 
think of the states of the union in which the first system is in one of the states 
"'~, transforming by j(R), the second system in one of the states cp{ the union 
will transform by the Kronecker product j(R) x j'(R) of the two representations 
j and j'. The problem then is to find the linear combinations of the "'~ x cp{ 
which transform by an irreducible representation of the symmetry group, i.e., 
the reduction ofthe representationj x j'. This will provide important information 
on the properties of the states of the interacting union. 

The situation is particularly simple in the case of the Poincare group. One can 
start with the invariant subgroup of space-time displacements; the representations 
of this with respect to the two subsystems are characterized, according to (2). 
by four-vectors p and p'. The direct product of these is still one-dimensional and 
is characterized by the four-vector p + p'. If p and p' are parallel, their property 
providing transformations are the same: the two groups of transformations which 
leave two parallel axes invariant are identical. The property providing transforma
tions of the union are also the same, for the same reason, and the direct product 
of the property providing transformations of the constituents gives the property 
providing transformations of the union. Hence. in the case considered, as far as 
these transformations are concerned. the problem reduces to the reduction of 
the Kronecker product of two representations of their group which is, if p (and 
hence p') is time-like, the three-dimensional rotation group R3 (or SU2 ). The 
relating transformations of the union's representation p + p' of the space-time 
displacement group are also the same as those of the constituents and do not 
contribute additional information on the total representations of the union. 

In the more general case in which p and p' are not parallel the situation is 
somewhat more complicated4 and will not be discussed here in detail. Essentially, 
one has to deal in that case with the reduction ofthe Kronecker productj(R) x j'(R) 
xj"(R) ofthree representations of R3 (or SU 2 ). 

The significance of the problem of the reduction of the Kronecker product 
j(R) x j'(R) of representations of R3 and SU 2 was recognized quite early and 
there are many articles and several books on the subject. 5 It will not be taken 

4 L. Michel, article in the Report of the 1953 IUPAP Meeting (p. 272); A. S. Wightman. article in 
Relations de dispersion et partieules elementaires. Cecile de Witt. ed .. Hermann. Paris. 1960. and several 
other articles; W. RUhl. The Lorentz Group and Harmonic Analysis. Benjamin. New York. 1970. 

5 See, for example. E. Feenberg and G. E. Pake. Notes 011 the Qualltum Theory of Angular Momentum. 
Addison-Wesley, Reading. Mass .• 1953; A. R. Edmonds. Angular Momentum ill Qualltum Me(·hanics. 
Princeton University Press. Princeton, N.J .• 1957; M. E. Rose. Elemelltary Theory of Angular Momentum. 
John Wiley. New York, 1957; W. T. Sharp. The Qualltum Theory of Angular Momentum. Rep. CRL-43. 
Chalk River, Ontario. 1957. Among more recent publications. see Quantum Theory of Angular Momen
tum. L. C. Biedenharn and H. VanDam, eds .. Academic Press. New York. 1965. E. EI-Baz. Trailement 
graphique de I'algebre des mome1lls angulaires, Masson et Cie. Paris. 1969. The most advanced book 
on the question, incorporating some results to be discussed later. remains. in this writer's opinion, 
A. P. Yutsis, I. B. Levinson and V. V. Vanagas, The Theory of A II gular Momentum, Vilnius. USSR, 1960 
(translated by A. and A. R. Sen. Jerusalem. 1962). 
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up here again. Instead. some less well-known results will be presented, relating 
to the general problem of reducing Kronecker products of irreducible representa
tions of arbitrary groups. 

The irreducible representations of the underlying group will be denoted by 
j, k, I, ... with or without primes. The sign <f(R» will denote the group average 
of the expressionf(R) in the braces; this is the sum over all group elements divided 
by the order of the group in the case of finite groups, the group integral divided 
by the group integral of 1 in the case of compact continuous groups and we shall 
restrict the rest of this section to such groups. All representations wiJI be assumed 
to be in unitary form. Thus the orthogonality relations read in this notation, 

(6) 

where [j] is the dimension of the representation j, the star denotes complex con
jugation. The character of j(R) wiJI be denoted by XU)(R) = L.i(R)... We further 
denote the number of times the conjugate complex of I(R), that is I(R)*, is con
tinued in the direct product of the representations j and k by 

(7) 

This symbol also gives the number of times j(R)* is contained in k(R) x I(R), or 
k(R)* inj(R) x I(R): the symbol (j, k, T) is symmetric inj, k and I. 

It is useful next to define the matrix6 

(8) 

Since <f(R» = (f(RS»R = (f(SR»R (the index on the brace indicates the 
variable over which the average is taken), one obtains 

(8a) [j, k, l],y';:':'Ki. = L [j, k, l]'''K'';''':'K·).·j(S) .. ,k(S)K'KI(st·).· 

A veraging this over S, one finds with (8), 

(8b) [j, k, l] = [j, k,!]2. 

Since we deal only with finite or compact groups, we also have <f(R) = <f(R- 1) 

and this gives, because of the assumed unitary form of the representations, 

(8c) [j, k, l] = [j, k, l]t, 

the dagger denoting the Hermitian adjoint: the [j, k, I] are idempotent self-adjoint 
matrices, that is, projection operators. Their characteristic values are all 0 to 1 
and the number of the latter is, because of (7), 

(8d) tr[j,k,/] = (j,k,/). 

The [j, k, I] are (j, k, I)-dimensional projection operators in their [j] [k] [l]-dimen
sional space. They can be given the form 

(9) . (j k I)*(j k I) [J,k,ll'K';";tK;. = L 1 , '" ., , 

P L 1\ )'f!L 1\ )'p 

6 This matrix was first defined in G. W. Mackey's work (cf. below) and then independently. by 
Sharp and Derome (cf. below). 
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the summation over p running over (j, k, I) values. The "three-j-symbols" on 
the right 7 are the conjugate complexes of the characteristic vectors of [j, k, n 
which belong to the characteristic value 1. They form an orthonormal system, 
which is, as a rule, incomplete. 

(l0) (j k I)*(j k I) L = Optl' 
~l , K A p , K A tl 

The three-j-symbols are determined, by their definition (9), only up to a unitary 
transformation: the original symbol can be replaced by 

(lOa) (j k I)' (j k I) 
= LUptl ' ,I(A p S ,I(A tl 

u being any (j, k, I)-dimensional unitary matrix. Most of the mathematical theorems 
which will be reviewed below relate to the numbers (j, k, I), not to the matrices 
[j, k, 1]. Even though this will be well known to most readers, it may be useful, 
therefore, to give an additional and, in fact, the principal reason for the physicist's 
interest in the matrices [j, k, I] and their characteristic vectors. 

The physicist often considers two sets of states cP " , = 1, 2, ... , [j], and t/I;., 
A. = 1,2, ... , [I] (this is not the usual notation) which transform, under the 
unitary operations OR of a group by irreducible representations 

(lla) 
I' 

(lIb) o Rt/I;. = L I(R) .. ,).t/I).,. 
;: 

He is then interested in the matrix elements of a set of self-adjoint operators qK 
which he calls the components of an irreducible tensor operator. They transform as 

(llc) 0RqP; I = L k(R)K'KqK" 
k' 

The physicist is then interested in the scalar products ("matrix elements") 

(12) 

The group may be the group of rotations in ordinary space, the CP, the state 
vectors of a given energy in a spherically symmetric field, the t/I i. the state vectors 
of another energy. The operators qK may represent the components of the electric 
dipole moment, i.e., the sum of the coordinate of the particles, multiplied with the 
electric charges of these. The squares of the Q 7 .. are then proportional to the optical 
transition probabilities from state cP I to t/I i. caused by an oscillating electric field 
in the I( direction. 

Because of the unitary nature of the OR one has 

(13) 
Q7 .. = (CP" qKt/li) = (ORCP" ORqKt/I;) = (ORCP" ORqP; I o Rt/I).) 

= L L j(R)~,k(R)K'KI(R);,,;.Q~,~.'. 

7 Three-j-symbols were first defined by the present writer in the article reprinted in Quantum Theory 
of Angular Momentum (see footnote 5). See also Group Theory aild its Application to the Quantum 
Theory of Atomic Spectra, Chap. 4. Academic Press. New York, 1959. 
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A veraged over all group elements, this gives 

(14) 

or, because of (8c), 

(15) 

It follows that the physicist's "matrix elements" Q~). are the components of a 
characteristic vector of the matrix [j*, k, 1]* belonging to the characteristic value 
l-or the conjugate complexes of the components of such a characteristic value 
of [j*, k, I] : they are linear combinations of the three-j-symbols 

(16) 

The cp depend on the set qJ, the set 1/1, the q", but not on the t, /C, A.. The formula 
for the matrix elements is most telling if the sum contains only one term, i.e., 
if (j, k, l) = 1. A group for which all (j, k, l) are 0 or I is called mUltiplicity free8 ; 

the group of rotations in ordinary space, R3 , does have this property. Naturally, 
if (j, k, l) = 0, all Q~). = O. 

The matrix [j, k, I] and the three-j-symbols have several important properties, 
the principal ones among them deriving from their relation to the matrix Uik 
which brings the Kronecker product j(R) x k(R) into the reduced form. The 
reciprocal of this Uik brings, conversely, the reduced form into the form 

(17) 

The irreducible parts of j x k are denoted by I'(R)*; the index p, running from 1 
to the number of I'(R)* in the reduced form, that is, to (j, k, 1'), takes care of the 
multiplicity of I'(R)* in the reduced form. The Uik can be transformed in a way 
similar to the three-j-symbols, that is, as (16) shows, without altering the right 
side of(17). Introducing (17) into the definition (8) of [j, k, 1], one obtains by means 
of the orthogonality relation 

(18) [j, k, I]lrc.I.;I'IC').' = L U{!;Ii.p(U{~"';Ii.'P)*/[I]· 
p 

Comparison of this with (9), taking into account the arbitrariness in the definition 
of the three-j-symbols (or of the Uik), permits one to write 

(19) (. k I) ) = [1]-1/2Uik 
,rc;l).p· 

t /C Ap 

8 Multiplicity free groups were defined and studied by G. W. Mackey, Amer. 1. Math., 75 (1953), 
p. 387, Pacific 1. Math., 8 (1958), p. 503. A special class of such groups and their representations were 
studied by the present writer, Amer. 1. Math., 63 (1941), p. 57. See also footnote 2(b). (The R3 and SU 2 

groups belong to this class.) The general case was studied by W. T. Sharp and 1. R. Derome, 1. Mathe
matical Phys., 6 (1965), p. 1584, and 1. R. Derome, Ibid., 7 (1966), p. 612. 
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Hence, because of the unitary nature of the Uik one has 

(20) 

and similar equations apply for the other pairs j, 1 and k, I. Thus, for example, 

(20a) 

Actually, (10) is a special case of (20), or of (20a) obtained by setting I' = I, i.f = i. 
and summing over l The other orthogonality relations are 

(21) LL (j k I) (j k 
P I), [fj t K ). p If Kf 

These, if expressed in terms of the Uik (or Uil in the case of (20a», are obvious; 
the purpose of the derivation by means of the projection operator [j, k, I] was 
only to bring out the connection between Uik and Uil, Ukl . Thus, it appears that 
it is possible to set 

(22) [W1/2U{!;/J.p = [kr 1/2U{tkKp = [j]-1/2U~';';i'P' 

However, the U will not be used below and we shall use, instead of (17), 

(23) 

(. k I) ( . 
j(R)".k(R)KK' = L L [fj 1 • I(R)!;.' lf 

Ip Ai.' t K A. p t Kf 

k 

I ).i.' 

Similar equations hold, naturally for the Kronecker product9 

(23a) j(R)". x I(Rh).· =LL [k][j,k,fj,rc).;"K·).'k(R):K' 
kKK' 

1)* 
'f 
I. p 

and also for k(R) x I(R). Actually, these equations are direct consequences of(8). 
The unitary nature of U does result, however, in significant relations for the 
[j,k,l]: 

(24) 

(24a) 
,K 

Again, because of the invariance of the [j, k, I] with respect to the interchanges 
of the triples (j, I, If), (k, K, Kf), (I, i., i.f) , equations similar to (24) apply for the 
sum over k and K, or j and t, and the analogue of(24a) applies ifthe sum is extended 
over the IA. or KA. pairs. Equation (3d) is. incidentally, a direct consequence of 
(24a). 

9 The considerations which follow can be regarded to constitute a reformulation of the elementary 
parts of the Racah algebra for not multiplicity free groups. For reviews of mUltiplicity free groups' 
Racah algebra, cf. the references in footnote 5. The SUR groups' Racah algebra was studied by J. R. 
Derome and O. Jalc.imow, Canad. J. Phys., 48 (1970), p. 2169. 
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Another set of relations can be derived either from the consideration of expres
sions similar to (8) but with the product of four representations averaged over the 
group, or by considering the operation Tj,,' of multiplication by j(R)",. The 
matrix elements of this are given by 

(25) j(Rl..,k(R)ICIC' = L L Ti~:';li,l,/(RL,. 
I .Ai,' 

Multiplication by m(R}:,,' and averaging over the group then gives 

(25a) 

Since one obtains the same result whether one multiplies with j(R)" , first and with 
n(R) •• , afterwards, or the other way around, the corresponding T, and hence the 
projection matrices, also commute. With a slight change in the symbols considered 
one obtains lO 

(26) 
= L L [n, k, m*]vlC";.,,,,,,.[m] [j, I, mL";,'}.,,,,· 

m ",,' 

The representation m* is assumed to have the form of the conjugate complex of 
m; the right side of (26) differs from the left side by havingj, " " and n, v, v' inter
changed. A relation similar to (26) can be derived also, and in the same way, 
for the (j, k, l) symbols defined in (7). We have, in fact, in this case, 

(26a) L(j,k,m*)(n,l,m) = L(n,k,m*)(j,l,m} = L(k,l,m*)(j,n,m}, 
m m m 

Naturally, the role of m and m* can be interchanged. There is one more formula 
which seems worth mentioning: setting v = v', K = K' in (26) and summing it 
over these indices, one obtains because of (24a), 

L I I [k,j, m*]"''';IC.,,,.[m] I [n,l, mL":.;:,,, 
m Il#' K v 

(26b) = L (n, k, m*)[j, I, mL,,;,l'll' 
mIl 

Actually, setting I = I', A. = ..1.', and summing over these indices one recovers 
(26a). If one were to define self-adjoint matrices K, N, etc., with elements 

(27) K - [']1/2'" [k' *] [ ]1/2 j"';m,,,,' - J L,., ,J, m ".,,;"1,,' m 
" 

and similarly for Nand M (their dimension is of the order of the group), (26b) 
would assume the form 

(27a) KN = L(k,n,m*)M = NK, 
m 

the summation extending over all irreducible representations. 
As the preceding discussion indicates, the number of identities obeyed by the 

[j, k, l], etc., projection operators is very large; they lead one in fact to suspect 

10 Equation (26) is. for multiplicity free groups. a Racah identity. 
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that there is a simpler way to deal with them. They do give directly expressions 
for all averages (sums or integrals) of the form 

(28) 

with an arbitrary number of factors in the braces. the 0(, p, ... being integers. 
These expressions are simplest, of course, in the case of multiplicity free groups 
where the expression (9) for them is just a product of two factors. Actually, few 
of the preceding formulae are needed to obtain an expression for (28) in terms 
of the Li, k, ~ ; (23a) suffices in principle. The other formulae can, however. simplify 
the resulting expressions; the purpose of (26) is, principally, to transform into 
each other the different expressions resulting from applying (23a) to (28) in differ
ent orders. 

The [j, k,l] are trivial for commutative groups; they are well known for the 
mUltiplicity free R3 and SU 2 (the most important applications in physics), for 
S U 3 and some more complex groups. 11 These will not be reviewed here. Instead, 
some theorems will be presented-few ofthem new-for the formulation of which 
it is not necessary to assume a definite form of the representations. They will 
deal principally with the characters of representations and the quantities (j, k,l) 
defined in (7). 

Some identities connecting multiplicities (j, k. I) with other group averages. 
Before entering into a detailed discussion of the identities in question we note that 
if two-or all three-of the representations j, k are the same, there are, in addition 
to the 

(29) (j, k ,f) = L (j(R).,k(R)""I(R);.;.) 
IKA 

defined in (7), other quantities which remain unchanged if the representations are 
subjected to a similarity transformation. Such a quantity is, for instance, 

(30) I <j(R),,,j(R),,.l(R);.l) = <xi(R 2 )x'(R». 
,xi. 

One can find an expression for (30) by noting that the matrix [j,j,l],d:,"- i.' remains 
invariant if the Land K are interchanged. Hence, a characteristic vector thereof, 

remains a characteristic vector if its Land K are interchanged. It is possible, therefore, 
to choose these characteristic vectors in such a way that they belong to an irre
ducible representation of the group containing the interchanges of these two 
indices, i.e., to choose some of them to be symmetric, some antisymmetric with 
respect to this interchange. We denote the number of the former by (j,j, i)., of 
the latter by (j,j,l)a' Naturally, 

(31) (j,j, I). + (j,j, I)a = (j,j, I) = (i(R)2 X'(R) 

11 See footnote 9 and also J. R. Derome, J. Mathematical Phys., 8 (1967), p. 714. 
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but we have also, for the expression in (30), because of (9), 

(Xj(R2 )X'(R» = L [j ,j, I],,,;,;,,,i. 
,,,i. 

(3Ia) 
= LL(j j ~)*(j 

,,,;, p t K A. p K 

. I) ~ A p = (j,j, l)s - (j,j, l)a· 

The last member.follows because the interchange of K and t in the second three-j
symbol will leave it unchanged for V,j, l)s of the p, and change its sign for V,j, l)a 
of them. After the change, the summation can be carried out by (10). 

If all three representations are identical, the three-j-symbols' indices t, ", A. can 
be arbitrarily interchanged. Hence, one can choose them in such a way that they 
belong, with respect to the interchange of their indices t, K, A., to an irreducible 
representation of the symmetric group S 3' We denote the number of those which 
are totally symmetric by (j)s' the number of those which are totally anti symmetric 
by (j)a, and the number of pairs which belong to the two-dimensional, degenerate 
representation by (j)d' Again, 

(32) 

and one can verify also that 

(32a) 

and 

(32b) 

These formulae are contained, essentially, already in the articles of Sharp and 
Derome (see footnote 8). Incidentally, (31a) contains, in a sense, the identity of 
Frobenius and Schur. 12 Setting for I the trivial representation by the one-dimen
sional unit matrix to be denoted by 0 one obtains 

(3Ib) 

Now j x 0 = j and if this is not equivalent toj*, the (j,j, 0) vanishes. Ifit is equiva
lent, (3Ib) shows that if the left side is I, the transformation can be effected by a 
unitary symmetric matrix (cf. (23)) which can be diagonalized by a real orthogonal 
matrix. One can then transformj by the product ofthe square root of the diagonal 
part and this real matrix and bring it thereby into real form. If the left side of 
(3Ib) is -I, the matrix transforming j into j* is necessarily a skew symmetric 
matrix and j cannot be made real by a similarity transformation-if it were real, 
it could be transformed into its conjugate complex by the unit matrix. However, 
this derivation of the Frobenius-Schur relation 

(33) 

(with Cj = 0 if some Xj is complex, I if allj(R) can be made real, Cj = -I if Xj(R) 
is real but the j(R) cannot be made real by a similarity transformation) is not 
fundamentally different from the original one. 

12 G. Frobenius and I. Schur, Ber!. Her., 1906, p. 186. 
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Let me quote, without proof, three theorems for which I am responsible: 13 

(34) I.(l,j,k)2 = «h/nR)2) = I.h/ni, 
Ijk R 

where h is the order of the group, nR the number of elements in R's conjugacy class; 

(34a) I. CjXj(S) = C(S), 
j 

C(S) being the number of the square roots of S ; 

(34b) <C(R)3) = I. C,CjCk(l,j, k). 
'jk 

Since every group element is the square root of a group element, 

<C(R» = 1. 

The very simple equation 

(34c) <e(R)2) = number of real classes, 

"real" meaning that it contains with an element also its reciprocal, must have 
been known before. 14 Let me also mention an equation derived originally by 
Frame: 15 

(35) 

Without modification, these equations apply only to finite groups; a method to 
formulate them for compact groups was, however, proposed lately. 16 

Let me present, finally, three identities which I have not seen before in the 
literature. They do not appear to be of great importance but they do illustrate 
the great variety of identities. The first of them is an analogue of (34a) but gives 
an expression for the number of cube roots of an element, to be denoted by ,,(S), 
rather than for the number of square roots. The second one is an analogue of 
(32b) or (33), but refers to the fourth rather than the third or second powers. 
The last one is the analogue of(34c) but refers again to the cube rather than square 
roots. 

Clearly, 

(36) 

where bR•T is 1 or 0 depending on whether R = T does or does not hold; AR•T is 
1 if R and Tare in the same class, 0 otherwise. I t then follows from the orthogonality 
relation 

13 E. P. Wigner, Amer. J. Math., 63 (1941), p. 57. 
14 As was pointed out already in the article in footnote 13, the relation of equation (34c) was probably 

known already to the German founders of representation theory (see footnote 12). 
IS J. S. Frame, Bull. Amer. Math. Soc., 53 (1947), p. 584. Cf. also Ibid., 54 (1948), p. 740. 
16 F. E. Goldrich and E. P. Wigner, canad. J. Math .• 24 (1972), p. 432. 
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that 

(36a) 

,,(R) = I I xi(R)Xi (S3)* /h = I (x i(R)xi(S3)*)S 
S i i 

= I xi(R){(j)s + (i)a - (j)d}' 
i 

This is the first identity. The second one, the analogue of (32b), refers to 

(Xi(R4» = I (j(R 2 )."j(R2 )".) 

(37) ." 
= I I I [~(j j ~) (/(R 2 )1;.,)(j j 

.f( Ip ;.;.' 1 I( I. p I( 

1)* 
A.' p 

Now (/(R2» contains equally many elements from any class. It is, therefore, 
a multiple of the unit matrix (the same applies to any (/(R"»), and it is given 
by the Frobenius-Schur formula (33): 

(33a) (/(R2)..;.') = C,hu'/[~. 

Inserting this into (37), one obtains 

(Xi (R4 » = IIL (j j I) (j j ~)* C, 
p ." AI 1 K ;. p K A. p 

= L [(j,j, ns - (j,j, n,,]C,. 
I 

For (j,j, l)s values of p the three-j-symbol does not change when 1 and I( are 
interchanged; for (j,j, l)a values thereof there is a change of sign. After the inter
change, the II(). sum is given by (10). 

The last identity is the analogue of (34c). It refers to (,,(R)2). We have 

L ,,(R)2 = L L hR,slhR,Tl = L hSl,Tl = L Ilsl,Tl/nSl 
R R S,T ST S,T 

(38) 
= L LXi (S3)Xi(T3)*/h = Lh(Xi (S3»(Xi(T3)*). 

S,T i i 

Hence it follows from (32b) that 

(38a) (,,(R)2) = L [(j)s + (j)" - (j)d]2. 
i 

This is the last identity to be derived here. Evidently, however, further similar 
identities exist. 1 7 

Restriction of irreducible representations to subgroups. There are at least two 
reasons for the physicist's interest in this question. The first one is a more formal 
one: he likes to specify the representations completely, i.e., not only up to a 
similarity transformation. This makes it possible to have definite expressions 

17 For multiplicity free groups, and even some generalizations of these, similar and even further 
reaching results were communicated to me soon after our meeting by Professor H. 1. Groenewold 
of the University of Groningen. They are contained in the doctoral theses of A. 1. Van Lanten and 
E. deVries. 
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for the matrix elements. The specification which is most common and which has 
been used most generally starts with a series of subgroups g ::J gl ::J g2 .. '. These 
are so chosen that no irreducible representation of gn contains an irreducible 
representation of gn + I more than once, the last g being commutative. Even though 
there are groups for which no such sequence of subgroups exists,18 in the groups 
of interest sequences of subgroups satisfying this condition could always easily 
be obtained. The representation of g is then assumed to have the form in which its 
restriction to g I is in the reduced form. It is then specified that these representa
tions have the form that their restriction to g2 be also in the reduced form, and 
so on. The rows and columns of the representation of the original g can then be 
specified by a sequence J~ ,j~ ,j~, ... giving the representations ex, fJ, I', ... of the 
subgroups gl,g2,g3"" in which the row is situated. It is easy to see then that 
the only similarity transformation j(R) -+ Uj(R)U- I which preserves this situa
tion is a similarity transformation by a diagonal matrix. If the diagonal matrix 
U is assumed to be unitary, leavingj(R) unitary, one tries to impose reality condi
tions to specify the form of j(R) except for some signs ±. 

Actually, the procedure is, in most practical cases, quite simple. Thus, in the 
case of R3 , one chooses a subgroup R2 for g I-almost invariably rotations about 
the Z-axis. This already is commutative so that the series of subgroups contains 
only one member. In order to specify the representation more fully, one demands 
either that the representations of rotations about the X -axis or those about the 
Y-axis be real. This leaves a transformation with a diagonal matrix with diagonal 
elements ± 1 free-and the signs are indeed not quite easy to specify. In the case 
of Un the series of subgroups would have n - 1 members Un - 1 ::J Un - 2 ::J'" 

::J U l' The reality conditions are again rather easily specified, the signs are 
not. 

The second, more intrinsic reason for the physicist's interest in the restriction 
of irreducible representations to subgroups is motivated by the phenomenonl9 

of "symmetry breaking". Let us consider, for an example, a spherically symmetric 
system-the symmetry group is then R3 or SU2 • If one then introduces a homo
geneous electric (or magnetic) field, let us say in the Z-direction, the original 
symmetry is "broken" : only an R2 symmetry remains. However, if the field is not 
too strong, the state vectors of the original situation will be altered only slightly, 
except that they will belong to representations of R 2 • Hence, the character of the 
states originating from a representationj(S) of R3 will belong to those representa
tions PeS) of R2 which arise from the restriction of j(S) to the R2 which remains 
as a symmetry group. If the restriction of the representation j(S) of R3 contains 
the representationp(S~ of R2 only once, the state vector ofthat representation is, 
in the approximation considered (that is, for not too strong electric or magnetic 
fields), defined except for a factor. Actually, a factor in the state vector is physically 

18 Personal communication of G. W. Mackey. 
19 The literature on this subject is too extended to be quoted here in detail. The first kind of symmetry 

breaking is discussed in most books on the application of group theory to spectroscopy, etc. (cf. foot
notes 5 and 7). The literature on the more intricate problem of the second kind of symmetry breaking 
is even more extended. As examples one may quote L. Michel's and L. A. Radicati's articles, Ann. 
of Phys., 66 (1971), p. 758 and Evolution of Particle Physics, M. Conversi, ed., Academic Press, New 
York,1970. 
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irrelevant and the practically realizable electric or magnetic fields are "weak" 
in the sense here considered. 

A second example of symmetry breaking is the intrinsic one. I t refers to the 
situation that the original symmetry is only approximate, such as the SU 3 sym
metry for particles20 (or the SU 4 symmetry for nuclei). There is then, usually, a 
subgroup-S U 2 in the case of S U 3-which is much more accurate and one wishes 
to know which states of SU 2 symmetry, and how many, are contained in the set 
of states transformed by a representation of SU 3' The solution is again provided 
by the restriction of the representation of S U 3 to S U 2' 

As these examples, and the first reason in particular, illustrate, the symmetry 
relations are most effective if the restriction of the irreducible representation j(R) 
of the full group contains each irreducible representation of the subgroup either 
only once, or not at all. In order to specify such a situation, and also to treat the 
problem more generally, I found it useful to introduce the concept of the sub
class.21 

A subclass, with respect to a subgroup, contains those elements which can be 
transformed into each other by an element of the subgroup. If s is an element of 
the subgroup, the subclass which contains the element R ofthe group also contains 
sRs- 1, and this is true for all elements s of the subgroup. The subclasses are 
defined with respect to a subgroup. The subclasses have several properties 
analogous to the properties of the ordinary conjugacy classes but they are, as a 
rule, not commutative. In fact, the condition which originated the interest in the 
concept of subclasses is the fact that if they do commute no irreducible representa
tion of the full group contains, if restricted to the subgroup defining the subclass, 
any representation of the subgroup more than once. 

Let me give, in conclusion, a few formulae for the numbers (J,j) which specify 
the number of times the irreducible representation j of the subgroup is contained 
in the irreducible representatIOn J of the full group. The first and rather obvious 
one is 
(39) L [J](J ,j) = (Gjg)j, 

J 

where G and g are orders of the full group and of the subgroup considered, re
spectively. Next, we have 

(40) L (J ,N = number of subclasses, 
J,i 

the summation over J and j to be extended over all representations of the full 
group and the subgroup, respectively. Finally, 

(41) L (J ,N - (J ,j)' = number of linearly independent commutators of the 
J,i algebra of subclasses, 

20 For the SU3 model for particles, see M. Gell-Mann and Y. Ne'eman, The Eight-Fold Way, Ben
jamin, New York, 1964. The SU 4 's role in nuclear physics was initiated by the present writer's article, 
Phys. Rev., 15 (1937), p. 106. It became dormant but was revived by P. Franzini and 1. A. Radicati, 
Phys. Rev. Letters, 13 (1964), p. 173. See also Radicati.'s closing lecture in the Proc. Intern. School of 
Physics Ettore Majorana, Academic Press, New York. 1966, p. 275. 

21 E. P. Wigner, footnote 2(c) and Proc. Roy. Soc .. A322 (1971), p. 181. The latter article contains 
also equations (39), (40), (41). 
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(J,j)' being 1 if the representationj of the subgroup is contained in J's restriction, 
o otherwise. Evidently, the sum on the left side of (41) can be 0 only if all (J,j) 
are either 1 or 0, i.e., if the subclasses commute. As was mentioned before, these 
formulae, valid literally only for finite groups. can be modified to apply also to 
compact Lie groups, but the modification will not be discussed here. 
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