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Preface to the Second Edition

aving received an encouraging response from my readers for the first edition, I have great pleasure

in presenting to them the revised second edition of Understanding Mechanics, Volume — I. Like
the earlier edition, this book will also provide students relevant and compact information on the subject
of Mechanics. The aim has been to make the topic easy and interesting for aspirants of the IITs and
other engineering entrance exams.

My twelve years of experience in teaching and interaction with students in Kota (Rajasthan) have
enabled me to clearly present all concepts and explain the important areas of the subject where students
some times need assistance.

All important concepts, including the minute ones, have been discussed in this book.

The theoretical part is followed by a large numbers of solved numerical examples which give the
aspirants thorough grounding of the topic.

The text has been divided into eight chapters covering the topics included in engineering entrance
examinations. ‘Notes’, ‘Concepts’, ‘Important Points’, ‘Summary’ and so on have been added to
enhance the theory.

Keeping in mind the latest trend of the IIT-JEE question paper, all types of questions asked in
engineering entrance examinations have been covered — Subjective Problems, Objective Problems,
Single Correct Option Questions, More than One Correct Options Questions, Mark the Correct
Statements, Comprehension Questions, Match the Following and Assertion-Reason Questions.

JEE/REE and AIEEE questions from previous years have been included. Questions are
followed by Answer Keys, with Solutions and detailed analyses.

I have included tips and tricks of solving problems to help students save valuable time in the
examination hall.

To increase its value for aspirants, the second edition has been enhanced with revision of the
theory portions — Chapters 1 and 8 have been totally revamped — and addition of more JEE questions.
AIEEE questions have also been included. All these questions are followed by answers and detailed
solutions.

Some Useful Tips while Preparing for IIT Entrance
e Be conceptually strong in the topics.

e Finish reading all the material — text, notes etc., at least three days prior to the exam and
prepare short notes that will help you during revision.



.
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e Three days prior to the exam, set aside time each day for self-assessment by solving practice
problems and review of notes.

Useful Tools for Last Minute Revision
e End of chapter summaries
¢ Solved numericals
e Practice problems
e  Short notes prepared by you

Analyse your weaknesses and create a list of topics of problems that need your attention. Focus on
these topics a little more than the others.

Have a healthy routine and ensure you get sufficient sleep before the examination day.
Wish you all success in your endeavours.

M.K. Sinha



Preface to the First Edition

have great pleasure in presenting this text book Understanding Mechanics, Volume-I before you. I
was encouraged and inspired by the response to my earlier work Understanding Optics. As with my
earlier book, this book will also provide students relevant and compact information on Mechanics. I
am hopeful that my efforts will make the topic easy and interesting for IIT aspirants and other aspirants
of various engmening entrance aspirants. The title is a reflection of the aim and purpose of my book.

My twelve years of experience in teaching and interaction with students in Kota (Rajasthan) have
enabled me to clearly present all concepts and explain the important areas of the subject where students
sometimes need assistance.

All important concepts, including the minute ones, have been discussed in this book. The theoretical
part is followed by solved numerical examples which give the aspirant a thorough grounding of the
topic.

Keeping in mind the latest trend of the IIT-JEE question paper, a large number of objective as
well as subjective questions have been included at the end of the chapters. All these questions have
solutions with detailed analysis so that no ambiguity remains in the mind of students. I have included
tips and tricks of solving problems to help students save valuable time in the examination hall.

Some Useful Tips while Preparing for IIT entrance
e Be conceptually strong in the topics.

e Finish reading all the material—text, notes etc., at least three days prior to the exam and
prepare short notes that will help you during revision.

e Three days prior to the exam, set aside time each day for self-assessment by solwing, practice
problems and review of notes.

Useful Tools for Last Minute Revision
e End of chapter summaries
¢ Solved numericals
e Practice problems
e  Short notes prepared by you

Analyse your weaknesses and create a list of topics of problems that need your attention. Focus on
these topics a little more than the others.

Have a healthy routine and ensure you get sufficient sleep before the examination day.
Wish you all success in your endeavours.
—M. K. Sinha
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Mathematics is the language of physics. It becomes easier to describe, understand and apply the physical
principles, if one has a good knowledge of mathematics.

e Tools are required to do physical work easily and mathematical tools are required to solve
numerical problems easily.

— |
VATHEMATICAL \
TOOLS

s

Mathematical Tools

Differentiation Integration Vectors

e To solve the problems of physics Newton made significant contributions to Mathematics by
inventing differentiation and integration.
e Appropriate choice of tool is very important
\\\\\

\N
AN
N\

| P

Cutting a tree with a blade Cutting a string with an axe

1. FUNCTION

Function is a rule of relationship between two variables in which one is assumed to be dependent and
the other independent variable.

Qzample 1. The temperatures at which water boils depends on the elevation above sea level (the
boiling point drops as you ascend). Here elevation above sea level is the independent and temperature
is the dependent variable.
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Qrample 2.  The interest paid on a cash investment depends on the length of time for which the
investment is held. Here time is the independent and interest is the dependent variable.

In each of the above example, value of one variable quantity (dependent variable), which we might
call y, depends on the value of another variable quantity (independent variable), which we might call
x. Since the value of y is completely determined by the value of x, we say that y is a function of x and

represent it mathematically as y = f{x). X 160
Here f represents the function, x the independent Input - Ouput

variable and y is the dependent variable. (Domain) (Range)
All possible values of independent variables (x) are called domain of function.

All possible values of dependent variable () are called range of function.

Think of a function f"as a kind of machine that produces an output value f{x) in its range whenever
we feed it an input value x from its domain (ref. to figure above).

When we study circles, we usually call the area 4 and the radius r. Since area depends on radius, we say that 4
is a function of r, 4 = f{r) The equation 4 = 77’ is a rule that tells how to calculate a unique (single) output value
of A for each possible input value of the radius r.

A = fir) = m" (Here the rule of relationship which describes the function may be described as square &
multiply by 7).

If r=1 A==mn, if r=2 A=4w, ifr=34=9n

The set of all possible input values for the radius is called the domain of the function. The set of all output
values of the area is the range of the function.

We usually denote functions in one of the two ways:
1. By giving a formula such as y = x* that uses a dependent variable y to denote the value of the function.
2. By giving a formula such as f{x) = x* that defines a function symbol f'to name the function.
Strictly speaking, we should call the function f'and not f{x),
y = sin x. Here the function is sine, x is the independent variable.
Qzample 1.  The volume V of a ball (solid sphere) of radius  is given by the function V(r) = %n’ )

The volume of a ball of radius 3m is ?
Sotuton  y(3) = %n(3)3 = 36w m’.

Qzample 2. Suppose that the function F is defined for all real numbers r by the formula F(r) = 2(r - 1)
+ 3. Evaluate F at the input values 0, 2, x + 2, and F(2).

Golution In each case we substitute the given input value for 7 into the formula for F:
F(0)=20-1)+3=-2+3=1 ; FQ2)=22-1)+3=2+3=5
Fx+2)=2(x+2-1)+3=2x+5; FFQ)=F5)=2(5-1)+3=11.

Qzample 3. A function f(x) is defined as f(x) = x* + 3, Find £(0), F(1), f(x*), f(x + 1) and £(f(1)).

Solution  £(0)= 02+3=3 . f()=12+3=4

fe)=@) +3=x"+3

fe+D=@x+D*+3=x"+2x+4 ;  fFA))=f@=4+3=19
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Qzample 4. 1f function F is defined for all real numbers x by the formula F(x) = x>
Evaluate F at the input values 0, 2, x + 2 and F(2)

Sotwton  [0)=0 . FQ)=2'=4
Fx+2)=(x+2) . F2)=F4)=4=16

2. TRIGONOMETRY

Measurement of Angle and Relationship Between Degrees and Radian
In navigation and astronomy, angles are measured in degrees, but in calculus it is best to use units called
radians because of the way they simplify later calculations.
Let ACB be a central angle in a circle of radius 7, as in figure.
Then the angle ACB or 0 is defined in radius as -

0= Arc length AB
Radius r
If r=1then0=A4B

The radian measure for a circle of unit radius of angle ACB is defined to be the length of the circular
arc AB. Since the circumference of the circle is 27 and one complete revolution of a circle is 360°, the
relation between radians and degrees is given by: z radians = 180°

Angle Conversion Formulas

1 degree = z (=~ 0.02) radian Degrees to radians: multiply by L
180 180

. . . 180

1 radian ~ 57 degrees Radians to degrees; multiply by —
T

Qrampte 5. (i) Convert 45° to radians.

(ii) Convert % rad to degrees.

Sotutton (i) 45x 7 =7 1aq
180 4

.. 7 180
i) —x
-

=30°
QYrample 6.  Convert 30 to radians.
Sotution 30x 2 =7 rad

180 6
QYrample 7.  Convert % rad to degrees.

180
X =
T

60

-~

Golution %
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Standard Values

M 30°=Z rad @ 45°=7 rad @) 60°=Z rad
6 4 3
o 3 o 2 ° 3
%) 90°= — rad ) 120°= — rad 6) 135°= —rad
2 3 4
(7 150°= 5?” rad 8) 180°=rrad (9) 360°=2rmrad

(Check these values yourself to see that they satisfy the conversion formulaes)

Measurement of Positive and Negative Angles

N
Ya Y
/ Cd X
Positive Negative
measure Measure
> X

An angle in the xy-plane is said to be in standard position if its vertex lies at the origin and its initial
ray lies along the positive x-axis (Fig.). Angles measured counterclockwise from the positive x-axis are
assigned positive measures ; angles measured clockwise are assigned negative measures.

y y

W)
7

] ) y
N N
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Six Basic Trigonometric Functions

The trigonometric function of a general angle 0 are defined in terms of x, y, and 7.

L

)

adjacent sid

P(x, y)

Sine: sin 0 = op _ Y Cosecant: cosec 0 = /A
hyp r opp Yy
. adj _ x hyp r
Cosine: cos 6 = — = — Secant: sec 0= —— = —
hp 1 adi  x
Tangent: tan 0 = % =2 Cotangent: cot 6 = adi _ x
adj  x opp ¥

Values of Trigonometric Functions

If the circle in (Fig. above) has radius » = 1, the equations defining sin 6 and cos 6 become
cos 0=ux, sinf=y

We can then calculate the values of the cosine and sine directly from the coordinates of P.

Qrample 8.  Find the six trigonometric ratios from given figure

5 4
0
3
hp 5 hp 5
tan9=ﬂ=i; cosec9=hyp=i;
adi 3 opp 4
See@:ﬂ:é; cot@:ﬂ:é
opp 3 opp 4
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Qrample 9.  Find the sine and cosine of angle & shown in the unit circle if coordinate of point p are as

shown.
A y
Sotution cos @ = x-coordinate of P = — 1 (— % 7]
2 P
3
sin 8 = y-coordinate of P = ? . % 1 \9 ox
1
2

Rules for Finding Trigonometric Ratio of Angles Greater than 90°

Step1 > Identify the quadrant in which angle lies.
Step 2 > (a) If angle = (n + 0) where n is an integer. Then trigonometric function of (n7 £ 0)
= same trigonometric function of 6 and sign will be decided by CAST Rule.

The Cast Rule I Quadrant X  Quadrant
A useful rule for remembering when the basic S A
trigonometric functions are positive and negative sin positive |all positive
is the CAST rule. If you are not very enthusiastic
abut CAST. You can remember it as ASTC (After >X
school to college) T (&

tan positive| cos positive

I Quadrant IV"Quadrant

(b) If angle = [(Zn + 1)%1 0} where 7 is an integer. Then trigonometric function of

[(Zn + 1)%1 0} = complimetry trignometric function of 6 and sign will be decided

by CAST Rule.
Values of sin 0, cos 6 and tan 0 for some standard angles.

30 37 45 53 60 90 120 135 180
7/6 |377/180 | #/4 |53~x/180 | /3 |=x/2 | 2%x/3 | 3x/4 T

Degree | 0
0

sind |0 1/2 3/5 |12 475 [Br/2] 1 [\B/2l 120
1
0

Radians

cosd B2l 4715 |12 375 172 | 0 | -1/2|-1/42] <1

1/\3| 3/4 1 4/3 B | o | B -1 0

tan &
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Qzamptle 10. Evaluate sin 120°

Nl&

Gotution sin 120° = sin (90° + 30°) = cos 30° =

-

Aliter sin 120° = sin (180° — 60°) = sin 60° = ?
Qzample 11. Evaluate cos 135°
Gotution cos 135° =cos (90° + 45°) = —sin 45° = — %

Qzample 12. Evaluate cos 210°

Nl&

Gotution ¢0s 210° = cos (180° + 30°) = — c0s30° = —

-

Qzample 13. Evaluate tan 210°
Satution tan210°=tan(180°+30°)=tan30°=%

General Trigonometric Formulas

1. cos’0 +sin’0 =1
1 + tan’0 = sec’0.
1 + cot’® = cosec’8.
2. cos(A+ B)y=cosAcosB—sinA sin B
sin(4 + B)=sin A cos B+cos 4 sin B
tan A + tan B
1-tan Atan B
3. sin20=2sinBcos O
cos 20 = cos’ § —sin’0 = 2cos’0 — 1 = 1 —2sin’ 0

tan(4 + B) =

1 20
cos’ 0= H%;
sin? 0 = 1—c;s29

4. sine rule for triangles

sino. _sinf siny

a b c
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5. cosine rule for triangles

c*=a*+b*—2ab cosd

3. DIFFERENTIATION

Finite Difference

The finite difference between two values of a physical quantity is represented by A notation.

For example:
¥, 100 100 100
b2 50 929 99.5
Ay=y,-y 50 1 0.5

Difference in two values of y is written as Ay as given in the table above.
Infinitely Small Difference
The infinitely small difference means very-very small difference. And this difference is represented by
‘d’ notation insted of ‘A’

For example infinitely small difference in the values of y is written as ‘dy’

if y, =100 and y, = 99.99999999........

then dy = 0.000000................... 00001

Definition of Differentiation

Another name for differentiation is derivative. Suppose y is a function of x or y = f{x)
Differentiation of y with respect to x is denoted by symbol 1 (x)

d

where ' (x) = o dx is very small change in x and dy is corresponding very small change in y.

NOTATION: There are many ways to denote the derivative of a function y = f{x). Besides f'(x), the
most common notations are these:

Vv . e Nice and brief but does not name the independent
'y prime .
variable
a “dy by dx” Names the variables and uses d for derivative
dx
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d

d_]; “df'by dx” Emphasizes the function’s name
d Emphasi the idea that differentiation is an
2 1 « . mphasizes the idea tha erentiation is ai
dx Hbrdceip operation performed on f.

D.f “dx of [~ A common operator notation

One of Newton’s notations, now common for
y Y dot time derivatives i.e. 2.
dt

Slope of a Line

It is the tan of angle made by a line with the positive direction of x-axis, measured in anticlockwise

direction.
Slope = tan 6

In Figure - 1 slope is positive

(In 1* quadrant tan 0 is + ve & 2nd quadrant tan 0 is — ve)

In Figure - 2 slope is negative

0 <90° (1st quadrant)

A

/

Average Rate of Change

0> 90° (2nd quadrant)

A

\\<\9 X
\rX

Given an arbitrary function y = f{x) we calculate the average rate of change of y with respect to x over the
interval (x, x + Ax) by dividing the change in value of y, i.e. Ay = f{x + Ax) — f{x), by length of interval

Ax over which the change occurred.
The average rate of change of y with respect to x over the interval

vt ax = N _SGHAY - ()
Ax

Geometricaly, — = 9R _ tan 0 = Slope of the line PQ
Ax PR

therefore we can say that average rate of change of y with respect :
to x is equal to slope of the line joining P & Q. X

Ax
Ay

y+Ay

X+AX A

In triangle QPR tanb = Ax
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The Derivative of a Function

We know that, average rate of change of y w.r.t. x is by _ J&+ Azz mAC) .

If the limit of this ratio exists as Ax — 0, then it is called the derivative of given function f{x) and
is denoted as

o S A) - @)
dx

Geometrical Meaning of Differentiation

J'@=

The geometrical meaning of differentiation is very much useful in the analysis of graphs in physics. To
understand the geometrical meaning of derivatives we should have knowledge of secant and tangent to
acurve.

Secant and Tangent to a Curve

Secant: A secant to a curve is a straight line, which intersects the curve at any two points.

¥
A

q Secant

Tangent: A tangent is a straight line, which touches the curve at a particular point. Tangent is a limiting
case of secant which intersects the curve at two overlapping points.

A 4

X

X+ Ax

In the figure above, if value of Ax is gradually reduced then the point Q will move nearer to the point
P. If the process is continuously repeated then the value of Ax will be infinitely small and secant PQ to
the given curve will become a tangent at point P.

Therefore (QJ = Q =tan 0
Ax—0 Ax dx
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4

we can say that differentiation of y with respect to x,i.c. ( J is equal to slope of the tangent at

dy

oint P (x, y) or tan 6 = —
P *.) ™

y+Ay

// 4 X X+AX

(From the figure the average rate of change of y from x to x + Ax is identical with the slope of secant PQ.)
Rules for Differentiation

Rule No. 1: Derivative of a Constant

The first rule of differentiation is that the derivative of every constant function is zero.

; d
If ¢ is constant, then —c¢ = 0.
dx

Yzampte 14, %(8):0, i(—%:0, i(\/§)=o

Rule No. 2: Power Rule

. d
If n is a real number, then —x" = nx"".

To apply the power Rule, we subtract 1 from the original exponent (1) and multiply the result by 7.

Yzampte 15. f|x|x2|x3|x4|w
1
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od(1Y_d o, 1
Yzample 16. (i) E(;J_dx ") =(=Dx o

Hd4_i_=_ _4=_£
(i) a(?J_é‘dx(x )=4(-3)x ol

d 1 1
Qrample 17. (a) —(x'*) = —x7" = —
@ &*I 73 2x

| |

Function defined for x >0 derivative defined only for x > 0
d 1/5 1 —4/5
(®) o =) 3
| |
Function defined for x >0 derivative not defined at x =0

Rule No. 3: The Constant Multiple Rule

If u is a differentiable function of x, and ¢ is a constant, then di(cu) = cj—u
e e

1

. . o d .
In particular, if # is a positive integer, then d—(cx") =cnx"
e

Qrample 18. The derivative formula %(3)8) = 3(2x) = 6x says that if we rescale the graph of y = x’

by multiplying each y — coordinate by 3, then we multiply the slope at each point by 3.
Qzample 19. A useful special case

The derivative of the negative of a differentiable function is the negative of the function’s derivative.
Rule 3 with ¢ = -1 gives.

Ty =L =-1Lw--2
— (W) = — (LW ==L —) = —— W)

Rule No. 4: The Sum Rule

The derivative of the sum of two differentiable functions is the sum of their derivatives.

If u and v are differentiable functions of x, then their sum u + v is differentiable at every point where
u and v are both differentiable functions is their derivatives.
v du dv

i Ld o du o dv_ du dy
H TV T g CV = e D= &

The sum Rule also extends to sums of more than two functions, as long as there are only finitely many
functions in the sum. If u, u,,......... u, are differentiable at x, then sois u, + u, + . ....... +u, and

u. du, du
+—2+ +
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Qzample 20. (a) y=x"+ 12x (b)y=x3+§x2—5x+1

Q=i(x“) +i(12x) @_ ix3 +i(ix2J—i(5x) +i(1)
dx  dx dx dx dx dx\3 dx dx
=4x*+ 12

=3x"+ g‘Zx—5+0

=3x"+ §x—5‘
3

Notice that we can differentiate any polynomial term by term, the way we differentiated the polynomials
in above example.

Rule No. 5: The Product Rule

If u and v are differentiable at x, then so is their product »v, and £ uwv)=u ai + vd—u .

The derivative of the product uv is u times the derivative of v plus v times the derivative of «. In prime
notation (uv)' = uv'+ vu'.

While the derivative of the sum of two functions is the sum of their derivatives, the derivative of the
product of two functions is not the product of their derivatives. For instance,

d d , Lo d d
—(xx)= —(x)=2x, hile — (x). —(x)=1.1=1.
dx( ) dx() w dx()abc()

Qzampte 21. Find the derivatives of y = (x* + 1) (x* + 3).
Sotution

From the product Rule with u =x*+ 1 and v=x’ + 3, we find

we find, %[(xﬁ +D(x* +3)] = "+ 1) GxD) + (& +3) (2%)
= 3x"+3x* + 2x* + 6x
= 5x" + 3x* + 6x.

Example can be done as well (perhaps better) by multiplying out the original expression for y and
differentiating the resulting polynomial. We now check: y=(*+ 1) (*+3)=x"+ x> +3x* + 3

P

=5x"+ 3x* + 6x.
This is in agreement with our first calculation.

There are times, however, when the product Rule must be used. In the following examples. We have
only numerical values to work with.

QYrample 22. Let y = uv be the product of the functions u and v. Find y'(2) if u'2) =3, u'(2) = - 4,
v(2)=1,and v'(2) = 2.

Golution From the Product Rule, in the form

y'= ) =uv'+vu
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we have Y@= u@)v(2)+vQ)u'(2)
=3+ (-H=6-4=2.

Rule No. 6: The Quotient Rule

If u and v are differentiable at x, and v(x) # 0, then the quotient u/v is differentiable at x, and

du dv
= —
i(z] __dx ax

ax\ v V>

Just as the derivative of the product of two differentiable functions is not the product of their derivatives,
the derivative of the quotient of two functions is not the quotient of their derivatives.

-1

£ +1

Sotution We apply the Quotient Rule with u = —1andv= £+ 1:
dy _(E+D2--1).2t

Qzramptle 23. Find the derivative of y =

dt @+’
i(g} _ v(du/ df) —v(du/ dt)
dt\ v v
_ 20422042t Mt
@ +1) @+

Rule No. 7: Derivative of Sine Function

d .
—(sinx) = cosx
dx( )

Yzampte 24. (a) y=x" —sin x: % = 2x— %(sin X) Difference Rule
=2x—-cosx
() y=x"sinx: % =x’ % (sin x) + 2x sin x Product Rule
=x"cos x + 2x sin x
d . . .
sinx dy X. o (sinx) —sinx.1
© y=——: o = = Quotient Rule

_ Xcosx—sinx

2

X
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Rule No. 8: Derivative of Cosine Function

d .
—(cosx) =—sinx
dx( )

Gsample 25 (a) y = 5x + cos x
dy

@ - i (5x) + i (cos x) Sum Rule
dx  dx dx

5—sinx

(b)y=sinxcosx

dy

— =sginx a (cos x) + cos xi (sin x) Product Rule
dx dx dx

= sin x( — sin Xx) + cos x (cos X)
= cos’x — sin’x
Rule No. 9: Derivatives of other Trigonometric Functions

Because sin x and cos x are differentiable functions of x, the related functions

sin x
tan x = N sec x =
CosS x CcOS X
COS X
cotx = — N COS€C X = —
sin X Sin X

are differentiable at every value of x at which they are defined. There derivatives calculated from the
Quotient Rule, are given by the following formulas.

d d
— (tanx) = sec’ x ; — (sec x) = sec x tan x
dx dx

d 2 d
— (cotx) =—cosec” x ; — (cosec x) =—cosec x cot x
dx dx

QYzampte 26. Find dy / dx if y = tan x.

Golution i(tanx)= d (sm XJ
dx dx \ cos x

cos x%(sin X) —sinx % (cos x)

2
Cos X

COS X COs X — sin x (—sin x)

2
COos X

2 2
cos” x+sin” x 1 )
= > = — =sec x
cos” x cos” x
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Yzampte 27. (a) %(3x+cotx)=3 + %(cotx)=3—cosec2x

d 2 d d
®) (sin xJ (2cosec x) (cosec x)

=2 (—cosec x cot x) =— 2 cosec x cot x

Rule No. 10: Derivative of Logarithm and Exponential Functions

d 1
20 -
dx(og"x) X

Qzampte 28. y = ¢ log, (x)
dy d . d X
E=E(e ) log (x) +. e [log, (x)] e
dy e

= = =¢" log. (x) + —
i g. (¥) .

Rule No. 11: Chain Rule or “Outside Inside” Rule

G4 dl
dx  du dx
It sometimes helps to think about the Chain Rule the following way. If y = f(g(x)),

;jﬂ Ty
X

In words: To find dy/dx, differentiate the “outside” function fand leave the “inside” g(x) alone ; then
multiply by the derivative of the inside.

We now know how to differentiate sin x and x* — 4, but how do we differentiate a composite like
sin (x* — 4)? The answer is, with the Chain Rule, which says that the derivative of the composite of two
differentiable functions is the product of their derivatives evaluated at appropriate points. The Chain
Rule is probably the most widely used differentiation rule in mathematics. This section describes the
rule and how to use it. We begin with examples.

Qzramptle 29. The function y = 6x — 10 = 2(3x — 5) is the composite of the functions y = 2u and u = 3x — 5.
How are the derivatives of these three functions related ?

Sotution  We have Q=6,Q=2,d_"=3‘
dx du dx

Since 6=2.3, Q=Qd_u
dx du dx

dy _dy du
dx

du dx

Is it an accident that
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If we think of the derivative as a rate of change, our intuition allows us to see that this relationship is
reasonable. For y = f{u) and u = g(x), if y changes twice as fast as u and u changes three times as fast as

x, then we expect y to change six times as fast as x.
Qzramptle 30. Let us try this again on another function.
y=9%"+6x’+1=3x"+1)
is the composite of y = * and 3x* + 1. Calculating derivatives. We see that

Q‘ dau =2u 6x=23x"+1).6x=36x"+12x

du dx

and Q=i(9x4+6x2+1)=36x3+12x
dx  dx

Once again, Q ﬂ = Q
du dx dx

The derivative of the composite function f{g(x)) at x is the derivative of fat g(x) times the derivative of
gatx.

Qzample 31. Find the derivative of y = Vx* +1
Sotution Here y = f(g(x)), where flu) = Ju and g(x) =x" + 1. Since the derivatives of fand g are

1w = ﬁ and g'(x) = 2x,

the Chain Rule gives

B _d - g0 geo- L age X
i dxﬂg(x)) J'(8kx). £'() 2@3(@ 2\/m(x) =0

derivative of
outside the outside

d | |
Yzample 32. © qin(x* +x) =cos(x’ + x). (2x +1)
dx [ N N
Inside Inside derivative

Left alone of the inside

Qzamptle 33. We sometimes have to use the Chain Rule two or more times to find a derivative. Here
is an example. Find the derivative of g(¢¥) = tan (5 — sin 2¢)

Solution g0 = %(tan(S —sin 2)
. d . Derivative of tan u
= sec’ (5 — sin 20). E(S — sin 2f) with =5 — sin 2f
d Derivative of
 cnnl (8 _ o _ a
= sec” (5 — sin 2f). (0 — (cos 2f). o 29 5 _ sin 1 with 1 = 2t

= sec’ (5 — sin 21). ( —cos 2f). 2
= —2(cos 21) sec’ (5 —sin 21)
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Yrample 34. (a) %(l —-xH" = i(l -x*)7"*(=2x) u=1-x*andn=1/4
Function defined on [-1, 1]

=%
2(1 _ x2)3/4

derivative defined only on (-1, 1)
d -1/5 1 s d
—(CO0Ss X =—- —(Cosx — (COos X
®) dx( ) 5 (cosx) e (cos x)

=— %(cos x)*" (=sinx) = % sin x (cos x) %"

© %(es‘“&) = e“"&*%sin\/;
= cos\/;' i\/;

dx

- sinVx \/_. 1
™ cosx - ——=
2x

= Lesin\/; .cos\/;

2x
G)) % (sin\/x2 +5) =cosvx’ +5 % VxX*+5
1 d
=cos VX' +5 ——— - — (X*+5)
2Wx*+5  dx

=cos Vx> +5 - 1 2% = cos Vx> +5
2Wx* +5 Jx* +5

() 4 sin 2x = cos 2x a4 2x
dx dx
=cos 2x. 2=2 cos 2x
d . d
® —(Asin(ot+¢) =Acos(@t+td) — (ot+¢)
dt dt
=Acos (0t+¢). 0. =Aw cos (ot +¢)

Rule No. 12: Power Chain Rule

If u(x) is a differentiable function and # is an integer, then " is differentiable and
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g Ve
Yzampte 35. (a) isinsx =5sin’x a4 (sin x)
A . dx Ch
= 5sin’x cos x
®) i(2x+ D3P =-32x+1)"* a4 @x+1)
dx dx
=-32x+D*'Q=-62x+ 1"
d 3 A7 3 46 d 3 4
c — (6 =x") =75x" -x") — (5x" —x
© dx( ) =7 ) dx( )

=7(5x° —x*° (5. 3x* — 4x°)
=7(5x* — x"° (15x* — 4x%)

d( 1 Y_d .. .,
@ E(zm-zJ T &Y

=—13x-2)" %(3x—2)

_3
Bx-2)

In part (d) we could also have found the derivative with the Quotient Rule.

Yzampte 36. (2) % (Ax + B)"

=—103x-2)*@3)=-

Sotution Here u=Ax+ B, M4
dx
9 dx +BY' = n(dx+ By~ 4
= ‘
d .
®) Esm (Ax+B)=cos (Ax + B). A

d 1
c) —log(Ax+B)=—. A4
© dx g ) Ax+B

C)) % tan (Ax + B) = sec’ (Ax + B). 4

© %e(A’+3)=e(A'+B)‘A

Rule No. 13: Radian vs. Degrees

d . d . (nx T X T
—sin(x°) = —sin | — | = — cos | — | = — cos(x°).
dx dx 180 180 180 180
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Double Differentiation

If fis a differentiable function, then its derivative /' is also a function, so /' may have a derivative of its
own, denoted by (f' )’ =f". This new function /" is called the second derivative of f'because it is the
derivative of the derivative of /. Using Leibniz notation, we write the second derivative of y = f(x) as

i(@} _dy
dx\dx) dx*

Another notation is /' (x) = D, f (x).
Interpretation of Double Derivative
We can interpret /' (x) as the slope of the curve y = f'(x) at the point (x, f'(x)). In other words, it is the
rate of change of the slope of the original curve y = f(x).

In general, we can interpret a second derivative as a rate of change of a rate of change. The most
familiar example of this is acceleration, which we define as follows:

If s = s(¥) is the position function of an object that moves in a straight line, we known that its first
derivative represents the velocity v(¢) of the object as a function of time:

v(t)=s'(t)=§

The instantaneous rate of change of velocity with respect to time is called the acceleration a(¢) of
the object. Thus, the acceleration function is the derivative of the velocity function and is therefore the
second derivative of the position function:
d2
dar’

1)

Sk

a@®=v'(@®=s" (@ orinLeibniz notation, a=

Yrample 37, If f(x) = x cos x, find /" (x).
GSotution Using the Product Rule, we have

S =x % (cos x) + cos x %(x)

=—Xxsinx+cosx
To find /"' (x) we differentiate /' (x):

d
"(X)= —(—-xsinx+cosx
S ) dx( )

=-x % (sin x) + sin x %(—x)+ %(eosx)

=—Xxcosx—sinx—sinx=—-xcosx—2sinx
Qzramptle 39. The position of a particle is given by the equation
s=fH)=r -6 +9
where f is measured in seconds and s in meters.
(a) Find the acceleration at time £. What is the acceleration after 4s?
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Golution (a) The velocity function is the derivative of the position function:
s=f(=r-6+9t

= v(t)=§=3t2—12t+9
dt
The acceleration is the derivative of the velocity function:
a@=95-Y _g_12
ar*  dt
= a(4) = 6(4) — 12 =12 m/s*

Application of Derivatives

Differentiation as a Rate of Change

dy

o is rate of change of ‘y’ with respect to ‘x’:
For examples:

@ v= o this means velocity ‘v’ is rate of change of displacement ‘x” with respect to time ‘¢
t
(i) a= m this means acceleration ‘a’ is rate of change of velocity ‘v’ with respect to time ‘£’.
(i) F= o this means force ‘F” is rate of change of momentum ‘p’ with respect to time ‘£’.
. dL . s I3 &l : : [
@) t= o this means torque ‘z ’is rate of change of angular momentum ‘L’ with respect to time ‘¢
t
aw . o . . L
(v) Power= ry this means power ‘P’ is rate of change of work ‘W’ with respect to time ‘¢
. —d . . P . s
i) E= T(p this means magnitude of e.m f. “E’ is rate of change of electric flux ‘¢’ with respect
t
to time ‘¥’
.. dg .. s s s S
(i) I= m this means current ‘I’ is rate of flow of charge ‘g’ with respect to time ‘¢
t

Qzramptle 39. The arca A of a circle is related to its diameter by the equation 4 = %Dz‘

How fast is the area changing with respect to the diameter when the diameter is 10 m?

Sotution The (instantaneous) rate of change of the area with respect to the diameter is

a _mn,,_mD
dD 4 2
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When D = 10 m, the area is changing at rate (7/2) 10 = 57 m*/m. This means that a small change AD m
in the diameter would result in a change of about 57 AD m” in the area of the circle.

Uzampte 40. Experimental and theoretical investigations revealed t (seconds) s (meters)
that the distance a body released from rest falls in time #is proportional t=0 ® o
to the square of the amount of time it has fallen. We express this by 5
saying that — 10
) 15
s=—gtz, t=2 iy 20
2 — 25
where s is distance and g is the acceleration due to Earth’s gravity. — 30
This equation holds in a vacuum, where there is no air resistance, but — 35
it closely models the fall of dense, heavy objects in air. Figure shows t=3 o : :g
the free fall of a heavy ball bearing released from rest at time = 0 sec. - il
(a) How many meters does the ball fall in the first 2 sec? A ball bearing falling from rest

(b) What is its velocity, speed, and acceleration then?
Sotution (a) The free — fall equation is s =4.9 £,
During the first 2 sec. the ball falls
5Q2) =492 =196 m,
(b) At any time t, velocity is derivative of displacement:

() =5"(t) = %(49%) =981

At t =2, the velocity is v(2) = 19.6 m/sec
in the downward (increasing s) direction. The speed at 1 =2 is
d’s

~ =9.8m/s’
ar

speed = [v(2)| = 19.6 m/sec. a=

Maxima and Minima

Suppose a quantity y depends on another quantity x in a manner shown in the Y,
figure. It becomes maximum at x, and minimum at x,. At these points the tangent
to the curve is parallel to the x—axis and hence its slope is tan 6 = 0. Thus, ata | -
maximum or a minimum, / \

slope = @ 0. e /
dx ~ .y
Maxima X, X

Just before the maximum the slope is positive, at the maximum it is zero and just after the maximum it

dy dy

is negative. Thus, = decreases at a maximum and hence the rate of change of = is negative at a

dy

. .o d .
maximum i.e. — | — | <0 at maximum.
dx \ dx
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Va

slope = m, = tan6,
m,>m,>m,=0>m,>m,

> X
O! For maxima, as x increases the slope
decreases.

2

d’y
dx®

The quantity % (%} is the rate of change of the slope. It is written as

Conditions for maxima are:— (a) % =0() Z;J: <0

Minima
Similarly, at a minimum the slope changes from negative to positive.

Hence with the increases of x the slope is increasing K
that means the rate of change of slope with respect to x

slope = m, = tano,

. .. d =
is positive hence — L > 0. ‘9, ™ < m,<m,=0<m,<m,
dx \ dx

g - dy d’y —=
Conditions for minima are:— (a) o =0 (b) o >0

Quite often it is known from the physical situation | -------

whether the quantity is a maximum or a minimum. The 3¢
2 Ny

test on

2

d’y may then be omitted. o

o . . . increases
Qzample 41. Particle’s position as a function of time

For minima, as x increases slope

is given as x = 5/ — 9t + 3. Find out the maximum value of position co-ordinate? Also, plot the graph.

Golution x=5£_-9t+3
E _ot—9=-0
dt

. t=9/10=0.9

2

X —10>0

2

Check, whether maxima or minima exists.

.. there exists aminima at = 0.9

Now, Check for the limiting values.



When t=0;, x=3
[=o00;, X=00

So, the maximum position co-ordinate does not exist.

Graph
? 'y
X
(0,3)
0.9 .
A5 t—»
Putting t=0.9 in the equation

x=15(0.9)>-9(0.9) + 3=-1.05

<2 NOTE
If the coefficient of #* is positive, the curve will open upside.

Solved Examples on Application of Derivative

Qzampte 42. Does the curve y = x* — 2x* + 2 have any horizontal
tangents ? If so, where ?

GSolution The horizontal tangents, if any, occur where the
slope dy/dx is zero. To find these points. We

1. Calculate dy/dx: & _4d ' =2 +2)=4x —4x
dx  dx

dy _

2. Solve the equation: ol 0 forx: 4x* —4x=0

dx(x*-1)=0
x=01-1

The curve y = x* — 2x* + 2 has horizontal tangents
atx=0,1,and — 1.
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The corresponding points on the curve are (0,2) (1,1) and (- 1,1). See figure.
Qzramptle 43. A body hanging from a spring (fig.) is stretched 5 units beyond its rest position and

released at time ¢ = 0 to oscillate up and down. Its position at any later time £ is

s=5cost
What are its velocity and acceleration at time t ?
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o Rest position

5 Position at
t=0

GSotution We have
Position: s=5cost

ds d d
Velocity: v=— = —(§ H=5— H=-5sint
elocity: v 7 dt( cos f) a7 (cos f) sin

Acceleration: a = P i( -S5sinf) = Si(sin H=-5cost
dt dt dt

Qzample 44. A sudden change in acceleration is called a “jerk”. When a ride in a car or a bus is jerky.
It is not that the accelerations involved are necessarily large but that the changes in acceleration are

abrupt. Jerk is what spills your soft drink. The derivative responsible for jerk is d’s/df’.
Jerk is the derivative of acceleration. If a body’s position at time t is s = f(f), the body’s jerk at time ? is
da d’s
J S —

dt ar

Recent tests have shown that motion sickness comes from accelerations whose changes in magnitude or
direction take us by surprise. Keeping an eye on the road helps us to see the changes coming. A driver
is less likely to become sick than a passenger reading in the backseat.

(a) The jerk of the constant acceleration of gravity (g = 32 fi/sec?) is zero: j = %(g) =0

(b) The jerk of the simple harmonic motion in Example 2 is: j = % = %( —-5cos?)

It has its greatest magnitude when sin 7 = =1, not at the extremes of the displacement but at the origin,
where the acceleration changes direction and sign.

Qzramptle 45. A hot air balloon rising straight up from a level field is tracked by a range finder 500 ft
from the lift-off point. At the moment the range finder’s elevation angle is 7/4, the angle is increasing at
the rate of 0.14 rad/min. How fast is the balloon rising at the moment ?

Golution We answer the question in six steps.

Step 1: Draw a picture and name the variables and constants (Figure). The variables in the picture
are 0 = the angle the range finder makes with the ground (radians)

y = the height of the balloon (feet).
We let t represent time and assume 6 and y to be differentiable functions of .
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The one constant in the picture is the distance from the range finder to the lift-off point
(500 ft.) There is no need to give it a special symbol s.

Write down the additional

numerical information.

Z—? =0.14 rad/min when6=7x/4

Step 2:

Write down what we are asked to
find. We want dy/dt when 0 = 7/4.

Write an equation that relates the

variables y and 6. i
500

Step 3:

Step 4:
=tan 0, or

y =500 tan 0

Differentiate with respect to ¢
using the Chain Rule. The result

Step 5:

Range finder.

Ballon
do , b
a =0.14 rad / min e}
when 0 = %
dy _,
y| = =
dt
T
when 6 = —
96 ] 4

500 feet

tells how dy/dt (which we want) is related to db/dt (which we know).

& _

500 sec’ 0 a9
dt dt

Step 6:

Evaluate with 6 = /4 and db/dft = 0.14 to find dy/dt.

dy _ 2 - - T_
= soo(ﬁ) (0.14) = (1000) (0.14) = 140 (sec - V2)

At the moment in question, the balloon is rising at the rate of 140 ft./min.

Qrample 46. A police cruiser, approaching a right-angled intersection from the north, is chasing a
speeding car that has turned the corner and is now moving straight east. When the Cruiser is 0.6 mi
north of the intersection and the car is 0.8 mi to the east, the police determine with radar that the distance
between them and the car is increasing at 20 mph. If the cruiser is moving at 60 mph at the instant of

measurement, what is the speed of the car?
GSotution
basic strategy.

We carry out the steps of the

Step 1: Picture and variables. We
picture the car and cruiser
in the coordinate plane,
using the positive x-axis
as the eastbound highway
and the positive y-axis as
the northbound highway
(Figure). We let ¢ represent
time and set

dy
dt

x = position of car at time 7.

y = position of cruiser at time ¢,

=—60

4

Situations when
x=0.8,y=0.6

ds _
g =20

p—>x

s = distance between car and cruiser at time 7.

We assume x, y and s to be differentiable functions of ¢.
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x=0.8 mi, y=10.6mi, Q =— 60 mph s
dt

a 20 mph

dt

(dy/dt is negative because y is decreasing.)
Step 2: To find: &
dt
Step 3: How the variables are related: s* = x* + ) (Pythagorean Theorem)

(The equation s = /x* + y* would also work.)

Step 4:  Differentiate with respect to t. ZS% = Zx% + Zy% (Chain Rule)

Golf ) (8

dat S dat dat sz +y2 dat dat

Step S:  Evaluate, withx=0.8,y=0.6, dy/dt =— 60, ds/df = 20 , and solve for dx/dt.

20 = ;(O‘SQJF (06)(—60)): 20=08 & 362 & 20436 _4,
«/(0‘8)2 +(0.6)° dt dt dt 0.8
\‘\/-/

1
At the moment in question, the car’s speed is 70 mph.

4. INTEGRATION

In mathematics, for each mathematical operation, there has been defined an inverse operation.

For example- Inverse operation of addition is subtraction, inverse operation of multiplication
is division and inverse operation of square is square root. Similarly there is a inverse operation for
differentiation which is known as integration

Anti-derivatives or Indefinite Integrals

Definitions
A function F(x) is an anti-derivative of a function f{x) if F"(x) = f{(x) for all x in the domain of /. The set

of all anti-derivatives of f'is the indefinite integral of f'with respect to x, denoted by I f(x)dx .

The symbol I is an integral sign. The function fis the integrand of the integral and x is the variable

of integration.
For example f{x) = x’ then f'(x) = 3x
So the integral of 3x” is x°
Similarly if f(x) = x* + 4 then f(x) = 3x°
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So the integral of 3x”is x* + 4
there for general integral of 3x” is x* + ¢ where ¢ is a constant
One anti derivative F of a function f; the other anti derivatives of f differ from F by a constant. We
indicate this in integral notation in the following way:

[feod=F+C. )

The constant C is the constant of integration or arbitrary constant, Equation (1) is read, “The
indefinite integral of f with respect to x is F(x) + C.” When we find F(x) + C, we say that we have
integrated f'and evaluated the integral.

Qzample 47. Evaluate I 2x dx.
an anti derivative of 2x
Sotution IZxdx =x*+C -
the arbitrary constant
The formula x* + C generates all the anti derivatives of the function 2x. The function x* + 1, x* — 7, and

x*+ /2 are all anti derivatives of the function 2x, as you can check by differentiation.
Many of the indefinite integrals needed in scientific work are found by reversing derivative formulas.

Integral Formulas

Indefinite Integral Reversed Derivative Formula
n+l n+l
1. Ix"dx=x +C , n# -1, nrational i X =x
n+1 dx\n+1
Idx = Ildx= x+C (special case) i(x) =1

dx

2. jsinkxdx=-°°3'“+c i(—COSka=sinkx
dx

3. Icoskxdx=smkx+C i(smkx} = cos kx
dx

2 d 2

4. Isec'xdx=tanx+C —tanx =sec” x

dx
2 d )

5. Icsc‘xdx=—cotx+C — (—cotx)=csc’x
dx
d

6. Isecxtanxdx=secx+C - sec X = sec x tan x
d

7. Icosecxcotxdx=—cosec x+C E(—cscx)=cscxcotx

Qzampte 48. Examples based on above formulas:

6
@ Ixsdx = % +C Formula 1 withn =5
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®) j R j xVdx=2x"+C=2Jx+C Formula 1 withn =—1/2
Jx

©) Isin 2xdx =

@ J‘cosgdx = J‘cos%xdx=

Yzampte 49. Right

Reason :

Check

Wrong

Reason :

Check

Rules for Integration

—cos2x +C Formula 2 with k=2

sin(1/ 2)x
1/2

I xcosxdx=xsinx+cosx+C

+C = I2sin§+C Formula 3 with k = 1/2

The derivative of the right-hand side is the integrand:
d . . .
E(x sin x + cos x + C) =x cos x + sin x — sin x + 0 = x cos x.
I xcosxdx=xsinx+C
The derivative of the right-hand side is not the integrand:

d . .
E(xs1nx+C)=xcosx+s1nx+0;éxcosx‘

Rule No. 1: Constant Multiple Rule

A function is an anti derivative of a constant multiple & of a function f'if and only if it is k£ times an

antiderivative of f.

[lryde=k [ f(x)ax

Qzramptle 50. Rewriting the constant of integration
I 5 sec x tan x dx =5I sec x tan x dx Rule 1

=5(secx+C) Formula6
=5secx+5C First form
=5secx+C" Shorter form, where C’ is 5

=5secx+C  Usual form — no prime. Since 5 times an arbitrary
constant is an arbitrary constant, we rename C’.

What about all the different forms in Example? Each one gives all the antiderivatives of f{x) =5 sec
x tan x. so each answer is correct. But the least complicated of the three, and the usual choice, is

I Ssecxtanxdx=5secx+C.

Just as the Sum and Difference Rule for differentiation enables us to differentiate expressions term
by term, the Sum and Difference Rule for integration enables us to integrate expressions term by term.
When we do so, we combine the individual constants of integration into a single arbitrary constant at

the end.
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Rule No. 2: Sum and Difference Rule

A function is an antiderivative of a sum or difference f+ g if and only if it is the sum or difference of
an antiderivative of fan antiderivative of g.

(LG £ g(oyax] = [ f(x)dx £ [ g(x)dx
@zample 51. Term — by — term integration

Evaluate: I (*—2x+5)dx.
GSolution

If we recognize that (x*/3) — x* + 5x is an antiderivative of x* — 2x + 5, we can evaluate
the integral as

anti derivative arbitrary constant

3
ItS —2x+5)a§c=%—x3+5x+c

If we do not recognize the antiderivative right away, we can generate it term by term with the sum
and difference Rule:

j(x2-2x+5)dx Ixzdx—IZxdx+ jsdx

x3

3 +C ¥ +C,+5x+C,.

This formula is more complicated than it needs to be. If we combine C,,C, and C, into a single
constant C =C, + C, + C,, the formula simplifies to

3
x?—x2+5x+C

and still gives all the antiderivatives there are. For this reason we recommend that you go right to the
final form even if you elect to integrate term by term. Write

I(xz -2x+5)dx = Ixzdx - IZxdx + Ide = %3 -x*+5x+C.

Find the simplest antiderivative, you can for each part add the constant at the end.

Qrampte 52. We can sometimes use trigonometric identities to transform integrals, we do not know

how to evaluate into integrals we do know how to evaluate. The integral formulas for sin® x and cos” x
arise frequently in applications.

@ Isinz xdx

Il—cos2xdx

. g 1-cos2x
sin“x= ————
2

2

%I(l—cost)dx = %J‘dx—% ICOSZXdX

1 1) sin2x x  sin2x
=_x |- +C == -
2 2 2 2

+C
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1+cos2x 1+cos2x
cos’xdx= | ———dx cos’x= ————
® | [— ;
= % + 3 2x +C Asin part (a), but with a sign change
Qrample 53. Find a body velocity from its acceleration and initial velocity. The acceleration of gravity

near the surface of the earth is 9.8 m/sec’. This means that the velocity v of a body falling freely in a

vacuum changes at the rate of 2—‘; = 9.8 m/sec’. If the body is dropped from rest, what will its velocity

be ¢ seconds after it is released?
Solution In mathematical terms, we want to solve the initial value problem that consists of

The differential condition: 6;—‘; =98

The initial condition: v =0 when ¢ = 0 ( abbreviated as v (0) =0)
We first solve the differential equation by integrating both sides with respect to t:

6;—‘; =9.8 The differential equation

i—:dt = J‘9‘8dt Integrate with respect to ¢.

v+ C, =98¢+ C, Integralsevaluated
v =98¢+ C. Constants combined as one

This last equation tells us that the body’s velocity ¢ seconds into the fall is 9.8¢ + C m/sec.
For value of C: What value? We find out from the initial condition:

v =98t+C
0 =98(0)+C v (0)=0
C =0.

Conclusion: The body’s velocity ¢ seconds into the fall is
v =98r+0=9.8¢fm/sec.

The indefinite integral F(x) + C of the function f{x) gives the general solution y = F(x) + C of the
differential equation dy/dx = f(x). The general solution gives all the solutions of the equation ( there
are infinitely many, one for each value of C). We solve the differential equation by finding its general
solution. We then solve the initial value problem by finding the particular solution that satisfies the
initial condition y(x,) =y, (y has the value y, when x = x_.).

Rule No. 3: Rule of Substitution

J' F(g(x)*g'(x)dx = J‘ f)du 1. Substitute u = g(x), du = g'(x) dx.

=Fu) + C 2. Evaluate by finding an antiderivative F
(u) of f{u). (any one will do.)
=F(gx) +C 3. Replace u by g(x).
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Yzampte 56.

Yzampte 57.
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Evaluate I(x +2)°dx

We can put the integral in the form

Iu"du
by substituting
U =x+2, du =d(x+2)=%(x+2)‘dx
= l.dx = d&x.
Then I(x+ 2)’dx = IuSdu u =x+2, du=dx
6
= % +C Integrate, using rule no. 3 withn =15.
6
AN +C. Replace u by x + 2.

Evaluate J‘\/l+y2 2ydy = Iu”zdu Letu=1+)" du=2yady.

Ly D+
=— Integrate, using rule no. 3 with n = 1/2.
1/2)+1
2 3/2 .
= gu +C Simpler form
2 2N\3/2 2
=§(1+y) +C Replace u by 1 +y".

Evaluate I\/4t ~ldt = Iu”z -idu Letu=4t-1,du=4dt, (1/4)du = dt.

1 . . . .
= Zju” 2du With the 1/4 out front, the integral is now in
standard form.
1 u3/2
=_ +C Replace u by 1 + )~
4 3/2 P yiry
= éuy P+ C Simpler form
1
= g(4t - +C Replace u by 47— 1.

Evaluate j cos (70 +5)do = j cosu %du Letu =760 +5, du=7d0, (1/7) du = do.

= %Icosudu With (1/7) out front, the integral is now in standard form,
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sinu +C Integrate with respect to u.

N€N = -

sin (70 + 5)+ C Replace u by 76 + 5.

Qzample 58. Evaluate Ixz sin(x)’dx = Isin(x)3 o x* dx

= Isinu . édu Letu = x°, du = 3x*dx, (1/3) du = x*dx.
L
= gjs1nu u
= %( —cosu)+C Integrate with respect to u.
=_ %cos(x3) +C Replace u by x°.
Usampte 59. j ! de=jsec2 20 do sec 20 = —
cos® 20 cos26
= [sec’us %du Let u = 20, du = 249, dO = (1/2)du.
— 1 2 d
=5 Isec u du
= % tanu +C Integrate, using eq. (4).
= %tan 20+C Replace u by 26.
Check: a (ltan26+CJ 1.4 (tan 20) + 0
do \2 2 dé
1 2 d .
= —e |sec 260-—260 Chain Rule
2 deo
—Liec?2002= i
2 cos” 20

Gsamate 60. [(x* +2x-3)’ (x+1)a§c=ju2%du
Letu=x"+2x—3, du=2xdx +2dx=2(x+ dx, (1/2)du= (x+ 1) dx.

w+C Integrate with respect to u.
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= é o +2x-3y°+C Replace u.
Yzample 61. Isin" tcostdt = Iu"du Letu=sint, du=cost dt.
uS
= 5 +C Integrate with respect to u.
sin’ ¢t

+C Replace u.

The success of the substitution method depends on finding a substitution that will change an integral
we cannot evaluate directly into one that we can. If the first substitution fails, we can try to simplify the
integrand further with an additional substitution or two.

2zdz
Gzampte 62. Evaluate: [——
3/.2
Jz' +1
We can use the substitution method of integration as exploratory tool: substitute for the most troublesome
part of the integrand and see how things work out. For the integral here, we might try u = 2 + 1 or we
might even press our luck and take u to be the entire cube root. Here is what happens in each case.

Gotution 1.  Substitute u =2* + 1. I 22dz _ J‘% Letu=2"+1, du=2zdz.
Jz* +1 u

= Iu'” *du In the form fu"du
u2/3

= +C Integrate with respect to u.
2/3

_ §u2/3+ C
2
3 2 2/3 2

=E(Z +1)*+C Replaceu by z* + 1.

Gotution 2.  Substitute u = 3z° +1 instead.
_[ 2zdz I3u2du
u

Jz* +1

Letu= /z* +1, w=2"+1,3u* du = 2zdz
=3 -Iudu
u2
=3 Y +C Integrate with respect to u.

%(z2 +1)*+C Replace u by (Z* + 1)'?
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Definite Integration or Integration with Limits

Upper limit of integration—w 5

Integral sign_>.[ f(x)dx
Lower Limit of integration —» 2
Integral of ffrom a to b

[rxac=[g@] =g®)-g@

where g(x) is the antiderivative of f{x) i.e. g'(x) = f(x)

The function is the integrand.

x is the variable of integration

Usampte 63. j3asc = 3jarx=3[x]_“1 =3[4-(-D]=B3)G)=15

nl2

Application of Definite Integral: Calculation of
Area of a Curve

From graph shown in figure if we divide whole area in infinitely small strips

of dx width.
We take a strip at x positon of dx width.
Small area of this strip d4 = f{x) dx

J‘sinxdx=[—cosx](’)”2 = —cos(%)+cos(0) =-0+1=1
0

y=r

—;Ndﬂd— b

b

So, the total area between the curve and x-axis = sum of area of all strips = I f(x)dx

a

X
>
>

Let f{x) = 0 be continuous on [a,b]. The area of the region between the graph of fand the x-axis is

A= [[(x)ds

Qzamptle 64. Using an area to evaluate a definite integral

Evaluate jbxdx 0<a<b.

a

Sotution We sketch the region under the curve y =x, a <x <b
(figure) and see that it is a trapezoid with height (b — a) and bases a and
b. The value of the integral is the area of this trapezoid:

2 2
bedx — b-a) a+b _b° a

2 2 2

Thus J‘lﬁxdx =7 - BN =2 and so on.

Notice that x*/2 is an antiderivative of x, further evidence of a
connection between antiderivatives and summation.

y
b——
y=x
b
a—
a
o) a b
Kk—a-b —

The region in Example
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® EXERCISES

Q.1 Find % for (Assume q, b, p, q as constants)

10. y= (x+lJ
X

2. y=x"

5. y=43x

8 y=a

1 y= Jrse
X

NP

Q.2 Find the following integrals. (Assume a, b as constants)

1. I3x7dx

do
4, j?

dx
E J‘ax+b

10. j el

<z ANSWER KEY

Q1 1 -

10.

dx
2. Iﬁ
5 I(x”2+x‘”2)dx
8 [Jax+bdx

11. j(e“' —e™)dx

1
2. ——
2/x
5. 4
33Yx?
8. pax’
n -t
2\/; 2x3/_
2. 2\/;+C
2

5. gx“ +2x" +C

8. i(ax +b)? +C
3a

1, £ ¢
a

12. y=(x2+1)(§+lJ

3. j(x3—5x2+7x—11)dx

1

6. sz/ﬁ

9. j(ax+b)2dx

dx

3. —3x*

6. 2pgx*®!

18 1
- ?xsls

12. %(3x2+4x+ §)

4
3. x——§x3+1x2—11x+C
4 3 2
-1
6. —x'*4C
V2

9. L(ax+b)3 +C
3a
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5. VECTOR
In physics we deal with two type of physical quantity one is scalar and other is vector. Each scalar
quantities has magnitude and unit.

For example mass = 4kg

Magnitude of mass = 4

and unit of mass = kg

Example of scalar quantities: mass, speed, distance etc.

Scalar quantities can be added, subtracted and multiplied by simple laws of algebra.

Definition of Vector

If a physical quantity in addition to magnitude -
(a) has a specified direction.

(b) obeys the law of parallelogram of addition, then and then only it is said to be a vector. If any of
the above conditions is not satisfied the physical quantity cannot be a vector.

If a physical quantity is a vector it has a direction, but the converse may or may not be true,
i.e. if a physical quantity has a direction, it may or may not a be vector. e.g. time, pressure,
surface tension or current etc. have directions but are not vectors because they do not obey
parallelogram law of addition.

The magnitude of a vector (.2) is the absolute value of a vector and is indicated by
|A|orA.
Example of vector quantity: Displacement, velocity, acceleration, force etc.

Representation of Vector

Geometrically, the vector is represented by a line with an arrow indicating the direction of vector as

Mathematically, vector i sented by A Tail > H
athematically, vector is repre Y Longth ead

Sometimes it is represented by bold letter 4. (magnitude)

f;- Important Points

o Ifavector is displaced parallel to itself it does not change (see Figure)
c .
A=B=C
i B Transition of a vector
/ / parallel to itself
e Ifavector is rotated through an angle other than multiple of 27 (or 360°) it changes (see Figure).

-

B
7SN
EY:

Rotation of a vector
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o Ifthe frame of reference is translated or rotated the vector does not change
(though its components may change). (see Figure).

o Two vectors are called equal if their magnitudes and directions are same,
and they represent values of same physical quantity.

moving frame

e Angle between two vectors means smaller B B
of the two angles between the vectors when *\\
they are placed tail to tail by displacing .
either of the vectors parallel to itself (i.e. 0 7 6 ________ o 9
0<0<m). A
Unit Vector
Unit vector is a vector which has a unit magnitude and points in a particular direction. #
Any vector (4 ) can be written as the product of unit vector (A ) in that direction and j‘ A
magnitude of the given vector. £ : X
k
- Z

A=|A|Aor1a=

E|h;1

A unit vector has no dimensions and unit. Unit vectors along the positive x-, y- and z-axes of a

rectangular coordinate system are denoted by 7, j and k respectively such that |f | = |j| =|k|=1

Qzampte 65. Three vectors A, B, C are shown in the figure. Find angle between (i) 4 and B, (ii)
B and C, (iii) 4 and C.

-
ﬁ{f
0
3 X X X
_X30° _X45"
B C

Solution To find the angle between two vectors we connect the tails of the two vectors. We can
shift B such that tails of A4, B and C are connected as shown in figure.

y

Now we can casily observe that angle between A and B is60°, B and C is 15° and between A and C is 75°.
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Qzample 66. A unit vector along East is defined as 7 . A force of 10° dynes acts west wards. Represent

the force in terms of 7 .
Sotution F =-10°i dynes

Multiplication of a Vector by a Scalar

Multiplying a vector A witha positive number A gives a vector B (= A A ) whose magnitude is changed by
the factor A but the direction is the same as that of A . Multiplying a vector A by a negative number A gives

avector B whose direction is opposite to the direction of A and whose magnitude is — A times | Z| .

Qzampte 67. A physical quantity (m = 3kg) is multiplied by a vector @ such that F =ma . Find the
magnitude and direction of F if
(i) a =3m/s’ East wards
(i) @ =-4m/s’North wards
Sotution () F=ma =3 x3ms *East wards =9 N East wards
(i) F =ma =3 x (- 4) N North wards
=— 12N North wards = 12 N South wards

Addition of Vectors

Addition of vectors is done by parallelogram law or its corallary, the triangle law:

(a) Parallelogram law of addition of vectors: If two vectors 4 and B are represented by two

adjacent sides of a parallelogram both pointing outwards (and their tails coinciding) as shown.
Then the diagonal drawn through the intersection of the two vectors represents the resultant
(i.e., vector sum of 4 and B ).

R= A% +B* +24Bcosf
The direction of resultant vector R from A is given by
CE _  Bsinf
AE A+ Bcosf

—tan'l( Bsin@ J
¢ A+ Bcos6

(b) Triangle law of addition of vectors: To fo N
add two vectors 4 and B shift any of the ¢ D
->
two vectors parallel to itself until the tail R B
of B is at the head of A. The sum A + T B ',:5
B is a vector R drawn from the tail of .3 > Y1
- ~ - = = +B=R > > > > >
A tothe head of B,ie., A + B = R. R=A+B+C+E

As the figure formed is a triangle, this
method is called  triangle method’ of addition of vectors.
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If the ‘triangle method’ is extended to add any number of vectors in one operation as shown.
Then the figure formed is a poly gon and hence the name Polygon Law of addition of vectors is
given to such type of addition.

<2 IMPORTANT POINTS

e Toavector only a vector of same type can be added that represents the same physical quantity
and the resultant is a vector of the same type.

e AsR=[A+B*+24B cosP]"* so R will be maximum when, cos 6 =max =1, ie., 0 =0° ie.
vectors are like or paralleland R, =4 + B.

e  The resultant will be minimum if, cos 6 = min = -1, i.e., 6 = 180°, i.e. vectors are antiparallel and
R, =A~B.
e If the vectors A and B are orthogonal, i.c., 0 = 90°, R = VA* + B

e As previously mentioned that the resultant of two vectors can have any value from (4 ~ B) to
(4 + B) depending on the angle between them and the magnitude of resultant decreases as 6
increases 0° to 180°

e  Minimum number of unequal coplanar vectors whose sum can be zero is three.

e The resultant of three non-coplanar vectors can never be zero, or minimum number of non
coplanar vectors whose sum can be zero is four.

e Subtraction of a vector from a vector is the addition of negative vector, i.c.,
A-B=A4+(B)
(a) From figure it is clear that A-B is equal to addition of A with reverse of B

/

> . 3 A0

z B = vw-e
> > _'B>

A-B

|A—B| = [(4)* + (B + 24B cos (180° — 0)]"*

|A-B| = 4* + B* —24B cos6

(b) Change in a vector physical quantity means subtraction of initial vector from the final vector.
Qzample 68.  Find the resultant of two forces each having magnitude F,, and angle between them is 6.

2 FRzesultant = F;)z + F;)z + ZF;)Z cos O
=2F} (1+cos0)
=2F (1+2cos2§—1)

=2F} XZcoszg
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F =2F, cos %

resultant

@Qzampte 69. Two non zero vectors A and B are such thatl.i + B|=| A - B|. Find angle betwen
4 and B?
Sotution | i + B|=|A-B| = A +B*+24Bcos®=A>+B"—24B cos 0

= 44Bcos6=0 = cosH=0 = 9=%
Qzample 70. The resultant of two velocity vectors A and B is perpendicular to A. Magnitude of
Resultant R is equal to half magnitude of B . Find the angle between A and B ?
Golution Since R is perpendicular to A. Figure shows the three vectors A, B and R.

>

angle between A and B is 71— 0

snp=R_B _1
2B 2 & 5
= 6=30° = angle between 4 and B is 150°.
QYrample 71, If the sum of two unit vectors is also a unit vector. Find the > 6
magnitude of their difference? A
Golution Let A and B are the given unit vectors and R is their resultant then
IR|=]4 + B

1= (A +(B) +2| A|| B| cosd

1=14+14+2cos® = cosO=-—

N | =

|4 - Bl= (4 +(B)* -2| 4| B| cosb = \/1+1—2x1x1(—§) =3

Resolution of Vectors

If G and b be any two nonzero vectors in a plane with different directions and A be another vector in
the same plane. A can be expressed as a sum of two vectors - one obtained by multiplying @ by a real
number and the other obtained by multiplying b by another real number.
A=X\a +pb (where A and p are real numbers)

We say that A has been resolved into two component vectors namely Ad VB\ >
and wb —

A a and p b along a and b respectively. Hence one can resolve a given a ra
vector into two component vectors along a set of two vectors — all the three lie in the same plane.
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Resolution along Rectangular Component
It is convenient to resolve a general vector along axes of a rectangular coordinate system using vectors
of unit magnitude, which we call as unit vectors. i ,f, k are unit vector along x,y and z-axis as shown in

figure below:

<

Y
v
x

Resolution in Two Dimension

Consider a vector A that lies in xy plane as shown in
figure,

A =4+ 4,
A=Ai A=A4] = A=Ai+A]

The quantities 4, and 4, are called x- and y-components A, = Acos 0
of the vector A4 . A, isitself nota vector but 4.7 isa vector

A1 =AX;:

and so is Ay]\
A =Acos 6

A,=AcosOandA,=4sin6

Its clear from above equation that a component of a vector can be positive, negative or zero
depending on the value of 6. A vector A can be specified in a plane by two ways:

(a) its magnitude 4 and the direction 6 it makes with the x-axis; or

A
(b) its components A, and 4,4 = A} + A} ,0=tan" A—y

R

<2 NOTE y“
IfA=A4,=A,=0andifA=4,= A4, =0ie.

components of a vector perpendicular to itself is always zero.

The rectangular components of each vector and those of the

sum C = A + B are shown in figure. We saw that

C=A+Bis equivalent to both
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C.=A +B,
and C,=4,+B,
Resolution in Three Dimensions

A vector A in components along x-, y- and z-axis can be written as:
D> _ D D> > >, >
OP OB BP OC  C(CB BP

A=A, +A, +A4, =4 +A4 + 4,

=Aj+Aj+Ak

A= A+ 4 + & /
A,=Acoso, A,=Acos B, A, =Acosy > c
where cos o, cos P and cos y are termed as Direction Cosines of a given vector 4 .

cos’a +cos’ Pp+cos’y=1

Qrampte 72. A mass of 2 kg lies on an inclined plane as
shown in figure. Resolve its weight along and perpendicular to

the plane. (Assume g = 10 m/s?)
Golution Component along the plane
=20sin30=10N
component perpendicular to the plane
=20c0s30=103N
Qzample 73. A vector makes an angle of 30° with the horizontal. If horizontal component of the vector
is 250. Find magnitude of vector and its vertical component?

Golution Let vector is 4

A, = A cos30° =250 = ﬁ - 4=
2 3
A4,= A4 sin30" = %, 129
525
Qrampte 14, A =1 +2] -3 k, when a vector B is added to 4, we get a unit vector along x-axis.

Find the value of B ? Also find its magnitude
g,m A+
B=i-Ad=i-(+2]-3k)=-2] +3k

= 1B|= J@ +3? =13

Qzampte 75. In the above question find a unit vector along B ?
27 +3k

Vi3

A

=1

[~ -T)

Golution B:%:
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Qzamptle 76. Vector A, B and C have magnitude 5, 542 and 5 Norin

respectively, direction of A, B and C are towards east, North-East and

o
[es]]

North respectively. If / and ] are unit vectors along East and North

. 1 '3 ~ > - 1 E
respectively. Express the sum 4 + B + C interms of i, j. Also Find ast

)>4 v

magnitude and direction of the resultant.

Soluton 4 - 5] C =5]
B =52 cos457 +5+/2 sin45 ] =5 +5)
A+B+C=5+5{+5]+5] =10 +10

A+ B + C|= 10 +10) =102

tan © = % =1 = 0=45°from East

Qzampte 77. You walk 3 Km west and then 4 Km headed 60° north of east. Find your resultant
displacement

(a) graphically and N

(b) using vector components.
Golution Picture the Problem: The triangle formed by the
three vectors is not a right triangle, so the magnitudes of the
vectors are not related by the Pythagorean theorem. We find the

resultant graphically by drawing each of the displacements to
scale and measuring the resultant displacement.

N
S
ol

W {0 _ 0 £
A
cm

(a) If we draw the first displacement vector 3 cm long and
the second one 4 cm long, we find the resultant vector 3
to be about 3.5 cm long. Thus the magnitude of the
resultant displacement is 3.5 Km. The angle 6 made between the resultant displacement and
the west direction can then be measured with a protractor. It is about 75°.

S

®)
1. Let A be the first displacement and choose the x-axis to be in the casterly direction.
Compute 4 and 4,4, =-3,4,=0

2. Similarly, compute the componets of the second displacement B , B,=4cos60°=2,B, =
4 sin 60° = 243
3. The components of the resultant displacement C = A + B are found by addition,
C=(B+2)i +2B3)j =-1 + 23]
4. The Pythagorean theorem gives the magnitude of C .

C= 12+(2\/§)2=\/l—=3‘6
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5. The ratio of C, to C, gives the tangent of the angle 6 between C and the x axis.

23

tan O = — =0=-74°
Remark: Since the displacement (which is a vector) was asked for, the answer must include either the
magnitude and direction, or both components. in (b) we could have stopped at step 3 because the x and y
components completely define the displacement vector. We converted to the magnitude and direction to
compare with the answer to part (a). Note that in step 5 of (b), a calculator gives the angle as — 74°. But
the calculator can’t distinguish whether the x or y components is negative. We noted on the figure that
the resultant displacement makes an angle of about 75° with the negative x axis and an angle of about
105° with the positive x axis. This agrees with the results in (a) within the accuracy of our measurement.

5.6 MULTIPLICATION OF VECTORS

The Scalar Product
- - - - B
The scalar product or dot product of any two vectors A and B, denotedas A.B
(read A dot B) is defined as the product of their magnitude with cosine of angle 0
between them. Thus, 4. B = AB cos 0 {here 6 is the angle between the vectors}
A

¢2 PROPERTIES

o Itis always a scalar which is positive if angle between the vectors is acute
(i.e. <90°) and negative if angle between them is obtuse (i.e. 90° <6 < 180°)

e Itis commutative,ie., A.B = B.A

e Itis distributive,ic. 4. (B +C)=A.B+ A.C
o). i =g -1 IZ‘ B
o As by definition A.B = AB cos 6. The angle between the vectors 6 = cos T3
e A.B=A(Bcos6)=B(Acos6)
e Geometrically, B cos 0 is the projection of B onto A and A cos 0 is the projection of A onto

B as shown. So A. B is the product of the magnitude of A and the component of B along A4
and vice versa.

b

A " —Bcost*—A
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N
>

Component of B along A =Bcosd = T =A.B
. . AB - -
Component of A along B =A cosb = 5 =A.B

e  Scalar product of two vectors will be maximum when cos 6 =max=1,i.e.,0=0°
i.e., vectors are parallel =(A4.B),,, =AB
e Ifthe scalar product of two nonzero vectors vanishes then the vectors are perpendicular.
o  The scalar product of a vector by itself is termed as self dot product and is given by
(2)2= A.A=Adcoso=4> = A= \/E‘E

e In case of unit vector 7,

>

A

n.n=1xlxcos0°=1 = n.n=i.i =

Pl

A
A A

k=1
e In case of orthogonal unit vectors 7 , j and k; i . k=

Jk=k.i=0

o AB=(A+JA+kA) (iB+ B +kB)=[4B,+AB,+AB]

> -

Qzampte 78. Ifthe Vectors P =ai +aj +3 k and O=ai -2] - k are perpendicular to each other.
Find the value of a?
Golution If vectors P and Q are perpendicular

= P-0=0 = (af +aj +3k). (afi =2] -k)=0
= @-2a-3=0 = a'-3a+a-3=0
= a@a-3)+1(a-3)=0 = a=-13

Qzampte 79. Find the component of 37 +4 j along i + J ?

Golution Componant of A along B is given by T hence required component

_@i+4p-a+p _ 7

V2 2
Qzampte 80. Find angle between A =37 +4j and B =127 +5 7
A-B _ (3i+4))-(120 +5))

AB 3?1 4°\12% +5

Sotlution We have cos 6 =

36+20 _ 56
0s 0= =—
5x13 65

- 56

O0=cos  —
65
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Vector Product
The vector product or cross product of any two vectors 4 and B, denoted as A x B (read A cross B) is
defined as:
A x B=ABsin6 A
Here 0 is the angle between the vectors and the direction # is given by the right-hand-thumb rule.

: —-> > >

Right-Hand-Thumb Rule AV=AxB

To find the direction of 7, draw the two vectors A and B with both the tails _Sb
c01nc1d1ng Now place your stretched right palm perpendlcular to the plane of -
A and B insucha way that the fingers are along the vector A and when the fingers B
are closed they go towards B . The direction of the thumb gives the direction of # . 0

—-»
¢# PROPERTIES A

e Vector product of two vectors is always a vector perpendicular to the plane containing the two
vectors i.e. orthogonal to both the vectors 4 and B, though the vectors A and B may or may

not be orthogonal.

e Vector product of two vectors is not commutative i.e. AxB # BxA.
But ‘EXE‘ = ‘Bxﬁ‘ =ABsin 6
The vector product is distributive when the order of the vectors is strictly maintained i.c.
Ax(E+6) = AxB + AxC.
The magnitude of vector product of two vectors will be maximum when sind =max =1, i.e,, 6 =90°
| Ax B | e =
i.e., magnitude of vector product is maximum if the vectors are orthogonal.

The magnitude of vector product of two non — zero vectors will be minimum when |sinf| = minimum
=0,i.e.,

0 =0°or 180° and | Ax B lin=0 1i.e., if the vector product of two non — zero vectors vanishes, the
vectors are collinear.
The self cross product i.e. product of a vector by itself vanishes i.c. is a null vector.
AxA =AAsin0° h =0.
In case of unit vector /i, A x A =0 = fxf=j‘><]‘=l§><l€ =0

In case of orthogonal unit vectors 7, j and k in accordance with right-hand-thumb-rule,

A

jxl‘;:f Iéxi=j‘
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T >
J J v\
r r
. \\J‘
k
(A) (B)
ik
In terms of components, A x B = | 4, 4, 4
B, B, B

AxB=1i(AB,—AB)+](AB,—AB)+k(4,B,-A4B,)

¢ SoLveo ExampLEs
Qzampte 81. A is Eastwards and B is downwards. Find the direction of A x B ?
Sotution Applying right hand thumb rule we find that 4 x B is along North.
Qrample 82. If A - B =|A x B, find angle between 4 and B
Gotution 4. B =|4 x B|ABcosO=ABsinOtanO=1 = 0=45°

Qzampte 83. Two vectors A and B are inclined to each other at an anlge 6. Find a unit vector which

is perpendicular to both 4 and B

Ax B
ABsin6
Qsampte 83. Find A x Bif A=1 2] +4k and B =27 - ] +2k.

here 7 is perpendicular toboth A and B .

S>

Gotlution Ax B=ABsin0 i =

i
Gotution [ x B =1 2 4 =i(-4-(-4)-] Q-1+ k(-1-(-6) =10] +5Fk
3

¢ SoLveo MiSCELLANEOUS PROBLEMS
1 Find the value of

(@) sin(-96) (b) cos(-6)
© tan(-0) @ cos(Z-~0)
© sin(% +0) ® cos (% +0)

(g) sin(n-0) (h) cos(m—06)
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. . 37 . 3z
(i) sin (7 -0) () cos (7 -0)
. 3z 3z
(k) sin(— +06) (I cos(— +96)
2 2
z z
(m) tan(; -6) () cot(; -6)
Sol.
(@) -sin® (b) cos O
(¢) —tanO (d) sin6
(¢) cosO () -sin6
(g) sin0 (h) —coso
i) -cosO () -sin6
(k) —cosb () sinb

(m) cotb (n) tan6
2 (1) For what value of m the vector A=2i+ 3] —6k is perpendicularto B =37 —m | + 6k

(i) Find the components of vector A4 =27 + 3] along the direction of i + J ?
Sol. (i) m=-10
(i)

i

3 (i) A isNorth—Eastand B is downwards, find the directionof 4 x B .
(i) Find B x Aif 4 =37 -2 +6kand B=17 -] +Fk.
Sol. (i) North - West.
(i) —47 -3] +k
Comprehension Questions

i and j are unit vectors along x — and y — axis respectively.
1. What is the magnitude and direction of the vectors 7 + J ?
2. What is the magnitude and direction of the vectors i-j9
3. What are the components of a vector A =2 +3] along the directions of 7 + j and i — ] ?
Ans. (1) V2 450 with the x — axis ;
(2) v/2, — 450 with the x — axis,
3) 5/V2,-1/42)
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Comprehension Questions

IfS=ut+ %at2

Where ; Sisdisplacement, u - initial velocity (constant), v - final velocity, a - acceleration(constant)
& t - time taken then -

S=ut+ lat2
2
1. Differentiation of ‘S” w.r.t. ‘¢’ will be -
(A) u+a7t B) u+at
ut*  at’
C) u+2at D) — + —
© D) 5 o

Sol. S=ut+ %at2

ds 1

u=—=uy(D+ —a@)=u+at. Ans. (B
& @ 5 29 [ B)]

2. Differentiation of above result w.r.t. ‘t’ will be -

(A) a B) uta

© u (D) none

du

Sol. o =0+a(l)=a. [Ans. (A)]

Comprehension Questions
If a function is written as:
¥, = sin(4x”) & another function is y, = In(x’) then:

1. P yillbe:
e

(A) 8x cos (4x%) (B) cos (4x%) (C) —cos(4x?) (D) — 8x cos(4x?)

Sol. % = cos(4x?).8x = 8x cos(4x?). [Ans. (A)]
2, Dy will be Dy
dx dx
@ L ® 2 © % ® >
x x x x
Sol. y, = (nx’ Dy _ %‘(3{) -3 [Ans. (B)]
dx x x
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3. i(ﬂJ will be
dx\ y,

3
2
8xcos(4x”) — " n(x®) - sin 4x>

A B
* [tn(x*))* ® [£n(x*)])*
8x/n(x*)cos(4x*) — ésin(4x2)
© o) X (D) none
[¢n(x7)]
o, 2 _ S0
Y, ln(x”)

1
tn(x’ 4x%).8x | —| = .3x* |.sin4x’
d (&J n(x )[cos( x7) x:l [x3 X }sm X
y [tnx’]?
8x Lnx® cos(4x™) — ésin(4x2)
x

- s ‘ [Ans. (C)]

Comprehension Questions

If a= (3£ + 2t + 1)m/s” is the expression according to which the acceleration of a particle varies. Then -

1. The expression for instantaneous velocity at any time ‘t” will be (if the particle was initially at
rest) -

A £+2t+1 B) P+t+1 ©) P+P+t D) £+Ff+t+C
Sol. a=3F+2t+1

jdv = j3t2 +2t+1)adt
0 0

v=>L4E+t [Ans. (C)]
2. The change in velocity after 3 seconds of its start is:
(A) 30m/s B) 39m/s (©) 3m/s D) 20m/s

Sol. V(1-0)=0
Vies= (3P + (3P +3

=27+9+3
=39
AV =39 -0=39m/s’ [Ans. (B)]
3. Find displacement of the particle after 2 seconds of start -
(A) 26m (B)26/3m ©)30/7m D) 26/7m

2
Sol. J‘:dS =@+ +nyt
0
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S=4+ 8, 2
3
5= 12384626 [Ans. (B)]
3 3
Comprehension Questions
If charge flown through a wire is given by ¢ = 3 sin (3¢) then
1. Find out the amount of charge flown through the wire at ¢ = (%J seconds.
r
t = -
£)
(A) 3 coulombs (B) 6 coulombs (C) 1coulomb (D) Zero coulomb
Sol. q =3 sin 3¢
q=2sin3 x % = 3 coluombs [Ans. (A)]
2. Find out the current flown through the wire at ¢ = % second.
r
t: i
9
(A) 4.5Amp B) 453 Amp (C) ~/3/2 Amp (D) 9 Amp.
Sol. i= Y _ 5,5 cos@3)= i|_» =9 cos (3‘1J =9 cos (ZJ =24 [Ans. (A)]
dt ) 9 3 2
3. Find out the area under / — ¢ curve from ¢ = % totr= % seconds:
2-3 2+3 2-3 2+3
@A 3|—— ®) 3 © |—— ®)
2 2 2 2
[Ans. (A)]
Comprehension Questions
Velocity of a particle varies as -
v=2¢f -3¢ inkm/hr
If; t =0 is taken at 12:00 noon
1. Find the expression for the acceleration of the particle.
(A) 3£+3t B) 6t(t-1) (C) 6 + 3t (D) none

Sol. v=27/-37F
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dav

a=;=6t2—6t = =6t(t-1) [Ans. (B)]
2. Find the time between 12:00 noon and 1:00 pm at which speed is maximum.
(A) 12:00 noon B) 1:00 pm (C) 11:00 am D) 2:00 pm
[Ans. (B)]
3. The time at which speed of the particle is minimum.
(A) 12:00 noon B) 1:00 pm (C) 11:00 am D) 2:00 pm
Sol. v=2£ -3¢
dv
— =a=06r(-1
& -1
ﬂ = 0
dt
t=0, 1 sec.
d—zv =12t-6 > d—zv =-6 [Ans. (A)]
dr* ) )
4. What is the velocity of the particle at 12:00 noon?
(A) 0.5 km/hr B) zero (©) 1 km/hr (D) 2 km/hr
Sol. v=2£-3f=t=0v=0 [Ans. (B)]

Comprehension Questions

Two vectors A and B of unknown magnitudes along E & D (as shown below) respectively:

E
1.—)/D

Then (4 — B) could be -

@A) / ®) © /

Sol. Angle between A and B is fixed and is an acute angle. Let it be 0.

Bsin6
tanq) = —_—-
A— Bcosé
Depending on values of A & B, ¢ can vary between O to ©. [Ans. (A), (B), (D)]

2. A+ B could be:

(A) \ (B*) / © D) /
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Sol. tan¢ = Lw
A+ Bcosé
¢ will vary between 0 to 6.
3. Angle between A and B is
(A) obtuse
(B) Acute
(C) obtuse or acute depending upon there magnitudes
(D) none
Sol. Angle between A x B is acute. [Ans. (B)]
4. If C is another vector represented as then (A— B +C) could be
@w (B) Nullvector (C) <— D)
Sol. All the options are possible. [Ans. (A), (B), (O), (D)]
Comprehension Questions
- R y
Position vector A4 is 27
Position vector B is3) X
i ,JA‘,I:! are along the shown x,y and z axes: z
1. Geometrical representation of A is
Sol. A4 =27
— [Ans. (A)]
A
2. Geometrical representation of B is:
A) Twis B) } units O 5o — D) /:ﬁts
Sol. B =3j |sus [Ans. (B)]

3. —4A4 can be represented as
N B) “Fms ©) 4 D) 4
Sol. —44 =8 <gom— [Ans. (B)]
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Comprehension Questions

There are two vectors A & B , the x and y components of vector A are 4 m and 6 m respectively. The
x, y components of vector A+B are 10mand9m respectively. Find:

1. The magnitude of B. B
Ans. /45
Sol. A=4i+6j
A+B=10i +9]
B=(A+B)-B
=10/ +9/-4i—-6] = 6i+3]
|Bl=V6"+3* = 45

2. Angle between B and X-axis.

Ans. tan '~
2
= . (3 (1
Sol. Angle between B & x — axis = tan s = tan 5
3. Angle between (A+B) & B
Ans. cos ™' —2_
905
Sol. coso = ( -t BZ‘B I .
|A+B| V905
4. Unit vector along A4
Ans. 2i +3j
J13

A _4i+6] _ 20+3j

Sol. Unit vector along 4 =

|4l 52 Vi3
Match the following:
1 Match the following columns:
(@ sin37° ® —%

() cos127° «Q %

() tan307° ®) —%



(d) cos307° S)

() cos(-539) (M

Ans.(a) > Q,(b) > P,(c) > R, (d) > O, (¢) > O.

AW WA

Sol. (a) sin37°=%

(b) co0s127° =cos(180° — 53°) = —cos53° = —%
Since, cos(180° — 6) = — cosO

(© tan307° = tan(360° — 53°) = — tan53° = ‘%

(d) co0s307°=cos(360°—53% =cos53° = %

() cos(—53% =cos53°= %
2 Match the following:
(A) Acceleration (P) sint
B) o6x Q ox
(©) zero ®) x*
(D) -sint (S) displacement

Ans.A > S,B—>R,C—> Q,D— P.
Sol. Column I is double derivative of coulmn II.
3 Match the following:

(A) sin(ot+ ¢) ®
B) cos(ot + ) Q
(©) tan(ot+¢) sec(at+¢) ®)
D) sec(ot+d) ®

Ans. A>R,B—>Q0,C—>S,D—P.

Assertion Reason Questions

1 Assertion: Anti derivative of (3x* + 2) is equal to (x*

Reason: Derivative of (x* + 2x) is equal to (3x* + 2).
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C+ ltan(mt+c1>)
®
1 .
—sin(ot+¢ )+ C
®
1
——cos(ot+¢)+C
®

1 sec(ot+¢)+C
®

+ 2x).
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Sol.

Sol.

Sol.
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(A) If both Assertion and Reason are true and the Reason is correct explanation of the
Assertion.

(B) If both Assertion and Reason are true, but Reason is not correct explanation of the
Assertion.

(C) if Assertion is true, but the Reason is false.
(D) if Assertion is false, but the Reason is true.

j(3x2+2)dx = +2x+C

d

— (P +2x) =3x"+2 [Ans. (D)]
dx
Assertion: If slope of a given curve is zero at a given point then there may exist a maxima at
that point.
Reason: At a maxima, slope changes its sign.

(A) If both Assertion and Reason are true and the Reason is correct explanation of the
Assertion.

(B) If both Assertion and Reason are true, but Reason is not correct explanation of the
Assertion.

(C) if Assertion is true, but the Reason is false.
(D) if Assertion is false, but the Reason is true. [Ans. (A)]

dy

o =0 = therc may be a maxima or minima.

So, Assertion is true.

At maxima, sign of slope changes, so if there is change of sign there must be a zero in between.
. " o & o ‘
Assertion: Position of a particle is given by S'= 5 t +3 . Then position will be maximum at

t=1s.

Reason: Maximum is obtained when slope is zero.

(A) If both Assertion and Reason are true and the Reason is correct explanation of the
Assertion.

(B) If both Assertion and Reason are true, but Reason is not correct explanation of the
Assertion.

(C) if Assertion is true, but the Reason is false.
(D) if Assertion is false, but the Reason is true.

£=£—1=0 = (=1 sec.
dat 2

2

d—ft=1=1 = +yve

at

= Soat#=1, minima exists. [Ans. (D)]
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4 Assertion: If y = x’ + 3x” then there will be a maxima at x = — 2.

Sol.

Sol.

Reason: Slope of (y — x) curve will be, zero at x =—2.

(A) If both Assertion and Reason are true and the Reason is correct explanation of the
Assertion.

(B) If both Assertion and Reason are true, but Reason is not correct explanation of the
Assertion.

if Assertion is true, but the Reason is false.
if Assertion is false, but the Reason is true.

=3x"+6x=0

3x(x+2)=0
x=0,x=-2
d’y

2

U U828 3

=6x+6

d’y

2

At, x=0, =6>0

x = 0 is a point of minima

2
At, x=2,9Y __s<o
x = 0 is point of maxima. [Ans. (A)]
Statement 1: Two vectors are always coplanar vectors.
Statement 2: Three points are always coplanar.

(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for
Statement-1

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for
Statement-1

(C) Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True.

We can draw a plane from two vectros so two vectors one always coplanar.

From three point we can draw two vectors so they are coplanar. [Ans. (A)]

¢ Exercise

1.

(@) If G=27 +3)+6F and b =37 +4], then 2rectionofaonb
projectionof b onad

A 7/5 ®) 5/7 ©) 4/9 (D) None

(b) Two forces 7 + ] +k N and i + 27+ 3k N actona particle and displace it from (2, 3, 4) to

point (5, 4, 3). Displacement is in m. Work done is
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@A) 517 ®B) 417 ©) 3171 (D) None of these
The vector i + xj + 3k is rotated through an angle 6 and doubled in magnitude, then it becomes
4i + (4x — 2) j + 2k. The values of x are

2 1 2
®*) ~3 ® 3 © 3 D) 2

If the resultant of three forces F, = pi + 3j — k, F, = —5i +j + 2k and F, = 6/ — k acting on a
particle has magnitude equal to 5 units, then the value (s) of p is (are)

A)-6 B)-4 ©2 ™4

Avector B which has a magnitude 8.0 is added to a vector 4 which lie along the x-axis. The
sum of these two vectors is a third vector which lie along the y-axis and has a magnitude that
is twice the magnitude of A . The magnitude of 4 is .
Three vectors as shown in the fig have magnitudes

|al=3,lb|=4 and |c| = 10.

(1) Find the x and y components of these vectors.

(ii) Find the numbers p and ¢ such that ¢ = pa+gb .

A buoy is attached to three tugboats by three ropes. The tugboats are engaged in a tug — of —
war. One tugboat pulls west on the buoy with a force }7“1 of magnitude 1000 N. The second

tugboat pulls south on the buoy with a force }7“, of magnitude 2000 N. The third tugboat pulls

northeast (that is, half way between north and east), with a force }7“3 of magnitude 2000 N.

(A) Draw a free body diagram of forces acting on the buoy to represent this situation.
(B) Express each force in unit vector form (7 , /).

(C) Calculate the magnitude of the resultant force.

Two horizontal forces of magnitudes 10 N & P N act on a particle. The
force of magnitude 10 N acts due west & the force of magnitude P N
acts on a bearing of 30° east of north as shown in figure. The resultant of
these two force acts due north. Find the magnitude of this resultant. 10N

The position vectors of two balls are given by

1 =2(m)i+7(m)

r,==2(m)i+4(m)j

What will be the distance between the two balls?

A man is travelling in east direction with a velocity of 6 m/s. Rain is falling down vertically

with a speed of 4 m/s. Find the velocity of rain with respect to man and its angle with the
vertical using the concept that relative velocity of Bw.rtA= v, —v,.

The sum of three forces F = 100N, F» = 80N & F5 = 60N acting on a particle is zero. The

angle between F1 & F is nearly
(A) 53° (B) 143° ©) 37° D) 127°
(E) 90°
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A particle is moving westward with a velocity ¥, =5 m/s. Its velocity changed to V, =5 m/s

northward. The change in velocity vector (AV =V,—V)) is:

(A) 5V2 m/s towards north east (B) 5 m/s towards north west
() zero (D) 52 m/s towards north west

Aforce F=3i+¢+ 2k acting on a particle causes a displacement d =—47 +2 + 3k . If the

work done is 6] then the value of ‘¢’ is

A) 12 ®) 0 ©) 6 ®) 1

Aforce F=6i —8] + 10% newton produces acceleration 1 m/s* in a body. The mass of the
body is (in kg)

(A) 67 —8] +10k (B) 100 (©) 1042 (D) 10

If a, b, c are three unit vectors such that a + b + ¢ = 0, then a.b + b.c + c.a is equal to

W-1 ®)3 ©0 ® -2

A particle is displaced from 4 = (2, 2, 4) to B = (5, — 3, — 1). A constant force of 34N acts in the
direction of AP . where P = (10, 2, — 11). (Coordinates are in m).

() Find the (F).

(i) Find the work done by the force to cause the displacement.

A 300 gm mass has a velocity of vV = 30+ 4} m/s at certain instant. Its kinetic energy is

A body is supported on a smooth plane inclined at 30° to the
horizontal by a string attached to the body and held at an angle

of 30° to the plane. Draw a diagram showing the forces acting

on the body and resolve each of these forces(forces are strings
Tension T, weight W & normal reaction by plane) yT_)
(A) horizontally and vertically. 03
(B) parallel and perpendicular to the plane.

A particle whose speed is 50 m/s moves along the line from 4 (2, 1) to B (9, 25). Find its

velocity vector in the form of ai + b .
A+B=2 and A-B= 4] then angle between A and B is
A 127° (B) 143° (C) 53° D) 37°

Two forces P and Q are in ratio P: Q = 1: 2. If their resultant is at an angle tan ' (—J to

vector P, then angle between P and Q is:
(A) tan™" GJ (B) 45° (©) 30° (D) 60°
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Given the vectors

A=2i+3j—k; B=3i-2j-2k & C=pi + pj+2pk
Find the angle between (.Z -B) & c

_ a2 _ -1 ﬁ _ -1 Q
(A) 6 =cos (EJ (B) 6 =cos (2 J (C)B=cos (3} (D) none of these

Aforce of 35 N acts in the direction parallel to 27 +3 + 6k and it displaces a body from (1m,

Om, 3m) to 3m, 4m, 1m)
(A) Express the force vector (in unit vector form)
(B) Find the work done.

A particle travels with speed 50m/s from the point (3, — 7) in a direction 7/ — 24 . Find its
position vector after 3 seconds.

Aforce F=5i+2] +k displaces a body from a point of coordinate (1, 1, 1) to another point
of coordinates (2, 0, 3). Calculate the work done by the force.

An object of weight W is fastened to one end of a string whose other end is fixed and is pulled
sideways by a horizontal force P until the string is inclined at 37° to the vertical. Draw a diagram
showing the forces acting on the object and resolve each force parallel and perpendicular to the
string.

A particle has an initial velocity of 37 + 4, and an acceleration of 0.4/ +0.3/. Gind speed
after 10s. 7

Forces X, Y and Z have magnitudes 10 N, 5(\/3_, - 1) N and

5(\/3_, + 1) N. The forces Y and Z act in the same direction

as shown in the diagram. The resultant of X and Y and the
resultant of X and Z have the same magnitude. Find 6°, the 0
angle between X and Y.

-
After firing, a bullet is found to move at an angle of 37° to horizontal. Its v
acceleration is 10 m/s* downwards. Find the component of acceleration in the 370
direction of the velocity. N

(A) —6m/s’ B) -4 m/s ©) -8mss’ a ¥ 10 m/s?
D) -5m/ss’

A man moves in an open field such that after moving 10 m in a straight line, he makes a sharp
turn of 60° to his left. Find the total displacement of the man just after 7 such turns.

(A)10m B)20m ©70m D)30m
A=i+j—k; B=27 +3]+5k angle between A and B is

(A) 120° B) 90° (©) 60° D) 30°
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A particle of m = 5 kg is momentarily atrestatx =0 at = 0. It is acted »
upon by two forces F and F F 70 /N . The direction and ~

A
magnitude of Eare unknown. The particle experiences a constant

acceleration, 4 , in the direction as shown. Neglect gravity.
(A) Find the missing force F2 .

(B) What is the velocity vector of the particle at £ = 10 sec?
(C) What third force, F3 is required to make the acceleration of the

particle zero? Either give magnitude and direction of F3 or its components.

At t = 0, a particle at (1, 0, 0) moves with velocity vector = (15/ + 20j + 60k) m/s. Find its
position vector at time £ = 2 sec.

A spy plane is being tracked by a radar. At = 0, its position is reported as (100m, 200m,
1000m). 130 second later its position is reported to be (2500m, 1200m, 1000m). Find a unit
vector in the direction of plane velocity and the magnitude of its average velocity.

(A) Calculate F=d—b+¢ where G=5+4]—6k,b=-27+2]+3kand ¢ =47 +3] + 2k.
(B) Calculate the angle between 7 and the z-axis.
(C) Find the angle between d and b

The area ‘A’ of a blot of ink is growing such that after ¢ sec. its area is given by 4 = fcm’.
Calculate the rate of increase of area at # = 5 sec.

A particle moves along a straight line such that at time ¢ its displacement from a fixed point O
on the line is 3£ — 2. The velocity of the particle when ¢ = 2 is:

A) 8ms™! B) 4ms™! ©) 12ms™! D) 0

The momentum of a particle moving in straight line is given by p =In ¢t + %(in m/s) find the

(time ¢ > 0) at which the net force acting on particle is 0 and it’s momentum at that time.

The velocity of the particle is given as v = 3£+ ¢ _tiz‘ Calculate the net force acting on the

body at time 7 = 2 sec, if the mass of the body is 5 kg
The charge flowing through a conductor begining with time # = 0 is given by the formula

q=2F+3t+ 1 (coulombs). Find the current i = % at the end of the 5™ second.

The angle 6 through which a pulley turns with time t is specified by the function 6 = £ + 3¢ — 5.
. . do

Find the angular velocity o = m atf=15 sec.

The motion of a particle in a straight line is defined by the relation x = #' — 12/ — 40 where x is

in metres and ¢ is in sec. Determine the position x, velocity v and accleration a of the particle
at t = 2sec.
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A point moves in a straight line so that its distance from the start in time ¢ is equal to s =

N

—4£+ 167

(A) At what times was the point at its starting position?

(B) At what times is its velocity equal to zero?

A body whose mass is 3 kg performs rectilinear motion according to the formula s =1+t + £,

where s is measured in centimeters & ¢ in seconds. Determine the kinetic energy 5 mv’ of the

body in 5 sec after its start
A force of 40N is responsible for the motion of a body governed by the equation s = 2t + 2¢*
where s is in metres and ¢ in sec. What is the momentum of the body at t = 2 sec?

[Hint: Find acc. then m = F/a & p = mv]

L 2 25 .. .
The angle rotated by a disc is given by 6 = 3 £- > £+ 77t + 5, where 0 is in rad. and ¢ in

seconds.

(A) Find the times at which the angular velocity of the disc is zero.

(B) Its angular acceleration at these times.

Temperature of a body varies with time as 7= (T, + a* + B sint)K, where 7T, is the temperature
in Kelvin at £ = 0 sec. & o = 2/m. K/s* & B = — 4 K, then rate of change of temperature at f =
msec. is

(A) 8K B) 8K (C) 8K/sec (D) 8°K/sec

A particle moves in a straight line, according to the law x = 4a [f + a sin (—J ], where x is its
a

position in meters, £ in sec. & a is some constants, then the velocity is zero at

(A) x=4d’mw meters B) t=msec. (C) t=0sec (D) none

A point moves in a straight line so that its displacement is x m at time t sec, given by x*= £+
1. Its acceleration in m/s” at time t sec is:

@ L ® L-L © -4 ® -5
X X X X X
® L
X

A particle moves in space such that

x=20+3t+4;, y=F+4t-1,z=2sinnt

where x, y, z are measured in meter and ¢ in second. The acceleration of the particle at £ = 3s is
(A) 367 +2] +k ms™> (B) 36i +2] +nk ms”

(C) 36 +2] ms™? (D) 12i +2] ms™?

The velocity of a particle moving in straight line depends on it’s position as v =3 sin (x + %)

m/s. Find the acceleration of the particle when he is at x =

&2
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In a certain interval of time, the position of a particle is represented by x at time #. Find the
velocity of the particle at time ¢.

A) x= tlItlt B) x= t -1
e

tant

The length, breadth & height of a cuboid depends on time t as
L=1+sint;, b=F£-1, h=(@+1)

o i
find the rate of change of volume with time at ¢ = 5 sec.

Abody of mass 1 kg moves in x-y plane such that its position vector is given by 7 = sin(t) + cos(t)
(1) Find its equation of trajectory.

(i) Find the velocity of the particle at the initial time.

(ii)) Find the component of its acceleration in the direction of velocity at time t.

(iv) Find angle between velocity vector and acceleration vector at time t.
The position vector of a body of mass m = 6kg is given as r = i(3£-6f) + j(-4£)m. Find:
(A) the force (' = ma) acting on the particle
(B) the power (P = F - v) generated by the force.
(C) the momentum(p = mv)
A wheel rotates so that the angle of rotation is proportional to the square of time. The first
revolution was performed by the wheel for 8 sec. Find the angular velocity ®, 32 sec after the
wheel started.
[Hint: Consider 6 = k7, find & ]

<z ANSWER KEY

L @4 04 2.
3. BC 4,

G B

5. a,=3,a,=0,b,=23,b=2c=-5c=5/:p=-203,q9=53/2
N

. F5(2000 N)
F(1000 N) K45

6. (A W 2
(2000 N)
kY
y
W — A
®) F, =-10007 (N),
E X

F, =-2000 j(N),
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F, =2000(cos45° i +sin45° j) (N) = 10002 i +1000~2 J
€ F._. =F+F +F=1000x2-1)f —1000 (2-1)JN
F, =1000 (2 —1)N
F, =—10002 - \2)N

|F| = JF’+F} =1000(¥2 - 1)x3=3000 (v2 - N

7. 103N 8. =|—4i -3j|=J(-4’+(=3)* =25 =5m
9. = J52 m/ s, angle with vertical = tan~'(3/2) towards west
10. B 1. 4
12. C 4. D
15. 16/ —30k, 198J 16. 3.75J
7. r=Lp-TB p TB T
) 2 2 2
’ W r — W\/g . p— N . p— N\/g . r — . r —
W= 0 W= = Wl = == W= =N, = =2 Ny Ny = 05Ny =
N
18.  2(7i+24)) 19. 4
20 D 2. C

22, F=10{ +21]+30k, d =21 +4] -2k ,w=44J
23, 45i-151;

24. 5 units.
25. p“=£,Wn=ﬂ,Tu=T,pL=ﬁ,WL=ﬁ,TL=0
5 5 5 5
26.  7+/2 units 27. ©=150°
28. A 29. 4
30. B
3. (A) F, =307 -30] or 3042 at45°
(B) v =(60i +80) or 100 at 53° from horizontal
(C) F,=-30i —40 or 50 Nat® =233° ACW
0=127°CW
18.  2(77+24)) 19. 4
20 D 2. C
o 12/ +5]
32, (3li+40j+ 120k m 33. ,20 m/s

13
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A o -7 =20
34, A) 11i +55 -7k ,(B) cos™' | —— |, (C)cos™ (—J
) / ®) (\/195J V1309
35. 10 cm?/sec 36. C
37. 1 kg m/sec. 38. 186.25 N
40. 13 rad’s 41. =72, -16, 24
42. (A) 0, 8sec (B)O0, 4, 8sec 43. 1.815 x 10° ergs
44, 100 kgm/s 45. A)7, % B)3,-3
46. C 47. A
48. E 49. C
_9 2 3 2
50. —m/s 52. —n" +27-2
2 2

53 x4y =170 2

2
54, (A) 361 —1441j, (B)216t+1728-216, (C) (36t—36)i —721*]
55. 27 rad/sec.

UNITS AND DIMENSIONS
Physical Quantities
The quantities which can be measured by an instrument and by means of which we can describe the

laws of physics are called physical quantities. Till class x we have studied many physical quantities eg.
length, velocity, acceleration, force, time, pressure, mass, density etc.

Physical quantities are of three types

Fundamental Derived
or
Basic Quantities

Supplementary
Quantities Quantities
1. Fundamental (Basic) Quantities:

o These are the elementary quantities which covers the entire span of physics.
e Any other quantities can be derived from these.
o  All the basic quantities are chosen such that they should be different, that means independent of

each other. (i.e., distance, time and velocity cannot be chosen as basic quantities as V' = 7)‘

An International Organization named CGPM: General Conference on weight and Measures,
chose seven physical quantities as basic or fundamental.
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Length  Time Mass  Temperature Electrical Luminous Amount
(L) (T) (M) (K) current IntenSIty of
(A) (Cd) Substance
(mol)

These are the elementary quantities (in our planet) that’s why chosen as basic quantities.

In fact any set of independent quantities can be chosen as basic quantities by which all other physical
quantities can be derived.

oyl

ie. (&) (V) ® ® ®) (Cd) (mol)
Area  Velocity Density Sp.Heat Resistance Luminous mole
Capacity

Can be chosen as basic quantities (on some other planet, these might also be used as basic quantities)

! !

But (L) (A) V)
Length Area Velocity

cannot be used as basic quantities as

Area = (Length)’ so they are not independent.
2. Derived Quantities
Physical quantities which can be expressed in terms of basic quantities (M,L,T....) are called derived
quantities.

i.e., Momentum P= mV

displacement ML

ML'T!
time

Here [M' L' T™'] is called dimensional formula of momentum, and we can say that momentum has

1 Dimension in M (mass)

1 Dimension in L (meter)

and — 1 Dimension in 7’ (time)

The representation of any quantity in terms of basic quantities (M,L,T....) is called dimensional
formula and in the representation, the powers of the basic quantities are called dimensions.
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3. Supplementary Quantities

Besides seven fundamental quantities two supplementary quantities are also

defined. They are 0
Plane angle (The angle between two lines)

Solid angle

Dimensions

Height, width, radius, displacement etc. are a kind of length. So we can say that their dimension
is [L]

[Height]

[Width]

[radius]\> (L]

[displacement] —_—
here [Height] can be read as “Dimension of Height”
Area = Length x Width
[Area] = [Length] x [Width]

=[L] * [L]
=[]
For circle
Area = 7
[Area] =[] []
=[1] [L7]
= [L7]

Here 7 is not a kind of length or mass or time so 7 shouldn’t effect the dimension of Area.

Hence its dimension should be 1 (M°L°T®) and we can say that it is dimensionless. From similar
logic we can say that all the numbers are dimensionless.

[200]

1] \
[3] Q})[M%TO] =1
[ 1 :| _ Dimensionless
2
[Volume] = [Length] x [Height] x [Width]
=LxLxL
=L
For sphere

Volume = gnﬂ
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[Volume] = [%n} 7]
=) L= L]

So dimension of volume will be always [L’] whether it is volume of a cuboid or volume of

sphere.
Dimension of a physical quantity will be same, it doesn’t depend on which formula we are
using for that quantity.
e Density = mass
volume
[Density] = 79551 _ Ks = [M'L7Y]
[volume] L
e« Velocity () = dlsplqcement
time
(V] = [Displacement] _ L _ LT
[time] T
e Acceleration (a) = a
dt
-1
[a] = = i =LT*
T
e Momentum P) =mV
[P] = [M] [V]
=[M] LT
— [ Ml LlT— l]
e Force F) =ma
[F] = [m] [a]
=[M] LT’
— [MlLlT— 2]

e  Work or Energy = force x displacement
[Work] = [force] [displacement]

= [M'L'T™ [L]
— [MILZT— 2]
e Power = w‘ork
time
1y2mp-2
[Power] = WOkl _ MLT " _ yppops)
[time] T
Force

e  Pressure =
Area
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[Force] _ M'LT™
[Area) r

1. Dimensions of Angular Quantities:

=M1L—1T—2

[Pressure] =

e Angle (6)
(Angular displacement) 6 = Ar‘c
radius
[6]= % = % = [M’L°T°] (Dimensionless)
radius
e  Angular velocity (o) = %
[0] = or_1_ [M°L'T™ ]
kT

e Angular acceleration (o) = ‘;_(;)

_ [do] _ M°LT™
[dt] T
e Torque = Force x Arm length

= [M'L'T?]

la]

[Torque] = [force] x [arm length]
=[M'L'T ™Y x [L] = [M'L*’T™}
2. Dimensions of Physical Constants

e Gravitational Constant:

O R AL,

g g9

If two bodies of mass m, and m, are placed at r distance, both feel gravitational attraction force,
whose value is,

L. Gmm,
Gravitational force F, = L2

g r’_’

where G is a constant called Gravitational constant
_ [GlIm,][m,]

el [r*]
ML'T] = [G]M][M]
(]
[Gl =M'L’T?

o Specific heat capacity: To increase the temperature of a body by AT, Heat required is Q = ms
AT
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Here s is called specific heat capacity.

[Q] = [m] [s] [AT]
Here Q is heat: A kind of energy so [Q] = M'L’T*

[M'L*T) = [M] [S] [K]

[S] =MLT K]
Coefficient of viscosity: If any spherical ball of radius » moves with velocity v in
a viscous Liquid, then viscous force acting on it is given by

F, = 6ayrv

Here n is coefficient of viscosity

[F,] =[6a] [n] [r] [V]

ML'T™? = (1) [n] [L] [LT"']

[l =ML"'T""
Planck’s constant: If light of frequency v is falling, energy of a photon is given by
E =hv
Here h = Planck’s constant
[E] =1[A] [v]

1

v =frequency = —————
a Y Time Period

1 1
] = ————= [ }
[Time Period] T
s0 MLT™? =[n [T
[A] =M'L*T™!

3. Some Special Features of Dimensions

Suppose in any formula, (L + a) term is coming (where L is length). As length can be added
only with a length, so o should also be a kind of length.

So [a] = [L]

Similarly consider a term (F — 8) where F is force. A force can be added/substracted with a

force only and give rise to a third force. So B should be a kind of force and its result (F — )
should also be a kind of force.

a third force A@B should be a kind of

and its dimension force = [B]=M' L' T~
will also be M' L' T*
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<2 Rule No. 1
One quantity can be added / substracted with a similar quantity only and give rise to the similar
quantity.

W 1. % =Fv+ —
Find dimension formula for [a] and [[]
(here t = time, F' = force, V' = velocity, x = distance)
Golution Since  [FV] =M'L*T,

) [E} should also be M'L*T3

2

[[3] — Ml LZT—3
[x’]
(8] = MLT

and [Fv + E,} will also have dimension M'L*T*
P

s0 M =ML'T’
[°]
[a] =M'L*T!

Qzample 2.  For n moles of gas, Vander waal’s equation is (P - ;2 J (V-b)=nRT

Find the dimensions of a and b, where P is gas pressure, V' = volume of gas 7= temperature of gas

0 0
should be a should be a kind

kind of pressure of volume

Sotution (P—“J v-b) = nRT

So ﬂ =ML7'T?
V-1

So [p] =L’

[?], =M—1L—l T—2
[rr
= [al =ML’ T*
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f;- Rule No. 2

Consider a term sin(6)

Here 0O is dimensionless and sin® (M
Hypoteneous

J is also dimensionless.

= Whatever comes in sin(......) is dimensionless and entire [sin (.......)] is also dimensionless.

p

dimensionless
dimensionless
Similarly:

p

dimensionless
dimensionless

dimensionless

p

dimensionless

;

) d dimensionless
dimensionless

;

dimenisionless dimensionless

dimensionless

p

dimensionless

Yrampte 3. o= % sin (Bt)
Find the dimension of o and B
o= o
Golution dimensionless
dimensionless =[B] [ = 11
B1=[T"1
So [a] = [F] _ IMLT] “MLT

V1 LTT

(here V = velocity, F' = force, t = time)
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GSotution

Mathematical Tools | 1.75

s 22
B_ Z

Find the dimensions of a and p.

J where F = force, V' = velocity

dimensionless

dimensionless

- [a] = [F ][f”]
[B°]

- [2n]o[B] -1

1
- [{][Bq] -1

LT
= [B]=LT"*
> o= M

[LT]

= [a] =M'L™'T°

4. Uses of Dimensions

To check the correctness of the formula: If the dimensions of the L.H.S and R.H.S are same,
then we can say that this eqn. is at least dimensionally correct. So this equation may be correct.

But if dimensions of L.H.S and R.H.S is not same then the equation is not even dimensionally
correct.

So it cannot be correct.
ei— A formula is given centrifugal force
mv?

F, = (where m = mass, v = velocity, » = radius)
r

we have to check whether it is correct or not.
Dimension of L.H.S is
[F] =MLT?

Dimension of R H.S is

[m] [v'] _ [M][LT]’

[r] [L]

So this eqn. is at least dimensional correct.
= we can say that this equation may be correct.

= M'L'T
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Qzrampte 5.  Check whether this equation may be correct or not

3FV?

Pressure = P, —
't x

r

Sotlution P = 3SEV (where F = force, V = velocity, ¢ = time, x = distance)

n'tx
Dimension of LH.S =[P =M'L™'T?
Dimension of R.H.S = w
[n] [t"] [x]
_ IMLT?] [L’T”] —MTS
[7°][L]

Dimension of L.H.S and R.H.S are not same. So the relation cannot be correct.

Sometimes a question is asked which is beyond our syllabus, then certainly it must be the question
of dimensional analysis.

Qzrample 6. A Boomerang has mass m surface Area A, radius of curvature of lower surface = r and it
is moving with velocity V in air of density p. The resistive force on it should be —

@ 2% 1og (ﬂJ ® 274 10 (%J
- nAr r m

© V4 log (ﬂJ D) 2pV2-A log (pArJ
r mm r mm

Golution Only C is dimensionally correct.
e We can derive a new formula roughly:

If a quantity depends on many parameters, we can estimate, to what extent, the quantity
depends on the given parameters !

Qzample 7.  So we can say that expression of T should be in this form

T = (Some Number) (m)* (£)’(g)° 11111117
ML'T =Q) ML [L'T
MLT =M'L*"°T* ¢
Comparing the powers of M, L and 7, l
get a=0,b+c=0,-2c=1
SO a=0,b=l,c=l l
2 2 g
so T = (some Number) M’ L'* g~ 1*

T = (Some Number) \/z
g

The quantity “Some number” can be found experimentally. Measure the length of a pendulum and
oscillate it, find its time period by stopwatch.

Suppose for £ = 1m, we get T =2 sec. so
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2 = (Some Number) J% = “Some number” = 6.28 = 27.

Qrample 8. Natural frequency (f) of a closed pipe

N
Depends on N—
Length of Density of Pressure of
the tube air air
© (2) (P) __

So we can say that /= (some Number) (£)° (p)° (P)°

Equating dimensions of both the sides get
=—1,b=-1/2,¢=1/2

So /= (some number) 1P

L\p

e We can express any quantity in terms of the given basic quantities.

QYrample 9. If velocity (V), force (F) and time (7) are chosen as fundamental quantities, express (/)
mass and (ji) energy in terms of V, Fand T

Sotution Let M = (some Number) (V)" (F)" (T)°

Equating dimensions of both the sides

MDT =) [L'T ' IM'L'T ] [T

MILOTO =MbLa+b T—a—2b+c
get a=-1,b=1,c=1

M=(Some Number) (V" 'F'T) = [M]=[V"'F'T

Similarly we can also express energy in terms of V, F, T
Let [E] = [some Number] [V]° [F]® [T]°
=  [MLT* = [MLT°) [LT "|° [MLT )’ [T]
- [MILIT—Z] — [I\/I'b etbre T—a—2b+c]
=>1=b;1=a-2b+c¢,—-2=—-a-2b+c¢
geta=1;b=1;c=1
. E = (some Number) V1F1T1 or [E] = [V'][F'][T].
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¢ To find out unit of a physical quantity:
Qzampte 10, [Force] = [M'L'T %]

As unit of M is kilogram (kg), unit of L is meter (m) and unit of 7"is second (s) so unit force can be
written as = (kg)' (m)' (s) >= kg m/s in MKS system.

In CGS system, unit of force can be written as = (g)' (cm)' (s) ' = g cm/s.

Limitations of Dimensional Analysis:

From Dimensional analysis we getT = (Some Number) \/z
g

so the expression of T can be

or or

or or

T=2n £ T=\/z+(to)
g g

e Dimensional analysis doesn’t give information about the “some Number”:The dimensional
constant.
e Thismethod is useful only when a physical quantity depends on other quantities by multiplication
and power relations.
(e, f=x"y"29)
It fails if a physical quantity depends on sum or difference of two quantities
ef=x+y-—2
i.e., we cannot get the relation

S=ut+ %at2 from dimensional analysis.

e This method will not work if a quantity depends on another quantity as sine or cosine, logarithmic
or exponential relation. The method works only if the dependence is by power functions.

o  We equate the powers of M, L and 7 hence we get only three equations. So we can have only
three variable (only three dependent quantities)
So dimensional analysis will work only if the quantity depends only on three parameters, not
move than that.
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Qzrampte 11. Can Pressure (P), density (p) and velocity (v) be taken as fundamental quantities ?

Sotution P, p and v are not independent, they can be related as P = pv’, so they cannot be taken as
fundamental variables.

To check whether the ‘P’, ‘p’, and ‘V” are dependent or not, we can also use the following
mathematical method:

[P1= M'L'T)
ol = ML
(=ML

Check the determinates of their powers:

=13 -(-D(-D-2(1)=0,

So these three terms are dependent.
Unit
Measurement of any physical quantity is expressed in terms of an internationally accepted certain basic

standard called unit.

SI Units: In 1971, an international Organization “CGPM”: (General Conference on weight and
Measure) decided the standard units, which are internationally accepted. These units are called SI units
(International system of units)

1. SI units of basic quantities

SI Units
Base Quantity —
Name Symbol Definition
Length meter m The meter is the length of the path traveled by light in
vacuum during a time interval of 1/299, 792, 458 of a
second (1983)
Mass kilogram | kg The kilogram is equal to the mass of the international

prototype of the kilogram (a platinum-iridium alloy
cylinder) kept at International Bureau of Weights and
Measures, at Sevres, near Paris, France. (1889)

Time second S The second is the duration of 9, 192, 631, 770 periods
of the radiation corresponding to the transition between
the two hyperfine levels of the ground state of the
cesium-133 atom (1967)

Electric Current | ampere A The ampere is that constant current which, if maintained
in two straight parallel conductors of infinite length,
of negligible circular cross-section, and placed 1
metre apart in vacuum, would produce between these
conductors a force equalto 2 x 10-7 Newton per metre
of length. (1948)
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SI Units
Base Quantity
Name Symbol Definition

Thermodynamic | kelvin K The kelvin, is the fraction 1/273.16 of the thermodynamic

Temperature temperature of the triple point of water. (1967)

Amount of | mole mol The mole is the amount of substance of a system, which

Substance contains as many clementary entities as there are atoms
in 0.012 kilogram of carbon-12. (1971)

Luminous candela Cd The candela is the luminous intensity, in a given

Intensity direction, of a source that emits monochromatic
radiation of frequency 540 x 1012 hertz and that has
a radiant intensity in that direction of 1/683 watt per
steradian (1979).

2. Two supplementary units were aiso defined

Plane angle — Unit = radian (rad)
Solid angle — Unit = Steradian (sr)

3. Other classification

If a quality involves only length, mass and time (quantities in mechanics), then its unit can be written in
MKS, CGS or FPS system.

For MKS system: In this system
Length, mass and time are
expressed in meter, kg and sec.
respectively. It comes under SI

system.

Y . KS system CGS system  FPS_system
For CGS system: In this system, v\ e
Length, mass and time are meter kg sec CM gram Sec foot sec

9 pound

expressed in cm, gram and sec.
respectively.

For FPS system: In this system, length, mass and time are measured in foot, pound and sec.

respectively.

4. SI units of derived quantities

) displacement — meter
Velocity = ————
time — second

So unit of velocity will be m/s

change in velocity _ m/s _ m

Acceleration =

time s s*
Momentum = mV
so unit of momentum will be = (kg) (m/s) = kg m/s
Force =ma
Unit will be = (kg) x (m/s”) = kg m/s* called newton (N)
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e Work =FS
unit = (N) x (m) = N m called joule (J)
e Power = work
time

Unit =J /s called watt (w)
5. Units of some physical constants
e Unit of “Universal Gravitational Constant” (G)
e G(ml)z(mz) _ ke xm _ G(kg)(kg)

Py

r s m-

m3

kg s*
o Unit of specific heat capacity (S)
Q =ms AT
J = (kg) () (K
Units of S =J/kgK
e Unitof p,

sounitof G=

force per unit length between two long parallel wires is: F_ :L—" =
ToF

E = u_o M Unlt ofu = N_m
m Q) (m) e
6. SI prefix

e Suppose distance between kota to Jaipur is 3000 m. so

d =3000m = 3 x {000 m
1

kilo (k)
=3 km (here ‘K’ is the prefix used for 1000 (10%))
e  Suppose thickness of a wire is 0.05 m

d =005m=5x10Dm
1

centi (c)
=5 cm (here ‘¢’ is the prefix used for (10 %)

Similarly, the magnitude of physical quantities very over a wide range. So in order to
express the very large magnitude as well as very small magnitude more compactly, “CGPM”
recommended some standard prefixes for certain power of 10.
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Power of 10 Prefix Symbol Power of 10 Prefix Symbol
10" exa E 10" deci d
10" peta P 10 centi c
10" tera T 10° milli m
10° giga G 10° micro o
10° mega M 10” nano n
10° kilo k 10" pico P
10° hecto h 10" femto f
10" deca da 10" atto a
Yzample 12. Convert all in meters (m):
@ Sum. (i) 3km (iii) 20 mm @iv) 73 pm
~v) 75nm
Solution (i) 5 um=5x10"m
() 3km=3x10’m
(i) 20 mm=20 x 10 °m
Giv) 73pm=73x10""m
V) 75mm=75x10"m
Qzramptle 13. F =5 N convert it into CGS system
GSotution F =5 kg >f
10°2)(100 cm
_ (5) 102100 cm)
=5x10° & Sim (in CGS system).
This unit ( g om ) is also called dyne

SS

3
Gampte 14, G=667x 10" M convert it into CGS system.
=

-~

=(6.67 x 107" (1000 g)

3
=667x102 &£
=

Usample 15. p=

2 g/om’

3
GSotution G=667x 101 kg_om
e

convert it into MKS system

(100 cm)®
2
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Sotution  p =2 gim’
-3
— @ 10 ke
(10"m)
=2x10’ k—g3
m

Yzample 16. V=90 km | hour
convert it into m/s
Sotution V =90 km / hour

- 90) (1000 m)
(60x 60 second)
v =0 1000\ m
3600
y=90x >
18 s
V=25m/s

f;- Point to Remember

To convert

. m . 5
into — , multiply by —.
our sec 18

Qzrampte 17. Convert 7 pm into um
Sotution o

7 pm = (x) um
7x1A0"Ym=x)x10"°m
get x=7x10"°
So 7pm = (7% 10"% um

Some SI units of derived quantities are named after the scientist, who has contributed in that ficld
alot

8. SI derived units, named after the scientist

ST Units
S.N | Physical Quantity ; Symbol of Exp resston Expression in terms
Unit name o in terms of 2
the unit . of base units
other units
L. Frequency hertz Hz Oscilliation s
_1 S
a 7)
2. Force Newton N | eee-- Kgm /s
(F = ma)
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S1 Units
S.N | Physical Quantity . Symbol of Exp ression Expression in terms
Unit name : in terms of :
the unit : of base units
other units
3. Energy, Joule J Nm Kg m*/ st
Work, Heat
(W = Fs)
4. Pressure, stress Pascal Pa N/m’ Kg/m s’
F
P = —
( p )
5. Power, watt w J/s Kgm’ /s’
w
(Power = 7)
6. Electric charge coulomb N As
(g=1)
7. Electric volt 14 J/C Kgm’/s3 A
Potential Emf.
U
V==)
q
8. Capacitance Farad F c/v A s4d kg -1
m2
c=4
v
9. Electrical ohm Q V/A kg m2 s-3
Resistance Al
V=iR)
10. Electrical Siemens § O A/V kg'm-2s> A’
Conductance (mho)
1 i
C=_— =
( 77 )
11. Magnetic field Tesla T Wb/ m’ kg s’ A"
12. Magnetic flux Weber Wb VsorJ/A kgm’ s~
A -1
13. Inductance Henry H Wh /A kg m* s-2
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S1 Units
S.N | Physical Quantity . Symbol of Exp ression Expression in terms
Unit name : in terms of :
the unit : of base units
other units
14. Activity of Becquerel D sintegration 5,
radioactive second
material

9. Some SI units expressed in terms of the special names and also in terms of base units:

Physical Quantity SI Units
In terms of special names In terms of base units
Torque (T =Fr) Nm Kgm® /s
o ) dav Poiseiulles (P/) or Pa s Kg/ms
Dynamic Viscosity (F,=qA4 —)
dr
Impulse (J=F At) Ns Kgm/s
N/m’ Kg/ms’
Modulus of elasticity (Y = stre.ss
strain
F N/m or J/m’ Kg/s’
Surface Tension Constant (T = I—)
Specific Heat capacity (Q = msaT) Jkg K m's? K

(old unit s ¢ —)
d dT W/mK mhkgs® K'
Thermal conductivity (—Q =KA —)
dr dr
F I/m or N/C mkgs®A*
Electric field Intensity E = —
q
Gas constant (R) (PV = nRT) or molar Heat J/ K mol m’kg s? k™ mol™
, 0
Capaci C=—")
pacity  ( VAT
Change of numerical value with the change of unit:
Suppose we have
If we convert _ 7

{=7cm

= —m
it into meters, we get 100

we can say that if the unit is increased to 100 times (cm — m), the numerical value became
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1 . 7
—times | 7> —
100 100

So we can say
Numerical value o« L
unit
we can also tell if in a formal way like the following: —
Magnitude of a physical quantity = (Its Numerical value) (unit) = () ()

Magnitude of a physical quantity always remains constant, it wont
change if we express it in some other unit.

(n) (u)= constant

So
1 . 1 n,u, = n,u,
or Numerical value € — "y
unit
Qzample 18. If unit of length is doubled, the numerical value of Area will be.. ..............
Sotution As unit of length is doubled, unit of Area will become four times. So the numerical value
of Area will became one fourth. Because numerical value « Lt ,
uni

Qzramptle 19. Force acting on a particle is SN. If unit of length and time are doubled and unit of mass

is halved than the numerical value of the force in the new unit will be.

Sotuction Force =5 ke X,m
sec’

If unit of length and time are doubled and the unit of mass is halved.

l><2
2 =

1 .
~ — times
@’ 4

Then the unit of force will be

Hence the numerical value of the force will be 4 times.

SIGNIFICANT FIGURES

Significant figures in the measured value of a physical quantity tell the number of digits in which we
have confidence. Larger the number of significant figures obtained in a measurement greater is the
accuracy of the measurement.

“All accurately known digits in a measurement plus the first uncertain digit together form significant
figures.”

For example, when we measure the length of a straight line using a metre scale and it lies between
7.4 cm and 7.5 cm, we may estimate it as / = 7.43 cm. This expression has three significant figures out
of these 7 and 4 are precisely known but the last digit 3 is only approximately known.
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Rules of Counting Significant Figures: For counting significant figures, we use the following rules:

1. All non-zero digits are significant. For example x = 2567 has four significant figures.

2. The zeros appearing between two non-zero digits are counted in significant figures. For
example 6.028 has 4 significant figures.

3. The zeros occurring to the left of last non-zero digit are NOT significant.

For example 0.0042 has two significant figures.

4. In a number without decimal, zeros to the right of non-zero digit are NOT significant. However
when some value is recorded on the basis of actual measurement the zeros to the right of non-
zero digit become significant. For example L = 20 m has two significant figures but x = 200 has
only one significant figure.

5. In anumber with decimal, zeros to the right of last non-zero digits are significant. For example
x = 1.400 has four significant figures.

6. The powers of ten are NOT counted as significant digits. For example 1.4 x 10~ has only two
significant figures 1 and 4.

7. Change in the units of measurement of a quantity does not change the number of significant
figures. For example, suppose distance between two stations is 4067m. It has four significant
figures. The same distance can be expressed as 4.067 km or 4.067 x 10° cm. In all these,
number of significant figures continues to be four.

Example
Measured Value Number of Rule
significant figures

12376 5 1

6024.7 D 2

0.071 2 3

410 m 3 4

720 2 4

2.40 3 5

1.6 x 10" 2 6

Rounding off a digit: Following are the rules for rounding off a measurement:

1.

If the number lying to the right of cut-off digits is less than 5, then the cut-off digit is retained
as such. However, if it is more than 5, then the cut-off digit is increased by 1.

For example x = 6.24 is rounded off to 6.2 to two significant digits and x = 5.328 is rounded off
to 5.33 to three significant digits.

If the digit to be dropped is 5 followed by digits other than zero then the preceding digit is
increased by 1.

For example x = 14.252 is rounded off to x = 14.3 to three significant digits.

If the digit to be dropped is simply 5 or 5 followed by zeros, then the preceding digit is left
unchanged if it is even. For example x = 6.250 or x = 6.25 becomes x = 6.2 after rounding off
to two significant digits.
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4. If the digit to be dropped is 5 or 5 followed by zeros, then the preceding digit is raised by one
if it is odd.
For example x = 6.350 or x = 6.35 becomes x = 6.4 after rounding off two significant digits.
Example
Measured Value Rounding off to three Rule
significant digits
7.364 7.36 1
7.367 737 1
8.3251 8.33 2
9.445 9.44 3
9.4450 9.44 3
15.75 15.8 4
15.7500 15.8 4

Algebraic Operations with significant Figures: In addition, subtraction, multiplication or division
inaccuracy in the measurement of any one variable affects the accuracy of the final result. Hence, in
general, the final result shall have significant figures corresponding to their number in the least accurate
variable involved. To understand this, let us consider a chain of which all links are strong except the one.
The chain will obviously break at the weakest link. Thus the strength of the chain cannot be more than
the strength of the weakest link in the chain.

®

@iD)

Addition and Subtraction: Suppose in the measured values to be added or subtracted, the
least number of significant digits after the decimal is ». Then in the sum or difference also, the
number of significant digits after the decimal should ben.

Ex.12+3.45+6.7890=11.439~11.4

Here, the least number of significant digits after the decimal is one. Hence, the result will be
11.4 (when rounded off to smallest number of decimal places).

Ex.12.63-102=243~24

Multiplication or Division: Suppose in the measured values to be multiplied or divided, the
least number of significant digits be #, then in the product or quotient, the number of significant
digits should also be ».

Ex. 1.2 x36.72 =44.064 ~ 44

The least number of significant digits in the measured values are two. Hence, the result when
rounded off to two significant digits become 44. Therefore the answer is 44.

Ex. 1100 =107.8431373 =110
10.2

As 1100 has minimum number of significant figures (i.e., 2), therefore the result should also
contain only two significant digits. Hence, the result when rounded off to two significant digits
becomes 110.
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X 1100 m/s
" 102 m/s

. In this case answer becomes 108. Think why?

=107.8431373~108

ERROR ANALYSIS

No measurement is perfect, as the errors involved in a measurement cannot be removed completely.
Measurement value is always somewhat different from the true value. The difference is called an error.

Errors can be classified in two ways. First classification is based on the cause of error. Systematic
errors and random errors fall in this group.

Second classification is based on the magnitude of error. Absolute error, mean absolute error and
relative (or fractional) error lie on this group. Now let us discuss them separately.

(1) Systematic errors: These are the errors whose cause are known to us. Such errors can therefore
be minimized. Following are few-causes of these errors.

(A) Instrumental errors may be due to erroneous instruments. These errors can be reduced by
using more accurate instruments and applying zero correction, when required.

(B) Sometimes errors arise on account of ignoring certain facts. For example in measuring
time period of simple pendulum error may creap because no consideration is taken of air
resistance. These errors can be reduced by applying proper corrections to the formula
used.

(C) Change in temperature, pressure, humidity etc. may also sometimes cause errors in the
result. Relevant corrections can be made to minimized their effects.

(i) Random errors: The causes of random errors are not known. Hence, it is not possible to remove
them completely. These errors may arise due to a variety of reasons. For example the reading of a
sensitive beam balance may change by the vibrations caused in the building due to persons moving
in the laboratory or vehicles running nearby. The random errors can be minimized by repeating the
observation a large number of times and taking the arithmetic mean of all the observations. The
mean value would be very close to the most accurate reading. Thus,

mean

(iii) Absolute errors: The difference between the true value and the measured value of a quantity
is called an absolute error. Usually the mean value a,, is taken as the true value. So, if

Absolute error may be positive or negative.
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(iv) Mean absolute error: It is the arithmetic mean of the magnitudes of absolute errors. Thus,
Aa |+|Aa, | +....+| Ag
A\ _|Aat]Aa,| ...t |Aa,|

mean

n

The final result of measurement can be written as
a=a, tAa

mean

This implies that value of a is likely to lie between a,, + Aa,,,, and a,, — Aa,,..

(v) Relative or Fractional error: The ratio of mean absolute error to the mean value of the
quantity measured is called relative or fractional error. Thus,

; Aa
Relative error = —2~
a

m

Relative error expressed in percentage is called as the percentage error i.e.,

Aa
Percentage error = —=*x 100
a

m

COMBINATION OF ERRORS

(1) Errors in sum or difference: Letx =a+ b.

Further, let Aa is the absolute error in the measurement of a, Ab the absolute error in the
measurement of b and Ax is the absolute error in the measurement of x. Then

x+Ax=(a+ Aa) £ (b £ Ab)=(a+b)+ (Aa+ Ab) =x £ (x Aa + Ab)
or Ax ==+ Aa+ Ab

The four possible values of Ax are (Aa — Ab) (—Aa — Ab) and (-Aa + Ab) Therefore, the
maximum absolute error in x is;

| Ax =+(Aa + Ab) |

i.e., the maximum absolute error in sum and difference of two quantities is equal to sum of the
absolute errors in the individual quantities.

Uzampte 7. The volumes of two bodies are measured to be ¥, = (10.2 + 0.02)cm’ and ¥, = (6.4 +
0.01) cm’. Calculate sum and difference in volumes with error limits.

Solution V. =(10.2+0.02) cm’
andV, =(6.4+0.01) cm’
AV =% (AV,+AV,) =+(0.02+0.01)cm* =£0.03cm’
V,+V,=(102+6.4)cm’=16.6 cm’
and V,-V,=(102-64)cm>=38cm’
Hence, sum of volumes = (16.6+0.03) cm’
and difference of volumes = (3.8+0.03) cm’

(i) Error in a product: Let x = ab



(iii)
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Then (xtAx)=(axAa)(bLAb)

o ()

or li£= igiﬂiﬂ‘g (as x = ab)
x b a a b
or + Ax= iﬂigiﬂ‘g
x a b a b
Here, ﬂ%b is a small quantity, so can be neglected.
a
Hence, i£=i iAb
x a b
Possible values ofg are £+£ R E—A—b R (—£+£J and (—E—A—bJ
x a b a b a b a b
Hence, maximum possible value of
&:i(ﬂ.y&}
x a b

Therefore, maximum fractional error in product of two (or more) quantities is equal to sum of
fractional errors in the individual quantities.

. . e s a
Error in division: Let x=;

A Ax a(liﬂJ
Then, xtAe=2222 o 122N 9
b+t Ab A

I

As ATb<<1, so expanding binomially, we get
(uﬁj (1&)(1;&} or 1:8%_jp00 00, Aa Ab
x a b x a b a b
Here, ﬂ%b is a small quantity, so can be neglected.
a
Hence, +£—+£+£
x a b
Possible values of ax are E—A—b R £+£ R —E—A—b and —£+A—b . Therefore,
x a b a b a b a b

the maximum value of;,
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Ax (Aa AbJ
_=i _
x a b

Or, the maximum value of fractional error in division of two quantities is equal to the sum of
fractional errors in the individual quantities.

(iv) Error in quantity raised to some power:

n

Let x= Z’“ Then, In(x)=nln(4)-mln (B)
Differentiating both sides, we get
dx da db
—=n——m—
x a b

In terms of fractional error we may write,

Therefore maximum value of
Ax ( Aa AbJ
— =t n—=+m—
x a b

Qzrample 8. Calculate percentage error in determination of time period of a pendulum.

T=2n \/I where 1 and g are measured with +1% and +2% errors.
g

Solution £><100=i l><£l><100+l><£><100 =i(lx1+lx2J=il‘5%[Ans.]
T 2 1 2 g 2 2

Qrample 9. The mass and density of a solid sphere are measured to be (12.4+ 0.1) kg and (4.6 + 0.2)
kg/m*. Calculate the volume of the sphere with error limits.

Golutton  [ere m+Am=(12.4+0.1) kg
and ptAp=(4.6+0.2)kg/m’
m 124 3 3 . .
VolumeV =—=——=2.69m"=2.7Tm (rounding off to one decimal place)
p
NOW, ﬂ:i ﬂ.kﬁ
14 m p
or AV = A1 APy =i(£+2}<2‘7=10‘14
m p 124 46

VAV =(2.7+0.149)m> [Ans.]
Qzramptle 10. Calculate focal length of a spherical mirror from the following observations. Object
distance u = (50.1 + 0.5) cm and image distance v = (20.1 = 0.2) cm.
GSotution 1. 1.1

f u

1
—+
v
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_w _(0.DQ0Y .
u+v  (50.1+20.1)

Also gzi[ngng Au+Av} =i[ 05 02 05+02 }
fole v uy 50.1 20.1 50.1+20.1
= [0.00998 + 0.00995 + 0.00997] = = (0.0299)
Af=0.0299 x 143 =0.428 = 0.4 cm
/= (143 +0.4) cm [Ans.]

or

VERNIER CALLIPERS |

Vernier constant, i.c., least count of the Vemier Calliper is the minimum length which can be measured
with the help of this instrument. It is the difference between I main scale division (i.e. M.S.D.) and I
vernier scale division (i.e. V.S.D.).

Value of M.S.D.

No. of divisions on vernier scale

Least count, LC =

Generally, vernier scale has 10 divisions and these 10 divisions coincide with 9 main scale divisions 1
M.S.D. is generally equal to 1 mm i.e.

1
=—cm
10
Vernier constant= 1 M.S.D. -1 V.S.D.
IM.SD. - %M‘S‘D‘ (o 10V.SD.=9MSD)
=L—2xL=Lcm=0‘lmm
10 10 10 100

e If zero mark of the vernier scale is not coinciding with the zero mark of the main scale and is
towards its right then the zero error is called positive zero error. For correction, this error is
substracted from the observed value. If zero mark of the vernier scale is towards the left of zero
mark of main scale then the zero error is called negative zero error. For correction, this error is
added to the observed value.

Fixed jaw

Movable jaw
(for measuring internal diameter)

8 9 10 11 12 13 14 15
wlonlobd ool

Metallic strip
Vernier Scale Main Scale

Hollow cylinder
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The vernier constant of the vernier calliper is found as explained above. The jaws are pressed
so as to find the zero error. The article is held lengthwise between the jaws without applying
undue pressure. The main scale reading is noted just before the zero of the vernier scale and
the number of vernier scale divisions coinciding with some of the main scale divisions. To find
the diameter of cylinder jaws ' M are used by inserting them inside the cylinder.

Main scale reading = x
No. of Vernier divisions coinciding =y
Observed length, ' =x+y (y x V.C)

Correct Diameter = / + I’ £ zero error (cm)

% age error = %uoo:%xloo and so on

Qrample 11. A vernier callipers has 20 divisions on vernier scale which coincides with 19 on main
scale. The least count of the instrument is 0.1 mm. Find the value of main scale divisions.
Golution Least count (LC) = 1 M.S.D. -1 V.S.D.
0.lmm=1MSD.-1V.SD.
=1M.S.D. - 19 M.S.D.
20

0.1 mm=M.S.D. (1— 2)
20

= 1MSD.=0.1x20mm =2 mm
Yrample 12, In a vernier callipers each centimeter on main scale is divided in m equal parts and n
vernier divisions coincide with (# — 1) scale divisions. Find the vernier constant of the calliper.
Sotution nV.S.D.=(n-1)M.S.D.

—1v.sp=""!MmsD.
n

Vemier constant = 1M.S.D. -1 V.S.D.

~1m.5D-"1MmsD. =1M‘S‘D‘(1—H—_IJ
n n

Vernier constant -1
mn
Qrample 13. The side of cube is measured by vernier callipers (10 divisions of vemier scale coincide
with 9 divisions of main scale where 1 division of main scale is 1 mm). The main scale reads 10 mm
and first division of vernier scale coincides with the main scale. Mass of the cube is 2.736 gm. Find the
density of cube in appropriate significant figures.

Sotuttsn 10 V.S.D. =9 MS.D.

:>1V‘S‘D‘=%M‘S‘D‘
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Vemier constant or Least Count=1M.S.D. -1 V.S.D.

=1M‘S‘D‘—2M‘S‘D‘ =M.S.D. 1—2 =1mm><L
10 10 10

Side of the cube = 10mm+%mmxl =10.1mm=1.01cm

Density of the cube =ﬂ

oy 2.66 gm/cm’

SCREW GAUGE (MICROMETER)

Least Count: To find the least count of screw gauge, the pitch is determined first zero of circular scale
is brought against a zero of main scale.

About four complete rotations are given to the circular scale and again the reading of the main scale
is noted, then,

. Distance travelled on the main scale
Pitch =

Number of rotations
Pitch
Total number of divisions on circular scale

Hence, Least count, LC =

Zero Error: Sometimes the zero of the circular scale may not coincide with the reference line, when we
bring two jaws A and B in contact. This error is called zero error.

This happens due to certain manufacturing defect or due to wear and tear of the jaws.

If the zero of the circular scale crosses the reference line, the screw gauge is said to possess negative
ZET0 error.

Zero correction = + (number of divisions crossed) x L.C.

If the zero of the circular scale is left behind the reference line, then screw gauge is said to
possess positive zero error.

Zero correction = — (number of divisions left behind) x L.C.

Screw gauge, a wire or a sphere or a plate.

Locking

Least count of screw gauge found as explained above.

The article is held between the jaws and the screw is turned so that the wire (or sphere or plate) is
held without any undue pressure. The reading on the main scale is noted and the number of divisions
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coincide with the reference line on the main scale. The zero correction is found and applied to find the
correct diameter or thickness.

Main Scale Reading = x mm

Circular Scale Division reference line = n
Observed Diameter D'=x + (n x L.C.)
Corrected Diameter D = D'+ zero error mm

% age error in diameter = %dx 100=7>< 100

and % age error in thickness = %xmo:%xloo

Qrample 14. A screw gauge having 100 equal dimensions and a pitch of length 1mm is used to measure
the diameter of a wire of length 5.6 cm. The main scale reading is 1 mm and 47" circular division coincides
with the main scale. Find the surface area of wire in cm” to appropriate significant. figure (n=22/7).

Solution Least Count = — Pitch . =me =0.01 mm
No. of divisions on circular scale 100
Diameter of wire = 1 mm +47 x LC=1mm +47 x 0.01 = 1.47 mm

Surface area = 2nr.L = nd (

1.47 emx5.6cm =2.587 cm?

=%x1‘47mmx5‘6cm =2><

Surface area = 2.6 cm’. [Ans.]

o Exercise
1.1 Match the following
(@ Resistivity P K]
(b) Coefficient of volume expansion (Q) [M'L’T *4™']
(c) Gravitational potential [R) M'L’T A7
(d) Electric potential ® [L’'TH
@R ®) P () S Q[Ans]
1.2 Three vectors A, B and C are given such that A = 3i+4) , B= —4i+3) and C=4i +3] .

Two or more vectors is given in column I. Certain statements are given in column II. Match the
vectors given in column I with the statements in column II.

QOIumn I ) Column II
(A) A, B and AxB (p) are all unit vectors
(B) A, B and C (@) are mutually perpendicular vectors
(C) AxB and 4 (r) are collinear vectors
(D) CxA and A+B (s) are coplanar vectors

Ans. (A)p,qB)s(C)p.q.s(D)q.s
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(A) Aand B are mutually perpendicular unit vectors
Ax B is also a unit vector equal to k.
A, B and Ax B are unit vectors and mutually perpendicular.

Band C all lie in x-y plane and are hence coplanar.

ol

B)
(C) AxB and A are mutually perpendicular and coplanar.
D) CxA and A+B are mutually perpendicular and coplanar.

If A=i—j+ k,B=i+k,C= J —k . Match the algebraic operations in Column I with the

corresponding results in Column II and indicate your answer by darkening appropriate bubbles
in the 4 x 4 matrix given in the OMR.

QOIuitln E ColumP IIA
(A) A+B+C ® —i+J
(B) 24-B+3C (@ &
(C©) AxB)+C M 2i+k
(D) A+(BxC) () i+]-2k

Gotutton (A)r(B)s(Q)p D)q ) )
Consider three vectors given as A=i+j, B=-i+j, C=i+3j. Match the terms in

Column I with the corresponding statements in Column II and indicate your answer by
darkening appropriate bubbles in the 4 x 4 matrix given in the OMR.

Match the terms in Column I with the corresponding statements in Column II and indicate your
answer by darkening appropriate bubbles in the 4 x 4 matrix given in the OMR.

QOIumn I Column II
(A) A&B (p) perpendicular vectors
B) B&C (@) coplanar vectors
(C) A&C (r) parallel vectors
(D) AxB&C (s) antiparallel vectors

Sotution (A)p,q(B)q(C)qD)p.q

In Column — I, some physical quantities are given and same possible SI units are given in
column — II. Match the the physical quantities in Column I with the units in Column II and
indicate your answer by darkening appropriate bubbles in the 4 x 4 matrix given in the OMR.

Column - I Column —II
B’qv watt - sec ond
a p) L4t seeond
@ (0] P meter®

v — Magnitude of velocity
B — Magnetic field
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q — Charge
© — Magnetic flux

farad -volt®

(b) hgR Q
second
h — Planck’s constant
g — Gravitational acceleration
R — Rydberg constant
ob’ Newton
© ® 5
A metre
o — Stefan’s constant
b — Wien’s constant
A — Area
n Newton - metre
d — hdidadidiiiodihd
@ RC © second
1 — Coefficient of viscosity
R — Resistance

C — Capacitance
(A) p’ r (B) ‘L s (C) ‘L s (D) p’ r [Ans']
B’qv _(qvB)B _F _ Newton

polution (3 — = unit of pressure
5 @ BA A metre” P
t oul .
() hgR = (Joule-second) (Lre,} (metre ') = JOWE  _ unit of power
second” second
4 44 4N 4 . 4 .
© cb _ oA'T _ (cAT o)7» _ (joule/ sec) Snjetre) _ Joule _ unit of power
A A A” (metre™)” second
@ A F L _ Newton . L = Newtoqn = unit of pressure
RC \6mrv)(RC) ( metre ) (second) metre”
metre - —————
second
Joule d
®) watt -second _ gecond secon _ Newton -metre _ Newton _ unit of pressure
metre’ metre’ metre’ metre’ P
Q (faradvolt™) _ Joule — unit of power
second second
Newton .
R) — = unit of pressure
metre”
) Newton - metre _ Joule  _ unit of power

second second
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Exercise—1: Subjective Problems

1.

10.

Use the approximation (1 +x)" = 1 + nx, | x | << 1, to find approximate value for

@A) o9 ®) 1—1)1 (©) 124

A particle is in a uni-directional potential field where the potential energy (U) of a particle
depends on the x-cordinate given by U, = k (1 — cosax) and k and ‘a’ are constants. Find the
physical dimensions of ‘a’ and k.

An enclosed ideal gas A has its pressure P as a function of its volume ¥ as P = P, — aV*, where
P, and o are constants. Find the physical dimensions of o.

Use the small angle approximations to find approximate values for (4) sin 8° and (B) tan 5°
When two forces of magnitude P and Q are perpendicular to each other, their resultant is of
magnitude R. When they are at an angle of 180° to each other their resultant is of magnitude

R . Find the ratio of P and Q.

2

A particle moves along the space curve 7 = (£ + 1) +(3t—2)j + (2 — 4tk .(t in sec, r in
m) Find at time ¢ = 2 the (A) velocity, (B) acceleration, (C) speed or magnitude of velocity and
(D) magnitude of acceleration.

The time period (7) of a spring mass system depends upon mass () and spring constant (k) &

length of the spring () [k = Force
length

]. Find the relation among, (7), (m), (/) & (k) using

dimensional method. . N
A body acted upon by 3 given forces is under equilibrium. F, Fy

(A) If|E|=10Nr, |E| =6 Nt 0|37

Find the values of |F,

and angle (0).

(B) Express }7“2 in unit vector form. F
3

A particle is acted upon by the forces
F =2 +a -3k F,=5+¢j—bk,F, =bi +5] -7k, F,=ci +6] —ak,.

Find the values of the constants a, b, ¢ in order that the particle will be in equilibrium.

A satellite is orbiting around a planet. Its orbital velocity (v,) is found to depend upon

(A) Radius of orbit (R)

(B) Mass of planet (M)

(C) Universal gravitation constant (G)

Using dimensional analysis find an expression relating orbital velocity (v,) to the above
physical quantities.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

If the four forces as shown are in equilibrium. Express F, & F, in unit vector form.

4

i
I

The equation of state for a real gas at high temperature is given by P =

nRT 3 a
V-b T"7VF +b)

where n, P, V & T are number of moles, pressure, volume & temperature respectively & R is
the universal gas constant. Find the dimensions of constant ‘a’ in the above equation.

The distance moved by a particle in time ¢ from centre of a ring under the influence of its
gravity is given by x = a sinot where a & o are constants. If © is found to depend on the radius
of the ring (), its mass (m) and universal gravitational constant (G), find using dimensional
analysis an expression for ® in terms of », m and G.

If the velocity of light ¢, Gravitational constant G & Plank’s constant /2 be chosen as fundamental
units, find the dimension of mass, length & time in the new system.

A plane body has perpendicular axes OX and OY marked on it and is acted on by following
forces

5P in the direction OY
4P in the direction OX
10P in the direction OA where 4 is the point (3a, 44a)
15P in the direction AB where B is the point ( —a, a)

Express each force in the unit vector form & calculate the magnitude and direction of sum of
the vector of these forces.

Two vectors have magnitudes 3 unit and 4 unit respectively. What should be the angle between
them if the magnitude of the resultant is (A) 1 unit, (B) 5 unit and (C) 7 unit.
A vector A of length 10 units makes an angle of 60° with a vector B of length 6 units. Find

the magnitude of the vector difference 4 — B and the angle it makes with vector A .

At time ¢ the position vector of a particle of mass m = 3kg is given by 7 = 6ti —£*] + costk .
. = . . . (s
Find the resultant force F' (f), magnitude of its acceleration when t = — & speed when ¢ = 7.

Given that the position vector of a particle moving in x-y plane is given by 7 = (£* — 4)f +(- 4)}‘ .
Find

(A) Equation of trajectory of the particle

(B) Time when it crosses x-axis and y-axis



20.

21.

22.

23.
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The velocity time graph of a body moving in a straight line is shown. Find its
y

velocity in m/sec

I
I
300
1 X

time in sec
(A) instantaneous velocity at = 1.5 sec.
(B) average acceleration from = 1.5 sec. to = 2.5 sec.
(C) draw its acceleration time graph from t=0to = 2.5 sec
The curvilinear motion of a particle is defined by v, = 50-16¢ and y = 100-4#, where v, is in
metres per second, y is in metres and 7 is in seconds. It is also known that x = 0 when ¢ = 0.
Determine the velocity (v) and acceleration(4) when the position y = 0 is reached.
The force acting on a body moving in a straight line is given by F'= (37 — 4¢+ 1) Newton where
t is in sec. If mass of the body is 1kg and initially it was at rest at origin. Find
(A) displacement between time =0 and ¢ = 2 sec.
(B) distance travelled between time 1= 0 and # = 2 sec.
The circular divisions of shown screw gauge are 50. It moves 0.5 mm on main scale in one
rotation. The diameter of the ball is [JEE 2006]

1

(A) 2.25 mm (B) 2.20 mm (C) 1.20 mm (D) 1.25 mm

Exercise—2: Subjective Problems

1.

If force, acceleration and time are taken as fundamental quantities, then the dimensions of
length will be:

(A) FT’ ®) F'AT' (©) EA'T (D) AT’

In a certain system of units, 1 unit of time is 5 sec, 1 unit of mass is 20 kg and unit of length is
10 m. In this system, one unit of power will correspond to

(A) 16 watts ®) % watts (C) 25 watts (D) none of these

Three forces P, Q & R are acting at a point in the plane. The angle between P & Q and Q & R
are 150° & 120° respectively, then for equilibrium, forces P, O & R are in the ratio

A) 1:2:3 ®) 1:2: 3 ©) 3:2:1 D) V3:2:1

The resultant of two forces F, and F), is P. If F, is reversed, then resultant is Q. Then the value
of (P* + Q% in terms of F, and F, is

A) 20F+F) B) F’+F; ©) (F,+F) (D) none of these
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5.

10.

11.

12.

13.

14.

15.

A man rows a boat with a speed of 18km/hr in northwest direction. The shoreline makes an angle
of 15° south of west. Obtain the component of the velocity of the boat along the shoreline.

5

(A) 9km/hr 3) 1873 km/hr (C) 18 cos15°km/hr (D) 18 cos75° km/hr

A bird moves from point (1, —2, 3) to (4, 2, 3). If the speed of the bird is 10 m/sec, then the
velocity vector of the bird is:

(A) 5(:“—2]‘+31€) (B) 5(4?+2}+31€)

(C) 0.6i+08) (D) 6/ +8]

The dimensions ML ™' T"* can correspond to:

(A) moment of a force or torque (B) surface tension

(C) pressure (D) co-efficient of viscosity.

(useful relation are © = 7 x I, S=FJ/I, F = 6 xn rv, where symbols have usual meaning)

The pressure of 10° dyne/cm’ is equivalent to

(A) 10°N/m’ ®B) 10°N/m’ (©) 10" N/m’ D) 10° N/m*

If area (A) velocity (v) and density (p) are base units, then the dimensional formula of force
can be represented as.

(A) Awp ®B) A'p (C) Avp’ D) A’vp

If the resultant of two forces of magnitudes P and Q acting at a point at an angle of 60° is J7
Q,then P/ Qis

A 1 B) 3/2 © 2 D) 4

For a particle moving in a straight line, the position of the particle at time (t) is given by
x=r—-61+3t+7

what is the velocity of the particle when it’s acceleration is zero ?

A) -9ms™! B) -12ms™' (©) 3ms™! (D) 42ms™!
If the angle between the unit vectors a and b is 60°, then |a —l;| is
@ o ®) 1 © 2 D 4

In a book, the answer for a particular question is expressed as

b=@[ 1+E}
k ma

here m represents mass, a represents accelerations, / represents length. The unit of 4 should be
(A) m/s ®B) m/s’ (C) meter D) /sec.

The resultant of two forces, one double the other in magnitude is perpendicular to the smaller
of the two forces. The angle between the two forces is

(A) 150° B) 90° ©) 60° D) 120°

Which of the following can be a set of fundamental quantities

(A) length, velocity, time

(B) momentum, mass, velocity

(C) force, mass, velocity

(D) momentum, time, frequency



16.

17.

18.
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If 1 unit of mass = 4 kg; 1 unit of length = im and 1 unit of time = 5 sec, then 1 Joule = x units

of energy in this system where x =

(A) 100 units (B) 0.01 units (C) 200 units (D) 0.02 units

A man moves towards 3 m north then 4 m towards east and finally 5m towards south west. His
approximate displacement from origin is

A) 5V2m ®B) 0m © 12m (D) 5m

E) 1m

Kinetic energy (K) depends upon momentum (p) and mass (m) of a body as K a p® m®
A) a=1b=1 ®B) a=2;b=-1 (C) a=2;b=1 D) a=1,b=2

Exercise—3: General Physics

Only One Correct Option

1.

In the formula X =3YZ’, X and Z have dimensions of capacitance and magnetic induction

respectively. What are the dimensions of ¥ in MKSQ system? [JEE 1995]
@ ML'TQ] B) MLT'Q']

© [ML'T'Q'] (D) [M’L’T'Q]

Ans. (B)

The dimensions of %SOE * (&, : permittivity of free space; E: electric field) is ~ [JEE 2000]

(A) [MLT] (B) [ML'T?]
(©) [MLT”] (D) [ML'T?]
Ans. (D)

A quantity X is given by €,L % , where g, is the permittivity of free space, L is a length, AV

is a potential difference and Af is a time interval. The dimensional formula for X is the same

as that of [JEE 2001]
(A) resistance (B) charge

(C) voltage (D) current

Ans.(D)

A cube has a side of length 1.2x107m. Calculate its volume [JEE 2003]
A) 1.7x10°m’ B) 1.73x10°m> (C) 1.70x10°m’ D) 1.732x10°m’
Ans.(A)

aZ
. o -2 L . .
In the relation p = Ee ¥ . p is pressure, z is distance, £ is Boltzmann constant and © is the

temperature. The dimensional formula of B will be [JEE 2004]
(4 ML'T’] (B) [ML'T] © ML'TT] O) ML'T]

Ans. (A)
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6.

10.

11.

12.

A wire has a mass (0.3+0.003) g, radius (0.5+0.005) mm and length (6+0.06)cm. The

maximum percentage etrror in the measurement of its density is [JEE 2004]
A) 1 ®) 2 © 3 D) 4

Ans. (D)

Which of the following sets have different dimensions? [JEE 2005]
(A) Pressure, Young’s modulus, Stress (B) Emf, Potential difference, Electric potential
(C) Heat, Work done, Energy (D) Dipole moment, Electric flux, Electric field
Ans. (D)

Let [g,] denote the diensional formula of the permittivity of the vacuum. If M = mass, L = length,
T'=Time and 4 = electric current, then [JEE Main 2013]
(A) [s]=[M'L7T"4] B) [e =IM'L7>T*A"

©) [s]=IM"L'T"47 D) [el =IM'L’T"4"

Ans. (B)

The diameter of a cylinder is measured using a vernier callipers with no zero error. It is found the
zero of the vernier scale lies between 5.10 cm and 5.15 cm of the main scale. The vermier scale has
50 division equivalent to 2.45 cm. The 24th division of the vernier scale exactly coinciders with one

of the main scale divisions. The diameter of the cyliner is [JEE Advanced 2013]
(A) 5.112cm B) 5.124cm () 5.136cm D) 5.148cm
Ans. (B)

During Searle’s experiment, zero of the vernier scale lies between 3.20 x 107 m and 3.25 x
10”m of the main scale. The 20th division of the vernier scale exactly coincides with one
of the main divisions. When an additional loas of 2 kg is applied to the wire, the zero of the
vernier scale still lies between 3.20 x 107 m and 3.25 x 10> m of the main scale but now the
45th division of the Verier scale coincides with one of the main scale division. The length of
the thin metallic wire is 2 m and its cross-sectional area is 8 x 10”7 m?. The least count of the
vernier scale is 1.0 x 10 m. The maximum percentage error in the Young’s modulus of the
wire is [JEE Advanced (Integer Type) 2014]
Ans. (4)

The current voltage relation of diode is given by I = (¢'"*""~1)mA where the applied voltage
V is in volts and the temperature T is in degree Kelvin. If a student makes an error measuring
+ 0.01V while measuring the current of 5mA at 300K, what will be the error in the value of

current in mA? [JEE Main 2004]
(A) 0.02mA B) 0.5mA (©) 0.05mA D) 02mA

Ans. (D)

A student measured the rod and wrote it as 3.50 cm. Which instrument did he use to measure
it? [JEE Mains 2014]

(A) A vernier calliper where the 10 divisions in vernier scale matches with 9 division in main
scale and main scale has 10 division in 1 cm.

(B) A screw gauge having 100 divisions in the circular scale and pitch as 1 mm.

(C) A screw gauge having 50 divisions in the circular scale and pitch as 1 mm.

(D) A meter scale

Ans. (A)
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The period of a simple pendulum is T = 2n \/Z Measured value of L is 20.0 cm known to

g
1 mm accuracy and time for 100 oscillations of the pendulum is found to be 90 securing wrist
watch of 1 sec resolution. The accuracy in the determination of g is: [JEE Main 2015]
A) 2% ®B) 3% ©) 1% D) 5%
Ans. (B)

Match the Columns

1.

Column I gives three physical quantities. Select the appropriate units for the choices given in
Column II. Some of the physical quantities may have more than one choice. [JEE 1990]
Column I Column II
Capacitance ohm-second
Inductance coulomb’~joule !
Magnetic induction coulomb (volt) ",
newton (ampere metre) ',
volt-second (ampere) .
Ans. 1 I
Capacitance coulomb-volt coulomb’ joule ™
Inductance ohm-sec, volt second ampere '
Magnetic induction newton (ampere-metre) "'

2. Match the physical quantities given in Column I with dimensions expressed in terms of mass

M), length (L), time (7), charge (Q) given in Column IT and write the correct answer against

the matched quantity in a tabular form in your answer book. [JEE 1993]
Column I Column II

(A) Angular momentum ( [MLT?)

(B) Latent heat (@ [MLQ™]

(C) Torque @ [ML’T']

(D) Capacitance (s) [ML'T'Q7]

(E) Inductance ® [M'L°T°Q%)

(F) Resistivity W [L'T7]

Ans. (4-r); (B-u); (C-p); (D-0); (E-q); (F-s)

3. Some physical quantities are given in Column I and some possible SI units in which these

quantities may be expressed are given in Column II. Match the physical quantities in Column

I with the units in Column IL. [JEE 2007]
Column I Column II
A) GMM, (») (volt) (coulomb) (metre)

G — universal gravitational constant,
M, — mass of the earth,
M, — mass of the sun.
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(B) % (@) (kilogram) (metre)’ (second)
R — universal gas constant,
T — absolute temperature,
M — molar mass.
F2

—_— () (metre)® (second) >
q B

©
F —force,
q — charge,
B — magnetic field.
Ans. (4-p, q); (B-r, 5); (C-1, 5); (D-r, 5)

4. Match Column I with Column II and select the correct answer using the codes given.

[JEE Advanced 2013]
Column I Column II
P.  Boltzmann constant 1. [ML*T™
Q. Coefficient of viscosity 2. [ML'T™
R.  Plank constant 3. [MLT’K™]
S.  Thermal conducitivity 4. [ML’T’K]
Codes:
| Q R S
(A) 3 1 2 4
(B) 4 2 1 3
© 3 2 1 4
(D) 4 1 2 3
Ans. (B)

One or More than One Correct Option

1.

L, C and R represent the physical quantities inductance, capacitance and resistance respectively.

The combinations which have the dimensions of frequency are [JEE 1984]
1 R 1 C
A — B) — ) — D) —
A) RC B) i3 © Jic (D)
Ans.(4, B, O)
The dimensions of the quantities in one (or more) of the following pairs are the same. Identify
the pair(s) [JEE 1986]
(A) torque and work (B) angular momentum and work
(C) energy and Young’s modulus (D) light year and wavelength
Ans. (4, D)
The pairs of physical quantities that have the same dimensions is/(are) [JEE 1995]

(A) Reynolds number and coefficient of friction
(B) Curie and frequency of a light wave

(C) Latent heat and gravitational potential

(D) Planck’s constant and torque

Ans. (4,B,C)
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Let [g,] denote the dimensional formula of the permittivity of the vacuum and [p,] that of the

permeability of the vacuum. If M = mass, L = length, 7 = time and I = electric current.

[JEE 1998]
A) [5]=M"L°T ®) [5]=M"L°T'T’]
©)  [M]=[MLT?I7] D) [k]=[MLT"I]
[Ans.] (B,O)
The ST unit of the inductance, the henry can by written as [JEE 1998]
(A) weber/ampere (B) volt-second/ampere
(C) joule/(ampere)’ (D) ohm-second

[Ans.] (4,B,C,D)

A student uses a simple pendulum of exactly 1m length to determine g, the acceleration due
to gravity. He uses a stop watch with the least count of 1 s for this and records 40 s for 20
oscillations. For this observation, which of the following statement(s) is/are true?

(A) Error AT in measuring 7, the time period, is 0.05 s

(B) Error AT in measuring 7, the time period, is 1 s

(C) Percentage error in the determination of g is 5%

(D) Percentage error in the determination of g is 2.5%

Fill in the Blanks

1.

[Ans.] (4,0)

Planck’s constant has dimensions.. .................... [JEE 1985]
Ans. [ML*T']

In the formula X = 3YZ%, X and Z have dimensions of capacitance and magnetic induction
respectively. The dimensions of y in MKSQ system are.. ........... [JEE 1988]
Ans. [M°L°T'QY

The dimensions of electrical conductivity is.................. [JEE 1997]

Ans.[M LT’ A’
The equation of state of a real gas is given by ( p+ %J (V —b) =RT ; where p, V and T are
pressure, volume and temperature respectively and R is the universal gas constant. The

dimensions of the constant a in the above equation is.. ................. [JEE 1997]
Ans. [ML’T?]

Analytical & Descriptive Questions

1.

Give the MKS units for each of the following quantitics [JEE 1980]
(@) Young’s modulus, (b) Magnetic induction,

(c) Power of a lens.

Ans. (a) N/m? (b) Tesla (c) m ™'
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2. A gas bubble, from an explosion under water, oscillates with a period T proportional to p°d’E",
where p is the static pressure, d is the density of water and E is the total energy of the explosion.

Find the values of a, b and c. [JEE 1981]
[Ans.] a=—, b=l, c=l
2 3

3.  Write the dimensions of the following in terms of mass, time, length and charge. [JEE 1982]
(@) Magnetic flux
(b) Rigidity modulus.
[Ans.] (2) [ML'T'Q '] (b) [ML™'T""]

4. Let [g,] denotes the dimensional formula of the permittivity of vacuum. If M = mass,
L = length, 7= Time period and 4 = electric current, then
A) [6,]=[M"L°T*A] B) [5,]=[M"'L TA’]

© [5]=IM"L'T'A”] D) []=M"L'T'A%]
[Ans.] (B)
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RECTILINEAR MOTION

Mechanics

Mechanics is the branch of physics which deals with the cause and effects of motion of a particle, rigid
objects and deformable bodies etc. Mechanics is classified under two streams namely Kinematics and
Dynamics.

Mechanics

v v

Kinematics Dynamics (or Kinetics)

The word kinematics means ‘science of It is branch of mechanics which is concerned
motion’. It is a branch of mechanics which with the causes (i.e. the force, torque) that
deals with study of motion without going into cause motion of bodies.

the cause of motion, i.e, force, torque etc.

In kinematics we define parameters of motion and we study relations between them. We do not
study the cause of motion or cause of change in motion, which is discussed in dynamics. Here is the
discription of parameters.

Motion and Rest

Motion is a combined property of the object and the observer. There is no meaning of rest or motion
without the observer. Nothing is in absolute rest or in absolute motion.

An object is said to be in motion with respect to observer, its position changes with respect to that
of observer. It may happen both ways, either observer moves or object moves.

Rectilinear Motion

Rectilinear motion is motion along a straight line or in one dimension. It deals with the kinematics of
a particle in one dimension.

Position

The position of a particle refers to its location in the space at a certain moment of time. It is concerned
with the position of the particle at a particular moment of time.

Displacement

The change in the position of a moving object is known as displacement. It is the vector joining the
initial position of the particle to its final position during an interval of time.

Explanatory Notes on Position and Displacement

Change in position vector is called displacement.

Its magnitude is minimum distance between final and initial point, and is directed from initial
position to final position.
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For a particle moving along x-axis, motion from one position x, to another position x, is displacement
or Ax, where Ax=x,—-x,

If the particle moves from x, = 4m to x, = 12 m, then Ax = (12m) — (4m) = +8m. The positive
result indicates that the motion is in the positive direction. If the particle then returns to x = 4m, the
displacement for the full trip is zero. The actual number of meter covered for the full trip is irrelevant;
displacement involves only the original and final position.

Distance

The length of the actual path travelled by a particle during a given time interval is called distance.
The distance travelled is a scalar quantity which is quite different from displacement. In general, the
distance travelled between two points may not be equal to the magnitude of the displacement between
the same points.

Explanatory Notes on Distance

Length of path traversed by a body is called distance. 7

It is dependent on the path chosen, thus for motion between two
fixed points A and B we can have many different values of distance B
traversed. It is a scalar quantity, as length of path has no indication of V
direction in it.

Its SI unit is meter (m) and dimensions is (L).
Qzample 1. Ram takes path 1 (straight line) to go from P to Q and Shyam takes 2

path 2 (semicircle).
(a) Find the distance travelled by Ram and Shyam? » 0
1

(b) Find the displacement of Ram and Shyam?
9 <“— 100 m —»
(a) Distance travelled by Ram = 100 m
Distance travelled by Shyam = (50 m) = 50n m
(b) Displacement of Ram = 100 m

Displacement of Shyam = 100 m
Average Velocity (in an Interval)
The average velocity of a moving particle over a certain time interval is defined as the displacement
divided by the lapsed time.
AverageVelocity = M
time interval

for straight line motion, along x—axis, we have

The average velocity is a vector in the direction of displacement. For motion in a straight line,
directional aspect of a vector can be taken care of by +ve and -ve sign of the quantity.
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Explanatory Notes on Average Velocity and Instantneous Velocity

The average velocity Vavg, is the ratio of the total displacement As, that occurs during a particular time
interval Af, to that interval At. It should be noted that Vavg is independent of path as displacement is
independent of path.

e

The position is r, at time ¢, and then r, at time #,.Unit for Vavg is the meter per second (m/s). The
average velocity Vavg always has the same sign as the displacement As because Af in Eq. 1 is always
positive.

o - _EKE-F
Instantaneous velocity is the value that v, =-—*—
At

approaches in the limit as we shrink the time

interval Ar so we are able to find instantaneous velocity about that instant. Using the language of
calculus, we may write v as the derivative
. dr
V=—o
dt
It is a vector quantity, directed along tangent of path, in the sense of motion. Its SI unit is m/s.

From now on when we use word velocity it will mean instantaneous velocity.
Average Speed (in an Interval)

Average speed is defined as the total path length travelled divided by the total time interval during
which the motion has taken place. It helps in describing the motion along the actual path.

distance travelled

Average Speed = ——
time interval

(a) Average speed is always positive in contrast to average velocity which being a vector, can be
positive or negative.

(b) If the motion of a particle is along a straight line and in same direction then, average velocity
= average speed.

(c) Average speed is, in general, greater than the magnitude of average velocity. The dimension
of velocity and speed is [LT"!] and their SI unit is meters per second (m/s)

Explanatory Notes on Average Spped and Instantaneous Speed

Rate of traversing distance is called speed.

Average speed, Vo gives overall effect of motion in a given period. The average speed involves
the total distance covered which is independent of direction

_ total distance
vavg - At
Because average speed does not include direction, it is not written with sign.
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Instantaneous speed is the magnitude of instantaneous velocity, that is, Instantaneous speed is
Instantaneous velocity that does not have any indication of direction, either in words or via an algebraic
sign. (Caution: Speed and average speed can be quite different.) An instantaneous velocity of +5m/s
and one of —5m/s both have an associated instantancous speed of 5 m/s. The speedometer in a car
measures the instantaneous speed, not the instantaneous velocity, because it cannot determine the
direction.

Qzample 2.  In the example 1, if Ram takes 4 seconds and Shyam takes 5 seconds to go from P to Q, find
(@) Average speed of Ram and Shyam?
(b) Average velocity of Ram and Shyam?

Golution

-

(a) Average speed of Ram = % m/s =25 m/s
50m
Average speed of Shyam = = m/s = 10 m/s
. 100
(b) Average velocity of Ram = e m/s =25 m/s

100
Average velocity of Shyam = e m/s =20 m/s

Gzample 3. A particle travels half of total distance with speed v, and next half with speed v, along a
straight line. Find out the average speed of the particle?

Gotution Let total distance travelled by the particle be 2s.

Time taken to travel first half = s

Y

Time taken to travel next half = S

v,
Total distance covered 2s 2vy,
Average speed = - = = 2
Total time taken S.5 0 vty

Y

v2
. 3 . . 1 . .
Qzampte 4. A particle covers 7 of total distance with speed v, and next 7 with v,. Find the average

speed of the particle ?

Golution 4wy,
v, +3v,
Qzample 5. A car is moving with speed 60 Km/h and a bird is
moving with speed 90 km/h along the same direction as shown in —
gliu::éelimd the distance travelled by the bird till the time car reaches .

Golution  [Ans. 360m] <« 240m —>
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Qzample 6. You drive an old car along a straight road for 8.4 km at 70 km/h, at this point it runs out
of petrol and stops. Over the next 30 min, you walk another 2.0 km further along the road to a petrol
pump.

(@) What is your average velocity Vag from the beginning of your drive to your arrival at the
petrol pump?

(b) Suppose to pump the petrol, pay for it, and walk back to the Car takes you another 45
min. What is your average speed from the beginning of your drive to your return to the
truck with the petrol?

Gotution (@) 16.8 ~ 17 km/hr; (b) 9.1 km/hr.]

Qzample 7.  1f a particle traverses on a semicircular path of radius R from R
A to B in time 7 then find average speed and average velocity.
R . 2R
Gotution [Ans. average speed = nT; average velocity = T (from A to B)]
A >R B

1. Ifa particle moves on a straight line path without changing direction then
(a) distance = | displacement | , hence
(b) average speed = | average velocity |
2. Ifa particle traverses curved path or changes direction on a straight line path
| average velocity | < average speed
3. Always valid for all paths | the instantaneous velocity | = the instantaneous speed

Instantaneous Velocity (At an Instant)

The velocity at a particular instant of time is known as instantaneous velocity. The term “velocity”
usually means instantaneous velocity.

. Ax dx
v, - lim (_) _ &
- A0\ Af dt
In other words, the instantaneous velocity at a given moment (say , ?) is the limiting value of the

average velocity as we let Af approach zero. The limit as Af — 0 is written in calculus notation as dx/dt
and is called the derivative of x with respect to ¢.

Average Acceleration (in an Interval)

The average acceleration for a finite time interval is defined as:
change in velocity

Average acceleration = —
time interval

Average acceleration is a vector quantity whose direction is same as that of the change in velocity.

- A\_} ‘_’;f - ‘_}i
am' —J——
At At
Since for a straight line motion the velocities are along a line, therefore
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(where one has to substitute vfand v, with proper signs in one dimensional motion)
Instantaneous Acceleration (At an Instant)

The instantaneous acceleration of a particle is its acceleration at a particular instant of time. It is defined
as the derivative (rate of change) of velocity with respect to time. We usually mean instantaneous
acceleration when we say “acceleration”. For straight motion we define instantaneous acceleration as:

av . Ax . L av . AV
a=— =1lim|— | andin general @ = — = lim | —
dt A0\ Af dt a0\ At

The dimension of acceleration is [LT?] and its SI unit is m/s>.

Acceleration

Rate of change of velocity is called acceleration and it is directed along the change in velocity.
If change in velocity is AV in At time then

AV

At

d= AV =¥, -7,

Direction of 4 is in the direction of change in vV not in v :

Direction of acceleration
(Emphasis on vector subtraction)

Dimensions - M°L!T2  Units — Its SI unit is ms

f; Important Points

1.

It is a vector quantity

N

Direction is not along the velocity but change in velocity.

»

For any change in velocity either in magnitude or direction or both acceleration must be
present. Without acceleration neither direction nor magnitude of velocity can be changed.

When a particle’s velocity changes, the particle is said to undergo acceleration (or to accelerate).
The average acceleration a,, over a time interval At is
va-wi _ Av
A

)

2 1
where the particle has velocity v, at time ¢, and then velocity v, at time ¢,

The instantaneous acceleration (or simply acceleration) is the derivative of the velocity with
respect to time.
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dv

a = —

dt

In words, the acceleration of a particle at any instant is the rate at which its velocity is changing at
that instant.

)

dv d dr_ dr
dt dt dr’ dt

In other words, the acceleration of a particle at any instant is the second derivative of its position
vector with respect to time.

.3

Acceleration has both magnitude and direction (it is yet another vector quantity). For motion on a
straight line its algebraic sign represents its direction on an axis just as for displacement and velocity;
that is, acceleration with a positive value is in the positive direction of an axis, and acceleration with a
negative value is in the negative direction.

Many times it is misunderstood that positive acceleration means that the speed of an object is increasing,
and negative acceleration means that the speed is decreasing (the object is decelerating). The sign of an
acceleration indicates a direction, not whether an object’s speed is increasing or decreasing.

For example, if a car with an initial velocity v =—-25 m/s is braked to a stop in 5.0s, then a,= +5.0 m/s%.
The acceleration is positive, but the car’s speed has decreased. The reason is the difference in signs: the
direction of the acceleration is opposite to that of the velocity.

If the signs of the velocity and acceleration of a particle are the same, the speed of the particle
increases. If the signs are opposite, the speed decreases.

. d. .
Qzample 8. What is meant by x |v| and , can these be equal?

Can (i) i|17|=0while @& (ii) i|17|¢0while @& =0
dt dt dt dt
Golution d - ; av ;
J E|v| means the time rate of change of speed and - means the magnitude of

acceleration.
e  When a particle moves with uniform velocity.
e When a particle moves with constant acceleration along straight line path.

) %Iﬁ | =0 1i.e. speed constant #0|a| #0may be due to change in direction.

av d
i) |[—| =0, —|v| # 0 not possible.
(i1) ’dt’ dtl | p
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Difference between magnitude of rate of change of velocity and rate of change of magnitude of velocity
L |dv| d|V|

la|=|—|#——:

dt dt

Change in velocity: Only magnitude

v
(1) acceleration should be parallel to velocity velocity will increase
a
v
(1) anti parallel to velocity _ ~ velocity will decrease
4

(i) corresponds to one dimensional motion

Only direction
(1) acceleration should be perpendicular to velocity 7
(i) corresponds to Uniform Circular Motion and any general curved =l -
path with constant speed. v
Both: H

Acceleration should have an angle 6 with velocity where 6 # 0, 180°, 90° etc. Here
acceleration will have two components

(a) along velocity — will change magnitude
(b) perpendicular velocity — direction
(i) corresponds to projectile and any general curved path.

When there is either a change in magnitude or direction of velocity or both there will be non zero
acceleration.

Qzample 9. Find the magnitude of average acceleration of minute hand of clock (length = 20 cm)
rotate an angle of /2.

~ v]
Sotution | Av | = \/vf +v2 —2vv,c0890° = 2vt=15min =15 x 60 sec
Ivl_ﬂ_anO.ZO
T 60 x 60
)
] = e 2emx0D)
3600x15x60

Qzample 10. Position of a particle as a function of time is given as x = 57 + 4¢ + 3. Find the velocity
and acceleration of the particle at 1 = 2 s?

Sotution  \elocity; v= % =10t + 4
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Att=2s v=1012) + 4 — v=24m/s

”

Acceleration — a= d’x =10
dt

2

Acceleration is constant, soatt=2s
a =10 m/s?
Qzample 11. The position of a particle moving on X-axis is given by x = A + B2 + Ct + D.

The numerical values of A, B, C, D are 1, 4, -2 and 5 respectively and SI units are used. Find (a)
the dimensions of A, B, C and D, (b) the velocity of the particle at =4 s, (c) the acceleration of the
particle at ¢ = 4s, (d), the average velocity during the interval =0 to ¢ = 4s, (¢) the average acceleration
during the interval t=0to t=4s.

Sotution [(@) [A]=[LT™], [B]=[LT™?], [C]=[LT"] and [D] =[L]; (b) 78 m/s ; (¢) 32 m/s?;
(d) 30 m/s ; () 20 m/s?]

Motion with Uniform Velocity

Consider a particle moving along x—axis with uniform velocity  starting from the point x=x, at ¢ = 0.
Equations of x,v,aare:x () =x, +ut ; v(t) =u;a(t) = 0

e x—t graph is a straight line of slope u through x,.

e as velocity is constant, v — ¢ graph is a horizontal line.

e gt graph coincides with time axis because a = 0 at all time instants.

A A
X X
z W » W
J ©
%\OQ %\OQ
% %;
u is positive u is positive
0 >t 0 >t
A
A A
v v
.. . a
positive velocity o
u 0 » [
. - | negative velocity 5 > ¢

Uniformly Accelerated Motion
If a particle is accelerated with constant acceleration in an interval of time, then the motion is termed
as uniformly accelerated motion in that interval of time.

For uniformly accelerated motion along a straight line (x—axis) during a time interval of ¢ seconds,
the following important results can be used.
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@ v=u+at S >
u
—i » —»
(b) s=ut+1/2ar _
) intial position final position
s=vt—1/2 at
X =x tut+ 1/2 at?

(©) v*=u’+2as
d s=12w+v)t
(e) s,=u+al2(2n-1)
u = initial velocity (at the beginning of interval)
a = acceleration
v = final velocity (at the end of interval)
s = displacement (x,—x)
X,= final coordinate (position) x, = initial coordinate (position)

s, = displacement during the n® sec

Explanatory Notes on Motion in One Dimension

Consider a particle moving on a straight line AB. ' P >
For the analysis of motion we take origin, O at A4 0 P B
any point on the line and x—axis along the line. "

Generally, we take origin at the point from where
particle starts its motion and rightward direction as positive x-direction. At any moment if particle is at
P then its position is given by OP = x.

Velocity is defined as, v= %
Acceleration is defined as, a= v =d_-)f _Yav

Motion in a Straight Line with Uniform Velocity

If motion takes place with a uniform velocity v on a straight line, then displacement in time ¢, s =V . ¢,
acceleration of particle is zero .. (D

Motion in a Straight Line with Uniform Acceleration-Equations of Motion

Let a particle move in a straight line with initial velocity u (velocity at time ¢ = 0) and with uniform
acceleration a. Let its velocity be v at the end of the interval of time ¢ (final velocity at time 7). Let S be
its displacement at the instant t.

Now, acceleration a= ——

or, v=u+at .2

If u and a are in the same direction, a is positive and hence the velocity increases with time. If ais
opposite to the direction of u, a is negative and the velocity decreases with time.
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Displacement during the time interval ¢ = average velocity X ¢

u+v
S=— xt .. (3
5 (©))

Eliminating v from equations (2) and (3) we get

g u+u+at “t
2
1
or S=ut+ 5 at? B C))
Another equation is obtained by eliminating t from equations (2) and (3)
v—u
v=u+at or a= -
g vru
2
v—u  v+u v -u’
or aS= X xt=
t 2 2
or vi—ut=2aS
vi=u’+2aS )

Distance traversed by the particle in the n® second of its motion

The velocity at the beginning of the n® second=u +a (n - 1)

The velocity at the end of the n™ second = u + an

u+a(mn-D+u+an
2

. . 1
Average velocity during the n® second = =u+ ) an-1)

Distance traversed during this one second

. . 1
S, = average velocity x time = [u + Ea(2n—l)} x 1

ie. Sn=u+ % an-1) ... (6)

The five equations derived above are very important and are to be memorized. They are very useful
in solving problems in straight—line motion.
Calculus method of deriving equations of motion:
The acceleration of a body is defined as

a= — ie. dv=adt
dt
Integrating, we get, v=at + A

where A is constant of integration. By the initial condition when ¢ = 0, v = u (initial velocity), we
getA=u

v=u-+at
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we know that the instantaneous velocity v = %

Displacement of body for duration df from time 7 to ¢ + dt is given by
aS=vdt(u+at)dt

On integration we get,

1 .. .
S=ut+ 5 at® + B, where B is integration constant

At, t=0,S=0yields B=0

S=uz‘+lal‘2
2
. av dv dS av
Acceleration= — = — . — =y . —
dt as dt as
av
a=v —
das
a.dS=v.adv

Integrating we get,

v . .
aS= >y + C, where C is integration constant

Applying initial condition, when S =0, v = u we get

0=2% +c oo C=%L
2 2
as = %_% vi—u?=2aS = vi=u?+2aS

If S, and S, are the distances traversed during 7 seconds and (n — 1) seconds

S =un+ 1 an®

2
1 2

S,=umn-1)+ 5 amn-1)
Displacement in n second

S=8-S=u-+ 1 an*—un-1)- 1 am-1)°

n n 2 2
1
S =u+ 5 a@n-1)

Qzample 12. A certain automobile manufacturer claims that its super—deluxe sport’s car will accelerate
from rest to a speed of 21.0 ms™ in 4.0 s. Under the important assumption that the acceleration is
constant. Find:
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(@

()

©
Golution

-

(@

()

©

the acceleration of car in ms™.
the distance the car travels in 4.0 s.
the distance the car travels in 4™ second.

We are given that # = 0 and velocity after 4 s is 21 m/s, so we can used v =u + af to find
acceleration.

Distance travelled in 4.0 s

Wecanuse,S=ut+%aﬁ=0+% x525x4*=42.00m

Distance travelled in 4™ second

We have S, = u + (21— 1) §=(2x4—1)x %=18.37Sm

Vertical Motion Under Gravity

When a body is thrown vertically upward or dropped from a height, it moves in a vertical straight line.
If the air resistance offered by air to the motion of the body is neglected, all bodies moving freely under
gravity will be acted upon by its weight only. This causes a constant vertical acceleration g having
value 9.8 m/s, so the equation for motion in a straight line with constant acceleration can be used with
proper sign convantion.

Projection of a body vertically upwards:
Suppose a body is projected vertically upwards from a point A with velocity .

If we take upward direction as positive

(1) Attime 7, its velocity v+ u = gt B
(i) Attime ¢, its displacement from A is given by
1
S=ut—- — gt
> g
(iii) Its velocity when it has a displacement S is given by C

(iv) When it reaches the maximum height from A, its velocity v= 0.

This happens when 7 = % . The body is instantaneously at rest at the highest point B.

vi=y?-2g8

1T

2

u

(v) The maximum height reached, H = —

28

. . . . 2
(vi) Total time to go up and return to the point of projection = ?u
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Since, S = 0 at the point of projection,

1

S=ut- = gt
28

0 =ut—lgt20rt= 2u
2 g

. . u . 2u
Since the time of ascent =§ , the time of descent = ? - —=—

(vii) At any point C between A and B, where AC =5, the velocity v is given by,

v== u’-2gS
The velocity of body while crossing C upwards = + «/u2—2 gS and while crossing C

downwards is — \/u® —2 gS . The magnitudes of the velocities are the same.

Qzample 13. A body is projected upwards with a velocity 98 m/s. Find:
(a) the maximum height reached.
(b) the time taken to reach the maximum height.
(c) its velocity at a height 196 m from the point of projection.
(d) velocity with which it will cross down the point of projection.
(e) the time taken to reach back the point of projection.
Golution
(@ The maximum height reached
Initial upward velocity # =98 m/s
Acceleration a = (- 2) = — 9.8 m/s?
Maximum height reached H is given by,
v =u’+2aS
0=98"+2(-98)H
H= 98" =490 m
2x98
(b) The time taken to reach the maximum height

(c) Velocity at a height of 196 m from the point of projection
vi=ur+2aS
v =982 +2(-9.8) 196
v== 57624 =+ 7591 m/s
+ 75.91 m/s while crossing the height upward and — 75.91 m/s while crossing it downward
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(d) Velocity with which it will cross down the point of projection
vi=ut+2g8
At the point of projection S =0
v=+£u
While crossing the point of projection downwards, v=—u =—-98 m/s
The velocity has the same magnitude as the initial velocity but reversed in direction

(¢) The time taken to reach back the point of projection

Derivation of Equation of Motion for Constant Accleration with Calculus

These are valid only for constant acceleration

~ ﬁ. —_ .; _’_’ . _"_—_’ . 3 27 — v . 39 — 27 -
1. a=E, dﬁ—adt,!d\?—!adt, [¥]. = ajdt, V—d=dt, V=i+at

2. Weknow, ds =vdt

1

jd§ =j9dt; jd§ =j(a+at)dt; jd§ =jﬁdt+jat dt
0 0 0 0 0 0

0

3. Derive for one dimensional motion v* — u? = 2as

. . o 1.,
Qzample 14. Derive these equation (a) § = vt —Eat'
Gotution 5=t _%

Lo, L,
weknowthat,s=ut+5at';u=v—at

substituting the value

— — — 1_.7 — — -2 1-’7 — — —,2
s=(v—at)t+5at' = s=vt—at'+5at' =5 =vt—5at'

Try to Derive this equation

"=[§+ﬁ}t e

Y¥U hen equation 39 is divided by £ on both side, it will give

Try to Derive this equation v, =
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s Vv+u |t _ V+iu
—= - = Ve =
t 2 |t 2

Displacement in n™ second

1, 1 s
S =u +—an S =um-1)+ —ar-1°
n un 2 n-1 u( ) 2 ( )
S,h=S”—Sn_1=u(l)+%a(n—n+1)(n+n—l)

S, =u+t %a(Zn—l) .2

n and 1 in eq (2) have dimension of ‘t’. s , means average velocity in »n” second.
n

f; Important Points

1. These equations are used without vector sign but this does not mean they are not vectors. [as
we have to use proper signs]

2. While we are following above stated method we have to use same equation for acceleration
and deacceleration.

3. At any instant particle may be situated on —ve side of origin but still sign of velocity and
accleration are decided by the sense of +ve x direction or from the basic definitions.

Qzample 15, A particle moving rectilinearly with constant acceleration is having initial velocity of
10 m/s. After some time, its velocity becomes 30 m/s. Find out velocity of the particle at the mid point
of its path?

Golution Let the total distance be 2x.

distance upto midpoint = x
Let the velocity at the mid point be v and acceleration be a
From equations of motion
vt =10%+ 2ax ..
302 =v? + 2ax .. (2
Equation (2) — (1) gives
V=302 =10 = =500 = v=10J/5 m/s

Qzample 16. A police inspector in a jeep is chasing a pickpocket an a straight road. The jeep is going
at its maximum speed v (assumed uniform). The pickpocket rides on the motorcycle of a waiting friend
when the jeep is at a distance d away, and the motorcycle starts with a constant acceleration a. Show
that the pickpocket will be caught if v>+/2ad .

Sotution Suppose the pickpocket is caught at a time ¢ after motorcycle starts. The distance
travelled by the motorcycle during this interval is

1 .,
s=—at” ..
5 @



2.18 I Understanding Mechanics (Volume — I)

During this interval the jeep travels a distance
s+d=vt )]

By (1) and (2), %atz +d=wvt

tzvi\/vz—Zad

a

or,

The pickpocket will be caught if it is real and positive.

This will be possible if v’ >2ad or, v>+/2ad

Qzample 17. A car deccelerates from a speed of 20 m/s to rest in a distance of 100 m. What was its
acceleration, assumed constant?

Ggtution  [Ans. — 2 m/s’]

Qzample 18. A 150 m long train accelerates uniformly from rest. If the front of the train passes a
railway worker 50 m away from the station at a speed of 25 m/s, what will be the speed of the back part
of the train as it passes the worker?

Ggtution  [Ans. 50 m/s]

Qzample 19. Spotting a police car, you brake a Porsche from a speed of 108 km/h to a speed of
72 km/h during a displacement of 88.0 m, at a constant acceleration.

(a) What is that acceleration?
(b) How much time is required for the given decrease in speed?
Gotution [Ans. (a) — 2.84 m/s%; (b) 3.52 sec]

Qzample 20. A particle starts with velocity 10 ms™ and deacceleration of 5 ms~. Find displacement
and distance traversed in 6 sec.

[Ans. displacement = — 30 m ; distance =50 m]
Gotution Displacement
uniform acceleration = Newton’s equations can be used

u=10ms!;a=-5ms?t=6sec,s="? +ve

1 2
Ss=ut+ —at T
2 30 x

Ans. S=10><6+%(—5)x6x6=60_90=_30m

For finding distance traversed we should find displacement for v= 0

u=10,a=-5v=0 Sovi=ut 4 2ax
> x= vou _ (O -0 =10m
2a 2(-5)

Ans. total distance=2x +|s|=2x 10+30=50m
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f; Concept

In the equation of motion ‘S’ stands for displacment not for distance for calculating distance split the
motion in two parts.

Qzample 21. A car can travel at maximum speed of 180

km/hr and can have maximum acceleration 5 m/s? and h
; 2 : 300m

retardation of 3 m/s?. How fast can it start from rest and come

to rest in travelling 300 m.

Sgtution v =180 km/hr = 50 m/s

a=5m/s? r=3m/s, v=0,u=0; s=300m

Part-I: Accelerating u=0; a= 5m/s?

J10x
5 sec

vV=Ev v = J10x m/st[=

Part-II: Retarding s = (300 —x) meter
u = +10x ; v=0;a=-3
0 =10x+ 2300 —x)(-3) = 10x = 6(300 —x);
x=112.5
Solving for #: 1 = 35

V10x _ \10x1125 _ \/11925 _ 5 =55

t:
203 3

[Ans. Total time taken = 3J5 +3J/5=8/5 sec]
Graphs in Uniformly Accelerated Motion (a # 0)

e xisa quadratic polynomial in terms of £. Hence x — ¢ graph is a parabola.

x X
a<yo
X; X,
a>0

Fig 2.1: x-t graph

e vis a linear polynomial in terms of #. Hence v — ¢ graph is a straight line of slope a.

a is positive a is negative
> ; >
> al >

Fig 2.2: v-t graph
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a—t graph is a horizontal line because a is constant.

ak ak

positive
acceleration ¢
o |—2cceieration i I
0
negative

acceleration

=l|

Fig 2.3: a-t graph

Reaction Time

When a situation demands our immediate action. It takes some time before we really respond. Reaction
time is the time a person takes to observe, think and act.

Directions of Vectors in Straight Line Motion

In straight line motion, all the vectors (position, displacement, velocity and acceleration) will have only
one component (along the line of motion) and there will be only two possible directions for each vector.

For example, if a particle is moving in a horizontal line (x—axis), the two directions are right
and left. Any vector directed towards right can be represented by a positive number and
towards left can be represented by a negative number.

For vertical or inclined motion, upward direction can be taken +ve and downward as —ve

1
!

For objects moving vertically near the surface of the earth, the only force acting on the particle
is its weight (mg) i.e. the gravitational pull of the earth. Hence, acceleration for this type of

motion will always be a =—gi.e. a=— 9.8 m/s? (—ve sign, because the force and acceleration
are directed downwards, If we select upward direction as positive).

4'__+>

line of motion

line of motion

(a) If acceleration is in same direction as velocity, then speed of the particle increases.

(b) If acceleration is in opposite direction to the velocity then speed decreases i.e. the particle

slows down. This situation is known as retardation.

Qzample 22. Mr. Sharma brake his car with constant acceleration from a velocity of 25 m/s to 15 m/s
over a distance of 200m.

(@) How much time elapses during this interval?
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(b) What is the acceleration?
(c) If he has to continue braking with the same constant acceleration, how much longer
would it take for him to stop and how much additional distance would he cover?

Golution

(@) We select positive direction for our coordinate system to be the direction of the velocity
and choose the origin so that x, = 0 when the braking begins. Then the initial velocity is
u_=+25m/s att = 0, and the final velocity and position are v_ = +15 m/s and x = 200 m
at time 7.

Since the acceleration is constant, the average velocity in the interval can be found from
the average of the initial and final velocities.

V= ) = 2 (15425 =20 ms.

. Ax .
The average velocity can also be expressed as v, = N With Ax =200 m

and At =f- 0, we can solve for t:

(b) We can now find the acceleration using v =u _+at
v,—-u, _15-25
a = =
¥ t 10
The acceleration is negative, which means that the positive velocity is becoming smaller
as brakes are applied (as expected).
(¢) Now with known acceleration, we can find the total time for the car to go from velocity
u=25m/s tov_= 0. Solving for ¢, we find
v,-u, _0-25 _
a -1

X

=—1m/s%.

t= 25 s.

The total distance covered is

X =x+ut+ %af =0+ (25)(25) + %(—1)(25)2 =625-312.5=312.5m.

Additional distance covered = 312.5-200=112.5 m.

Qzample 23. A particle is dropped from a tower. It is found that it travels 45 m in the last second of
its journey. Find out the height of the tower?

Sotution Let the total time of journey be n seconds.

Using; s, =u +§(2n—1)
45 =0+ % (2n-1) n=35sec

Height of tower; 4= %gt2= % x10x 52=125m
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Explanatory Notes on Free Fall

If you tossed an object either up or down and could somehow eliminate the effects of air on its flight,
you would find that the object accelerates downward at a certain constant rate. That rate is called the
free-fall acceleration, and its magnitude is represented by g. The acceleration is independent of the
object’s characteristics, such as mass, density, or shape; it is the same for all objects.

Some results:

1.

2

Maximum Height H = ;‘—

g 2 B
Time to reach maximum height ¢ = L ! t!
g i ’
H A V]
Total time of flight = 2u
g 7,
Time of ascent = Time of descent for motion between two specific
points.
If an object is dropped ( means initial velocity is zero) from Height 4. Its speed on reaching
. . . 2h
ground is v = ,/2gh and time taken to reach ground is f =  |—
g

A particle has the same speed at a point on the path. While going vertically up and down.

Qzample 24, In figure a kid tosses a ball up, with an initial speed of 10 m/s. (g = 10m/s?)

Ball

v=_0at Y
highest point
still accelerating

A

™ During descent,

.
.
f : a =—g, speed
: : increases,
During ascent,\ + and velocity
a =—g, speed Ly cecomes
decreases, D more negative
and velocity I
becomes v ——y=0

less positive




(@) How long does the ball take to reach its maximum height ?
(b) What is the ball’s maximum height above its release point ?
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(¢) How quick does the ball take to reach a point 1.8 m above its release point?

[Ans. (a) 1 sec; (b) Sm; (¢) 0.2 5]

f; Concept

1. To understand sign. connection.
2. At heighest point velocity is zero but still acceleration.

3. aand v have opposite sign. so speed ¥ during upwards a and v have same sign. speed T.
Qzample 25, A person standing on a top of a 25 m high building throws a ball upward at the speed of

20 m/s. Find time that ball will take to come down.

i TZO m/s

25m
AR RERRRRERRRNEY
Sotution Case-I:
u=20; g=-10; v=0; t=7
v=u+gt = 0=20-10¢ = t=2sec

s=ut+ %gt2=20><2+ %(—10)(4) — 40-20=20m
Case-II: s =485; g=10; u=0

s=— x 10 =t=3sec ... [=5sec

1
2

f; Concept

(1) No need to brake motion into upward and downward motion.

(i) To give the vector idea of displacement.

Explain how by using sign we can get result and how signs take care of whole path

Taking upper side as (+): u=20m/s; a=-10m/s>, s=-25m
1,
s =ut+ —at”
2

—-10¢*

-25 =20t+[

t=5,-1, .. t=5sec

) > -25=20t-5¢ = 5£-20t-25=0
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Many answers emerged automatically with minus signs. It is important to know what these signs mean.
For these two freely falling-body problems, we established a vertical axis (the y-axis) and we chose-
quite arbitrarily-its upward direction to be positive.

We then chose the origin of the y-axis (that is, the y = 0 position) to suit the problem. In this
example, the origin was at the top of the building, and in previous example. It was at the kid’s hand. A
negative value of y then means that the body is below the chosen origin. A negative velocity means that
the body is moving in the negative direction of the y-axis — that is, downward. This is true no matter
where the body is located.

Mathematics often generates answers that you might not have thought of as possibilities, as in
this example. If you get more answers than you expect, do not automatically discard the ones that
do not seem to fit. Examine them carefully for physical meaning. Like here time is our variable, then
even a negative value (-1) can mean something ; negative time simply refers to time before t = 0, the
(arbitrary) time at which you decided to start your stopwatch.

In kinematics we may come across situations where a moving large body drops a body. The initial
velocity of the dropped body is equal to the velocity of the moving large body.

Qzample 26. A lift is moving up with an acceleration of 4m/s? starting from rest. 5 sec after the start,
a coin is dropped from the lift. Find:

(@) The initial velocity of the dropped coin.

(b) The height attained by the lift till the time of drop.

(c) The time when the coin reaches ground.
Gotution (a) 20 m/s (b) 50 m (c) 5.74 sec after drop.

Qzampte 27. A particle is dropped from height 100 m and another particle is projected vertically up
with velocity 50 m/s from the ground along the same line. Find out the position where two particle will
meet?

Gotution Let the upward direction be positive. y=100m A =0 m/s

Let the particles meet at a distance y from the ground. \I,
For particle A,

Y, =+100m u=0m/s =—10 m/s?

y =100+ 0(%) —% x 10 x t?

=y, tut+ %atz]

=100 - 5¢ .. (D y=0m - Iu:SOm/s

B
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For particle B,
»,=0m = wu=+50m/s = a=-10m/s’
y =500 - % x 10x 2= 50t — 582 .2
According to the problem;
50t —5¢ =100 - 5¢
t=2sec

Putting = 2 sec in eqn. (1),
y =100 -20=80 m.
Hence, the particles will meet at a height 80 m above the ground.

Qzample 28, A ball is thrown vertically upwards with velocity of 20 m/s towards ceiling which is
10 m high. Assume the collision be ¢lastic in nature. Find time taken by ball to come back after collision?

Sotution Motion of equation will not be valid in this case as acceleration is not constant. During
the strike, time taken will be 0 and velocity in downward direction, hence acceleration will become
infinite.
Now, s=10m; u=20m/s; g=-10m/s%;, Time to reach ceiling, =7
10 =20t - 5¢
5 -20t+10 =0
20+4/400-1x200 20+10+2
t= X = 2 = (2 +2 ) sec
10 10

For the level of celing, two answers will be there as it crosses it twice in causes of attaining
maximum height but, ball collides with the ceiling , hence the answer will be smaller one

T=2-2)
Total time will be twice of this = 2((2 — V2)) sec

Elastic collision means that velocity perpendicular to the wall will reverse its direction.

Qzampte 29. A particle is thrown vertically with velocity 20 m/s . Find (a) the distance travelled by
the particle in first 3 seconds, (b) displacement of the particle in 3 seconds.

Golution  |Ans. 25m, 15m]
Qzampte 30. A stone is dropped from a balloon going up with a uniform velocity of 5 m/s. If the

balloon was 50 m high when the stone was dropped, find its height when the stone hits the ground. Take
g =10 m/s2.

Golution 8 51
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<# Note

As the particle is detached from the balloon it is having the same velocity as that of balloon, but its
acceleration is only due to gravity and is equal to g.

Vertical Motion Under Gravity

When a body is thrown vertically upward or dropped from a height, it moves in a vertical straight line.
If the air resistance offered by air to the motion of the body is neglected, all bodies moving freely under
gravity will be acted upon by its weight only. This causes a constant vertical acceleration g having
value 9.8 m/s, so the equation for motion in a straight line with constant acceleration can be used with
proper sign convantion.

Projection of a Body Vertically Upwards
Suppose a body is projected vertically upwards from a point A with velocity .
IB

C

1T

A

If we take upward direction as positive
(i) Attime ¢, its velocity v + u = gt
(i) Attime ¢, its displacement from A is given by

1
S=ut— — gi
> g
(iii) Its velocity when it has a displacement S is given by

vi=ut-2g8
(iv) When it reaches the maximum height from A, its velocity v= 0.

This happens when 7 = % . The body is instantaneously at rest at the highest point B.

(v) The maximum height reached, H = ;—g
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(vi) Total time to go up and return to the point of projection = %

Since, S = 0 at the point of projection,

1
S =ut— — gt
28
1 u
O=ut— —gr* or t=—"—
2g g
Since the time of ascent = E,the time of descent = 2—“ _r.
g g g &

(vii) At any point C between A and B, where AC = S, the velocity v is given by,

v== Ju*-2gS
The velocity of body while crossing C upwards = + ju>-2gS and while crossing C

downwards is —/u* —2 gS . The magnitudes of the velocities are the same.

Qzampte 31. A body is projected upwards with a velocity 98 m/s. Find:
(a) the maximum height reached.
(b) the time taken to reach the maximum height.
(c) its velocity at a height 196 m from the point of projection.
(d) velocity with which it will cross down the point of projection.
(e) the time taken to reach back the point of projection.
Sotution
(a) The maximum height reached
Initial upward velocity # =98 m/s
Acceleration a = (- 2) = — 9.8 m/s?
Maximum height reached H is given by,
vi=ut+2aS
0=982+2(-98)H

H=—2 _ —490m
2x938
(b) The time taken to reach the maximum height
t = E = 2 =10s
g 98

(¢) Velocity at a height of 196 m from the point of projection
vi=ut+2aS
v? =982 +2(-9.8) 196
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v== 57624 =+ 7591 m/s

+ 75.91 m/s while crossing the height upward and — 75.91 m/s while crossing it downward

(d) Velocity with which it will cross down the point of projection
v=ut+2gS

At the point of projection S=0 .. v=xu

While crossing the point of projection downwards, v=—u =—-98 m/s

The velocity has the same magnitude as the initial velocity but reversed in direction
() The time taken to reach back the point of projection

=2 298 g
g 9.8
Variable Acceleration
Qzample 32, A particle is moving on a straight line path, such that v = 3#* then find acceleration at

t =3 and magnitude of average velocity for first three seconds.
Sstution =61 q= 18 m/s?

]

[vat j3t2 dt 3

f; Concept

To find average speed using integration as velocity is variable.
Qzample 33. a =4 -2, Initial velocity at £ = 0, u = 5; Find distance travelled till 12 sec?

jdv = j(4 —21)dt

V=4t-FP+S5=—FC+M+5=-F-4-H=—(1-501+1)
After 5 sec, velocity will be negative

jdx=j(4t—t2+5)dt = x=2t2—§+5t
o o
x;= x=2(5)° —% +25 =100/3 m [In forward direction]
and f=12sec
X, = x=2(12)2—g+5(12) =-228m 5
200 " 0

motion = distance =2 x u, + 228 = T+ 228 m
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Equation of motion not applied if acceleration is variable. If a is given as function of s or v we can
use this equation vdv=a ds

Qzampte 34, 1f a particle accelerates with a = kv* and initial velocity = u then find velocity after s
displacement.

Sotution la|= id o k= . kdt= av on multiplying both sides of eq. by ‘v’

dt dt’ v?
ﬁ-kah‘=vi; Ikds=jﬂ; Imv=ks+Cats=0,C=lnu
dt v %
In (Z) =ks .. v=uer]
u

Qrample 35, a=—costatt=0,u=0;x=1
Position at t = w. Find distance from 0 to 27.

Gotution a=-cos tjdv = —jcost dt
0 0

v=-—sint Idx =I—sintdt
1

0

0 to 2m, v will change sign. velocity upto 7 will be negative and upto 2x it will be positive.

jdx= I—sintdt + Tsintdt =2+2=4
1 0 *
Graphical Interpretation of Some Quantities . .
iy Iy
Average Velocity P 0
If a particle passes a point P (x)) at time ¢ = 7, and reaches Q (x) at a later
time instant /=7 its average velocity in the interval PQ is V, = N = x
X, =X, X,
t, -t

This expression suggests that the average velocity is equal to the slope
of the line (chord) joining the points corresponding to P and Q on the x—¢
graph.
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Instantaneous Velocity

Consider the motion of the particle between the two points P and Q on the
x—t graph shown. As the point Q is brought closer and closer to the point P,
the time interval between PQ (Af, Ar', Ar”,......) get progressively smaller.
The average velocity for each time interval is the slope of the appropriate
dotted line (PQ, PQ’, PQ"................ ). As the point Q approaches P, the

time interval approaches zero, but at the same time the slope of the dotted
line approaches that of the tangent to the curve at the point P. As At — 0,
V., GEAIA) -V,

Geometrically, as At — 0, chord PQ — tangent at P.

Hence, the instantaneous velocity at P is the slope of the tangent at P in
the x-t graph. When the slope of the x — ¢ graph is positive, v is positive (as
at the point A in figure). At C, v is negative because the tangent has negative
slope. The instantaneous velocity at point

B (turning point) is zero as the slope is zero.

Instantaneous Acceleration

The derivative of velocity with respect to time is the slope of the
tangent in velocity time (v—t) graph.

o

Displacement From v-t Graph

Displacement = Ax = area under v-f graph.

Since a negative velocity causes a negative displacement, areas below the
time axis are taken negative. In similar way, we can see that A v = a At leads
to the conclusion that area under a-¢ graph gives the change in velocity
Av during that interval.

0

At
Qzample 36. Describe the motion shown by the following velocity-time graphs.
VA
v + A B
@ OoF—% C\ r ® O > i
- D ~ \
D
Golution

(a) During interval AB: velocity is +ve so the particle is moving in +ve direction, but it is
slowing down as acceleration (slope of v-t curve) is negative. During interval BC: particle
remains at rest as velocity is zero. Acceleration is also zero. During interval CD: velocity



)

Kinematics I 2 . 3 1

is -ve so the particle is moving in -ve direction and is speeding up as acceleration is also
negative.

During interval AB: particle is moving in +ve direction with constant velocity and acceleration
is zero. During interval BC: particle is moving in +ve direction as velocity is +ve, but it slows
down until it comes to rest as acceleration is negative. During interval CD: velocity is -ve
so the particle is moving in -ve direction and is speeding up as acceleration is also negative.

f; Points to Remember

For uniformly accelerated motion (a # 0), x—f graph is a parabola (opening upwards if a > 0
and opening downwards if a < 0). The slope of tangent at any point of the parabola gives the
velocity at that instant.

For uniformly accelerated motion (a # 0), v—t graph is a straight line whose slope gives the
acceleration of the particle.

In general, the slope of tangent in x—# graph is velocity and the slope of tangent in v—¢ graph is
the acceleration.

The area under a—f graph gives the change in velocity.

The area between the v—t graph gives the distance travelled by the particle, if we take all areas
as positive.

Area under v— graph gives displacement, if areas below the —axis are taken negative.

Qzampte 37. For a particle moving along x-axis, velocity-time graph v(m/s)

is as shown in figure. Find the distance travelled and displacement of f
the particle?

3

Sotution Distance travelled = Area under v-¢ graph o 2 4 ¢ § 10, 1s)

19,1

(taking all areas as +ve.) -
Distance travelled = Area of trapezium + Area of triangle

=%(2+6)><8 + %x4><5 =32+10=42m

Displacement = Area under v-f graph (taking areas below time axis as -ive.)
Displacement = Area of trapezium — Area of triangle

= %(2+6)><8 - %x4><5 =32-10=22m

Hence, distance travelled = 42 m and displacement = 22 m.

Qzampte 38. For a particle moving along x-axis, following graphs are given. Find the distance

travelled by the particle in 10 s in each case?

|A TA

A% A%

10 10

0 10 ;— 0 10 7 —

(a) (b)
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Golution Area under the graph
(a) Distance = 10 x 10 =100 m

(b) Distance = %x 10x10 =50m
[Ans. (a) 100m; (b) 50m]

Interpretation of Some More Graphs

| If maxiumum power of x is 1 and maximum power of y is 1, graph is straight line

Y4 y=mx+tc = Ft
y=mx—c y=—mx €
X
7
Yrample 39, # _
p=my

v

If maxiumum power of x is 2 and maximum power of y is 1 or vice versa, graph is parabola.

=

y 1. . D
= O -

X =—day y' =4ax ¥y =—4ax

U=12k¢

| If maxiumum power of x and y is 2, graph may be circle, ellipse, two straight line tc.

3

Position vs. Time Graph s

X

Zero Velocity

As position of particle is fix at all the time, so the body is at rest.

t —>



Slope; ﬁ =tanO=tan 0°=0
dt
Velocity of particle is zero

Uniform Velocity

. dx
Here tan 0 is constant tan 0 = E

dx .
— 1is constant.
dt

velocity of particle is constant.
Non uniform velocity (increasing with time)

In this case;

As time is increasing, O is also increasing.

m = tan O is also increasing
t

Hence, velocity of particle is increasing.
Non-uniform velocity (decreasing with time)

In this case;

As time increases, O decreases.
dx

o = tanO also decreases.
t

Hence, velocity of particle is decreasing.
Velocity vs Time Graph

Zero acceleration
Velocity is constant.
tan0 =0
dv

dt
Hence, acceleration is zero.
Uniform acceleration

tan O is constant.

dv
— = constant
dt

Hence, it shows constant acceleration.
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1
x

6 >
0 r =

t
v
0 t—
1“
Vv

6 >
0 f—
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Uniform retardation
Since 6 > 90°
tan O is constant and negative.

av .
— =negative constant
dt
Hence, it shows constant retardation.
Acceleration vs Time Graph

Constant Acceleration

tan0 =10 ﬁ=0
dt

Hence, acceleration is constant.

Uniformly Increasing Acceleration

O is constant.
0°<0<90° = tan©0>0

da
E = tan O = constant > 0

Hence, acceleration is uniformly increasing with time.
Uniformly Decreasing Acceleration
Since 6 > 90°
tan O is constant and negative.

da .
7 = negative constant

Hence, acceleration is uniformly decreasing with time
Explanatory Notes on Graph

S-t curve: If we put s on y-axis and ¢ on x-axis for every value of f we
have a value of s.

1. The average velocity from time 7, to £, will be

_ 2279

= slope of line joining p, and p,

For a particle moving along a straight line when we plot a graph
of s versus t, ¥, is the slope of the straight line that connects

~
lv

v

0

t, t, t—»

two particular points on the s(?) curve: one is the point that corresponds to s, and 7,, and the
other is the point that corresponds to s, and #,. Like displacement, v, _has both magnitude and
direction (it is another vector quantity). Its magnitude is the magnitude of the line’s slope. A
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positive Vg (and slope) tells us that the line slants upward to the right; a negative v
slope), that the line slants downward to the right.

2. Instantaneous velocity

(and

avg

According to definetion

_lm A
At—0

At
In curve if Af — 0 the point p, comes very close to point p,.

The instantaneous velocity can be found by determining the slope of the

tangent to the displacement time graph at that instant. Velocity at point p, ¥
ortimet is V

V=tan 0
0
Cases:

Sy

(A) Uniform velocity:
If velocity is uniform slope of curve must remain unchanged.
Curve with uniform slope is straight line
If Velocity is Ims™ = S=Vi=> s=¢
tan0 =1

T

N

2 t

5

1 7 —» For —ve velocity

t—»

(B) Uniform acceleration: We have a particle moving with uniform acceleration a and initial
velocity u. Its displacement s at any time f can be represented as

1 2
s=ut+ — af
2

The curve is a parabola.
Velocity at ¢, is tan ©

»—N

t—»
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motion with ' 0 and
s=s,att=0

Sy

1
s=s0+ut+3at2

—

Table 2.1
S. No. | Different Cases v-t Graph s-t Graph Important Points
va sS4
1. Uniform motion — (1) Slope of v-t graph
v = constant =y = constant
s=vt (ii) In s-¢ graph s =0 at =0
o ——— 1 t
VA oy Hu=0,ie,v=0atr=0
2. Uniformly accelerated (if) a or slope of v-7 graph is
motion with u = 0 and o= at g = c9psta2t .
s=0atz=0 (iii) u = 0, i.e., slope of s-¢
>/ >/ graph at ¢ = 0, should be
Zero
VA S A
(1) u=0,1i.e., vorslope of v-¢
3. Uniformly accelerated v=u-+at ¢ = ut +~uf graph at # = 0 is not zero.
motion with # ' 0 but u (ii) s or slope of s-f graph
s=0att=0 > >t gradually goes on increasing.
VA Sa
4. Uniformly accelerated ()v=uatt=0
il v=u+at

(i) s=s,att=0

5. Uniformly retarded
motion till velocity
becomes zero

(1) Slope of s-t graph at t=0
gives u

(it) Slope of s-t graph at t =t,
becomes zero.

(iii) In this case u can’t be
Zero

6. Uniformly retarded
then accelerated in
opposite direction

o tﬂ

() At time t=t,, v =0 or slope
of s-t graph is zero

(ii) In s-t graph slope or velocity
first decreases then increases
with opposite sign.

Qzample 41. Displacement-time graph of a particle moving in a straight line is shown in figure. State
whether the motion is accelerated or not. Describe the motion in detail. Given sy =20 m and t, = 4
second.

_SO

Gotution Slope of s-t graph is constant. Hence, velocity of particle is constant. Further at time
t = 0, displacement of the particle from the mean position is — s or — 20m. Velocity of particle.
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v=Slope=s =%=5m/s

0

o

~ I

v = 5m/s
—

L » +ve
s =-20m s=0
t=0
Motion of the particle is shown in figure. At # = 0 particle is at — 20 m and has a constant velocity
of 5 m/s. At t = 4 second particle will pass through its mean position.

Qzample 42. Acceleration-time graph of a particle moving in a
straight line is shown in figure. Velocity of particle at time ¢ = 0 is 2
m/s. Find velocity at the end of fourth second.

Gotlation b, — gt

or change in velocity = area under a-t graph

a(m{sz)

Hence,v, —v, = %(4)(4) =8m/s

> 1(5)

v,=v+8=(2+8) m/s=10m/s

Qzample 43, The acceleration versus time graph of a
particle moving along a straight line is shown in the figure.
Draw the respective velocity-time graph. a T
2
2

Solution From t=0to = 2sec, a = +2 m/s? m/s

R v=at=2t 0 7 4 6 3
or v-t graph is a straight line passing through -2 (s)
origin with slope 2 m/s%. =4
At the end of 2 sec, Assuming att=0,v =0
v=2x2=4m/s

Fromt=2to4sec,a=0.

A v(m/s)

Hence, v = 4 m/s will remain constant. 4 |-
From ¢ =4 to 6 sec, a=—4 ms?. Hence, :
v=u—at=4-4t(with t =0 at 4 sec) 0 9

v=0att=1 sec or at 5 second from origin.
At the end of 6 sec (or =2 sec) v=—4 m/s.

Corresponding v-t graph is shown in the figure.

Qzampte 44, A cyclist starting from a point A travels 200 m due North to a point B at constant speed
of 5 ms™. He rests at B for 30 seconds and then travels 300 m due south to a point C at a constant speed
of 10 ms™. Find average velocity.
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Sotution From Ato B
Avg. velocity =-100/100 = —1 ms™! T
x=200;v=5;1t=40
from Bto C

v=0

from CtoD
y=-10;x=-300;¢t=30

V-t curve: By using dependence of v on ¢ we can plot a V-t

graph. Slope of V-t curve at any point represents acceleration
at that instant.

tan O = acceleration at time #,. Area under V-t graph and #-axis.

As we know dx = Vdtand | Vdt=x=Area under V —t graph.

Thus area under curve will represent displacement in that time period.

(1) Area above f-axis +ve displacement.
(2) Area below f-axis is —ve displacement.
Thus, 1. Total displacement will be sum of areas with appropriate signs.

2. Total distance will be sum of areas without sign.
Cases: 4

(1) For uniform velocity: v

acceleration = 0

slope =0
(2) For uniform straight line curve 3
tan O = acceleration v
For increasing velocity u £

tan O = acceleration

t

acceleration

t—»
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Note: 6 is always with +ve x-axis

< >

for decreasing velocity _
. . decreasing
(slope is —ve) i.e. 6 > 90°

0
t—»

Qzampte 45, A particle is travelling in a straight line. It has a initial velocity of 10 ms™. When it is
subjected to an acceleration of —2ms for 8 seconds. Find displacement and distance traversed in 8

seconds. 2

>

Sotution s=10X8—%X2XSXS 107

Displacement = 16 m

Displacement=s1=10><5—%><2><25=25m 2 4

Now u=0;a=2;t=3
1
§,=——= x2x9=-9
2
Alternative: V=10-2t
Area(1)=% x 10 x 5=25; Area(2)=% x3x6=9

Displacement =25 -9=16m
Displacement =25 +8=34m

f; Concept

1. Using graph distance can be calculated directly.

2. Total displacement will be sum of areas with appropriate signs.
3. Total distance will be sum of areas without sign.

4. To plot straight line using equation of motion.

Qzample 46. A particle moves in a straight line with const. v
velocity of 5 ms™ for 2 seconds. It then moves with a constant. 5
acceleration of —2 ms for 8 seconds. Draw velocity—time graph 1
for 10 seconds of motion and find.

(@) velocity

(b) displacement

(c) distance -11
Gotution  Area =5x2=10

Area, % x5x25=6.25, Area,=— % x (11) x 5.5 =-30.25
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Displacement = —-14 m
Displacement = 46.25 m

Qzample 47, A ball is thrown vertically upwards with velocity of 20 m/s. Using equation of motion
make these graphs.

(1) v-t graph (2) a-t graph

(3) displacement time graph (4) speed time graph

(5) distance time graph
Golution Equation of motion v = 20 — 10¢

%
401

30T —sball is going up

201

10_\

. ——t— t
(1) v-tgraph: L1 23 4
. i—=ball is

=BT " descending

a

40t

30T

20T

101

1234
(2) a-tgraph: T

—104 constant acceleration

X
401
304 maxima If v change sign there is

maxima or minima at that

(3) Displacement-time graph: point in x-t graph

x is proportional to # so it
t | is parabola

No change in sign no mark

(4) Speed-time graph:

min. in distance time graph
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d
40+
30T /
(5) Distance-time graph: 20 speed is zero
10+
t t : t
1 2 3 4

Distance time graph never
decreasing so no max. min.

v
—20ms"

—10\2 ms’l-\v

=2-\2) H(4+2) t

—-10\V2 ms '} \
—20ms 't ’

For fun’s sake!
X X

O © M &

t (Smiling curve) t (Crying curve)

a>0a<0

Da<0 ADa<0 JdM)a>0AV)a>0 Y [ //’
! /
Qzampte 48. The displacement vs time graph of a particle moving along a /
straight line is shown in the figure. Draw velocity vs time and acceleration .
vs time graph. 0 r—
1
v
Gatutton  (_4p == g
dt
o L. . . . . tan® = 8
Hence, velocity-time graph is a straight line having slope 5
0 i
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ie. tanO=38.

? A
a
a= ﬂ =8 8
dt
Hence, acceleration is constant throughout and is equal to 8. .
0 t—
Yzample 49, The displacement vs time graph of a particle moving along a straight line is shown in the
figure. Draw velocity vs time and acceleration vs time graph.
L
X
0 t—
x=-8t>
Golution
v v
A A
(0] (0]

Qzample 50. At (=0 aparticle is at rest at origin. Its acceleration is 2 ms™ for the first 3 s and —2 ms™
for the next 3 s. Find the acceleration versus time, velocity versus time and position versus time graph.
Sotution We are given that for first 3 s acceleration is 2 ms™? and for next 3s acceleration is —2
ms 2. Hence acceleration time graph is as shown in the figure.

Y

1

A

a(m/s’)

3 5 X
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The area enclosed between a—f curve and #—axis gives change in velocity for the corresponding
interval. Also at =0, v =0, hence final velocity at ¢ = 3s will increase to 6 ms™'. In next 3s the velocity
will decrease to zero. Hence the velocity time graph is as shown in figure.

Note that v—f curves are taken as straight line as acceleration is constant.

Y
Vim/s) 4

6

» X
¢ 3 6 i

Qzample 51. Ati=0, aparticle is at rest at origin. Its acceleration is 2 ms™2 for the first 3 s and —2 ms™
for the next 3 s. Find the acceleration versus time, velocity versus time and position versus time graph.

Sotution We are given that for first 3 s acceleration is 2ms 2 and for next 3s acceleration is —2ms™2.

Hence, acceleration time graph is as shown in the figure.

a
A

3 6 > 1(s)

—2

The area enclosed between a—f curve and t—axis gives change in velocity for the corresponding
interval. Also at =0, v =0, hence final velocity at f = 3s will increase to 6 ms™'. In next 3s the velocity

will decrease to zero. Hence the velocity time graph is as shown in figure.

v
A

e

v
~

50 PR
=)

(0)

Note that v—f curves are taken as straight line as acceleration is constant.

Now for displacement time curve, we will use the fact that area enclosed between v—f curve and
time axis gives displacement for the corresponding interval. Hence displacement in first three seconds
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is 4.5 m and in next three seconds is 4.5 m. Also the x— curve will be of parabolic nature as motion is
with constant acceleration. Therefore, x—f curve is as shown in figure.

A

1. S

9 _______

[ I
(o)}
v

Motion with Non-Uniform Acceleration (use of definite integrals)

i
Ax = jv(t)dt (displacement in time interval £ =, to )

4

The expression on the right hand side is called the definite integral of v(f) betweent =t and t = £,
. Similarly change in velocity

i
Av = V=V, = ja(t)dt

Table 2.2: Some quantities defined as derivatives and integrals

d
v(t) = ;); v = slope of x—t graph
dv
a()= & a = slope of v— graphs
Fo=%
»= 5 F = slope of p—t graph (p = lincar momentum)
'
Ax = f dx = IV(t) dt Ax = area under v—f graph
i
Av :I dav = Ia (1) dt Av = area under a—f graph
i
Ap = I dp = _[F(t) dr Ap = area under F—f graph
xf
W= I aw = J'F(x)dx W = area under F—x graph




Kinematics I 2.45

PROBLEMS INVOLVING NON-UNIFORM ACCELERATION |

Acceleration Depending on Velocity v or Time t

By definition of acceleration, we have a = % If a is in terms of t, I av = ja(t) dt . Ifaisin
v 0

terms of v, I
wa®

t x
= I dt . On integrating, we get a relation between v and ¢, and then using jdx =
0

x0
t

I v(?) dt , x and f can also be related.

0

ACCELERATION DEPENDING ON VELOCITY V OR POSITION X |

a=— > a=——
dt dx dt

This is another important expression for acceleration.

dv dv
= - — - a=v—
dt dx dx

If ais in terms of x, Ivdv= Ia(x)dx .
vo x0

If ais in terms of v, ﬂ=jdx
) a(v) x0

. . . . ¢ adx 0
On integrating, we get a relation between x and v. Using I — = Idt , we can relate x and 7.
x0 0

Qzample 52. An object starts from rest at ¢ = 0 and accelerates at a rate given by a = 6¢. Whatis
(a) its velocity and
(b) its displacement at any time £?

Golution

J- As acceleration is given as a function of time,
v(t) t
j dv = ja(t)dt
vitg) to

Here t,= 0 and v(t) =0

t t

=6(—-0)=3¢
(2 )

W) = j6tdt= 6[%) 0

So, v(t) =38

t t , 3 t 3
As Av= [vgdr - Ax=[3rdr=3( | '= 3| 0| =¢
) ) 3 )0

Hence, velocity v(f) = 37 and displacement Ax = 3
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Qzample 53. For a particle moving along x-axis, acceleration is given as a = 2v2. If the speed of the
particle is v at x = 0, find speed as a function of x.

Sotution [Ans.v=ve>]

Qzampte 54. For a particle moving along x-axis, velocity is given as a function of time as v=2+sint.
At t =0, particle is at origin. Find the position as a function of time?

Solution [Ans. x = %f —cos(t) +1]

Qzampte 55, A particle moving in a straight line has an acceleration of (37 — 4) ms™ at time ¢ seconds.
The particle is initially 1 m from O, a fixed point on the line, with a velocity of 2 ms™!. Find the times
when the velocity is zero. Find also the displacement of the particle from O when ¢ = 3.

Gotution Usings = % gives

D34 o jdv=j(3t—4)dt
dt ) )

3¢ 3¢

= v-2=— -4 Dv=— —41+2
2 2

2

The velocity will be zero when % —4+2=0ic. when (3 —2) (1—2)=0

= t=—or2

W

2 s 3 2
Usmgﬂ=v,wehaveﬁ=£—4t+2 :>jds=j 3L—4z‘+2 dt
dt dt 2 ] 2

0

2

3

= s-1=| 2 var| =15 s=21
2 . 2

Therefore the particle is 2.5 m from O when # =3 sec

Qzample 56. A car accelerates from rest at a constant rate o for sometimes, after which it decelerates
at a constant rate 3 to come to rest. If the total time elapsed is ¢, the maximum velocity acquired by the

car is:

aPt o+ a’® +p* a’ - p*
@ *PL ® &Pyt g 2,
o+ of of of
>a ->p
S1 u= N v=0
5’ A B C
u=0 v=V
. vV
For motion from Ato B, V=of ort = —
o

For motion from Bto C, 0=V - ort,= %
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a P ap
or - oB!
(x+B)
(A) is the right answer.

Qzampte 57. Two particles P and Q start simultaneously from A with velocities 15 m/s and 20 m/s
respectively. They move in the same direction with different accelerations. When P overtakes Q at B,
velocity of P is 30 m/s. The velocity of Q at B is:

(A) 30m/s B) 25m/s (©) 20m/s D) 15m/s

Sstution The average velocity is the same, when overtaking takes place.

15+30=20+V or v=25m/s
(B) is the right answer.

Omaxﬂ& 58. A particle is travelling with velocity of 2 m/s and moves in a straight line with a
retardation of 0.1 m/s?. The time at which the particle is 15 m from the starting point is:

(A) 10s B) 20s ©) 25s D) 40s
Sotution S=ut+%at2; 15=2t+%(—0.1)t2
= 20x15=40¢t-7 or £—-40t+300=0
(t-30)@-10)=0; t=30s or t=10s

The particle is at a distance 15 m from starting point at = 10 s and also 7 =30 s
(A) is the right answer

Omﬂﬂ& 59. A particle moves along a straight line according to the law S? = a* + 2 bt + ¢. The
acceleration of the particle varies as:

@ s ®) $*? © s D) s*”
Sotution S=(@r+2bt+c)”

Differentiating , % = % (@ +2bt+c)y"?x (Qat+2b)=

(\/at2 + 2bt + c) X a-— (at+b) (at+b)
as _ Jat? +2bt + ¢

at+b

Jat® +2bt + ¢

ar’ (at* + 2bt +¢)

a(az‘2 +2bt + c) —(at+b)? (ac - bz)
\/at2+2bt+c><(at2+2bt+c) S.8°
Q = L} = Acceleration S
at© S
(A) is the right answer.
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Qzampte 60. A stone A is dropped from rest from a height h above the ground. A second stone B is
simultaneously thrown vertically up with velocity v. The value of v which would enable the stone B to
meet the stone A midway between their initial positions is:

(A)2gh B) 2 /gh ©) Jgh D) 2gh
Golution Time of travel of each stone = ¢

h
Distance travelled by each stone = )

2

h
For stone A, E = — gt

1
2

(C) is the right answer.
Qzample 61. A body is dropped from rest from a height h. It covers a distance % in the last second

of fall. The height h is:
(A)102.5m (B) 1125 m ©)1225m D) 1325m

Sotution t is the time to reach ground.

_1 9,21 e
h—E (l 25)/’1 ai-1

(1 J_@’__uorizt;.-.t=55ec
25 5

h==x98x52=1225m

1
2
(C) is the right answer.

OW 62. A stone is dropped from rest from the top of a cliff. A second stone is thrown vertically
down with a velocity of 30 m/s two seconds later. At what distance from the top of a cliff do they meet?

(A) 60m (B) 120m (C) 80m (D) 44m

Sotution The two stones meet at distance S from top of cliff 7 seconds after first stone is dropped.

For 1% stone S = % gt*. For2™stone S=u(t-2)+ % g(-2)

ie. %gt2=ut—2u+ %gt2—2gt+2g

2(u-g) _230-10) _
u-2g 30-20

0O=@-29t-2u-9;t=
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Distance S at which they meet = % xgl= % x 10 x 16

=80 m from top of cliff
(C) is the right answer.

Qzample 63. A particle P is projected vertically upward from a point A. Six seconds later, another
particle Q is projected vertically upward from A. Both P and Q reach A simultancously. The ratio of
maximum heights reached by P and Q = 64: 25. Find the velocity of the projection of Q in m/s.

A 7g B 6g © 5¢g D) 4g
Sotution %g(t+3)2; %gt2=64: 25
or (t+3)%:1=64:25; or (t+3):t=8:5
5t+15=8tor 3t=15;t=5sec

v=gxt=98x5=49m/s=5gm/s
(C) is the right answer.

Qzample 64. A particle moving in a straight line has an acceleration of (3t — 4) ms™ at time ¢ seconds.
The particle is initially 1 m from O, a fixed point on the line, with a velocity of 2 ms™. Find the times
when the velocity is zero. Find also the displacement of the particle from O when ¢ = 3.

. dv .
Sotution Usings = d—: gives

v _3i_4 o [av=[ Gt-4dt
dt ) )
= vo2=3L _y Sv=>L 4142
2 2

2

The velocity will be zero when % —4t+2=01e. when 3t-2)(t-2)=0

= t= % or2
3
Using ﬂ =v, we have ﬁ = 1 —4t+2
dt dt 2

5 3 3t2 tZ 3
= [ds=[|=—-4+2|dt = s-1=| -2 +2t] =15

1 0 2 2 ]
= s=2l

2
Therefore the particle is 2.5 m from O when # =3 sec
Qzampte 65. Pick up the correct statements:

(A) areaunder a — ¢ graph gives velocity
(B) areaunder a - ¢ graph gives change in velocity
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(C) path of projectile as seen by another projectile is parabola
(D) abody, whatever be its motion, is always at rest in a frame of reference fixed to body
itself.

Sotution _ a = Idv = Ia dt
dt "
= Av= Area under a — ¢ graph
where Av = magnitude of change in velocity.

The path of a projectile as seen by another projectile is a straight line becomes, the relative velocity
between the particles remains constant.

(B) and (D) are correct.

Qzampte 66. A body when projected vertically up, covers a total distance D. During the time of its
flight ¢. If there were no gravity, the distance covered by it during the same time is equal to
A) 0 B) D ©) 2D (D) 4D.
Sstution The displacement of the body during the time # as it attains the point of projection
2v,
g
During the same time #, the body moves in absence of gravity through a distance

= S=0 = vot—%gf:O = t=

D’ = v t, because in absence of gravity g =0

—D'=v, [2&}2& ()
g g

In presence of gravity the total distance covered is

p=2H=2Y "% (i)
2¢ g

OH+@>=>D'=2D
(C) is the right answer.

!JW 67. Two particles 1 and 2 are allowed to descend on the two frictionless chord OA and OB
of a vertical circle, at the same instant from point O. The ratio of the velocities of the particles 1 and 2
respectively, when they reach on the circumference will be (OB is the diameter)

(A) sina (B) tan o ©) cosa (D) none of these.
Gotutton  OA =dcosa, a,, = gcos o
Along OA = v, =2gcosadcosa
Along OBv > =2gd = Y4 _coso
v

B
Hence, (C) is correct.
Qzample 68. A particle moves along a straight line according to the law S? = at> + 2bt + c. The
acceleration of the particle varies as
(A) S—3 (B) S2/3 (C) SZ (D) S5/2.
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Solution S — (a2 + Dbt + )2
at+b

Jat* +2bt+¢

Differentiating, % = %(m‘2 +2bt +¢)* x (2at +2b) =

(Wat® +2bt +c)xa— (at + b)(at +b)

dZS Jat®> +2bt +¢
ar (at’® + 2bt +¢)

__a(at’ +2bt+c)—(at=b)* _ (ac-b*)
Jat® +2bt +c x (at* +2bt +¢)  SxS”
d_'? oc L} = acceleration o« S
a’ S
(A) is the right answer.

Qrample 69. A car accelerates from rest at a constant rate o for some time, after which it decelerates
at a constant rate 3 to come to rest. If the total time elapsed is 7, the maximum velocity acquired by car
is

of of 203 ZaB
A V= t ®B) V= t(C) V= t D) V=
(2 +P) (=P (2 +P) (o~ B)
Sotution From motion from A to B V=, or ¢, = 4
a
From motion from Bto C 0=V -t or ¢, =
[:[1 +l‘,, =K+K=V((X—+B)
S B ap
ap (t) X (t)
or = t
©@+B) A B c

(A) is the right answer.

Omaxﬂ& 70. A stone A is dropped from rest from a height 4 above the ground. A second stone B is
simultaneously thrown vertically up from a point on the ground with velocity v. The line of motion of
both the stones is same. The values of v which would enable the stone B to meet the stone A midway
between their initial positions is

@A) 2gh ®) 2gh ©) Jgh @) 2gh.

Golution Time of travel of each stone

- e/
. h
Distance travelled by each stone = >
h 1 ,. h A
Forstone 4, —=—gt" e, t= [— h T $ B
2 2 g
h/2

ForstoneB,ﬁzut—lgf:u ﬁ_lg ﬁ | oB
2 2 g
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= ﬁ=u h_h or, u ﬁ=h u=h\/g=\/g_h
2 g 2 g h

The correct option is (C)

Qzampte 71. A stone is dropped from rest from the top of a cliff. A second stone is thrown vertically
down with a velocity of 30 m/s two seconds later. At what distance from the top of a cliff do they meet?

(A) 60m (B) 120m (©) 80m (D) 44m
Sotution The two stones meet at distance S from top of cliff 7 seconds after first stone is dropped.

For 1* stone S = %gl‘2 ; For 2™ stone S =u(t-2)+ %g(t -2)°.

ie., %gt2 =ut—2u +%th -2gt+2g

_2(u-g) _2(30-10) _
u-2g 30-20

4s

0=@-29)-2u-2g); t

Distance S at which they meet = %x gt’ = %x 10x16 = 80 m from top of cliff

(C) is the right answer.
Qzrample 72. A car accelerates from rest at a constant rate o for sometimes, after which it decelerates
at a constant rate 3 to come to rest. If the total time elapsed is 7, the maximum velocity acquired by the
car is:

@ 2L ® Py ol 2 =F,
o+ of of
Gotution For motion from Ato B, V=at ort, = v
o
. |4
For motion from Bto C, 0=V -f¢, ort, = E
a P of (a+P)

(A) is the right answer.
Qzampte 73, Two particles P and Q start simultaneously from A with velocities 15 m/s and 20 m/s
respectively. They move in the same direction with different accelerations. When P overtakes Q at B,
velocity of P is 30 m/s. The velocity of Q at B is:

(A) 30m/s B) 25m/s (©) 20m/s D) 15m/s
Gotution The average velocity is the same, when overtaking takes place.
15+30=20+V

or v=25m/s
(B) is the right answer.
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Qzample 74, A particle is travelling with velocity of 2 m/s and moves in a straight line with a
retardation of 0.1 m/s?. The time at which the particle is 15 m from the starting point is:

(A) 10s B) 20s ©) 25s D) 40s
Sotution S=ut+%at2; 15= 2t+E one
= 20x15=40¢t-7 or £-40t+300=0

(t-30)(-10)=0;t=30s ort=10s
The particle is at a distance 15 m from starting point att =10 s and alsot=30 s
(A) is the right answer.

!JW 75. A particle moves along a straight line according to the law S? = af> + 2 bt + ¢. The
acceleration of the particle varies as:
(VI ®) © & (D) "
Sol. S=(@+2bt+c)”2

at+b

Differentiating, as _1 (@ +2bt+0)"?xQRat+2b)= ————
dt 2 Jat® +2bt +¢

( 'atz +2bt+c)xa_w

as _ Jat2 +2bt + ¢

ar’ (at* + 2bt +¢)

a(at® +2bt + ¢) — (at + b)* _ (ac-b*)
Jar* + 26t + ¢ x (at® +2bt + ¢) s. s

as _
arr s
(A) is the rigth answer.

. 9h .
Qzample 76. A body is dropped from rest from a height 4. It covers a distance > in the last second

of fall. The height 4 is:
(A) 1025m B) 1125m ©) 1225m D) 1325m

Sstution t is the time to reach ground.
h=Lar (1—i)h—5a(t—1)2

2 25

(1_ )_@,_—uori=t;.xt=5sec
25 t” 25 t 5 t

h=% x98x52=1225m

(C) is the right answer.
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Qzample 77, A point moves in a straight line under the retardation av2. If the initial velocity is u, the
distance covered in ‘¢ ° seconds is:

A) aut ®3) 1 log(@ut) (C) 1 log(1taut) (D) alog(aut)
a a
Sotution The retardation is given by % =—a
integrating between proper limits
= —Ii=jadt or l=az‘+l
v v u

at 1 udt
= — =at+— = dx =
dx u 1+ aut

integrating between proper limits

= Idx=judt = S=lln(1+aut)
1+ aut a
(C) is the right answer.

M 78. A particle is thrown upwards from ground . It experiences a constant resistance force which
can produce retardation 2 m/s? . The ratio of time of ascent to the time of descent is: [ g= 10 m/s? ]

@A) 1:1 ® \/; © § D) \/7

Sotution Let a be the retardation produced by resistive force, ¢, and 7, be the time ascent and
descent respectively.
If the particle rises upto a height

then h=%(g+a)l‘a2 and h=%(g—a)l‘d2
t, g+a 10+2 3
(B) is the right answer.
Qzampte 79. Velocity of a particle moving along a straight line at any time ‘¢ is given by

V=cos (g t) . The distance travelled by the particle in the first two seconds is equal to

A) 2£ ® ﬁ © i (D) zero
T 2n

Golution Vv =cos (Et) = & _ cos (Et)
3 dat 3
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(SRR

-3 (sinn—t) +(sinn—tj -3 1—0+£—1 :>x=—3\/5
m 3 ), 3)s m 2 2n

(B) is the right answer.

@zamptle 80. The position vector of a particle is given as7 = (& — 4t + 6)i + (%) /. The time after
which the velocity vector and acceleration vector becomes perpendicular to each other is equal to:
(A) 1sec B) 2sec (©) 1.5sec (D) not possible
Gatution ?=(t2—4t+6)f+t2j;v=£ Qt—-4)i +2t], a—ﬂ—21+21
dt dt
if & and V are perpendicular
a.v=0
Qi +2)).(Qt-4)i +2t])=0
8-8=0
t=1 sec.

(A) is the right answer.

Owle 81. Initially car A is 10.5 m ahead of car B. Both start moving at time ¢ = 0 in the same
direction along a straight line. The velocity time graph of two cars is shown in figure. The time when
the car B will catch the car A, will be

(A) t=21sec ®B) t= 245 sec (©) 20 sec. (D) None of these
Hint: x, =x,
10.5+10¢t= % af* a=tan45°=1 v car B
20+ /200 + 84 10m/s car A
-20t-21=0t= ——— A
2 _1A45
t—>
t=21 sec.

(A) is correct option.

Uzample 82. A particle moves rectilinearly with a constant acceleration 1 m/s%. -,
Its speed after 10 seconds is 5 m/s. Find the distance covered by the particle in

this duration i 7
. 1 s/ |

Sotution From the graph distance = 2 (EX 5x 5) =25m 0 / 0 !
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Qzampte 83. The velocity of a particle moving along x-axis is given as v = x? — 5x + 4 (in m/s) where
x denotes the x-coordinate of the particle in metres. Find the magnitude of acceleration of the particle
when the velocity of particle is zero?

(A) 0m/s? B) 2m/s? (C) 3 m/s? (D) none of these
Golution
(A) v=0>x-5x+4=0
x=1m & 4m
av
m =2x-5)v=0>2x-5) (x*-5x +4)
atx=1mand 4m ; ﬂ =
dt

Qzampte 84, A particle of mass m moves along a curve y = x>. When particle has x-coordinate as 1/2
and x-component of velocity as 4m/s then.

(A) the position coordinate of particle are (1/2, 1/4)

(B) the velocity of particle will be along the line 4x — 4y — 1 =0.

(C) the magnitude of velocity at that instant is 4V2 m/s

(D) the magnitude of angular momentum of particle about origin at that position is 0.

Sotution [Ans. (A,B,C)] On the curvey = x*atx = 1/2
y= 1 Hence the coordinate (l,l)
4 2°4

Differentiating: y = x*

v, =2xv
y X
1

v, = Z(EJ 4 =4m/s

Which satisfies the line
4x -4y —-1=0 (tangent to the curve)
& magnitude of velocity:
[V |= w2 +v? = 442 mJs
As the line 4x — 4y — 1 does not pass through the origin, therefore (D) is not correct.

Qzample 85, A particle is moving in xy-plane at 2 m/s along x-axis. 2 seconds later, its velocity is 4
m/s in a direction making 60° with positive x-axis. Its average acceleration for this period of motion is:

(A) /5 m/s?, along y-axis (B) ~/3m/s?, along y-axis
© 5 m/s?, along at 60° with positive x-axis (D) 3 m/s?, at 60° with positive x-axis.

Sotution azv_—v1 _ [4c0s60i +4sin60,]-[27] _ (21 +2\/2§j)—2l _ \/3} m/s?

At 2

(B) is the correct option.
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Qzample 86. Graphs I and II give coordinates x(f) and y(f) of a particle moving in the x-y plane
Acceleration of the particle is constant and the graphs are drawn to the same scale. Which of the vector
shown in options best represents the acceleration of the particle:

X
7 t
!
yu y X
A (B) _,:
-5 a
a . v
y
y
| ia’
(©) . D) > X

(B) is the right answer.
Qzample 87. Position of a particle moving along x-axis is given by x = 3¢ — 42 + £, where x is in
meters and / in seconds.
(A) Find the position of the particle at = 2s.
(B) Find the displacement of the particle in the time interval from ¢ = 0 to ¢ = 4s.
(C) Find the average velocity of the particle in the time interval from ¢ = 2s to t = 4s.
(D) Find the velocity of the particle at # = 2s.

Sotution (A x

=3t—41 + 1

= X, =3%x2-4x(2P+(2P=6-4x4+8=-2m.
B x,=0

= x,=3x4-4x@'+@’=12m.

Displacement =x,, —x,=12m

© <v>=x(4)_x‘2)=12_(_2)m/s=7m/s
“4-2 2
(D) £=3—8t+3t2
dt
= v(,)=(£) =3-8x2+3x(2)’=-1m/s

Qzample 88. A body moving in a curved path possesses a velocity 3 m/s towards north at any instant
of its motion. After 10s, the velocity of the body was found to be 4 m/s towards west. Calculate the
average acceleration during this interval.
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Sotution To solve this problem the vector nature of velocity must be taken into account. In the
figure, the initial velocity v, and the final velocity v are drawn from a common origin. The vector

difference of them is found by the parallelogram method. N
The magnitude of difference is I
0
|v=v, [=OC =JOA* + AC* =4 +3* =5m/s 3l
The direction is given by w 4. Az = & E
H v
tan0=>=075 , 0=37° = |-%
4 ! 0
Average acceleration g T i
V-V, 5 AY
RIS 0.5 m/s? at 37° South of West. ‘
t 10 S

Qzample 89. The velocity time graph of a moving object is given in the figure. Find the maximum
acceleration of the body and distance travelled by the body in the interval of time in which this
acceleration exists.

Sotution Acceleration is maximum when slope is maximum.
a,, = 80220 _6pm/st
40-30

Displacement is the area under the curve.
= 8= %(20 +80)(10) =500m

Qzample 90. A steel ball is dropped from the roof of a building. An observer standing in front of a

window 1.5m high notes that the ball takes % s to fall from the top to the bottom of the window. The

ball reappears at the bottom of the window 2s after passing it on the way down. If the collision between
the ball and the ground is perfectly elastic, then find the height of the building. Take g = 10 m/s.

Sotution Since collision is perfectly elastic, the speed of the ball just before collision is equal to
the speed of the ball just after collision. Hence time of descent is equal to the time of ascent. Therefore
time taken by the ball to reach the ground from the bottom of the window is 1sec.

Let u be the speed of the ball when it is at the top of the window
= Lsmud e xaox e (Soutar)
10 2 100 2
> u=145m/s
ball is dropped hence its initial speed is 0
It ¢ be the time taken by the ball to acquire the speed of 14.5 m/s, then
145=0+10x¢t, (v =i +at) = t=1.45 sec

Hence total time of descent is given by
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T =145 +i+1=2.55s
10
If H be the height of the building,
thenH=0+%gt2 = H=%><10><(2.55)2 = H=325m

Qzample 91. A block of ice starts sliding down from the top of an inclined roof of a house along a line
of the greatest slope. The inclination of the roof with the horizontal is 30°. The heights of the highest
and lowest points of the roof are 8.1 m and 5.6 m respectively. At what horizontal distance from the
lowest point will the block hit the ground? Neglect any friction. [g = 9.8 m/s?]

Sotution Acceleration of the block along the greatest slope is equal to @ = g sin 30°

Distance travelled by the block along the greatest slope is equal to
S (8..1 -5.6) 5
sin30°
If u be the speed of the block when it is just about to leave the roof then
u?=0+2gsin30° x 5
u=7m/s
If t be the time taken to hit the ground then
5.6 =usin30°¢ +lgt2 =Zt +l>< 9.8t
2 2 2
= 7£+5t-8=0
—5+.,/25- — _
LS @ODx®) SIS
2x7 14
-ve value is to be rejected.
‘e -5+15.78
14
Horizontal distance travelled is equal to

x=ucos30"t=£xwm = x=4.67m
2 14
Qzample 92, A particle moving with uniform acceleration in a straight line covers a distance of 3 m
in the 8% second and 5 m in the 16™ second of its motion. What is the displacement of the particle from

the beginning of the 6™ second to the end of 15™ second?

>

ie., =0.77 sec.

Sotution The distance travelled during the nth second of motion of a body is given by

S, =u+la(2n—1) S=un+lan2
2 2

For the motion during the 8% second, u(n-1)— %a(n -1’
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150

1
3=u+—a(l6-1)=u+ ¢!
5 ( ) 5 ®

For the motion during the 16® second,
5 =u+la(32—l) =u+3ﬂ
2 2
Subtracting equations (i) from (ii),
8a=2

. 1
or acceleration a = Ems2

From equation (i), # =3— LN 2ms‘1
2 4) 8

Now, the velocity at the end of 5 s (velocity at the beginning of 6™ second)
v, =u+S5a
The velocity at the end of 15®s, v,=u+ 15a
Average velocity during this interval of 10 seconds
_v+v, (u-5a)+(u+15a)
2 2
Distance travelled during this interval

=u+10a

S = average velocity x time = +10a)xt = (%-F?JX 10 =% =36.25m .

. . 5 2
Qzample 93. An automobile can accelerate or decelerate at a maximum value of gm /s~ and can

attain a maximum speed of 90 km/hr. If it starts from rest, what is the shortest time in which can travel
one kilometre, if it is to come to rest at the end of the kilometre run?

Gotution In order that the time of motion be shortest, the car should attain the maximum velocity
with the maximum acceleration after the start, maintain the maximum velocity for as along as possible
and then decelerate with the maximum retardation possible, consistent with the condition that, the
automobile should come to rest immediately after covering a distance of 1 km.

Let 7, be the time of acceleration, #, be the time of uniform velocity and 7, be the time of retardation.
. . . 5
Now, maximum velocity possible = 90 km/hr =90 x m m/s =25 m/s

v—u 25-0

= =5 15s
3
Similarly, the time of retardation is also given by
0-25
t3 = —5 =15s

3
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During the period of acceleration, the distance covered

= average velocity x time = ? x15=187.5m

During the period of deacceleration, the distance covered is the same, hence = 187.5 m the
total distance covered under constant velocity = 1000 — 375 = 625 m

. 625
Time of motion under constant velocity ¢, = BT 25s

the shortest time of motion = t+t+1,=15+25+15= 155 seconds.

MOTION IN TWO AND THREE DIMENSIONS

When a particle is moving in space then its motion can be broken up in three co-ordinate axes(x, y&
z). The motion in these three directions is governed only by velocity and acceleration in that particular
direction and is totally independent of the velocities and acceleration in other directions.

Lets say a particle is moving in in space 7 = xi + yj +zk

Gives position of particle on space.

VELOCITY
Using the language of calculus, we may write v as the derivative
ar
V=— .1
7 @
To write Equation in a unit vector form, we substitute for 7 from equation (1)

d ~ - ~ dx S
V=—i\xi+yj+zk)=V=—I+—j+—k
i vyivak) a ar’
This equation can be simplified somewhat by writing it is
V=vi +vyj’+v:k: (2)

where the scalar components of v are
V=_, V=_,V=_ ....(3)

Differentiating 7 w.r.t. time gives us velocity vector of particle at that time.

ACCELERATION

= . . L o-av
Similarly, if we differentiate ¥ w.r.t. time we get acceleration of particle a = I

d=—— )
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If the velocity changes in either magnitude or direction (or both), the particle must have an
accleration.
We can write equation (4) in a unit vector form by substituting for v from equaion (2) to obtain

ds - R A dv. . av, . dv -
az—(vvi +v,j+v_k) =—*j+—Lj+—k
dt\ - ? : dt dt dt
we can rewrite this as
a= axf +a_vj'+ a:k: .05

where the scalar components of a are

av
a =P Lt W .(6)
o dt Yooodt zodt

Thus, we can find the scalar components of a by differentiating the »

scalar components of V. Figure shows an acceleration vector ¢ and its

scalar components for a particle moving in two dimensions.

Now, collecting equations of motion relating to x & y axes separately

x-axis y-axis 5 x
*odt Yoodt
V. dv,
ot Yoodt

Thus we can see that motion in plane is composed of two straight line motions. These motions
are completely independent of each other. Only thing connecting them is fact that they are occuring
simultaneously.

VELOCITY IS ALONG TANGENT OF PATH

The direction of the instantaneous velocity v of a particle is always tangent to

. . . = AF {
the particle’s path at the particle position. V' = 111110 m Pi+ay
o # INF
Ar will be along tangent.
P()

The result is the same in three dimensions:

Problem Solving Strategy
For solving any problem of two dimensional motion, following is standard algorithm.
1. Break the motion in two separate one dimensional motions

2. Solve both motions separately.
3. Connect the final equations throughly ‘time’ (because it is the only common thing).
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Yzample 94. A particle with velocity v, = 20 + 4}' (in meters per second) at £ = 0 undergoes a
constant acceleration d of magnitude @ =3 m/s? at an angle 0 = 127° from the positive direction of the
x-axis. What is the particle’s velocity v atf=35 sec, in unit vector notation ?

Sotution We know thatv=v, + at

now v =v, +at and v, =V, tat
a = acos 6 = (3 m/s?)(cos 127°) = —1.80 m/s’
a,= asin 0 = (3 m/s’)(sin 127°) = + 2.40 m/s?
attime =5 sec
v =-2m/s+ (- 1.80 m/s?)(5 sec) =— 11 m/s
v, =4m/s + (240 m/s?)(5 sec) = 16 m/s
Thus, at =5 sec,
V=(-11m/s)i +(16m/s)]

Qzample 95, A particle is moving such thatits velocity v is equal to ai + bt} . Then find its acceleration

and equation of trajectory (at =0, (x,)) =0, 0)

Sotution  y =g V,= bt
a=0 a=»>b
x y
ﬂ:a Q:bt
at at

Py

x=at+c -0 y=%+c—>0

bt*

x=at —
2

=
1

”

b . . -
Thus y = 24 , path is parabola and acceleration = bj
e

Qzampte 96. A particle moves in the x—y plane according to the law x = at; y = at(1-o.f) where a and o
are positive constants and ¢ is time. Find the velocity and acceleration vector. The moment £, at which
the velocity vector forms angle of 90° with acceleration vector.

Sotution V.=a,V, =a-2at = V=adi+(a-2a0t)]
a =0 a=- 2ao > a= —2aoc]’
for 90°,
Via=0

—2aa(a - 2aof) =0
1-20¢=0 = ¢=1/Q) sec.
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Qzample 97. A particle is projected vertitically upwards with velocity 40 m/s. Find the displcement
and distance travelled by the particle in
(@ 2sec () 4sec (c) 6sec

Take g =10 m/s?

Sotution Here u is positive (upwards) and a is negative (downwards). So, first we will find 7, the

time when velocity becomes zero.
+ve
u

40
0 =—=4sec
10

(@) t<t, Therfore, distance and displcement are equal.
d=s=ul‘+%al‘2 =40><2—%><10><4=60m

(b) t=t, So, again distance and displcement are equal
d=s=40x4—%x10x16=80m

Yzampte 98. A particle starts from A and moves the half of the total distance covered with speed V,
and another half with constant speed V,. Find the average speed during whole journey.

gtutton V, = TOta.l dls.tance v, t, v, t,
total time interval Av——S—we——S—»B
_2s _2s 2 oy, . .
t1+t2 £+£ i+i v l71-'_172 e 2S "
VNV, VY,
If whole distance is divided in n equal part and particle covers each part with velocities V, V,, V.,
........ V . then
PSR S— ,,W;[;;;,_,;}
S R v v
v, v, v T,
Qzample 99, A particle starts its journey from A and moves with speed V, during 1st half time interval

and with speed ¥, during IInd half time interval of whole journey. Find the average speed during whole
time interval.

Sotution Average speed

_S1+S2 VI Vz
av _T Ie¢ t ::i:: t >
V.xt+V, xt . é .
VaVle_ A Sl g SZ B
< 2t —>
y UV,
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If the whole journey is divided in n equal time interval and particle covers each time interval with
velocity V|, V,.......V_then average speed.

Qzample 100. A point transversed half the distance with speed V,. The remaining part of the distance
was covered with speed V| for half the time and with speed V, for the other half of the time. Find the
mean velocity of the point averaged over the whole time interval.

Solution This problem is the combination of above two illustration.
Let the average speed during IInd half distance be V.
oy

= . (1
av I/O + V, ( )
Since the IInd half distance is divided in two
half time interval hence average speed during IInd half is;
, Vi +V, — ) — t vt
V=t q— .3
2 — V}—u’n— Vi
Thus, from equation (1) — S — Mie——§ ——»
y =2V0(Vl +V,)/2 _ 0,V +V,) » 2 .
L Y A G A
0
2
Qzample 101. From point ‘A’ located on a high way one has to get by y d ”
car as soon as possible to point ‘B’ located in the field at a distance ¢’ f— x —>
from the highway. It is known that the car moves in the field n times 1“)1 C: D.
slower than on the highway? At what distance from point D one must E 1
turn off the highway? 14
Sotution Let the car turn off from point ‘C” which is situated at a k! ‘L

distance x from the point ‘D’. The velocityof the car on highway is V,
thus velocity on the field becomes V /7 .

. _ _AC CB
Total time l‘—l‘AC+l‘CB— L_ m
d_ 2 2
= x+ﬂ x +0
|4 |4

For time to be minimum ﬂ should be zero. i.e., ﬂ =0
dx dx

i[d_x+%\/x2+ﬂ2}=0 = %[0—1+n%\/x2+ﬂ2}

x| V

= l[—l+nli}=0 = -1+
v 2Ux*+ 02
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= M=+ W =x"+0
V4

o> M-Dx=0r> x=
n’ -1

Summary

Rectilinear Motion: Rectilinear motion is motion, along a straight line or in one dimension.

Displacement: The vector joining the initial position of the particle to its final position during an
interval of time.

Distance: The length of the actual path travelled by a particle during a given time interval

. ispl X —x
Average Velocity = displacement _ X,

time interval t, -t

distance travelled
Average Speed = 1—
time interval

. . [ Ax dx
Instantaneous Velocity: V, = llmo (E) = =

change in velocity vV, —V,

Average Acceleration = —
time interval t, -t

Instantaneous Acceleration:
a= ﬂ = lim (ﬂ)
dt a0\ Af
Equations of Motion
(@ v=u+tat
®) s=ut+1/2a
s=vt—1/2 a?
x.=x +ut+1/2 ar
(©) v*=u’+2as
d s=12w+v)t
(e) s,=u+al2(2n-1)

f; Important Points to Remember

e For uniformly accelerated motion (a # 0), x—f graph is a parabola (opening upwards if a > 0
and opening downwards if a < 0). The slope of tangent at any point of the parabola gives the
velocity at that instant.

e For uniformly accelerated motion (a # 0), v—¢ graph is a straight line whose slope gives the
acceleration of the particle.
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e In general, the slope of tangent in x— graph is velocity and the slope of tangent in v—f graph is
the acceleration.

e The areca under a—f graph gives the change in velocity.

e The areca between the v— graph gives the distance travelled by the particle, if we take all arcas
as positive.
e Areaunder v— graph gives displacement, if arcas below the —axis are taken negative.

Maxima and Minima

Conditions for maxima are:—

dy d’y
; ® "
Conditions for minima are:—
dy d’y
- = >(
; ® e

Motion with Non-Uniform Acceleration

iy
Ax = j v(t)dt
iy
Av=vy. —v = Ia(t)dt

Solving Problems which Involves Non-uniform Acceleration

If a is in terms of ¢, I dv = I a() dt
v 0

Ifaisintennsofv,j dv =jdt
|0a(v) 0

If a is in terms of x, Ivdv = Ia(x) dx .
|'0 xo
If a is in terms of v, ﬂ= Idx

»a®)

Exercise—1: Subjective Problems

1. A particle covers each 1/3 of the total distance with speed v, v, and v, respectively. Find the
average speed of the particle ?

2. The position of a particle moving on x-axis is given by x = 42 + 32 + 6¢ + 4. Find
(@) The velocity and acceleration of particle at =5 s.

x0
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(b) The average velocity and average acceleration during the interval t1=0to =5 s, x = 4¢3
+32+6t+4

(@) The velocity and acceleration of particle at =5 s.

(b) The average velocity and average acceleration during the intervalt=0tot=75s.

3. A train starts from rest and moves with a constant acceleration of 2.0 m/s? for half a minute.
The brakes are then applied and the train comes to rest in one minute. Find (a) the total distance
moved by the train, (b) the maximum speed attained by the train and (c) the position(s) of the
train at half the maximum speed.

4. A particle starts from rest with a constant acceleration. At a time ¢ second, the speed is found
to be 100 m/s and one second later the speed becomes 150 m/s. Find (a) the acceleration and
(b) the distance travelled during the (#+1)™ second.

5. For a particle moving along x-axis, following graphs are given. Find the distance travelled by
the particle in 10 s in each case.

x(m) vmg)
. 0“ 10
2
0 10 ;(s) 0 0 i(s)
(4) (B)

6. Fora particle moving along x-axis, velocity-time graph is as shown in figure. Find the distance
travelled and displacement of the particle? Also find the average velocity of the particle?

v{m/s)

4

0 3+ 1(s)

-2

7. The acceleration of a cart started at # = 0, varies with time as shown in figure. Find the distance
travelled in 30 seconds and draw the position-time graph.

N

2

b
o

S

10 20 30 Time in second

Acceleration in ft/s
o

|
bl
o

8. For a particle moving rectilinearly, acceleration as a function of speed is given as a=8v?. Find
the speed as a function of x if the particle is having a speed of v at x=07?
9. Under what conditions does the magnitude of the average velocity equal to the average speed.



10.

11.

12.

13.

14.
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Can an object have increasing speed but its acceleration decreases? If yes, give an example;
if not, explain why?
Figure shows four paths along which obejcts move from a starting

- . . . . Sl

point to a final point (particle is moving along the same straight )
line), all in the same time. The paths pass over a grid of equally | '

spaced straight lines. Rank the paths according to ( 52

(a) the average velocity of the objects and 4 >—13
(b) the average speed of the objects, greatest first. C - )

A man walking with a speed ‘v’ constant in magnitude and direction passes under a lantern
hanging at a height H above the ground. Find the velocity with which the edge of the shadow
of the man’s head moves over the ground, if his heightis */°.

An elevator is descending with uniform acceleration. To measure the acceleration, a person
in the elevator drops a coin at the moment the elavator starts. The coin is 6 ft above the floor
of the elevator at time it is dropped. The person observes that the coin strikes the floor in 1
second. Calculate from these data the acceleration of the elevator. [Take g = 32 ft/s?]

When a model rocket is launched, the propellant burns for a few seconds, accelerating the
rocket upward. After burnout, the rocket moves upward for a while and then begins to fall. A
parachute opens shortly after the rocket starts down. The parachute slows the rocket to keep it
from breaking when it lands. The figure here shows velocity data from the flight of the model
rocket. Use the data to answer the following.

(@) How fast was the rocket climbing when the engine stopped?

(b) For how many seconds did the engine burn?

(¢) When did the rocket reach its highest point? What was its velocity then?

(d) When did the parachute open up ? How fast was the rocket falling then?

S Velocity (ft/s)

N

0 > Time after
= launch (s)

=50 A
-100

0 2 4 6 8 10 12
(¢) How long did the rocket fall before the parachute opened?
(f) When was the rocket’s acceleration greatest?
(g) When was the acceleration constant? What was its value then (to the nearest interger)?
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15.

16.

17.

18.

19.

20.

21.

22

At a distance L = 400m from the traffic light brakes are applied to a locomotive moving at a
velocity v = 54 km/hr. Determine the position of the locomotive relative to the traffic light 1
minute after the application of the brakes if its acceleration is —0.3m/sec?.
A particle goes from A to B with a speed of 40km/h and B to C with a speed of 60km/h. If AB
= 6BC, the average speed in km/h between 4 and Cis

total distance travelled

Hint: Average speed =
[ g P time taken |

An object moving with uniform acceleration has a velocity of 12.0 cm/s in the positive
x direction when its x coordinate is 3.00 cm. If its x coordinate 2.00 s later is — 5.00 cm, what
is its acceleration?

A particle is moving along x-axis. Initially it is located 5 m left of origin and it is moving away
from the origin and slowing down. In this coordinate system, what are the signs of the initial
velocity and acceleration.

The velocity-time graph of the particle moving along a straight line is
shown. The rate of acceleration and deceleration is constant and itis g
>

equal to 5 ms2. If the average velocity during the motion is 20 ms™, |
then find the value of ¢. ol

25 sec

The figure shows the v— graph of a particle moving in straight line.
Find the time when particle returns to the starting point.

v

20 T

|

|
104 !
|
|
!
|

1()I 20 i5t

A speeder in an automobile passes a stationary policeman who is hiding behind a bill board
with a motorcycle. After a 2.0 sec delay (reaction time) the policeman accelerates to his
maximum speed of 150 km/hr in 12 sec and catches the speeder 1.5 km beyond the billboard.
Find the speed of speeder in km/hr.

The position coordinate of a particle that is confined to move along a straight line is given by
x =23-241+6 where x is measured from a convenient origin and t is in seconds. Determine the
distance travelled by the particle during the interval from =1 sec to f = 4 sec.
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Exercise—2: Objective Problems

Single Correct Option

1.

A motor car is going due north at a speed of 50 km/h. It makes a 90° left turn without changing
the speed. The change in the velocity of the car is about

(A) 50 km/h towards west (B) 50V2km/h towards south-west

(C) 502 km/h towards north-west (D) zero

A particle has a velocity u towards east at # = 0. Its acceleration is towards west and is constant,
Let x, and x, be the magnitude of displacements in the first 10 seconds and the next 10
seconds.

(A) x,<x,

B) x,=x,

© x,>x,

(D) the information is insufficient to decide the relation of x, with x,,.

A ball takes ¢ seconds to fall from a height 4, and 2 seconds to fall from a height 4,. Then
h /h, is

A) 2 B) 4 ©) 05 D) 0.25

A body starts from rest and is uniformly acclerated for 30 s. The distance travelled in the first
10 s is x, next 10 s is x, and the last 10 s is x,. Then x: x,: x, is the-same-as

A 1:2:4 @) 1:2:5 © 1:3:5 D) 1:3:9

A stone is released from an elevator going up with an acceleration a. The acceleration of the
stone after the release is

(A) aupward (B) (g-a) upward

(©) (g-a) downward (D) gdownward

A person standing near the edge of the top of a building throws two balls A and B. The ball
A is thrown vertically downward and the ball B is thrown vertically upward with the same
speed. The ball A hits the ground with a speed v, and the ball B hits the ground with a speed
v,. We have

(A) v,>v, B) v,<v,

© v,=v,

(D) the relation between A and B depends on height of the building above the ground.
Figure shows position-time graph of two cars A and B.

(A) Car A is faster than car B.

(B) Car B is faster than car A. x(m)

(C) Both cars are moving with same velocity. A
(D) Both cars have positive acceleration. B
The displacement-time graph of a moving particle is shown below. The

instantaneous velocity of the particle is negative at the point: )

@) C ®) D
© E D) F
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9.

10.

11.

12.

A particle starts from rest and moves along a straight line with constant acceleration. The
variation of velocity v with displacement S is:

XA
D
E F
C
> ¢
VA
v
(A) B
s S
v Va
© D)
>o >

The displacement time graphs of two particles A and B are straight lines making angles of
respectively 30° and 60° with the time axis. If the velocity of A is v, and that of B is v, then

v, .
the value of £ is

Vg

A) 1/2 B) 13

€ 3 (D) 1/3

The initial velocity of a particle is u (at # = 0) and the acceleration fis given by (f= af). Which
of the following relations is valid?

”

(A) v=u+al 3) v=u+a7t_

© v=u+tat D) v=u
A stone is dropped into a well in which the level of water is /# below the top of the well. If v
is velocity of sound, the time 7 after which the splash is heard is given by

(A) T=2hly (B) T:\/@Jrﬁ
g

v

© T= /%+i D) T= ’i+%
g 2v 2g v



13.

14.

15.

16.

17.

18.

19.
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A body is released from the top of a tower of height # metre. It takes 7" seconds to reach the
ground. Where is the ball at the time 7/2 seconds ?
(A) At h/4 metre from the ground (B) Ath/2 metre from the ground
(C) At 3h/4 metre from the ground (D) Depend upon the mass of the ball
A stone is thrown vertically upward with an initial velocity u from the top of a tower, reaches
the ground with a velocity 3u. The height of the tower is:
@w ® © = o 2

g g g g
A particle starts from rest with uniform acceleration a. Its velocity after » seconds is v. The
displacement of the body in the last two seconds is:

@) 2ab @) Yo ©

v(n+1) 2v(2n +1)

n

D)

Consider the motion of the tip of the minute hand of a clock. In one hour

(A) The displacement is zero

(B) The distance covered is zero

(C) The average speed is zero

(D) The average velocity is zero

A particle moves along the x-axis as x = u(t — 2) + a(t — 2)*

(A) The initial velocity of the particle is u

(B) The acceleration of the particle is a

(C) The acceleration of the particle is 2a

(D) At =2s particle is at the origin.

Mark the correct statements for a particle going on a straight line:

(A) If the velocity and acceleration have opposite sign, the object is slowing down.

(B) Ifthe position and velocity have opposite sign, the particle is moving towards the origin.

(C) If the velocity is zero at an instant, the acceleration should also be zero at that instant.

(D) Ifthe velocity is zero for a time interval, the acceleration is zero at any instant within the
time interval.

The velocity of a particle is zero at £ =0

(A) The acceleration at f = 0 must be zero

(B) The acceleration at f = 0 may be zero.

(C) If the acceleration is zero from =0 to t = 10 s, the speed is also zero in this interval.

(D) If the speed is zero from 7= 0 to # = 10 s the acceleration is also in the interval.

Mark the Correct Statements.

A)
®
©

D)

The magnitude of the velocity of a particle is equal to its speed.
The magnitude of average velocity in an interval is equal to its average speed in that interval.

It is possible to have a situation in which the speed of a particle is always zero but the average
speed is not zero

It is possible to have a situation in which the speed of the particle is never zero but the average
speed in an interval is zero.
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21.

22.

23.

24.

25

26.

27

28.

The velocity-time plot for a particle moving on a straight line is shown v(m/s)
in fig.

(A) The particle has constant acceleration 10
(B) The particle has never turned around. 0 10N\ 20 30 (s)
(C) The particle has zero displacement =10
(D) The average speed in the interval 0 to 10s is the -20

same as the average speed in the interval 10s to 20s.
A particle is projected vertically upwards from a point A on the ground. It takes 7, time to
reach a point B but it still continues to move up. If it takes further ¢, time to reach the ground
from point B then height of point B from the ground is

1 R
A) Eg(tl +1,) B) g1t

1 ) 1
© gg(tﬁfz)‘ D) 5 &hh

Balls are thrown vertically upward in such a way that the next ball is thrown when the previous
ong is at the maximum height. If the maximum height is Sm, the number of balls thrown per
minute will be

(A) 40 B) 50

© 60 D) 120

The co-ordinates of a moving particle at a time #, are given by, x =5 sin 107, y = 5 cos 10z,
The speed of the particle is:

(A) 25 B) 50

© 10 (D) None

An object is moving along the x-axis with position as a function of time given by x= x(f).
Point O is at x = 0. The object is definitely moving toward O when

(A) dx/dt<0 B) dx/dt>0

©) dx»/dt<0 D) dxh/dt>0

A particle starts moving rectilinearly at time # = 0 such that its velocity ‘v’ changes with time
‘t” according to the equation v = > — f where t is in seconds and v is in m/s. The time interval
for which the particle retards is

A) <12 B) 12<t<1

© t>1 D) t<122andt>1

An object is tossed vertically into the air with an initial velocity of 8 m/s. Using the sign
convention upwards as positive, how does the vertical component of the acceleration a, of the
object (after leaving the hand) vary during the flight of the object?

(A) On the way up a,> 0, on the way down a > 0

y
(B) On the way up a, <0, on the way down a > 0
(C) On the way up a,> 0, on the way down a, <0
(D) On the way up a, <0, on the way down a <0

If position time graph of a particle is sine curve as shown, what will be its velocity-time graph.

A~

t




@ TN
© N

(B)

D)

N
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29. A man moves in x-y plane along the path shown. At what point is 7

his average velocity vector in the same direction as his instantaneous

velocity vector. The man starts from point P.

@A) A
© C

30. Position-time graph is shown which is a semicircle from =2 o

(B)
D)

B
D

to t = 8 sec. Find time ¢ at which the instantaneous velocity, is
equal to average velocity over first t seconds

(A) 48sec
©) 24sec

B) 32sec

(D) 5sec

31. The greatest acceleration or deceleration that a train may have is a. The minimum time in
which the train may reach from one station to the other separated by a distance d is

A \/E
a
1 |d
© 5\/;

graph would be
v

A

© E f

t

Question No. 33 to 38 (6 questions)

The figure shows a velocity-time graph of a particle moving along

a straight line.

(B)

2d

a

D) 2\/E
a

32. Acceleration versus velocity graph of a particle moving in a straight line @
starting from rest is as shown in figure. The corresponding velocity-time

(B)

D)

v
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33.

34

35.

36.

37.

38.

Choose the incorrect statement.
The particle comes to rest at

(A) t=0s B) t=5s

) t=8s (D) none of these

Identify the region in which the rate of change of velocity av of the particle is maximum
(A) Oto2s B) 2to4s

(C) 4tob6s (D) 6t08s

If the particle starts from the position x, = —15 m, then its position at # = 2s will be
(A) 5m B) 5m

(C) 10m (D) 15m

The maximum displacement of the particle is

(A) 333m (B) 233m

© 183m (D) zero

The total distance travelled by the particle is

(A) 66.7m (B) 51.6m

(©) zero (D) 36.6m

The distance-time graph of the particle is correctly shown by

(B)

distance
(==}

© s (D)

distance

[}
e
S0
-4
o

Question No. 39 to 43 (5 questions)

The x-t graph of a particle moving along a straight line is shown in figure

39.

X

parabola
4
037
The v-t graph of the particle is correctly shown by
M v
74_,5 2T
A O—F—7 B) o "
v v

© O —F 577 D 0
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40. The a-t graph of the particle is correctly shown by

41.

42.

43.

a

® O 7

a

D) Op————7

The speed-time graph of the particle is correctly shown by

a
@) 0 2L
a
© 0 7
speed
(A) 0 —r—377
speed | .wereceecneeey
© O—F 7

speed

B =727
speed

® 1 a1

The correct acceleration-time graph of the particle is shown as

a(ms'z)

A

'
wn O W

o
S
XN

8 1(s)

{4661 |
2 47 16 Si(y

a(ms'z)
10
ST—
(B) S )
-15
a(ms'z)
T3
T 68 1(s)
(D)
-10
-15

The correct displacement-time graph of the particle is shown as

2 4 6 8tf(s)

2 4 6 8tf(s)
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44

45.

46.

47.

48.

49.

50.

A truck starting from rest moves with an acceleration of 5 m/s? for 1

sec and then moves with constant velocity. The velocity w.r.t ground <— n=0.2
v/s time graph for block in truck is

(Assume that block does not fall off the truck)

Sm/s

(A) (B) 3 m/s

1 sec

1 sec

Sm/s
© (D) None of these

2.5 sec
If angular velocity of a disc depends an angle rotated © as ® = 0% + 20, then its angular
acceleration o at © = 1 rad is:
(A) 8rad/sec? (B) 10 rad/sec?
(©) 12 rad/sec? (D) None
If a particle takes ¢ second less and acquires a velocity of v ms™ more in falling through the
same distance (starting from rest) on two planets where the accelerations due to gravity are
2 g and 8 g respectively then:
A v=2gt (B) v=4gt
© v=5gt (D) v=16gt
Tangential acceleration of a particle moving in a circle of radius 1 m varies with time ¢ as
(initial velocity of particle is zero). Time after which total acceleration of particle makes and
angle of 30° with radial acceleration is
(A) 4sec B) 4/3sec
(©) 2*3sec (D) V2 sec
A particle moves along a straight line in such a way that it’s acceleration is increasing at the
rate of 2 m/s>. It’s initial acceleration and velocity were 0, the distance covered by itin =3
second is.
(A) 27m B) 9m
© 3m D) Im
A ball is thrown vertically down with velocity of Sm/s. With what velocity should another ball
be thrown down after 2 seconds so that it can hit the 1 ball in 2 seconds
(A) 40m/s B) 55m/s
© 15m/s D) 25m/s
The velocity- time graph of a body falling from rest under gravity and rebounding from a solid
surface is represented by which of the following graphs?



51.

52.

53.

54.

55.
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4
D)

4 14

(A) -~ ®) =
4

© — N

A disc arranged in a vertical plane has two groves of same length directed
along the vertical chord AB and CD as shown in the fig. The same particles
slide down along AB and CD. The ratio of the time t, /t_ is

(A) 1:2 ®) 1: 2
© 2:1 D) 2:1

The magnitude of displacement of a particle moving in a circle of radius @ with constant
angular speed @ varies with time ¢ as

(A) 2asinot B) 2a sin%t

(©) 2acos ot (D) 2acos %t

A body moves with velocity v= ¢ n x m/s where x is its position. The net force acting on body
is zero at

(A) Om B) x=¢m

©) x=em D) x=1m

A body of mass 1 kg is acted upon by a force F =2sin3nti +3cos3ntj find its position at

t=1sec if at =0 it is at rest at origin.

3 2 2 2
® (ron) ® (5]
© (i, 2,) (D) none of these
3n 3mn”

A force F = Be™ acts on a particle whose mass is m and whose velocity is 0 at = 0. It’s
terminal velocity is:

C B
(A) B (€2)) C
BC B
© ® e
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56.

57.

58.

59

60.

The acceleration of a particle which moves along the
positive x-axis varies with its position as shown. If the
velocity of the particle is 0.8 m/s at x = 0, the velocity of 0.4

a (in m/s® )

the particle at x = 1.4 is(in m/s)
0.2
A) 16 B) 1.2
© 14 (D) none of these 0 A 08 T4 X(inm)

A ball is thrown vertically downwards with velocity /2gh from a height A. After colliding

with the ground it just reaches the starting point. Coefficient of restitution is
@A) 12 B) 12
©) 1 (D) V2

The graph of position x versus time ¢ represents the motion of a *

particle. If b and ¢ are both positive constants, which of the following

expressions best describes the acceleration a of the particle?

(A) a=b-ct B) a=+b

©) a=-c (D) a=b+ct ¢

Two stones are thrown up vertically and simultaneously but with different speeds. Which
graph correctly represents the time variation of their relative positions Ax. Assume that stones
do not bounce after hitting ground.

(A) A (B) Ax
— f—>
© M (D) A i \
t—> —>

A particle of mass 1 kg is acted upon by a force ‘F” which varies as shown in the figure. If initial
velocity of the particle is 10 ms™, the maximum velocity attained by the particle during the period is

F
20N

(0,0) 10 20 (sec)

10N
(A) 210 ms™ (B) 110 ms™ (©) 100 ms™ (D) 90 ms™!
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Question No. 61 to 65 (5 questions)

Two balls A and B are thrown with same velocity u from the top of a tower. Ball A is thrown vertically
upwards and the ball B is thrown vertically downwards.

61.

62.

63.

64.

65.

Choose the correct statement

(A) Ball B reaches the ground with greater velocity

(B) Ball A reaches the ground with greater velocity

(C) Both the balls reach the ground with same velocity

(D) Cannot be interpreted

If #, and ¢, are the respective times taken by the balls A and B respectively to reach the ground,
then identify the correct statement

A t,>t, ®) t, =1,

O 1, <t (D) Cannot be interpreted

Ift, =6 sand 7, = 2 s, then the height of the tower is

(A) 80m (B) 60m ©) 45m (D) none of these
The velocity u of each ball is

(A) 10 ms™ (B) 15ms?! (©) 20 ms™! (D) none of these
If a ball C is thrown with the same velocity but in the horizontal direction from the top of the
tower, then it will reach the ground in time #_ equal to

(A) 4s (B) 3.46s ©) 42s (D) none of these

Exercise-3

(JEE/REE QUESTIONS OF PREVIOUS YEARS)

1.

A particle of mass 1072 kg is moving along the positive x—axis under the influence of a force

Fx)=- 2K—, where K =102 N m? At time #= 0 it is at x = 1.0 m and its velocity is v= 0. Find
x'

(1) its velocity when it reaches x = 0.50 m

(i) the time at which it reaches x = 0.25 m. [JEE, 1998, 2008]
In 1.0 sec. a particle goes from point A to point B moving in a semicircle of radius 4

1.0 m. The magnitude of average velocity is: [JEE, 1999, 2002]

(A) 3.14 m/sec B) 2.0m/sec

(©) 1.0m/sec (D) zero 1m

A ball is dropped vertically from a height d above the ground. It hits the ground
and bounces up vertically to a height d/2. Neglecting subsequent motion and air resistance, its
velocity v varies with the height h above the ground as [JEE, 2000, 2003]

A) L/d h B ‘ d h
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v ’\ v
d
V § ) l//d n

4. Ablock is moving down a smooth inclined plane starting from rest at time t = 0. Let S_be the

©

S
distance travelled by the block in the interval t = n — 1 to ¢ = n. The ratio S i

n+l

[JEE Scr., 2003, 2004]
2n-1 2n-1 2n+1 2n
A C D
&) 2n ®) 2n+1 © 2n-1 D) 2n-1
5. Aparticle isinitially atrest, It is subjected to alinear acceleration A
a , as shown in the figure. The maximum speed attained by the
particle is [JEE Scr., 2003,2004] 10
a
(m/s")
(A) 605 m/s (B) 110 m/s
D) 550 >
(©) 55m/s (D) m/s ime ) I
6. The velocity displacement graph of a particle moving along a straight line is shown. The most
suitable acceleration-displacement graph will be [JEE Scr., 2003, 2005]
VA
v()
x() >X
at
a A
> X
@A) B
> X
aA
aA
© - (D) ~
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From a tower of height H, a particle is thrown vertically upwards with a speed u. The time
taken by the particle to hit the ground, is » times that taken by it to reach the heighest point of

its path. The relation between H, u and » is [JEE Main, 2014]
(A) gH=(n-2)u? (B) 2gH=nu*(n-2)

©) gH=n-2)u? (D) 2gH = n4?

[Ans. (A)]

Two stones are thrown up simultaneously from the edge of a cliff 240m high with initial speed of
10 m/s and 40 m/s respectively. Which of the following graph best represents the time variation of
relative position of the second stone with respect to the first? (Assome stones do not rebound after

hitting the ground and neglect air resistance, take g = 10 m/s?) [JEE Main, 2015]
A(yz‘yl)m A(yz‘yl)m
(A) 240 }------ : (B) 240|------
| > > !
8 12 ! 12
A(yz_yl)m A(y"yl)m
(C) 240{------ ; (D) 240 f-—- :
8 T 8 3o
[Ans. (A)]

Previous Years’ AIEEE Questions

1.

If a body loses half of its velocity on penetrating 3 cm in a wooden block, then how much will

it penetrate more before coming to rest? [AIEEE - 2002, 4/300]

A) lIcm B) 2cm ©) 3cm D) 4cm

From a building two balls A and B are thrown such that A is thrown upwards and B downwards

(both vertically). If V, and V  are their respective velocities on reaching the ground, then
[AIEEE - 2002, 4/300]

(A) vp>v, B) v, =v,

© v>v, (D) their velocities depends on their masses
Speeds of two identical cars are u and 4u at a specific instant. The ratio of the respective
distances at which the two cars are stopped from that instant is: [AIEEE - 2002, 4/300]
A) 1:1 ®B) 1:4 (©) 1:8 D) 1:1

The coordinates of a moving particle at any time ¢ are given by x = at® and y = Bt>. The speed
of the particle at time t is given by: [AIEEE - 2003, 4/300]

@) i B ®) 3¢ Jui B (© ¢l @) o+

A car moving with a speed of 50 km/hr, can be stopped by brakes after at least 6 m. if the same car
is moving at a speed of 100 km/hr, the minimum stopping distance is:  [AIEEE - 2003, 4/300]
A I2m B) 18m ©) 24m D) 6m

A ball is released from the top of a tower of height # metres. It takes T seconds to reach the
ground. What is the position of the ball in T/3 seconds? [AIEEE - 2004, 4/300]
(A) h/9 metre from the ground (B) 7h/9 metre from the ground

(C) 8h/9 metre from the ground (D) 17h/9 metre from the ground
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7.

10.

11.

12.

13.

14.

15.

16.

An automobile travelling with a speed of 60 km/h, can brake to stop within a distance of
20 m. If the car is going twice as fast, ie. 120 km/h, the stopping distance will be

(A) 20m (B) 40 m (©) 60m (D) 80m
The relation between time ¢ and distance x is t = ax? + bx, where a and b are constants. The
acceleration is: [AIEEE 2005, 4.300]
(A) —2abv? B) 20 ©) 2av® D) 2av?
A car, starting from rest, accelerates at the rate f through a distance S, then continues at
constant speed for time ¢ and then decelerates at the rate % to come to rest. If the total
distance travelled is 15 S, then: [AIEEE 2005, 4/300]
1 1 1
A) S=ft S=—ft C) S=—ft D) S=—ft’
(A) B) . © 7 D) ,
A particle is moving eastwards with a velocity of 5 ms™. In 10 second the velocity changes to
5 ms™ northwards. The average acceleration in this time is: [AIEEE 2005, 4/300]
1
A) 1 ms! towards north-west (B) — ms™towards north
V2 2
1
(©) zero D) 5 ms~2 towards north-west.

A parachutist after bailing out falls 50 m without friction. When parachute opens, it decelerates

at 2 m/s%. He reaches the ground with a speed of 3 m/s. At what height, did he bail out?
[AIEEE 2005, 4/300]

(A) 91m (B) 182m (C) 293 m D) 111m

A particle located at x = 0 at time ¢ = 0, starts moving along the positive x-direction with a

velocity v that varies as v = o/x The displacement of the particle varies with time as
[AIEEE-2006, 3/180]

Ay ® 7 © r D) t

The velocity of a particle is v=v, + gt + fi* . If its position is x = 0 at = 0, then its displacement
after unit time (/= 1) is [AIEEE 2007, 3/120]
(A) v, +2g+3f ®) v0+§+§ ©) v,+g+f (D) v0+§+f

A particle has an initial velocity of 37 + 4 and an acceleration of 0.4/ + 0.3 . Its speed after
10 s is: [AIEEE 2009, 4/144]
(A) 7+2 units (B) 7 units (C) 8.5 units (D) 10 units

A particle is moving with velocity v = K(yi +xJ), where K is a constant. The general

equation for its path is:

(A) y=x?+constant (B) )?=x + constant [AIEEE 2010, 4/144]

(C) xy= constant (D) »?=x?+ constant

Attime ¢ = 0 s particle starts moving along the x-axis. If its kinetic energy increases uniformly

with time #, the net force acting on it must be proportional to [AIEEE 2011]
1

(A) Jt (B) constant © ¢ D) —

N
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<o ANSWER KEY

Exercise - 1

1 3vv,v,
VY, + Vv, + v,
2. (@v,_,,=336units,a_, =126 units ; (b) <v>= 121 units, <a> = 66 units
3. (@2.7km, (b) 60 m/s, (c) 225 m and 2.25 km
4. (a) 50 m/s% (b) 125 m
5. (A)0; (B) 60m
6. distance travelled = 10 m; displacement = 6 m; average velocity = 1.2 m/s
7. 1000 ft.,
v(ft/s) o x(ft) &
parabolic curve
S0 1000 +
~
750 Hi= mmmm —m e =
straight line :
: : — T Y
10 20 30« !
250 -7 parabolic ctirve
| I
i | >
10 20 3

8. v=y e

displacment _ distance travelled

9. <V>=<v> . - -
time time

When the distance travelled is equal to the displacement of the particle, i.e. particle moves
along the straight line in the same direction without reversing the direction of motion.

10. Yes. Speed of object will increase if acceleration is in the direction v
of velocity, yet its magnitude may decrease.

av
a= o = slope of the curve.

acceleration (slope of the curve) is decreasing with time yet the
speed is increasing.

11. @ <V,>=<V,>=<V,>=<y,>(b)v, >V >v

4,avg 1, avg= v, avg 3, avg
12. ( H )v
H-h
13. 20 fi/s?
14. (@ 190 ft/s b 2s () 8s,0ft/s (d 10.8s,90ft/s
() 28s (f)  greatest acceleration happens 2 s after launch

(g) constant acceleration between 2 and 10.8 s, — 32 ft/s.
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15. 25m 16.  42km/hr 17. -16 cm/s?

a
Vs, vel

- +

18.

Because particle is slowing down so velocity & acceleration are in opposite direction.

19. 5s 20. 36.2 sec. 21.  122.7 km/hr 22.  74m
Exercise - 2
1. B . D D 4 C
D 6. C . C 8 C
. B 10. D 11. B 12 B
13. C 14. B 15. A 16 AD
17. CD 18 ABD 19 B,CD 20 A
21. AD 22. B 23. C 24 B
25. C 26. B 27. D 28 C
29. C 30 B 31. D 32 D
33. B 34, C 35. A 36 A
37. A 38. A 39. B 40 D
41. C 42. B 43. C 4 C
45. C 46. B 47. C 48 B
49. A 50. A 51. B 52 B
53. D 54. C 55. B 56 B
57. A 58. A 59 C 60 B
61. C 62. A 63. B 64 C
65. B
Exercise - 3
o » . 3
1 @v=-1i m/s(11)t=§+T
2 B 3. A 4. B 5 C
6 B

Previous Years’ AIEEE Questions

1. (A) 2. B 3. (B) 4. (D)
5. (C) 6. (C) 7. (D) 8. (C)
9. (C) 10.  (A) 11. (© 12. (©)

13. (B) 14. (A 15. (D) 16. (D)
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PROJECTILE MOTION

Basic Concept

Projectile

Any object that is given an initial velocity obliquely and that subsequently follows a path determined
by the gravitational force acting on it, is called a Projectile. A projectile may be a football, a cricket
ball, or any other object.

Trajectory

The path followed by a particle (here projectile) during its motion is called its Trajectory.

1. We shall consider only trajectories that are of sufficiently short range so that the gravitational
force can be considered constant in both magnitude and direction.

2. All effects of air resistance will be ignored; thus our results are precise only for motion in a
vacuum on flat, non rotating Earth.
Projectile Motion

(i) The motion of projectile is known as projectile motion.
(ii) Itis an example of two dimensional motion with constant acceleration.

(iii) Projectile motion is considered as combination of two simultancous motions in mutually,
perpendicular directions which are completely independent from each other i.e., horizontal
motion and vertical motion.

@ 4="8
pa— v

El u a,=0

w

=
_ ucos0
e SRR >+

0 Horizontal u sin
O~ 7350 >X  motion
R

Vertical motion

Parabolic path = vertical motion + horizontal motion

If a constant force (and hence constant acceleration) acts on a particle at an angle 6 (= 0 or 180r) with
the direction of its initial velocity (# zero) the path followed by the particle is a parabola and the motion
of the particle is called as projectile motion. Projectile motion is a two dimensional motion i.e., motion
of the particle is constrained in a plane.
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P

(@
)

nUAY
v

©) ®
Fig 2.1: Types of Projectile Motion

.

(c

When a particle is thrown obliquely near the earth’s surface it moves in a parabolic path, provided
the particle remains close to the surface of earth and the air resistance is negligible. This is an example
of projectile motion. The different types of projectile motion we come across are shown in figure 2.1.

In all the above cases acceleration of the particle is g downwards.

In any problem of projectile motion we usually follow the three steps given below:
Step 1. Select two mutually perpendicular directions x and y.

Step 2. Write down the proper values of v, a_, u and a with sign.

Step 3. Apply those equations from the six listed above which are required in the problem.

Projectile Thrown at an Angle with Horizontal

(i) Consider a projectile thrown with a velocity u making an angle 6 with the horizontal.

(ii) Initial velocity u is resolved in components in a coordinate system in which horizontal
direction is taken as x-axis, vertical direction as y-axis and point of projection asorigin.

u_=ucoso, uy=usin6

AU sin@—gt
v :,/uj+ gt~ 2u gt sin ©
s O
Pl y) N =
______ | S
1
1
4 u |
Hi
. 1
usin 6 I
|
|
0 1
s ' A4 S
ucos 0 *X

Fig 2.2
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(iii) Again this projectile motion can be considered as the combination of horizontal and vertical
motion. Therefore,

Horizontal direction Vertical direction
(@) Initial velocity u_=u cos © Initial velocity u,=u sin O
(b) Accelerationa, =0 Acceleration a,=g

(©) Velocity after time £, v =ucos©  Velocity after time Ly, =usin 0—gt

Trajectory Equation

If we consider the horizontal direction,

x=u_t
X=ucosb.t (D
For vertical direction:
y=uy.l‘—1/2gl‘2=usin6.l‘—1/2gl‘2 (2

Substituting the value x in equation (1)

—using-—> —lg( ad JZ
Y ucos® 2 \ucosb

This is an equation of parabola called as trajectory equation of projectile motion.
Time of Flight
Since the displacement along vertical direction does not occur. So, Net displacement = 0

(u sin 6) T—%gTZ=O

_ 2usin©
g

T

Horizontal Range

R=ux.T

R=ucoso. 2usin© R=u'sm26
g g

Here two points are important regarding the range of a projectile.
(1) Range is maximum where sin 26 = 1 or 6 = 45t and this maximum range is;
R, =— (at©=451)
g
(i) For given value of u range at o and range at 901 — 6 are equal although times of flight and
maximum heights may be different. Because
_ u”sin2(90°-0)

R90°—0 - g
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_u’sin2(180°-20)  u’sin26
g g

Re

30° 60

Fig 2.3
SO, R30; = R60§ or RZO; = R70g
This is shown in figure 2.3.
Maximum Height

Using 3"equation of motion i.e., V2 = u? + 2as

we have for vertical direction 0 = #? sin” 6 — 2gH

u*sin’ 0
2g

H =

Resultant Velocity

17=vj+vvj' =ucos 07 + (usin®—gf)J

where | V| = \/u2 cos’ 0+ (usin® — gf)* and tan 6 = v,/ v,

e Results of above text are valid only for complete flight, that is when proejctile lands at same
horizontal level from which it has been projected.

e Vertical component of velocity is zero when particle moves horizontally i.c., at the highest
point of trajectory.

e Vertical component of velocity is positive when particle is moving up and vertical component
of velocity is negative when particle is coming down if vertical upwards direction is taken

as positive. Any direction upward or downward can be taken as positive and if downward
direction is taken as positive then vertical component of velocity coming down is positive.

General Result

(i) For maximum range 6 = 45y

e R
In this situation H = 2=
max 2

R =

max

oo |8,
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(ii) We get the same range for two angle of projections o and (90 — o) but in both cases, maximum
heights attained by the particles are different.

(iii) If R=H
i, wsin20_wlsin’0 g4
g 2g
(iv) Range can also be expressed as
R= u’sin20 _ 2usinBucos® _ 2uu,
g g g

(v) Change in momentum :
(a) Initial velocity u,=u cos © i +usin® j
(b) Final velocity #,=u cos 0f —usin®
Change in velocity for complete motion

Au=u/

—ii, =—2usin@j
(¢) Change in momentum for complete motion

AP = }3f —}3,, =m (4, —u,) =m(2u sin 0) ] =—2musin 6 j
(d) Velocity at the highest point =i, =ucos 6 7

Change in momentum at highest point

m (i, —u)=m [cos®i —(ucos®i +usin® ) )=—musin6 J
Explanatory Notes on Projectile Motion General Idea

Special Case of Two-Dimensional Motion

A particle moves in a vertical plane with some initial velocity v, but its acceleration is always the
freefall acceleration g , which is downward. Such a particle is called a projectile (meaning that it is
projected or launched) and its motion is called projectile motion.
Assumptions:

e Particle remains close to earth’s surface, so acceleration due to gravity remains constant.

e Air resistance is neglected.

e Distance that projectile travels is small so that earth can be treated as plane surface.

Two Straight Line Motions

Our goal here is to analyse projectile motion using the tools for two dimensional motion. This feature
allows us to break up a problem involving two dimensional motion into two separate and easier one-
dimensional problems,
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(a) The horizontal motion is motion with uniform velocity (no effect of gravity)
(b) The vertical motion is motion of uniform acceleration, or freely falling bodies.

In projectile motion, the horizontal motion and the vertical motion are independent of each other, that
is either motion does not affects the other.

Yy
v,
YN v ucosO
ucos6
. U/ v cosd
usin® 1 y v,
0
ucos X

Treating as Two Straight Line Motions

The horizontal Motion(x axis) : Because there is no acceleration in the horizontal direction, the
horizontal component v_ of the projectile’s velocity remains unchanged from its initial value v,
throughout the motion,

The vertical motion(y axis) : The vertical motion is the motion we discussed for a particle in free
fall.

As is illustrated in figure and equation, the vertical component behaves just as for a ball thrown
vertically upward. It is directed upward initially and its magnitude steadily decreasing to zero, which
marks the maximum height of the path. The vertical velocity component then reverses direction, and
its magnitude becomes larger with time.

X-axis y-axis
Initial velocity (1) = ucos0 Initial velocity(u,) = usin®
acceleration(a) = 0 acceleration(ay) =-g
Thus, velocity after time ¢ Thus, velocity after time ¢
v, = ucos0 v, = usinb — gt
Displacement after time ¢ Displacement after time ¢
X = ucosdt ¥ = usin®t — gt*/2

Resultant velocity

(I7R) = (ucose)f+(usin6—gt)j’

|V, | = \/u2c0s26+(usin6—gt)2 & tan o = usin® - gt
ucoso

where o is angle that velocity vector makes with horizontal. Also known as direction or angle of motion



Vectorial Treatment (Optional)

Lets say a particle is projected at an angle 6 from horizontal with
a velocity. Now if we take point of projection as origin and take
vertically upward as positive y-axis and direction of projection
horizontally as x-axis.

U =ucosBi +usin 6y

d=-g
Now since acceleration is uniform
Velocity after time t : V=ii+at =
. . .o 1,
Displacement after time t: s =uf + Eat'

LEVEL GROUND PROJECTION

Horizontal Range (R)
u’sin20 _ 2uu,
2g g
2usin©
g

R:

Total time 7 =

Kinematics

| 2.93

(0,0)

V =ucos®i +usin @ + (-g/)t

V =ucos6i + (usin® — gt)i

§ =1i(cos6i )t + (usin )t + %(— ant’

S = u(ucosOi )t + (usin Ot —%gtzj)

quantitites:
Time of Flight (T)
7= 2usin®
g
Considering vertical motion s, = 0; u = vsing; a,=-g
0=usin0T— g2 = 1= 245n8
g
Maximum Height (H)
o= u’sin’ 0
2g
Vertical velocity at maximum height v = 0
0=1sin®®—2gH = H='tSM°
2g

Lets say we project a particle with velocity u at an angle 6 from horizontal. Now let us derive these
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Velocity in horizontal direction u_= ucos©
Total displacement in horizontal direction R = ucos67T

R= u” sin 20
2g
Qzample 1. A body is thrown with initial velocity 10m/sec. at an angle 37° from horizontal. Find
(1) Time of flight (i) Maximum height
(i) Range (iv) Position vector after =1 sec.

Goluttsn (i) 12sec (i) 1.8m  (i))8.6m  (iv) (16 -8))]

Caution: This equation does not given the horizontal distance travelled by a projectile when the final
height is not the launch height.

Maximum Range

g
. . u’
R is maximumR _ = —
g

For complementry angles i.e. 6 + o = 90°, the range is same for same projection speed but maximum
height and time of flight are different.

Qzample 2. A person can throw a ball vertically upto maximum height of 20 m. How far can he
throw the ball.

Sotution  H=_— . u=20m/s R, ==40m
2g g
Objective : Max height does not always stand for [u' ;m' ej
g

Qzampte 3. A particle is projected with a speed u at an angle © with horizontal. Find the average
velocity of projectile for the period during which it crosses half of maximum height.

Sotution ucos 0 along horizontal

avg. velocity is a vector

First we will find vertical component 0
J o= Total Displacement _ 0
? Total time
Horizontal V.=V, =ucos®
V. =ucosd

Concept: Horizontal component of velocity of projectile remains uncharged.
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Equation of Trajectory

Lets say point of projection is our origin and horizontal direction is x-axis and vertically upwards is

positive y-axis. y
positive y-axis.
We know X =u cosbt u
0
X
X
t =
ucoso
(D
. 1
also ¥y =u sin0t — 5 gt 2
Putting value of ‘#’ from eq. (1) in eq. (2), we get
2u”cos O

f; Important Points

o This is an equation of a parabola, this implies that particle moves on parabolic path.
e This equation can be considered to be quadratic in x as
(%} x’—(tan©)x +y =0
2u”cos O

Thus, for every value of y we can have maximum two values of x. This means simply that
projectile can pass through same height for two different x coordinates.

e This equation can be considered to be quadratic in tan 6 as

[gx )tanze—xtan6+[y+§x;)=0 ﬁ\l\

2
- Uu
2u X, X, \

Thus, for every value of (x, y) we can have two angles of
projection. This means we can hit a given target by using two
different angles of projection.

x »)

e The equation of trajectory can also be modified to give following result.
gxl

=xtan- —=
Y 2u’cos’ O
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Taking tan 6 common and doing some manipulation we can write equation as
X
=xtan 6 [1-—
g [ R}

Qzample 4. A body is projected with a speed of 30 ms™ at an angle of 30r with the vertical. Find the
maximum height, time of flight and the horizontal range of the motion. [Take g =10 m/s?]

Solution Here u =30 ms™, Angle of projection, 6 =90 — 30 = 60r
u’sin’0 _ 30°sin’60° _ 900 3 Em

Maximum height, H = =—x—=
2g 10 20 4 4
. P
Time of flight, T= 2usin© _ 2x30xsin 60 _ 3\/5 sec.
g 10
Qzamptle 5. A stone is thrown with a velocity v at angle © with horizontal. Find its speed when it

makes an angle 3 with the horizontal.

Sotution Since horizontal component of velocity remains constant. Therefore, u
vcos O
v cosd =u cos B u= éé'\
cosf

Qzample 6. A projectile is thrown in the upward direction making an angle of 60° with the horizontal
with a speed of 147 m/s. Find the time after which its inclination with the horizontal is 45

Sotution u =147 x cos60° = % u, =147 x sin60° = 1472\/5
vmurar- W b w147
y y y 2 X X 2

v,
When angle is 45°, tan45°= =

v
= vV =v 147\/5 — t:ﬂ
yox 2 2
> WBEp-g = =2 (B-ps
2 2x10

Qzample 7. A large number of bullets are fired in all directions with the same speed v. What is the
maximum area on the ground on which these bullets will spread?

Golution Maximum distance upto which a bullet can be fired is its maximum range, therefore
2 4
R = Y Maximum area = TR )= mi .
p >
Qzampte 8. The velocity of projection of a projectile is given by : % =5i +10; . Find
(@) Time of flight, (b) Maximum height,

(c) Range
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Golution We have u =5 u =10

2usinO.ucosO _ 2x10x5 _
g 10

Qzamptle 9. There are two angles of projection for which the horizontal range is the same. Show that
the sum of the maximum heights for these two angles is independent of the angle of projection.

10 m

(c) Range=

Sotution There are two angles of projection o and 901 — o for which the horizontal range R is same.

Now,H, =2 % a4 H =% sin”(90°—a) _ u”cos” o
28 2g 2g

2 2

Therefore, H, + H, = i(sinz o +cos’ o) = w
S 2 2g

Clearly the sum of the heights for the two angles of projection is independent of the angles of
projection.

Qzample 10. A particle is projected with initial velocity %, making an angle ‘0’ with the horizontal.
There are two values of time for which projectile is at the same height. Find the sum of these two time
interval.

Gotution For vertically upward motion of a projectile,

y=(usinoc)t—%gt2 or %gtz—(usinoc)t+y=0

This is a quadratic equation in ¢. Its roots are

usino —yJ/u’sin® o0 — 2 usino +fu’sin® o — 2
t = & and t, = &

1

g g
2u si . . L
t+t, = USm _p (time of flight of the projectile)
g
Gzample 11. A particle moves in the x-y plane with velocity v, = 8¢ -2 and v, = 2. If it passes through

the point x = 14 and y = 4 at ¢ = 2s. Find the equation (x-y relation) of the path.

Sstutton =812 or%zSt—2

or [ dx= j' (8t —2)dt

or x-14=[4 -2], =4 -2t 12

or x=4£-2t+2 ..
Further, v, = 2
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dy y :
or —=2 R =[, 2dt
2 [ dv=t;
or y—-4=[2],=2t-4 or y=2
y .
or t== ..
5 @i1)

Substituting value of ‘t’ from Equation (ii) in Equation (i) we have,
x=)'-y+2
This is the desired trajectory (x-y relation)

Qzample 12. A batter hits a baseball so that it leaves the bat with an initial speed v,=37.0 m/s at an
initial angle o, = 53, at a location where g = 10.0 m/s?
(a) Find the position of the ball, and the magnitude and direction of its velocity, when
t=20s.
(b) Find the time when the ball, reaches the highest point of flight and the find its height h
at this point
(¢c) Find the horizontal range R - that is, the horizontal distance from the starting point to the
point at which the ball hits the ground. For each part, treat the baseball as a projectile

Solution The initial velocity of the ball has components
v, =V, cos o, = (37.0 m/s) cos 531 =22.3 m/s
Voy =V, sin o, = (37.0 m/s) sin 531 = 29.5 m/s

@ x=v _t=(223m/s)(2.00s)=44.6m
y=v - %gﬁ =(29.5m/s) 2s) - %(10 m/s?) (25)?=59.0-20=39.0m

v =V, =223m/s
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v, =V, — 8t =29.5m/s — (10 m/s?) (2.00 5) = 9.5 m/s

The y-component of velocity is positive, which means that the ball is still moving upward
at this time (Figure). The magnitude and direction of the velocity are

v=V4+v = J223m/ s’ +(©9.5m/s)* =242mls

o = tan-! (I0.0m/s

=tan™ 0.4
223m/s

At the highest point, the vertical velocity v, is zero at time 7, ; then

v, =0=v0y—gz‘1

The height h at this time is the value of y when £ = =3 s;
1 1
h=v,t - 5 gtr=(29.5m/s) 3.0s) - 5 (10.0 m/s?) (3.0 s)?
=885-45=435m
1 1
y=0=v, t,= Egt22= t, (Vo,- —Egtz)

This is a quadratic equation for £,. It has two roots,

,=0 and { = 2v,, _2295m/s) _

59s
2 P g 10m/s*

There are two times at which y = 0; £, = 0 is the time the ball leaves the ground, and
t,=6s is the time of its return. This is exactly twice the time to reach the highest point,
so the time of descent equals the time of ascent. (This is always true if the starting and
end points are at the same elevation and air resistance can be neglected).

The horizontal range R is the value of x when the ball returns to the ground, that is, at
1=6.64s;R=v 1, =(223m/s) (5.95)=131.6 m
The vertical component of velocity when the ball hits the ground is
v, =V, —&,=29.5m/s - (10 m/s?) (5.95)=-29.5m
That is, v, has the same magnitude as the initial vertical velocity Voy but the opposite

direction (down). Since v, is constant, the angle o = — 53t )(below the horizontal) at the
point is the negative of the initial angle o) = 53r.

Qzample 13. A clever monkey escapes from the zoo. The zoo keeper finds him in a tree. After failing
to entice the monkey, the keeper shoots. The clever monkey lets go at the same instant the dart leaves
the gun barrel, intending to land on the ground and escape. Show that the dart always hits the monkey,
regardless of the dart’s muzzle velocity (provided that it gets to the monkey before he hits the ground).
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Golution

-

or

=d at all times.

The monkey drops straight down, sox, . -

For the dart, x,_ = (v, cos a)t. When these x-coordinates are equal, d = (v, cos o )t,

d
f=——
Vv, cosoL,

To have the dart hit the monkey, it must be true that y at this same time. The

monkey = ydart

monkey is in one-dimensional free fally, . =dtana, - %gﬁ .

. 1
Forthedart y, =(v,sino)?— 5 gt

So if d tan o) = (v, sin o) t at the time when the two x-coordinates are equal, then

Yimonkey = Yt and we have a hit.

Qzampte 14. A ball is thrown from ground level so as to just clear a wall 4 m high at a distance of
4 m and falls at a distance of 14 m from the wall. Find the magnitude and direction of the ball.

Golution

Now

or

And

or

The ball passes through the point P(4, 4). So its range =4 + 14 = 18 m.
The trajectory of the the ball is,

X
=xtan6 (1- —
y (I-2)
x=4m,y=4mand R=18 m
4 =4tanb [l—i}=4tan6. 7
18 9

tan6=2 = 6=tan“2
7 7

_ 2u*sin O cosO

R
g
18 = i x y? x L X 7
98 V130 V130
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o o 18x98x130 _ o
2x9x7
or u =182 and6=tan“%

Qzampte 15. Two projectiles are thrown with different speeds and at different angles so as the cover

the same maximum height. Find out the sum of the times taken by each to the reach to highest point, if
time of flight is 7.

Sotution Total time taken by either of the projectile.

Qzample 16. A particle is projected with speed 10 m/s at an angle 60° with horizontal. Find :
(@) Time of flight (b) Range

(¢) Maximum height (d) Velocity of particle after one second.
(e) Velocity when height of the particle is 1 m

Golution
€)] \/?; sec. M) 5\/?: m
© %m (@ 517m/s
() v=51+-/55]
Qzample 17, A particle is projected up from the ground with a velocity of 147 m/s at an angle of
projection 30° with the horizontal. Find

(a) The time of flight,

(b) The greatest height reached,
(¢) The horizontal range and

(d) The velocity at a height of 98 m.

Golution
(@) The time of flight T = 2%Sin8 _ 2x147xsin30° 5
g 9.8
(b) The greatest height reached H = u_sin 6 = (147/2) =275.6 m
2g 2x9.8
(¢) The horizontal range R = u_sin26 = 147’ xsin 60 =1909.6 m
g 9.8
(d) The horizontal velocity at a height of 98 m = ucos6
ie., v, =147 c0s30° = 147 x ﬁ = 1473 =1273m/s

2
The vertical velocity at this height

v = (usinB)’ —2x9.8x 98 = (1475sin30°) —19.6 x 98 = 3481 .45
v. =59 m/s
y

v=vI+v} =1403 m/s
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in a direction a with horizontal where o = tan™'(0.4635) = 24.86°
The velocity at 98 m height has two values (i) while going up and (ii) while coming down.
Both have the same magnitude except for the difference in directions.

Qzample 18. Find the maximum horizontal range when the velocity of projection is 30 m/s. Find the
two directions of projection to give a range of 45 m. Take g = 10 m/s2.

Golution
() Maximum range R, = u 30 90 m
g 10
(i) Now 5120 _ 45 or, sin20=>x10_1
30x30 2
or, 206=30°0r 150° [+ (180 — 0) = sin0)]

or 0 =15°o0r 75°

Therefore for a given velocity of projection and for a given range, two directions of projection
are possible.

Qzample 19. What is the least velocity with which a cricket ball can be thrown through a distance of
100 m?
Solution Since the range is given, the least velocity of projection is that value when the angle of

projection is 45°. For velocity u to be least

Py

USin20 100 where 6=45° or, =100
g

g
u>=100x9.8=980 wu=313m/s

Qzample 20. We have a hose pipe which disposes water at the speed of 10 ms™. The safe distance
from a building on fire, on ground is 5 m. How high can this water go? (take g = 10 ms™)

Sotution Here we must understand that taking range of projectile as 10m and making projectile
hit the building when it is at maximum height is wrong. By doing this we are not acheiving maximum
y for given x = Sm. This just makes highest pt. of path to like on x = 5, But there may be other path for
which y will be maximum for given x. This problem will be solved by using equation of trajectory by
putting x 