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Preface

| take great pleasure in presenting this book to students and teachers. This book is intended
for students appearing for JEE (MAINS and ADVANCED) and other competitive exams of
similar level.

Germination of this book comes from the thought of extending our knowledge to all students
of 11th and 12th standard and who are aiming at JEE MAINS and JEE ADVANCED exams.

Theory related to each topic is thoroughly discussed from scratch. Then it quickly ventures
into solved illustrations and Mc? (make concepts clear), a topical exercise to strengthen the
concepts of a topic. All previous year JEE Main, Advanced and AIEEE questions are included
at various places as per the requirement. In last, two level practice sessions are there for
every chapter which includes all types of questions.

The purpose is not to stuff the student with more bare matter but to broaden the base. An
attempt has therefore been made to avoid mystification by providing more questions to test
basics.

The book is 100% solved and if you face any problem you can refer the solutions provided.

| am extremely indebted to colleagues, friends and students for pouring in suggestions in
writing this book.

We shall welcome all suggestions for the improvement of the book.

Nitin Jain
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QUADRATIC
EQUATIONS

Quadratic equations are used in many areas of science and
engineering. The path of a projectile is almost parabolic and
we use a quadratic equation to find out where the projectile
is going to hit. Parabolic antennas are other applications of
guadratic equations.

Applications of Quadratic Equations to other
branches of Mathematics

1. Complex numbers arise out of the problem where we
cannot find the square root of negative number.

2. Parabola is very closely related to Quadratic Equation.
3. Itisused in Integration by Partial fraction.

4. 1t is used in solving second order linear homogeneous
differential equation.

5. Used in solving piecewise function.

6. Sometimes used in curve sketching.

3.1 Solution and Formation of
Quadratic Equation

Quadratic Equation

Let us start the discussion of quadratic equation with the
help of following flowchart.

Quadratic Equation
v )
Degree Expression

L Polynomial J

Here, before knowing what is quadratic equation, we have to
understand the terms related to it i.e, expression,
degree,polynomial etc.

Expression

It is defined as combinations of terms containing constant &
variables.

Now to understand it, first we should know what is variables
& constants.

a) Constants Constants are the elements(entities) whose
values is always fixed i.e. which does not change in the whole
system. Generally constants are denoted by a, b, c.

b) Variables Variables are those elements whose value
changes under different cases/conditions, generally denoted
by x, vy, z.

So, expression can be written as ax?+ bx,

2X + 3, 9+ bx2+ 3x -1, 5sinx + 2x.
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Algebra

Equation

When any expression is equated to zero or one expression is
equated to another expression, then the result would be an
equation

Eg:ax-bx*=0;2x-3=0;ax®*+ bx =cx*-d

Roots of equations /zeroes of equation

The values of variable, which when substituted in equation
satisfy the equation are said to be zeroes/roots of equation.

Eg: x*-9=0
When we put x = 3 or -3 then LHS = RHS, so x =3 &
x = =3 are the two roots of equation x2—- 9 = 0.

Polynomial

Itis an algebraic expression containing any number of terms
(remember, that number of terms in any of the polynomial
must be finite)

Egrax"+ax" +ax"?+ ...+ a is apolynomial where
a, a,,....a, are constants and x is variable.

Here, algebraic word has its own significance, which says
that there is no trigonometric function, inverse trigonometric
function, logarithmic function, exponential function & also
there should be no term containing negative exponent of x.

Or in other words we can say that in polynomial there is no
transcandent function.

Eg:
i) ax®+bx2+cx
i) ax®+bx2+ csin3

i) ax®+ bx2+ csinx

. 3 2 d

iv) ax’+Dbx®+eox+—
X

Here i) and ii) are polynomial while iii) and iv) are not
polynomials, they are just expression.

— Note —=

Now the question arises in your mind that if we write the
expansion of sinx, cos x, ex etc., then the expression
containing these functions are converted into polynomial,
but it is not so. Because all of these expansion contains
infinite number of terms, while polynomial must contain
finite number of terms.

But we can use sin 3, e4, log 5 in polynomial (as in Eg (ii))
because these have constant values.
Types of polynomial

1) Real polynomial Polynomial in which both constants
and variables are real quantities.

Eg:Leta,a, a, ... a are real constants and x is a real
variable then f(x) = a, + ax + ax* + ... a x" is real

3.2

polynomial.
Eg : 2x2+ 3x, ax®+ bx?

2) Complex polynomial Polynomial in which either constant
or variable or both are complex (not purely real)

Or in other words we can say that any polynomial containing
imaginary term are said to be complex polynomial.

Eg : (2 + i) X2+ X, 2(ix)3 + (ix)2.

Degree of a polynomial

The highest power of variable in a polynomial is termed as
degree of polynomial.

Eg:ax"+ax"+ ... +a (a,=0) ispolynomial of degree
n, which is highest power of x. Here, remember that degree
eN.

i) If degree of polynomial is 1, then polynomial is said to be
linear polynomial.

Eg: 2x + 3,ax + b; a « 0, isgeneral form of linear polynomial.

i) If degree of polynomial is 2, then polynomial is said to be
binomial or quadratic polynomial.

Eg : ax?+ bx + ¢, ax0 is general form of quadratic
polynomial.

iii) If degree of polynomial is 3, then polynomial is said to be
trinomial or cubic polynomial.

Eg : ax®*+ bx*+ cx + d; a £ 0 is general form of cubic
polynomial.

iv) If degree of polynomial is 4, then polynomial is said to be
biquadratic or quartic polynomial.

Eg : ax*+ bx®+ cx2+ dx + e; a =0 is general form of
biquadratic polynomial.

Polynomial Equation : If y = f(x) is real polynomial of
degree n, then f(x) = 0 is the corresponding real polynomial
equation of degree n.

— Note —n

Before determining degree of any polynomial first we have
to make all power of variables as whole numbers.

Eg:
()  x3++/x = x. Here the Degree 3 as there is one

irrational termi.e. \/x

S0, x3 —x = —JX
On squaring
Xe—4x*+x2-x=0

Hence degree = 6.
1 1
i)  x+x2+x3=0.Heredegree » 1.

150



To eliminate all fractional powers put x = t8so equation
becomes, ¢ 3 +12 = 0

Hence, degree =6

1 4 1
i) xX2+x3+x4=0
To eliminate all fractional powers, put X = t*2s0 equation
becomest®+ t**+t*=0
Hence degree is 16.

— Note —=

& 3 8

If f(x)=x™+x"+x™ is any polynomial (Where

al a'2 a3 a A oA g g
b 'b. b, are fractions simplified in simplest form) then to
1 2 3
determine its degree multiply numerator and denominator
al a'2 a3 o
of b.'b. 'b. such that denominator of all the terms are
1 2 3

same, then highest value of numerator of these terms is
degree of polynomial.

142 1
EQ © x24+x3+x* =0

141
fraction powers are >'3' 7" Here to make denominator of

all fractions to be same multiply numerator and denominator
b ) 12 16 6

y 12, 8, 6 respectively. So they become 22’24’ 24" So
degree of polynomial is 16.
So, from above discussion we can say that in general Degree
of equation = Numbers of roots of equation.

Eg:
1) Ifequationis (x-2)(x-3)(x-4) =0
then degree = 3 = Number of rootsi.e. x =2, 3, 4

2) Ifequationis (x—2)*= 0then degree =3 « Number of
roots(here only root is x = 2)

3) Ifequationis (x-1)(x-2)*= 0 then degree = 4  Number
of roots(which are 2 only)

We can say that, degree of equation and number of
roots of equation are same if it does not have any
repeated roots. If repeated roots are there in any equation
then degree must be greater than number of distinct
roots.

Quadratic Polynomial A polynomial of degree two which
is of the form ax?+ bx + ¢ (a« 0) is said to be quadratic
polynomial or quadratic expression in x.

Here, a,b,ceR,a=0

Quadratic equation

A quadratic polynomial (i.e. polynomial of degree 2) when
equated to zero gives rise to quadratic equation.

Quadratic Equations
Eg:2x?-3x-4=0,3x°-4x=0,4x*=0
General form of quadratic equation is ax® + bx +¢ =0

Here, ‘a’ is leading coefficient of quadratic (coefficient of x?)
‘c’ is absolute term of quadratic.

‘b’ is coefficient of x

Solution of quadratic equation/ Roots of

quadratic equation

The values of x which satisfy the quadratic equation is called
its roots (or zeroes or solutions).

As degree of quadratic equation ax>+ bx +c¢=0is 2, so it
can have maximum of two roots. There are two methods to
solve any quadratic equation.

1) Factorization Method

If o & B are roots of ax?+ bx + ¢ = 0 then it can be written
as ax?+ bx + ¢ = a(x-a)(x-f) =0

Eg:
X?2-5x+6=0
= X-3x-2x+6=0
=X(Xx-3)-2(x-3)=0
= X-2)(x-3)=0
.. Roots of above quadratic equation are 2 and 3
2) Sridharacharya Method/Method to make

perfectsquare

Let ax?+ bx + ¢ = Qs any quadratic equation whose roots
are o & B.

Then equation can be written as

a{x2+9x+£}=0
a a

x2+2x-2—2+§=0 (asa=0)

. b* .
To make it perfect square add and subtract 232 in the above

equation.

3.3
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Algebra
Relation between roots & coefficients of
~b++/b* -4ac i :
X quadratic equations
2 —
So, the two values of x which satisfy the given equation i.e. If o & B are roots of ax*+ bx + ¢ = 0, then
two roots oL & o are
p a+p="B &ap=9]
oz —b++/b? - 4ac 2 B_—b—\/b2 —4ac
2a 2a b* - 2ac
2 2 _ .2 2 _ —
Sum of roots (SOR) Dot +p=a”+f +20p-20p ==
= oa+f >
2) a—-B=4/(a-B) =a®+B*-2ap
_—b++b*-4ac-b-+vb*-4ac _-b ( )
2a
= (oc+[3)2 —4ap _Vb®-4ac
b —(coefficient of x) a - lal
Lo+Bf=—=
a  (coefficientofx*)
3) o’ +P° =(a+Pp)’ —30p(a+p)
Product of roots (POR)
b® 3c b 3abc-b’
op = -b++b®-4ac |[ -b-vb*-4ac | c PP
2a 2a
B)|o® =B =(a—B) +3ap (o -
ocB—E— constant term )| P | (o:=F) Ble=P)
~a coefficientof x2
=(a-B)yo? +p* +ap
Formation of quadratic equation
If o & 3 are roots of ax>+bx+c=0, then =4(o+ [3)2 —4ap ‘(oc + [35)2 - ocB‘
B2 & p=2
*rhe =3 _\/b2—4acx|b2—4ac|
2
The equation ax?+ bx + ¢ = 0 can also be written as |a| | a |
_ 5) |o* —B*| = (o —B)(c +B)
X2+EX+£=O:>X2—[—bJX+E=O | |
a a a
= |o+ B|y/(ct + B)* — 4ap
x? —(o+B)x+aB=0
, _vb’-4ac |b
x* —(SOR)x +(POR) =0 Tl fa
=— Solved Examples —=
2X (k—4) -2
i =5 a+p=—— apf =——
1. Solve the equation - ——+~— Now &+ K=2) P=17
Sol. Given equation can be written as .
3(x—3)+2x(x ~5)=5(x —5)(x - 3) B = J[k—4j R
k-2) (k-2
~3x?-33x+84=0
X=40rx=7  JK*+16-8k+8(k - 2)
2. Ifthe equation (k—2)x?- (k—4) x — 2 = 0 has difference Ik-2)|
of roots as 3 then find value of k ) )
Sol. | (@—B)l = y(a+B) -4ap - 32‘@ RFET R

k=3 ork=3/2
3.4



Sol.

Sol.

Sol.

Let o and B be the roots of the quadratic equation
(x=2)(x=3)+(x=3)(x+1)+(x+1)(x-2)=0.
Find the value of

1 N 1 N 1
(@+1)(B+1) (a-2)(B-2) (a-3)(B-3)

On expanding the given quadratic equation the equation
can be written as

3x?-8x+1=0

8 1
06+B=§ and OLB=§

Required expression can be written as
~ 1 . 1
afp+(a+p)+1 ap-2(a+p)+4

. 1
ap-3(a+p)+9
1 3 3 3

=—-1+—=——+—=0
4 4 4

Let o and B be roots of the equation 2x2 —3x -7 =0
Without computing o and B, find a quadratic equation

L, a B .
with 7 and — as its roots.
B a

3 -7
From given equation o +p = 3 & of = >

For required equation sum of roots

B_o®+p°  (a+P’-2ap -37
o of - of 14

a B
—=.2_1
Product of roots B o

a
=—+

p

Hence, required equation is
2 37 2
X +Ex+1:0 or 14x°+37x+14=0

If a, B are the root of a quadratic equation
x?2— 3x + 5 = 0 then the equation whose roots are
(a?—=3a+ 7)and (B2-3B + 7) is
AX2+4x+1=0 B)xX?-4x+4=0
C)x*-4x-1=0 D)yx*+2x+3=0
Since a, B are the roots of equation X2 -3x +5=0
Soa?-30+5=0&B2-3+5 =0
c.o2—30= -5&pB2-3p=-5

So (a? — 3o + 7) and (B? - 3B + 7) becomes

2 & 2. (which are roots

.. the required equation is x> - 4x +4 =0

If m(ax® + 2bx +c) + px* + 20X + r can be expressed in

the form n(x+k)2, then show that

(ak—b)(gk —r)=(pk—q)(bk—c).

Sol.

Sol.

Quadratic Equations
Given
m(ax® + 2bx +¢) + px® + 2gx + r = n(x + k)’

Equating the coefficients of similar power of x, we get

ma+p=n (1)
mb + g = nk .(2)
mec +r = K2 -(3)
Apply k(1)-(2)
pk—g
m(ak —b k—g=0=>m=-
(ak-b)+pk-q=0=m=-"—" .4
Apply k(2)-(3)
gk—r
bk — k—-r=0 =
m( c)+gk-r=0=m ok .(5)

From (4) and (5)

_pk—q__qk—r
ak-b bk —c¢

= (ak - b)(gk —r)=(pk—q)(bk —c)
Let p & g be the two roots of the equation.

mx® +x(2-m)+3=0. Let m,, m, be the two values

[ke]

2
+ _E' Determine the numerical

T |

of m satisfying

3 o

value of L
m2 m?-

From given equation

m-2 3
P+d=——p4=—
m m
2 2
p,A4_2 _p'+d’ 2
qg p 3 pPq 3

2

(p+a) -2pg _2

Pa 3
On putting p + g & pq we get
m?-12m+4=0
As m, & m, satisfy it so
m,+m, =12 and mm, =4
m m, mi+md
Now 2+t =2~ %
1

m;, m (mlmz)2

~(m, + m,)* —3m,m,(m, +m,)

(m,m, )’

12°-12.12 12°11
16 16

99

quadratic equation x2 _ gy + g = 0, then find the value

T
where X € (Ozj .

COsSX
or———,
COSX + SINX

3.5
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Algebra

Sol.

Sol.

10.

Sol.

11.

3.6

We have, sin?x 4 sin* X +sin® X + .....0
sin? x

= = 2
1-sin’x _ @n°x

= exp(tan”x.In2) = purix

Now the roots of the equation, y2 _gx+g8=0 are 1

and 8.
So, according to given condition

21an2x =1 and 21an2x =8
~tan*x=0,3

As x lies in first quadrant so only possibility is tanx =+/3

) cosx 1 V3-1

" cosx+sinx l+tanx 2

If o« and B are the roots of the equation
ax? + bx + ¢ = 0 then find the equation whose roots

1 1
are o’ +p’. = +=

a? P2

-b c
Here o +B=— & af=—
a a

Let S be the sum and P be the product of the roots of
required equation

2, 2 a2+B2
Now S = (a"+B7)+ e
_ {bz —ZZaCJJr [bz —22acJ _ (b2—2ac)(a22+22)
a c a’c

As the product

(@2 +p%? (b*-2ac) 1
P= 202 2 X =
o B c”

a
2

QD

Hence equation is
(acx)? — (b? — 2ac) (a®? + c?) x + (b? - 2ac)> =0
If o, B be roots of X2 + px + 1 = 0 and vy, & are the
rootsof X2 + gx + 1 =0 then (o -7) B - y) (a0 + )
(B+9)=
Here

=—p: =1
a+P=—p;ap = aBeys
y+8=-0q;y8=1

Now (o —7v) (B —7) (o + ) (B + 9)

={ ap —v(a +p)+y"Hoap+y (a+p) +5° }
{1+yp+v¥}{1-ps+&}
[(*+1)+rmp][(3°+ 1) -pd)]

s y & & satisfy second equation so

(- ay +yp) (- 98 - pd)

18 (97 - p?) = 1(9* - p?)

If o, B are roots of the equation ax? + bx + ¢ = 0 then

1 . 1
(ao+b)’>  (ap+b)

P

find

Sol.

12.

Sol.

13.

Sol.

14.

Sol.

Since a, B are the root of the ax? + bx + ¢ = 0 then
ac’ +ba+c=0= afaa +b)y+c=0

c c
(aa+b)=—g&(aﬁ+b):_§
A S S S |
" (@o+by? (aB+b)2_(_cj2 cY
a p
a’ B2 o?+p®  (0+B)-2aP
A c?
b®> 2c
_a’ a _b*-2ac
c? a’c’

If a(p+q)2 +2bpg+c=0 and

c
a(p+ r)2 +2bpr+c=0 then show that ar = p* +g
The two given equations can be written as

=ag” +2(a+b)pg+(c+ap’)=0 ..(1)

=ar’+2(a+b)pr+(c+ap’)=0 ..(2)

From equation (1) and (2), we can say that g and r
satisfy the quadratic equation,

=ax’+2(a+b)px+(c+ap’)=0

Hence, Product of roots is given by

¢ +ap’
fF=——-
q a
If a, B are the roots of x> — p(x + 1) - ¢ = 0 then
a’+2a+1  PP+2B+1
evaluate ‘>-75 ¢ B*+2B+c

Here the equation is X2 - p(x +1)-c =0
L a+Pf=p, af=—(p+c)

= (e+)@B+D=1-c

Now given expression

(a+1)? (B+1)°

(a1 -@-c) (B+1)—(1-c)

On, putting value of 1 —¢c = (oo + 1) (B + 1), we get
_ a+l+ B+1 _ oa+l-p-1 _

a-pf P-a a—PB

If one root of the quadratic equation

ax? + bx + ¢ = 0 be n™ root of the other then
(ac”)ﬁ +(a”c)$ =

Let one root be o and other B. such that

Bl/n:a:B:an

1

b n b
Now o+B=—-—=o+o"'=——
a a
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15.

Sol.

From (1) & (2)

1 n
SO
— +| — = _—
a a a

1+1 1+1
= (a%) +(ac") =-b
Let o,B be the roots of ax? +bx+c=0, a,,—p be

the roots of a,x*>+b,x+¢, =0 then find quadratic

equation whose roots are o,a, .

b c
Given OHB:_E caf=

m|p @ |

b,
o —B:—_.
also %1 a

_OHB =

[y

1

Quadratic Equations

b b
Now (G+B)+(a1—5)=—g—a—l=a+0ﬂl
1

1,1 _o+p_-bla_ b
a B o cla c
1 1_ b

oy B_ ¢,

From above equations
i1,1_b b _oa+ae
o oy c C ooy

Now the equation whose roots are a,a, is

x? —(a+o,)X+aa, =0

2
X + X+ L =0

SN
a a c c

=

1 | e e s |

1.

The roots of the equation (x + 2)2 =4 (x + 1) - 1 are
A +1 B) +i 01,2 D)-1,-2

A quadratic polynomial p(x) has 1 +./5 and 1_./5 as
roots and it satisfies p(1) = 2. Find the quadratic

polynomial.
If r be the ratio of the roots of the equation

(r+1° b’
ac
If the product of the roots of the quadratic equation
mx2 — 2x + (2m — 1) = 0 is 3 then the value of m
Al B) 2 C)-1 D)3
x? - 3x 1

Ive th uation
Solve the eq 71 1

ax? + bx + ¢ = 0, show that

x*—bx k-1
ax-c  k+1

If equation has equal and opposite roots

then the value of k is
a-b
a+b

a+b a a
a-b B) b b
If o, B are roots of the equation 2x? — 35x + 2 = 0,
then the value of (2o — 35)3.(2B — 35)% is equal to
Al B) 8 C) 64 D) None
The coefficient of x in the equation x> + px + q =0
was wrongly written as 17 in place of 13 and the roots
thus found to be -2 and -15.Find the roots of original
equation

A) C) —+1 D) —-1

The quadratic equation x>+ mx +n=0 has roots

which are twice those of x>+ px+m=0 and m, n

10.

11.

12.

13.

14.

15.

________________ Make Concepts Clear 3.1

n
and p =0 . Find the value of E

If o and B are roots of the eqation x> — 5x + 6 = 0 then
the value of a® + B2 is

A) 35 B) 40 C) 45 D) None

If the roots of the equation 4x? + ax + 3 = 0 are in the
ratio 1 : 2 ; Show that the roots of the equation
ax? + 3x + a = 2 are imaginary.

If a, B be the roots x2 + px —q = 0 and v, 8 be the roots

(oc—y)(oc—S_
ofx2+px+r:Othen (B_Y)(B_S)_
A1l B) q O)r D)yq-+r

If the difference of the roots of x2 — px + g = 0 is unity,
then prove that p? - 49 = 1 and p? + 492 = (1 + 2q)? .
If tano,tanB are the roots of x?>-px+q=0 and

cota,cotB are the roots of w2 _yx4+s=0 then find

the value of rs in terms of p and g.
If o, B be the roots of ax? + bx + ¢ = 0 and y. 3 those

of ¢x?+mx+n =0, then the equation whose roots are
oy +B6 and ad + Py is

A) a?*x?—abfmx+(b? - 4ac)n/+m?ac=0

B) a2/2x2 + ab ymx — (b2 — 4ac)ny =0

C)azy2x*—abymx + m2ac =0
D) None of these

3.7
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Algebra

Answers
1.B 2.-2/5 (x2-2x - 4) 4.C
8.-3and -10 9.8 10. A 12. A

Solutions Are On Page No. 3.73

I I— — S s | S —

3.2 Nature of Roots and Symmetric
Function of Roots

Discriminant of Quadratic Equation

As we know that Roots of equation ax?+ bx + ¢ = 0 are
given by

oz ~b++/b? —4ac

2a

_-b+b®-4ac

&
P 2a

then, quantity inside the square root is said to be discriminant
of quadratic equation. Discriminant of equation is denoted
by D or A.

D(orA) = b* —4ac

Nature of roots Nature of roots of quadratic equationi.e.
whether the roots are real, rational, complex etc will depend
on the value of discriminant

1) If a,b,c e R & D > 0 then roots are real & distinct.

If the give equation is ax?+ bx + ¢ = 0 then roots of this
equation are given by

~b+VD & -b-D

2a 2a

As D =0, both the roots are real and distinct.
2) If a,b,c e R&D =0 then roots are real & equal.

If the give equation is ax?+ bx + ¢ = 0 then roots of this
equation are given by

—b+/D
X=—"

2a

As D = 0, so both roots are same i.e. ;_a

3) If a,b,c e R&D < 0 then roots of equation are complex

-btiv-D

and roots are given by, X =
2a

4) If a,b,c e Q&D =0 then roots are rational and equal,
-b

and both roots are same i.e. 2a

3.8

5. —-(1/3) 6.B
14. rs = (p/g?)

7.C
15. A

5)If a,b,c € Q&D > 0 and D is perfect square then roots of
equation are rational and unequal.

If ax?+ bx + ¢ = 0 is given equation whose discriminant is
given by

D =b?-4ac =D (let)

~b+D,

As
2a

then roots of the equation are given by = X =
D, € Q # 0, so roots are rational and unequal.
6) If a,b,c e Q&D >0 and D is not a perfect square then

roots of equation are irrational and distinct.

Roots of ax? + bx + ¢ =0 are given by,

—b++/D _ -b—D
X = &

2a 2a

AsD>0and D ¢ Q the roots are irrational and distinct.

7) If a,b,c € R & D<O0 then roots are complex conjugate of
each other i.e. if one root is p + iq then other root must be
p-iq.
Proof

Let ax?+bx+c=0 be quadratic equation whose one root is
p+ig(q « 0) and let second root is .

So,B+p+4q=1; (1)
, c
p(p+ia) == @
From (1) & (2) equation.
-b .
B=?—p—lq=a(p+iq) ..(3)

-b-a(p+iq) _ c
a B a(p+iq)

= —b(p+ig)-a(p+ig)?’ =c
= [a(pz -q*)+ bp+c}+ i[2pga+bg]=0+i0

Equating real & imaginary parts of above equation we get.
..(4)
...(5)

a(p*-g*) +bp+c=0
d(2pa+b) =0



-b

From (5) as q = 0 so, 2p Y
Put this in equation (3)

-b . .

B=?—D—lq =2p-p-iq

~.B=p-ig, sosecondrootisp - iq.

— Note —=

If a,b,c 2R and one root of quadratic equation is p + iq
then it is not necessary that other root should be p - ig.

8) Ifa,b,c e Q&Dis not a perfect square then roots of
equation are exist in irrational conjugate pair i.e. if one root

is p+./q then other root must be p—./q . (g is not perfect
sguare)
Proof

Let ax?+ bx + ¢ = 0 be quadratic equation whose one root

is p++/a(p

p,q # O & let B be other root.

So, B+p+f=%: ()

B(p++a)=

From (1) & (2)

p="2p-ya =

g (2
(p+\f) -3

—b a(p+[) c
N

:>—b(p+\/a)—a(p+\/a)2 =C

:[a(pz+q)+bp+c}+\/a(2pa+b)=0

Equating rational & irrational parts of above equation, we
get

a(p®+q)+bp+c=0 ..(4)
Ja(2pa+b)=0 ...(5)

From (5) 2p = _?b (asq=0)

Quadratic Equations

Put this value in (3)
B=2p-p-a
p=p-a
So, second root of equation is p ++/q

— Note —=

If a,b,c ¢ Q, and one root of quadratic equation is p +\/a

then it is not necessary that other root is p —Ja .

b_c¢
f—&—€el &
%) a ae 4

52 is perfect square then both roots of
a

guadratic equation are integers.

Let the quadratic equation be ax?+ bx + ¢ = 0 have two
integral roots, say o & B.

Since, oc,BeI:>a+[3=_?bel

C
Sof=—¢el
a

b (b)Y ,c
‘”‘7{? 2 ‘45J 1)

b c
Let us assume g=p&g=q, p,gel

then a,B=%(—pi«/p2—4q) -(2)

For, integral roots, p?— 4q must be perfect square.

\p? - 4q iseven or odd depends on p being even or odd. In
both situations a, B come out to be integers, since

—pt /p2 — 4q isalways even.

Hence, if —2clandSclg b* — 4ac is perfect square of
" a a 4a’ P a
an integer, then both roots are integers.

— Note —=

In special case, ifa=1, b,cel &b*-
then both roots are integers.

4ac is perfect square

3.9
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Now the entire discussion on nature of roots
we are showing diagramatically
Let o, B be roots of ax?2+ bx + ¢ = 0 whose

discriminant D = b?2-4ac

ax’*+bx+c=0

l

D=0
Roots are equal i.e.
a=PB=-b/2a &Quadratic
equation can be expressed as
a perfect square of linear

l

D=0
Roots are unequal

polynomial.

a,b,ceR and D=0
roots are real

l

a,b,ceR D<O0

roots are complex and
conjugate pair of each
other p+iq & p-iq

l

a,b,ceQ D is not a perfect square
of rational number, then roots
are irrational and are conjugate

of each other i.e.,p+./q &p- Jq

l

a,b,ceQ & D is perfect square
of rational number then roots
are rational

|

a=1,b,cel & D is perfect square
of rational number then roots
are integral.

Symmetric functions of roots

If B are roots of ax>+ bx + ¢ = 0 & f (a,B) isany function
of a & B. Then, f(a,B) is said to be symmetric functionin a.

& B, if f(a, B) = f(B, @) . i.e. if a&P are interchanged in function

f(a,) and there is no change in function then function is said
to be symmetric.

OR The function of roots f(a,pB,v,6...) which remains

unaltered when any two of the roots are interchanged are
called symmetric function of roots.

If f is symmetric then Af is also symmetric for ), ¢ R . So, the
sum, difference, product, & division of two symmetric function
is also symmetric.

Eg:

p

o +B, o 722 |oc2—[32| ,
B
a’B+ B2y + vPou + PPa + v2B + o’y

o +p? 2 | 2 . .
7P v(a+l3)(0t +B )aresymmetrlcfunctlons

o
(i) & — B,E, o’ +af,af —B are non symmetric functions.

Ruleto find number of terms in a symmetric function

If nis total number of root of the equation and ‘r’ is number
of roots occuring in each term of symmetric function.

If Kiis number of roots having the same index (degree), then

n!
total number of terms in symmetric functions is = m

— Solved Examples —=

16. Find nature of roots of the quadratic equation
x2—-2(@a+b)x+ 2 (a%+ b? =0 (where axb)

So. A=1,B=-2(a+bh),C=2(a%+ bh?
D = B?-4AC = 4(a + b)? - 4(1) 2(a® + b?)
= 4a? + 4b? + 8ab - 8a2 - 8b?

= _4a’ - 4b? + 8 ab
=_4@a-bpr <0

So roots are imaginary and different
17. Find all the integral values of a for which the quadratic
equation (x — a) (x — 10) + 1 = 0 has integral roots.

Sol. (x-a) (x-10) = -1 ; where x,a <l
© X—a=1&x-10=-1or x-a=-1&x-10=1
=>X=9&9-a=1lorx=11&11-a=-1

s.a=8or12

18. Form a quadratic equation with rational coefficients if
one of its root is cot?18°.

3.10

\/g+l

Sol cot218°—1+005360—1+ 4 _5,005
. 1-cos 36° J5 +1
4

Hence if o =54 25 then p=5-2.5

La+B=10;0p=25-20=5

The quadratic equation is y2 _10x+5=0
19. If o,B,v,0 be the

roots of the equation

x* +px®+gx® +rx+x=0. Then
(1+oc2)(1+[32)(1+y2)(1+62) equals to
Sol. Since o,B,y,6 are the roots of the equation

X' +px®+qri+x+x=0
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20.

Sol.

21.

Sol.

22.

XA PR+ XX = (X o) (X-B) (X-7) (X - 9),
Substituting X =i,—i in equation, we have
(1-q+s)=i(p-r)=(i-a)(i-p)(i-v)(i-3)

Take modules of both sides of above equation
(1-a+9)"+(p=r)"= (L) (L+F7)(L+77)(1+57)
Let a & ¢ be prime numbers and b an integer. Given

that the quadratic equation ax? + bx + ¢ = 0 has rational
roots, show that one of the root is independent of the
coefficients. Find the two roots.

b?—4ac =n®=(b-n)(b+n)=4ac

Case | : b—n=4aandb+n=c not possible
Case Il : b—n=4candb+n=a not possible
As 2b=4a+c or 2b = 4c + a is odd

=b is not an integer

Caselll : p—_n=2a andp+n=2¢
=b=a+c

c b
Now af=— & a+B=-—
a a

-1 °

a a

c
=a=-1 and B=——
a

If the equation ax? + 2bx + ¢ = 0 has real roots
(a,b,c eR)and m,n e R such that m?2 = n > 0 then

prove that the equation ax? + 2mbx + nc = 0 has real
roots.

Given equation is ax? + 2bx + ¢ =0 (1)
Since the roots of equation (1) are real

- 4b? - 4ac > 0=4b” > 4ac . (2)

Now the discriminant of equation

ax? +2mbx + nc =0

D = 4m?b? — 4anc .(3)
Sincem>>n=>=0 - m?2>n n(4)
~.From (2) and (4)

m2. 4b? > 4ac.n

4m?2p? — 4acn > 0

which is discriminant of 2" equation

Hence roots of ax? + 2mbx + nc = 0 are real.
If the roots of the equation

2 2
{l—q+%}x2 +I0(1+CI)X+Q(Q—1)+%:0 are equal

then show that p? = 4q

Sol.

23.

Sol.

Quadratic Equations

As roots are equal b?> - 4ac = 0

= pPL+qgyf= 4{1—q + %] {q(q —1)+%}

PP +ar= {4L-a)+ 2p2)}{q(q —1)+p7}

=

= p*(1 +q)* =[-4q(1 - g)* + 2p°q(g-1) + 2p?
(1-0q) +p7]

= pI(1 + q)* - 20 + 4q - 2 - p?] = -4q(1-g)°

= p[-*+60q-1-p]=-4q9(1-q)

= -p?(1 -0y +p*(@4q-p>) =-4q(1 -0q)

= (1-0)(-p*+4q) +p°(4qg-p’) =0

= (-p?+4q) (PP +(1-0))=0

= As p2+(1-q) =«0

- pP=4q
If both the roots of the quadratic equation
x?-(2n+18)x-n-11=0, ne|, are rational, then

find the value(s) of n.

Here the coefficients are integers, hence rational. Now
the discriminant of given equation must be a perfect
square of a rational number.

i.e. 4[(n +9) +n+ ll} must be perfect square

=n?+19n+92 must be perfect square of a whole

number since nel

=n?+19n+92=m? where meW

L _-19xyam’ -7

2
=4m? -7 is perfect square of a whole number
=4m?-7=p? where peW
=4m? -p*=7
=(2m+p)(2m-p)=7
= either 2m+p==£12m-p==7
or 2m+p=+7,2m-p==1

But as m,p e W, so either 2m+p=1 and 2m-p=7 or
2m+p=7 and 2m-p=1,

2p = - 6 (not acceptable as pe W)
2p=6,2m=4

=>m=2

=n?+19n+92=4
=(n+8)(n+11)=0=n=-8or-11

3.11
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Algebra
e Make Concepts Clear 3.2
1. Iftheroots of the equation 6x? — 7x + k = 0 are rational B)a(b-c)x*+b(c-a)x +ca-b)=0
then k is equal to C)@@+b)x2-2b(@a+c)x+(b>+c?)=0
A)-1 B)-1,-2 C)-2 D)1, 2 D) None of these
2. Show that the equation 9. |Ifa,p,yaretheroots of x3+ px2 +gx +r =0, find
@+b-2c)x*+(b+c-2a)x+(c+a-2b)=0 the value of

have distinct rational roots.

3. If a#l-2and aeQ, show that the roots of the
equation (@2 +a-2) x>+ (2a2+a-3)x + a2 -1=0
are rational then atleast one root of equation x*+ax+b=0,

4.  The roots of the equation x2+dx+c=0 has real roots.

2 _ =
E: _; ng Q(ab_:-bc_'- C;)Xa:_e a=0 11. If the roots of the equation (x —a) (x—b) -k =0bec
A), Ir}atioenall and diff;;rent and d, then prove that the roots of the equation
B) Rational and different (x~©) (x - d) - k=0 are a and b. .
12. |If the root of x2 —ax + b = 0 are real and differ by a

[C); ng?g:éyezﬁgldlfferent quantity which is less than c (¢ > 0). Prove that b lies

(B+y—cx)3 + (y+oc—[3)3+(oc+[3—y)3
10. Showthatifa, b, c, d are real numbersand ad = 2(b+c),

- 2_ 2 2

5. Ifa, b, ¢, dand p are distinct non - zero real numbers between a ¢ j and a

such that (a? + b? + ¢?) p?-2(ab + bc + cd) p +(b? + 4 4

¢2 + d?) < 0, then show that a, b, ¢, d are in G.P. 13. If a, B, y are the roots of the equation x® + gx +r =0,
6. Show that if the roots of the equation 2By — o

(a2 + b?) x? + 2x (ac + bd) + ¢ + d> = O are real, they find the value of P A

will be equal. Pry-a
7. Ifx2—ax+b=0andx?-px +q= 0 have arootin 14. Prove that the roots of equation

common and the second equation has equal roots, show bx2 + (b —c¢)x + b —c —a = 0 are real if those of

ap equation ax? + 2bx + b = 0 are imaginary and vice
that b+q = o versa, where a, b, ceR

8. If a, b, c are in G.P, then which of the following 15. Find all positive integers a, b such that each of the
equations have equal roots —

equations x*—ax+b=0 and x*-bx+a=0 has
A)b-c)x®+(c-ax+(@a-b)y=0

distinct positive integral roots.

____________________________ O C OO O [ ) e
Answers

1.D 4.B 8.C 9.24r-p* 13. — 15.a=6,b=5

Solutions Are On Page No. 3.73
e s S S S S

.. Roots are equal in magnitude & opposite in sign.

3.3 ldentity, Common Roots,
Higher Degree Equation

— Note —=n

If a & c are of same sign then roots are complex whose
imaginary part is not zero while if a and c are of opposite
sign then roots are real.

Let the quadratic equations be ax?+bx +¢ =0, (a,b,c € R) 3) If b = ¢ = 0 then equation becomes ax>= 0

Roots Under Particular Conditions

whose discriminant is D =b?—-4ac >0 then 5
=x"=0

1) If c = 0 then equation becomes ax2 4+ px = 0 - - Both roofs are zero.

4) If a = c then equation becomes ax?>+ bx +a =20

-b
So one root is zero, & other root is —
a So,POR=af =1

2) If b=0then ion mes ax?+c = . . .
) Ib = 0 then equation becomes a ¢=0 So, roots of equation are reciprocal to each other i.e. two

, —C -

1
=>X=— X =%, [— roots are &,—
a a a

3.12
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5) If one root of ax?+bx+c=0 is infinite then a=0

Proof
1. .
Put X = n in the equation we get,

a b
—+—+¢c=0
et

=ct?+bt+a=0

as X > 0,0 t >0

As one root of ax?+ bx + ¢ = 0 is infinite, so

one root of ct?+ bt + a = 0 must be zero.

so,a=0

So, we can say that if a = 0 then one root of

ax?+ bx + ¢ = 0 is infinite.

6) If both roots of ax®>+ bx + ¢ = 0 are infinite then
a=b=0.

1. .
Put X = TN the equation we get,

:>i+%+c=0

=ct?+bt+a=0

As both roots of ax2 + bx + ¢ = 0 are infinite so both roots of
c?+bt+a=0arezerothenb=a=0

. If a = b = 0 then both roots of ax?+ bx + ¢ = 0 are

infinite

7) Ifac<0ie.(a=0&c<0)or(a<0&c=>0)thenfor
the given quadratic equation

c
afy = POR = 3 negative

.. Roots of quadratic equation are of opposite sign.

8) If a,b,c are of same sign i.e. all positive or all negative
then for the given quadratic equation

a+p = SOR=?b<O &

ap :POR=£>O
a

a + P =negative & of} = positive

.. Both roots are negative.

Quadratic Equations

9) If a and c are of same sign and b is of opposite sign i.e.
(a=0,b<0,c=0) or (a<0,b>0,c<0) then for given
guadratic equation

a+p = SOR=?b>O &

ap = POR=£>O
a

o + B = positive & ap = negative
.. Both roots are positive.

10) Sign of a=sign of b =sign of ci.e. (a=0,b>0,c<0) or
(a<0,b<<0,c=0) then for the given quadratic equation

a+p = SOR =" negative &

c .
off = POR = P negative

o + B = negative & ap = negative

So, roots are of opposite sign and negative root has greater
magnitude.

11) If sign of b=sign of ¢ = signofai.e. (a=0,b<<0,c<0) or
(a<0,b=0,c=0) then for the given quadratic equation

a+p = SOR =" positive &

c
afy = POR = P negative

o + B = positive & ap = negative

So, roots are of opposite sign and positive root has greater
magnitude.

12)Ifa+b+c=0thenb=-a-c
Then given equation becomes ax>~(a+c)x +c¢ =0
ax?-x)—c(x-1)=0
(x-1a(x)-c)=0
So one root is 1 (unity) & other root is c/a.
13)Ifa-b+c=0thenb=a+c
Equation becomes ax?+ (a+c)x+c¢c=0
ax?+x)+c(x+1)=0
x+1)(ax+c)=0

So, one root is —1 & other root is —c/a.

Identity

The statement of equality between two expressions of x, that
are equal for all values of x, for which expressions on the two

3.13
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sides are defined is called an identity.

Alternatively, f(x) = 0 is said to be identity in x if it is satisfied
for all values of x in domain of f(x).

So, identity in x satisfied by all values of x for which expression
is defined while equation in x is satisfied for some particular
values of x.

Eg: i) x?—4x + 4 = (x—2)?is an identity in x as for each
and every value of x, LHS = RHS

ii) x2— 5x + 6 = 0 is not an identity as it satisfy only for two
values of xi.e. 2,3.

‘="1is used to denote identity whereas ‘=" for equation. So
from above discussion we can say that every identity is an
equation whereas its converse is not true.

— Note —=

For a polynomial equation we can say that if number of
roots are greater than degree than equation becomes identity
& equation satisfy for all real values of x.

THEOREM

Ifa =b =c =0, then equation ax>+ bx + ¢ = 0 is an
identity.

ax?+ bx + ¢ = 0 is an identity in X than number of roots
is greater than degree i.e. 2.

Proof

Let o,B,y be roots of ax?+bx+c=0 (o= =)

So, aa?*+ba+c=0 ..(1)
ap2+bp+c=0 ..(2)
ay’+by+c=0 ..(3)

From (1) & (2) on applying (1)-(2)
a(o*—p?)+b(a—p)=0

As a#f3
So, a(a+p)+b=0 ...(4)
Similarly a(B+y)+b=0 ...(5)
By subtracting (4) & (5)

a(o—y)=0 ...(6)

Now, as a # y so a=0

Put a=0 in (4) we get b=0

Put a=b=0 in (1) we get c=0

So, ax?+bx+c=0 becomes an identity if a=b=c=0
Concept Rockoner 1

If @®-1)x*> +(@-1x+(@+1)=0 is an identity, then
find possible values of a.

3.14

Explanation
Foridentity a® ~-1=a-1=a+1=0

—=a’-1=0=a=+1 but neithera =1 & a = -1
satisfies botha—-1 =0 & a + 1 = 0. So for no value of
a equation is identity.

Condition for common roots As in the quadratic
equations, only two roots are possible so for two given
equations either one root or both roots may be common.

1) Only one root is common

Let a is common root of two quadratic equations
ax’+bx+c=0&ax*+bx+c,=0then

a,a’+b,o+c, =0 (1)
a,a’+b,o+c,=0 (2

By cramers rule or by cross multiplication

a8 - 1
b, ¢ la ¢]| |a b,
b2 CZ a2 02 a2 b2
a? a 1

a1b2

r =
° b,c, -b,c;, a,c,—a.c, —-a,b,

On eliminating o

_a,c,-ac, bc,-byc
albz —a, b1 a,C; —a,C,

which is the required common root,
(a,c,—a,c)*=(ab-ab,)(b,cb,c)
is required condition for single common root.
Alternate method
Let a is common root of both equations, so
a,a’+b o+c =0 (1)
a,a’+b,o+c,=0 (2
to make coefficient of a2 in both equation equal.

Multiply (1) & (2) by a,&a, respectively.

a,a,o*+b.ao+ca,=0 -(3)

a,a,o*+b.a o+ca =0 ..(4)
On applying (3) - (4)

a(b,a,-b,a )+ca—ca =0 ...(5)
So,common root is o = ﬁ

And condition of common root can be obtained by putting
value of a in either of the equation (1) or (2)
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(a,c,—a,c)*=(a,b,~a b, )(b,c~b,c,) which is required
condition for single common root of both equations.

Both roots are common

If both roots of two quadratic equations a,x*+b.x +c¢, =0
& a,x*+ b.x + ¢,= 0 are common, then both equations are
identical. So, on comparing two equations,

a_ b o

a, b, ¢

— Note —=

1. If two equations a,x*+b x+c,=0 & a,x*+b,x+c,=0
(a,,a,,b,,b,,c,,c,e Q) have a common root and one
equation has irrational or complex roots, then two equations
has both roots common.

2. If f(x) = 0 & g(x) = 0 has a common root(s) then that
common root is also root of h(x)=af(x)-+bg(x)=0

Concept Rockoner 2

If one root of the equation x> + 2x + 3k = 0 and
2x% + 3x + 5k = 0 is common then find value of k

Explanation
Since one root is common, let the root is o.

o? _ o _ 1
10k-9k 6k-5k 3-4

a?=—k ..(2)
a=-k (2
naf=k?z
>kK=-k=>kK+k=0
=> kk+1)=0 = k=0andk=-1

Relation between roots & coefficients of higher

degree
If oL, 00,00 a, are n roots of equation

f(x)=ax"+ax+ax?*+....+a =0
where a;,a,,....... a,eR & a, #0 then
aX"+a X" Ha X"+ +a =
a,(x-a,)(x=aL,).....(x-a, ) =
f(X) = a [X"-X"* 3] o, +X"? Y o L +(=1)"o ]
On comparing coefficients of LHS & RHS.

—-a a
2% =a—01 I =§

Quadratic Equations

—-a
Zalazaaza—;
Mo, = (-1)" 2o

o, = )ao

So, with the help of this concept, we can say that

1) If a,B,y are roots of ax®+ bx2+ cx + d = 0 then
-b c
0°+l3+Y=?,0tB+BY+YOL=g &

apy=—
a

2) ay,ay,......2, € R &p +igisonerootof ax"+ax"+
ax"+ ... + a x°= 0 then p - iq is also a root of the
equation, i.e. complex roots exists in conjugate pairs.

3) Odd degree polynomial equation has atleast one real root.
Because if complex roots are there then they always exist in
pairs only.

4) If aa,,....a,eQ and p+./q is one of its root then

p- \/a isalso its root, i.e. irrational roots exist in conjugate
pairs.

5)If a,a,,....a,eQ and \/p +./q is one of its root (where

Jp &-Jq are different irrationals) then /p —\/q,—/p ++/q

& —Jp —/q are also its roots.

6) If \/p ++/q +~/r is one root of equation whose coefficients
are rational then minimum degree of this polynomial equation

is 8 (i.e. 23), & its roots are \/p ++/q +/r,y/p+q-+r,
TN - -
~Jp ++g -,

- T & BT F

Equation in terms of roots of another equation

If oo & B are roots of equation ax?+ bx + ¢ = 0 then the
equation whose roots are

1) —a,—B is formed by replacing x by —x in the equation
whose roots are o & 3

a(-x)?+b(-x)+c=0

3.15
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= ax?-bx + ¢ = 0 is required equation whose roots are
-0 &—-f3

11
2) E'E is formed by replacing x by 1/x in

ax?+ bx+c=0

= a(ljz + b(lj +c=0
X X
cx?+ bx + a = 0 is the required equation whose roots are
at &BH
3) a+kpB+k
Lety=a+ kso,a=y-k
As ais root of ax? + bx + ¢ = 0 so it will satisfy this equation.
aly-k?+by-k)+c=0
Replace y by x in above equation, we get

a(x — k)?+ b(x — k) + ¢ = 0 which is the required equation
whose rootsare a + kK & + k

So, to determine equation whose roots are oo + k & § + K,
replace x by (x - k) in the equation whose roots are o & .

4) o —k,B -k Replace x by (x + k) in equation
ax?+ bx + ¢ =0 whose roots are o, & p.

So, a(x + k)2+ b(x + k) + ¢ = 0 is the required equation
whose roots are o - k,p -k

5) ka, kp
Let y =ka so 0c=%
As o is root of ax?+ bx +¢ =0, so

{i] wo)re-o

Replace y by x in above equation,

x X _ _ .
a(Fj + b(FJ+C =0 s required equation whose

roots are ko & kp3.

So, to determine equation whose roots are ka & k3, replace

X
X by M in the equation whose roots are a&p.

3.16

6) %E is formed by replacing x by kx in the equation

whose roots are a&p i.e.ax?*+bx+c=0

So, a(kx)?+ b(kx) + ¢ = 0 is required equation whose roots
a B

are 1o

1
7)a",p"(n e N) isformed by replacing x by x" in the equation
whose roots are o & B i.e.ax?*+bx +¢c =0

2 1
S0, ax" + bx" + ¢ = 0 isthe required equation whose roots

are o",p"

1 1
8)a",p" (n e N) isformed by replacing x by x" in the equation
whose rootsare a & pi.e.ax?+bx+c=0
So, ax®"+ bx" + ¢ = 0is the required equation whose roots

are a%,g%.
9) pa+0q,pp+q

Let y=pa+q i.e. a==——, as a is root of

p
ax?+ bx + ¢ = 0, so substitute this value of o in equation
ax?+ bx + ¢ = 0, we will get

2
[uj +b[uj+c=o
p p

Replace y by x in above equation we get

2
a[_x—q} +b[—x_qJ+c=O
p p
which is required equation whose

po+q& pp+q
So, to determine equation whose roots are pa+q & pp-+q,

roots are

replace x by in equation whose roots are o & B.

— Note —n

1. This concept can also be used to polynomial equation of
higher degree.

2. If Difference of roots of two quadratic equation are same
then ratio of their discriminant is same as ratio of square of
leading coefficient of two equation.
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Let two equations are

ax?+ bx + ¢ = 0 whose roots are o3

px?+ gx + r = 0 whose roots are vy, 6

As, |0L—B|=|y—8|

= (0—B) —4ap=(y-3)" —4y5

b?-4ac g°-4pr b?-4ac a?
= 2 = 2 = =2
a p q-—4pr p
D 2
:>D—1=—2

Quadratic Equations

Concept Rockoner 3

If o, B, y are the roots of the equation 9x*~7x+6=0 then
the equation whose roots are 3o + 2, 3B + 2, 3y + 2 is

Explanation

Lety = 3a + 2, then a = (y - 2)/3.
Since a isa root of 9x* - 7x + 6 =0

9al

S—Ta+6=0

3

8
= 9 (y;Z) _7(y_;2) +6=0

or(y-2@%-7(y-2)+18=0
ory—6y?+5y +24=0
Thus, the required equation is

x3

-6x2+5x+24=0

24.

Sol.

25.

Sol.

26.

Sol.

=— Solved Examples —=

Solve the equation
L (x=B)(x=0) . (x=c)(x-a) _

(a-b)(a-c) (b-c)(b-a) (c-a)(c-b)
The given equation is satisfied by x = a, by x = b, or by
X = ¢. Since equation is of only of second degree in X,
and it has 3 roots so it must be an identity
If one root of the equation x® + 2x2 + px + g =0 is
(o — 1) — ip then prove that equation which has one
root 2a. is X3 — 2x> + px — g = 0.(p,q € R)
Given equationisx®* + 2x2+ px +q =0 ...(1)
One root of the equation is (o — 1) — i
.. Second root will be (o — 1) + ip.
Let the third root be y then

cz(x—a)(x—b) 2

:>(0L—l)—iB+(oc—l)+iB+y:—%

= y=-20
We have to find an equation of which one root is
— vy = 2a, which can be obtained by replacing x by — x
in equation (1).
X3+ 2x2-px+q=0
. X3—2x% + px —q = 0 is required equation

1 1 1 2 2 1
If 3x?2-2|=—-Z|x+| =+—=—+=+— |-
(d aj (aZ b2 CZ d2j

2(i+i+ijgo for real x and non zero real
ab bc cd

numbers a,b,c,d then show that a,b,c,d are in HP.
The given inequality reduces to

G 3 a2

As sum of squares can’t be negative, so for existence all
brackets must be zero

27.

Sol.

28.

Sol.

T I S
b d are in AR,
So, a, b, ¢, d are in HP.
-1
When x=#, find the value of

2x3 +2x* —=7x+70
We know that complex roots exist in conjugate pairs, so

3+5i

2
Then quadratic equation formed by these two roots is

2x2—6x+17=0

Now 2x° +2x?> —7x+70

the two roots are

:x(2x2—6x+17)+4(2x2—6x +17)+2

=xXxx04+4x0+2=2
If o, B, y be the roots of the equation
X3 + px2 + gx + r = 0, find the value of

) sa’ i) =

i) o iv) Tp2y?

V) (B+7) (y+o)(a+B)

We have a +B+y=-p .. (1)
Py +ya+ap=q - (2)
apy =-r - (3)

i) Squaring (1), we have
Ta’® + 2Zaf =p?
Substituting the value from (2)
Ta® = p?- 2Zaf =p*-2q

i g1 _PBrtya+top 9 _9
a

afy -r r
i) We have o® + B + y® —3apy

3.17
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29.

Sol.

30.

Sol.

3.18

= (o+B+y) (0® +B*+7° —aB-By—va)

= —p{ (@+B+7)*—3(ap+By +vo.)}
=—p(p*-30)
. 2o =3pqg — p®+3aPy

=3pg — p*-3r

iv) Squaring (2), we get

Bzyz + y2a2 +oc2[52 + 20By (a+B+y) =(q
. 2PZy2=0%-2(-r)(-p) from (1) and (3)
=q?- 2pr

v) (B+7v) (v+a) (a+p)

=20By + oc[32+oc2[3 + B72+B2y+ya2+y2a
But,

ZOLB2 = (oc+[3+y) (By + yoc+ocB) -
=-pq -3 (-r)=3r-pq

2

3apy

Therefore,

(B+7) (v+a)(a+P) = 2(-n)+(3r-pq)

=r-pq

If f(x)=ax’+bx+c and o, are roots of

px* +gx +r=0 then show that

2
cp—ar) —(bp—-ag)(cqg—br
f)iE) = L2 (Ez D=5 e or
otherwise , show that if ax2ipx+c=0 and

px* + gx + r =0 have common root then bp-aqg, cp-

ar and cqg-br are in GP.

Here a+6:% and ocB:L

Thus we have
f()f(®) = (a0® + b+ c)(ap® + bp +c)
On putting the value of o+ & aff we get
—(bp —aq)(cq - br)
p2
If one root is common then either f(a)=0 or f(3)=0,
Hence we have f(o)f(B)=0
i.e. (cp—ar)’ =(bp—aq)(cq-br)

Which shows that bp-aq, cp—ar and cg-br are in GP.
If ax? + 2bx +c =0and ax? + 2b,x + ¢, = 0 have a

(cp —ar)2

a

b ¢
common root and ——» 7 are in A.P, show that
al bl Cl

a, b, c arein G.P
If o be the common root, then
ac? +2ba+c=0

31.

Sol.

32.

Sol.

ao?+2ba+c =0
Solving these together, we get
a? B 200 1
bc,-bc ac-—ac, ab,—ab
On eliminating o , we get
4(bc, - b.c) (ab, — ab) =
a b c

Given aln bln ,

. (1)

(a,c —ac,)?

are in A.P

b a c b
o e Gy R

and so {i —i} =2d

c, a
= (a,b —ab,) =da,b,, (b,c-bc,) = db,c,
(a,c —ac,) = 2da,c,
Using above result in equation (1), we get
4(-db,c,) (—da,b,) = 4d%a,’c,

or b?=a,.,
= a,b,c areinGP
Two roots of a biquadratic
— 18x% + kx2 + 200x — 1984 = 0 have their product
equal to (—32) Find the value of k.

Letr,r,, 1,, 1, be 4 roots of equation
rrrr, =-—1984 = —32r,r,=-1984

= I, = 1984 =62
32
Hence, let the given equation
— 18x3 + kx2 + 200x — 1984 = (x> + Ax — 32)
(x2 + Bx + 62)
=x*+ (A + B)x® + (62 - 32 + AB) x?
+ (62A - 32B)x — 1984
Equating coefficient, we get
A+ B=-18
AB + 30 =k
62 A-32B =200
On solving we get, A=-4and B =- 14
Hence k = (-4) (-14) + 30 = k = 86
If equations x® + 3px? + 3gx + r =0 and x? + 2px +

g = 0 have a common root, show that 4(p? - q) (9> —
pr) = (pq - r)?

Let o be the common root, then

o+ 3pa?+3qa+r=20 (1)

and 02 +2pa+q=0 ..(2)

From (1) & (2), (1) - o (2), we get

pa? + 2qo +r=0 ..(3)

From (2) and (3)
a? o 1
2pr-g*) pg-r 2(q-p’)
On eliminating o from above, we get
4 (02 - pr) (p* - ) = (pg —r)?
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33.

Sol.

34.

Sol.

If o, B are the roots of x2 + px + q = 0 and also of

X + p"x" + " = 0 and if %,g are roots of
X"+ 1 + (x + 1) =0 then n is odd integer (True/False)
Herea + B =-p,af =q
in second equation
Llett=x" =>Whenx =qa, t =a"
When x =B, t=p"
LE+pPt+gn=0
oo+ Bn = _ pn’ O(,an — qn

a
Again E and g arerootsof X"+ 1+ (x+1)"=0

= {g]” +1+ (g+ljn =0
B B

= @'+ B+ (o + ) =0
= — p" + (-p)" = 0 which is true only if n is even
integer.
If B,y be the roots of the equation x*+qgx+r=0,
hence prove that
oc5+65+y5 _0€3+B3+Y3 XOL2+B2+'}/2
5 - 3 2
Since a,B,y are the roots of the equation

x}+gx+r=0 (1)

Quadratic Equations

a’®+qa+r=0
B:+qgB+r=0
Y +qy+r=0

therefore

(2)

Adding the corresponding sides of (2), we have

2(13 +q20a+3r:0

Since » a=0 = a®=-3r ..(3)

Also Zoc2 = (Z oc)2 - ZZOCB =-2q (4)

Multiplying (1) throughout by 2, we find that a,pB,y
are three of the roots of the equation

x> +ax®+rx?=0 ...(5)
Substituting X =a, B,y successively in (5) and adding,
we get

dYof+a) a’+ry a’=0 ...(6)

Substituting the values of Y a® and ) o? from (3)
and (4) we get

> o®=5qr ... (7)

From (3), (4) and (7) we get

1

1o+

1 | e e s |

1.

If o,B,y are roots of x®+x?+2x+3=0, then find
the equation whose roots are a+B-y, B+y—a,

y+o—f

The roots of the equation 4x? — (5a + 1) x + 5a = 0
areo and B. If p = 1 + q, Calculate the possible value
of a and B.

Let x2 — 2ax + b? = 0 and x? - 2bx + a2 = 0 be two
equations (a > 0). Then the AM of the roots of the first
equation is

A) AM of the roots of second

B) GM of the roots of second

C) Square root of the GM of the roots of second

D) None of these

For the roots of the equation a — bx — x2 =

(a = 0, b = 0) which statement is true

A) Positive and same sign

B) Negative and same sign

C) Greater root in magnitude negative and opposite in
signs

D) Greater root in magnitude positive and opposite in
signs

If (p>-1)x*+(p—1)x+p°—4p+3=0 be an identity

in x, then find the value of p.
If p, g, r bein H.RP and p and r be different having

10.

11.

12.

________________ Make Concepts Clear 3.3

same sign, then the root of the equation
px? + 2gx +r =0 will be

A) Real B) Equal

C) Imaginary D) None of these
Show that

(x+b)(x+c)+(x+c)(x+a) +(x+a)(x+b) 1
(b-c)(c-a) (c-b)(a-b) (a-c)(b-c)
is an identity

| f (a2—3a+2)x2+(a2—1)x+(a2—6a+4):0 has
three roots which are in AP. Then find the value of a.
Ifa+b+c=0;an’+bn+c=0 and a+bn+cn?=0

where n=0,1, then prove that a=b=c=0.

If the expression x? — 11x + a and x? — 14x + 2a must
have a common factor and a « 0, then, the common
factor is

A) (x-3) B) (x - 6) C)(x-18) D) None

If the equation x?—px+q=0 and y?_ax+ph=0
have a common root and the other root of the second
equation is the reciprocal of the first, then prove that
(a —b)2 —bq(p—a)2 =0

If roots of y3 4 px2 + cx —1=0 form an increasing GP

3.19
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then find relation between b and c.
13. Form the equation whose roots are the squares of the

sum and of the difference of the roots of

2x*+2(m+n)x+m?*+n®=0

________ e e | | | o

Answers
1. x®3+x*+7x-17=0 2.a=3,a=(3/2), =(5/2); a=-(1/5), a=-(1/2), B = (1/2)
3.B 4.C 51 6.C 8. No value of a 10. C
12.b+c=0 13. x2—4mnx—(m2—n2)2=0

Solutions Are On Page No. 3.75

I I— — S s | S —

3.4 Graph of Quadratic Expression
& Range of Quadratic Expression

Lety = f(x) = ax?+ bx + ¢ be any quadratic expression then
it can be written as

2 2
_ 2 E E =a (X+£J _ﬂ
y—a{x +ax+a} e

_afxs ) D
=Y 2a) 4a

where D is discriminant of equation.
8 -ie2)
= 2a a 4a

b D
Put X+—=X&y+—=Y
Ut X+ Y*2a

1
gives X* = gY which is equation of parabola. So, from here

we can say that

1) Shape of quadratic expression is parabolic whose vertex is

‘_bﬁj
2a’4a )’

2) If a = 0 then parabola open upwards while if a < 0 then
parabola open downwards.

b
3) Axis of parabolais X =0 = X = a i.e axis of parabola

is parallel to y axis.

4) Intersection with y-axis

y = ax?+ bx + c, the point where it intersects with y axis
have abscissa = 0. So, on putting x = 0 in the equation we
gety =c.

3.20

Thus the required point of intersection with y axis is (0, ¢)

5) Intersection with x-axis

The point where the curve y = ax?+ bx + c intersects x axis,
the ordinate will be zeroi.e.y = 0.

So equation becomes ax?*+ bx +¢c =0

From Sridharacharya method,

_ —b++/b?-4ac

X =
2a
So from here the following conclusion can be made

a) If D= 0then f(x) = 0 cut the x-axis at two real & distinct
points (which are two roots of equation)

b) If D= 0then f(x) = 0 touches x-axis (point of contact is
single root of equation)

c) If D <O0thenf(x) =0 neither touches, nor cuts x-axis (No
real root of equation).

6) Greatest & least value of f(x) =ax?+ bx + ¢ OR Range
of f(x)

a) When domain of f(x) isR

y=ax?+bx +c

D b\ _ .
Y+4—a =a| X+— vertex of this parabola is

2a
—b -D
2a’ 4a

i) If a = 0 then parabola open upwards and whose least

. -D -b
value is at vertex. So, least value of f(x) is — at X =—.
4a 2a

Also as there is no upper range so greatest value exist at

-D
X = 400 Which is oo . So, range is {4_51’00}



A (b D
2a 4a
ii) Ifa <0 then parabola open downwards and whose greatest
-D —
lue is at vertex. r val ff(x)is — at X =—
value is at vertex. So, greatest value of f(x) 12 4

Also as there is no lower range so least value exist at

X = +oo Which is - o
NG
2a 4a

b) When domain is restricted to xe[x,,x,]
) b
i) If ———< [X10 %, ]
b
Then min{f(x)} - min {f(xl), f(—gj, f(Xz)}

min{f(x)} = min{f(x), —4%‘, f(Xz)}

And similarly

b
max {f(x)} = max {f(xl), f(—z—aj. f(xz)}

D
= max {f(xl), T f(Xz)}
Range of f(x) € [ min{f(x)}, max{f(x)} |

i) If —2%‘ & [, X, ]
then min {f (x) } = min { f(x ), f(x,)}
max { f(x) = max { f(x)), f(x,) }
.. Range of f(x) ¢ [ min {f(x)}, max {f(x) }]
Concept Rockoner 4
If min(x*+(a-b)x+(1-a-b))>
that

max(-x* +(a+b)x—(1+a+b)) prove

a’+b*<4-

Quadratic Equations

Explanation

Let f(x)=x*+(a-b)x+(1-a-b)
D , o
f(X) =7 where D, is the discriminant of f(x).

Let g(x)=—x*+(a+b)x—(1+a+h)

-D
9 () e = _42 where D, is the discriminant of g(x).

Thus

(a-b)’-4(1-a-b) (a+b)’—-4(L+a+bh)
- 4 - 4

=4(1-a-b)-(a-b)">(a+b)’

—=a’+b’<4

Wavvy Curve Method (method of intervals)

Itis the method to solve inequalities by the help of which we
can determine that for what values of x function is positive &
for what values of x function is negative.

D Iff(x) = (X—o )X -a)(X-a,)...(x —a)

where o, < o, < o, <...<a

Procedure to solve

Mark o,,o,,....0. on real axis (number line ) in increasing
value, then put plus sign on right of the greteast number
(i.e.a. ), then minus sign is put in interval which is next to the
greatest interval on the left, then plus sign towards left & so
on.

(In short, start with plus sign in extreme right and then put
alternate negative & positive sign)

_ \;/ "

The function f(x)>=0 in the intervals where there is plus sign,
while f(x) < 0 in the intervals where there is minus sign.

|
Lo ‘,
2) f(x)=(x—a) (X —a,)......... X-a

Procedure to solve
1) The numbers a,a.,,.....o. are marked on number line.

2) The plus sign is put in the interval to the right of the
greatest of these numbersi.e. to the right of a .

3) The plus signis put in the next interval to the left of o._if
k is an even number and minus signifk is odd number.

3.21
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4) The sign in the next interval on the left of o, , is put

according to rule at o, , f(x) changes signifk , isodd
number while f(x) does not change if k . iseven number..

5) Now for rest of intervals we follow same procedure as in
4th step.

6) Now solution of inequality is union of intervals of all plus
sign (for f(x) > 0) & union of intervals of all minus sign
(for f(x) <0).

Sign of Quadratic expression

Here we have to determine that for what value of x the
quadratic expression, f(x) = 0 or f(x) < 0.

Letf(x) = ax?+ bx + ¢ (az0)

This can be determined by plotting the curve of y = f(x). If
curve lies above x-axis then f(x) > 0 and if curve lies below x-
axis then f(x)<<0 .

f(x) =ax?+bx+c=0

1) Ifa=0 (parabola open upwards)

ab=0
X_—bixﬁ
- 2a

as D > 0, so there will be two distinct values of x.
where the curve cut x — axis and abscissae of these
points are roots of above equation. Let o and B be
roots of equation where o < f3.

From the adjoining figure we can say that the curve is
below x axis only in interval x e(a, B) else it is above x
axis.

f(x)=>0in X & (—o0,a) U (B, )
f(x)<0in x e (o B)

y

b) fD=0

b
As D = 0, so the only value of x is 2 (which is the

only root of f(x) = 0). So, curve touches x axis just at
one point and abscissae of that point is root of
f(x) = 0. From shown figure we can say that curve is
totally above x axis except at root of f(x) = 0.

3.22
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—P» <

X<6v’ ) X
y
So, f(x) > 0in x & (—o0,0) —{at}
fx) <0in xe¢
c) D<O:

The parabola neither touches nor intersect x-axis, so in
this case there is no real root and total curve is above x
axis.

y

ﬂk

In this case for all values of x, f(x) > 0.

— Note —n

In any quadratic expression f(x) = ax?>+ bx +c,ifa>0&
D < 0 then for all values of x, f(x)>0, so curve lies totally
above x axis for all values of x.

2) Ifa< 0 & (parabola open downwards)
aDb=0

D = 0 so there will be two different values of x where
curve cut x axis, and abscissae of these points are roots
of above equation. Let o and B the be two roots of
equation where oo < 3.

From the adjoining figure we can say that the curve is
above x axis only in interval (o, B) else itis below x axis.
then

y

oo e~

|

o,B)
—oo,(x) U(B,oo)

f(x)>01in x € (
(

f(x)<0in x



b) D=0
parabola x-axis at one point, whose abscissae is root
of f(x) = 0. Let a is root of f(x) = 0, then

y

,_0 &
X X

v
So,f(x) >0in xe¢
f(x) <0in x & (—o0,0) - {a}
c) D<O:

Then parabola neither touches nor intersect x axis, under
this case there is no real roots of f(x) = 0.

So, for all values of x, f(xX) <0

— Note —=

In any quadratic expression f(x)=ax?+bx+c, if a < 0 and
D < 0 then for all values of x, f(x) < 0 so curve lies below
x - axis for all values of x.

Greatest & least values of rational expression

Rational expression is an expression which is of the form of

Quadratic Equations

PX)
@ , Where Q(x) 0.

be any rational expression,

On cross multiplication
= X¥(py-a) + x(qy-b) +ry-c=0  ...(1)
For real values of x, discriminant of (1) must be positive
D=(qy-b)*-4(py-a)(ry—)>0
y(g>-4pr)+y(4ar+4pc-2qb)+b?>-4ac>0

Now, resulting inequality can be solved by the help of wavvy
curve method, which is required range of rational expression

Concept Rockoner 5
Find the difference of maximum and minimum value of

x> +4x+9
x*+9
Explanation

X2 +4x+9

x2+9
(y-1)x2-4x+9(y-1)=0
For real value of x, D > 0
16-36(y-12>0
4-9(y-17°>0
{2-3@(y-1)}{2+3(y-1}>0
(5-3y)By-1)>0

1,5
37" 73

Let ¥ =

. Difference of maximum and minimum value is
51 4

3 3 3

=— Solved Examples —=

35. Find the roots of 4x® + 20x%2 — 23x + 6 = 0. If two
roots are equal.
Sol. Let roots be a, a and B.

= 20+p=-5 .. (i)
: oc.oc+ocB+ocB:—?

:>oc2+2cx[3:—§ ... (ii)
& op = —g ... (iii)

From equation (i) & (ii)

o + 2a (-5-2a) = B
4
1 23
L=, -
2 6

1
iyIf o= P then from (i), we get p = -6

and these o & B satisfy equation (iii)

N 23 . 8
i) If o= e then from (i), we get B = 3

but these o and B does not satisfy equation (iii)
Root 226
.. Roots are = =,

3.23
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36.

Sol.

37.

Sol.

38.

Sol.

39.

Sol.

3.24

bra

Obtain a polynomial of lowest degree with integral

coefficient, whose one of the zeroes is /5 + /2.
Other zeroes of polynomial are

52,5 V2,5 -2

Polynomial is given by
(x—«/g—«/f)(x—«/§+\/§)(x+«/§—«/§)(x +J§+«/§)

=x*-14x*+9

6 4
quadratic expression x”cota+ 2x+/tana +tana,
assumes only positive values.

f(X)= x?cota+ 2x+/tana +tana,

For f(x) to be positive for all x, discriminant must be
negative & coefficient of w2 < g

4tana-4 <0 tana<1

On [TC 5nj (371 97rj
|e T o . o v
6 4 2 4 2 4

And cot a >0, so a must lie in 1st or 3rd quadrant

o acfog)o[+3)

Now intersection of above two inequalities, we get
nt 57

ae|—,—
6 4

Show that the value of

) ) n 7n
For what value of a in the interval | —=>—| does the

tanx
tan 3x

« 1-3tan®x
3tanx — tan®x

(where ) tanx = 0,+/3

never lies between 1/3

and 3

y= tanx
Let tan 3x

_ 1-3tan’x
~ 3-tan®x

3y _31 as tan x is real and non zero, so
y p—

i.e. tanx ==

3y-1
y-3

>O:y<%ory>3

Also tanx¢i\/§:>3y—_3l¢3i.e.—l¢9 which is

always true for all y.
1
So, ¥ <3 or y >3 is required result.

If the expression Y —M
P x> +bx+4

real values of x, then show that 4g2 —7ab+49>0
The given expression can be written as

takes real values for

40.

Sol.

41.

Sol.

x?(y-1)+x(by—-a)+(4y-3)=0

(by—a)i\/(bz ~16)y? +(28 - 2ab)y +(a? - 12)

2(y-1)
For x to be real, for every 'y’ the term inside radical sign
must be greater than or equal to zero, i.e.

(b*~16)y* + (28 - 2ab)y +(a* -12) 2 0

So, leading coefficient must be positive and discriminant
must be negative

(ab-14)" - (a® -12)(b*-16) <0

3b*<7ab-4a*-1
Andp2 5 16 (leading coefficient must positive)
On solving above inequalities, we get

43’ -7ab+49>0

If a, a, a; ...... a, (n > 2) are real and
(n-1) a,>- 2na, < 0, then prove that at least two roots
of the equation x_+ a x™ + ax"2 + +a =0
are imaginary.

Leta,, a,, a,, ... o, are the roots of the given equation.

then Za, =a, + 0, +0; + .....+ 0, = —a;
and o0, =04 0, +0, 0y ... +o,,0, = a8,
2
Now (n - 1) a2 - 2na,
= (n - 1) (2061)2 -2nZo,0, = ) (ai —(1].)2
l<i<j<n

But given that (n — 1) a,? - 2na, <0
X (o _Ocj)2 <0
l<i<j<n
Which is true only when at least two roots are imaginary.
Given that a,b,c are distinct real numbers such that the

guadratic expressions ax? + bx +¢, bx?+cx+aand
cx? + ax + b are always non negative, prove that values
a’+b’+c’

—— does not lie
ab+bc+ca

of the expression
between (—o,1] U (4, )

If ax*+bx+c>0 for every real x , then

a>0&b’>-4ac<0

Similarly for other two inequalities, we have

b>0&c*-4ab<0and

c>0&a*-4bc<0

On adding all the above inequalities, we have

a’+b’+c’-4(ab+bc+ca)<0

o a’+b*+c?
ab+bc +ca

Also we have

<4 (as a,b,c =0)

(a* +b* +¢*)—(ab+bc+ca) =

%[(a— )2+(b—c)2+(c—a)1>0
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42.

Sol.

43.

Sol.

44,

a?+b?+c?

e 27 T

ab+bc+ca
2 2 2
a‘+b°+c

So, 1<————<
ab+bc+ca

The roots of the equation x* —x? +ax +b =0 are real
and are in AP. Find interval in which a and b lie.

If X,,X,,X, are roots of given equation then

Xp+X, +X;=1 & X, +X; =2X,

1
On solving the above equations we getX, = 3

So, on putting x=1/3 in the given equation, we have

i—£+a(£j+b:0

27 9 3
i.e. a+3b:§ (1)

Now given equation can be written as

(x—l/3){x2—§x+(a—§j}=0 ..(2)

As roots of above equation are real, so

4 2 1
D=—-4|{a-— |20 j <=
9 ( 9) Jie asz -(3)

From (1) and (3) we get b > —2—17

If a,b,ceR and x*+bx+c=0 has no real roots.
Prove that equation x> + bx +c (x +a) 2x + b) =0
has real roots for every a.

As b?-4c<0=c>0
The second equation is

(1+2c)x*+[b+c(b+2a)]x+abc =0 whose
discriminant

D=[b+c(b+2a)] - 4abc(1+2c)

Arranging D as a quadratic in a,

D =4a’c® —4abc? + 2b*(c +1) ..(1)

Now roots of the second equation will be real for all a if
the last expression is non-negative for all a. The
necessary and sufficient condition for this is that the
discriminant D* of the last expression is non — positive.

Indeed D* =16b%* —16b%?(c +1)°

~16b%c*(¢” - (c +1)°) =16b°c*(~2c ~1) < 0

(asc > 0)
= The expression (1) is positive for all a.

If a,b,ceR,a=0 and (b—l)2 —4ac <0, show that
the system of equations

Sol.

45,

Sol.

Quadratic Equations

ax,” +bx, +c =X,

2
ax,” +bx, +¢c=x,

ax,” +bx, +c =X,

in N UNKNOWNS X, X5, X5, ..eev. ,X, has no solution.
The given equation can be written

ax,” +(b—1x, +Cc =X, — X,
ax,” +(b—1)x, + ¢ =X, — X,

ax,? +(b-1x, +c =X, — X,
Since it is given that (b —1)> —4ac <0 , the expression

ax® + (b —1)x + ¢ never be zero. It can always be positive
if ‘a’ is positive while negative if ‘a’ is negative.

Now if we add the above equations, we can see that
sum of the expressions on the LHS cant be zero, whereas
sum of RHS is zero.

So, no solution.

Consider the inequality, 9 — a.3*—a + 3 < 0, where a
is a real parameter. Find the values of a so that.

A) The given inequality has atleast one negative solution.
B) The given inequality has atleast one positive solution.
C) Has atleast one solution in (1, 2)

D) Has atleast one real solution.
-a3-a+3<0

Lett=3 = t?-at-a+3<0

?+3<a(t+1) ()

where teR*Vx e R

a) Forx <0, te(0,1). That means (i) should have
atleast one solution in t€(0,1)

From (i) it is obvious that acR*.
Now f,(t) = a(t + 1) represents a straight line. It should
meet the curve f (t) = > + 3, atleast once in t€(0,1).

y
)
o F)=t+3
7(1, 4)
(0,3)
<« I —» X
(@]
-1
\ 4
¢
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f,(0)=3,f(1) =4,1,0) =a, f(l)=2a
Iff,(0)=10) = a=3;iff(l)=1(1) > a=2
Hence, ae(2,x)
b) For atleast one positive solution, te(l,o). That
means graphs of f(t) = t*+3 and f,(t) = a(t+1) should
meet at least once in te(l, «).
If a = 2, both curve touch each other at (1, 4).
Hence a (2, x)
c) In this equation t> — at — a + 3 = 0 should not have

both roots either in the interval (-, 3] or [9, ).
Discriminant of the given equation is D = a? - 4(3 — a)

) | | | | S S p—

1. The maximum value of In {(5-x)(x —3)}; 3<x<5 is
A) 0 B) In 2
C)In4 D)Not defined

x2-3x+2
2. The maximum value of (Ej is

3. Find the range of f(x)=2x*-3x+2in [0, 2]

8x2+16x—51>3 o
4. 2x—3)(x+4) if x is such that

Ax<-4 B)-3<x<3/2

C)x > 5/2 D) All are correct
5. Solve 6x®-11x*+6x -1=0 if roots of the equation
Answers

5]
4 s
1.A 2. 42 3.3 4.D

7. Xe (=, —2) U (-1, »)

Solutions Are On Page No. 3.75

I I— — ) — | s— o | | o ——

3.5 Location of Roots

In the previous sections we determine location (position) of
roots wrt origin i.e., only whether the root is positive or
negative. But now, here our interest also lies in location of
roots in given interval. By the help of this concept we can
able to answer following types of question.

a) Do both root occur in given interval.

b) Condition for exactly one root between given interval.

c) Condition for atleast one root between given interval.

Let f(x)=ax?+hbx+c, is any quadratic expression and o.,3 are
roots of f(x)=0 (o < B)

Let k,k;,k, € R, where k <k..

So, here we can determine following cases and in each case

3.26

which is greater than 0 in (—0,—6]u [2,0). If both the
roots are less than equal to 3, then D > O,

a
9-3a-a+3>0and 553:>ae(—oo. -6]U[2, 3].
If both the roots are greater than equal to 9 then

a
D>0,81-9a-a+3>0 and 5293 aco

.. Required solution will be a €(3,).
d) In this case both graphs should meet atleast once in
t €(0,0)

For a = 2 both curves touch, hence a €[2,).

________ Make Concepts Clear 3.4

are in H.P.
6. Obtain the condition that x*+3px +q may have a

factor of the form (x-a)’.

x2-3x-1

— <3
X +X+1

7. Solve

8. Let o,B,y be theroots of f(x)=x*+x*-5x-1=0,

then find the value of [[o]+[B]+[v]|, where [x] denotes
GIE

9. Ifo,B,yaresuchthatoa + B +vy =2, o + 2 + y?=6,
a® + B3 + ¢ = 8 then find the value of o* + B4 + v*

________ I i— — | — | s— | s | m—

6.4p*+g?=0

we have to consider all cases i.e. ‘a’ positive or negative.

1) If both roots of f(x) = O are greater than k
f(xX) =ax?+bx+c

a) If a=0

b) If a<0
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D>0 D>0

-b -b
k<— k<—

2a p....(1) 2a¢....(2)
f(k)>0 f(ky<O
a>0 a<0

Here (1) and (2) satisfy condition when o, 3 > K when
a > 0and a < 0 respectively.

So we have to take intersection of (1) &(2).

D>0 o (A)
-b

k<2—a ... (B)

af(k)>0 .. (C)

So intersection of (A), (B) and (C) will be required result
when both roots are greater than k.

2) If both roots of f(x) = 0 are less than k

a) Ifa=0 b) If a<0

A y
D>0 D>0
-b -b
k>— k>—
2a¢....(1) 2a¢....(2)
f(k)>0 f(ky<O
a>0 a<0

Here (1) and (2) satisfy the condition o, <k when
a = 0and a < 0 respectively.

So, intersection of (1) & (2) is

D>0 . (A)
-b

k>2—a ... (B)

af(k) > 0 ()

So intersection of (A), (B) and (C) will be required result
when both roots are lesser than k.

Quadratic Equations

3) Ifk lies between the roots of f(x) =0
f(xX) =ax?+bx+c

a)lfa=0 b)a<O0

y y

A A B

Q,
el )

X"E K X

v o B 4

v

D>0 D>0

f(k)<O¢..... @ f(k)>0¢..... 2

a>0 a<o0

— Note —=

_b _
Here k > 2a OF k < 2—2 is not used as we don’'t know

whether k is nearerto « or 3.

Here (1) and (2) satisfy condition for o < k < when

a >0 and a < 0 respectively. So intersection of (1) and
(2)is

D>0 ..(A)
af(k)<0 ...(B)
Intersection of A and B gives the required result.

4) Both roots of f(x)=0 lies between k, & k,
f(xX) =ax?+bx+c

a)a=>0

Y
D>0 D>0
kl<;—b<k2 k, < b<k2
fk)>0 [ @ fk)<0 [ )
f(k,)>0 f(k,) <0
a>0 a<o

3.27
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Here (1) and (2) satisfy the condition when k, < a,B <k,

when a > 0 and a < 0 respectively. So, intersection of (1)
and (2) is

D>0 D>0
-b -b
k1<2_a<k2 or k1<2_a<k2
af(k,)>0 f(k)f(k,)>0
af(k,)>0 Ifaisknown

The intersection of inequalities in 1st or 2nd case would
be the required result.

5) Ifk, &k, lies between the roots of f(x) =0
f(x) =ax?+bx+c

a)a=0

b) a<0

D>0 D>0
I(kl) <Ol flk)>01 5
(k,)<0 f(k,) > 0

a>0 a<0

— Note —=

—b
Here k, < %a < k, is not used as it may be possible that

both k, and k, lie towards ¢ or towards g .

Here (1) & (2) satisfy condition for o < k; < k, <3 when

a>0and a < 0 respectively. So, intersection of (1) and
(2)is

D>0 D>0
af(k,) <0 or f(k,)f(k,) >0
af(k,) <0 If aisknown

The intersection of inequalities in 1st or 2nd case would
be the required result.

6) One root lies between k &k,

Under this we have to consider four cases

a) a>0 & k, <a<k, b) a>0 & k <p<k,

3.28

2a ¢....(1) 2a ¢....(2

A 4 A 4
y y
D>0 D>0
b b
k, <— K., >—
Y NE) 27 a4
f(k,) < 0 f(k,)> 0
f(k,) > 0 f(k,) <0

Here as (1), (2), (3) & (4) satisfy required condition, so
resultis intersection of (1), (2), (3) & (4).

D>0 o (A)
flk )f(k,) <O .. (B)
So the intersection of (A) and (B) is required result.

THEOREM

If roots of ax?+ bx + ¢ = 0 are imaginary or complex
then for x ¢ R, @ax?+ bx + ¢ & a have same sign.

Proof

Graphically if ax>+bx+c=0 has complex roots then curve
of expression neither touches nor intersects x-axis.

If a > 0 then curve is totally above x-axis so
ax?+ bx +c¢>0.

Similarly, if a < 0 then curve is totally below x-axis so
ax?+ bx + ¢ <0.

.. a & ax?+ bx + c are of same sign.

176



Quadratic Equations

46.

Sol.

47.

Sol.

48.

Sol.

=—— Solved Examples —=

Find the values of a for which the inequality
X2 + ax + a? + 6a < 0 is satisfied for all xe[1,2].

Let f(x) = x% + ax + a? + 6a. According to the required
condition, the plot of f(x) must look as shown . For the

curve to look like this, the necessary and sufficient
conditions are

f1) <O and f2)<o0
ieel+a+a?+6a<0ie.4+2a+a*+6a<0
ile.a?+7a+1<0 ie,a?+8a+4<0

. —7-3J5  -7+3\5
l.e. 5 <a< 5

i.e. —4—2\/§<a<— 4+2\/§
Now, taking intersection of above inequatities we get

[773@ —4+2J§]

Prove that for any real value of a the inequality,
(a2 + 3)x2 + (a + 2)x — 5 < 0 is true for at least one
negative X.

fx) =@+ 32+ (a+2)x-5

when f(0) < 0 obviously there is atleast one negative x
for which f(x) < 0.

. f(0) = - 5 which is always true for any a eR

Find the complete set of real values of a for which both
roots of the quadratic equation.

(a2—6a+5)x2—(~/a2+2a)x +(6a-a*-8)=0

lie on either side of the origin.
Divide by given equation by (a? — 6a + 5)
-. Equation is

s Ja’+2a 6a-a’-8
a’-6a+5 a’-6a+5

Coefficient of x must be real = a(a+2)>0
= ae(-mw,-2] U0, © .. (1)
Since roots are on the either side of origin

49.

Sol.

50.

Sol.

6a—a’-8
<
a’—6a+5
ae (=01l U(2,4) U (5, ) (2
So, solution set is

(=00, —2] U [0, DU (2,4)U (5,)

= Product <0 = 0)

Let X;,X,(X; #X,) be the roots of the equation
x?+2(m-3)x+9=0. For what values of m will the

roots satisfy the inequality —6 <x,,x, <1.
Let f(x) = x2 + 2(m — 3)x + 9.

A
6 \/ 1

For both roots to lie in the interval (-6, 1) the plot of
f(x) must look as shown . For the curve to look like this,
the necessary and sufficient conditions are
discriminant > 0

i.e, (M=-32-9>0 =me(-»,0)u(6,x) ..(1)
f(-6) > 0

27

=>m< 2 .. (2)
and f(1) > 0
> m>-2 . (3)
_6m<1

2
>m<9 orm>2 .. (4)

Intersection of above inequalities are,

me (6, zj
4
Find the range of values of a for which the equation

15
x* —(a—5)x+(a—7j =0 has at least one positive

root.

xz—(a—S)x+(a—%j:O

- D>0 :>(a—5)2—4(a—%j20

—a?-14a+40>0

—ae (—00,4] U [10,00)
Case | : When both roots are positive

DzO,a—5>0,a—%>0
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:>D20,a>5,a>%

—ae [10, oo)
Case Il : When exactly one root is positive

:a—EsO, asE
4 4

So, final result is union of case | & Il

e, ac (—oo,%} U[10, )

51. Letx* - (m - 3)x + m = 0 (meR) be a quadratic
equation. Then find values of m for which.
a) Both roots are greater than 2
b) Roots are equal in magnitude and opposite in sign.
¢) Both roots lie in the interval (1, 2)

y
A
f(x)
Sol. a) \ /
X< } » X
OV 2 \\/
Y
Condition-1: D>0

= M=-3-4m>0 => m?-10m+9>0
= M-1)(m-9)>0

= Mme (-, 1] U [9,x) .. ()
Condition -1l : f(2) >0
= 4-(m-32+m>0=m<10 .. (i)
. b
Condition - Il : ———>2
2a
= ——>2 = m>7 ... (iii)
Intersection of (i), (ii) and (iii) gives m €[9, 10)
b) Sum of roots = 0 = m=3
Product of roots <0 = m<20
~me ¢
y
A
f(x)
c)
X X
%G 1 2
Y
Condition-1: D> 0= me (-, 1JU[9, «)
Condition-11: f(1)>0 = 1-(Mm-3)+m=>=>0

= 4> 0 whichistrue ymeR

3.30

Condition - 11l : f2)>0 =m<10

b
Condition - IV : 1<—g <2 =>5<m<7

intersection gives ¢
52. For what values of ‘a’ exactly one root of the equation
2°x* —4%x +2*-1=0, lies between 1 and 2.
Sol. Since exactly one root of the given equation lies between
land?2
we have f(1) f(2) <0

Here f(x)= 22x% —43x + 22 -1

(2 —42 420 —1)(4.2a —2.4% 4+ 20 —1) <0
:>(4a —2.2% ¢ 1)(4.4a -5.2° +1) <0
=(2°-1) (2.2% -5.2° +1)<0

=222 _52211< O:%< 22 <1

gives ae(-1,0)

53. For what real values of ‘a’ do the roots of the equation
x2 — 2x — (a2 — 1) = 0 lie between the roots of the
equation x? -2(@ + 1)x +a(a-1) =0

Sol. Let f(x) = x> -2x — (a2 - 1)
and g(x) =x*-2(a + 1)x +a(a-1)

According to the required condition, the plot of f(x) and
g(x) must look as shown. The necessary and sufficient
conditions are

g(x) f®)

NN S
%

g(a) <Oandg(p) <O

where a, B are the roots of f(x) = 0, so that
a+pB=2,ap=1-2a?

and a? + B2 = (a + B)? - 20p = 2(a% + 1)
Thus, we have

gla) =a?-2@+ 1) a+al@-1)

and g(B) = p2-2(a+ 1) p +a(a-1)
Now, g(a) <Oandg(B) <0

= g(o) 9(B) > 0 and g(o) +g(B) <O
Multiplying equation (1) and (2) putting af & a+p
we get

@-1)@Ba+1)(da+1)<o0

ie, Qe (—oo, —%) U (—% 1) .. (3)

Adding equations (1) and (2), & putting values o +

. (D)
- (2)

& af we get
2a2-3a-1<0
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54.

Sol.

55.

Sol.

. 3—«/ﬁ 3+\/ﬁ
. <a<

e
4 4

. (4)

1
Taking intersection of (3) and (4), gives & € (—Z 1)
Find all the values of ‘a’ for which both the roots of the
equation (a—2)x*+2ax +(a+3)=0 liesin the interval
(-2, 1).
(a-2)f(-2)>0

=>(a-2)(a-5)>0 . (1)
(a-2)f(1)>0
=>(a-2)(4a+1)>0 . (2)
y
ﬂk
f(x)
X 2 o) 7 X
Y
y

1
Intersection of (1) & (2) is =>a< _Z'a >5

D>0=4a’-4(a+3)(a-2)=0

=a<6 v (4)
—£<1:2(a_1) >0

2a a-2
=ae(-01)u(2 ») ... (5)
. D N ke N

2a  2(a-2) a-2

=>ae(-»,2)U(4, ») ... (6)
Intersection of 3, 4,5 & 6

1
So, Complete solution is &€ (_OO’_Z)U(S’ 6]

If the roots of > (x+k—1) (x + k) =10 differ by 1,
k=1
then find value of n.

We have Z x+k-1) (x + k)=10
k=1

e, 3% +x> (k-1 + DK -3 k=10
k=1 k=1 k=1 k=1

56.

Sol. ..

Quadratic Equations

e e[+ MDD
—M_lozo
2
ie, x?+nx+o -1_10_,

n
Let the roots of the above equation be a, a + 1. Then ,
we have
n-1 10

3 n

20+41=-n and o’ +a =

Eliminating o, we have

n+1) n+l1 (n-1)(n+1) 10
( 2 ) 2 3 n
=Mm-1n((n+1) =120 =n=>5.
If ax? — bx + ¢ = 0 have two distinct roots lying in the
interval (0, 1) a, b, ¢ ¢ N, then prove that log, abc >
2.

o+PB=Dbla and opfp=c/a and 0 < a < 1,
O0<p<l1
L 0<l1-0<1&0<1-B<1

Then #z \/m

>a(l-a)>0

1

:> —_

4
. 1

Similarly 5 > B-B)>0

. %z op L— )L )>0

As o and B are distinct, so equality sign is absent

i.e.0<ap @—(a+B)+ap) < %

= O<c(a—b+c)<a—
16

-+ ¢ (@ - b + c) = Natrual number (- a,b,ceN)
Minimum values of c(a—b +¢) =1

2
a >1, ..
16

and condition for real roots, b?> — 4ac > 0
= b?>4ac = b?> 20c

. b=5 (-sb eN)
and minimum value of ¢ = 1. Hence abc > 25
= log, (abc) > log, 5= log, (abc) > 2

a>5 (~-aeN)

3.31
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1 | e e s |

________________ Make Concepts Clear 3.5

The coefficients of the equation ax2 1 px+c=0

(a#0), satisfy (a+b+c)(4a—2b+c)<0.Prove that

this equation has 2 distinct real solutions

If a, p are the roots of the equation 4x?-16x+A= 0,
AeRsuchthatl <a <2 and 2 < < 3 then find the
number of integral solution of A.

For what values of p, the number 6 lies between the

roots of the equation x*+2(p-3)x+9=0

If o, B are the roots of the equation,
x2—-2x—-a+ 1=0 andy, 5 are the roots of the
equation. X2 - 2(a + 1) x + a (@ — 1) = 0 such that

a, B € (y, 8) then find the values of a.
If ax?+bx+c=0(a>0) has a&B as its roots. If

a<-2 & B>2 then prove that 4a+2|b|+c <0

____________________________ I i— — | — | s— | s | m—

1. If one root of the equation X2 —(p + 1) x + p> + p -8
= 0 is greater than 2 and the other root is smaller than
2, then p is such that

11

A) —?<p<3 B)-2<p<3
C)2<p<3 D) None of these

2. If both the roots of the equation x> — 9x + a = 0 are
positive and one is greater than 3 and other is less than
3. Find all possible values of a.

3.  If both roots of the equation
X2 —6ax + 2 — 2a + 9a? = 0 exceed 3, then a > 11/9.
Justify the statement

4. |If the equation x? + 2(k + 1)x + 9x — 5 = 0 has only
negative roots, then —
A k<O B) k>0
C)k>6 D)k<®6

Answers
1.B 2.0<a<18 3.True 4.C

I f —  — | — | — | — | s )

1
ae|——,1
8. G( 2 ]

Solutions Are On Page No. 3.76

3.6 Equations Reducible to
Quadratic and other Special
Equations

1. Ifequation is of type ax*+ bx3+ cx?+ bx + a=0

To convert this equation into quadratic divide the given
equation by x?, then resulting equation is

b a
ax’+bx+c+—+—=0
X X

:>a[x2 +i2j+b(x+1j+c =0
X X

Put x+1=t:>x2+i2=t2—2
X X

=at’-2)+bt+c=0
= at’+bt-2a+c=0

Which becomes quadratic in t, from where we got two
roots of above equation i.e. two values of t.

Let the roots be t, & t,, then

3.32

2.

6.3

(=3
7. P v

From where we got 4 value of x. Which are 4 roots of
given equation.

If equation is of type
(x-a) (x=b) (x-c)(x-d) = Ax*> where ab = cd
The given equation can be written as

[(x -a)(x —b)}[(x —c)(x —d)} = Ax?

[xz —x(a+b)+ab][x2 -x(c +d)+cd] = Ax?

(1)

[x* -x(a+b)+ab][x* —x(c+d)+ab]= AX* ..(2)
(As ab = cd)
Divide LHS & RHS of equation (2) by x?

[X* —x(@+b)+ab][x* -x(c+d)+ab]
X X

[x+a—b—(a+b)J(x+a7b—(c+d)J=A -(3)

X



ab
Put Xx+—=t
X

So equation (3) becomes
(t-a-b)y(t-c-dy=A ..(4)

Which becomes quadratic in t, from where we got two
values of t, which are roots of equation (4).

Let roots of (4) be t, & t, then

ab
x+a—b=t1 & X+—=t,
X X

On solving above two equations we got 4 values of x
which are 4 roots of given equation.

. If equation is of type
(x-a)(x-b)(x—c)(x-d)=Awherea+b=c+d:

The above equation can be written as,
[(x-a)(x=b)][(x-c)(x-d)]=A..(Q)
[xz —x(a+b)+ab][x2 —x(c+d)+cd] =A

[xz -x(a+ b)+ab][x2 -x(a+ b)+cd] =A ..(2

(As a+b=c+d)
Now put x?— X (a + b) =t in equation (2), so it becomes
oo (t+ab)(t+cd)=A ...(3)

which becomes quadratic in t, from where we get two
values of t, which are roots of equation. (3)

Let roots of equation (3) be t, & t, then
X*-x(@+b)=t&x*-x(@a+bh)=t

On solving above two equations we get 4 values of x
which are 4 roots of given equation.

Concept Rockoner 6

Solve : (x + 9) (x—3) (x—7) (x + 5) = 385
Explanation

xX+9)xX-7)(x-3) (x +5) =385

(X2 + 2x - 63) (x? + 2x — 15) = 385

Putx? +2x =y ()
- (y-63) (y - 15) = 385

s y?—=78y + 560 =0

. y=700r8
Wheny = 70, (i) gives x> + 2x - 70 =0
.'.x=—1i\/ﬁ

wheny = 8, (i) gives x> + 2x -8 =0
> xX+4)(x-2)=0

- Solutions are - 4,2 & -1 i\/ﬁ

4,
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Quadratic Equations

If equation is of type ax®"+ bx"+ ¢ = 0 where a0,
n>2&neN

To solve such equations put x"=t, then given equation
reduces to at?+ bt + ¢ = 0 which is quadratic in t.

For this equation we will get two value of t, let t, &t, then
X"=t &x"=t,. Onsolving these two equations for x we
will get the required roots of the given equation.

. If equation is of type (x-a)>" + (x-b)>"= A

This type of equation can be solved by change of variables
i.e by making a substitution. Here variable x is changed
to variable y, such that

_X—a+x-b a+b

=>X=y+
5 y

So on this substitution given equation becomes

2n 2n
a b a b
- =—-= +|Yy+|=——= =A
[y [2 2D [y (2 2D
LHS of this equation can be simplified bythe help of
binomial expansions .

. If equation is of type

AX + Bx _
ax’+b,x+c~ ax®+b,x+c

or

ax’+b,x+c  ax’+b,x+c
+ 3 =A-
ax?+b,x+c” ax?+b,x+c ,(Where ax0)

To solve such equation, divide numerator & denominator
by x then it becomes

A B
* =C or
ax+b,+c/x ax+b,+c/x
ax+b1+c/x+ax+b3+c/x_A (1)

ax+b,+c/x ax+b, +c/x
Now, put ax + c¢/x =t, then equation (1) becomes

A B

t =C
t+b, t+b,
t+b1+t+b3=D (2
t+b, t+b,

which becomes quadratic in t, from where we get two
values of t which are roots of equation (2).
Let roots of equation (2) be t, & t,, then

c c
ax+—=t &ax+—=t,
X X

3.33
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On solving above two equations we get 4 values of X,
which are roots of given equation.

Equations involving absolute functions
1) If equation is of type |f(X)| = g(x)

This example is similar to collection of solutions of

f(x) = g(x);iff(x) > 0
{—f(X) = g(x);iff(x) < 0 (1)

g(x)>0 -(2)
So,if [f(x)] = a = f(x) =+a

2) If equation is of type f(|x|) = g(x)

It is similar to collection of solutions of

f(x) =g(x);x =0
{f(—X) =g(x);x<0

3) If equation is of type [f(x)| = f(X)
As LHS of above equation is always positive, so above
equation will have no solution if RHS is negative. So, it’s
solution is f(x) >0

4) If equation is of type
[fO) + 9C)l = [fO)] + 19(X)]
On squaring both sides of given equation.
f(X) + g%(x) + 2f(x).g(x) = f*(x) + g*(x) + 2]f(x)g(x) |
= f(x) g(x) = 1f(x) g(3)|
Which gives that f(x) g(x) > 0

So, solution of given equation can be obtained by solving
inequality f(x) g(x) > 0, which can be solved by wavy
curve method.

5) If equation is of form [f ()| + [f,(X)] +....+
[f ()] = g(x) (where f.(x) are function of
X & g(x) is constant or function of x)

To solve such equation first of all determine critical point
of all the modulus functions i.e. value of x where f(x) is
zero, then plot these points on number line in increasing
order.

On plotting these points on number line, the number line
is divided in n + 1 sub intervals. Then for each interval
determine sign of f(x) and so for each interval make the
separate equation which should be free from modulus
function, and then solve equations for each interval
separately.

Collection of solutions in all these intervals is solution of
given equation.

3.34
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Equation containing exponential function

1) If equation is of type a™@=1 (a>0,a-1)
Then it can be written as a™ = a°

.. f(x) = 0 is the required solution of this equation.

2) If equation is of type f(a¥)=A
To solve such equation put a*=t
So, given equation becomes f(t) = A

Now solve resulting equation for t and put its each root to
be equal to a* to find values of x which satisfy original
equation.

3) If equation is of type aa™ +Bb™ +yc'™ =0

(where a,B8,yeR,) Where b?=ac

Divide the given equation by b, then it becomes

a f(x) c f(x)
— | +B+y|—= =0
3“@ P y(bj

-1
Asb2=acso£=(ij
b b

a (x) a —f(x)
=a|— +B+y.| — =0
“(bj P Y(bj
(x)
a
hat =t
Put (bj

So, above equation becomes
Y _
= at+p+ e 0

= at’ +Bt+y=0
Now, solve this equation for t, let roots, be t & t,,

Now put

f(x) f(x)
a a
(BJ =h &(BJ =t

Now, from these two equation we can determine values
of X, which is required solution of original equation.
Concept Rockoner 7
Solve the equation 64. 9* — 84. 12x + 27.16x =0
Explanation

Here 9 x 16 = (12)?
then we divide its both sides by 12* and obtain

3\* 4\
— 64.(2) — 84+ 27.(§j =0 e (1)



3 X
Let (Zj =1, then equation (1) reduce in the form

64t — 84t + 27 =0

3 9
t,=>and t,=——
Hence {; 4 2 16

n (3] =(3 (3] - (3
then | 7 4 4 4
. Rootsare 1 & 2
Equation containing logarithm function

1) If equation is of form log, f(x) = b (where
a>0,a-1)
log.f(x) =b
gives f(x)=a"; f(x) >0
and No solution for f(x) <0

2) If equation is of type Iogf(x) a=b (a>0)
lfaxl = f(x)=a"" (b #0)

Ifa =1 &b = 0then f(x) becomes identity provided that
f(x) > 0and f(x) = 1.

3) If equation is of type
log, f(x)=log, g(x) log,,, (a>0,a=1)

For the existence of two logarithm f(x) = 0 and g(x) > 0.

As base of LHS and RHS is same, so
log, f(x) = log, g(x) equivalent to f(x) = g(x)

So, required solution is f(x) = g(x) >0

4) If equation is of type a=log ,,a (a>0)

For the existence of this equation f(x) > 0, f(x) = 1 and
g(x) >0g(x) = 1.

On taking reciprocal of given equation it becomes
log, f(x) = log, 9(x)

As base of two logarithms are same so solution of given
equation is

f(x)=g(x)>0
f)=g(x) =1

5) If equation is of type
Iogf(x) h(x)= Iogf(x) 9(x)

For such type of equation, before determining solution we

Quadratic Equations
have to determine the domain of all the functions used in
the equation.

Here, all f(x), g(X) & h(x) should be positive and f(x) = 1

So, logy,, h(x) = log,,, 9(x) is equivalent to

h(x) = g(x) iff(x) >0andf(x) » 1

So, solution set is obtained from intersection of following
inequalities

fX) >0&f(X) L &h(X) =g(x) >0

6) If equation is of type
log,,,9(x) + log,,, h(x) = log,, 1(x)
Before determining solution of this equation we have to
determine domain of all functions used in the equation.

Here, for the existing of all logarithms f(x), g(x), h(x), 1(x)
all should be positive and f(x) =1

So, given equation is equivalent to
gx) h(x) =1(x) if f{X)>0&f(x) » 1

So, solution set is obtained from intersection of following
inequalities.

f(x)=0, g(x)=0, h(xX)=0, I(X) >0
f(x) 2 1
9(¥) h(x) = 1(x)

Irrational equations

It is the equation in which variable quantities are under radical
sign.

One method of solving irrational equation is to raise both
sides of equation to a power which is LCM of exponent of all
radical sign in given equation.

While raising the power, if it is even number, then domain of
the irrational function may changed, so roots may increase
on raising the power.

So, after raising the power of the given equation we have to
verify the resulting roots with original equation. The values
which satisfy the original equation are roots of equation and
values which are not satisfied original equation are known as
extraneous roots.

— Note —=

Before solving any irrational equation or logarithmic
equation find domain of all functions which contain in
equation, and at last check that roots of equation lies in the
domain or not. If they not lie in domain of any of functions
used in equation then that value is not the root of equation.
(or that root is extraneous root).
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=—— Solved Examples —=

x2-10x+24
57. Solve |x - 4|[ X3 ] =1
Sol. Taking log on both sides of the given equation, we have

(x2—10x +24)

3 log [x-4]=0
. (x=6)(x-4)
ie., Wlog IX—4|:O (l)

The value of x satisfying equation (1) are

X=4,6

and | x-4] =1, ie,x=3,5.

However, x = 3, 4 are not permissible, since the left
hand expression of equation (1) is not defined for these

values of x. Therefore, the solution is xe{5, 6 }.
58. Solve the equation 3,/(x+3) — \(x—2) =7
Sol. We have 3,/(x+3) —\/(x-2) =7

= 3J(x+3) =7+ (x-2)
Squaring both sides of the equation, we obtain
X+27=49+x-2+ 14 /(x-2)

= (4x-10)=7 (X -2)

Again squaring both sides, we obtain
= 16x2-129x + 198 =0

= X,=6, and x, :%

X = 6 satisfies the original equation but

33
X = 6 does not satisfies the original equation.

Hence x = 6 is only solution.
1-2(logx%’
logx — 2(logx)?
Sol. The given equation can be rewritten in the form
1-2(2logx)’ 1-8(log x)?
logx—2(logx)> log x —2(log x)°

59. Solve the equation

2

= ——-1=0
Letlog x = tthen 1>z

1-8t> —t+2t?
——7 =0
t—2t

:>6t2+t—1=0(tioéj

t 1 log x 1
2 g 2 Xlzlo—l/z
= = =
1 1 x,=10"°
t==— logx ==
3 3

3.36

1
Hence X; = NiTs} and x, = %10 are the roots of the

original equation.
60. Solve the equation

(X+2)(x+3)(x+8)(x+12) = 4x?

Sol. Since (-2)(-12) =(-3)(-8) we can write the equaiton

as

(x+2)(x+3)(x+8)(x+12) = 4x* N0

:>(x2+14x+24)(x2+11x+24):4x2 .. (i)

Dividing by y2 on both sides of (ii) we get

:>(X+ﬁ+l4j(x+2—4+llj:4 ...(iii)
X X

4
Put X+7=y then equation (iii) can be

reduced to (y +14)(y+11)=4 or

—=y=-10,-15
Thus the original equation is equivalent to the collection
of equations :

x+ﬁ=—15
X _ x2+15x+24=0
w+2%_ 10 " |x2+10x+24-=0

X
Solving this collection, we get
-15-+129 -15++/129
X, = Xy = :
2 2
61. Provethat (x+1)(x +2)(x+3)(x+4)+1 is the square

of a trinomial
Sol. As given expression is the square of a trinomial, then

X;=—6, X, =-4.

(x +1)(x+2)(x +3)(x +4)+1=(x* +ax +b)

On comparing the coefficients of x* and x? in both
sides. We get

2a=10
a’+2b=35,
Hence we find a = 5 and b = 5. At last we have to

check that these values of a & b also satisfy constant &
coefficient of x. (So the given expression is perfect square

of (x*+5x+ 5)2 .

62. Find the values of a for which the equation
x+x+2-@-3)xXR+x+2)(x+x+ 1)+
@-49+x+12=0
has at least one real root.

Sol. The given equation can be written as
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63.

Sol.

64.

Sol.

65.

y+1-(@-3)yly+1) +@-4)y> =0
[ puttingx? +x +1 =y]
= (bG-ay+1=0
- XX+l =0
a-5
a-6
a-5
whose roots will be real if discriminant > 0
4(a-6)
1-———2>0
= a-5 ~

ie., X +X+ =0

19
= 5<a S?

Show that the equation

A? B? C? L2
+ + ot =X-m
X—a X-b Xx-c X —1
where a, b, c,.....,| are real numbers, all different, cannot
have any imaginary root.

Let o +iB, B =0, be an imaginary root of the equation,
then o —ip is also a root.

A? B? L2
'a+m—a+a+m—b+“+a+m—1:“+m‘m
. (1)
and
A? B? L2
o-ip-a o-ip-b T o-ip-1 ¢ PB-m
. (2

Subtracting (1) from (2) gives

A + B ot L +
(a-a)’+B* (a—b)+p>  (a—1)" +p?

4:0

This is possible only when B =0. Hence the equation

cannot have any imaginary root.
If a > 1, show that the solution of the equation

(a + \/azi—l)ﬂ2X + (a—\/ﬁ)ﬂ2X =2a

is indepdendent of a.
Let us put x> - 2x = o, and

1
AR o

The given equation can now be written as
. 1
y +y7=28 = (y*)-2ay“+1=0

y*=a+qa’-1l=y" =>a=4+1
ie.x?-2x+1=0

whose roots are independent of a.

Solve the equation ax* + bx® + cx2 + dx + e =0 if
a+b=b+c+d=d+e.

Sol.

66.

Sol.

67.

Sol.

X4

Quadratic Equations

The equation contains five coefficients : a, b, ¢, d and
e and there exist two relationships among them. Thus,
three coefficients remain arbitrary. Let us express all
the coefficients in terms of any three. We have
a=c+d,e=b+c.

The equation takes the form
c+dx*+bxd+cx2+dx+(b+c)=0
Sce(x*r+x2 +1)+dx(+1)+bx+1)=0
Butx®*+1=(xx+1)(x>-x+ 1)

XX +1= (X+x+1)(-x+1)

The equation is now rewritten as

(e=x+1){ c(x? + x + 1) + dx (x + 1) + b(x + 1)}=0

3

. . . 1 .
Equating the first factor to zero, we find x=§i|7.

The remaining two roots are found by solving the second
quadratic equation.
Solve the following equation for x

(15+4v14) +(15-4v14) = 30
where t =x?-2|x|
Let y = (15+ 4@)1, then .(15—4\/ﬁ)t =% Now

given equation reduces to Y +% =30 or
y?-30y+1=0

=y=15+ 4/14

Now y =15 + 4@

= (15+ 4x/1_4)t = (15+4414)

=>t=1
SxEP=2x=1
=X =i(l+\/§)

Again y =15 —4./14

= (15+4\/H)t = (15 + 4\/H)71
t=-1

X2 IXl=-1 = x=+1

Hence X = +1, i(1+\/§)

If the product of two roots of the equation
4X4 — 24)(3 + 31)(2 +6x-8=0 |S l, f|nd the roots.
Suppose the roots are «,f,v,6 and af =1
Asafyd=-2 =>y8=-2

So the given equation can be written as

6y +%X2 +gx —2 = (%o + BIX + 1) (X (y + B)X — 2)

3.37
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5 5 69. Solve the equation (x + b + ¢)(x + a + c)(x + a +b)
On comparing o +B=— & y+d=— (@+b+c)-abcx =0
2 2 Sol. Put a + b + c= p and make the substitution x + p=y.
5 1 We have (y —a) (y-b) (y-c)p-abc(y-p) =0
On solving OLB=1&OL+B=E we get OL=E&B=2 Hence,
1 p{y’—(a+b+c)y*+(ab+ac+bc)y} —abcy = 0
Similarly, v= 3 &d=4,
_ (a+b+c)y’—(a+b+c)y
68. Solve the equation or +(ab+ac+bc)(a+b+c)—abe =
(12x -1) (6x - 1) 4x-1)(3x-1) =5
Sol. The given equation can be written as And so, we find three values for y : one of them is zero,
the other two are obtained as the roots of a quadratic
1 1 1 1 5 ti
ST by ey ket (i) equation. . .
12 6 4 3) 12.6.43 Then it is easy to find the corresponding values of x.
o 1 < 1 1 1 . 1 1 1 1 70. For any real x, prove that the value of the expression
ince -<Z<—<Z and s —-=5—"—+
12 6 4 3 6 12 3 4 2(k—X)(X+\/X2+k2) cannot exceed 2k?
We can introduce a new variable
= 2(k—X) [ X ++/x? +k?
,o L (x—ij+(x—l)+(x—lj+(x—£J Sol. Let y = 2(k=x) (x+ ¢ +K’)
4 12 6 4 3
e, X+ X’ +k* = y - (D)
y = x—— 2(k—X)
24
5 < -
Substituting X =Y + —7 in (i) we obtain Lea o k2 —x? 2k=X)
3 1 1 3 5 SEKE —x2 2k? (k—x)
L= +—|y——|y——1= i X“+kS=X'=—m—=
(y 24)[y 24)(y 24](3/ 24) 12.6.4.3 € y )
) ) Subtracting (2) from (1), we get
1 3 5
= |y | = =1 |= 2
{y (24j Hy (24) 1 12.6.4.3 oy Y 2KE(k=x)
2(k-x) y
Hence we find that ¥* = 273 = 4(K? —y)x? - 4k(2k? - y)x + (4k* =y?) =0
7 7 Since x is real , so we have Disc > 0
i.e., y1=—a”d Yo =—7+ 2 2 2 2 4 2
24 24 . _ 16k* (2Kk* —y) 216(k* —y)(4k* -y?)
. The corresponding roots of the original equation are
1 1 i.e. 2k’y?-y®>0
12 and 5" y < 2K
e T e M Make Concepts Clear 3.6
1. Solve yx*+5x+6 _q 6. Prove that if the equation x* +9y® —4x + 3 is satisfied
2. Solve the equation 5* —24. 5 - 25 =0 for all real values of x and y, then x must lie between 1
i and 3 and y must lie between -1/3 and 1/3.
3. Solve :2x+7 +/3x-18 = \[7x+1 7. Solve forx, (x—4x) — (x—2)—16 = 0
4. 1If 0 < x < m then the solution of the equation 8 Show that all the roots of the equation
165" % +16%* =10 is given by x equal to ax® +x?+x+1=0 cannot be real, where aeR.
i i 9. Solve 6x° +11x* - 33x*-33x* +11x+6=0
A) 53 B) 33 10. Let {x} and [x] denote the fractional and integral part
respectively of real number X, then solve 4{x}=x-+[x]
Tr 11. Solve the equation :
C) =% D) None of these
)62 ) a b ¢ _
5.  Solve for x X+C

3.38

(X = 1)° + (X - 2)° + (X - 3)° + (X — 4)* +(x -5)° = 0

X+a X+b
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Answers
1. No Solution 2.2 3.9 4. A
1 1
- 21_7_31__ .
9. -1 > 3 10. 0 and 5/3

Solutions Are On Page No. 3.76

o | s o o | S —

3.7 Inequalities Involving Rational,
Exponential, Logarithm Function
etc.

Inequalities involving rational algebraic
function

f(x
Rational algebraic function is of form of ﬁ where g(x)= 0

f(x)

Rational algebraic inequalities are of form ﬂz 0 or
g(x

% < 0 ,these inequalitites can be solved directly by the help
g(x
of wavy curve (after factorising f(x) & g(x) ).

f(x) S fx)gx)>0 fx)>0&g(x)>0or
D 90 g0 % 0 f(x) < 0 & g(x) < O
So, solution is

x e {x:f(x)>0, g(x) > 0}u {x: f(x)<0, g(x)<0}

f(x)g(x)<0
g(x)#0

fx)>20&g(x)< 0 or
f(x)<0&g(x) >0

) < g
g(x)

So, solution of given equation is

x e {x:f(x)>0, g(x) < 0} U {x: f(x)<0, g(x)>0}
Equalities involving modulus function
1) If Ix[<a

=x’<a’=x?’-a*<0
(x—a)(x+a)<0

So, required resultis—a<x<a
2)If [x|>a

=>x*2a’=>x*-a’20

>Kx-a)x+a)=0

=>X=2aorx<-a

Quadratic Equations

________ I i— — | — | s— | s | m—

5.x=3,3i\/§i 7.2,5,-1

11. O,——;{(a+b+0)i\/(a2+b2+cz—bc—ca—ab)}

3) If inequation is of type f(|x|) > g(x)

Solution of this inequality is collection (or union) of
following solutions.

f(x)>g(x) ;x>0
{f(—x) >g(x);x<0

4) If inequation is of type |f(X)|>g(x)
It is equivalent to collection of following solutions.

f(x) > g(x) orf(x) <—g(x); g(x)>0
{ alwaystrue ; g(x)<0

5) If inequation is of type |[f(xX)|>|g(X)|
To solve such inequation, square both sides.

f2(x) > g*(x) & then solve by wavvy curve method.

— Note —=

If in any inequality or equality there are multi modulus
function i.e. modulus inside modulus then try to remove
modulus sign from inner modulus first and then eliminate
outer modulus.

Inequalities involving exponential function
1) If inequation is of type a*>b (where a>0 &
ax 1)

Solution of a*> b can be obtained by taking log of both
sides and then make cases fora & b

a) X € (log, b,x) for a=>1, b=0

b) x € (—x,log, b) for 0<a<l, b=0
) xeR fora=0,b<0.
Result is union of all above 3 inequalities.

2) Ifinequationis of type af(x)>b (a>0&ax1)

Solution of a™=>h can be obtained by taking log of both
sides and then make cases for a and b.

a) x e domain of f(x) if b<0

b) f(x)>logb ifa>1 & b=0

¢) f(x) <log,b if 0<a<1 & b=>0

Result is union of all the above inequalities.

3.39

187



Algebra
3) If Inequation is of type f(ax) >0

To solve such inequality, put ax =t

So, inequation becomes f(t) > 0.

Now, solve f(t)>0 by the help of wavvy curve method.
4) If Inequation is of type

aa ™ +Bb' ™ +yc'® >0

(where o,B,y € R,) such that b?>= ac.

To solve such inequality we have to divide the inequation
by bf®

a f(x) c £(x)
— | +B+y|—= >0
3“@ P y(bj

-1
As b? =ac so£=(ij
b b

(2]
ut b =

2
:>oct+[3+%20 :>oct+[3t+y20

Now, first Solve this inequality for t and then by using

a (x)
(Bj =t solve it for x.

Inequations using logarithmic function
1) If inequation is of type log, f(x)=0

Then we have to take following cases

If a=>1then f(x)>1

If 0<a<1 then 0<f(x)<1

2) If inequation is of type log, f(x)=b
Here we have following two cases wrt base a.
If a > 1then f(x)>a®
fO0<a<lthenO0O<f(x)<a®
3) If inequation is of type Iogg(x) f(x)>0
First of all before determining solution we have to find

domain of all the functions used in the inequality, and
then make cases wrt base.

Ifg(x) > 1thenf(x)>1
If0<g(x)<lthenO0<f(x)<1

then we have to take union of above two cases.
3.40

4) If inequation is of type Iogg(x) f(x)>b

First of all before determining solution we have to find
domain of all the functions used in the inequality, and
then make cases wrt base.

If g(x)>1 then f(x)>(g(x))* & f(x)=0
If 0<g(x)<<1 then 0<f(x)<(g(x))® & f(x)=0

In last, first we have to take intersection of all the
inequalities in each case, then finally we have do take
union of above two casesi.e.

x & {x: {{0)>g(0° N f()>0} U {0<f(x)<g()* N f()>0}

5) If inequation is of type
Iog g(x) fl(x) 2 Iog ag(x) fZ(X)

Before solving this inequality, we have to determine
domain of all the function used in the inequality. Final
result of inequality always lies in common domain.

To solve this inequality we have to make cases wrt base
of logarithm.

Ifg(x) > Lthenf (x) >f,(x) >0
If0 <g(x) <1lthenO <f (x) <f,(x)

Now, find solution, which is union of above two results.
6) If inequation is of type
Iogfl(x) g(X)Z|ng2(X) g(x)

Again to solve such inequation, we have to determine
domain of all functions .

To solve the inequality make following cases wrt base of
logarithm.

i) Ifg(x) > 1then 0<f (x) <f,(x) ;f(x) &f,(x) =1
ii) If 0 < g(x) < Lthen O<f(x)<f (X); f,(X)&f,(X) = 1

Now final solution is union of above two cases.
7) Ifinequationis of type log, f, (x)>log, f,(x)
If a=>1 then f,(x) > f,(x)> 0

If 0O<a<1then 0 < f(X) <f,(x)
Final result is union of above two inequalities.

Inequation involving irrational functions

While solving irrational inequalities, we have to check the
domain, and also if n" root is there then we directly take n®
power of both sides if n is odd, while if n is even then we cant
do n™ power directly, i.e., before doing so we have do check
the domain.
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1) Ifinequation is of type 2/f(x) <g(x) (neN)
As 2n is even, so following inequalities we have to solve
f(x)>0, g(x)=0, f(x)<(g(x))*

Final result is intersection of above inequalities

2) If inequation is of type 2Y/f(x) < g(x)
As 2n + 1 is odd, so given equation is equivalent to
()< (g0))*
Which can be solved by wavvy curve method.

Quadratic Equations

3) If inequation is of type 2{‘/@ > g(x)
As 2n is even, so we have to make following cases.
If g(x)>0 then f(x)=(g(x))*
If g(x)<<0 then f(x)>0

Final result is union of above two cases.

4) If inequation is of type 2n+J/f(x) > g(x)
As 2n + 1 is odd, so given equation is equivalent to
fG)=(a(x))**

=—— Solved Examples —=

71. Solve the inequation /(-x?+4x-3) > 6—2x

Sol. First for the existence of inequality
We have _y2 4 4x-3>0

=xe[1,3] (1)
Now for x e[1,3]-6-2x>0
So, above inequality can be written as
—X?+4x—-3>(6-2x)
13
=>xe|—,3
(29

13 ). . .
Hence X€ 5 3 is required solutions

72. Show that (X —1)(x —3)(x—4)(x—6)+10 is positive

for all real values of x.
Sol. Taking the first and last factors together, and also the
other two the given expression becomes

(x2 —7x +6)(x2 —7x +12)+1O
= (x = 7x)" +18(x* ~ 7x) + 82
Assuming this as a quadratic expression in (x2 —7x) ,
D=182-4x82=4(81-82)=-4<0
Which is clearly always positive for real values of c.
i : X+2 1 x
73. Solve the inequation 3" > 5

1 2

Sol. We have 3> (32)x — 3253

2
= X+2>—; (as base > 1)

X2 +2x+2 20 o (x+1)2+1

X X

>0

1
:>;>O = x €(0,)

| 24 —2x —x? 1
74. Solve the inequation og[M] 14 >

16
Sol. The given inequation is valid for
24 -2x-x* 25-x?
14
. x?4+2x-24 <0 and X2 - 25 < 0
= -6<x<4and-5<x<5
Combining both inequality
-5<x<4 .. (1)
Now consider the following cases :

25— x?

>0 and >0

<1= 9<x?<25

Case—-1:1f 0<

. Xe (-5, -3)u(3,5) .. (2)
.. The given inequation convert in the form

24 -2x—x? 25-x?
<

14 16
= Xx*+ 16x-17=>0
" Xe (oo, —=17) U (1, ) .. (3)
Combining (1), (2) and (3), we get
xe (3, 4) . (4)
2
Case - Il : If DX 1 xe (-3, 3) .. (5)

.. The given inequation convert in the form

24 —2x — X2 . 25—x?
14 16
= XxX+16x-17<0
xe (-17, 1) .. (6)

Combining (1), (5) and (6), we get xe (-3, 1)

So final solution is xe (=3, )u (3,4)

75. Let S denote the set of all real values of the parameter
a for which every solution of the inequality
log,,x* > log,, (x + 2) is a solution of the inequality
49x?> - 4a* < 0. Find S.

Sol. We have

3.41
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76.
Sol.

77.

Sol.

bra
log, ,x* > log,, (x + 2)
e, X*<xXx+2 = -1<x<2 .. (1)
and 49x2 - 4a* < 0
-2a? 2a’
i.e. SXs—- - (2)

According to the given condition, set (1) is a subset of
(2). Hence, we have

_ 2 22
2a <-1 and 25%

ie, azzg and a’>7 = a’>7

i.e., ae(—o, 71U [V7, »)

Solve the inequation (X2 + x + 1)*< 1

Taking logarithm both sides on base 10.

then xlog (x®*+x+1)<0

which is equivalent to the collection of systems

x>0, & x<0,
log (x* +x+1)<0 log (x*+x+1)>0

X >0, X >0,
& &
x2+x+1<1, X2+ x+1>1,

X >0, x <0,
=
-1<x<0 & | x>0and x<-1

Xed
x<-1
Consequently the interval Xxe (oo, —1) is the set of all

solutions of the original inequation.

Find the values of a for which the inequality

x2+ | x—a | -3 < 0is satisfied by at least one

negative X.

We have

X+ |x-a]|-3=x2+x-(a+3) ;ifx>a
=x2-x+@-3);ifx<a

Let fx) =x2+x-(a+3)

and gxX) =x2-x+ (a-13)

The coefficient of x2 is positive in both the expressions

and hence, the plot of f(x) as well as g(x) represents a

parabola open upwards.

Now, f(x) < 0 for some negative x.

= a portion of the parabola must lie in the third
quadrant

Case - | : (one root negative, one root positive)
product of roots < 0, i.e., a > - 3.

Case - 1l : (one root negative one root 0 )

f(0) = 0 gives a = — 3 and other root equal to -1 which
is negative.

Hence a = - 3 is acceptable.

Case - 111 : (both roots negative and distinct)
discriminant > 0

i 13
ie,a>=> —— (1)

4
and product of roots > 0, ie,a<-3 . (2)
and sum of roots < 0, i.e.,, — 1 < 0 which is true
VaeR. .. (3)

Intersection of inequalities (1), (2) and (3) gives

ie, 144 +3)>0,

—E <a<-3,
4

Now, taking union of the inequalities obtained in the

13
three case gives a > vy .. (4)

Similarly, for g(x) < 0 for some negative x, we have
Case - | : (one root negative, one root positive)
product of roots < 0, i.e.,a< 3.

Case - Il : (one root negative, one root 0)

f(0) = 0 gives a = 3 and other root equal to 1 which is
positive.

Hence, a = 3 is not acceptable.

Case - Il : (both roots negative and distinct)
discriminant > 0

11
ie, 1-4@+3)=>0, ie,a< s ... (5)
and product of roots > 0, i.e.,a >3 ... (6)
and sum of roots < 0, i.e. 1 < 0 which is not true for
any real a . (1)

Intersection of inequalities (5), (6) and (7) gives acd

Now, taking union of the inequalities obtained in the
three cases gives a < 3. ...(8)
The required value of a is obtained by taking intersection

13
of (4) and (8), which gives a€ (_Z 3)

1 | e e s |

1.

3.42

The set of all real numbers x for which

X2 —=|x+2/+x>0 is

A) (~, —2)U(2, ) B) (0, —v2)U /2, )

C) (~0, ~1)U (1, ) D) (2, «)
Find the integral solutions of the follwing systems of
inequalities

_______ Make Concepts Clear 3.7

i) Bx-1<(x+1°<7x-3

. X >1 6Xx
) 172 ax_1

1
< —
2

2X 1
> >
2X°+5x+2 x+1

Find the set of all x for which
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Quadratic Equations

4. Forall 'X’, x>+2ax+(10-3a)=0, then the interval in B) -5<a<2
which ‘a’ lies is D) 2<a<5
____________________________ I — | — | — | s—  — ] — |

Answers
) . . 2 1
1.B 2.a)3 b) No integral solution exists 3. xe(=2, -1)u 3 "%

4.B

Solutions Are On Page No. 3.77

s e o o | e S
3.8 Theory of Equations PRO=(-a)Qb+R
On putting x=a
Resolving of 2" degree equation in Remainder, R=P(a)
product of two rational factors

Here, we have to determine under what condition the second
degree general equation will be expressed as a product of two
rational factors. (linear factors)

Factor theorem

Let P(x) be any polynomial of degree greater than or equal to
one & ‘a’ is any real number. If P(a)=0 then (x-a) is factor
of P(x) or if (x-a) is factor of P(x) then P(a)=0.

f(x,y)= ax?>+2hxy+by?+2gx+2fy+c

Now, write this expression in descending power of X and equate
it to zero i.e.

ax?+2x(hy+g)+by?+2fy+c=0

On solving this equation we get,

_ —2(hy +0) % \JA(hy + g) — 4a(by? + 2fy + )
B 2a

X

Now given equation will be product of two linear factors, if
discriminant of above equation is perfect square.

.. y*(h*=ab)+2y(hg-af)+g?-ac=perfect square
which is quadratic in y.

As, any quadratic equation is perfect square, if its
discriminant. =0
.. D=4(hg-af)>-4(h>—ab)(g*>-ac)=0

Gives

a h g
D=abc+2fgh-af-bg?—chz=0=|" P f

g f c

Is required condition under which the 2nd degree general
equation has two rational factors.

Remainder theorem

Let P(x) be any polynomial of degree greater than or equal to
one & ‘a’ is any real number. If P(x) is divided by (x-a) then
remainder is equal to P(a).

As (x—a) is of 1st degree, so remainder is constant and degree
of quotient is one less then degree of P(x), If R is remainder
and Q is quotient, then

THEOREM

If f(x) has integral coefficients & ‘a’ is integral root of f(x)
and m is any integer different from ‘a’ then a-m divides
f(m).

Proof

On dividing f(x) by (x-m), let Q(X) is quotient & f(m) is
remainder, then f(x)=(x—-m)Q(x)+f(m)

Put x=a
f(a)=(a-m)Q(a)+f(m)

As f(@)=0, so f(m)=(m-a)Q(a)
Hence, a-m divides f(m).
THEOREM

If f(x) is polynomial which vanishes when x has values
a,,0,,....0,, N0 two of which are equal, then

(x—ou, ) (X=0v,)....... (x—0 ) is factor of (x).
Proof
As a., is root of f(x), so by the help of remainder theorem

f(X)=(x=a)f,(X)......(1) (f,(x) is another polynomial) As
f(x) also vanish when x=a., so (1) becomes

f(ot,)=(or,—o,)f, (o)

So f (a,)=0 and consequently x—a., is factor of f, (x)
F,(0=(x-01,)1,()

(X)=(x—0,) (x—o, )f,(X)

In the similar process, we get

f(X)=(x—0,) (X=0aL,)....... (x—o ) £ (x)
So, (x—a,)(X-a.,)....... (x—0 ) is factor of (x).
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Newton’s Theorem
If o, B are roots of ax*+ bx +c=0ands = a"+ p"
thenforn>2, ne Nthenas +bs_ +cs =0

Proof
as +bs  +cs
a(a" +B" ) + b(a"’l + [3"’1) + c((x"’2 + [3"’2)
= aa" +ba"" +ca"?+ap"” +bp"* +cp"?

= a"?(aa® + ba +c)+B"?(ap® + bp+c)
=0 (asa,parerootsof ax>? + bx +c=0)

c.as, +bs, ,+cs,, =0 (proved)

Descartes rule of sign

By the help of this rule we can determine maximum number
of real roots in any polynomial equation.

Let f(x) is a polynomial function arranged in descending power
of x.

f(x) = ax"+a X" +a X"+, +a, ..(1)
where a,,a,,8,,.......... aeR &a; %0
f(=x)= a,(=x)"+a (-X)"+a,(-X)"*+.....+a, ..(2)

1) Maximum number of positive real roots is equal to number
of sign changes in coefficients of f(x). Let number of sign
changesis p.

2) Maximum number of negative real roots is equal to
number of sign changes in coefficients of f(—x). Let number
of sign changesis g.

3) Sofrom (1) & (2) Maximum number of real roots in f(x)
is p+q

4) So Minimum number of imaginary (non real) roots in f(x)
is n—(p+q).

— Note —=

1. In any polynomial equation if all odd degree terms are
absent and all other terms have same sign, then number of
real roots of that equation is zero.

2. If in an equation, all the coefficients are of same sign then
the equation has no positive root.

3. If in an equation, all the coefficients of even power are
positive (or all negative) and coefficients of odd powers of x
are of opposite sign (to that of even powers coefficient) then
equation has no negative roots.

Division of polynomial by x — a

1. Synthetic division
If f(x) = a x"+a x"* + ax"*+.....a_isa polynomial function
of degree n and q(x) = bx"™ + b x"*+ ..+ b_ isa
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polynomial function of degree n-1.

Let q(x) is quotient when f(x) is divided by x-a. And r(x) is its
remainder.
= ()= (x=a)g(x)+r(x)
aX"+a X" +a X+ +a
= (x=a)(b X" +b X2+ +b )+r
=b x"+x"*(b,-ab )+x"?*(b,-ab,)+....ab_, +r
On comparing LHS & RHS
a0:b0 = bOZaO
a,=b-ab, = b,=a,+ab ,=a,+aa,

a,=b,-ab, = b,=a,+ab,=a,+a(a,+aa,)

a =r-ab_, r=a+ab_,

So, g(x)=ax"*+(a,+aa )X"*+....... +b

So remainder r(x) when f(x) is divided by (x — a) is
rx)=r=a +ab_,

2. Horner’s Method of synthetic division

Let f(x) is any polynomial function of degree x which has to
be divided by (x—a)

f(x) =ax"+ax+ ... +a

(where a , = k)

In the first row we write the coefficient of given polynomial
f(x). We divide the polynomial f(x) by x—a, by writing a in left
corner out of box.

Write a, in left corner in 3rd row, then multiply a by a (or b )
and write below a,. Now add a, & ab, and write below ab, in
third row and write sum as b, .

Now multiply a by b, and write below a, in 2" row.
Then add a, and ab, to write this b, in third row.

And continue this process till end and the last term in right
corner of 3rd row is remainder.

— Note —n

If any term is absent then write the coefficient of that term to
be zero.
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Division of polynomial by x>*— ax - b

Let f(x)=a x"+a x"'+ax"?+........ +a_be a polynomial of
degree n. Let q(x) & R(x) be quotient & remainder when f(x)
is divided by x? —ax-b.

Here, degree of q(x) is -2 & degree of R(x) is 1.

Letg(x) = bx"?+b x"+b x"*+....+b &

R(X)= mx+n
a, a; A, Az e a,, a,; a,
a|0 ab, ab, ab,..... ab, , ab,, O
b|O O bb, bb,...... bb,, bb,, bb,,
a, b; b, b, b,, m n

In the first row write the coefficients of f(x). On left side of
vertical line write aand b in 2*and 3 row. Below a, write O
in 2™ and 3 row and add a,, 0 & 0 and write in 4™ row (i.e.
below horizontal line) and let a,=b,. Now multiply a by b,
and write below a, and add a,,ab, & 0 (i.e b,) & write in 4"
row. Now multiply a by b, & b by b and write below a,, and
add a,, ab, & bb, (i.e. b,) & write in 4" row. This process
continueous till end.

Last two terms in 4" row are coefficients of R(x), & rest are
coefficients of q(x).

So, from here we get remainder as well as quotient when f(x)
is divided by (x - a).

Taylor’'s theorem

If f(x) is a polynomial of degree n then,

X . x? X" .,
((x+h) = F(0)+ P )+ A1)+t ()

where f'(x) is rth derivative of f(x)

THEOREM

The equation whose roots diminished by h then those of
f(x) = 0is f(x + h) = 0.

Proof

Let o is root of f(x) = 0
=fla) =0
=fla+h-h)y=0

Now as we have to determine the equation whose root is
o —h, So put a — h = x gives f(x + h) = 0 whose root is
o - h.

Quadratic Equations

Method to determine f(x+h)

1. Horners Method : f(x+h) can be easily calculated by
Horners method.

— -1 n-2
Letf(x) =ax"+ax"+ax"+..+a

h Qg A@; @, Az e a,, a,
0 ha, hb, hb, ... hb., hb,,
h |bp=a, b, b, by .. by |k,
0 hcy, he, he,........ hc .,
h Co €1 Cp Cgowevveenn K4
0 hd, hd, hd,
hldy d, d, dg . Ko
Kn-3
[

then k .k, k,....k are coefficient of x", x**, ....x° of f(x + h).

— Note —=

f(x + h) can also be calculated by Taylors theorem.

THEOREM

If f(x) = 0 is an equation of degree n, then to eliminate
rh term, f(x) = O can be transformed to f(x+h)=0 where
h is constant such that f*+9(h) = 0

Proof

Let f(x) = ax"+ a x"'+ax"?+...... + a = 0 be
polynomial equation of degree n.

Then by Taylor’s theorem

X x?
fc+ ) = i)+ Fh) + AU+

Xn—(r—l)

Xn
+—= ""Yh)+... +—f"(h
[n—(r-D] ") n! ")
As we have to eliminate rth term, so

n-r+l1

X

(n—r +1)!fn—r+ (hy=0

As x #0sof""(h) =0

3.45
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— Note —=

To determine equation after removing rth term can also be
determined by the help of Horner’s method.

Reciprocal Equation
A polynomial equation f(x) = 0 is said to be reciprocal

1
equation, if Ot&a both are roots of f(x) = 0 of same
multiplicity.
THEOREM

An equation f(x) = a x"+ a,x"* +....+ a_is said to be
reciprocal equation if either a = a_ . or a = —a_, for
every i.

Proof
Let o, 0, oeenennnnnnn. a, be roots of f(x) =0

theniviv ------- ,i be roots of f(%)zo

a’l G’Z (X,n

f(%) —g(x) =a, (ijn +a, (ijnl + ..t @,

gx)=ax"+a, X" +.. +a,x+a, =0

As f(x) is reciprocal equation, so f(x) = k g(x) for k € R,
—1 —2 —
ax"+axt+ax—+..+a =
-1
k@x"+a X"'+..+ax+a)

On comparing coefficients of respective powers of LHS
and RHS.

a,=ka,a,=ka_ ... ,a =ka

Asa ,=ka &a =ka,

na,=Ka, = k=+1

So, we can say that a,=zxa,; for ie[ln] then

f(x) = 0 & g(x) = 0 has same roots, and is also a reciprocal
equation.

Types of reciprocal equation
A reciprocal equation

f(x) =ax"+ax™'+.... +a = 0isdivided in two categories.

1) If a, = a,_; then reciprocal equation is said to be reciprocal
equation of class one.

2)If a, = a,_; thenreciprocal equation is said to be reciprocal
equation of class two.

Now following points we have to remember while dealing
with reciprocal equation of class one and class two.
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i) For an odd degree reciprocal equation of class one -1 is
its root.

if) For an odd degree reciprocal equation of class two 1 is
its root.

iii) For an even degree reciprocal equation of class two
1 & -1 are its roots.

THEOREM

If f(x) is reciprocal equation of degree n then
f(x) = £x"f(1/x)

Proof

Letf(x) =ax"+ax" +ax?+ ... +a_be reciprocal
equation of degree n.

a) If equation is of class one thena = a__, then

_ N a & a,
f(x) = x [ao +Y+x_2+ ...... +X—nj ..()
By replacing a by a__ in above equation (1)we get
_ i a'n—l a'n—2 a'1 aO
= f(xX)=x (an+7+x—2+ ...... +Xn1+x—nj ..(2)
1\ a, & a,
As f| = = D U e o Gl ...(3)
X X X

So, from (2) and (3) equations we get, f(x) = x"f(1/x)

b) If Equation is of class two then a, = -a_, then

f(x) =ax"+ax+ax?+ ... +a
=-x"| -a. — i — i i
f(x) e X" ..(1)
By replacing a by -a_.in equation (1) we get
n a'nfl a'n—2 a'1 a'O
=—x"|a +—2F+-—22 4 + +—2
f(X) [ n X X2 anl X" J

1) a, & a,
As f[; =x_”+ VE: + VE: +...+a,

So,from above two equation f(x) = —x"f(1/x)

So, from (a) & (b), if f(x) is reciprocal equation of either

class one or of class two then f(x) = £x"f(1/x)

Solving reciprocal equation

1) If reciprocal equation of even degree (i.e. 2n) then divide
equation by x" and then



a) If equation is of class one then put x+1/x=t
b) If equation is of class two then put x-1/x=t
2) Ifreciprocal equation of odd degree (i.e. 2n+1), then

a) If equation is of class one then divide the equation by
x+1, then quotient of equation will be of degree 2n, which
can be solved by previous method (i.e (a) or (b)).

b) If equation is of class two then divide the equation by
x-1 then quotient of equation is of degree 2n, which can
be solved by previous methods.

Rational root theorem
If f(x) = ax"+ ax™'+ ax"?+... +a = 0 is any

. . . p
polynomial equation, (where a ,a,,......a, e Int) having E as

its rational root (p&q are coprime) then p is factor of a_ & q
is factor of a,.

Proof

As % is factor of f(x)=0

n n-1 n-2
So, Q, (BJ +a, [BJ +a2(BJ +oeen +a,=0
q a !

n-2.2

a,p"+a,p"'q+a,p"’g’ +....+a,q" = ..(1)

Equation (1) can be written as

a,p" = —q(alp”’1 +a,p" % + .. +anq"’1) ..(2)

As both factors of LHS & RHS are integers, so q is factor of
a,p". But also p and g are coprime, so q is factor of a,.

Equation (1) can be written as

n-342

a,q" =-p(a,p"" +a,p"’q +a,p"’g’ +...+a,,09"")..(3)

As both factors of LHS & RHS are integers, so p is factor of
a g". Butasp & g are coprime, so p is factor of a .

Hence Proved

— Note —=

1. Every rational root of equation

X"+ a x"t+ ax"?+ ..a = 0 (where a’s are integers) must
be integer. And every rational root must be divisor of a .

2.1 f(X) = ax"+a, X" +a, X" +....... a,=0.Ifa, &
a, are large values then there can be many possibilities of
rational roots, which is not an easy task to check all of them
whether they are roots or not. So we can reduce these
number of possible rational roots by the help of following
methods.

Quadratic Equations

1) Graphical method : Plot the curve of given polynomial
equation, from there we can determine approximately that
value where curve cut x-axis.

Then by rational root theorem we can check only those
value which is nearly to the values of x where curve cut x
axis.

2) By descarte’s rule we can eliminate some of the rational
rules which can’t be roots of equation.

3) Lower & Upper bound theorem : By this theorem we
can minimise possible number of rational roots.

To determine lower bound select that value from possible
rational roots (let @) such that all roots lesser than that
value (a) gives same sign for f(x).

To determine upper bound select that value from possible
rational roots of f(x) (say b) such that all roots greater
than that value (b) gives same sign for f(x).

So, from possible rational roots we don’t have to check
that values which are lesser than ‘a’ or greater than ‘b’.

General strategy of solving polynomial
equation

Following steps has to follow to find rational roots of a
polynomial equation.

1) By using rational root theorem, determine all the possible
rational roots.

2) By using descarte’s rule determine how many positive and
negative real roots of equation may have. (In some cases
possible positive or negative rational roots may be
eliminated).

3) By using synthetic root division check the possible positive
& negative rational roots.

4) By graphing utility we can narrow down the number of
possible choices.

5) By upper & lower bound method narrow down the number
of possible choices of number of rational roots.

6) Ifais root of equation, then find quotient by dividing the
equation by (x — a). Second factor can be determined
from quotient by synthetic division.

7) Similarly we can determine other rational roots.

Common roots in polynomial equation

If () is highest common factor of f(x) and g(x), then roots of
®(x) = 0 are common roots of f(x) = 0 and g(x) = 0.

Method of subtraction to determine
common roots

If o is common root of f(X) = 0 & g(x) = 0 then a is also root
of f(x) — g(x) = 0, but all roots of f(x) — g(x) = 0 are not
common roots of f(x) =0 & g(x) =0

3.47
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Proof

Let o is common root of f(x)=0 & g(x)=0 & B is any real
number such that f(x) and g(x) has same value at x = .

fla)=0&g(ae) =0
f(B) = 9(B) = k(let)
So, f(a) - g(a) = 0 & f(B) - g(B) = 0

So, a&p are roots of f(x) —g(x) = 0, but out of these only a
is common root of f(x) = 0 and g(x) = 0.

— Note —=

Before subtracting two equations i.e before determining
f(x) — g(x) = 0, make coefficient of highest power of x in
both f(x) = 0 & g(x) = 0 to be same.

If degree of f(x) = 0 and g(x) = 0 are not same, then before
finding f(x) — g(x) = 0 make degree of f(x) & g(x) to be
same, by multiplying respective power of x.
Multiple roots in polynomial equation
If f(x) contains a factor (x — a)", then fl(x) contains a factor
(x =) So, if f(x) and f (x) has common root then f(x) has
multiple root.
If o is r-multiple root of f(x). Whose degree is n, then
f(x) = (x - )" o(x) (1)
Where ¢(x) is polynomial of degree n-r, which does not have
o as its root.
f(x) = (X =) §'(X) + r(x —o)"(x)
= (x =) r¢(x) + (x —a)d(x)]
f ()= (x-0)* g(¥) - (2)

where g(x) is polynomial of degree (n-r) which does not have
o as its root.

So, a is (r—-1) multiple root of fl(x).

. If o is r multiple root of f(x)=0, then o is

(r-1) multiple root of fI(x)=0, and (r-2) multiple root of
fll(x)=0 and so on.

Intermediate value theorem for polynomials

If f(x) is a polynomial such that f(a) = f(b) and f(x) takes
every value of x lie between a and b.

1) If f(a) & f(b) are of opposite sign then there will be odd
number of roots of f(x)=0 between [a,b] (or atleast one
root lie between [a,b]).

2) If f(a) and f(b) are of same sign then there will be even
number of roots of f(x)=0 between [a,b] (minimum zero
roots between [a,b]).

3) Every equation of an odd degree has atleast one real root
whose sign is opposite to that of its last term, provided
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that the leading coefficient is positive.
f(x) =ax"+ax+ax?+..+a
Put x=w ,0,— 0 successively then
F(o0 )=, f(0)=a,, f(-c0 )=—w0

If a_is positive then f(x) = 0 has a root lying between 0
and-oo andifa_ is negative then f(x)=0 has a root lying
between0 & .

— Note —n

For sufficiently large values of x, f(x) has same sign as a,.

4) Every equation which is of even degree whose absolute
term is negative and leading coefficient is positive has
atleast two real roots of opposite sign.

Put x=0, « ,— o0 in f(x)=0 successively then
f(oo)=o0, f(0) = a, f(-o0) =0

As a_is negative , so one root of f(x)=0 lying between
(-0 ,0) & other root lying between (0, « ).

5) If equation contain only even powers of x, and all
coefficients are of same sign then the equation does not
have any real root( or all roots are complex).

6) If equation contain only odd powers of x, and all
coefficients are of same sign, then the equation has only
one real rooti.e. x = 0.

Rolle’s theorem for polynomial

If f(x) is a continuous function at [o,f]and differentiable
polynomial function between (a.,), where o, are roots of
f(x) = 0.

Then f(x) satisfies all the conditions of rolle’s theorem, then
there is atleast one number vy e (a,B) such that fi(y) = 0 or
in other words x =y is root of fl(x) = 0

— Note —n

Between any two roots of polynomial equation f(x) = O,
there is always a root of f(x) =0

1) Ifallthe roots of f(x) = O are real and distinct then all the
roots of fl(x) = 0 are also real and its roots are different
from roots of f(x) = 0.

2) Maximum one root of f(x)=0 lies between two consecutive
roots of fl(x)=0.

3) If f(x)= 0 has r real roots, then f(x)=0, cannot have
more than (r+1) real roots.

4) 1f F'(X)= 0 is equation obtained by r" derivative of f(x),
and this equation has p imaginary roots then f(x) = 0
also has atleast p imaginary roots.

5) If all the roots B,,p,,.....of fI(x)=0 are known, we can
find the number of real roots of f(x)=0 by considering
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signof f(B,) , f(B,)....... A single root of f(x)=0 or no root
of f(x)=0 lies between B ,&p, according as f(B,) & f(B,)
are of opposite sign or same sign respectively.

Nature of roots of cubic polynomial

Let f(x) = ax®+ bx?+ cx + d (where a,b,c e R) and a>0.
f(x) =3ax?+ 2bx +¢

Its discriminant is, D = 4(b>-3ac)

Nature of roots of f(x) = 0 will depend upon discriminant of
f(x) =0

DIfD<0

As coefficient of x2 in fl(x) = 0 is positive and D<0, so fl(x)
is always positive.

fix) >0

So, f(x) is strictly increasing, so f(x) cut x-axis at only one
point and so only one real root of f(x)=0 exist.

2)IfD>=0

So, f I (x) = 0 has two real roots.

Let roots of fi(x) = 0 be o & B

- fI(x) = 3a (x—a)(x—B)

So fl(x)<0 ifx e(a,B) and so in this interval f(x) is
decreasing,whilef'(x) > 0 ifx € (—o0,0) U (B,o0) and so in
this interval f(x) is increasing.

a) If f(a)f(B)<<O

In this case f(x)=0 has 3 real and distinct roots.

>0 X« » X
For a=0 o)

4

y

y

ﬂ‘
Fora<0 x= » X

b) If f(c)f(B)=0

Quadratic Equations

In this case f(x)=0 has 3 real roots out of which two are
equal roots.

Fora>0 X<

<e O 5

2)IfD >0

Fora<0Q X<

<« 9 5

¢) If f(a)f(B)=0

In this case f(x)=0 has only one real root or f(x)=0 has two
complex roots.

Fora=>0 x«=

Fora<0 x4«

<
<

3.49
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3)IfD=0

It says that f'(x) will become perfect square.

f'(x) =3(x-a)* (o=p)

fX)=xX-a)*+2

a) If » = 0 then f(x) = 0 has 3 equal real roots.

b) If L = 0then f(x) = 0 has atleast one real root.

78.

Sol.

79.

Sol.

80.

Sol.

81.

Sol.
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=—— Solved Examples —=

Find the character of the roots of

f(x)=3x"-8x>-6x*+24x+1=0

f'(x) =12x% - 24x* = 12x + 24 =12(x* - 1)(x - 2)
The roots of f'(x)=0 are -1, 1, 2

112 w»

+ + ®

X =—0
When f(x)

= 00 —

Therefore f(x) = 0 has two real roots, one lying between
—o0 and -1 and the other between -1 and1.

The other two roots are imaginary

Show that the equation

x? —xy +y? =4(x +y—4) will not be satisfied for any

real value of x and y except x =4 andy = 4
Rewriting the given equation as a quadratic in y

y2—y(x+4)+(x2+4x+16):0
Since y is real, discriminant > o
(x+4)"-4(x*-4x+16)20
=-3x*+24x-48>0

=x?-8x+16<0 =(x-4)*<0

Which is possible only if x = 4

On putting x = 4 in given equation we gety = 4
Without actual division prove that
ox* —6x% +3x2+3x—2 is exactly divisible by
X>—3x+2-

Let f(x)=2x*-6x°+3x*+3x-2 and

g(x)=x*-3x+2 be the given polynomials. Then

g(x)=x*-3x+2 = (x-1)(x-2)

In order to prove that f(x) is exactly divisible by & g(x),
it is sufficient to prove that x-1 and x -2

are factors of f(x). For this it is sufficient to prove that
fl)=0and f(2) =0

Now f(1)=2x1*-6x1°+3x1°+3x1-2=0
and f(2)=2x2"-6x2°x2>+3x2-2=0

=(x-1) and (x-2) are factors of f(x).
Hence f(x) is exactly divisible by g(x)
Solve in R the equation

2x%0 + 3B + 22X +3x® ...+ 2x+3=0

2x%° 4+ 3x%® +2x¥ +3x*® +....+2x+3

82.

Sol.

83.

Sol.

=(2x+ 3)(x98 + X% x4 +1)

=(2x+3)%

The equation y0 _q_ g has only two real roots,

namely +1 which are not acceptable. Therefore the
given equation has only one real root, namely —3/2.

If a&B are the roots of the equation y2 _ax +p=0
and v, =a"+p". Show that v, =av,—-bv, , and
hence obtain the value of o° +p°.
o+p=a;af=b;v,=a"+p"

Vv — an+1 + Bn+1

=(a+p)(a"+PB")-ap" -pa"
=av, —af(a""+p")
Now

o’ +B°=vg=av, —bv,=a(av,—bv,)-bv,

a’ —b)v, —abv,

(
(a®-b)[av, - bv,] - abv,
(

a(a’ —b)—ab)v2 -b(a®-b)v,
=(a®-2ab)(a*- 2b)-ab(a’ - b)

=a’-2a’b - 2a’b + 4ab® - a’b + ab®

=a® - 5a’b + 5ab?

Let f(x) be a polynomial leaving the remainder A when
divided by x — a and the remainder B when divided by
Xx—b (a # b). Find the remainder left by this polynomial
when divided by (x — a) (x — b).

Since the product (x — a) (x — b) is a second degree
trinomial when divided by it, the polynomial f(x) will
necessarily leave a remainder which is a first degree
polynomial in x, let ax + B. Thus, there exists the
following identity f(x) = (x — a) (x — b) Q(X)+ax+ B.
It only remains to determine o and B. Putting in this
identity first x = a and then x = b, we get

f(a) = aa + B, f(b) = ab + B.

But according to question ac+pf=A & ba+B=B

1 aB — bA
o=—(A-B).p=——
¢ a—b( )-B a-b
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84.

Sol.

85.

Sol.

86.

Sol.

87.

Sol.

Let [a] denote the greatet integer less than or equal to
a. Given that the quadratic equation
X2+ [a2-5a+b+4]x+b=0hasroots-5and 1,
find ‘&’

Since — 5 and 1 are the roots of the equation.

x>+ [a2-5a+b+4]x+b=0

= [@2-5a+b+4=4andb=-5

= [@?-5a-1]=4 = 4<a?-5a-1<5

= a’-5a-5>0anda?-5a-6 <0

[ags_‘s\/g or a 25+:23\/g]

and-l<a<®6
5-3v5 5+3V5
ae | -1, > ] > , 6

Solve for “x”.

U+21+30+ ... + (x -1+ x! =k?and kel
For x < 4, the given equation has the only solutions
x=1k=+1andx =3, k =+ 3. Now let us prove
that there are no solutions for x > 4. The expressions.

11+ 21 +31 +4! =33
11+ 21 +31+41+5! =153 endswith
11+ 21 +3!1+41 +5! + 6! =873 | the digit 3

1M+ 21 +31+4!1 +5! + 6! +7! =5913

Now for x > 4 the last digit of the sum 1! + 21 + .......
+ x! is equal to 3 and therefore this sum can not be
equal to a square of a whole number k (because a square
of a whole number can not end with 3).

Letay, a,, ....... , a__, be real numbers where n > 1 and
let f(x) = x" + a_, x" + ... + a, be such that

If(0)] = f(1) and each root of f(x) = 0 is real and between
0 and 1. Prove that the product of the roots doesn’'t

g=
exceed .

Letf(x) = (x-a,) X-a,) ..x —a)
where o, o, ..... a, are the roots of f(x) = 0

Since |f(0)| = f(2)

= (00,0050, ) = o, (L—a1) o, (L-aty)..o, (L—at,)
= (Mo,)* =To, 1-a);i=12,...n
Now,

(l'[oci)2 =Ilo; (1-o,) SH(W) = %

(since G.M. < AM.)
Prove that the equation y6 , ox3 1 54+ax3+a=0 has

atmost two real roots for all values of ae€R —{-5} .
The given expression
(x? +l)2 +a(x*+1)+4=0

If discriminant of the above equation is less than zero

88.

Sol.

89.

Sol.

90.

Sol.

Quadratic Equations

ie.D<O0

Then we have six complex roots and no real roots.

If D>0, x2+1=t, then the equation reduces to
f(t)=t*+at+4=0

we will get two real roots and other roots will be complex
except when t = 1 is one of the roots
=>f(1)=0=a=-5

Prove that if a polynomial

with
coefficients assumes the value 7 for four integral values
of x then it cannot take the value 14 for any integral
value of x.

Let the polynomial P(x) take on the value 7 at the points
Xx=a,X=b,x=cand x =d. Then a, b, cand d are

P(x)=axX"+aXx" +...+a,x+a, integral

four integral roots of the equation P(x)-7=0. This

means that the polynomial P(x)—7 is divisible by x-
a, X-b, x-c and x-d, that is

P(x)-7=(x-a)(x—-b)(x—c)(x-d)q(x)
where q(x) may be equal to 1.

Now let us suppose that the polynomial P(x) assumes
the wvalue 14 for an integral value
x = A. On substituting X = A into the last equaility we
obtain

7=(A-a)(A-b)(A-c)(A-d)q(A)

which is impossible because the integral numbers
A-a, A-b, A—c and A—d are all distinct and the number
7 cannot be factored into five integers among which at
least four are different.

If x4 _14x2+24x -k =0 has four real and unequal
roots, prove that k must lie between 8 and 11.

Let f(x)=x*-14x*+24x -k Then
f'(x) =4x® - 28x+24 =4(x -1)(x-2)(x +3)
~.f'(x) =0 has the roots -3, 1, 2

As f'(x) has 3 distinct roots so f(x) has four distinct

roots if f(=3), f(1), f(2) are of alternately.

i.e. -117-k<0, 11-k > 0 and 8-k<O , or

k>-117, k<11,k>8. Therefore 8<k<11.

Given the cubic equation x3 _ okx2 —4kx + k2 =0- If

one of the root is less than 1, other root is in the interval
(1, 4) and the third root is greater than 4, then the

value of k lies in the internal (a+\/5,b(a+\/5)) where
a,b e N. Find the value of a and b.

f(x)=x* - 2kx? — 4kx + k* =0

Note that f(0)=k*>0

f(1) >0 =1-2k -4k +k*>0

3.51
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Algebra
y
A
y=f(x)
X'« ¢ B f ! » X
/ ol 1 4
\/
y
[k-(3+22)|[k-(3-2v2)]>0 ()
Also f(4) <0
=64 -32k —16k +k*< 0
(k—24)" <512
[k-8(3-2v2) [ k-8(3+2v2)] <0 (2
(1) () =3+2J/2 <k <8(3+2V2)
3+v8 <k<8(3+8)
~a=3;b=8
91. Let a, b, ¢ be positive integers and consider all the
quadratic equations of the form ax? — bx + ¢ = 0 which
have two distinct real roots in the open interval 0 <x <
1. Find the least positive integer a for which such a
quadratic equation exists.
Sol. Let a, B be two distinct real roots of

3.52

f(x) = ax? —bx + ¢ = 0 lying in (0, 1).

Then f(x) =a (X —a) (X - B)

Now f(0) f(1) = a?a(1 —a)p (1 - B)

As 0<a<10<a(l-a)<l/4, with equality
holding for o = 1/2. Since 0 < o, p <1 and a = .

O<oa(@l-a)p@- B)<E

= 0<f(0)fQQ) <% .. (1)

As a, b, ¢ are positive integers and c(a-b +¢) >0
fO0)f(1) =c(@a-b+c)>1 .. (2)

[~ f0)f(1) = 0]

(1) and (2) imply i—6>l, i.e. a > 5. Since the roots of

f(x) = 0 are real and distinct, its discriminant
= b? - 4ac = 0.

= b? > 4ac > 20 [ c>1]
Hence the minimum possible value of b is 5. Let us try
the least values of a, b and c, thatis, a =5, b =5 and
¢ = 1. Itis easy to check that 5x2 — 5x + 1 = 0 has two

distinct real roots lying between 0 and 1. Thus, the least
positive integral value of a is 5.

92.

Sol.

93.

Sol.

Solve completely the equation

x* —5x®+11x*-13x+6=0

using the fact that two of its roots o and B are
connected by the relation 3o+ 2B =7

. . 7-3a
From the given relation B =
. 7-3X .
Replacing x by in
f(x)=x*-5x>+11x* -13x + 6

we get

4 3 2
[7—3x) _5[7—3X) +11[7—3x) —137_3X+6
2 2 2 2
Let it reduce to
0(x) = 81x* —486x° + 1152x* — 1242x + 495

The H.C.D. of f(x) and ¢(x) is x-1.

7-3
~a=1land B—T

Let the other roots of f(x) = 0 by y and §.
By the relation between roots and coefficients,

1+2+y+6=5 or y+8=2
and 1.2.y5=6 or y5=3

=2

Solving a quadratic equation we get y =1+ iv/2 and
5=1-i/2

Hence the roots are 1,2,1+iv/2

For what real values of the parameter a, does the
equation x* + 2ax® + x? + 2ax + 1 = 0 have at least
two distinct negative roots.

We can see that zero cannot be a root, therefore the
given equation can be written as

1
x2+i2+2a(x+—j+1:0
X X

ie. (x+ ) +2a(x+£) 1=0
X

—2a \/4a +4
gives x4 LoTAatyaa+a =—a+a’+1
X
i.e, X’-Ax +1=0 where , = —a +,a’+1
Letf(x) =x2-Ax+1
According to the given condition, both the roots must
be negative. Hence we have discriminant > 0

e, A2>4

i, A<—-20raA>2 .. (1)
and product of roots > 0
ie. 1=0 .. (2)

which is true for every ae R
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and sum of roots < 0

e, 2<0 .. (3)

Quadratic Equations

prove that 52 . p2 is a composite.

Intersection of inequalities (1), (2) and (3), gives Sol. Let o and B be the two roots of the equation where
A<-=-2 oeN. Then
Since —a + ,/a®?+1 is positive for every a, hence, the a+p=-a (1)
possible values of a are given by the inequality. ap=b+1 -(2)
—a—\/azﬁ o ~B=-a—a is an integer. Also, since b+1#0,+#0.
From Eq (1) and Eq (2) We get
i€, a+qa’+1>2 a?+b?=(a+p) +(ap-1)
ie, a2+ 1> (2-a)
_ 2 2 2n2 _ 2 2
. 3 =0’ + B+ a’p’ +1=(1+a”)(1+P?)
gives a > — . .
4 Now, as ¢, e N and B isanon-zerointeger, 1 + o2 >1
94. If geN and o satisfies the equation. If and 14p%>1.
x2+ax+b+1=0,Where a,b=-1 are integers. Then Hence 42 ; p? is composite number.
e T e M Make Concepts Clear 3.8
1. If the expression 3x? + 2pxy + 2y + 2ax —4y +1 can roots of a cubic polynomial with rational coefficients.
be resolved into linear factors, then prove that p must Prove that uv is rational.
) ) 7. Ifa, b, c, dare non - negative real number such that
be one of the root of p®+ 4ap+2a®*+6=0 a + b + ¢ + d = 1 then prove that
2. ShOW that a2X4 + bX3 + CX2 + dX +f2 W|” be perfeCt 1
. ab+bc+cd< —
square if ad = +bf & 4a’ — b? = +8a°f -4
3. Show that (x - 1)2 is a factor of X" —nx+n-1 8. If ax®+by? +cz® + 2ayz + 2bxz + 2cxy is resolvable
. . . into linear factors, then show that
Find the integral roots of the equation _ R
a+b+c=0o0ra=b=c
x* —x®-19x*+49x-30=0 9.  Show that the polynomial
5. If p(x) is a polynomial with integer coefficients and a,b,c - o . o )
are three distinct integers, then show that it is impossible x(x"* —na"*)+a"(n-1) is divisible by (x-a)
to have p(a) = b, p(b) =c and p(c) = a. 10. Prove that there does not exist a natural number n whose
6. Letu, v be two real numbers such that u, v and uv are product of digits is n® — 25n2 + 151n.
____________________________ I | | s | s o |
Answers

I f —  — | — | — | — | s )
Y Y | i | s — | —|

4.1,2,3,-5
Solutions Are On Page No. 3.78

3.53
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Practice Sesfsion-l
or

JEE MAIN

=—— Single Choice —=

If b > a, then the equation (x —a) (x — b) - 1 =0 has )
A) Both roots in (a, b) 9.  The value of \/1+\/7 FNLANT o I8
B) Both roots in (-, &) 3
A) 2 B) 1 c)o D) 5
C) Both roots in (b, + ) ) ) ) ) 2
D) One root in (o, a) and the other in (b, +) 10. The equation agx®+a,x” +a,x®+....+a,=0 has all its
. 1
If 0<x<1000 and [ﬂ + [ﬂ J{%} - %x , where [x] roots positive and real (where a, = 1,3, = - 4, 8, =),
denotes greatest integer function, then possible number of then
values of x is a - 1 1
A) 31 B) 32 C) 33 D) 34 A) & =g B) &=
6 7 7
(x+%) —(x6+x—16j—2 C)a:=or D) @ =7z
The minimum value of A | for 11. Suppose a cubic polynomial f(x) = x3 + px? + gx + 72 is
(X +;J X divisible by both x2+ ax + b and x2 + bx + a (where a, b,
. p, g are constants and (a= b). Find the sum of the squares
x=>0is of the roots of the cubic polynomial.
A) 2 B) 4 C)6 D) 10
i 0 Q A) 146 B) 144 C) 140 D) 136
Inatriangle PQR. £R = Iftan (gj andtan (Ej are the 12. The wvalue of ‘|x|' satisfying the equation
2
roots of the equation ax? + bx + ¢ = 0, then . _
Aa+b =c B)b+c=0 XA‘Z(Xsm(ZXD w1=0
Cla+c=b D)b=c A) 1 B) 2
The set of exhaustive values of a for which the equation )0 D) No value of X’
|ax — 2] = 2x® + ax + 4 has at least one positive roots is
A) (- ©, 0] B) (~o0, - 2] . . x?—bc
C) (oo ,-2] U [2, ») D) [2, ) 13. If xis real, then the expression 52— =~ has no value
If roots of equation x?2 — 5x + 16 = 0 are «, B and roots of .
lying between
o _ 2\ o ap A)Oand b B)bandc
equation x> + px + q = 0 are o? + B2and 2,then C)band -c D)—band -c
A)p=1land q=-56 B)p=-landq=-56 mx2 4 3x + 4
C)p=1andq=>56 D)p=-1andq=>56 14. If the inequality m< S is satisfied ¥x e R, then
The product of the real roots of the equation
X2 + 18X + 30 = 2/x? +18x + 45 s A)m<% B)m<% C)m<% D)m>%
A) 10 B) 20 3
C) 10 D) None of these 15. If x=2+2%2+2"° then the value of x®— 6x2 + 6x is
If one root of equatipq x2—4dax+a+ f(a). = 0 is three times A 3 B) 2 C)1 D)-2
of the other then minimum value of f(a) is 16. Ifa, B, v, & are roots of x* + x2 + 1 = 0, then the equation
1 1 1 1 whose roots are a?, B2, v* & 82 is
A) "5 B) 10 C) 5 D) 1 A)x-x+1=0 Byx*+x?-1=0
C)(®+x+1)2=0 D)(x*-x+1)=0




Quadratic Equations

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

If 0<a<b<ec, and the roots a, B of the equation
ax? + bx + ¢ = 0 are imaginary, then
A) lal =Bl B) [al>1
OBl <1 D) a=|B]

Let P (x) = x2 + bx + ¢, where b and c are integer. If P (x) is
afactor of both x* + 6x2 + 25 and 3x*+ 4x? + 28x + 5, find
the value of P(1).

A) O B) 2 C)3
Find the value of x satisfying

1 —x+4]-2]-3|=x* +x-12.

D) 4
the equation

11 11
C) 5 D) 2

P(x) is a polynomial with integral coefficients such that for
four distinct integers a, b, ¢, d, P(a) = P(b) = P(c)= P(d)=3.
If P(e) = 5thene =

A 1 B) 3

C)4 D) No value of e

The value(s) of ‘p’ for which the equation ax?—p x+ab=0
and x?—ax—bx+ ab=0may have acommon root, given
a, b are non zero real numbers, is

A)a+ b? B) a(1 + b)

C) ab(1 + b) D) b(1 + a)

If minimum {x> + (@ - b)x + (1 - a - b)} >
maximum (- x> + (a +b) x - (1 + a + b)) Then range of
a®+b? is

N[4=) B (4e)  Of20)  D)[0)

The value of m for which will 2x> + mxy + 3y? - 5y — 2 can
be split into two factors is

A) £7 B) +2

A) 11 B) 22

C)0 D) £5

10Y 2 9
i — | =-3"+2x——
The equation ( 9) 11 has

A) No solution B) Exactly one solution

C) Exactly two solution D) None of these
The number of real roots of quadratic equation

i(x -k)?’=0(n>1) js

A1l B) 2 C)n D) 0

Iftan 6, tan 0,, tan 6, and tan 6, are the roots of the equation
x* — x3 sin 2B + x? cos 2 -x cos B - sin =0 then
tan (0, +6,+6,+0,)

A)cot B B) sin C)tan B D) cos B

9c
Ifa+b+c> 7 and equation ax? + 2bx — 5¢ = 0 has
non-real complex roots, then
A)a=>0,c>0 B)a=>0,c<0
C)a<0,c<0 D)a<0,c>0

If f(x) = x® + ax?> + bx + ¢ = 0 has roots a, B, y and
a, b, care real and if the roots of x* + a x* + b x + ¢, =0 are
(a0 = B)% (B —v)* and (y - o)® then ¢, = 0. Roots of
f(x) =0 are

A) Real and distinct

B) Such that at least two of them are equal

C) Such that two of them are non real

D) Real and equal

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

If X2 + 5 = 2x — 4cos(a + bx), where a, b € (0, 5), is satisfied
for atleast one real x, then the maximum value of a + b is

equal to
A) 3r B) 2n
C)n D) None of these

The number of real roots of the equation
(X* +2)° +8x* =6x(x* +2) is
A) O B) 2

C)4 D) 6

2x
5% +(2\/§) —169 <0 true in the interval

A) (-»,2) B) (2, 4)

C) (2,») D) (0, 4).

The equation (a +2) X2+ (a-3)x=2a-1,a=-2
has rational roots for

A) All rational values of a except a = - 2

B) All real values of a excepta = -2

1
C) Rational values of a > 5

D) None of these
f(x) and g(x) are quadratic polynomials and [f(x)|>1g(X)|,
vxeR. Also f (x) = 0 have real roots. Then number of

distinct roots of equation h(x)h"(x)+h'(x)>=0 are (where

h () =f()gX)

A0 B) 2 C)3 D) 4
x*+ax+3 .
—————, takes all real values for possible real values
X +X+a

of x, then

A) 4a*+39>0 B) 4a®*+ 39 <0

C ¢':l<l D a>l

) 4 ) 327
Sum of the rational roots of X° = X — 18,
um of the rational roots o 133_78x is
2 9 o3 0 &
A9 B) 3 )6 ) 13

Ifr,, r,, r, are the radii of the escribed circles of a triangle ABC
and r is the radius of its incircle, then the root (s) of the
equation x> —r (r,r, + rr, +rr)yx+rnrr-1=0

A1l Byr,=r,+r,

Cr D)yrrr,-1

3c
If ax?> + 2bx — 3c = 0 has no real roots and 7 <a+b,

then the range of ¢ is

A)(-1,1) B)(0,1) C) (0, «) D) (-, 0)

Let x be a positive real number. Find the maximum possible

X2 +2-+x*+4
” )

value of the expression y =
A) (V2 +1)
0) 2(v2-1)

B) 2(\/5 +1)
D) (vV2-1)

3.55
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Algebra
: _ : A) 0 B) 2 C)4 D) 6
39. Letf(x) be a function such that f(x) = x — [x], where [x] is the ) 7 L
greatest integer less than or equal to x. Then the number of 44. Ifax N ,bX *+ 5 = 0 does not have two distinct real roots,
the minimum value of 5a + b
solutions of the equation f(x)+f(1: 1) is (are) A)-1 B) 0 €)-2 D) None
X
. 1
A) 0 B)1 C)2 D) Infinite 45. The equation (X &R), yx* +1 - -—=—==X
40. If both the roots of (2a — 4) 9* - (2a—3) 3* +1 =0 are -3
non-negative, then A) Has no root B) Exactly one root
5 C) Two roots D) Four roots
Al0<a<2 B) 2<a <3 46. The number of real solutions of the system of equations
5 o 222 2x? . 2y
Ca<y D)a>3 1727 1ax 1+y?
41. Ifx, > x, > x,and X, X,, X, are roots of A1l B) 2 C)3 D) 4
47. Ifthe graphof y = ax® + bx? + cx + d is symmetric about the
x-a x-b b  _a : (a b, > 0) and line x = k then the value of a + K is
b a Xx—a x-b 7
X~ X, =X, = ¢, thena, ¢, b are in. A)c B) ¢ - bd C b D) =%
A) AP B) G.P C) H.P D) None ¢
42. 1f p(x) = ax? + bx and q(x) = Ix2 + mx + n with 48. Let a, b be two distinct roots of x* + x*-1 =0 and
P(1)=d() ;p(@-9g(=1andp(3)-q(3) =4 then PO)=x+x 4 —x-1
p@)-q(4)is A)abisarootofp(x) =0
A) 3 B)6 C)9 D) 10 B)a+ bisarootofp(x) =0
43. The number of irrational roots of the equation C) Both a + b and ab are roots of p (x) = 0
(X2 = 3x + 1) (x> + 3x + 2) (x* = 9x + 20) = - 30 is D) None of ab, a + bisarootof p (x) =0
=—— Comprehension Linked Passages —=
Passage 1 On the basis of above information, answer the following
o, B are roots of ax> + bx + ¢ = 0 and v, § are roots of questions :
px? + gx + r = 0 then answer the following questions. 52. If a, B are the roots of the equation ax?> + bx + ¢ =0, then
49. Ifa, B, v, & are in AR, then its common difference is the roots of the equation
a(x+1)?-b(Xx+1)(x-2)+c(x—2)2>=0are
1(b ¢ 1(b q
Ala p B)2la p 200+1 2B+1 20-1 2-1
a-1"p-1 a+l' p+1
1 1(c
o3c-3 0 322 @+l prl 2043 2+3
P P a-2"p-2 a-1"p-1
11 . b?-4ac 53. If a, B are the roots of the equation 2x? + 4x — 5 = 0, the
50. If a, B, 7' are in AP, then ‘27 s equation whose roots are the reciprocals of 2a — 3 and
2B-3is
a2 c? b? 2 A)x2+10x-11=0 B) 11x2 +10x +1 =0
A) e B) e C) e D) = C)x*+10x+11=0 D) 11x2 — 10x +1 =0
. . . 54. |If a, B are the roots of the equation px? — gx + r = 0, thenthe
51. Ifa, B, y, dare in GP, then its common ratio is
r
ar 2 or 2 ar 2 o 2 equation whose roots are o’ +L and B2+B is
oF o olF oF :
cp ap cp ap A) PP+ pgPx+r=0
Passage 2 B) pX*—gx+r=0
3y 2 2 2 —
If o, B, v be the roots of the equation ax® + bx2 + cx + d=0. C)p X - paTx o= 0
To obtain the equation whose roots are f(c), f(B), f(y), where D) pX* +gx-r=0
fis a function, we put y = f(o) and obtain o = * (). Passage 3 o Y
For example, if o, B, v are the roots of ax® + bx2 + cx + d=0. Consider the equation x* + (1 - 2k) x* + k*~1 =0 where
To find equation whose roots are o2, B2, y2, we put k is real. If X2 is imaginary, or x? < 0, the equation has no
, . , ' . Y real roots. If X2 > 0 the equation has real roots
y=a’=a=.y. Asaisarootof ax’ + bx? + cx + d=0. 55. The equation has no real roots if k e

Weget ay®’? + by +c.Jy +d =0 or \y (ay +¢) =—(by +d)
On squaring both sides, we get y(a?y?+ 2acy+ c?)

= b?y?+2bdy+d?

or a?y® + (2ac - b?) y?+(c? -2bdy - d?=0.

This is desired equation

B) (-1, 1)

D) None of these

3.56
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Quadratic Equations

56.

57.

The equation has only two real roots if k e
A(-=-1) B0 1) ©(@2 D) (-1, 1)

The equation has only one or three distinct real roots if x ¢
A{0,1} B){-101} C){-1,1} D){0}

Passage 4

i Y | e | s | e —  —  —|

Leta,(Mm=1,2, ... ,p) be the possible integral values of a
for which the graphs of f (x) = ax2 + 2bx + b and
g (x) = 5x2 — 3bx — a meets at same point for all real values
of b.

P n
Lett,=]J(r-a,) and S,=>t,neN.
r=1

m=1

58.

59.

60.

The minimum possible value of a is

1 5 o2 2
A 5 B) 26 ) 38 D) %3
The sum of values of n for which S vanishes is
A) 8 B) 9 C) 10 D) 15

&1
The value of Zt— is equal to
r=5 %y

1 1 oL 1

A 3 B) % )15 D) 18

________ I i— — | — | s— | |

3.57
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Practice Session-2

JEE ADVANCED

for

=—— Single Choice —=

The number of integral

Xt +x*+20 =22 is

roots of the equation

A0 B) 2 C)4 D) 8
The number of triplets (x, y, z) that satisfy the following
2 2 ZZ X2 y2 ZZ
- AT A A A
system of equations 20 @ 2 e
_x? 2 g2
?+%+?=1 is equal to
A) 8 B) 6 )1 D)Infinite
The sum of the roots of the equation
233x—2+211x+2:222x+1+1 iS
1 2 3 o A
A) 11 B) 11 ) 11 ) 11

Let a, b, p, g € Q and suppose that
fX)=x*+ax+b=0,gx)=x*+px+qg=0have a
common irrational root, then

A) f (x) divides g (x) B) g (x) = x f(x)

C)g(x) =(x-b-0a)f(x) D) g(x) = x*f(x) + 1

Ifa, B, v, & are roots of the equation

x* + 4x% — 6x% + 7x — 9 = 0 then the value of

(1+a?)(1+B%)(1+77)(1+8%) is
A) 9 B) 11 C) 13
If each pair of the equation x? + ax + b = 0,

D)5

X2+ bx+c¢=0 and x>+ ¢cx +a =0 has common root, then
product of all common root is

A) Jabc B) 2+ahc
C) Jab+bc +ca D) 2vab+bc+ca

The number of values of triplets (a, b, ¢) for which
acos 2x + bsin?x + ¢ = 0 is an identity
A) O B) 1 C)2

If a, b, c are in H.P, then the equation
alb-c)x*+b(c-a)x+c(a-b)=0

A) has real and distinct roots

B) has equal roots and each is equal to one
C) has no real root

D) has 0 as a root

If @, B are roots of x2 + x + 1 = 0, then the value of

Iimi(a’ +B) is

D) Infinite

10.

11.

12.

13.

14.

15.

A)O B) 1 C)2 D) 3
If o, o, a,....o are the roots x" + ax + b = 0, then
(o, = o) (o, — o) (o, — @) ... (o, —a )=

A) no™t

C) no)™" +a D) noj ™" -a

In a square matrix A of order 3, a; ;'s are the sum of the roots
of the equation x2 - (a + b)x + ab=0; a_,, ,’s are the
product of the roots, a; ;_,’s are all unity and the rest of the
elements are all zero. The value of the det. (A) is equal to
A) 0 B) (a + b)®

C)a%-b? D) (@® + b?) (a+b)

PQRS is a common diameter of three circles. The area of the
middle circle is the average of the other two. If PQ = 2 and

RS = 1, then the length of QR is

A
P

A) 6 +1 B) V6-1

Consider the equation x> + 2x —n = 0, where neN and

C)5 D) 4

ne [5,100] .Total number of different values of ‘N’ so that

the given equation has integral roots is

A) 8 B) 3 C)6 D) 4

If both the roots of k (6x> + 3) + rx + 2x> —= 1 = 0 and
6 k (2x2 + 1) + px + 4x2 — 2 = 0 are common, then the
value of 2r —p is

A) -1 B) 0 o)1 D) 2

Let f be a continuous function defined on [ — 2009, 2009]
such that f(x) is irrational for each x € [- 2009, 2009] and

f(0) = 2 ++/3++/5 . The equation
f(2009) x* + 2 f(0) x + f(2009) = 0 has
A) Only rational roots

B) Only irrational roots

C) One rational and one irrational root
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16.

17.

18.

19.

20.

21.

22.

23.

24.

D) Imaginary roots

If both the roots of the equation ax? + x + c—-a = 0 are
imaginary and ¢ > - 1, then

A)3a>2+4c B)3a<2+4c

C)c<a D)a=0

If a,, B are the roots of the equation 6x*> — 6x + 1 = 0 then

%(a+b0c+coc2 +da3)+%(a+b[3+c[32+dﬁ3) -

Ala+b+c+ B) 17273,
Cla+b+c-d D)a+b-c-d

Let (a,, a, a,, a,, a;) denote a rearrangement of
(3,-5,7,4,-9), then the equation
axt+ax*+ax+ax+a,=0has

A) At least two real roots

B) All four real roots

C) Only imaginary roots

D) Two real and two imaginary roots

Find x if 4* + 6% = 9*

A In(\/§—1)+logz

In(\/§—1)+ln2
By — L °
In2-1n3

In2-In3

|n(J§—1)—|n2 InW5-1)+In2

C) ——— D) —————
In2-In3 In3-In2

The values of o and B such that equation

Xk 2 + 2 + e% - sinf3 =0 have a real solution is

A) a,peR B)oce(O,l),Be(g,an

C)ae(0x)and Pe (g,an D) None of these

The minimum integral value of o for which the quadratic
equation (cos™a)x? —(tan" a)*?x + 2(cot™ o)> =0 has
both positive roots

A1l B)4 C)2 D) 3

Let a, B are roots of the equation sin? x + asinx + b =10
and also of cos? x + ¢ cos x + d = 0. If cos (a + B)

a,a”+a,b” +a,c’ +a,d? -a,+a,+a,+a,
= bya’+b,b7+b,c?+b,d” * "N b +b b, +b, eduals
A0 B)-1
—8,& 8,85
C) ! bO bl bZ b3

LetA={x|x*+M-1)x-2(m+1)=0,x €R}
B={|(M-1)x*+mx+1=0,x R}
Number of values of m such that A U B has exactly 3 distinct
elements, is
A) 4 B) 5 C)6 D) 7
3 3
If f(x)=-3x+]](x—a)+> a where a <a,, then
i=1 i=1
f(x) =0 has
A) Only one real root
B) Three real roots of which two of them are equal
C) Three distinct real roots

D) Three equal roots

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Let a, b, ¢, d be four integers such that ad is odd and bc is
even, then ax® + bx? + cx + d = 0 has

A) At least one irrational root

B) All three rational roots

C) All three integral roots

D) None of these

Given that f,, B, be roots of the equation Ax* — 4x + 1=0
and B,, B, the roots of the equation Bx*-6x +1=0.If B,
B, By B, are in HP; then the integral values of A and B
respectively are

A)-3,8 B)-3,16 C)3,8 D) 3, 16
Letm,n e Nand p(x) =1+ X+ ...... +x™, p (x) will divide
p(x") if

A)HCF (m,n) =1 ByHCF(m+1,n)=1

C) HCF (m, n + 1)=1 D)HCF(m+1,n+1)=1
If (b? - 4ac)? (1 + 4a?) < 64 a2, a < 0, then maximum value
of quadratic expression ax? + bx + c is always less than
A) O B) 2 C)-1 D)-2

If aeR and the equation (a-2)(x — [X])>*+2 (x — [X])+a?=0
(which [x] denotes G.IF) has no integral solution and has
exactly one solution in (2, 3) then a lies in the interval

A) (0, 1) B) (1, 2) 013 D) (-1,0)
Let f(x) = x* + 3x® + 6x + 2009 and
1 2 3
909 = + +
x-f1 x-f2) x-f(x)-
The number of real solutions of g(x) = 0 is
A) O B) 1 C)2 D) inifinite

A quadratic equation with integral coefficients has two prime
numbers as its roots. If the sum of the coefficients of the
equation is prime, then the sum of the roots is

A) 2 B) 5 C)7 D) 11

If the equations ax? + bx + ¢ = 0 and x3+3x>+3x +2 =0
have two common roots, then

A) a=b=c Bla=-b=c
C)a=b=c=2 D)a+b+c=3

The set S of all real “x” for which (x> - x + 1)*! < 1 contains

A)(-5-1) B)(-1,1) C)(-1,0] D) (- 3,1)
Let P(x) be a polynomial such that

P (x2+ 2) = x¥ - 3x®*+ x3- 3, then

A) P(x) = 0 has at least 34 roots

B) P(x) = 0 has exactly 17 roots

C) Sum of the roots of P(x) = 0 is — 193.

D) None of these

If the polynomial f(x) = 1 — x + x> — x® ... = x*® + x® is
expressed as g(y) = a,+ ay + a,y*+...+ a, y*° where
y = x -4, then the value of a,+ a, + a,+...+ a, is

5% -1 5% 1+5% 1+5%

6 B) & ©) 7% D)%
Letf (x) = x2 — bx + ¢, b is a odd positive integer, f (x) =0
have two prime numbers as roots and b + ¢ = 35. Then the
global minimum value of f (x) is

A)

_183 5 173
A~ ) 16
81 .
C) 7 D) Data not sufficient

Let o and B be the roots of the quadratic equation
x?+px+p>=0(p=0). If (o, B)isa point on the parabola
y? = X, then roots of the quadratic equation are

3.59
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Algebra
A)4and -2 B)-4and -2 (2007) A.
C)4 and 2 D)-4and 2 A) 1335 B) 1336 C) 1337 D) 1338
38. Let a, b, c be the three roots of the equation 43. If o, B, vy are roots of 7x® — x — 2 = 0 then the value of
X8 + x? — 333 x — 1002 = 0 then find the value of
a3 + b3+ 3, Z(E+Ej is
A) 2002 B) 2006 C) 2008 D) 2010 B o
39. Ifthe roots of equation ax* + bx + 10 = 0 are not real and A1 B) 2 C)-3 D) - 4
distinct, where a, b € R and m and n are valuesofaand b | 44. Let f (x) be a quadratic expression with positive integral
respectively for which 5a + b is minimum, then the family .
of lines (4x + 2y + 3) +n (x—y—-1) = 0 are concurrent at coefficients such that for every o, B, € R, p > a, Jf(x)dx >0
1 7 “
A (1, -1) B) (—g’—gj Let g(t) = f(t) f(t) and g(0) = 12, then
A) 16 such quadratics are possible
Cz] @ 1? L, hi hD)h none ?jf thgse . B) Minimum value of f(1) is 6
40. T 2e values of ‘a .for whic the qua ratl.c expression C) Maximum value of f(1) is 11
ax’+ | 2a - 3| x - 6 is positive for exactly two integral values D) All the above
of x is
s (_3 _3} 45. If 2. (2i+1Fab, =10; Y (2i+37ab, =18
A) 25 B) 25 i-0 i-0
3 3 y 2i+5)°a,b, = 32, then > 2i+7y ab, is equal to
C) {_Z’_E} D) None of these ;( ) ;‘( ) S equ
41. Let a, b, c be reals, all different from -1 and 1, such that A) 50 . B) 52 . C) 60 D) 72
a + b + ¢ = abc. Then, The value of K such that 46. Corresponding to the equation
a b c K (abc) 2 2
7+ 7+ 2= 2 2 7 IS X X .
1-a? 1-b? 1-¢® (1-a’)@-b?)@1-c?) (mj +(Ej =a(a-1) mark the wrong option
A) 2 B) 4 C) 8 D) 1
42. Givenx,y €R, x2+ y2 = 0. If the maximum and minimum A) Four real roots, if a > 2
. X2 +y? B) Two real roots if 1 <a < 2
value of the expression E=——= "2 are M and m,
X2 + Xy + 4y? C) Noreal rootifa< -1
and A denotes the average value of M and m, compute D) Four real roots if a < -1
—— Multiple Choice —a
47. If a, B, y are the roots of the equation x®+ bx?+ 3x — 1 =0 1 1
(< B <y, 0,pB,yarein H.P) then A) [0, Ej B) [0, §}
A) One of the roots must be 1
B) One root is smaller than 1, other is greater than 1 10 10
o) |3 = D) |3 =
C) be[-3, ) 3 3
D) All the roots must be equal 51. Let A? be the discriminant and o, B be the roots of the
1 2 —
48. If x® + 3x? - 9x + c is of the form of (x —oc)z(x —B) thenc equation ax® + bx + ¢ = 0.Then, 2ac + A and 2af + A can
) be the roots of the equation
is equal to A)X?+ 2bx +b2=10
A) 27 B) - 27 C)5 D)-5 B) X2 - 2bx + b2 =0
(2x—1) C) xz+2bx—3t;2+ 16ac =0
49. If Sis the set of all real x such that m is D) x* - 2bx - 3b* + 16ac = 0
52. Ifb? > 4ac for the equation ax* + bx?> + ¢ = 0 then all the
positive, then S contains roots of the equation will be real if
3 3 1 A) b>0,a<0,c>0 B) b<0,a>0,c>0
IS IS
C)b>0,a>0,c>0 D) b>0,a<0,c<0
1 1 1 53. In a A ABC, tan A and tan B satisfy the inequation
-——, = = 3
C)( 4 2] D)(Z j V3x2 —4x ++/3 <0. Then
1ox A)a?+b*-ab<c? B) a? + b? > ¢?
1 youu (- 23%41) C)a® + b? + ab > ¢? D) Al of the above
50. If (gj : <1, then the interval in which x belongs
54. Let f(x)= 3 + 4 + S , then f(x) = 0 has
to X—-2 Xx-3 x-4
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A) Exactly one real root in (2, 3)
B) Exactly one real root in (3, 4)
C) At least one real root in (2, 3)
D) None of these

then
A y=r
Byr+pr+g=-1

55. Let |a] < |b] and a, b are the roots of the equation C) l+1:p+r
X2 = la] x=]B] = 0. If Ja] < b - 1, then the equation a P
2 . -3r
log,,, (%) ~1=0 has at least one D) Harmonic mean of a, B, y =
. 59. Leta,p,yberoots of X3+ px +gq= 0, then
A) Root lying between (-, @) A) An equation whose roots are o3, 3, y3 is
B) Roots lying between (b, «) X+ 302+ (3P +pd)y+g®=0
C) Negative root Bya*+ B2+ =3 aBy
D) Positive root C) An equation whose roots are B3 + 3, y* + o,
56. If the equation whose roots are the squares of the roots of o + B3is x3+ 6gx® + (p® + 12¢°) x + 3psq + 8¢°=0
the cubic x® — ax? +bx -1 = 0 is identical with the given D) o + B* + y* = 2p?
cubic equation, then . . T e
A)a,barerootsof >+ x+2=0 60. ——+ € ,I*® o has
Bla=b=0 ' X-e X-m X-m—e
C)a=b=3 A) One real root in (e, w) and other in (x — €, €)
D)a=0,b=3 B) One real root in (e, ©) and other in (z, © + €)
57. If a, b are the real roots of X2 + px + 1 = 0 and c, d are the C) Two real roots in (1 — e, © + €)
real roots of x?+ gx +1 = 0 then D) No real roots
(a-c)(b-c)(a+d)(b+d)isdivisible by 61. Let f(x) = ax? + bx + ¢, where a, b, ¢ €R. Suppose
A)a-b-c-d B)a+b+c-d [f0)] <1 Vx €[0, 1], then
Cla+b+c+d D)a+b-c-d - T
58. If o, B, y be the non zero real roots of the equation A) lal<8 B) Ibl<8
x® + px? + gx + r = 0 satisfying the relation o + 1 =10 C)lcl=1 D) lal+Ib]+]c] <17
=—— Comprehension Linked Passages —=
Passage 1 A) xe[-3,-2)U[1,2) B) xe[-3,2)u[-21)
Let us define a new function antimodulus as
x50 C) xe[-2,-1)u[2,3) D) xe[-2,3)u[-1,2)
Ix] = X; x <0 ' ? : 4
A S 66. Solutions of (2.+/3)" 21 (23 *1=—=_ are
62. A solution of the equation [ x — 1] = 2x + 3 is «, then a 2-3
possible value of a is
)0 B)_ 4 A) 1+43,1 B) 1++/2,1
C)5 D) None of these C)1++3,2 D) 1++/2,2
63. If o satisfies equation x> + kx + 5 = 0, then possible values 67. The number of real solutions of the equation
of k are '
21 21 (15+4\/1*4)t +(15—4JH)‘ =30 are, (wheret=x2-2 |x|)
A) —/— B) —.
) 4 ) 4 A0 B) 2 C) 4 D) 6
C)5,6,-2 D) None of these Passage 3
64. |If a found as above satisfies the equation x*> + kx + 5 =0, Let f(x) = ax® +bx + c be a quadratic expression, where a,
then another root of quadratic equation x2 + kx +5 =0 is b, ¢ are real and a is nonzero. If f(x)=0 has imaginary roots,
then for all x, f(x) has same sign as that of a. Also if a
5 3 3 5 differentiable function f(x) is such that f(a) = f(b) then
A) 7 B) 5 C) 5 D) 7 equation f'(x) = 0 has atleast one real root between a and b.
68. Ifthe equation f(x) = 0 has no real rootthen (a+b +c) cis
Passage 2 A) 0 B)>0 C)<o D) Not real
Let (a+vb)°® +(@a—+/b)2¥ 2 =A, where LN, AecR 69. If 2a + 3b + 6¢ = 0 then the equation f(x) = 0 has
anda’-b=1 g; :\T;a?cl)rc])?rge;\?v?esn Oand 1
~.(@+b)a-vb)=1= (a++b)=(a—b)*and C) Atleast one root between 0 and 2
B . D) None of these
(a_\/H) =@+Vb)" e, 70. If f(x) = x has non real roots, then the equation f(f (x)) = x
(at+/b)=(a++b)* or (a—vb)* A) Has all real and distinct roots
B) Has some real and some non real roots
65. If (4+15)+(4-/15)") =62, where [.] denotes the C) Has all real and equal roots

greatest integer function, then

D) Has all non real roots
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Passage 4
If f(x) is a differentiable function wherever it is continuous

and f(c)) = f'(c,)=0, f'(cy) . f"(c,)<0, f(c,) =5, f(c,)=0and
(c,<c).

71. If f(x) is continuous in [c,, c,] and f'(c,) —f"(c,) >0, then
minimum number of roots of f(x) = 0in[c, - 1,¢c, + 1] is
A) 2 B) 3 C)4 D)5

72. Iff(x) is continuous in [c, ¢,] and '(c;) - f'(c,) < O, then
minimum number of roots of f(x) = 0in[c,—1,c,+ 1] is
A1l B) 2 C)3 D) 4

73. Iff(x) is continuous in [c,, ¢,] and '(c;) - f"(c,) > 0, then
minimum number of roots of f(x) = 0 in [c, — 1, ¢, + 1] is

A) 2 B) 3 C)4 D)5
Passage 5
Letx,, X,, X,, X, be the roots (real or complex) of the equation
x*+ax+bx*+cx+d=0. Ifx, +x, + x, +x,and a,b,
¢, d eR,then
74. Ifa=2,thenthevalue of b-c is
A) -1 B) 1 Cc)-2 D) 2
75. If b <0 then how many different values of ‘a’ we may have
A) 3 B) 2 01 D)0

76. Ifb+c=1and a=-2, then for real values of ‘a’ thence

B3] B(=3 o=y  0(=4)

Passage 6

Given |ax?+ bx + c| < |Ax2 + Bx + C] Vx R and
d=b?-4ac>0and D =B2-4AC > 0.

77. Which of the following must be true ?

A) lal = |A] B) la] < |A]

C) lal = Al D) All of these
78. Which of the following must be true ?

A) ldl < ID] B) Id] = |D|

C) |d] = |D] D) None of these

79. If D and d are not necessarily positive, then which of the
following must be true ?
A) The roots of ax? + bx +c=0and Ax*+ Bx+ C =0 are
equal

B) The roots of ax’> + bx +c=0and Ax*+ Bx +C=0are
equal only when they are real.

C) The roots of ax? + bx + ¢ = 0and Ax?* + Bx + C =0 are
equal only when they are imaginary.

D) The roots of ax> + bx +c=0and Ax* +Bx+ C =0
may not be equal.

Passage 7

80.

81.

82.

A polynomial p (x) of degree two or less which takes values
Yo Yor Y, at three distinct values x, x;, x, respectively, is
given by

(X=Xp) (X=X,)
(X1 _Xo) (X1 _Xz)

(X_X1) (X _Xz)
(Xo _X1) (Xo _Xz) °

p(x) = Y
(x=Xg) (X—X,)
(Xz _Xo)(xz _X1)
A polynomial of degree 2 which takes values y,, y,, y, at
points x, X, + t, X, (t=0) is given by

Y2

(X _X1) (2X0 —X _X)
(X —X,) (g =X, +1) *°

(X —Xg) (X=X, —1)
(X, =%q) (X, =X, —1)

+ (X1 _Xo) y1j

X, —Xo—t

1

(X _X1)(2X0 —Xy _X)
B) (X=X )Xo =X, —1) | °

(X _Xo) (2X0 —Xy _X)
(X —X,) (g =%, +1) | °

+ X=X ¥u
X, +1=Xq
D) None of these
Let p be a polynomial of degree 2 and a#0, 1, then

AP K =x[x-1)p(O0) +xp @] +x((x-1)p@)
B)p (x) =x(x-2a)p(0) +ap(a) [x (x-a) +x]

_X(x-a)
l-a

C) p(x) = [1 }D(O)

. x(l—x)(p(a)—p(o)j L Xx=a) gy
1-a a l1-a

D) None of these

A polynomial of degree 2 which takes values — 1, 0 and 1 at

-1, 0 and 1 respectively is

A x2—x+1

C)x®+x-1

B)x>-x+ 3
D) None of these

—— Integer Type —=

83. Let-1<p <1, show thatthe equation 4x®-3x —p =0 has

2

84. Show that the following equation can have atmost one real
root 3x® — 5x° + 21x + 3sinx + 4 cos x+5=0

85. If x2-xcos(A + B) + 1 is a factor of the expression,
2x*+4x3sin A sin B—x2(cos 2A+cos 2B)+4x cos A cos B-2.
Then find the other factor.

86. If x, y, z are distinct positive numbers such that

1
a unique root in the interval [—, 1}

1 1 1 ,
X+—=Y+—=7+— then the value of x y z is
y z X

87. Ifa, b, c are positive numbers each different from 1 such that
(log, a. log, a - log, &) + (log, b. log, b - log, b) +
(log, c. log, ¢ —log, c) = O then find abc, where a=b=c.

88.

89.

90.

The number of solutions of the equation

8] x* -x|+4[x]=13+12[sinx]is, where [.] denotes

G.lLF

Find the range of values of a, such that

ax®+2(@a+1)x+9a+4
x? —8x+32

Find a quadratic equation whose sum and product of the
roots are the values of the expressions

(cosec 10° —+/3 sec10°) and (0.5 cosecl0° — 2 sin70°)
respectively. Also express the roots of this quadratic in terms

fo) =

is always negative.

T

of tangent of an angle lying in (01 Ej .

3.62



Quadratic Equations

91. If [log, x| - log, x - 3 < 0O, the value of x lies in the interval
1 denominator, the quotient will lie between 0 & 0
—,0 ; 13
(\/E j then find value of (k)**. Determine the quotient.
92. Iff(x) is continuous function and attains only rational values | 99- A quadratic polynomial y = f (x) satisfies
if f(0) = 3 then number of different solutions of the equation f(x + 1) f(x — 1) 2
f(1) x2 + 2f (2) x + f(3) = 0 are f(x) = [f} for all real x. Find the leading
93. If f(x)=27x*+ % and o, P are the roots of 3X + 1 2 coefficient of the quadratic polynomial and hence find the
X X value of [f(0) - f(-1)] + [f(0) — f (1)].
f(a) . 100. If p, g, r be the roots of x3 — ax? + bx — ¢ = 0, show that the
then _EIS equal to area of the triangle whose sides are p, q and r is
94. Let P(x) = 4x%2+ 6x + 4 and Q (y) = 4y?>- 12y + 25. Find /a(4ab—a3 -8x)
the unique pair of real numbers (x, y) that satisfy 1
P(x).Q (y) = 28. - o
95. Find the number of polynomials p(x) with integral | 301 The equation 2(log,x)’-|log,x|+a=0 has exactly four
coefficients satisfying the conditions. p(1)=2, p(3) =1
96. A quadratic polynomial f (x) = x2 + ax + b is formed with 1
real solutions if a e (O,—j , then the value of K is
) . 4+343 . K
one of its zeros being -2~ where aand b are integers. | 102 Number of positive integer n for which n? + 96 is a
Also g(x) = x* + 2x3 — 10x2 + 4x — 10 is a biquadratic perfect square is .
103. The number of roots of the equation
) 4 +3\/§ X Ol 4 X2 = 7x ¢ Xl 4 7x2 g
polynomial such that g 3 J:c 3+d wherecand | 104 The set of real parameter ‘a’ for which the equation
d are also integers. Find the values of a, b, ¢ and d. x* - 2ax? + x + a? - a = 0 has all real solutions, is given by
m
97. All the value of parameter m, for which |:ij where m and n are relatively prime positive integers,
x? +2 (m - 1) x + m + 5 is positive for x > 1, lie in the )
interval (- k, o) then find K’ then the value of (m + n) is
98. Let there be a quotient of two natural numbers in which the . x2rax+b
denominator is one less than the square of the numerator. | 105. If the range of the function f(X)=m is [-5, 4],
If we add 2 to both numerator & denominator, the quotient
. 1 a, be N, then find the value of (a2 + b?).
will exceed 3 & if we subtract 3 from numerator &
=—— Matrix Type Match The Following —=
106. Match the following.
Column | Column 11
A) If X2 + x — a = 0 has integral roots and P) 2
a €N, then a can be equal to
B) If the equation ax? + 2bx + 4¢ = 16 has no real Q) 12
roots and a + ¢ > b + 4, then integral value of ¢
can be equal to
C) If the equation x? + 2bx + 9b — 14 = 0 has only R) 3
negative roots, then integral values of b can be
D) If N be the number of solutions of the equation S) 20
|x =14 -x]]- 2x = 4, then the value of N is
107. Match the following :
Column | Column 11
A) The roots of the equation x? + 2(@a-3)x + 9 =10 P)1
lie between — 6 and 1 and it is also given that
2, h,h, ... h,., [a] are in HP, where [a] denotes
the integral part of a, then h, xhy is equal to
B) If cosec (6 — a), cosec 6, cosec (0 + a) are in AP Q)3
T T .
ae (_E’ Ej , then the number of values of a is
C) If the equation ax? + b|x| + ¢ = 0 has two distinct real R) 12

c
(b? — 4ac = 0) roots, then the value of 2 could be
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108.

A)

D) The number of pairs of positive integers (x, y) where ' S)-3
x and y are prime numbers and x? — 2y> =1, is

O
For the following questions, match the items in column-I to one or more items in column-II
Column | Column 11

If 8C,,, +2.°C, ., +°C,,, >'° C,, then the quadratic

equations whose roots are a, p and of, B¥ have m
common roots, then m= P)1

B)  If the number of solutions of the equation
|2x2 -5x +3| +(x-1)=0 is (are) n, then n= Q)2
C) If the constant term of the quadratic expression
el fonn commoe
2 kel k) asn— o is p, then p= )
D) The equation x? + 4a? = 1 - 4ax and
x? + 4b? = 1 - 4bx have only one root in
common, then the value of |a — b] is S)-1
T) -2
1009. Column | Column 11
A) Ifa+ b+ 2c=0 (c=0) then the equation P) At least one root in (- 2, 0)
ax? + bx + ¢ =0 has
B) Leta, b, c, €R suchthat 2a-3b + 6¢c =0, Q) At least one root in (- 1, 0)
then equation ax? + bx + ¢ = 0 has
C) Leta, b, ¢ be non-zero real numbers such that R) At least one root in (- 1, 1)
1
J(1+ COSE)(aXZ +bx+ C)-dX = S) At least one root in (0, 1)
0
2
J(1+ cosy)(@x® + bx +c).dx, T) At least one root in (0, 2)
0
Then the equation ax> + bx =c¢ =0 has
111 11 1 1 9
110. Let a, B v be three numbers such that TE + ; 32 + F+?_ gadoa+B+y=2
Column | Column 11
A)aBy P) 6
B) By + yo + o Q8
C)o?+ B2+ 72 R)-2
D) o + B2 + 43 S)-1
e s e (S I o | | i— | s—  — |

3.64
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Practice Session-3
Challengers

=—— Single Choice —

1. Consider two quadratic expressions f(x) = ax? + bx + ¢ C) Minimum possible value of 6a + b is — 2
and g(x) = ax?2 + px +q, (a, b, ¢, p, 9 € R, b p) such that D) Minimum possible value of 6a + b is 1
their discriminants are equal. If f(x) = g(x) has a root | 8. Inthe given figure vertices of AABC lie on
X = a, then y = f(x) = ax® + bx + c¢. The A ABC is right angled isosceles
A) o will be A.M. of the roots of f(x) = 0 and g(x) = 0 triangles whose hypotenuse AC =442 units, then
B) « will be A.M. of the roots of f(x) = 0 y = () is given by
C) a will be A.M. of the roots of f(x) =0 or g(x) = 0 y
D) o will be AM. of the roots of g(x) = 0 T
2 If o, B, vy are the roots of the equation x*— 7x + 7 = 0, then y=fx
the vaule of o + B~ + y is = ax’+bc+c
) 7 ) 7 ) 7 ) 7
3. The equation x5 — 5ax +4b = 0 has N A O C > x
A) Three real roots if a®> > b*
B) Only one real root if a®> > b*
C) Five real roots B
D) None of these
4. The value of the expression x* — 8x® + 18x? — 8x + 2 when ‘3:'
X =2++/3 is
A) 0 B) 1 C)2 D) 3 x? x?
) B ) D A Y=—r=-22 B) y="r-2
5. Iff(x) = 0is aR. E. of second type and fifth degree then a 22 2
root of f(x) =0 is o )
A) 0 B) 1 0)-1 D) 2 C)y=x-8 D)y y=x-2/2
6. Ifx+y+z=5andxy+yz +2x = 3, then least and largest 9. Letf (x) be areal valued function satisfying
value of x are af(x) +bf(-x)=px®+gx+r VxeR where
A) % 5 B) _1,% p, g, reR — {0} and a, be R such that |a| #|b|. Then the
condition that f(x) = 0 will have real roofts is
E 7 2 2 2
0 3 D) None of these A (a+bj .9 B) (a+bj <Apr
_ - _ - 2
7. Ifa,b e Randax?+ bx + 6 =0, a= 0 does not have two a-b Apr a-b q
distinct real roots, then a+b)V 2 atbV 4pr
A) Minimum possible value of 3a + b is — 2 C) (Lj zq— D) (Lj z—g
B) Minimum possible value of 3a + b is 2 a-b) 4pr a-b a
—— Integer Type —=
10. If (Xz ~7x +12)'f(x) - (x2 17X +12).g(x) then prove that 11. Ifa, B are roots of the equation x* — 34x + 1 = 0, evaluate

h(x) = f(x). g(x) + x* — 25x2 + 144 has four real roots. Also
find them

Yo —4/p, where ¢/ denotes the principal value.

12. Find the absolute value of the difference of the real roots of
the equation.

213



Algebra
X2 — 2P0y |x - 22°°9| + 2(24017 _1) =0 equation ax? + 2bx + ¢ = 0.
14. If the equation x* + px® + gx? + rx + 5 = 0 has four positive
13. Provethat (a*+ b%) x*-2b (a + ¢) x + (b* + ¢?) > 0O forall roots, then find the minimum value of pr.

X € R . If equality holds then find the ratio of the roots of the

=—— Matrix Type Match The Following —=

15. Match the following, consider f(x) = x* +32x + k where keR
Column | Column 11
A) Fork > 50, f(x) =0 has P) No real roots
B) For-1<k<0,f(x) =0 has Q) Two real roots with one zero root and one negative root
C) 10<k<20,f(x)=0 has R) Two real roots with one positive and one negative root
D) Fork=0,f(x) =0 has S) Two real roots with both being negative
16. For a =0 the equation ax? + b]x] + ¢ = 0 has exactly k real solutions and p real roots.
Column | Column 11
A) Ifk=1, p =1, then there must be P)ab<0
B) Ifk =2, p= 2, then there must be Qab=0
C) Ifk = 3, then there must be R)ac<0
D) If k =4, then there must be S)ab>0
T)ac>0
e e S S I o | | i— | s—  — |
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Flashbac

Previous Year Questions =~

PR

=—— Single Choice —=

Both the roots of the given equation
(x—a) (x-b) + (x—b) (x-c) + (x—c) (x—a) = 0 are always

[NT 1980]
A) Positive B) Negative
C) Real D) Imaginary
The number of real solutions of the equation
[T 1982]
X|* - 3[x|+2=0 is
A 4 B) 1 C)3 D)2
The largest interval for which x2 — x° + x* - x + 1=>0 is
[T 1982]
A) —4<x<0 B)0<x<1

C) - 100 < x < 100
If X, X,,...., X_are any real numbers and n is any positive

1 Xopene
integer, then [T 1982]

2
2
A) nElxi < ( 1X‘j

D) —00 < X <00

M>s

2
B) Eixiz > (Elxij

n n 2
B) Elxiz 2 n(glxij D) None of these
If a+b+c = 0, then the quadratic equation
3ax?+2bx+c = 0 has [T 1983]
A) At least one root in (0, 1)
B) One root in (2, 3) and the other in (-2, -1)
C) Imaginary roots
D) None of these

. 2 2
The equation X Y1 l1-——has [T 1984]

-1 x-1
A) No root B) One root
C) Two equal roots D) Infinitely many roots
If a, b and c are distinct positive numbers, then the expression
(b+c-a)(c+a-b)(@a+b-c)-abcis [NT 1986]
A) Positive B) Negative
C) Non-positive D) Non-negative
Let f(x) be a quadratic expression which is positive for all

real x. If g(x)="f(x)~f'(x)+f"(x), then for any real x
[T 1990]

A)gx) >0 B) 9(x)=0

10.

11.

12.

13.

14.

15.

C) g(x)<0 D) 9(x)<0

The equation /x +1 —+/x -1 =+/4x —1 has

[NT 1997]
A) No solution B) One solution
C) Two solutions
D) More than two solutions

If the roots of the equation x?-2ax+a?+a-3=0 are

real and less than 3, then [T 1999]
Aa<?2 B) 2<a<3
C) 3<ac<4 D)a>4

If the sum of the roots of the quadratic equation
ax? + bx + ¢ = 0 is equal to the sum of the squares of

. . ab c .
their reciprocals, then —,—and — are in
c a b

[AIEEE 2003]
A) Arithmetic progression
B) Geometric progression
C) Harmonic progression
D) Arithmetic-geometric progression
The value of ‘a’ for which one root of the quadratic

equation (a® —5a+3)x? +(3a—-1x+2=0Is twice as
large as the other, is [AIEEE 2003]
I L
) 3 ) 3 ) 3

If one root is square of the other root of the equation
x2+px+g=0, then the relation between p and g is
[11T 2004]

2
A)E

A) p’-Bp-Da+q*=0
B) p°-aBp+1)+q°=0
C) p’+qBp-1)+q*=0

D) p’+g@Bp+1)+09g®=0

If (1 - p) is a root of quadratic equation x2 + px + (1 — p)=0,
then its roots are [AIEEE 2004]
A0, 1 B)-1, 1 o, -1 D)-1, 2
The value of a for which the sum of the squares of the roots
of the equation x? — (a — 2) x —a — 1 = 0 assume the least
value is [AIEEE 2005]
A) 2 D)1

B) 3 C)0
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16.

17.

18.

19.

20.

21.

22.

23.

24.

If both the roots of the quadratic equation
x2 — 2kx + k2 + k — 5 = o are less than 5, then k lies in
the interval [AIEEE 2005]
A) [4, 9] D) (5.6]

B) (—»,4) C) (6, ©)

If the equation a x" +a, _x""+..+ax=0, a, #0, n>2,
has positive then the equation
na x"'+(n-1a, X"*+..+a, =0 has a positive root,
which is [AIEEE 2005]
A) Equal to o

B) Greater than or equal to o

C) Smaller than o

D) Greater than o

If a, b, c are the sides of a triangle ABC such that

x2—2(@+b+c)x+3Mab+bc+ca)=0 then [IIT 2006]

root x = a,

4 5
a2 A<
A h<3 B) +<3
4 5 15
2 rel=, 2
CME(3’3) b) 6(3 3]

If the roots of the quadratic equation x> +px+q=0
are tan 30° and tan 15° respectively, then the value of
2+q-pis [AIEEE 2006]
A) 3 B) 0 C)1 D)2

If the difference between the roots of the equation
x2 +ax +1=0 is less than /5 then the set of possible
values of a is [AIEEE - 2007]
A (33 B (3o CB o) D -3
Let a, B be the roots of the equation x* — px + r = 0 and
a
2
the value of ris

» 2B be the roots of the equation x2 — gx + r = 0. Then,

[11T 2007]

A g(p —q)2q-p) B) g(q _p)2p-q)

0 g(q ~2p)(2q-p) D) §(2p ~q)(2q-p)

The quadratic equations x*’-6x+a=0 and

x? —cx + 6 =0 have one root in common. The other
roots of the first and second equations are integers in
the ratio 4 : 3 then, the common root is

[AIEEE 2008]

A) 2 B) 1 C)4 D)3
If the roots of the equation bx? + cx + a = 0 is imaginary,
then for all real values of x, the expression

3b?x% + 6 bck + 2c?is
A) Greater than 4ab B) Less than 4ab
C) Greater than — 4ab D) Less than — 4ab
Let p and g be real numbers such that

[AIEEE 2009]

p=0,p°=qgand p®=-q.If cand pare non-zero
complex numbers satisfying o +p =-p and

a
a® +p* =g, then a quadratic equation having Eand

25.

26.

27.

28.

29.

30.

31.

32.

%as its roots is [T 2010]

A) (P°+ax? —(p° + 20)x +(p° + ) =0
B) (p°+a)x* —(p° —2q)x +(p* + ) =0
C) (p° —a)x* —(5p* - 2q)x +(p° - ) =0

D) (p* - q)x* - (5p° + 29)x +(p° ~ ) =0
Sachin and Rahul attempted to solve a quadratic
equation. Sachin made a mistake in writing down the
constant term and ended up in roots (4, 3). Rahul
made a mistake in writing down coefficient of x to get
roots (3, 2). The correct roots of equation are
[AIEEE 2011]
A)-4,-3 B)6, 1 C)4, 3 D)-6,-1
A value of b for which the equations

x?2+bx-1=0,x?+x+b=0 have one root in

common is [T 2011]
A2 B3 Qi D) V2
Let o and B be the root & of x2 — 6x — 2= 0, with a > B. If
a,=a"-f" for n>1, then the value of B0 =23 is
2a,
[NT 2011]
A1 B) 2 C)3 D) 4

The number of real roots of the equation

g _esn_4 =0is [AIEEE - 2012]

A) 2 B) 1 C) Infinite D) None

The real number k for which the equation,

2x3 + 3x + k = 0 has two distinct real roots in [0, 1]
[JEE Main 2013]

A) Lies between 1 and 2  B) Lies between 2 and 3

C) Lies between —1land O D) Does not exist.

If a€R and the equation

“3(x —[x])? + 2(x —[x])+a* =0 (where, [x] denotes the
greatest integer < x)has no integral solution, then all

possible values of a lie in the interval
[JEE Main 2014]

B) (1, 2)
D) (-0, —2)u(2, x)

A) (-1, 0)u(©, 1
C) (-2, -1)

Let o and B be the roots of equation px2+ gx+r =0, P # 0.

1 1
If p, g and r are in AP and —+E=4, then the value of
(04

|o.—p] is [JEE Main 2014]

The quadratic equation p (x) = 0 with real coefficients has
purely imaginary roots. Then, the equation p [p (X)] = 0
has [JEE Main 2014]
A) Only purely imaginary roots

B) All real roots

C) Two real and two purely imaginary roots

D) Neither real nor purely imaginary roots

3.68
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Quadratic Equations

=—— Assertion Reason —=

33. Leta, b, c, p, g be the real numbers. Suppose a, B are the
1
roots of the equation x> + 2px + q = 0 and «, Eare the
roots of the equation ax? + 2bx + ¢ = 0, where
B2 e{-1,0,1}.
Statement I: (p?-q)(b*—ac)>0 and

Statement Il:bgpaorcegpa. [T 2008]

34. Let f:R — Rbe a continuous function defined by

1
f(x) = ———.
) e* +2e™*

1
Statement | f(c) :E’ for someceR.

Statement Il 0 < f(x)< L,VX eR.

22

[AIEEE 2010]

—

Multiple Choice —=a

35. Leta € Rand f: R — R be given by f(x) = x5 - 5x + a.
Then, [NT 2002]

A) f(x) has three real roots, if a > 4

B) f(x) has only one real root, if a > 4
C) f(x) has three real roots, ifa <-4
D) f(x) has three real roots, if—-4 <a< 4

=—— Comprehension

Linked Passages —=

Passage 1

If a continuous f defined on the real line R, assumes positive
and negative values in R, then the equation f(x)=0 has a
root in R. For example, if it is known that a continuous
function f on R is positive at some point and its minimum
values is negative, then the equation f(x)=0 has a root in R.
Consider f(x) = k® — x for all real x where k is real constant.

[T 2007]

36. Theliney =xmeetsy = ke*fork <0 at
A) No point B) One point

C) Two points D) More than two points

37. The positive value of k for which ke* — x = 0 has only one
root is
1
A) e B) 1 C)e D log, 2
38. Fork =0, the set of all values of k for which kex —x =0

has two distinct roots, is

oo
ot

Passage 2
Consider the polynomial f(x) = 1 + 2x + 3x? + 4x3. Lets be

o (e

D) (0, 1)

the sum of all distinct real roots of f (x) and lett =]|s|

[T 2010]
39. The real numbers s lies in the interval
1 3
-=,0 -11,->
A ( 4 j B) ( 4)
53 el
Ol"2 72 D) (%3
40. The area bounded by the curve y = f(x) and the lines
x =0,y =0and x =t, lies in the interval
3,4 24 1
A7 B) 62" 16
02
C) (9! 10) D) ! 64
41. The function f'(x) is
1 1
A) Increasing in (—t, —Zj and decreasing in (_Z’ tj

1 1
B) Decreasing in (_t’ _Zj and increasing in (_Z’ tj

C) Increasing in (- t, t)
D) Decreasing in (- t, t)

—— Integer Type —=

J26-15.3

42. Show that the square of is a rational
542 - /(38 + 54/3)
number. [T 1978]
43. Show that for any triangle with sides a, b, c ;
3(ab+bc+ca)< (a+b+c) < 4(ab + be + ca)
[T 1979]
44. For what values of m, does the system of equations

3x+my=m and 2x-5y =20 has solution
satisfying the conditions x >0,y >07? [IIT 1980]

45. Solve for x(5+2/6) 2 +(5-246)2=10 [IIT 1985]
46. IfP(x) =ax?> + bx + cand Q(x) = - ax? + bx + ¢
where a¢ = 0, show that the equation P(x).Q(x)=0 has
atleast two real roots. [T 1985]
47. For g <0, determine all real roots of the equation
x?—2alx —a|-3a’ =0 [1IT 1986]
48. Solve the equation log, . , (6x* + 23x + 21)
=4-log,, ., (4x* + 12x + 9) [T 1987]
49. If o,p areroots of 5342 4 px +¢c =0 and o*,p* areroots

3.69
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50.

51.

52.

53.

i Y | s | i e — | —  —|

of IxX*+mx+n=0, then prove that the roots of the
equation a?lx? — 4aclx + 2c?l + a?m=0 are always real
and opposite in sign. [T 1989]
If o isroot of ax? + bx + c¢= 0, B is root of

—ax? + bx + ¢=0 and v is root of

ax? + 2bx + 2¢=0, then show that y lies between «
and B. [T 1989]
The equation ax? + bx + ¢=0 has two real roots

oandp such that a<-1,>1, then show that

c
1+—+|—
a |a

Find the set of all
e R S|

<0, [T 1995]

solutions of the equation

[T 1997]

Let f(x) = Ax2 + Bx + C where, A, B, C are real numbers.
Prove that if f(x) is an integer whenever x is an integer, then
the numbers 2A, A + B and C are all integers. Conversely
prove that if the numbers 2A, A + B and C are all integers,

54.

55.

56.

57.

then f(x) is an integer whenever x is an integer. [11T 1998]
If o, B are the roots of ax? +bx + ¢ =0, (a = 0) and a +35,
B + & are the roots of Ax? + Bx + C =0, (A # 0) for some

b*-4ac B?-4AC
constant §, then prove that = = A

[11T 2000]
Let a, b, ¢ be real numbers with a=0and let o, be

the roots of the equation ax? + bx + ¢ = 0. Express the

roots of a’x®+abex +c¢®=0in terms of a,f.

[T 2001]
Let (x, y, ) be points with integer coordinates satisfying the
system of homogeneous equations 3x -y — z = 0,
—-3x+2=0,-3x+ 2y +z=0. Then the number of such
points for which x? + y? + z2 < 100 is [T 2009]
The smallest value of k, for which both the roots of the

equation x? —8kx +16(k* -k +1)=0are real, distinct
and have values at least 4, is [T 2009]

I i— — | — | s— | |

3.70
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ANSWER KEY TOPS -1

1.D 2D 3.C 4.A 5.B 6.B 7.B 8.D 9.A 10.B 11.A
12.A 13.B 14.C 15.B 16.C 17.B 18.D 19.C 20.D 21.B 22.B
23.A 24.A 25.D 26.A 27.B 28.B 29.A 30.B 31.A 32A 33.D
34.B 35.C 36.D 37.D 38.C 39.D 40.B  41.C 42.C 43.D 44 A
45.B 46.A 47.C 48.A 49.B 50.D 51.A 52.A 53.B 54.C 55.A
56.D 57.B 58.B 59.C 60.D
ANSWERKEY TOPS -2
1.B 2.A 3.B 4.A 5.C 6.A 7.D 8.B
9.B 10.C 11.D 12.B 13.A 14.B 15.A 16.B
17.B 18.A 19.C 20.D 21.C 22.C 23.D 24.C
25.A 26.C 27.B 28.B 29.D 30.C 31.B 32.D
33.A 34.D 35.D 36.C 37.A 38.B 39.B 40.A
41.B 42.D 43.C 44.D 45.B 46.C 47.A,.D 48.B,C
49.A,.D 50. A,D 51.A,C 52. B,D 53.A,C 54.A,B 55. A,B 56.A,B,C
57.C,D 58.AB,C,D 59.A,B,C,D 60.B,C 61.A,B,C,D 62.B 63.A 64.D
65.C 66.B 67.C 68.B 69.C 70.D 71.C 72.B
73.A 74.B 75.C 76.A 77.B 78.A 79.D 80.D
81.C 82.D 85. 2x*+2xcos(A-B)-2 86.1 87.1 88.No solution
1 T 5x
—o0,—— X2 =0:;a= — | ;b= — .
89.( 2] 90.x-4x+1=0;a tan(lZ] b tan(lz] 91.3
3 3
92.1 93.1 94. [_Z’ 5) 95.0 96.a=2,b=-11,c=4, d=-1
4 1 1
97.1 98. ¢ 99.a=Z and [f (0) - f (1] + [f(O)-f(1)] = -7 1018
102.4 103.1 104.7 105.277  106. A-(RQ,S), B-(Q,S), C-(RQ,S), D—(R)
107. A_(R)v B_(P)v C_(S)v D_(P) 108. A_(Q)v B_(P)v C_(P)v D_(P)
109. A-(R,S,T), B-(RQ,R), C—(R,S,T) 110. A-R,B-S,C-RD-Q
ANSWERKEY TOPS -3
1.A 2.C 3.A 4.B 5.B 6.B 7.A 8.A
9.D 10.x=+3,+4 11.£2 12.2 14.80

15 A-P;B-R;C-S;D-Q

16A-Q;B-R;C-P;D-PT
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